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Abstract

This thesis comprises a body of work that investigates the development, assessment, and

application of computational methods and processes in chemistry. The work may be broadly

separated into two parts: the first exploring a novel and efficient description of molecular

shape and properties within molecular crystals, and the second focused on the assessment of

state-of-the-art quantum chemical predictions for small molecular geometries, energies and

electron impact mass spectra.

It is highly desirable to incorporate molecular shape into quantitative studies, especially

given the wealth of accurate experimental data available in the Cambridge Structural Database.

It is shown that molecular shape – defined as either the Hirshfeld surface or a promolecular

density surface – can be accurately described through spherical harmonic transform, and rotation

invariant shape descriptors may be used to measure similarity, and thus cluster or group like

with like. Further, by coupling surface properties like electrostatic potential with the shape

description, we show that molecules with similar interaction propensities can be described in

the same manner.

Accurate and timely prediction of an Electron Impact Mass Spectrum (EIMS) from a given

molecule would prove invaluable in metabolomics, natural products analysis and many other

fields where identification of unknown small molecules is labour intensive and time consuming.

To this end, the Quantum Chemical Electron Impact Mass Spectrum (QCEIMS) method is

examined, and its predicted spectra are compared with an entirely different prediction technique

– Competitive Fragmentation Modeling (CFM) – and experiment.

Finally, accurate energies and equilibrium geometries may be utilised for predicting a

wide variety of electronic and spectroscopic properties of small molecules. Knowledge and

understanding of trends associated with increasing basis-set size are of extreme importance if

chemical accuracy (i.e. an error bound within approximately 4 kJ mol−1) is sought. Therefore,

different basis-set extrapolation techniques for the ab initio method ‘CCSD’ are examined in order

to identify the most appropriate and cost-effective method to accelerate basis set convergence.

Similarly, the basis-set convergence of molecular geometries optimised with CCSD(T) and the

newer explicitly correlated CCSD(T)-F12 methods are examined in order to establish appropriate

standards for high accuracy theoretical calculations.
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Chapter 1

Background

1.1 Foreword

This thesis is primarily focussed on the development, evaluation and application of computational

techniques and their relation to physical chemistry problems. All of the work in this thesis

required genuine understanding of not only the science behind the work – be it crystal structures,

electron impact mass spectra or electronic structure theory – but also an in depth knowledge of

possibilities made available by contemporary computers, programming languages and software.

It is imperative that we understand the role that computation and theory play in contemporary

science: not only as tools to ‘get the job done’, but as bona fide pillars of science, capable

of changing our understanding and our scientific worldview. Computers are now ubiquitous

in science, and the impact of advances in computer science, informatics and mathematics on

chemical understanding is not to be underestimated. Only by understanding scientific problems

and their solution from the top-to-bottom, from the high-level abstract ontologies of science

down to the details of their representation on modern computer architectures is it possible

to solve some new scientific problems, or shift perspectives when addressing existing scientific

problems. To that end, the following chapter is intended to provide philsophical, historical and

theoretical context in order to help understand the work presented in the body of the thesis.

1.2 Science and computers

1.2.1 History and philosophy

The overwhelming majority of scientific research now relies on software of some kind. There is

little doubt that the ‘microcomputer revolution’ in the 1960s [1], coincided with an immense

shift in the importance of computer hardware and software in society. Likewise, the roles

performed by computers in science have changed in both nature and prevalence, moving beyond

mainstream and into ubiquity. This shift of computers into ubiquity is reflected in our language,
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concepts of ”techne”, which refers to know-how or technology, and ”episteme”, which refers to

(particularly scientific) knowledge. This duality provides a concise framework in which we can

explore some of the impact of computers in science, without focussing too much on epistemology

from a philosophical standpoint.

For the purpose of providing a background to this thesis, it is primarily important to examine

the roles computers have played throughout their history in chemistry and chemical problems,

how those have changed, and where the current state of affairs lies on this landscape. To do

so, it is worth not only discussing chemistry in isolation, but bringing in broader scientific,

technological and philosophical context.

1.2.2 Data, information, knowledge and science

A computational perspective fundamentally alters our perceptions and attitudes about data, but

at first glance it may seem unlikely to some that it alters our sense of scientific reality. However,

the scientific method is built upon data, information and knowledge and their relation to one

another. From data we derive information, and from information we can derive knowledge.

Data, information and knowledge elude straightforward and precise definitions, and as the focus

of this thesis is not epistemology simple working definitions will suffice here.

Data can be understood as facts of the world – with or without context (often referred to as

metadata i.e. data about the data). Facts, in this case, can simply be true statements about

the world. Data may come in the form of scientific observations from a person, raw frames from

a digital camera or any other of the myriad data sources in contemporary science.

Information, then, is the encapsulation of data – be it summarised or annotated or whatever.

As an example, let us say I measured the mass of an electron through some experiment. I can

now report this mass verbally, write down the number in whatever units I wish – perhaps even

send it to a friend via a postcard or an email. None of this changes the actual mass of the

electron, I am sending information, but the mass itself is data.

Finally, knowledge is – to put it tautologically – what we know. It is a true, justified belief,

and may not be about the physical world at all. For example, I know my feelings, I know that

I exist (and that perhaps you do too!). If I know the mass of the electron, I can encode that

knowledge in information. Perhaps I can use the same knowledge to predict the mass of some

other particle or other based on a theoretical framework. Knowledge requires a subject (i.e.

me, or you etc.) and an object (the world, the electron etc.). The aforementioned concepts of

episteme and techne refer to knowledge, and attempt to subdivide that concept into knowledge

of the world (episteme) and practical knowledge or know-how (techne).

The relationship between data, information and knowledge is often visualized as a hierarchy

[5, 6] (also typically including wisdom), but in Figure 1.2 it is visualized as a cyclic graph.

This representation reinforces that not only does information provide us with knowledge, but it
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as valid a concept as temperature. Indeed, some theories prove valuable before their reification.

For example, the existence of genes as a scientific concept predates their physical realisation in

DNA etc.

A theory can also be productive2 – even if it is not really correct. Perhaps the best historical

example of this is phlogiston, a substance which (in the 18th century) was said to exist in all

combustible materials and was released upon combustion. Of course, we now know that the

concept of phlogiston is clearly wrong (and indeed as a concept it was proven so by weighing

mercury before and after combustion – the mass increased rather than decreased). Nevertheless,

phlogiston theory helped scientists find the structure of N2, CO2, and even that water was not

an element but a compound.

Scientific reductionism, where some properties or entities are ‘nothing over and above’ more

fundamental entities and their interactions, is arguably the dominant scientific paradigm. As the

underlying causes for observable properties or previously held concepts are identified, concepts

may be be reduced to simply being useful but not ‘real’ (e.g. Lewis diagrams, bond order etc.)

or eliminated entirely (as was the case with phlogiston). These concepts are unreal only insofar

as they they do not reflect accurately the underlying physics, yet they still describe nature

sufficiently to prove useful in communication or teaching.

Indeed, scientific reductionism can be clearly seen in the following (all too common) quote

from Dirac [10]:

The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much too

complicated to be soluble. It therefore becomes desirable that approximate practical

methods of applying quantum mechanics should be developed, which can lead to

an explanation of the main features of complex atomic systems without too much

computation.

It is such approximations that form the majority of modern quantum chemistry and theoretical

chemistry, along with refining and developing the conceptual framework used in chemical

information. Computational chemistry, and by extension cheminformatics, then, provide us

the tools or techne that allow us to develop and test new approximations. Further, the

approximations and know-how (techne) we utilise to discuss scientific observations inform

our conception of reality (episteme), which elucidates the clear motivation in ensuring their

correctness – or at least adherence to reality.

2During his plenary talk at IUCr Florence 2005 [9] Roald Hoffmann said of Bader’s quantum theory of atoms
in molecules that it was ”neither predictive nor productive.” Putting aside the accuracy of this claim, I believe
the notion of predictive or productive encapsulates nicely two of the major values a theory can have in science:
its capacity to provide accurate predictions, or how it might aid us in being productive through its concepts.
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1.2.3 Informatics and computer science

Informatics is the practice of information processing and engineering information systems.

Evidently, it exists at the intersection of scientific theory, concepts and their representation in

computers. Informatics is essential to science as it enables and expedites research that may

otherwise have been proven impossible, but also because the representation of information

influences our perception of reality. Consider, for example, the pervasiveness of the two-

dimensional structural diagram of molecules. From this simple abstraction, notions of chemical

bonding, Lewis structures, Natural Bond Orbital (NBO) theory, Valence Bond (VB) theory and

many more ideas find their grounding.

A significant change in the relationship between computers and science more recently has

been the shift from computational power as the ‘bottleneck’ in much scientific research. As

progress in computer throughput largely followed Moore’s law [11] (until recently [12]), a large

portion of scientific problems are no longer really limited by computation time but instead by the

time it takes to understand the data. Indeed, while scientific practice has undoubtedly changed

as a result of computers, the limits of human comprehension have not. An individual may be

able to process or understand hundreds or even thousands of chemical compounds, positions,

calculations. Perhaps some may even be able to comprehend tens of thousands. But hundreds

of thousands, or millions? It seems clear that there is an order of magnitude more chemical

information than a human can fathom, and past that we are entirely reliant on computers and

electronic storage of data. It is for the purpose of processing this vast amount of scientific data

that the field of informatics3 has burgeoned since the microcomputer revolution. Indeed, what

can be said to be the most transformative technological change for society over the last few

decades – the growth of the world wide web, and particularly search engines like Google – may

be readily understood as an informatics project.

Despite often being referred to as an ‘emerging’ discipline, informatics is not especially

new – or at least only insofar as computers are new or emerging. Informatics, or at least

the German Informatik was essentially synonymous with ‘computer science’ (and there is still

significant overlap). Further, much of the work performed in the early 20th century which

would be called informatics in contemporary science existed long before such a classification

was widespread – it was simply a part of the process of science or chemistry, i.e. information

processing. Such references to informatics as an emerging discipline, then, are more a result

of the rapidly expanding role of computers in science bringing these concepts to the forefront

within the broader scientific consciousness than the concepts themselves being new. This rapidly

expanding role is particularly exemplified by the burgeoning field of bioinformatics from its

roots in the late 20th century to the present, and even now may be seen through the changing

language in technology focused jobs. Increasing use of terms like ‘data science’, and ‘machine

3The term informatics is thought to have been coined by Karl Steinbuch in his 1957 book Informatik:
Automatische Informationsverarbeitung i.e. ”Informatics: automatic information processing”
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learning’ in job advertisements and consumer electronics make it plainly evident that the roles

of data and information analysis strategies are of increasing importance.

1.2.4 The role of computers in chemistry

Chemistry has as long and storied a history with computers as any other science. As such, this

section will focus only on areas touched on within this thesis: the intersection of computers and

cheminformatics developments with quantum chemistry, crystallography and electron impact

mass spectrometry.

Computational chemistry may broadly be described as chemistry explored using computers

rather than in the lab. It is something of a nebulous term, sometimes encompassing chemin-

formatics, statistical mechanics, molecular mechanics, semi-empirical methods and ab initio

quantum chemistry. Computational chemistry is not (and should not be) conceived as a re-

placement for experimental studies, but instead as in enabling chemists to both explain and

rationalise known chemistry or to explore new or unknown chemistry in ways not possible

through experiment.

Cheminformatics4 has been explained as “the design, creation, organization, management,

retrieval, analysis, dissemination, visualization and use of chemical information” [14], and

elsewhere as “the application of informatics methods to solve chemical problems” [13].

Prior to the advent of computers, quantum chemistry was, like any other mathematical

method, computed by hand. The limitations this enforced are evident in the early methods in

quantum chemistry which had to utilise significant approximations and simplifications to make

calculations achievable (e.g. using one-electron wave functions [15, 16]), and even then were

limited by the scale of the systems (generally limited to atoms or diatomic systems, or exploiting

symmetry [17]) Hückel theory [18], for example, allowed calculations of energy levels of the

π-electrons in conjugated hydrocarbons like ethene, butadiene and even benzene.5 Without the

simplification of these problems they were simply intractable, and indeed this may be readily

seen in the collections of Hückel theory molecular orbitals published by Heilbronner [20], and the

tables of molecular wavefunctions published (see McLean & Yoshimine [21] and Snyder & Basch

[22]), where largely diatomics or linear molecules (where confocal elliptic coordinate systems

could be used, greatly simplifying the calculations) are evaluated. Now, a simple Hartree-Fock

SCF calculation for these sorts of molecules takes seconds with computer programs. There is

little doubt that computers completely changed the scope and scale of quantum chemistry.

Likewise, it’s no exaggeration to state that computers revolutionised X-ray crystallography.

Prior to their use, it involved intensive calculations by hand, limiting the kinds of crystals which

4It has been noted that the terms cheminformatics and chemoinformatics occur with approximately equal
frequency in the literature [13]; throughout this thesis cheminformatics will be used

5It was later extended by Roald Hoffmann to include sigma orbitals [19], making it a bona-fide semi-empirical
quantum chemistry method.
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could be characterised.6 As computers have gotten faster, crystallographers have been more and

more ambitious in their investigations. The current state-of-the-art in crystallography might be

said to be the use of X-ray free electron lasers [24] in studying the structure of molecules in

nanocrystals. For this to be successful, in just one example [25] – solution of a crystal structure

of rhodopsin – 5 million detector frames were collected, including diffraction patterns from

18,874 crystals. It should be immediately apparent that without (fast) computers, such studies

would simply not be possible.

It was recognised early on that the amount of information embedded in mass spectra (MSp)

was too difficult for an individual to process, and so the DENDRAL [26] project was proposed.

The goal of the project was, broadly, to aid organic chemists in identifying unknown organic

molecules, by analyzing their MSp – using knowledge of chemistry to design a computer system

capable of performing the task. It is telling that the DENDRAL project is still cited as one of

the earliest examples of ‘expert systems’ on computing; it is one of many examples of scientific

goals pushing the boundaries of computing.

The dual motivation for cheminformatics, then, becomes clear: a) Many problems in chemistry

are too complex to be solved by methods based on first principles through theoretical calculations

and b) chemistry produces a huge amount of data.

Though they have different names and terminology, there is often no hard separation between

bioinformatics and cheminformatics, just as there is often no clear separation between chemistry

and biochemistry. The two fields are inextricably related. Likewise, it is common to see

terms like computational chemistry and molecular modelling used both interchangeably and

as separate monikers. Some would definitely claim there to be a sharp distinction between

cheminformatics and computational chemistry, with the latter primarily focused on theoretical

quantum mechanical calculations [13], but the boundaries between these fields are not always

clear, and certainly much of the work within this thesis blurs the boundaries.

1.3 Structural and theoretical chemistry

1.3.1 Chemical characterisation

Chemical characterisation, the determination of chemical structure and properties is such a

fundamental process in chemistry and materials science, that without it little to no scientific

understanding of chemicals and materials could be ascertained. Throughout the last few centuries,

a wide variety of characterisation methods including microscopy, spectroscopy, thermal analysis,

ultrasound and many more have been utilised to determine chemical structure or composition.

Arguably, the three current ‘workhorse’ methods7 for chemical characterisation are mass

6Dorothy Crowfoot Hodgkin was one of the first to use computers to solve crystal structures, the use of
Hollerith machines aided in solving the structure of penicillin between 1937-1947 [23]

7Typically supplemented by other methods like infra-red spectra, ultra-violet/visible spectra, spectroscopic
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spectral methods, including electron impact mass spectra (EIMS), crystallographic methods (i.e.

X-ray and neutron diffraction) and nuclear magnetic resonance (NMR). For the sake of brevity,

and because no work in this thesis focuses on NMR, only the first two methods will be detailed

in this section (crystallography and EIMS).

Crystallography, since pioneering work in X-ray diffraction (XRD) by William and Lawrence

Bragg [27] has been an immensely powerful characterisation tool – in many senses the ‘gold

standard’. Its use has led to the structure of many of the most important chemicals – biological

or otherwise. Indeed, this has been recognised through over 25 Nobel Prizes associated with

crystallography since 1914. The Braggs first used it in concert with NaCl crystals – demonstrating

the absence of molecules and salt’s structure as an ionic lattice. In 1928, Kathleen Lonsdale

reported the structure of benzene [28] – having six equal sized bonds and not alternating

double and single bonds. Dorothy Crowfoot Hodgkin won the Nobel Prize in 1964 for ”for

her determinations by X-ray techniques of the structures of important biochemical substances”

which included cholesterol, penicillin, vitamin B-12, insulin and many more [23]. To this day,

X-ray and neutron diffraction and crystallography are of the utmost importance in determining

chemical structure.

Mass spectrometry (MS), on the other hand, has its roots in J.J. Thomson and E. Everett’s

exploration of cathode rays, measuring e/m (i.e. the ratio of electronic charge e to electronic

mass m) in 1897. Two years later, they built an instrument that could simultaneously measure

e/m and e, i.e. indirectly measuring the mass of the electron. For this work in “discovering”

the electron, Thomson received the 1906 Nobel Prize in Physics. By stark contrast with the

contemporary state of affairs, until the 1940s MS was still dominated by physicists, predominantly

used to answer fundamental questions about the nature of atoms. Today different MS techniques

are used throughout chemistry and biochemistry in the identification of natural products [29],

metabolomics [30] and many other chemical problems.

1.3.2 The role of computers in chemical characterisation

Crystallographers were early adopters of computers, primarily to enable and speed up the

calculation of Fourier syntheses. Beginning mainly with home-brew analog computers, by the

late 1940s they gradually shifted to IBM punchcard tabulators programmed via plugboards [31].

The first crystallographic applications of programmable computers were done on EDSAC [32]

and the Manchester Mark II [33] in 1952–1953 on inorganic crystals. The first application of

computers to protein crystallography was also for the first high-resolution structure, that of

myoglobin, in 1958 [34].

By the 1960s, crystallographers were enthusiastic users of computers, not only for core primary

calculations but for many related routines as well; this even extended to visualization, including

methods etc.
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interactive molecular graphics first done by Cyrus Levinthal at the Massachusetts Institute

of Technology, who utilised an oscilloscope display connected to a time-sharing mainframe to

render a wireframe model [35].

Crystallography, in concert with computation, has been so prolific that there are now over

875 000 molecular crystal structures determined and available in the Cambridge structural

data base (CSD), and over 125 000 structures in the Protein Data Bank (PDB). These crystal

structures provide a wealth of experimental information regarding three dimensional chemical

structure, intermolecular interactions, biological activity and more.

With this background in mind, it is worth going into some more detail on the intersection of

crystallography and theoretical chemistry, which informs a huge part of the background and

motivation for Part II of this thesis.

1.3.3 Crystal engineering

The notion that macro-level properties of molecular crystals such as their shape, heat capacity

and plasticity are significantly determined by the micro-level properties of their constituents

can be said to be the primary basis of crystal engineering [36]. The major problem for crystal

engineering, then, is how to predict a crystal structure or associated physical properties of a

crystal from knowledge of its constituents. With the exception of specific cases such as the

aluminosilicates (zeolites) [37] and more recently the metal-organic frameworks (MOFS) [38]),

this problem remains unresolved. As a result, it is natural to pose the following question:

how best might we define a ‘constituent’ to predict and control molecular crystal structure?

The emphasis here is on organic molecular crystals, as these molecules can be constructed

more-or-less at will, unlike more general inorganic or metal-organic molecules.

One of the key notions utilised in crystal engineering is that of a ‘supramolecular synthon’

[39]. This term borrows from the term ‘synthon’ [40] as applied in organic chemistry – where

it was originally used in retrosynthesis to describe a unit within a molecule which is related

to a potential synthetic operation. A ‘supramolecular synthon’, is considered to be a building

block in supramolecular interactions i.e. in crystallisation. Canonical examples would include

carboxylic acid dimers, where the hydrogen bonding is strong enough that it makes it extremely

likely two molecules will bind through this interaction. It is difficult to say, however, how useful

the notion of supramolecular synthons becomes in structure determination when moving beyond

the canonical examples of hydrogen bonding.

1.3.4 The promolecule

The term promolecule was first used by Hirshfeld & Rzotkiewicz [41], and refers to a reference

electron density based on the Hartree product (see section 1.4.3) of spherical atomic wavefunctions

in a molecule. It is equivalent to the independent atom model (IAM) frequently used in electron
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scattering and X-ray crystallography, and being well defined quantum mechanically, it constitutes

an approximate molecular wavefunction which can be used to make predictions based on electron

density.

Clearly, the promolecule wavefunction is not adequate for chemical accuracy in predictions

for some properties, but nevertheless the total electron density is not as far from ‘proper’

approximations to the wavefunction as one might conceive. Further, the deviation in electron

density from the the promolecule – typically referred to as the ‘deformation density’ – can be

used to provide insights into chemical bonding and other intramolecular properties [42].

1.3.5 Atoms in molecules

Atoms do not explicitly arise in quantum mechanics: all that appears is a Hamiltonian in terms

of interparticle interactions, where electrons and nuclei are the particles generally considered.

Nevertheless, the idea of an atom is so conceptually essential in chemistry that there have

repeated efforts to provide satisfactory definitions within the quantum mechanical framework.

The earliest (and possibly most complex) effort toward this end came from Moffitt [43],

who proposed that an ‘atom’ should be described by an n-electron wavefunction made up from

one-electron atomic orbitals. The rise in popularity of density functional theory subsequently

led researchers to look for the definition of an atom in the electron density. Bader [44] proposed

using a ‘zero-flux surface’, where flux is understood to mean the gradient of the electron density,

in order to define an atom. Such atoms have the property that their kinetic energy has a well

defined form, when evaluated using laplacian and gradient-squared forms. Bader’s atoms have

been used extensively for analysing experimental electron densities [45], however their derivation

from Schwinger’s principle has been questioned [46, 47]. Other, less popular, kinds of atoms

based on the electron density have been proposed by Gill [48] and Hunter [49]. Unlike density

based schemes, Roby [50] defined atoms in one-electron Hilbert space using projection operators,

and this was extended by Gould et al. [51] (a more complete discussion of these topics may be

found in Sukumar [52]). The most relevant method to this work is Hirshfeld’s atom partitioning

scheme [53] which is described in more detail in the following section.

1.3.6 Molecules in crystals: the Hirshfeld surface

The Hirshfeld surface (HS) [54–56] originally emerged from attempts to define the region of space

occupied by a molecule within a crystal structure. Construction of the HS involves partitioning

the electron density in a crystal structure into regions belonging to each constituent molecule

(akin to the Hirshfeld partitioning of a molecule into atoms [53]). In this way, the HS can be

considered as similar to a Wigner-Seitz [57] cell, or more generally a Voronoi diagram [58] which

partitions regions of space as belonging to a set of points, breaking it up into regions ‘belonging’
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idea is that chemistry is to be regarded as a collection of particles –protons and electrons –

interacting through fundamental physical forces, which are primarily electromagnetic. The

paradigm is reductive because chemistry, in effect, is reduced to the positions of these particles.

However, unlike classical mechanics, on which quantum mechanics is based, the properties of

these particles, for example their velocity or acceleration in a classical and macroscopic picture

which we are accustomed to are not directly related to their positions. Rather the particles are

described by a complex function (in the sense of complex numbers) of the particle positions,

and operators on these complex functions are associated with measurements of properties (such

as velocity and acceleration). In this section the details of this paradigm relevant to this thesis

are described.

1.4.1 The time-independent Schrödinger equation

It is fair to say that modern theoretical chemistry really began with quantum mechanics, and

the Schrödinger equation. Erwin Schrödinger proposed his non-relativistic wave equation [63, 64]

incorporating the earlier formulation of Heisenberg’s matrix mechanics. Schrödinger postulated

how a system, described by a wavefunction Ψ, evolves in time analogous to how Newton

showed how the positions of particles evolve in response to the forces applied to those particles.

However, chemistry is often concerned with time-independent properties. For such systems, the

relationship between the total energy of a system E and the wave function representing the

system Ψ is through the following eigenvalue equation:11

ĤΨ = EΨ (1.2)

where Ψ is a function of the particle coordinates, and Ĥ is the Hamiltonian (energy) operator

of the system, given by

Ĥ = T̂e + V̂ee + V̂en + T̂n + V̂nn. (1.3)

This Hamiltonian contains kinetic energy terms for the electrons and nuclei (T̂e, T̂n), and

potential energy terms for the electron-electron, electron-nuclear and nuclear-nuclear electrostatic

11Note that in this and the sections that follow, Ψ and all other operators are functions of particle coordinates
R; r including nuclear and electronic location and spin
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interaction operators (V̂ee, V̂en, V̂nn), defined by

T̂e = −∇
2
i

2
(1.4)

T̂n = − ∇
2
A

2MA

(1.5)

V̂ee =
∑
i>j

1

rij
(1.6)

V̂en = −
∑
A,i

ZA
rAi

(1.7)

V̂nn =
∑
A>B

ZAZB
rAB

. (1.8)

Here ∇ is the Laplacian, i, j denote electrons, A,B denote nuclei with Z charge and M mass

and r is the distance between two particles. All operators are in atomic units.

Solution of the Schrödinger equation allows prediction of any chemical or physical property

of an atom or molecule from knowledge of its wavefunction, typically via derivatives of the

energy with respect to some external parameters. For example, knowledge of the first derivative

of E with respect to nuclear coordinates is related to the force on that nucleus, and thus can be

used to find equilibrium geometries and transition structures.

1.4.2 The Born-Oppenheimer approximation and independent par-

ticle model

The Born-Oppenheimer approximation [65] (BO) allows separate treatment of the motion of

nuclei and electrons. The basis of this stems from the huge discrepancy in the mass of electrons

and nuclei, in addition to the premise that electronic velocity tends to far exceed that of nuclei.

The nuclei are then treated in a fixed position, while the electrons are are not.

In this manner, the BO approximation greatly simplifies the Hamiltonian in eq. 1.3 as the

nuclear kinetic energy term (T̂n) does not act on ψn, and the nuclear-nuclear electrostatic energy

is constant. Equation 1.3 then becomes:

Ĥ = T̂e + V̂ee + V̂en + V̂nn (1.9)

A BO wavefunction then would be written as the product of a nuclear and an electronic

wavefunction:

Ψ = ΨeΨn (1.10)

where Ψe is the electronic wavefunction in the fixed nuclei field and Ψn is the nuclear wavefunction.

The electronic and nuclear Schrödinger equations, then, are given by the following equations:
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Ĥeψe = Eeψe (1.11)

[Ĥn + Ee]ψn = Enψn (1.12)

Ĥn = T̂n (1.13)

The electronic energy eigenvalues Ee depend on the position of the nuclei, so varying these

positions in small steps and repeatedly solving the electronic Schrödinger equation yields Ee as

a function of the positions of the nuclei, known as the potential energy surface (PES), which

governs motion of the nuclei. In other words, once the solution to Ee is known, the nuclear

Schrödinger equation may be solved.

1.4.3 Hartree-Fock theory

The simplest ab initio method is Hartree-Fock (HF), so called because of its roots in work by

Douglas Hartree [66, 67] and Vladimir Fock [68] (see also Slater [69]). HF addresses the problem

of exact many-body solutions to he Schrödinger equation by reducing two electron integrals into

a series of one electron terms and an averaged field, with the restriction that the solution is

expressed as a single Slater determinant.

Underlying the HF approximation is the variational principle: that the energy determined

from any approximate wavefunction is greater than the energy for the exact wavefunction. This

provides a straightforward method to approach the exact wavefunction: minimize the total

energy of the system.12

In addition to the BO approximation, HF relies on the independent electron approximation,

and utilises the linear combination of atomic orbitals (LCAO) approximation.

Perhaps the best way of understanding the independent electron model, is to examine the

Hartree product. A Hartree wavefunction Ψ may be conceived of as the product of individual

one-electron wavefunctions.

Ψ = ψ1ψ2 . . . ψn (1.14)

The individual one-electron wavefunctions ψn are typically called molecular orbitals (MO). This

form of the wavefunction does not allow for instantaneous interactions between electrons, instead

they feel the averaged field of all other electrons in the system. This is the independent electron

model.

However, one of the postulates of quantum mechanics is that the total wavefunction must

be antisymmetric with respect to interchange of electron coordinates (the Pauli Principle). The

12For nonrelativistic Hamiltonians where there is a lowest energy eigenavlue. The variational theorem can also
be applied to effective relativistic Hamiltonians, even though the true Hamiltonain does not have a minimum
energy eigenvalue.
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Hartree product is not antisymmetric, but may be made so (and thus into a Hartree-Fock

wavefunction) by adding all signed permutations:

Ψ =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(r1) ψ2(r1) · · · ψN(r1)

ψ1(r2) ψ2(r2) · · · ψN(r2)
...

...
. . .

...

ψ1(rN) ψ2(rN) · · · ψN(rN)

∣∣∣∣∣∣∣∣∣∣∣∣
(1.15)

where r are the electronic coordinates. This equation is in the form of a Slater determinant,

and eq. 1.15 would typically be written as |ψ1ψ2 . . . ψN〉. This is what is meant when HF is

called a single determinant method. By antisymmetrising the Hartree product we ensure that

all electrons are indistinguishable, and therefore associated with every orbital.

By conceiving of the MOs (or one electron wavefunctions) as LCAO, we may express an MO

ψi as follows:

ψi =
∑
µ

cµiχµ (1.16)

where cµi are the MO coefficients and χµ are the atomic orbitals or basis functions.

Computing the HF energy implies computing the MO coefficients. To compute the MO

coefficients we must minimise the HF energy according to the variational principle. In order to

find MO coefficients, HF (and indeed the majority of quantum chemical methods) rely on a

so-called self-consistent field (SCF) approach, where an initial guess for the MOs is provided via

an effective Hamiltonian method, then iterated until some convergence criteria are met.

Due to the independent electron model (the averaged-field electron-electron interactions) HF

theory neglects the so called ‘correlation’ of electrons. Methods that incorporate the remaining

correlation energy (Ecorr = E − EHF ) generally require multi-determinant wave functions13,

rendering them much more expensive to calculate.

In contemporary quantum chemistry, HF tends to constitute a starting point for further ab

initio calculations, be they so-called post-HF methods (coupled-cluster, configuration interaction)

or density functional theory. Before examining these methods, it is worth first exploring the

typical basis functions and basis-sets used in modern quantum chemistry.

1.4.4 Basis functions and basis sets

As outlined in the previous section, MOs in quantum chemistry are made up of basis functions.

These basis functions could take many (arbitrary) forms, but in quantum chemistry, because

we are typically interested in molecules – and atoms within them – work is predominantly

13However, DFT also handles dynamic correlation with a single determinant
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performed within the LCAO formalism, where so-called atomic basis functions are used.14

Generally atomic basis functions are broken into angular and radial components, (stemming

from the exact solution to the hydrogen atomic orbitals):

χ(r) = R(r)Y m
l (r) (1.17)

where R(r) is the radial component and Y m
l is the angular term from the corresponding spherical

harmonic function.

Slater-type orbitals (STOs) were the one of the earliest radial components for LCAO basis

sets [69]. STOs have the following radial component:

R(r) = Nrle−αr (1.18)

where N is some normalization constant typically chosen such that
∞∫
0

drr2|R(r)|2 = 1. Though

it may not be immediately apparent, the biggest issue with STOs is the difficulty in calculation

of the (many) two electron integrals which must be solved in order to calculate Vee.

By far the most common kinds of basis function used at present are Gaussian-type orbitals

(GTOs), which have the following radial component:

R(r) = Nrle−αr
2

(1.19)

Despite having both incorrect short-range (or cusp) and long range behaviour, GTOs allow

rapid calculation of the two-electron integrals due to the Gaussian product theorem (reducing

four centre terms to two centre terms).

More GTOs must be used in order to achieve appropriate accuracy, and there is some history

behind their usage over STOs15 but it is clear that their use did not become favoured over STOs

prior to the involvement of computers in SCF calculations. Indeed, the biggest advantage of

GTOs is the ease of evaluating the integrals exactly in in computer SCF calculations.

Basis sets in the LCAO formalism can by classified by the number and type of basis functions

they include. In perhaps the majority of chemical situations(i.e. molecules, bonding situations),

it is the valence electrons that are principally responsible and of interest. As a result, it is

common to represent valence orbitals by multiple basis functions (particularly for GTOs) so there

are more degrees of freedom to describe the electronic behaviour. Such ‘split-valence‘ basis sets

with two or more basis functions describing valence orbitals are commonly classified as double-,

triple-, quadruple-zeta basis sets and so on [76]. Basis functions may be used to describe the

14In solid state or periodic systems, plane wave basis sets are commonly used. Further, in some multi-resolution
methods e.g. Yanai et al. [70] wavelets are utilised.

15It is fair to credit S.F. Boys [71] with the introduction of GTOs into quantum chemistry, but their
contemporary dominance is largely due to work done by R.F Stewart (a pioneer of crystallographic charge
density studies), W.J. Hehre and J.A. Pople [72–75]
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example, the first d-function provides a significant lowering in energy, but the contribution from

a second d-function is much more similar to that of the first f-function. The energy lowering

from a third d-function in turn is similar in magnitude to that from the second f-function and

the first g-function. Therefore, the inclusion of addition of polarization functions is performed

in the following order: 1d, 2d1f, 3d2f1g etc.

An additional aspect of the cc basis sets is that the energy error from the sp-basis should be

similar to (and not exceed) the correlation error arising from the incomplete polarization space,

and the sp-basis therefore also increases as the polarization space is extended. Typically, these

basis sets are denoted as cc-pVnZ, where p indicates incorporation of polarisation functions,

and nZ indicates the degree of split valency (see Table 1.1 for the composition of contracted

and primitive gaussians). When these basis sets are augmented with diffuse functions, they are

typically referred to as aug-cc-pVnZ.

Basis Hydrogen 1st row elements 2nd row elements

Contracted Primitive Contracted Primitive Contracted Primitive

cc-pVDZ 2s1p 4s 3s2p1d 9s4p 4s3p2d 12s8p

cc-pVTZ 3s2p1d 5s 4s3p2d1f 10s5p 5s4p3d1f 15s9p

cc-pVQZ 4s3p2d1f 6s 5s4p3d2f1g 12s6p 6s5p4d2f1g 16s11p

cc-pV5Z 5s4p3d2f1g 8s 6s5p4d3f2g1h 14s8p 7s6p5d3f2g1h 20s12p

cc-pV6Z 6s5p4d3f2g1h 10s 7s6p5d4f3g2h1i 16s10p 8s7p6d4f3g2h1i 21s14p

Table 1.1: Composition of primitive and contracted Gaussian basis functions for the correlation-
consistent (cc) basis sets (adapted from Jensen [83])

The complete basis set limit

When introducing split-valence basis sets, the indexing scheme (double-, triple-, quadruple-

zeta etc.) implies a natural progression of larger basis sets, indeed the primary advantage

of these basis-sets is the capacity to generate a set of basis-sets which converge toward the

complete basis-set (CBS) limit systematically. Practical calculation of the CBS limit, then,

is only sensible when using groups of basis-sets designed specifically for the purpose e.g. the

correlation-consistent (cc-pvXZ) or polarization-consistent basis sets (pc-n) [84].

E(L) = E∞ + Ae−BL (1.20)

Given the systematic convergence of the cc basis sets several different schemes have been

proposed for extrapolation to the CBS limit, generally utilising the highest angular momentum

L included in the basis set as the extrapolation parameter. At the HF (or density functional

theory) level, the convergence is expected to be exponential, and functions of the form in
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Ĥ0 = T̂ + V̂ne + V̂ HF (1.21)

Ĥ = Ĥ0 + λV̂ (1.22)

Here, Ĥ0 is termed known as the unperturbed Hamiltonian and V̂ is termed the perturbation.

In RSPT, the perturbed wavefunction and perturbed energy are expressed as a power series in

λ:

Ψ = lim
m→∞

m∑
i=0

λiΨ(i) (1.23)

E = lim
m→∞

m∑
i=0

λiE(i) (1.24)

Møller-Plesset (MP) perturbation theory [87] takes Ĥ0 to be the sum of the one-electron Fock

operators, and treats electron correlation as the perturbation to the zeroth-order Hamiltonian.

MP perturbation theory is by far the most commonly used variant of perturbation theories

in the field of quantum chemistry. One of the most important features of MPn16 is its size-

extensivity: the predicted energy for every order of perturbation in MPn scales with the number

of non-interacting particles in a given system.

Second order MP perturbation theory, or MP2 is by far the most commonly used variant of

PT. Higher order perturbation expansions not only become significantly more computationally

expensive, but due to the convergence of MP-PT, do not necessarily improve the resulting

energy of the system. Further, the only new information required to obtain the MP2 energy is

the first order wavefunction.

The MP2 correction may be expressed as follows:

EMP2 =
1

4

∑
i,j,a,b

〈ψiψj| 1
r12
|ψaψb〉〈ψiψj| 1

r12
|ψaψb〉

εi + εj − εa − εb
(1.25)

where ψi and ψj are occupied orbitals and ψa and ψb are virtual orbitals, and ε are their

respective orbital energies.

Systematic studies of MP perturbation theory have shown that it is not necessarily a

convergent theory at high orders. Convergence can be highly erratic or even non-existent,

depending on the precise chemical system or basis set [88].

Where HF would normally scale as O(N4) (where N is the number of basis functions), full

16Orders of MP perturbation theory are generally indexed from two onward e.g. MP2, MP3 etc. indicating to
which order the power series is truncated.
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CI will scale as O(NN !), rendering it computationally intractable for any remotely large basis

set.

One of the rigorous, and arguably the most reliable and computationally affordable, methods

for estimating the electronic correlation energy is the coupled cluster (CC) method. Since its

introduction in the 1950s by Coester and Kümmel, CC has been developed to correct a reference

wavefunction to a given order of perturbation.

Begin with an excitation operator of the following form:

T̂ = T̂1 + T̂2 + T̂3 + · · ·+ T̂n (1.26)

where n is the total number of electrons. The various operators T̂i acting on a reference HF

wavefunction Φ0 generate all possible i-th excited Slater determinants. As an example:

T̂1Φ0 =
∑
i∈occ

∑
a∈virt

caiΦ
a
i (1.27)

where c is the expansion coefficient of amplitude. A CI wavefunction may be obtained from this

excitation operator on a HF wavefunction:

ΨCI = (1 + T̂ )Φ0 (1.28)

The corresponding CC wavefunction may be obtained by:

ΨCC = eT̂Φ0

eT̂ =
∞∑
k=0

1

k!
T̂ k

(1.29)

This exponential operator may be rewritten as:

eT̂ = 1 + T̂1 + (T̂2 +
1

2
T̂ 2

1 ) + (T̂3 + T̂2T̂1 +
1

6
T̂ 3

1 )

+(T̂4 + T̂3T̂1 +
1

2
T̂ 2

2 +
1

2
T̂2T̂

2
1 +

1

24
T̂ 4

1 ) + · · ·
(1.30)

The first term (1) generates the HF wavefunction and the second term (T̂1) generates all single

excitations. The first parenthesised group (T̂2 + 1
2
T̂ 2

1 ) generates all double excitations and so on.

With a CC wavefunction, the Schrödinger equation becomes:

ĤeT̂Φ0 = EeT̂Φ0 (1.31)

If all possible cluster operators T̂n are included then all possible excited determinants will be

generated and the CC wavefunction is equivalent to full CI. In general, these will be truncated at
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some excitation level (e.g. CCSD truncates after the double excitation level). Clearly, this then

results in an approximate wavefunction. The truncated exponential form used in CC theory is,

however, generally preferable to a CI truncation. This is because, if an exponential form is used,

then when a system is broken into subsystems, say by pulling those parts apart, the energy is

additive, a rather fundamental property known as size extensivity. This additivity is due to

the property EA+B = eAeB of exponentials, so the wavefunction conveniently separates into a

product of subsystem wavefunctions. Remarkably, CI (and other multireference wavefunctions)

often do not have this property, which can lead to sizable errors for large systems, where the

different parts are effectively isolated from one another.

It is worth mentioning the approximate perturbative triples coupling term that is frequently

utilised as part of the CCSD(T) method. Here the T̂3 contribution is calculated using the MP4

formula with converged CCSD amplitudes, and one additional fifth-order term describing the

coupling between singles and triples. In fact CCSD(T) is generally a better approximation than

CCSDT due to error cancellation of opposite signs (ignored quadruple excitations, along with

overestimation of the triples correction) [89].

1.4.6 Explicitly correlated methods

Recently, explicitly correlated CC methods have achieved widespread usage – largely due to

their rapid basis-set convergence (relative to ‘vanilla’ CC). There are a wide variety of explicitly

correlated methods, but they can be broadly separated into two categories – those that use

explicitly correlated two-electron basis functions (also referred to as geminals), and those that

only utilise a one-electron basis. For detailed reviews of these methods, see Kong et al. [90],

Ten-no & Noga [91] and Hättig et al. [92]. Broadly, the CCSD-R12 formalism is given by the

following equations:

T̂ = T̂1 + T̂2 + R̂ (1.32)

R̂ =
1

2!3
tŷxyR̂

xy
αβâ

αβ
ij (1.33)

The geminal operator, R̂, is the basis for the variety of approximations and formalisms in

CCSD-R12. One such family of approximations are the CCSD(T)-F12 [93] methods, which in

Chapter 6 are utilised via the CCSD(T)-F12b method [94], providing significant improvements

over CCSD(T) for smaller basis-set sizes.

1.4.7 Density functional theory

It would be remiss to provide an overview of modern quantum chemistry without at least touching

on density functional theory (DFT). To that end, it is worth examining some fundamentals
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of DFT, on the way providing some idea as to how and why there exists the current ‘zoo’ of

density functionals.

Just as a mathematical function f(x) = x2 might take as input a number and yield a resulting

value (e.g. f(3) = 9), a functional takes as its input a function and results in a value. DFT,

then, is focused on functionals of the electron density. For example, the following functional:

N
[
ρ
]

=

∫
ρ(r)dr (1.34)

takes the density as its argument and returns the number of electrons in a given system.

DFT in computational chemistry is primarily concerned with functionals which yield the energy

of a given system.

DFT is based primarily on the Hohenberg-Kohn theorems [95]. However, Levy’s constrained

search theorems [96] are simpler to derive and do not suffer from some technical problems in

Hohenberg-Kohn derivation. Levy says that the ground state wavefunction is a functional of

the electron density, specifically:

E [ρ] = Q [ρ] +

∫
ven(r)ρ(r) (1.35)

Q [ρ] = min
Ψ→ρ
〈Ψ|T̂ + V̂ee|Ψ〉 (1.36)

Q [ρ] searches all antisymmetric wavefunctions which yield a fixed trial electron density ρ,

delivering the expectation value which is a minimum.

Almost all DFT calculations rely on the Kohn-Sham [97] (KS) approximation, which avoids

the need for a kinetic energy functional – as T̂e is very difficult to approximate, since it is a

direct functional of the Kohn-Sham orbitals rather than the electron density.

Under the KS formalism the electronic energy is obtained from a system of non-interacting

electrons, where the exact energy is given by:

Eee [ρ] =
N∑
i

εKSi = −1

2
J [ρ] + EXC [ρ]−

∫
vXC(r)ρ(r)dr (1.37)

EXC [ρ] = Vee [ρ]− J [ρ] + T [ρ]− Ts [ρ] (1.38)

where T is the exact kinetic energy functional, J is the classical coulomb energy, Vee is the

exact electron repulsion energy, Ts is the kinetic energy of a non-interacting system of electrons

described exactly by a single determinant, but having an electron density of ρ. Normally, EXC

and vXC (the potential) are approximated by the so-called density functionals we are discussing

(usually separated into Ecorrelation and Eexchange components). The difference between T and Ts

is ignored [98].
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Functional utilises Kind Examples

ρ LDA SVWN [95, 99]

ρ, ∇ρ GGA BLYP [100, 101], PBE [102], N12 [103]

ρ, ∇ρ, ∇2ρ meta-GGA TPSS [104], BB95 [105], HCTH [106]

ρ, ∇ρ, EHF
x hybrid-GGA B3PW91 [107], B3LYP [108], PBE0 [109]

ρ, ∇ρ, ∇2ρ, EHF
x hybrid-meta-GGA B1B95[105], TPSSh [110], M06 [111]

Table 1.2: Terms for the different kinds of DFT functionals, including local density approxi-
mations (LDA), and generalized gradient approximations (GGA). The first column indicates
whether the functionals in this class utilise the density, ρ, its derivatives and/or incorporate HF
exchange (EHF

x ).

Different DFT methods differ in the way they represent Eexchange and Ecorrelation. Typically,

these are functionals of the density ρ, and its derivatives (see Table 1.2 for a broad overview).

Despite the apparent simplicity of the differences between DFT and HF, actual computation

of DFT involves integrals which cannot be solved in closed form, requiring numerical quadratures.

It was largely due to Becke [112] and his work based on Lebedev grids [113, 114] that routine

DFT calculations with appropriate accuracy for molecules became possible.

Hybrid density functionals

DFT typically makes a local (LDA) or semilocal (GGA etc.) approximation for the exchange-

correlation energy functional Exc = Ecorrelation
[
ρ
]

+ Eexchange
[
ρ
]

of the electron density, despite

providing MOs from which the Fock or ‘exact’ exchange energy may be calculated. So called

‘hybrid’ density functionals are those that incorporate some amount of this exact exchange,

which has been demonstrated to provide improvement over non-empirical functionals when

calculating atomization energies, bond lengths, and vibrational frequencies for most molecules

[115, 116].

The original scheme developed by Becke [107] for the first hybrids e.g. B3PW91 is as follows:

Exc = (1− a)Elocal
x + aEHF

x + b∆Enon-local
x + cElocal

c + (1− c)Enon-local
c (1.39)

Of all modern density functionals, the most widely used hybrid functional is almost certainly

B3LYP [108], which uses the same scheme in eq. 1.39 incorporating the Becke88 [100] exchange

functional, and the LYP [101] and VWN3 [99] correlation functionals in conjunction with the

HF exchange.

The scheme in Equation 1.39 is for a hybrid GGA functionals, but in a similar manner hybrid

meta-GGAs can be defined, typically with some fixed portion of the exact exchange. Additionally,

28



1.5. CHEMOINFORMATICS

there are popular range-separated (RS) functionals which vary this portion based on electron-

electron separation. Finally, in the last decade so-called ‘double-hybrids’, which incorporate

electron correlation from MP2, have been developed – producing even more accurate results

than hybrid density functionals or MP217 (approaching ‘chemical accuracy’ of approximately 4

kJ mol−1) over a wide variety of applications [117].

1.4.8 Born-Oppenheimer molecular dynamics

Chapter 5 of this thesis examines a method to predict electron impact mass spectra, based on

Born-Oppenheimer molecular dynamics. As such, a brief overview of molecular dynamics is

warranted here. Molecular dynamics (MD) is the procedure by which molecules are modelled by

empirical force fields (typically Hooke’s-law relations, Lennard-Jones relations, or charged-pair

Coulomb relations) between pairs, triples and quartets of atoms, and then these molecules

are subject to Newton’s Laws of motion constraining either volume or pressure. It is widely

employed in chemistry, biochemistry and materials science, and has been a common area of

study for chemists and biochemists. Popular visualisation and simulation packages like VMD

[118] provide sophisticated tools to investigate the formation of molecular assemblies, among

other things.

In ab initio molecular dynamics the interatomic forces FI = −∇RI
ψ are determined on-the-fly

using first principles electronic structure methods. That means that AIMD is not relying on

any adjustable parameter, but only on R, However, finding the corresponding many-body

Hamiltonian at each MD step comes at a significant computational cost, which has to be

carefully balanced against the size and sampling requirements of MD. In Born-Oppenheimer

molecular dynamics (BOMD) then, the potential energy E [ψi; R] is minimized at every MD

step with respect to ψi.

1.5 Chemoinformatics

The field of chemoinformatics arguably began with the problem of trying to search for chemical

substructures for use in literature and other databases, sixty years ago [119], and shortly

afterwards, with the attempt to correlate biological acitivity with partition coefficients and

other structural information [120]. Since then, the infiltration of computers into chemistry has

lead to an explosion of applications. Chemoinformatics is critical in the pharmaceutical and

agribusiness sectors for the design of drugs, herbicides and pesticides. In the following sections

the concept of chemical information is elaborated, focussing on the manner in which chemical

information is represented.

17It is worth noting that this success is not without sacrifice: these methods no longer adhere to the Hohenberg-
Kohn theorem i.e. the energy is no longer computed as a unique functional of the density only. This means that
energy is the only property recoverable by these methods.
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1.5.1 Molecules, their properties, and their representation

By far the most important abstraction in chemistry is that of the molecule (or the ion in charged

cases). But a molecule need not be described exclusively in terms of its quantum mechanical

representations: there are as many ways to describe molecules as there are molecular properties.

Which description is useful or valuable in a given context will obviously change depending on the

circumstances, and the questions of interest to the scientist. We might describe a molecule by the

coordinates of its nuclei in their equilibrium geometry, or by their relative positions and angles,

or by its connectivity according to chemical bonding. We might describe molecular properties

like shape (including symmetry, isotropy, size, promolecular density isosurface, or some other

isosurface), its electrostatics (charges, dipoles, quadrupoles etc.) or molecular connectivity

(bonding) or even magnetic or spin properties of the molecule. Although it hardly needs to be

said, the precise representation of this molecular description is referred to as the “descriptor”.

The chemical importance of the descriptor is clearly the first consideration when describing

molecules or their properties, and this will depend entirely on the chemical question we wish

to answer. It should be clear, when exploring chemical questions, that the foremost priority

is the representation of chemical structure (be it two- or three-dimensional) including atomic

composition and any possible bonding information. This is reflected in the typical requirements

for chemical publications, with standardised naming schemes to describe chemical structure

(IUPAC systematic naming), and standard two-dimensional drawing styles e.g. aromatic rings,

single-, double- and triple-bonds etc.

Representations of chemical structure and reactions

There is a plethora of representations of chemical structure used in modern chemistry (see Figure

1.7 for a visual representation of some of them). The most commonly used and understood

representation of chemical structure is still the 2D structure diagram or skeletal formula. Indeed,

this representation is so embedded in chemistry that it is one of the first things taught in

high-school classes, and the required representation for chemical structures in some journals.

This represenation embeds a huge amount of information (and assumptions) about chemical

structure, but many may not even consider its influence on our ideas of chemical bonding and

molecular structure. Consider how benzene rings are drawn, that carbon atoms are generally

not explicitly drawn or that single-, double- and triple-bonds are the canonical representations

of bonding. These diagrams represent a large class of organic chemistry, but in reality chemistry

occurs in three dimensions, and naturally some structures will be more difficult to represent in

2D than others (e.g. fullerenes).

Along with the solution of the 3D structure of molecules from crystallography and other

characterisation methods, 3D representations and depictions of molecules became more common

and more useful. 3D ball-and-stick representations – stemming from the physical models still
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1.5.2 Data types in chemistry

Chemistry deals with data and information in a wide variety of forms, many of them very complex.

The representation of numerical data, for example is generally straightforward (representing

numbers is, after all, widely standardised and accepted). How best to represent chemical

structure (2D or 3D) and spectral data (UV/VIS, NMR, IR, MS or otherwise) is far more

difficult. Yet, the representation of this kind of data is of the utmost importance in the nature

and scale of chemical problems we can solve when using this data. There is a vast number of

different chemical structure formats for electronic storage, predominantly based on connection

tables.

In the field of crystallography there is a standard file format for crystallographic data, the

crystallographic information file (CIF) [122–124], something that has been a great boon for

productivity in data dissemination and analysis. It is a shame, then, that there has been no such

central standardisation of file formats for wavefunctions, basis sets etc. in quantum chemistry

or indeed cheminformatics, as this would radically simplify a great many of the inconveniences

for users and developers in this area.

The proliferation of file formats, some proprietary and others open standards, is the raison

d’être of software projects like Open Babel [125]. Indeed, that Open Babel can convert between

over 110 chemical file formats (the majority of which are chemical structure formats), speaks

volumes about how urgently standardisation is needed in this space – such redundancy is not

only a waste of productive time in science, every change in format increases the likelihood of

the introduction of errors into studies.

Numerical data

In addition to the storage of chemical structure information, representation of molecular

properties may involve numerical data of high dimensionality (i.e. greater than two). While

representation of numerical data is for the most part not particularly complicated, the transfer and

portability of this data between programs and programming languages can be cumbersome and

error prone. For this reason, primarily for wavefunction and HS data (along with accompanying

properties on the surface) the Simple Binary Format (SBF) described in Appendix F was

developed allowing the straightforward transfer of binary numerical data between the C, C++,

Fortran and Python programming languages.

1.5.3 Machine learning

Further to general informatics techniques, we might use machine learning (ML) in order to

find new molecular descriptors or properties (or refine old ones). Broadly speaking, ML is the

field of enabling computers to ‘learn’ patterns or relationships in data without being explicitly

programmed. ML has become increasingly popular in computer vision, natural language
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processing and indeed in scientific questions that do not lend themselves to straightforward

analytical descriptions, but where large amounts of (reliable) data are available. ML may be

conceived as a stepping stone or component of artificial intelligence, but it does not have as a

primary goal the creation of an intelligent system or being. The goal of ML in general is to

solve problems of a practical nature, usually to make testable predictions.

Because ML encompasses a huge number of disparate problems and approaches, it is well

and truly outside the scope of this introduction to describe them in any form that would do

them justice. Instead this section will focus on the concepts of classification and regression, and

further describe some of the ML techniques which are used in this thesis.

Classification and Regression

Classification problems result in class membership, they take a query object descriptor (or

descriptors) and return the resulting class to which the object is said to belong, based on this

descriptor. Multiple classification approaches are generally built up from binary classifiers,

where membership of one class is all that is interrogated. Classes may be known prior, for

example if we were training a model to determine whether an image contains a cat by providing

a series of images appropriately labelled. Classes may also be ‘discovered’, or unknown, for

example in cluster analysis.

Regression problems, on the other hand, result in a property: they take a query descriptor (or

descriptors) and return some resulting property. Straightforward regression might be something

like linear interpolation of functions, but generally ML concerns some more complicated function

or property. An example of a regression technique would be prediction of a mass spectrum from

a given chemical structure (see discussion of the CFM[126] techniques in Chapter 5).

Cluster analysis

Broadly speaking, cluster analysis is the task of classifying a set of observations in such a manner

that those in the same group or cluster are, in some sense, more similar to one-another than to

those outside the cluster. The clustering performed in this project will be hierarchical in nature.

That is to say that there will be levels or thresholds of proximity, and if we take a cut off at one

of these levels we are left with a group of flat clusters.

There are many different types of cluster analysis, and indeed clustering techniques themselves

(some of which, including methods for implementation are contained in [127]), and applications

of the techniques are as wide ranging as Google’s page-rank algorithms on the world-wide-web

to the field of bioinformatics where the similarity of genetic data is clustered to examine and

infer population structures or assign genotypes.

Clustering variants include (but are not limited to):

• Hierarchical clustering or connectivity based clustering, which is based on the idea that
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nearer objects are more related than those far away. This includes single linkage, complete

linkage, average linkage clustering etc.

• Centroid based clustering in which clusters are represented by a central vector. When the

number of clusters is fixed, k-means clustering provides a formalisation as an optimization

problem (where squared distance from the centre of each cluster is minimised.)

• Distribution based clustering and density based clustering.

Nearest neighbour search

A related problem to cluster analysis is that of nearest-neighbour search (NNS). NNS is a form

of proximity search, which is to say it is an optimization problem of finding the point in a given

set that is closest (most similar) to another given point. Typically, closeness is expressed in

terms of a distance function: less similar objects are ‘further’ from each other. Formally, the

NNS problem is defined as follows: given a set S of points in a space M and a query point

q ∈ M, find the closest point in S to q. An immediate generalization of this problem is to

extend it to the k nearest points, known as k-nearest neighbours (k-NN).

The use case for NNS and kNN is clear when we have a molecular descriptor represented as

a vector or numerical values. Here we can use Euclidean distance d(x) =
√∑

x2
i (or square

distance function d(x) =
∑

x2
i ) to find the closest matches to a given query molecule. NNS use

is also widespread in ML algorithms, particularly in the k-NN classification or regression.

Principal Component Analysis

Principal component analysis (PCA) is a procedure that utilises an orthogonal transformation to

convert a set of observations (vectors) in a (possibly) correlated vector space into a set of vectors

in a space of linearly uncorrelated variables termed principal components. More intuitively, it

can be thought of as fitting an n-dimensional ellipsoid to a set of data, such that the axes of the

ellipsoid maximally account for the variance within the set of observations.

PCA can be used for dimensionality reduction, as it identifies axes (which are linear

combinations of the original axes) which maximally account for the variance within the data.

This proves immensely useful for visualising and processing high-dimensional datasets (and it is

used for visualisation in Chapter 3), while still retaining as much of the variance in the dataset

as possible. It is frequently used with only the first two principal components to project a higher

dimensional data set onto the 2D plane, as the resulting projection will be optimally ‘spread

out’, enabling easier visualisation and representation of the differences in the data. PCA can

also be used to align objects or meshes in 3D, by determining the orientation of the primary

axes.
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1.5.4 Chemical databases

Perhaps the most visible achievement of cheminformatics in the last 50 years has been databases

of chemical information [128]. Access to high quality data is of crucial importance to modeling,

as any inaccuracies or errors will be propagated throughout the model. There is, at present, a

wide variety of chemical databases, many with enormous amounts of curated information. There

are general purpose chemical databases (e.g. Pubchem [129], ChemSpider [130]), which provide

free access to fundamental information about chemical structure, computed or experimentally

recorded properties like biological activity, and more. While these databases have found

widespread use in pharmaceutical research and drug discovery, their applicability is far more

widespread. Further, there are many more specific databases, some for mass spectrometry data

(e.g. NIST17 [131], The Wiley/NBS Registry [132]) others for crystallographic data, (e.g. the

aforementioned CSD [133] and PDB [134]).

This widespread availabilty of comprehensive chemical information provides a vital starting

point for chemical modeling: both for helping to parameterise models and for investigating their

success. Without a doubt, the success of cheminformatics (and indeed computational chemistry)

relies on the availabilty, accessibility and veracity of chemical data in databases like these.

Additionally, there are databases consisting entirely of virtual molecules i.e. those which

have been generated by exploration of the ‘chemical space’ but not synthesized. Such databases

find particular use in the field of drug discovery.

1.5.5 Virtual screening

Computers play many roles in drug discovery [135], but a particularly important role is so-called

Virtual screening (VS). The aim of a VS process is to identify molecules that may bind to a

macromolecular target of interest, usually binding to a drug target protein receptor or enzyme.

This is performed via searching or ‘screening’ a large library of potential chemical structures

(e.g. those mentioned in the prior section, ZINC [136] and many more), consisting or real or

virtual chemical structures. VS methods can be broadly separated into two distinct approaches:

methods focussed on matching ligands which are known to bind to the target – ligand-based

virtual screening (LBVS) – and methods focussed on matching potential ligands to the binding

site of the target – structure-based virtual screening (SBVS) [137, 138].

Ligand based virtual screening

Most LBVS methods attempt to design or discover new molecules that satisfy certain similarity

criteria with a known binding ligand [139, 140]. Such matching may be performed based on:

• Intermolecular interaction sites (such as hydrogen-bond donors and acceptors) [136],
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• So-called ‘pharmacophore‘ models built from knowledge of a set of ligands which bind to

a given receptor [141, 142],

• 2D chemical similarity analysis (i.e. skeletal or scaffold similarity) [143, 144],

• 3D molecular shape [145, 146] and/or electrostatics [147–150],

Some LBVS procedures make use of machine learning techniques to assess similarity [151], be it

using one or more of the above methods or otherwise. Because of its dependence only on a small

molecule ligand structure, typical LBVS processes are relatively cheap and efficient. Chapter 4

of this thesis demonstrates the potential use of the spherical harmonic shape descriptors in this

process, for searching small molecule crystal structure databases.

Structure based virtual screening

SBVS typically involves ‘docking’ procedures [152], which utilise a scoring function to estimate

binding or non-binding interactions between a candidate ligand and the desired protein-receptor

site. Docking procedures usually involve a step to find the most favourable orientation in the

receptor pocket, and a variety of molecular conformations (or conformers). Optimisation of the

conformers within the space is prohibitatively expensive (especially if the surrounding area of the

protein is not fixed) for large scale studies, and so generally some number of diverse low energy

molecular conformers are generated and treated as rigid. Further, SBVS approaches generally

require significantly more computation than LBVS procedures, due to their incorporation of a

larger chemical environment (the structure of the entire binding site). This limits the scale of

virtual screenings, or requires larger computational resources in order to perform these searches.

There are many approaches to SBVS (see Lionta et al. [153] or Cheng et al. [137] for recent

overviews), but as the topic is largely tangential to this thesis (with the exception of the docking

scores in Chapter 4) it will not be explored further here.
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Chapter 2

Introduction to a series of papers

It should be clear from the previous sections that computational chemistry encompasses a

wide variety of chemical, mathematical and software development problems. Throughout the

following series of papers, some these problems are explored in detail. With the exception of

Chapter 4, all of the following chapters have been previously published in peer-reviewed journals.

The content from these publications has been modified only to fit the formatting of this thesis,

no more. The papers comprising this thesis can be broadly separated into two parts: those

primarily focussed on molecular shape in crystals, and those focussed on assessing the accuracy

of quantum chemical calculations for their practical application.

2.1 Molecular shapes in crystals

The first part of this thesis is concerned with the development and application of a novel

description technique for molecular shapes. In these papers shape has been defined in terms of

electronic isosurfaces: the Hirshfeld Surface [292] and the promolecular density isosurface.

Chapter 3 consists of a publication laying out the description of molecular shapes with

spherical harmonic functions, and the process of constructing rotation-invariant shape descriptors

from the coefficients of the spherical harmonic transform. Further, this chapter contains

application to small examples: the classification of atomic Hirshfeld surfaces in metallic crystals

according to their lattice type, and the classification of different molecular scaffolds based on

these shape descriptors.

Chapter 4 represents the first significant application of these shape descriptors: to improve

the process of Ligand Based Virtual Screening (LBVS) in rational drug discovery, and enable

the use of large databases of small-molecule crystals as potential ligands. This paper consists of

the description of four protein-ligand systems in terms of the aforementioned spherical harmonic

shape descriptors, a description which is then utilised to find the top matching molecules

from a selection of over 110 thousand crystal structures from the CSD. Further, this paper

demonstrates the immense potential value of the usage of molecular conformers obtained from
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their small-molecule crystal structures: an energetically favourable environment in which they

are interacting with neighbouring molecules. Finally, the impacts of different surface properties

(dnorm and electrostatic potential) and surface types (Hirshfeld surface and promolecule surface)

are explored with reference to their characteristic description of local molecular environment vs.

encapsulation of the crystal environment.

2.2 Assessment of the accuracy of quantum chemical

methods

The second part of this thesis is concerned with assessment and characterisation of existing

prediction techniques in quantum chemistry.

Chapter 5 primarily examines Grimme and Bauer’s method for the prediction of the electronic

impact mass spectrum of arbitrary molecules: Quantum Chemical Electronic Impact Mass

Spectrum (QCEIMS). This technique is evaluated for a set of 61 small molecules from different

common, and important (in terms of their fragmentation propensity), chemical compound

classes. The performance of this method is examined with reference to experimental spectra,

and compared with another (radically different) state-of-the-art approach in Competitive

Fragmentation Modelling (CFM). This chapter, then, consists of comparison between ab initio

predictions and machine learning predictions for EIMS, with the purpose of establishing a

baseline of correctness for use in identification of natural products and semiochemicals, or

metabolomics as complementary to experimental work.

Chapter 6 examines basis-set convergence of equilibrium geometries using CCSD(T), along

with newer explicitly correlated CCSD(T)-F12 methods. The basis-set convergence of equilibrium

geometries is especially important in high-accuracy thermochemical calculations, and this

publication investigates the relationship between correlation-consistent basis-set size and bond-

length convergence, along with the corresponding energies, providing practical recommendations

for their use. Further, the effect of the corresponding geometries on the total energies of

the systems, along with the relative scale of these effects in terms of other approximations

(relativistic effects, core-valence contributions etc.) present in typical CCSD(T) calculations is

established.

Finally, Chapter 7 explores two different categories of complete basis-set (CBS) extrapolations

for CCSD single point energy calculations from relatively small double-zeta and triple-zeta basis

sets. This is particularly important, as CC calculations with all single and double excitations

(CCSD) converge very slowly with the size of the one-particle basis set, and the scaling of the

computational cost with increasing basis-set size is severe. Further, the potential use of a system-

dependent basis-set extrapolation scheme, in which unique basis-set extrapolation exponents

for each system are obtained from lower-cost MP2 calculations is explored. This establishes a
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protocol for high-accuracy CCSD calculations with accelerated basis-set convergence relative to

global extrapolation schemes.
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Molecular shapes in crystals
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Chapter 3

High throughput profiling of molecules

in crystals

ABSTRACT

Molecular shape is important in both crystallisation and supramolecular assembly, yet its role

is not completely understood. We present a computationally efficient scheme to describe and

classify the molecular shapes in crystals. The method involves rotation invariant description of

Hirshfeld surfaces in terms of spherical harmonic functions. Hirshfeld surfaces represent the

boundaries of a molecule in the crystalline environment, and are widely used to visualise and

interpret crystalline interactions. The spherical harmonic description of molecular shapes are

compared and classified by means of principal component analysis and cluster analysis. When

applied to a series of metals, the method results in a clear classification based on their lattice

type. When applied to around 300 crystal structures comprising of series of substituted benzenes,

naphthalenes and phenylbenzamide it shows the capacity to classify structures based on chemical

scaffolds, chemical isosterism, and conformational similarity. The computational efficiency of

the method is demonstrated with an application to over 14 thousand crystal structures. High

throughput screening of molecular shapes and interaction surfaces in the Cambridge Structural

Database (CSD) using this method has direct applications in drug discovery, supramolecular

chemistry and materials design.

3.1 Introduction

Molecular shape plays a fundamental role in our understanding of chemistry and biochemistry,

with the supramolecular assembly of molecular species generally being understood both in terms

of the intermolecular interactions and the complementarity of molecular shapes. In this area,

Lehn’s conception of supramolecular chemistry focused on specific molecular recognition leading
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to ‘supramolecules’.[1] Similarly, much of the known molecular recognition processes (such as

drug-receptor binding, enzymatic reactions etc.) can be understood with the ‘lock and key’

paradigm of steric fit proposed by Fischer[2] over a century ago.

Much of our present understanding of crystal structures, from Kitaigorodskii’s principles

of crystal packing [3] – the maximum utilisation of space and minimisation of free energy –

to Desiraju’s approach to crystal engineering[4] – the notion of ’supramolecular synthons’ as

recognition units based on chemical functionality – has emphasised the importance of molecular

shape.

Yet, beyond cartoon depictions of shape complementarity and qualitative arguments the

role of molecular shape is largely sidelined in quantitative analysis of supramolecular chemistry

and crystal engineering. It is our view that this is largely due to the lack of a straightforward

method allowing us to incorporate molecular shape into such studies. It would appear, then, that

computational approaches for describing molecular shapes in an accurate, systematic manner

are highly desirable.

With regard to molecular crystals, it is hard to overstate the scientific value that has been

derived from the magnitude of experimental crystal structure data available, curated within

the Cambridge Structural Database[5]. Such a database represents an opportune target for

the purposes of quantitative analysis. To adequately utilise this growing amount of data,

automation and algorithmic analysis (be it traditional statistical methods or machine learning)

are required. So, for the dual purposes of classification and understanding molecular shapes in

crystal structures, we present an efficient computational method based on spherical harmonics

with the capacity to accurately describe molecular shapes in their crystal environment.

In order to account for molecular shape, some degree of chemical information (i.e. the effects

of different elements), and some aspects of the crystal environment, we utilise the Hirshfeld

surface[6] (HS) as a summary object of molecules in crystals. The HS developed by Spackman

et al. is an isosurface surrounding a molecule in its crystal structure, defined as the boundary

where the contribution of electron density ‘belonging’ to the molecule is equal to that of its

crystalline surroundings. The densities in each case are approximated by a superposition of

quantum mechanically derived spherical atomic densities, a so-called promolecular[7] density.

Much like van der Waals or CPK[8] surfaces, the HS represents a realistic molecular surface,

albeit one generated from the experimental X-ray geometry. Further, it encompasses information

about the packing and intermolecular interactions within a crystal, and includes some molecular

size effects, both of which may be encompassed in its shape.

The HS is often decorated with properties such as di (the distance to the nearest internal

atom), de (the distance to the nearest external atom), and dnorm (the distance between internal

and external atoms normalised by van der Waals radii). Figure 3.1 demonstrates some of the

capacity for these properties to visually represent aspects of the crystal environment, such as

the red spots here indicating close contacts between molecules.
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Figure 3.1: Views of (a) crystalline environment in the co-crystal of the anti-inflammatory
drug indomethacin with nicotinamide, and (b) corresponding Hirshfeld dnorm surface around
indomethacin. Close contacts appear as red regions, while more distant interactions will appear
from white to blue.

HS properties, namely de and di, have been previously used by Gilmore and co-workers [9,

10] when they proposed so-called ‘genetic fingerprinting’ based on rasterisation of the Hirshfeld

fingerprints[11, 12] (2D histogram representations of de and di from the HS). This constituted a

similar use of the HS as a summary object of molecules in crystals, but the descriptors used

by these workers do not directly express the shape of the HS. As such they do not provide a

straightforward means of incorporating molecular shape in quantitative analysis.

Outside of the domain of molecules in crystals, there are a number of other methods routinely

applied to surfaces (e.g. Van der Waals surfaces) and domains (e.g. binding pockets in proteins)

that represent shapes, molecular or otherwise, using spherical harmonic functions. Rotation

invariant descriptors have been been applied in the field of drug design[13, 14] and more generally

in 3D shape recognition[15, 16], where they are used to perform shape matching without the high

computational cost of ‘docking’. Docking essentially consists of rotating the two shapes prior

to comparison so that they are in maximum coincidence, and it rapidly becomes an extremely

costly step in the comparison procedure as large numbers of structure comparisons are required.

An important aspect of utilising spherical harmonic descriptors is the natural parameter lmax

(i.e. the highest order of spherical harmonic functions used in the transform) which provides

a systematic parameter of the level of detail in the shape description. As a brief example of

of how accurate the description may be for higher values of lmax, Figure 3.2 shows two HS

reconstructions (i.e. meshes generated from the resulting coefficients of the spherical harmonic

transform), one for the benzene crystal and the other for an indomethacin crystal. Both

reconstructions include the dnorm property which colours the surface. In practice we have found

that typically lmax = 9 constitutes an acceptable compromise between precision and brevity in
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Figure 3.2: From left to right, reconstructed (lmax = 9 and lmax = 20) and original Hirshfeld
surfaces for BENZEN07 (top) and INDMET (bottom). Surfaces have been coloured based on the
dnorm property at each vertex. While the reproductions at lmax = 9 are not exact, descriptions
at this level clearly capture the essential idea of the shape of the HS

the description of the HS.

Since the method outlined here also involves rotationally invariant shape descriptors, it

enables computationally efficient shape matching in a very large number of structures (taken here

from the CSD). The full description of the details of the method, along with a brief description

of the HS, is provided in the methods section.

The potential value of an efficient, numerical, rotation invariant description of the HS in a

crystal will be demonstrated here through its application to selected sets of crystal structures.

The first dataset consists of 29 metallic crystal structures; a mix of hexagonal close-packed

(HCP) and cubic close-packed (CCP) crystal lattices. The second set consists of over 300

structures; comprising a series of substituted benzenes, naphthalenes and phenylbenzamides,

along with some pyridine analogues of each kind. The separation and grouping of both these

datasets in a principal component analysis (PCA) and cluster analysis based on the shape

descriptors is discussed with reference to crystal packing, chemical scaffolds, chemical isosterism

and molecular conformation. Finally, the computational efficiency of this technique will be

outlined by examining a dataset comprising over 14,000 organic crystal structures.
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Figure 3.4: Hirshfeld surfaces for 3 CCP metals and 3 HCP metals with dnorm mapped on the
surface. Note the distinct patterns in both the shape of the surface and dnorm correspond to
the lattice structure in the crystal environment, along with the heightened tendency toward
asphericity as the packing becomes ’tighter’ (closer interatomic distance with regard to electron
density).

and linearity of CCP metals in the descriptor space may be readily understood in terms of the

symmetry constraints brought by CCP: there is no degree of freedom in the shape of the unit

cell. Thus the only variation in this group must stem from a variation in interatomic distance

and electron density. Indeed, as we traverse the CCP metals along the approximate line from

Fe through to Pd (see Figure 3.4), we may see the increased similarity between the HS and the

space filling Voronoi or Wigner-Seitz cell[17].

The HCP group, on the other hand, exhibits more variation in its HS shape. This variation

may be accounted for by the varying degrees of of anisotropy in the different HCP metals, i.e.

the extra degree of freedom in the c axis of the unit cell. Examining the ratios of unit cell

lengths c
a

in the HCP metals, it is evident that those with radically different ratios tend to be

separated, and the apparent outlier Cd can be explained by its notably large ratio (1.89) i.e. its

high degree of anisotropy. Indeed, Cd is the only element with a ratio higher than the ideal of

1.633[18]. The immediate separation of Cd indicates that its unusual degree of anisotropy in the

unit cell is directly associated with the HS shape, and that this shape is adequately described

by this technique.

Given the sharp differentiation seen for Cd, one might expect, then, that structures with

identical unit cell ratio would be co-located in the descriptor space. This is not the case, as while

they may have the same symmetry the different atomic lattices may, just as the CCP metals,

vary in their electron densities and interatomic distances. For example, while Co and Mg share

a close to ideal c
a

ratio (both have a value 1.62 vs. the ideal value of 1.633) they differ in their

interatomic distance within the lattice, with Co being rather more tightly packed (interatomic
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the CSD with structure refinement R-factor < 0.03, only one molecular residue, the heaviest

permitted element was Xe, and for which the HS was ‘star shaped’ (17,646 were not ‘star

shaped’).

The meaning of the 2D PCA distribution is not itself the target of discussion (though the

lack of clear separation may indicate that two dimensions is not enough to visualise such a

diverse dataset). Rather, we emphasise that clustering this dataset takes less than five seconds

on a single-processor laptop. This demonstrates the potential for the technique in analysing

even larger scale datasets. More details of the speed and efficiency are outlined in the Efficiency

and implementation considerations section.

Even though it is not the main focus of this example, it would be remiss not to discuss

some aspects of the results obtained from this large cluster analysis. First, we observe very

many different small clusters, many of which are nearly identical. These nearly identical clusters

usually correspond to several determinations of the same crystal structure (for any reasonable

technique it should be expected that duplicate crystal structures will be co-located in the

descriptor space). Focusing on one cluster located in the selected region in in Figure 3.8, we

may see a visual similarity in the HS of the selected objects. This displays the potential of this

method to screen for a particular molecular shape or ‘interaction surface’ in the CSD, irrespective

of the similarity in chemical structure or elemental composition of the molecules. In other words,

this method provides a shape based structural comparison tool which is fundamentally distinct

from the conventional chemical connectivity-based CSD search tools[21].

3.3 Future research and prospects

In this paper we have presented the first application of rotationally invariant spherical harmonic

shape descriptors based on Hirshfeld surfaces for analysing the nature of molecular packing in

crystals. The advantage of using the technique is that once the descriptors are defined it can be

applied without bias, automatically and efficiently on potentially large datasets — too large for

direct examination by an individual.

The technique we have developed need not be applied to Hirshfeld surfaces: any surface

which is characteristic of the molecular packing in crystals may be used. As outlined, it may

also be applied to any properties mapped on the HS, such as dnorm (a property which generally

reflects the intermolecular interactions of the molecule).

Further, the capacity to process large-scale datasets provides promise in the fields of drug

discovery and crystal engineering. In addition to the conventional drug discovery techniques that

largely rely on functionalisation and systematic modification of selected chemical scaffolds, a

systematic and quantitative method based on shape affords new possibilities. For example, this

technique could be used to profile the shape of protein receptor pockets, along with a property

mapped onto the surface of the pocket (e.g. dnorm or electrostatic potential), subsequently
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Figure 3.8: Hexagonally binned 2D histogram of the first two principal components from
invariants up to lmax = 9 along with the mean radius of all 14,772 structures. Note that the
the region highlighted as red square in the histogram represents closely related structures
in 10-dimensional principal component space, and not necessarily the components in the 2D
PCA. The similarity in corresponding molecular shapes can be visualised in the representative
structures contained within this cluster.
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searching through the large number of diverse structures in CSD extracting the best-matching

candidates, on the assumption that the HS of a molecule in a crystal or co-crystal constitutes

an acceptable proxy for the receptor pocket. Similarly, in the field of crystal engineering

and supramolecular chemistry, the molecular shape based approach could help in developing

systematic design strategies that utilise more of the chemical information inherent in shape and

interaction surfaces, information that may be difficult to incorporate for a human investigator.

3.4 Methods

3.4.1 Representing Hirshfeld surfaces with spherical harmonics

The Hirshfeld surface has been used primarily as a graphical object for visualisation. It is an

isosurface of a particular function of the type and positions of a subset of the atomic nuclei in

an infinite periodic crystal. It is represented as a set of vertices V = {vi, i = 1, . . . , nv} which

are connected in triangular facets. Typically, V comprises thousands of vertices, making it

prohibitively large for search and comparison algorithms on large datasets.

The first step in representing the HS with spherical harmonics is the determination a

suitable origin. Since the number of vertices is large and evenly distributed, the mean position

v = n−1
v

∑N
i=1 vi represents an adequate centre.

Next, the surface must be normalised to have roughly unit radius via the transformation

ui = r−1(vi − v). The mean radius is r = n−1
v

∑
i |vi − v|. If u is one of the vertices ui, this

defines a function on the unit sphere f(θ, φ) = |u| where the polar angles are defined in the

usual way by

ux = |u| sin θ cosφ, uy = |u| sin θ sinφ, uz = |u| cos θ. (3.1)

f is the normalised HS; it can be defined at points other than the given vertices by interpolation.

Note that we consider only surfaces for which there is a unique normalised vertex for every polar

coordinate. This restricts the surfaces to so-called star-shaped domains, which comprise the

majority of small-molecule HS.

Any function of polar angles such as f may be represented to arbitrary accuracy (which

may be parameterised by lmax) using the spherical harmonic functions, Y m
l (θ, φ), as a basis as

follows:

f =
lmax∑
l=0

m=l∑
m=−l

cml Y
m
l (θ, φ) (3.2)
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The coefficients cml are the spherical harmonic expansion coefficients.

cml = 〈Y m
l |f〉 =

2π∫
0

π∫
0

Y m?
l (θ, φ)f(θ, φ) sin θdθdφ (3.3)

These coefficients cml may be more readily computed through the use of a Lebedev quadrature[22,

23],

cml =

NLebedev∑
i=0

wiY
m?
l (θi, φi)f(θi, φi). (3.4)

The quadrature weights and points (wi, θi, φi) are fixed for a given choice of l ≤ lmax. Such

grids are widely used in quantum chemistry, and provide an efficient means to exactly integrate

polynomials or spherical harmonics on the surface of a sphere. If the summation in (3.3) is

restricted to lmax there will be (lmax + 1)2 expansion coefficients.

The expansion procedure described above may also be used to encode other properties which

are recorded on the same set of vertices in V . The procedure is identical except that one uses

the set of property values P = {pi, i = 1, . . . , nv} instead of V to define the normalised HS i.e.

fP (θi, φi) = pi. One then obtains the spherical expansion coefficients for this colouring of the

surface.

3.4.2 Rotation invariant shape descriptors

Because we wish to obtain numerical descriptors independent of the orientation of the HS

it is desirable to process the coefficients of the spherical harmonic transform such that they

are rotation invariant. Weyl[24] has described the general procedure for constructing all such

invariants (see also Biedenharn and Louck[25]). Burel and Henocq[26] have proposed a more

limited set of invariants, and our experience has shown that using only the simplest “N” type

invariants yields acceptable results. These invariants may be evaluated as follows:

Nl =
l∑

m=−l

cml [cml ]?. (3.5)

If it is desirable to factor size into the shape analysis, we need only include the mean radius

as an additional invariant by appending it to our feature vector for comparison. As previously

mentioned, These descriptors may also be applied to quantities decorating the HS or indeed any

other scalar function on the HS.

3.4.3 Efficiency and computer implementation considerations

On average, for the data set comprising 14,772 structures, the HS calculation and analysis took

between 1-3s per crystal structure on a typical Intel single processor laptop. The majority of
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this calculation time is spent in calculating the triangulated HS. There is potential for great

speed up by not triangulating the Hirshfeld surfaces at all, but by calculating the required

HS points and the quadrature points directly. For lmax = 9 which is more than sufficient for

descriptor purposes there are only 50 grid points; this is 2-3 orders of magnitude smaller than

the number of points needed for high quality graphical display. This has not been pursued as

the software is currently in a proof-of-concept state, and the meshes for the Hirshfeld surfaces

themselves are useful for comparison.

All associated surface data has been stored using Hierarchical Data Format HDF5 [27]. This

has minimal impact on the descriptors themselves (as we have only 10 per surface). Even for 1

million structures the storage of their entire feature vectors up to lmax = 9 would require less

than 100 MB of storage. Thus, the data retrieval aspect of the process requires only a trivial

amount of time.

By contrast, the distance calculations required for cluster analysis necessarily scale as O(N2)

where N is the number of structures considered, since we must calculate distances between each

possible pair of structures. Therefore, the computation of this distance matrix will become the

bottleneck as N gets large. Despite this, even for the large data set (14,772 objects) considered

here, the total computation for HDBSCAN clustering (once the shape descriptors have been

calculated) was less than five seconds on a consumer-grade laptop.

It is the efficiency of the representation of shape here that will allow shape to be incorporated

into further algorithmic analysis of the CSD (or any other crystal structure databases). Such

possibilities will be explored in future publications.
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Chapter 4

Fast screening of crystal structures for

ligands based on molecular shape and

intermolecular interactions

ABSTRACT

An efficient method to represent interaction surfaces of molecules in crystals has led to a new

approach to drug discovery. Interaction surfaces (Hirshfeld and promolecular density isosurfaces)

of molecules in crystal structures, and ligands in receptor-protein pockets have been described

using spherical harmonics and utilized to identify potential ligand molecules with similar shape

and intermolecular interaction propensity. The method has been demonstrated through a series

of small drug molecules and drug-protein crystal structures via a high-throughput profiling of

molecular shapes extracted from around 110,000 small molecule, high accuracy, crystal structures

in the Cambridge Structural Database (CSD). Molecular dynamics simulations of ligand-protein

structures in aqueous environment, followed by generation of Hirshfeld surfaces of ligands and

the electrostatic potentials mapped on these surfaces has resulted in the identification of suitable

molecules from the CSD as potential ligands to bind to the same location. The similarity of

these candidates to drug-like molecules obtained by our screening method has been validated

through docking scores, which were found to be comparable to, or in some cases higher than,

the original ligand.

4.1 Introduction

Identifying suitable ligand molecules that bind to the receptor protein sites is a significant

step in rational drug discovery. Drug-protein supramolecular chemistry may still be broadly

conceived of in terms of the simple lock and key model proposed by Fischer[1] more than a
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century ago. Thus the ligand molecules that most effectively interact with the receptor – those

that best fit the receptor pockets – are ranked as the most suitable drug candidates in structure

based virtual screening (SBVS) procedures, [2, 3] be it via docking procedures, or ligand based

virtual screening (LBVS). Since the role of molecular shapes (and shape complementarity with

respect to the pockets in binding sites) is crucial in determining the most effective inhibitor, a

number of computer-aided drug design/discovery methods focus on profiling molecular, shapes[4,

5] and/or electrostatics [6–9], identification of so-called ‘pharmacophore’ points[10, 11], and

other mathematical descriptions or fingerprints associated with molecular shape.

While most LBVS methods attempt to design or discover new molecules that satisfy certain

structural criteria for intermolecular interactions (such as hydrogen bond donors and acceptors)

for a given query molecule, few (if any) LBVS approaches make use of the vast number of

experimental, small-molecule crystal structures present in the Cambridge Structural Database[11]

(CSD). The CSD contains an enormous amount of chemical information embedded in small-

molecule crystal structures. It comprises over 875 000 curated crystal structures, complete with

a wide array of metadata and structural information.1

The CCDC software distribution already contains tools for docking conformers to a given

binding site[13], and ligand based virtual screening (LBVS) tools involving pharmacophore

models. These packaged drug discovery tools, while informed by the wealth of connectivity

and geometry information embedded in the CSD, do not currently exploit the geometries (or

molecular conformations) from small-molecule structures themselves as potential ligands. In

light of the immense value[14] that small molecule crystal structures provide when used in

combination with protein-ligand structures from the PDB in drug discovery, it seems reasonable

to propose the CSD as a potential ligand database.

Further, it has previously been noted [15] that while known drugs binding to the same

target tend to exhibit a high level of two-dimensional similarity, it is more likely that this is

a consequence of inductive bias in the process of human reasoning in the drug development

process, than a result of some underlying physical basis.

Thus, virtual screening methods which account for molecular shapes in three dimensions

are desirable, and the intermolecular interactions that are intrinsic to small molecule crystal

structures – in an energetically favourable environment – may prove to be an underutilised

path to identifying potential ligands apart from structural analogues of a model molecule (and

potentially apart from patented chemistry).

In this context, we recently developed an efficient computational method[16] that enables high-

throughput profiling of molecular shapes in crystals using spherical harmonic shape descriptors

of Hirshfeld surfaces (HS). This method has been used to classify metals based on their lattice

types, to identify molecular structures in the CSD based on chemical scaffolds and conformational

similarity, and to identify chemically isosteric structures.

1For reference, the Protein Data Bank[12] (PDB) contains roughly 120 000 crystal structures.
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Ligand PDB Recorded

# refcode Activity

1 1KI2 [20] DNA polymerase inhibitor

2 1UWH [21] Protein kinase inhibitor

3 1Z95 [22] Nonsteroidal antiandrogen

4 3A2O [23] HIV protease inhibitor

Table 4.1: Protein-ligand co-crystals examined within this study, with an indication of the
nature of their biological activity

4.2.1 Selection of crystal structures

In order to produce a database of reliable single crystal structures for molecules with light nuclei

(suitable for quantum chemical calculations) the following protocol, was adopted. Structures

were selected from the CSD based on the following criteria: No disorder, no powder structures,

no ions, no polymers, 3D coordinates determined, and X-ray R-factor less than 0.05. Also,

the heaviest permitted element was Argon. In order to obtain reliable H atom position, the

geometries of these structures were adjusted so that B−H, C−H, N−H and O−H bond lengths

were equal to the standard neutron values.[19].

During the process of calculating surfaces for all molecules in the unit cell of each crys-

tal structure (see below for details) some calculations failed, and as such their respective

crystal structures were discarded. The complete list of 116 006 structures is available from

https://figshare.com/ under https://doi.org/10.6084/m9.figshare.5576350.v1.

4.2.2 Selected ligands

Protein-ligand systems

The four protein-ligand systems (Table 4.1 and Figure 4.2) studied in this paper were selected

based their reported drug activity, and to be representative of a variety of molecular sizes and

shapes, along with chemical diversity. More importantly, all four ligands have high quality

crystal structures (Table 4.1) with their respective proteins in their binding site of activity.

Small drug molecules exhibiting polymorphism

Further to the study of protein-ligand interactions, in order to further examine the impact

of ESP as the described surface property as opposed to dnorm, we have examined use of this

procedure for a set of eight drug molecules in the CSD exhibiting polymorphism (Table 4.2).

These structures all have at least one structural polymorph in the CSD, along with some

redeterminations of the same structures. The different crystal structures allow us to explore
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1 Ganciclovir

3 Bicalutamide

2 Sorafenib

4 KNI-1689

Figure 4.2: 2D chemical structures of the four ligands presented in this study.

not only the effect of the different conformations, but of different interaction environments

which may be exhibited through polymorphism (i.e. changes in close contacts). The ability

of the method to identify similar shaped molecules from the CSD for a given query ligand is

thus tested – based on the success of identifying its own polymorphs in the CSD i.e. the same

molecule exhibiting different crystal structures.

4.2.3 Calculation of the Hirshfeld and Promolecule electron density

isosurfaces

The promolecule[32] electron density of a molecule comprises the sum of the spherically-averaged

electron densities of the constituent atoms. The isosurfaces of the promolecule electron density

used in this work were calculated at an isovalue of 0.02 au, which has been found to produce

shapes which agree well with the CPK model[33] and which account well for the void spaces

observed from Helium pycnometry measurements [34].

The Hirshfeld Surfaces describes the shape of a molecule within some surroundings (for

example, the surrounding molecules in the infinite crystal lattice). It is defined as the bounding

surface such that, within the surface, more than half of the promolecule electron density comes

from the enclosed molecule[35].

In reality, however, the protein pockets and the binding ligands are generally surrounded by

water molecules in biological environment, constituting a crystal-like environment in the sense
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Structure (Polymorph) Name Other Polymorphs

ACSALA21 (I) [24] Aspirin ACSALA20 (II)

ATDZSA03 (II) [25] Acetazolamide ATDZSA04 (I)

CBMZPN01 (III) [26] Carbamazepine CBMZPN11 (I)

CBMZPN03 (II)

CBMZPN12 (IV)

CBMZPN16 (V)

HCSBTZ03 (I) [27] Hydrochlorothiazide HCSBTZ04 (II)

HXACAN07 (I) [28] Paracetamol HXACAN08 (II)

NICOAM06 (I) [29] Nicotinamide NICOAM04 (II)

SLFNMA01 (Pbca) [30] Sulfamerazine SLFNMA03 (P21/c)

SLFNMA04 (Pna21)

SUTHAZ07 (I) [31] Sulfathiazole SUTHAZ03 (II)

SUTHAZ11 (III)

SUTHAZ04 (IV)

SUTHAZ05 (V)

Table 4.2: Small drug molecules exhibiting polymorphism with their Cambridge Structural
Database (CSD) refcode(s). Those that appear in bold were used as the ‘query’ polymorphs for
this investigation, and their references are provided. Refer to text for details.
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of intermolecular interactions which would contribute to a HS or surface properties like dnorm.

In order to account for this aqueous environment, and to ensure closed interaction surfaces

around the ligand molecules we performed molecular dynamics simulations with a large number

of water molecules solvating the protein-ligand systems.

Molecular Dynamics simulations

The initial coordinates used to build the protein-ligand models for the present study were based

on the X-ray crystal structures presented in Table 4.1. The bound ligand and the protein

were described by the AMBER GAFF force field[36] and the AMBER14SB force field[37],

respectively. The electrostatic potential (ESP) was calculated at the HF/6-31G(d) level of

theory using Gaussian 09 program suite.[38] The computed ESP of the bound ligandwas fitted

using restrained electrostatic potential (RESP) charge [39] fitting in antechamber.

The whole system was solvated into an 81× 85× 78 �A3
rectangular box (taking 1KI2 for

example) of TIP3P water[40] with a 12 �A buffer distance between the box edge and the nearest

solute atoms. The system was neutralized by adding Na+/Cl– ions. The protons were added

automatically, and the topology parameters as well as initial coordinates were generated by the

tleap AmberTool. After the energy minimization (step (1)), the system was heated gradually

from 0 to 300 K for 100 ps (step (2)), and another 100 ps MD simulation was carried out to relax

the system density to 1.0 g cm−3 (step (3)). Finally, the standard 10 ns MD simulation under

isothermal-isobaric (NPT) ensemble was employed with an integration time step of 2 fs using the

periodic boundary condition (step (4)). The cutoff value was set to 10 �A for van der Waals and

electrostatic interaction calculations. Long-range electrostatic interactions were dealt with by

the Particle Mesh Ewald (PME) method.[41, 42] The Langevin thermostat (NTT = 3) was used

to maintain the temperature at 300 K. All the bonds involving hydrogen atoms were constrained

using the SHAKE scheme[43]. The whole protein (including the inhibitor) was frozen when

running steps (2)-(4), but no residues were frozen when running the energy minimisation step.

After all 4 steps finished, the final models were obtained by removing all the residues beyond 5
�A of the inhibitor based on the stable protein structure. All MD simulations were accomplished

using the AMBER 14 software[44].

4.2.4 Calculation of combined shape and surface property descrip-

tors

The method used to describe Hirshfeld and promolecular surfaces by spherical harmonic transform

(SHT) is almost identical to that previously described[16], with one difference: the definition of

the function to be analysed is no longer three-dimensional shape alone. Because we wish to

examine both shape and properties mapped on the isosurface, we encode this information in a
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single complex-valued function

f(θ, φ) = r′(θ, φ) + i prop′(θ, φ). (4.1)

Using a complex valued function, equation (4.1), with the real component as the shape and

the imaginary component reduces the number of invariants i.e. size of the matching vector (see

ESI for complete details) compared to performing separate transforms for each property. In the

above equation, (θ, φ) are the polar and azimuthal angles coordinates of a point on the surface

relative to the barycenter of the triangulated surface (see below), r′ is the normalized distance

from the barycentre of the surface, prop′ is the surface property (i.e. either the electrostatic

potential V or dnorm), scaled to fit the interval [0, 1] as follows:

r′(θ, φ) =
r(θ, φ)

r
(4.2)

prop′(θ, φ) =
prop(θ, φ)−min(prop)

max(prop)−min(prop)
, (4.3)

where r(θ, φ) and prop(θ, φ) are the raw non-normalised surface radius and surface property,

respectively (i.e. either the electrostatic potential or dnorm) and r is the mean radius of the

shape. The shape description vector then has the following form:

{r,min(prop),max(prop)−min(prop), N0, N1 . . . Nlmax} (4.4)

encoded through a spherical harmonic transform, and then using N type rotation invariants[16],

clm =

2π∫
0

dφ

π∫
0

dθ sin(θ)f(θ, φ)Y m
l (θ, φ)∗ (4.5)

Nl =
l∑

m=−l

clmc
∗
lm (4.6)

The values of the function f on the triangulated surfaces (See below) were obtained by interpo-

lation, as described previously[16].

In this work lmax was taken to be 20 i.e. 20 N -type invariants, in combination with 3 other

invariants describing extent (mean radius), minimum surface property and range of the surface

property. Thus the shape descriptors were 23-dimensional vectors. All spherical harmonic

transforms (synthesis and analysis) in this work were performed using th SHTns library [45].
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4.2.5 Construction of the shape descriptor library

Triangulated Hirshfeld and promolecular surfaces with isovalue 0.02 were calculated as described

previously for each symmetry unique molecule in the unit cell, along with surface properties

like de, di, dnorm[46] etc. The surfaces, along with dnorm were used as the library for querying

matches for given molecules, consisting of 138 527 surfaces described up to lmax = 20 – yielding

24 descriptors for each molecular shape.

Once the top 100 matches for each candidate structure in Table 4.1 were found, their wave

functions were calculated and descriptors using the ESP on the surface were examined, in

order to assess the potential benefit of accurate potentials as opposed to simpler proxies for

interactions on the surface.

4.2.6 Wavefunction calculations

Molecular wavefunctions, used to calculate the ESP on the Hirshfeld or promolecular surfaces

for the top n matches (n = 100 in the case of the protein-ligand structures, n = 20 in the case

of polymorphic drug molecules), were calculated using B3LYP/6-31G(d,p) at the experimental

geometries, except that anyB−H, C−H, N−H and O−H bond lengths were adjusted to the

standard neutron values[19] (i.e. the same geometries were used for surfaces and wavefunctions).

Ligand natoms npoints RMSD MSD MAD texact tb=1

/s /s

1 31 6024 0.0071 -0.00069 0.0044 66 8

2 48 10114 0.0066 -0.00021 0.0052 286 24

3 43 8950 0.0057 -0.00130 0.0050 220 20

4 80 12786 0.0048 -0.00026 0.0032 871 47

Table 4.3: Comparison of the root mean-squared deviation (RMSD), mean-signed deviation
(MSD) and mean absolute-deviation between the exact and approximate electrostatic potentials
(ESPs) (in au) for the ligand in the ligand-protein complex using electron densities for ligand
wavefunctions at the B3LYP/6-31G(d,p) level. Also shown are the number of atoms in the
ligand natoms, the number of points in the isosurfaces npoints, and representative times for the
calculations of the exact ESP texact and for the approximate ESP (tb=1) where the multipole
approximation is used for atoms separated by more than two bond connections. Refer to text
for further details.
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4.2.7 Electrostatic potential (ESP) calculations

Since ESP calculation on large grids can rapidly become prohibitively expensive for large

molecules, and since in this work we only use the ESP for the purposes of truncated SHT shape

and property descriptors, we have adopted a fast and approximate scheme for ESP evaluation.

First, the electron density is assigned to an atom using Tanaka’s partitioning technique

– itself a modification of Mulliken’s[47] method, applied at the primitive basis function level,

which makes use of the gaussian product theorem[48]. The contributions to the ESP involving

basis functions on atom-pairs which are within a certain number of bonds b are evaluated

exactly (whether atoms are ‘bonded’ is decided using a distance criteria also employed by the

Cambridge Structural Database[11]). The contributions from the remaining basis-function pairs

are evaluated using a multipole expansion up to octupole moments (details of the multipole

formulae are given in the appendix since they have not appeared in the literature in exactly the

form we use them). The required matrix elements are evaluated using the Rys method[49], and

the method was implemented in the open-source Tonto package[50].

In order to test and quantify the accuracy of the apprimation scheme we present statistics

comparing ESPs calculated exactly, and with our approximation with b = 1, in Table 4.3

evaluated on Hirshfeld Surfaces and promolecular density isosurfaces with isovalue equal to 0.01

au. Even though the mean signed deviation is systematically negative (the approximated ESP

is smaller than the exact ESP) the deviations are very small. We find the agreement to be very

satisfactory, and the timings for the ESP evaluation are much reduced.

4.2.8 Shape Matching

Once the vector of shape descriptors for each library compound is calculated, the closest matches

or most similar shapes for a given query shape reduces to the problem of nearest neighbours

in a coordinate space. In this analysis, this was performed through construction of a K-d-tree

with d = 12[51] and using Euclidean distances between the shape descriptor vectors. The

‘score’ associated with each shape was it’s distance from the reference shape. Matching the top

100 candidates using this scheme with the database described was very quick, less than one

millisecond on a normal computer.

4.2.9 Docking

Docking calculations (along with the previously described ESP calculations) was restricted only

to the top 100 matches for each compound with both surface types (Hirshfeld and promolecular

density). Thus the docking scores, and shape-ESP surfaces for approximately 800 compounds

were calculated in order to examine the value of this method in LBVS approaches, and to assess

the additional potential value offered by calculation of ESP in addition to the surface. A broad
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a useful library to find potential drug candidates.

For both the Hirshfeld and promolecule surfaces, the distribution off the docking scores

is multimodal. Analysis of these main modes, perhaps by cluster analysis, may give useful

information as concerning the responsible shape-property patterns.

The Hirshfeld and promolecule surfaces show a somewhat similar distributions in docking

scores, with roughly the same number of modes. The Hirshfeld surface shows a slightly higher

peak in the main mode of the distribution. It is noteworthy that the top 100 matches for the

different surface types had only small overlaps: 3, 19, 9 and 10 respectively for ligands 1, 2,

3 and 4. This indicates that the HS and PS do indeed select for distinct molecules based on

shape and intermolecular interactions. Further, these overlaps between PS and HS matches

in concert with the distributions of docking scores in Figure 4.4, indicates that the available

similar molecules in the CSD are more abundant for smaller, simpler molecules like ligand 1

than for larger molecules like ligand 2.

It is interesting to test whether the shape-dnorm scores have any correlation with the docking

scores. Results for correlation coefficients of the top 100 matches are shwon in Table (4.4).

However, only a weak correlation was found (the best was 0.48). There are also some negative

correlations, indicating that further ‘distances’ of the shape descriptors from the reference are

associated with better docking scores. This indicates that the method presented here and the

docking scores are distinct, or in some sense ‘orthogonal’ or ‘independent’. Perhaps this is

unsurprising, given how different the methods are.

It is worth noting that the case of ligand 2 may represent a problematic case for single

centre expansions under the spherical harmonic transform as the barycentre of the molecule lies

outside its surface. This can be seen by small artifacts present in the reconstruction of the shape

vs. the original shape, with errors of 1.7%, 8.1%, 4.1% and 2.8% (RMSD, over all grid points)

respectively for ligands 1, 2, 3, and 4. Nevertheless, because these errors are small, largely

localised to the higher order spherical harmonic coefficients and similar errors associated with

this will be likely be present in molecules of the same shape in the CSD, it seems that the results

for the shape description are not significantly affected – indicating that despite limitations this

shape description is still good enough to prove useful.

4.3.2 Matches with known drugs in the CSD

The CSD contains roughly 2000 structures which are indicated to be drugs2, of which 500 or so

were within our restricted subset. It is interesting to examine if any of the top 100 matches are

drug molecules according to this definition. Table 4.5) shows that, in fact, 12 existing drugs

were found.

If the docking scores are any indication, then many of these drugs may share activity with the

2In this case, matching text search for ‘drug’ or possessing a DrugBank[55] identifier
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Ligand Surface Property r

1KI2 Hirshfeld dnorm 0.17

ESP -0.01

Promolecule dnorm 0.24

ESP 0.33

1UWH Hirshfeld dnorm 0.48

ESP 0.15

Promolecule dnorm 0.27

ESP -0.25

1Z95 Hirshfeld dnorm 0.08

ESP 0.02

Promolecule dnorm -0.11

ESP 0.19

3A2O Hirshfeld dnorm -0.03

ESP -0.42

Promolecule dnorm 0.17

ESP 0.38

Table 4.4: Pearson correlation coefficients R between shape-property descriptors used in this
paper and and docking scores from FRED/Chemgauss4 for the top 100 matches. Refer to text
for details.
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actual protein ligand. Indeed, in the case of 2, (QABCEE) is a known kinase inhibitor, and for 4,

both (WUWCUO) and (DIJWOJ) are drugs with known antiviral activity (specifically targeting

HIV). This gives us confidence that the methods developed here are producing potentially

valuable matches, through identifying molecules which have already been assessed for their

biocompatibility and utilising them for novel targets.

Ligand Surface CSD Molecular Docking

# type Refcode Formula Score

1 Hirshfeld BHHPHE C13H21NO3 -10.94

2 Hirshfeld KAJFEJ C23Cl2H27N3O2 -13.32

Promolecule QABCEE C21ClF4H15N4O3 -17.36

MELFIT C23Cl2H27N3O2 -13.32

3 Hirshfeld INDMET C19ClH16NO4 -11.46

CERRAS C22H25N3O2 -12.96

WUWCUO C20H32N5O8P 1.42

CIHFAA C16H14N2O6S -6.58

Promolecule VEHRAB C24Cl2H21NO6 -5.08

4 Hirshfeld WUWCUO C20H32N5O8P -9.24

Promolecule ACTDGN C29H44O9 -10.23

DIJWOJ C36H47N5O4 -10.00

Table 4.5: Ligands found in the top 100 matches which are labelled as drugs in the Cambridge
Structural database.

4.3.3 Small polymorphic drug molecules in the CSD

In order to further examine the differences between using dnorm as opposed to the ESP and the

surface property in the descriptors, we applied both shape-property descriptors to find the top

20 matches for the given drug molecule polymorphs listed in Table 4.2. The intention is to

examine what effect molecular conformation crystal environment of the ligand might have on

potential drug candidates. Since polymorphs are different crystal structures associated to the

same molecule, they will have different Hirshfeld structures, and different conformations of these

molecules in these polymorphs will have different promolecular density isosurfaces. Results are
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presented in Figure 4.5.

We observe that more polymorphs or structure re-determinations are found with the PS

rather than the HS shape. This is understandable, as the PS is independent of crystal structure

(but will depend on conformation) whereas the HS is dependent on both. Therefore we expect

that the PS (and the ESP on that surface) are largely conserved under polymorphism. These

results highlight the advantages and disadvantages in terms of conformational and crystalline

environment specificity between different surfaces and surface properties: if one wants matches

more related to the crystal environment then the HS or dnorm should be used, whereas if

one wants matches characteristic of only the molecule, then the PS should be used. This is

particularly evident in the case of sulfathiazole, where polymorphs and redeterminations made

up 3/8 (HS/PS) of the top 20 matches with dnorm, but 17/18 (HS/PS) when using ESP.

An intriguing result can be seen in the case of the top matches for sulfamerazine, where

sulfathiazole (SUTHAZ) and sulfamethoxazole (SLFNMB) can be found to in the top matches

when using PS, in many cases closer than other sulfamerazine structures. All three of these

ligands are sulfonamide molecules with antibiotic activity. They are also similar in terms of their

3D shapes, but because of their ‘U’ shape and the different angular conformations the shapes

may appear quite distinct under a spherical harmonic expansion. Nevertheless, the similarity of

these drugs in terms of structure, shape and even their effect (they are both antibiotic drugs) is

echoed in their matching under the proposed shape descriptors.

4.4 Summary and future perspectives

In summary, the search for potential ligand molecules in the CSD, based on the ‘molecular shape

plus surface property’ matching method shows promising outcomes. While a search based on the

HS generated from the known drug-receptor structures resulted in ligands with comparable or

higher docking scores, their chemical structures showed significant variety. The validity of this

method has been further verified through the examination of a series of drug molecules in the

CSD exhibiting polymorphism. The results demonstrate the potential of combining quantitative

approaches to profile intermolecular interaction surfaces in crystals with the wealth of chemical

information embedded in a small molecule crystal structure database (the CSD) for rational

drug discovery.

In this paper we have described a method to create rotation-invariant shape-property

descriptors for isolated molecules, and molecules in an environment. The method has been used

to search the Cambridge Structural Database. The method has proven to successfully describe

shape sufficiently to find related drug molecules, and efficiently enough to do perform real-time

querying of desired ligands for LBVS.

There remain some key areas for possible improvement. For example, it may be the case

that we are over-describing the shape, and more rudimentary (i.e. lower angular momenta l
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levels) descriptions might prove more effective in LBVS approaches. Further, this method could

be extended by modification of the surface decoration: by only ‘colouring’ specific regions of

interest on the surface i.e. those which are associated with only specific interactions, rather

than the holistic approach undertaken here. This might prove more effective particularly for

larger compounds, where some regions of ESP might be largely irrelevant to the binding affinity.

While we used the model HS and ESP generated from known ligand-protein structures as a

pharmacophore descriptor in the present study, it is also possible to extend this method for drug

design. Instead of generating the HS around the ligand, it is possible to build a hypothetical,

ideal ligand molecule in the receptor pocket and use the volume occupied by this ideal ligand

for the search-and- match procedure. The ideal ligand can be designed utilizing the concept

of supramolecular synthons, as a molecule with adequate functional groups that can form the

most effective intermolecular interactions with the pocket. Such descriptors would not simply

represent the molecular structure, but the shape and intermolecular interactions in terms of the

Hirshfeld-ESP surfaces of the ideally designed ligands, and thus they may be used to find the

most suitable inhibitor molecules from the CSD or other small molecule databases.
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Chapter 5

Quantum Chemical Electron Impact

Mass Spectrum prediction for de novo

structure elucidation

ABSTRACT

We investigate the success of the Quantum Chemical Electron Impact Mass Spectrum (QCEIMS)

method in predicting the electron impact mass spectra of a diverse test set of 61 small molecules

selected to be representative of common fragmentations and reactions in electron impact mass

spectra. Comparison with experimental spectra is performed using the standard matching

algorithms, and the relative ranking position of the actual molecule matching the spectra

within the NIST-11 library is examined. We find that the correct spectrum is ranked in

the top two matches from structural isomers in more than 50% of the cases. QCEIMS thus

reproduces the distribution of peaks sufficiently well to identify the compounds, with the

RMSD and mean absolute difference (MAD) between appropriately normalized predicted and

experimental spectra being at most 9% and 3% respectively, even though the most intense

peaks are often qualitatively poorly reproduced. We also compare the QCEIMS method to

competitive fragmentation modeling for electron ionization (CFM-EI), a training-based mass

spectrum prediction method, and remarkably we find the QCEIMS performs equivalently or

better. We conclude that QCEIMS will be very useful for those who wish to identify new

compounds which are not well represented in the mass spectral databases.

5.1 Introduction

Mass spectrometry (MS) is of major importance for identifying the presence of small quantities

of a compound in a mixture, particularly because it is several orders of magnitude more sensitive
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than equivalent structure determination methods[1]. Indeed, MS is often the only feasible

identification method[2–4] in contexts like the identification of semiochemicals [5–7], where

abundances of critical compounds may be in the ng range.

Electron-impact mass spectrometry (EIMS) coupled to some chromatographic separation

techniques is, at present, likely to be the predominant form of MS practiced for small molecules.

The typical protocol for identifying unknown compounds using EIMS involves matching against

a known mass spectrum (MSp), using spectral libraries in conjunction with software to identify

matches[8–13]. For example, the National Institute of Standards and Technology (NIST)

mass spectral library (version 11) contains electron impact (EI) spectra of more than 2× 105

compounds, and may be readily searched using the NIST MS Search program. However large,

such a library may only contain a tiny fraction of the total number of small molecular species

found in the universe, which for molecules less than 500 Daltons in weight is estimated to be in

excess of 1060[14]. Simply put, the huge number of possible structural isomers for each molecular

formula renders it practically impossible for a library to be exhaustive. If the identification

of a compound whose spectra has yet to be characterized (i.e. its spectra is not in a library)

is desired, much of the value provided by MS matching/library methods is lost (though the

structure of the close matches may still provide insight).

In this paper, we are concerned with the problem of identifying the structures of unknown

compounds present in low abundances which have not been previously characterized by MS. We

will use the term de novo structure determination from the mass spectrum (MSp) to describe this.

In this case, the only way to confirm the structure is to synthesize several putative candidate

compounds in significant amounts, characterize their structure independently (say using nuclear

magnetic resonance (NMR), or X-ray crystallography), then compare the candidates MSp with

the original unknown spectrum to see which (if any of them) agree. It should come as no surprise

that this is a time- and labor-intensive process.

One way to ease the process of de novo compound identification is to predict the MSp for

each candidate using computational methods. If such computed MSp were accurate enough,

only one candidate compound need be synthesized and characterized in order to to confirm the

structure. Indeed, if the computed MSp were always reliably accurate it would not even be

necessary to confirm the structure by synthesis and alternative means; MS may then become

competitive with NMR or crystallography as a structure determination method.

Computational methods for the prediction of the MSp have been well reviewed by Bauer

and Grimme [15]. They may be broadly separated into two categories:

1. Expert systems. Expert systems produce a MSp using rules derived from experimental

spectra, for example fitted to experimental MSp using a model such as a neural network[16,

17]. The ‘system’ is trained or based on a library of MSps for which the structure

is known. Indeed, the prototypical example of an expert computer system based on

rules[18] concerned the identification of molecular structure from MSp: the DENDRAL[19]

94



5.1. INTRODUCTION

project. Regardless of the successes (or failures[1, 20]) of the original DENDRAL project,

recently learning-based methods such as competitive fragment modeling (CFM)[21, 22] for

predicting EIMS spectra (CFM-EI) have gained more traction, and proved more successful.

It should be noted, though, that within any such system there will always exist some bias,

both in the model it represents and the data used to ‘train’ it; such bias may lead to

unquantifiable inaccuracies.

2. First principles simulation techniques. First principles simulation techniques aim to

actively simulate the underlying physical processes involved in MS. Such methods are

not in principle dependent on an existing library of known spectra, but are limited by

the accuracy with which one is able to solve the time-dependent Schrödinger equation

(or more correctly, the time-dependent Liouville equations for the density matrix[23]).

Unfortunately such calculations were, in general, time consuming to the point of being

impractical. However, recently the QCEIMS program from Grimme et al.[24] has allowed

practical calculation of MSps using ab initio techniques. By directly modeling the time-

dependent fragmentation process via Born-Oppenheimer molecular dynamics (BOMD)

finite-temperature (fractional orbital occupied) quantum chemical (QC) methods[15, 24,

25], coupled with knowledge of isotopic distributions[26], QCEIMS has proven remarkably

accurate. Other quantum chemical methods based on bond indices have also been

proposed[27], and are examined by us in related work.

The purpose of this paper is to investigate the performance of, QCEIMS, which, although

having been applied to many molecules[15, 24, 25, 28, 29], has not yet been tested by the

conventional MSp matching algorithms used to identify compounds from the MSp; an essential

task if it is to be used for de novo compound identification. For this purpose, we make use of

the standard programs and databases from the National Institute of Standards (NIST). We

also provide an estimate of the errors associated with their predicted spectra, using counting

statistics. Our goal is to identify patterns or trends with any errors in the prediction, particularly

those seen to be associated with a chemical class of compounds; such information is invaluable

for practical application of QCEIMS.

Despite expert systems and first principles methods having radically different philosophical

approaches, for the purposes of de novo structure determination these differences mean little.

As such, we also assess the performance of QCEIMS method against the CFM-EI model-based

spectrum calculator, both as a contemporary reference point and to investigate the differences

in accuracy between the two techniques.

95



CHAPTER 5. QUANTUM CHEMICAL ELECTRON IMPACT MASS
SPECTRUM PREDICTION FOR DE NOVO STRUCTURE ELUCIDATION

5.2 Methodology

All data analysis and processing of calculations for this paper was performed using the Python

programming language. Notably, the numpy[30], pandas[31] packages, and matplotlib[32] for

the generation of figures.

5.2.1 Selection of compounds for analysis

When selecting a set of molecules for investigation, the following criteria were considered: they

must have an experimental MSp and structural isomers with experimental MSp, they must

be representative of common/important fragmentations in EIMS i.e. made up of a variety of

functional groups, they must be relatively small molecules (natom < 25). Further, it is desirable

to have a mixture of easy and difficult cases for differentiating between structural isomers. As

such, a set of 61 small molecules were chosen, made up of alcohols (6), aldehydes (3), alkenes

(7), amines (6), alkylbenzenes (8), carboxylic acids (5), esters (16), ketones (2), alkylphenols

(8). The complete list is shown in Table 5.1, and the structures are available in Figure 5.1. The

primary motivation for the selection of small molecules is the identification of failed predictions

and their underlying cause. Both of these aspects are significantly more straightforward in

the case of small molecules. Further, the reduced computational time requirements associated

with quantum-chemical predictions with small molecules render them ideal for such a study.

Additionally, when establishing the viability for such methods in de novo structure elucidation,

having several structural isomers distinguishable via their MSp is vitally important.

5.2.2 QCEIMS and CFM-EI calculations

Initial geometries were drawn by hand in a standard molecular builder program Avogadro2 [33]

and then optimized using the generalized Amber force field [34]. MSp prediction calculations

were then performed using the QCEIMS program version 2.26, as described by Grimme and

coworkers[15, 24] using the default parameters, namely: using the OM2-D3[35] semi-empirical

quantum mechanical wavefunction method from MNDO99[36] version 7.0. The default QCEIMS

parameters were used, with an initial temperature of 500K, at 70 eV and the number of

trajectories set to 25× nheavyatoms. The resulting spectra were normalized in the typical manner:

such that the highest peak had an intensity of 100. The time taken for calculations varied

with molecular size (see ESI Table S2 for full details), with the shortest being methyl formate

(roughly 1.5 CPU hours) and the longest being 4-propan-2-ylphenol (roughly 80 CPU hours).

It should be noted that these calculations are readily parallelized across computing clusters,

drastically reducing the wall-clock time required.

CFM-EI Calculations were performed using the method described by Allen et al.[22] with

the provided trained parameters for EI-MS, using the Windows executable ‘cfm-predict’, version
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Figure 5.1: Structures of the molecules chosen for analysis grouped into chemical classes
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2.2.

5.2.3 Spectrum matching

Rankings between standard-normalized calculated and experimental MSp were made using the

NIST MS Search v2.0g software coupled with the NIST11 database. Search was performed with

the ‘identity’ matching method where the square root of intensity of the MSp was taken and

weighted by the mass-to-charge ratio squared. The difference between this and the available

‘similarity’ metric (which differs only in the the mass weighting) is negligible for our purposes

– see [10] for a comprehensive study of the impact of matching algorithms on the accuracy

of matches). Searches were carried out by limiting to molecules to have the same molecular

formula, using only the two most abundant isotopes.

5.2.4 Ranking comparison

It is not meaningful to directly compare ranks when the number of possible candidates differs.

To overcome this, the relative ranking position[3, 22] has been used:

RRP =
r − 1

n− 1
(5.1)

where r is the rank, and n is the total number of candidates with the same molecular weight

(this expression is equivalent to that presented in Kerber et al. [3]). Thus a rank of one maps to

zero, and a rank of n maps to 1. The RRP is not defined for a class with only one member.

This quantity constitutes the metric for direct comparison between compounds with different

molecular formulae, as they clearly have different possible numbers of structural isomers and

therefore differing numbers of entries in the database.

5.2.5 Spectrum normalization for statistical comparisons

It is standard to normalize the mass spectra such that the highest peak has an intensity with

value 100. However, such a normalization makes direct comparison relative between error

statistics such as root mean square deviation (RMSD) across different compounds meaningless.

As such, these metrics (see Table 5.3) have been calculated with spectral intensities normalized

such that the sum of the intensities is unity for both the spectra being compared. A byproduct

of this normalization scheme is that the mean signed error between two spectra is always zero.

Such a normalization scheme has been used previously, by Rasmussen and Isenhour [37] who

demonstrated that this kind of probability distribution normalization (which they call ‘total

ion current normalization’) does not lead to a significant effect when tested for the purposes of

identifying a known mass spectrum.
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Chemical RRP

No. Name Formula /nisomers

Alcohols

1 propan-1-ol C3H8O 1/3

2 propan-2-ol C3H8O 1/3

3 butan-1-ol C4H10O 1/8

4 butan-2-ol C4H10O 1/8

5 2-methylpropan-1-ol C4H10O 1/8

6 2-methylpropan-2-ol C4H10O 5/8

Aldehydes

7 propanal C3H6O 1/7

8 2-methylpropanal C4H8O 3/21

9 butanal C4H8O 3/21

Alkenes

10 but-1-ene C4H8 4/6

11 but-2-ene C4H8 1/6

12 pent-1-ene C5H10 3/13

13 pent-2-ene C5H10 3/13

14 hex-1-ene C6H12 6/30

15 hex-2-ene C6H12 1/30

16 hex-3-ene C6H12 9/30

Amines

17 propan-1-amine C3H9N 1/4

18 propan-2-amine C3H9N 1/4

19 butan-1-amine C4H11N 1/8

20 butan-2-amine C4H11N 1/8

21 2-methylpropan-1-amine C4H11N 2/8

22 2-methylpropan-2-amine C4H11N 1/8

Benzenes

23 benzene C6H6 1/5

24 toluene C7H8 3/13

25 ethylbenzene C8H10 8/23

26 propylbenzene C9H12 2/42

27 cumene C9H12 16/42

28 butylbenzene C10H14 3/74

29 butan-2-ylbenzene C10H14 6/74

30 2-methylpropylbenzene C10H14 1/74

Chemical RRP

No. Name Formula /nisomers

Carboxylic acids

31 propanoic acid C3H6O2 1/9

32 butanoic acid C4H8O2 7/27

33 2-methylpropanoic acid C4H8O2 3/27

34 2-methylbutanoic acid C5H10O2 3/47

35 3-methylbutanoic acid C5H10O2 5/47

Esters

36 methyl formate C2H4O2 1/3

37 methyl acetate C3H6O2 2/9

38 ethyl acetate C4H8O2 1/27

39 methyl propanoate C4H8O2 1/ 27

40 propyl acetate C5H10O2 NM/47

41 propan-2-yl acetate C5H10O2 4/47

42 methyl 2-methylpropanoate C5H10O2 1/47

43 ethyl propanoate C5H10O2 1/47

44 methyl butanoate C5H10O2 5/47

45 propyl propanoate C6H12O2 1/80

46 propan-2-yl propanoate C6H12O2 3/80

47 ethyl butanoate C6H12O2 4/80

48 methyl 2-methylbutanoate C6H12O2 2/80

49 methyl 3-methylbutanoate C6H12O2 7/80

50 propyl butanoate C7H14O2 2/83

51 propan-2-yl butanoate C7H14O2 NM/83

Ketones

52 acetone C3H6O 1/7

53 butan-2-one C4H8O 1/21

Phenols

54 phenol C6H6O 2/4

55 4-methylphenol C7H8O 2/17

56 4-ethylphenol C8H10O 16/43

57 4-propylphenol C9H12O NM/112

58 4-propan-2-ylphenol C9H12O 16/112

59 4-butylphenol C10H14O NM/163

60 4-butan-2-ylphenol C10H14O 3/163

61 4-(2-methylpropyl)phenol C10H14O 2/163

Table 5.1: Relative ranking position (RRP) of the matching mass spectra found by the
QCEIMS program produced by the NIST MS Search program (version 2.0g). Ranking is relative
to the total number isomers nisomers. NM indicates that no match was found in the database.

5.2.6 Estimates of the errors in the calculated peak heights

Since the spectra are built up by counting independent fragmentation processes we assume that

the number of counts in a particular peak of the mass spectrum has a Poisson distribution.

Then the absolute error in a particular peak with Ni counts is
√
Ni. If Ntotal =

∑
iNi is

the total number of counts in the whole mass spectrum the absolute error in a particular

probability-normalized mass spectrum with peak heights Ni/Ntotal is
√
Ni/Ntotal. It is important

to keep in mind that the reproducibility error in a particular mass spectrum is about 5-10% in

the peak heights, and in some cases even up to 30% [24].

5.3 Results

Table 5.1 shows the predicted RRPs for the QCEIMS method for the 61 molecules considered

in this study; rankings for CFM-EI (Table S0), along with predicted and experimental MSp for

each compound (Figures S1-S122) are shown in the electronic supplementary material (ESI)

and selected spectra are presented and discussed later.
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Figure 5.2: The number of molecules predicted correctly at a given rank for the QCEIMS
method. There were four molecules which were not matched to any molecule in the NIST
database.

5.3.1 The QCEIMS method

Overall success rate. We see from the table that using the QCEIMS method we are able to

identify the correct structure from the NIST database (using the standard spectrum matching

algorithm for compounds with the same chemical formula) in 24 of the 61 cases. The correct

spectrum is ranked in the top two in 32 of the cases (greater than 50% success rate) and in

the top three in 42 of the cases (69% success rate). Thus if the QCEIMS method were to be

used to actually identify the structure of an unknown compound similar to those in the test

set one might expect to get the correct result in the top three matches two-thirds of the time.

However one must qualify this statement in at least two respects. First, the test set is rather

small; and even with this small set there were four cases providing unacceptable matches (shown

as NM in the table). Also, as we previously remarked, comparing actual ranks is problematic

because different chemical classes have different numbers of isomers. Therefore, in Figure 5.2

we present a histogram of the number of molecules given a particular rank. Our conclusions

based on actual rank are essentially the same as those based on RRP.

Dependence of the quality of the rankings on the chemical class of the compound. Some of

the classes have too few candidates to make any clear statements, but we may still make the

following observations:

• In the case of the alcohols, all the primary alcohols are correctly ranked, but the tertiary

alcohol 6 was not correctly predicted (rank 5!).

• Some of the alkenes are very poorly ranked, but there is no clear correlation of the results

with the position of the double bond.

• Rankings for the amines were remarkably good, with all with the exception of 21 being
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matched correctly.

• For the substituted benzenes, poorer results are obtained for candidates with multiple

alkyl substituents. This trend is exacerbated for the phenols where two of the compounds

57 and 59 were not matched at all.

• Substituted esters are generally well ranked, but tend to be more poorly predicted when

(like the substituted benzene) one of the groups becomes more branched.

Dependence of the quality of the results on the mass of the molecules. There is a weak trend

that increasing size of molecule produces worse matches perhaps best exemplified by the esters

(Pearson’s correlation coefficients r = 0.40). It should be kept in mind that matches were only

considered in the database between molecules of the same molecular formula. It should also be

noted that the size of the molecules is very small, and one might expect a strong dependence

with molecular weight.

Mean RRPs for each chemical class. Table 5.2 summarizes some of the discussion above

in a more quantitative way, presenting the mean RRPs for each chemical class. Although the

results for ketones and aldehydes seem very good, there are too few systems to consider the

mean RRPs meaningful for these two classes of compounds. However, we see that the esters and

amines are very well predicted, with the means RRPs for carboxylic acids, substituted benzenes

and phenols all being quite similar and low. The alcohols seem not well predicted but are in

fact skewed by one bad result. The alkenes are ranked the worst. It also deserves to be noted

that in the cases where there are a large number of isomers the matching algorithm ranks the

QCEIMS spectra very near the top e.g. for 30 we have 1/74 and for 61 we have 2/163.

Comparison of spectra with experiment. Table 5.3 gives the mean root-mean-square deviation

(RMSD) and mean absolute error (MAD) in the probability normalized spectra. We observe

that the spectra which agree the worst on the RMSDs (which highlight outlier differences)

are in order: the alcohols (with one outlier already noted in the previous section), aldehydes,

carboxylic acids, esters and alkenes. With regard to MADs, the worst classes are again the

alchohols, alkenes, and ketones. In the ESI we present the mass spectra produced for all the

compounds. Most informative are the differences between the predicted and observed spectra:

peaks are coloured green if they were present in both spectra, yellow if present only in the

experiment, and red if present only in the QCEIMS model spectra. Positive differences indicate

that the calculated spectra overestimate the peak intensities, an d error bars on the QCEIMS

spectra are presented. We see that the errors due to counting statistics are very small, the

maximum always less than 8% and usually much smaller, and then only appearing on the peaks

which have the largest counts. Therefore the difference in intensity between the experimental

and QCEIMS peaks for the larger peaks is not to be attributed to counting statistics. Also,

the differences in the larger peaks far exceeds the sum of the counting statistics error and any
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Mean RRP No. of

Class QCEIMS CFM-EI Compounds

Alcohols 0.11 0.21 5

Aldehydes 0.07 0.02 3

Alkenes 0.20 0.30 7

Amines 0.02 0.08 6

Benzenes 0.12 0.12 8

Carboxylic acids 0.10 0.14 3

Esters 0.03 0.04 14

Ketones 0.00 0.00 2

Phenols 0.18 0.14 5

Overall 0.09 0.12 53

Table 5.2: Mean Relative ranking position (RRP) for the QCEIMS and CFM-EI methods
for different classes of compounds, with the number of compounds in each class. Overall mean
RRPs are given in the final line. Only molecules in which both methods matched are compared.

reproducibility error associated with the EIMS experiment. A typical example showing error

bars in presented in Figure 5.4, ethylbenzene, discussed in more detail later.

5.3.2 The CFM-EI method

Overall success rate. The CFM-EI has a very similar first match rate compared to the QCEIM

method, with 24 matching in first position, 35 in the top two positions.

Dependence of the quality of results on the chemical class. The full set of rankings for the

CFM-EI method is shown in Table S1 of the ESI. The following observations can be made.

• The alcohols are well ranked except for one outlier (3) which is placed in the 5th position

(this is not the same compound ranked 5th in the QCEIMS method).

• The alkenes are rather poorly ranked: both 12 and 16 are ranked at position 10.

• The amines are remarkably well ranked: all are ranked in the first position except 18 and

22, which are ranked in second place.

• For the substituted benzenes and phenols there are some very poor rankings, which are a

bit worse than for the QCEIMS method. For example, 28 is in position 20, 59 in position

35, and 61 had no match.

Mean RRPs for each chemical class. Table 5.2 shows that, as for the QCEIMS method, the

alkenes are worst predicted, followed by the alcohols. The results for the alcohols and alkenes are
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Mean RMSD Mean MAD

Class QCEIMS CFM-EI QCEIMS CFM-EI

Alcohols 0.09 0.05 0.03 0.03

Aldehydes 0.08 0.03 0.03 0.01

Alkenes 0.05 0.05 0.02 0.03

Amines 0.04 0.03 0.02 0.02

Benzenes 0.04 0.04 0.01 0.02

Carboxylic acids 0.06 0.04 0.02 0.02

Esters 0.06 0.04 0.02 0.02

Ketones 0.04 0.05 0.02 0.03

Phenols 0.04 0.04 0.01 0.02

Overall 0.05 0.04 0.02 0.02

Table 5.3: Mean root mean square deviation (RMSD) and mean absolute deviation (MAD) for
the QCEIMS and CFM-EI methods for different classes of compounds, . Overall mean RMSDs
and MADs are given in the final line.

also significantly worse than in the QCEIMS method (RRPs respectively 0.21 and 0.30 versus

0.11 and 0.20). The next worst grouping was among the benzenes, phenols and carboxylic acids,

again generally worse ranked than compared to the QCEIMS method. Based on the individual

class results, it is therefore not surprising that the overall ranking from CFM-EI is worse than

from the QCEIMS method (mean RRPs respectively 0.12 versus 0.09).

Dependence of the quality of the results on the mass of the molecules. There is a weak trend

that results are worse predicted as the mass of the molecule increases (r = 0.47) and this trend

is a bit stronger than for the QCEIMS method.

Comparison of QCEIMS and CFM-EI. Table 5.3 shows rather uniformly low RMSDs and

MADs for the predicted and observed spectra: in both cases the MADs were less than 3%.

However, based on the RMSDs the CFM-EI seems to produce a slightly more accurate i.e. the

spectrum shows fewer outlying peaks relative to experiment. Nevertheless, a qualitatively better

MSp does not translate into a a superior ranking of the MSp (see discussion on the RRPs).

5.4 Discussion

5.4.1 Detailed analysis of the predicted spectra

Alcohols. QCEIMS underestimates the abundance of most small peaks it predicts. As the

peak intensities are relative, this indicates that QCEIMS is systematically overestimating the

abundance of the primary fragmentation relative to the others.
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On the other hand, CFM-EI seems to be underestimating the primary fragmentation with

respect to others.

Further, there exists a tendency for CFM-EI to overestimate the abundance of the molecular

ion. This over-abundance is reflected in the poor results in predicting both propan-2-ol and

butan-1-ol (see Figure 5.3) by CFM-EI.

It is noteworthy that both methods generally underestimate the loss of water (M− 18) from

primary alcohols, which is reflected in the MS of butan-1-ol with the low m/z = 56 peak.

Both methods predict the existence of few peaks not in the experimental spectra, (shown in

red in Fig 5.3). CFM-EI particularly in the cases of 2-methylpropan-1-ol and, to a lesser extent,

butan-1-ol predicts significant peaks non-existent in the experimental MSp.

Aldehydes and ketones. Importantly, QCEIMS clearly demonstrates the capacity to ‘discover’

McLafferty rearrangements. An illustrative example,the case of butanal, shows in the m/z = 44

(M− 28) peak, from loss of ethene via a McLafferty rearrangement. While the relative abundance

of this peak was underestimated by QCEIMS, its existence is vitally important. In the case of

2-methylpropanal QCEIMS seems to be missing or underestimating characteristic m/z = 27

and m/z = 41 peaks.

The predictions by CFM in the case of 2-methylpropanal is closer to experiment, but still

systematically underestimated. Again, as was the case in the alcohols, CFM-EI seems to

overestimate the abundance of the molecular ion in some cases (particularly 2-propanone).

Neither MS prediction technique displays any egregious false peaks in the aldehydes or

ketones, they simply tend to underestimate the relative occurrence of certain rearrangements or

cleavages.

In the case of the aldehydes, both methods seem to consistently fail to match experimental

spectra, and this is reflected in the rankings (2s/3s for both butanal and 2-methylpropanal).

Contrast this with the case of the two ketones, where the predictions are almost perfectly on

the mark. This might be associated with the decreased importance of α-cleavages in the case of

the aldehydes as compared to the ketones, strong conclusions require more studies.

Esters. It is evident for both techniques that McLafferty type rearrangements are absent or

underestimated for all relevant esters – particularly in methyl butanoate, where m/z = 74 is

virtually absent in the predicted spectrum. This is not to say that these methods are not capable

of predicting rearrangement fragmentations in-principle, as may be seen upon the examination

of the the prominent m/z = 88 in ethyl butanoate.

Amines QCEIMS underestimates or fails to predict some portions of the MSp, notably in

the 25 < m/z < 30 region of propan-2-amine and 2-methylpropan-2-amine.

Intriguingly, despite the QCEIMS MS for propan-2-amine overall having many missing peaks

and generally incorrect intensities (i.e. looking qualitatively worse) than that produced by

CFM-EI, the spectra proves to be a better match. In this instance, CFM clearly overestimates

(once again) the abundance of the molecular ion, which may have resulted in this poor match
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against experiment. The cases of 2-methylpropan-1- and 2-methylpropan-2-amine proved more

difficult for both prediciton techniques, though the spectra were very close to experiment. Both

cases yield significantly different spectra, something reflected in both predictive techniques.

A significant error in both methods appears to be the overestimated abundance of loss of

a proton (M− 1), highlighted particularly in the m/z = 72 peak of the CFM-EI MSp for

2-methylpropan-2-amine, but also in the m/z = 72 and m/z = 58 peaks for the QCEIMS

spectra for butan-1-amine and propan-2-amine, respectively.

Alkenes. The case of alkenes, in particular those chosen here, requires precise predictions in

order to achieve the closest match with experiment. The differences between structural isomers

in their MSp tend to be independent of the double bond position (unless highly substituted or

conjugated)[38]. This, coupled with the tendencies of isomerization through migration of the

double bond in these low molecular weight, straight chain alkenes makes discrimination between

candidates a much more difficult task.

In general, both techniques overestimate the abundance of the molecular ion, further

exaggerated in the hexene series where the relative abundance of the molecular ion is much

lower than in the pent- and butenes. The regions 25 < m/z < 30 and 40 < m/z < 45, and

the m/z = 55 peak for pent- and hexene are the discriminating regions of these spectra. It is

notable that in these regions, both QCEIMS and CFM come close to the experimental spectra

in their predictions. The poor rankings (as seen in Table 5.2) over the alkene set are a contrast

with the relatively good error statistics (see Table 5.3). This is consistent with the rather subtle

differences in MSps where the only difference in the molecule is the double bond position. It

is not the case, then that the two techniques are failing to accurately predict the spectra of

alkenes, merely that their predications are not accurate enough for the purposes of matching

within sets of structural isomers.

Carboxylic Acids. From the results presented in Table 5.2, it would appear that performance

for the majority of carboxylic acids was far from satisfactory. Both techniques showed failures

in their spectral predictions, but it would seem that in this case QCEIMS outperforms CFM in

producing an EIMS matching more closely to experiment.

For longer chain carboxylic acids, QCEIMS seems to severely underestimate crucial McLaf-

ferty rearrangements, giving rise to inadequate prediction of mass spectra of these compounds.

An illustrative example is the virtual absence of m/z = 74, the base peak of 2-methylbutanoic

acid. These issues seem to be even more significant for CFM-EI with several carboxylic acids,

giving rise to very inaccurate spectra.

Benzenes. The only significant discrepancy from experiment for QCEIMS is shown in the

case of (1-methylethyl)benzene, where this method seems to make a charged fragment of the

isopropyl moiety, which does not occur in the real spectrum.

As many alkylbenzenes show similarities in the mass spectra, errors in approximations of

abundance of fragments can mean that the rank is relatively low although the correct fragments
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represented in the search library (a fact which unfortunately cannot be established before the

structure is known).

We have also established that the counting statistics errors on the peaks produced in QCEIMS

are much smaller than the experimental reproducibility error in the mass spectrum; and that

the spectra are often reproduced better than the corresponding rankings relative to isomers.

This demonstrates that the QCEIMS method achieves its successful matches not because of an

accurate match in the peak heights, but rather that the peak heights and the distribution of the

peak positions as a function of mass-to-charge ratio is sufficiently different for different isomers

to achieve a high ranking.

As regards the performance of QCEIMS for different chemical classes, we find that the

alcohols have the best matching spectra, with a mean MAD of about 0.03. The normalized

spectra are therefore reproduced rather well. On the other hand, the worst ranked spectra were

the alkenes and substituted phenols with mean relative ranking positions above 0.18. It should

be noted, though, that even in these cases the correct candidate is placed in the top fifth of

isomers.

The problem with QCEIMS, recognized by the authors, is that it is a time consuming

calculation to perform, often taking days or weeks for a single spectrum; by comparison the

CFM-EI method can be performed in the browser. We do not think this is necessarily a problem

for those working to identify semiochemicals, where in a worst case situation it takes years to

identify the structure of an unknown: in this case it is more useful for the information to be

correct rather than timely. Still, the length of time required for QCEIMS means that it is best

used sparingly after other methods have been used to narrow the field of candidates.

One of the great difficulties with EIMS prediction is that it is not only about simple

fragmentations, but frequently involves rearrangements within the molecule.

Both methods tended to suffer from the same problems: underestimation or failure to predict

specific rearrangements (e.g. McLafferty rearragements), and overestimation of the molecular

ion. These failures are especially salient given the radically different manner in which both

techniques function. Perhaps this indicates that reassessment of some of the fundamental

abstractions (namely the notion that it is simply a matter of predicting the fragmentation)

involved need to be re-evaluated for general EIMS prediction.

There remains work to be done – ideally the identification protocol would start from an

observed MS and predict the molecular geometry, not the current prediction of MS from a

geometry. While numerous existing tools function quite well at predicting the molecular formula

from the observed spectra (see Scheubert et al.[1]), the ‘brute force’ approach of generating all

possible isomers is simply infeasible for even slightly large molecules, due to the exponential

relationship between M and the number of possible isomers. Clearly, the goal of the DENDRAL

project remains yet to be realized.
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Chapter 6

Basis set convergence of CCSD(T)

equilibrium geometries using a large

and diverse set of molecular structures

ABSTRACT

We examine the basis set convergence of the CCSD(T) method for obtaining the structures

of the 108 neutral first- and second-row species in the W4-11 database (with up to five non-

hydrogen atoms). This set includes a total of 181 unique bonds: 75 H−X, 49 X−Y, 43 X−−Y,

and 14 X−−−Y bonds (where X and Y are first- and second-row atoms). As reference values,

geometries optimized at the CCSD(T)/aug′-cc-pV(6+d)Z level of theory are used. We consider

the basis set convergence of the CCSD(T) method with the correlation consistent basis sets

cc-pV(n+d)Z and aug′-cc-pV(n+d)Z (n = D,T,Q, 5) and the Weigend-Ahlrichs def2-n ZVPP

basis sets (n = T,Q). For each increase in the highest angular momentum present in the

basis set, the root-mean-square deviation (RMSD) over the bond distances is decreased by

a factor of ∼4 For example, the following RMSDs are obtained for the cc-pV(n+d)Z basis

sets 0.0196 (D), 0.0050 (T), 0.0015 (Q), and 0.0004 (5) Å. Similar results are obtained for the

aug′-cc-pV(n+d)Z and def2-n ZVPP basis sets. The double-zeta and triple-zeta quality basis

sets systematically and significantly overestimate the bond distances. A simple and cost-effective

way to improve the performance of these basis sets is to scale the bond distances by an empirical

scaling factor of 0.9865 (cc-pV(D+d)Z) and 0.9969 (cc-pV(T+d)Z). This results in RMSDs of

0.0080 (scaled cc-pV(D+d)Z) and 0.0029 (scaled cc-pV(T+d)Z) Å. The basis set convergence of

larger basis sets can be accelerated via standard basis-set extrapolations. In addition, the basis

set convergence of explicitly correlated CCSD(T)-F12 calculations is investigated in conjunction

with the cc-pVnZ-F12 basis sets (n = D,T ). Typically, one “gains” two angular momenta in the

explicitly correlated calculations. That is, the CCSD(T)-F12/cc-pVnZ-F12 level of theory shows

similar performance to the CCSD(T)/cc-pV(n+2)Z level of theory. In particular, the following
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RMSDs are obtained for the cc-pVnZ-F12 basis sets 0.0019 (D) and 0.0006 (T) Å. Overall,

the CCSD(T)-F12/cc-pVDZ-F12 level of theory offers a stellar price-performance ratio and we

recommend using it when highly accurate reference geometries are needed (e.g., in composite ab

initio theories such as W4 and HEAT).

6.1 Introduction

Coupled-cluster theory is one of the most cost-effective methods of approximating the exact

solution for the nonrelativistic electronic Schrödinger equation.[1, 2] Coupled-cluster theory

entails a hierarchy of approximations that can be systematically improved towards the exact

quantum mechanical solution, providing a roadmap for the determination of highly accurate and

reliable chemical properties.[3–7] The CCSD(T) method (coupled-cluster with single, double,

and quasiperturbative triple excitations) has been found to be a cost-effective approach for

the calculation of highly accurate thermochemical and kinetic data,[8–16] as well as molecular

properties based on energy derivatives (e.g., equilibrium structures, vibrational frequencies,

and electrical properties).[4, 17–21] The CCSD(T) model is therefore often referred to as the

“gold standard in quantum chemistry.”1 It should be stressed, however, that this expression can

be misleading since in some cases the CCSD(T) shows poor performance (most notably, but

not limited to,[6, 22] multireference systems).[3–7] The basis set convergence of the CCSD(T)

method has been extensively studied for energetic properties.[3, 4, 6–8, 13, 15, 17, 18, 23–27]

There has been substantial work[6, 18, 19, 21, 28–37] exploring the potential accuracy of

CCSD(T) molecular structures relative to experimental reference values, typically including

other energetic contributions (e.g., post-CCSD(T), core-valence, and relativistic effects). Fewer

studies have been dedicated to the basis set convergence of molecular geometries. Studies of the

basis set effects on the molecular structures have been predominantly limited to small species

(molecules with at most two non-hydrogen atoms) and pathologically multireference systems

such as halogen oxides.[35, 36] Heckert et al.[38] have explored the basis-set convergence of

CCSD(T) equilibrium structures for a set of 17 small first-row molecules, namely HF, H2O, CH2

(1A1), NH3, CH4, CO, N2, F2, HCN, HNC, C2H2, CO2, OH, CN, NH2, CH2 (3B1), and NO,

relative to CCSD(T)-R12 reference values at the CBS limit. The basis set convergence of these

geometries was found to be smooth. The mean-absolute deviations (MADs) relative to the CBS

reference values were found to be 0.0008 (cc-pVQZ), 0.00033 (cc-pV5Z), and 0.00021 (cc-pV6Z)

Å. They further reported that CCSD(T)/cc-pV5,6Z extrapolations are required for target

accuracies of 0.0001 Å, and that extrapolations using small basis sets are not recommended.

Knizia et al.[37] considered the basis set convergence of explicitly correlated CCSD(T)-F12b

calculations for a set of 13 first-row diatomics relative to CCSD(T)/aug-cc-pV5,6Z reference

1To the best of our knowledge, this expression was first coined by T.H. Dunning, Jr. in a lecture series in the
late 1990s
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values. They found that the CCSD(T)-F12b/aug-cc-pVnZ level of theory generates results

comparable in quality to the CCSD(T)/aug-cc-pV(n+2)Z level of theory. More recently, Feller

et al.[39] explored a set of somewhat larger hydrocarbons (of up to C6H12) and C2, again

finding a gain in accuracy of about two “zetas” in the basis set when using explicitly correlated

CCSD(T)-F12b calculations relative to the conventional CCSD(T) calculations. In the present

work, we investigate the basis set convergence of the CCSD(T) method for the molecular

structures in the W4-11 database.[5] Excluding pathologically multireference systems (e.g., O3,

C2, and BN) for which the CCSD(T) approximation breaks down, the W4-11 database includes

122 species (results for the multireference systems are provided in Figures S1 and S2 of the

supplementary material). These species cover a broad spectrum of bonding situations with a

range of single and multiple bonds that involve varying degrees of covalent and ionic characters.

As such the W4-11 database constitutes an excellent benchmark set for analysis of basis set

effects on the molecular structures. For most of the systems in the W4-11 database, we were

able to obtain reference structures at the CCSD(T)/aug′-cc-pV(6+d)Z level of theory, whilst for

larger molecules (with low spatial symmetries), we use CCSD(T)/aug′-cc-pV(5+d)Z reference

geometries. Using this large and diverse set of accurate reference geometries, we attempt to

answer questions such as the following:

1. What is the accuracy of bond distances calculated with the CCSD(T) method in conjunc-

tion with the cc-pV(n+d)Z, aug′-cc-pV(n+d)Z, and def2-n ZVPP basis sets?

2. What is the accuracy of bond distances calculated with the CCSD(T)-F12 method in

conjunction with the cc-pV(n+d)Z-F12 basis sets?

3. Do different bond types (e.g., single, double, and triple bonds) exhibit different rates of

basis set convergence?

4. Can we accelerate the basis set convergence of CCSD(T) bond distances using basis set

extrapolations or even simple scaling factors?

5. To what extent does the accuracy of the reference geometries affect the molecular energies

calculated at the CCSD(T)/CBS level of theory?

6.2 Computational Methods

All calculations were carried out on the Linux cluster of the Karton group at the University of

Western Australia. All calculations were carried out using the MOLPRO program suite.[40, 41]

Most of the CCSD(T) geometry optimizations and single-point energy calculations were carried

out with the correlation-consistent basis sets of Dunning and co-workers.[42–44] The notation

A′VnZ indicates the combination of the standard correlation-consistent cc-pVnZ basis sets on
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hydrogen,[42] the aug-cc-pVnZ basis sets on first-row elements,[43] and the aug-cc-pV(n+d)Z

basis sets on second-row elements.[44] The notation VnZ indicates the combination of the cc-

pVnZ basis sets on hydrogen and first-row elements and the cc-pV(n+d)Z basis sets on second-row

elements. Geometry optimizations were also carried out with the Weigend–Ahlrichs def2-TZVPP

and def2-QZVPP basis sets.[45] The explicitly correlated CCSD(T)-F12b calculations[37, 46]

were carried out in conjunction with the Vn Z-F12 basis sets of Peterson et al.[47]

6.3 Results

6.3.1 Overview of the molecules in the W4-11 database and refer-

ence geometries

The W4-11 database contains 122 small first- and second-row molecules (excluding the 16

pathologically multireference and 3 beryllium-containing species which are not considered in

the present work).2 Table 6.1 lists the molecules in this set, which will be referred to as the

W4-11-GEOM dataset. The systems in the W4-11-GEOM dataset include 85 closed shell, 21

radical, 9 singlet carbene, and 7 triplet species. In terms of elemental composition, the dataset

includes 88 first-row species (containing H and B—F), 17 second-row species (containing H

and Al—Cl), and 17 mixed first- and second-row species (containing H, B—F, and Al—Cl

atoms). Overall, the W4-11-GEOM dataset includes hydrogen-containing (82), hydrogen-free

(40), organic (63), and inorganic (59) compounds.

Table 6.2 gives an overview of the types of bonds in the W4-11-GEOM dataset. Overall, it

includes 246 symmetry unique bonds. Of these, 182 are single bonds, 49 are double bonds, and

15 are triple bonds. The set of 182 single bonds includes 117 H−X and 65 X−Y bonds (where

X and Y are non-hydrogen atoms from the first and second rows of the periodic table). For

the complete list of bonds in the W4-11-GEOM dataset, see Table S1 of the supplementary

material.

We were able to optimize the geometries for a subset of 108 molecules at the CCSD(T)/A′V6Z

level of theory (hereinafter referred to as the GEOM-AV6Z dataset). These include molecules

with up to five non-hydrogen atoms such as BF3, CF4, C2N2, C2F2, F2CO, F2O2, AlF3, SiF4,

SO3, Cl2O2, P4, S4, and AlCl3 (Table 6.1 lists the molecules in the GEOM-AV6Z subset). The

entire W4-11-GEOM database includes 14 CCSD(T)/A′V5Z geometries of organic molecules

in addition to the 108 CCSD(T)/A′V6Z geometries in the GEOM-AV6Z subset. In Section

2

The 14 highly multireference systems, for which the %TAE[(T)] diagnostic is in excess of 10%, are: Be2, B2,
C2(1Σ+), BN(1Σ+), OF, F2O, FOO, FOOF, Cl2O, ClOO, OClO, O3, S3, and S4. Note that cis−HO3 and
trans−HO3 for which %TAE[(T)] = 7.4 and 7.9, respectively, are also included in this subset, see refs. [3] and
[5] for further details. We also exclude two two additional beryllium systems, for which not all the considered
basis sets are available, and they are BeF2 and BeCl2.
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CCSD(T)/A′V6Z reference geometriesb

AlCl CH2 (3B1) HCl NH3

AlCl3 CH2C HCN NO

AlF CH2F2 HCNH NO2

AlF3 CH2NH HCNO O2

AlH CH3 HCO OCS

AlH3 CH3F HCOF OH

allene CH4 HF oxirane

B2H6 Cl2 HNC oxirene

BF ClCN HNCO P2

BF3 ClF HN3 P4

BH ClO HNO PH3

BH3 CN HOCl S2

BHF2 CO HOCN S2O

BN (3Π) CO2 HOF Si2H6

cis−HCOH CS HONC SiF

cis−HONO CS2 HOO SiF4

cis−N2H2 dioxirane HOOH SiH

C2H2 F2 HS SiH3F

C2H4 F2CO ketene SiH4

C2H6 C2F2 N2 SiO

CCH glyoxal N2H SO

CCl2 H2 N2H4 SO2

CF H2CN N2O SO3

CF2 H2CO NCCN S2H

CF4 H2O NH trans−HCOH

CH H2S NH2 trans−HONO

CH2 (1A1) HCCF NH2Cl trans−N2H2

CCSD(T)/A′V5Z reference geometries

acetaldehyde CH2CH ethanol propene

acetic acid CH2NH2 formic acid propyne

C2H3F CH3NH methanol

C2H5F CH3NH2 propane

a The entire set of 122 molecules will be referred to as the W4-11-
GEOM dataset.

b The subset of 108 molecules for which we were able to obtain
CCSD(T)/A′V6Z reference geometries will be referred to as the
GEOM-AV6Z dataset.

Table 6.1: Overview of the 122 molecules in the W4-11-GEOM database for which we were
able to obtain CCSD(T)/A′V6Z or CCSD(T)/A′V5Z reference geometries.a
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Bond type Numberb Comment

W4-11-GEOM dataset (122 molecules, 246 unique bonds)

H−X 117 X = H, B-F, Al-Cl

X−Y 65 X, Y = B-F, Al-Cl

X−−Y 49 X, Y = C, N, O, Si, S, Cl

X−−−Y 15 X, Y = B, C, N, P

GEOM-AV6Z dataset (108 molecules, 181 unique bonds)

H−X 75 X = H, B-F, Al-Cl

X−Y 49 X, Y = B-F, Al-Cl

X−−Y 43 X, Y = C, N, O, Si, S, Cl

X−−−Y 14 X, Y = B, C, N, P

a For the complete list of bonds see Table S1 of the Supporting
Information

b Number of unique bonds (i.e., not equivalent by symmetry, for
example CH3Cl has two unique bonds).

Table 6.2: Overview of the bonds in the W4-11-GEOM and GEOM-AV6Z datasets (for
additional details see Table S1 of the Supporting Information).a

6.3.2.1-4, we use the GEOM-AV6Z dataset to evaluate the performance of the CCSD(T)/A′VnZ

(n = D − 5), CCSD(T)/VnZ (n = D − 5), CCSD(T)/def2-n ZVPP (n = T,Q), and CCSD(T)-

F12/VnZ-F12 (n = D,T ) levels of theory. In Section 6.3.2.5, we use the larger W4-11-GEOM

dataset to evaluate the performance of the CCSD(T) and CCSD(T)-F12 methods in conjunction

with basis sets of up to quadruple-zeta quality.

6.3.2 Basis set convergence of bond distances

Basis set convergence of conventional CCSD(T) calculations against CCSD(T)/A′V6Z

reference geometries

Table 6.3 gives the error statistics for the CCSD(T)/A′VnZ (n = D − 5), CCSD(T)/VnZ

(n = D−5), CCSD(T)/def2-nZVPP (n = T,Q), and CCSD(T)-F12/Vn Z-F12 (n = D,T ) levels

of theory relative to the CCSD(T)/A′V6Z bond distances for the GEOM-AV6Z dataset (which

includes 108 molecules and 181 unique bonds). We begin by making three general observations:

• All the levels of theory tend to systematically overestimate the bond lengths as evident

from MSD ≈ MAD. The extent of overestimation decreases with the size of the basis

set.

• The VnZ basis sets show similar (or even slightly better) performance than the A′VnZ
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Basis set RMSD MAD MSD LND LPD

VDZ 0.0196 0.0174 0.0174 N/A 0.0611 (O−−Cl)

VTZ 0.0050 0.0037 0.0037 –0.0026 (C−F) 0.0172 (Cl−Cl)

VQZ 0.0015 0.0010 0.0009 –0.0016 (C−F) 0.0060 (O−−Cl)

V5Z 0.0004 0.0003 0.0001 –0.0005 (C−F) 0.0017 (Cl−Cl)

A′VDZ 0.0222 0.0200 0.0200 N/A 0.0525 (Cl−Cl)

A′VTZ 0.0059 0.0048 0.0048 N/A 0.0185 (Cl−Cl)

A′VQZ 0.0017 0.0013 0.0013 N/A 0.0060 (Cl−Cl)

A′V5Z 0.0005 0.0003 0.0003 –0.0001 (H−Cl) 0.0018 (Cl−Cl)

VDZ-F12 0.0019 0.0015 0.0014 –0.0030 (Al−Cl) 0.0081 (N−O)

VTZ-F12 0.0006 0.0005 0.0005 –0.0006 (Al−Cl) 0.0026 (F−F)

Def2-TZVPP 0.0047 0.0034 0.0034 –0.0023 (H−Cl) 0.0181 (Cl−Cl)

Def2-QZVPP 0.0015 0.0010 0.0009 –0.0006 (N−H) 0.0056 (Cl−Cl)

a RMSD = root-mean-squared deviation, MAD = mean absolute deviation, MSD = mean
signed deviation, LND = largest negative deviation, and LPD = largest positive deviation
(the molecules associated with the LND and LPD are given in parenthesis).

Table 6.3: Overview of the basis set convergence of the CCSD(T) and CCSD(T)-F12 methods
for the 181 unique bond lengths in the GEOM-AV6Z dataset (Å). The reference values are
CCSD(T)/A′V6Z bond distances.a

basis sets.

• The def2-nZVPP basis sets show similar performance to the VnZ basis sets.

• The CCSD(T)-F12/VnZ-F12 level of theory shows similar performance to the CCSD(T)/A′V(n + 2)Z

level of theory at a significantly reduced computational cost. This is in agreement with

previous studies[37, 39], albeit the current study includes a more diverse set of molecules

consisting of both first- and second-row elements.

Let us first consider the basis set convergence with the orbital VnZ and A′VnZ basis

sets in conventional CCSD(T) calculations. The VDZ basis set has been found to significantly

overestimate bond lengths in MP2 and CCSD(T) geometry optimizations due to the lack of higher

angular momentum polarization functions.[31, 34, 48–51] Our results confirm these observations

over a very large and diverse set of chemical bonds. In particular, the CCSD(T)/VDZ level of

theory systematically overestimates the CCSD(T)/A′V6Z bond lengths by significant amounts

and results in a mean-signed deviation (MSD) of +0.0174 Åand a root-mean-square deviation

(RMSD) of 0.0196 Å. The VDZ basis set shows particularly poor performance for bonds involving

second-row atoms. For example, overestimations ranging between 0.04 and 0.06 Å are seen for

the bonds involving second-row atoms in SiF4, NH2Cl, P4, SiH3F, Cl2, SiF, HOCl, ClF, and

ClO. This poor performance for the second-row systems is also reflected in the percentage errors.
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For instance, the largest percentage errors are obtained for SiF (2.8), Cl−O bond in HOCl

(2.8), ClF (3.4), F2 (3.4), and ClO (3.9%). We note, however, that removing the 35 second-row

systems from the training set only results in a minor improvement in performance.3 Namely,

the RMSD for the 73 first-row systems with 138 unique bonds is 0.0167 Å (see Table S2 of

the supplementary material for additional error statistics for the subset of first-row systems).

Notably, the addition of diffuse functions does not bring succor and the A′VDZ basis set results

in similar performance to the VDZ basis set (Table 6.3).

Increasing the basis set size from a double-zeta to triple-zeta reduces the RMSD by a factor

of ∼4 The VTZ basis sets result in RMSDs of 0.0050 Å (cf., an RMSD of 0.02 Å for the VDZ

basis set). The VTZ basis set still tends to systematically overestimate the bond lengths, where

particularly large deviations of 0.015–0.017 Å are obtained for the bonds involving second-row

atoms in S2O, ClO, S2H, and Cl2. We note that upon removing the second-row systems from

the training set, the RMSD is reduced to 0.0036 Å (Table S2 of the supplementary material).

Similar to the performance of the VDZ and A′VDZ basis sets, the addition of diffuse functions

does not lead to an improvement in performance, namely, the CCSD(T)/A′VTZ level of theory

results in an RMSD and MAD of 0.0059 and 0.0048 Å, respectively, for the entire GEOM-AV6Z

dataset (Table 6.3). The CCSD(T)/VQZ level of theory is used for optimizing geometries in

highly accurate composite theories such as the W4[27, 52, 53] and HEAT[54–56] thermochemical

protocols.[3] Here the performance of this level of theory is assessed against a large and diverse

set of geometries. Relative to our CCSD(T)/A′V6Z reference values, the CCSD(T)/VQZ level of

theory results in a respectable RMSD of 0.0015 Å and a MAD of 0.0010 Å. Again, the similarity

of the MSD of 0.0009 Å to the MAD indicates that the bond lengths are still systematically

overestimated. The largest overestimations of 0.004–0.006 Å are obtained for the bonds involving

second-row atoms in CCl2, P4, S2, NH2Cl, HOCl, S2O, S2H, Cl2, and ClO. Removing the 35

second-row systems from the training set has a noticeable effect on the performance, namely,

the error statistics are reduced to RMSD = 0.0009, MAD = 0.0007,and MSD = 0.0005 Å

(Table S2 of the supplementary material). Further, the largest overestimations are reduced to

below 0.003 Å, namely, 0.0029 (O−O bond in dioxirane) and 0.0027 (F2) Å.

The V5Z and A′V5Z basis sets both yield bond distances that are very close to the

CCSD(T)/A′V6Z bond lengths. The V5Z basis set results in an RMSD of 0.0004 Å and

a MAD of 0.0003 Å. An MSD of 0.0001 indicates that there is a very small bias towards

overestimating the bond distances. The largest deviation, an overestimation of 0.0017 Å, is

obtained for Cl2. Upon eliminating the second-row systems, the RMSD and MAD are reduced

to 0.0003 and 0.0002 Å, respectively.

Lastly, we note that the def2-TZVPP and def2-QZVPP basis sets result in overall error

statistics that are very similar to those obtained for the VTZ and VQZ basis sets, respectively

3The 35 systems containing second-row elements are AlH, AlH3, AlF, AlF3, AlCl, AlCl3, SiH, SiH4, Si2H6,
SiO, SiF, SiH3F, SiF4, PH3, P2, P4, HS, H2S, CS, CS2, SO, SO2, SO3, OCS, S2, S2H, S2O, HCl, CCl2, ClCN,
NH2Cl, ClO, HOCl, ClF, and Cl2.
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(Table 6.3).

Basis set convergence of explicitly correlated CCSD(T)-F12 calculations

It is well established that inclusion of ”geminal” terms that explicitly depend on the interelec-

tronic distance into the wavefunction drastically accelerates the basis set convergence.[57–59]

Experience with CCSD-F12 energy calculations has shown that typically the gain amounts to 1–2

angular momenta.[47, 57–60] Table 6.3 gives an overview of the performance of the CCSD(T)-

F12/Vn Z-F12 level of theory (n = D,T ) for the bond distances in the GEOM-AV6Z dataset.

The CCSD(T)-F12/VDZ-F12 level of theory results in RMSD = 0.0019, MAD = 0.0015, and

MSD = 0.0014Å. This performance is significantly better than that of the CCSD(T)/VTZ

level of theory (RMSD = 0.0037) and is comparable to that of the CCSD(T)/VQZ level of

theory (RMSD = 0.0015 Å, Table 6.3). The CCSD(T)-F12/VDZ-F12 level of theory tends to

systematically overestimate the bond distances. However, whilst the largest overestimations

for the CCSD(T)/VTZ and CCSD(T)/VQZ levels of theory are obtained for bond distances

involving second-row elements, the largest deviations for the CCSD(T)-F12/VDZ-F12 level of

theory are obtained for first-row systems such as F2 (0.007), the N−O bond in trans-HONO

(0.008), and the O−O bond in dioxirane (0.008 Å). Consequently the error statistics for the

CCSD(T)-F12/VDZ-F12 level of theory for the 73 first-row systems are very similar to those

obtained for the entire GEOM-AV6Z dataset (Table S2 of the supplementary material).

We note that the CCSD(T)-F12/VDZ-F12 level of theory represents a significant saving

in computational resources compared to the CCSD(T)/VQZ level of theory. Table 6.4 gives

relative central processing unit (CPU) times and disk space used by these levels of theory for two

medium-sized systems (naphthalene and anthracene). For anthracene (C14H10), a single-point

energy CCSD(T)-F12/VDZ-F12 calculation which entails 510 basis functions in D2h symmetry

requires only 10% of the time required for the CCSD(T)/VQZ calculation which involves more

than twice the number of basis functions (1070 basis functions). In terms of the disk usage,

the CCSD(T)-F12/VDZ-F12 calculation uses 25 GB of scratch disk, whilst the CCSD(T)/VQZ

calculation uses a total of 335 GB of disk space. Considering these very significant savings in

terms of CPU time and disk usage for obtaining molecular geometries of similar quality, we

recommend using the CCSD(T)-F12/VDZ-F12 level of theory rather than CCSD(T)/VQZ when

high-quality geometries are needed (e.g., in thermochemical protocols such as W4lite, W4, and

W4-F12).[52, 53] Finally, we note that the CCSD(T)-F12/VDZ-F12 calculations have a similar

computational cost to that of CCSD(T)/VTZ calculations (Table 6.4); however, the former level

of theory leads to much more accurate bond distances (Table 6.3).

The CCSD(T)-F12/VTZ-F12 level of theory results in an RMSD of 0.0006 Å, which is

comparable to that of the CCSD(T)/V5Z level of theory (RMSD = 0.0004 Å, Table 6.3). Similar

to the VDZ-F12 basis set, the largest overestimations for the VTZ-F12 basis set are obtained

for bonds involving first-row atoms, such as F2 (0.003) and the O−O bond in dioxirane (0.002
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Naphthalene Anthracene

Basis Set Timeb Diskc Timeb Diskc

VDZ 1 0.6 1 2

VTZ 25 10 22 31

VQZ 253 111 204 335

V5Z 1977 906 N/A N/A

VDZ-F12 31 7 20 25

VTZ-F12 191 68 138 218

a All the calculations ran on 8 cores of otherwise
idle dual Intel Xeon E5-2670v2 systems (3.1
GHz, 256 GB RAM).

b The numbers given are the ratios between the
CPU time for the different levels of theory and
that for the CCSD(T)/VDZ level of theory

c Scratch disk usage in GB.

Table 6.4: Computational resources used for the CCSD(T)/VnZ and CCSD(T)-F12/VnZ-F12
single-point energy calculations for naphthalene and anthracene.a

Å). Thus, it seems like the CCSD(T)-F12 method shows a more balanced performance for first-

and second-row systems than conventional CCSD(T) calculations in conjunction with double-

and triple-zeta basis sets. Table 6.4 illustrates the significant computational savings of the

CCSD(T)-F12/VTZ-F12 level of theory compared to the CCSD(T)/V5Z level of theory. For a

medium-sized system such as naphthalene, the CCSD(T)- F12/VTZ-F12 calculation uses about

10% of the CPU time and disk space as the CCSD(T)/V5Z calculation.

Accelerating the basis set convergence of CCSD(T) and CCSD(T)-F12 calculations

In Section 6.3.2.1, we have seen that the VDZ and A′VDZ basis sets systematically and severely

overestimate the bond lengths. For all the 181 bonds in the GEOM-AV6Z database, these

basis sets overestimate the CCSD(T)/ A′V6Z bond distances by amounts ranging from 0.0017

(C—F bond in CH3F) to 0.0611 (Cl=O) Å. For both the VDZ and A′VDZ basis sets, we find

that there is a high statistical correlation with the CCSD(T)/A′V6Z bond distances. Namely,

the squared correlation coefficient (R2) is equal to 0.9991 (VDZ) and 0.9992 ( A′VDZ). For

the larger basis sets, we obtain R2 values > 0.99991, for additional details see Table S3 of the

supplementary material. The high statistical correlation between the bond distances obtained

at the CCSD(T)/A′V6Z and CCSD(T)/VDZ levels of theory is illustrated in Figure 6.1 and

suggests that simple linear scaling of the bond distances may improve the accuracy.

Table 6.5 gives an overview of the performance of the scaled CCSD(T)/VnZ and CCSD(T)/A′VnZ

bond distances in conjunction with basis sets of up to quadruple- zeta quality. Let us begin with

the performance of the double-zeta quality basis sets in conventional CCSD(T) calculations. The
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Figure 6.1: Linear correlation between CCSD(T)/A′V6Z and CCSD(T)/VDZ bond distances
(in Å) for the 181 bond lengths in the GEOM-AV6Z dataset.

CCSD(T)/VDZ and CCSD(T)/A′VDZ levels of theory result in a large RMSD of ∼0.02 Å(Table

6.3). Upon scaling of the bond distances by empirical factors of 0.9865 (VDZ) and 0.9842

(A′VDZ), the RMSDs are reduced by about 60% to 0.0080 (scaled VDZ) and 0.0076 (scaled

A′VDZ) Å.

Moving to the triple-zeta quality basis sets, the RMSD for the unscaled bond lengths is

0.0050 (VTZ) and 0.0059 (A′VTZ) Å (Table 6.3). These relatively large RMSDs are reduced

by about 50% upon scaling. Namely, they are 0.0029 (scaled VTZ) and 0.0027 (scaled A′VTZ)

Å. Again a near-zero MSD of −0.0003 Åobtained for both basis sets indicates that scaling

eliminates the systematic bias towards overestimating the bond lengths. For comparison, the

unscaled VTZ and A′VTZ results lead to MSDs which are more than one order of magnitude

larger (namely, 0.004 and 0.005 Å, respectively).

The unscaled CCSD(T)/VQZ and CCSD(T)/A′VQZ methods lead to respectable RMSDs

of 0.0015 and 0.0017 Å, respectively. Scaling of the VQZ bond distances leads to a small

improvement in performance (RMSD = 0.0011 Å); however, scaling the A′VQZ bond distances

reduces the RMSD by nearly 50% (RMSD = 0.0009 Å). Finally, we note that scaling the

def2-TZVPP and def2-QZVPP bond distances results in overall error statistics that are very

similar to those obtained for the scaled VTZ and VQZ basis sets (Table 6.5).

What about extrapolating the bond lengths? This approach has been previously found to

accelerate the basis set convergence in conjunction with sufficiently large basis sets.[6, 28, 29, 32,

34, 38] Here we test this approach for a wider and more diverse set of bond lengths. We consider

a two-point extrapolation formula of the form D(L) = D inf +A/Lα where D is the bond

distance, L is the highest angular momentum present in the basis set, and α is an extrapolation
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Basis sets αb RMSD MAD MSD LND LPD

Scaled VDZ 0.9865 0.0080 0.0056 –0.0001 –0.0197 (H−Al) 0.0390 (O−−Cl)

VTZ 0.9969 0.0029 0.0022 –0.0003 –0.0069 (C−F) 0.0109 (Cl−Cl)

VQZ 0.9992 0.0011 0.0008 –0.0001 –0.0027 (C−F) 0.0048 (O−−Cl)

A′VDZ 0.9842 0.0076 0.0055 –0.0004 –0.0228 (H−Al) 0.0256 (O−−Cl)

A′VTZ 0.9960 0.0027 0.0020 –0.0003 –0.0050 (H−S) 0.0105 (Cl−Cl)

A′VQZ 0.9989 0.0009 0.0007 –0.0001 –0.0016 (H−Al) 0.0038 (Cl−Cl)

VDZ-F12 0.9989 0.0013 0.0008 0.0000 –0.0053 (Al−Cl) 0.0065 (N−O)

Def2-TZVPP 0.9971 0.0028 0.0020 –0.0003 –0.0060 (H−Cl) 0.0123 (Cl−Cl)

Def2-QZVPP 0.9992 0.0010 0.0007 –0.0001 –0.0015 (H−N) 0.0040 (O−−Cl)

Extrap.c V{D,T}Z 4.0000 0.0033 0.0025 0.0003 –0.0060 (F−Si) 0.0120 (S−S)

V{T,Q}Z 4.5000 0.0007 0.0005 –0.0002 –0.0014 (H−F) 0.0024 (O−−Cl)

A′V{D,T}Z 3.5000 0.0026 0.0020 0.0001 –0.0046 (H−H) 0.0091 (S−S)

A′V{T,Q}Z 4.4000 0.0004 0.0003 –0.0001 –0.0008 (H−F) 0.0015 (O−−Cl)

Def2-{T,Q} 4.3000 0.0006 0.0004 –0.0001 –0.0015 (B−F) 0.0022 (H−C)

a Footnote a of Table 6.3 applies here.
b Scaling factors and extrapolation exponents used in the two-point extrapolations, these are optimized to minimize

the RMSD over the set of 181 bond lengths in the GEOM-AV6Z dataset.
c Extrapolated using the DL = D∞ + A/Lα extrapolation formula (where D is the bond distance and L is the

highest angular momentum represented in the basis set).

Table 6.5: Overview of the performance of scaled and extrapolated CCSD(T) and CCSD(T)-
F12 bond distances for the 181 unique bonds in the GEOM-AV6Z dataset (Å). The reference
values are CCSD(T)/A′V6Z bond distances.a
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Basis set H−X X−Y X−−Y X−−−Y

VDZ 0.0148 0.0245 0.0199 0.0215

VTZ 0.0014 0.0071 0.0058 0.0057

VQZ 0.0004 0.0022 0.0017 0.0013

V5Z 0.0002 0.0006 0.0005 0.0003

A′VDZ 0.0137 0.0304 0.0229 0.0228

A′VTZ 0.0022 0.0086 0.0064 0.0058

A′VQZ 0.0005 0.0026 0.0020 0.0016

A′V5Z 0.0001 0.0007 0.0005 0.0004

VDZ-F12 0.0007 0.0029 0.0020 0.0019

VTZ-F12 0.0004 0.0009 0.0006 0.0005

a For a comprehensive overview of the error statis-
tics obtained for the H−X, X−Y, X−−Y, and X−−−Y
subsets see Table S4 of the Supporting Information

Table 6.6: Overview of the basis set convergence of the CCSD(T) and CCSD(T)-F12 methods
for the 75 H−X, 49 X−Y, 43 X−−Y, and 14 X−−−Y bonds in the GEOM-AV6Z dataset (RMSDs,
in Å)a

exponent which is optimized to minimize the RMSD over the GEOM-AV6Z dataset. These

results are presented in Table 6.5. Extrapolating from the VD,TZ or A′V{D,T}Z basis set pairs

results in RMSDs of 0.0033 and 0.0026 Å, respectively. This does not represent an improvement

over simple scaling (Table 6.5) and we do not recommend using basis set extrapolations that

involve double-zeta quality basis sets. Extrapolating from the VT,QZ or A′V{T,Q}Z basis

set pairs results in RMSDs of 0.0007 and 0.0004 Å, respectively. This performance represents

an improvement over simple linear scaling of the VQZ (RMSD = 0.0011) and A′VQZ results

(RMSD = 0.0009 Å). Thus, extrapolations from triple-zeta and quadruple- zeta quality basis sets

can be considered as a viable alternative to simple scaling. Extrapolations from the def2-TZVPP

and def2-QZVPP basis sets result in overall error statistics that are similar to those obtained

from the VT,QZ extrapolations (Table 6.5).

Basis set convergence for subsets of the GEOM-AV6Z dataset

In this subsection, we examine more closely the basis set convergence for the H−X, X−Y,

X−−Y, and X−−−Y bonds in the GEOM-AV6Z dataset (Table 6.2). Table 6.6 gathers the RMSDs

obtained for the H—X, X—Y, X−−Y, and X−−−Y subsets. For a comprehensive overview of the

error statistics, see Table S4 of the supplementary material.

A few interesting features emerge from Table 6.6. First, the performance of all the considered

basis sets is significantly better for the H—X bonds compared to the performance for the X−Y,

X−−Y, and X−−−Y bonds. This is not surprising since bonds involving hydrogen are expected
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to converge faster to the basis set limit than the X−Y, X−−Y, and X−−−Y bonds. Second, all

the considered basis sets show similar performance for the X−−Y and X−−−Y bonds. This result

is somewhat counterintuitive, particularly for the double- and triple-zeta basis sets, and is

attributed to the fact that the X−−Y subset includes many bonds involving second- row elements,

whilst the X−−−Y subset includes mainly first-row elements. Table S5 of the supplementary

material gives the RMSDs over the bonds involving only first-row elements. After removing

the bonds involving second-row elements from both subsets, we obtain RMSDs of 0.0158 (X−−Y

bonds) and 0.0211 (X−−−Y) for the VDZ basis set, and 0.0045 (X−−Y) and 0.0050 (X−−−Y) for the

VTZ basis set. Thus, it appears that the triple bonds converge more slowly to the basis set

limit compared to the double bonds. It should be noted that for basis sets of quadruple-zeta

quality (and higher), the RMSDs for the X−−Y and X−−−Y bonds are practically the same (see

Table S5 of the supplementary material). Similar trends are observed for the A′VnZ basis sets.

The subset of 49 X—Y bonds seems to be particularly challenging for the conventional

CCSD(T) calculations involving double- and triple-zeta quality basis sets. The VDZ and A′VDZ

basis sets result in large RMSDs of 0.025 and 0.030 Å, respectively. The VTZ and A′VTZ basis

sets result in RMSDs larger than 0.007 Å. The VQZ, A′VQZ, and cost-effective VDZ-F12 basis

sets result in RMSDs of 0.002–0.003 Å. The V5Z and A′V5Z basis sets result in small RMSDs

of about 0.0006 Å (Table 6.6). These RMSDs are reduced after removing the bonds involving

second-row elements (see Table S5 of the supplementary material).

Basis set convergence for the entire W4-11-GEOM dataset

The GEOM-AV6Z dataset contains systems with up to 5 non-hydrogen atoms. The largest

systems in this database are highly symmetric, mostly inorganic systems, such as BF3, CF4,

C2N2, C2F2, F2CO, F2O2, AlF3, SiF4, SO3, Cl2O2, P4, S4, and AlCl3. The largest organic

systems that are present in the GEOM-AV6Z dataset are allene, ketene, glyoxal, oxirene, oxirane,

and dioxirane. It is therefore of interest to include larger organic systems in the dataset. For

this purpose, we generate an additional test set (W4-11-GEOM) with the remaining systems

from the W4-11 dataset (Table 6.1). The additional 14 systems are relatively large organic

systems involving first-row elements (namely, acetic acid, acetaldehyde, C2H3F, C2H5F, CH2CH,

CH2NH2, CH3NH, CH3NH2, ethanol, formic acid, methanol, propane, propene, and propyne).

We were able to optimize the geometries of these systems at the CCSD(T)/A′V5Z level of theory.

As we saw in Section 6.3.2.1, the performance of the A′V5Z basis set for bond involving only

first-row elements is very close to that of the A′V6Z basis set (RMSD = 0.0003 Å, Table S2

of the supplementary material). Due to the use of 14 CCSD(T)/A′V5Z reference geometries,

we will only assess the performance of basis sets of up to quadruple-zeta quality against this

dataset. Overall, the W4-11-GEOM datasets contain 122 molecules involving 246 unique bond

distances. Table 6.7 gathers the error statistics for the W4-11-GEOM dataset.

Generally, the error statistics obtained for the W4-11-GEOM database (Table 6.7) are
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Basis sets RMSD MAD MSD LND LPD

VDZ 0.0184 0.0165 0.0165 N/A 0.0611 (O−−Cl)

VTZ 0.0045 0.0033 0.0032 –0.0029 (C−F) 0.0172 (Cl−Cl)

VQZ 0.0013 0.0008 0.0007 –0.0018 (C−F) 0.006 (O−−Cl)

A′VDZ 0.0207 0.0188 0.0188 N/A 0.0525 (Cl−Cl)

A′VTZ 0.0053 0.0043 0.0043 N/A 0.0185 (Cl−Cl)

A′VQZ 0.0015 0.0011 0.0011 N/A 0.006 (Cl−Cl)

VDZ-F12 0.0017 0.0013 0.0013 –0.003 (Al−Cl) 0.0081 (N−O)

Scaledb VDZ 0.0075 0.0051 –0.0006 –0.0197 (H−Al) 0.039 (O−−Cl)

VTZ 0.0027 0.0022 –0.0007 –0.0073 (C−F) 0.0109 (Cl−Cl)

VQZ 0.0011 0.0008 –0.0003 –0.0029 (C−F) 0.0048 (O−−Cl)

A′VDZ 0.0070 0.0051 –0.0012 –0.0228 (H−Al) 0.0256 (O−−Cl)

A′VTZ 0.0026 0.0020 –0.0007 –0.005 (H−S) 0.0105 (Cl−Cl)

A′VQZ 0.0009 0.0007 –0.0003 –0.0016 (H−Al) 0.0038 (Cl−Cl)

VDZ-F12 0.0012 0.0007 –0.0001 –0.0053 (Al−Cl) 0.0065 (N−O)

a Footnote a to Table 6.3 applies here
b The scaling factors are given in Table 6.5

Table 6.7: Overview of the performance of the CCSD(T) and CCSD(T)-F12 methods for the 246
unique bonds in the W4-11-GEOM dataset (Å). The reference values are 108 CCSD(T)/A′V6Z
and 14 CCSD(T)/A′V5Z bond distances (See Table 6.1).a
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similar to those obtained for the GEOM-AV6Z dataset ( Tables 6.3 and 6.5), and thus, our

main conclusions in Sections 6.3.2.1-4 remain largely unchanged. We note that inclusion of

the 14 organic systems improves the performance for all the considered levels of theory. In

particular, the RMSDs for the entire W4-11-GEOM database are ∼0.02 (VDZ and A′VDZ),

∼0.005 (VTZ and A′VTZ), and ∼0.001 (VQZ and A′VQZ) Å. For the scaled bond distances, we

obtain RMSDs of 0.008 (VDZ and A′VDZ), 0.003 (VTZ and A′VTZ), and ∼0.001 (VQZ and

A′VQZ) Å. Thus, again we see that scaling (in particular of the VDZ and A′VDZ distances)

results in significant improvements in performance at no additional computational cost.

Energetic consequences of the level of theory used for optimizing the geometries

In Section 6.3.2, we have shown that the basis set incompleteness error can result in RMS

deviations from CCSD(T)/A′V6Z bond distances ranging from ∼0.02 (VDZ and A′VDZ) to

∼0.002 (VQZ and A′VQZ), to ∼0.0005 (V5Z and A′V5Z) Å. We note that errors in the bond

distances (whether they are overestimations or underestimations) will always lead to overesti-

mation of the molecular energies (or underestimation of the atomization energies) relative to

those obtained at the CCSD(T)/CBS equilibrium geometries. However, a number of important

questions arise as follows: (i) by how much an RMSD of say 0.02, 0.002, or 0.0005 Å in the

bond distances affects the CCSD(T)/CBS molecular energies? (ii) Is the geometry effect going

to increase with the molecular size (e.g., when going from diatomics, to triatomics, and to tetra-

atomics)? These questions are particularly relevant when deciding which reference geometry to

use in highly accurate composite ab initio methods such as Wn,[8, 27, 52, 53] HEAT,[54–56]

and Feller-Peterson-Dixon (FPD)[4, 6, 17, 61] theories.[3] Here we will address these questions

in the context of a large and diverse set of molecules.

We calculate the molecular energies at the CCSD(T)/CBS level of theory for the 108

molecules in the GEOM-AV6Z database using the following reference geometries: CCSD(T)/VnZ

(n = D − 5); CCSD(T)/A′VnZ (n = D − 5); and CCSD(T)-F12/VnZ-F12 (n = D,T ). The

single-point CCSD(T)/CBS energies are calculated using W2-F12 theory.[8] An overview of

these results is given in Table 6.8, whilst individual errors for all the molecules are given in

Table S6 of the supplementary material.

Calculating the W2-F12 energies using CCSD(T)/VDZ and CCSD(T)/A′VDZ reference

geometries leads to very large deviations from W2-F12 energies calculated using CCSD(T)/A′V6Z

geometries. In particular, the RMSDs are 2.4 (VDZ) and 3.0 (A′VDZ) kJ mol−1, and the largest

deviations exceed 10 kJ mol−1. Such large errors far exceed the intrinsic accuracy of highly

accurate composite ab initio methods,[3] and CCSD(T)/VDZ and CCSD(T)/A′VDZ geometries

should not be used for these purposes.

Moving to the triple-zeta quality basis sets, we obtain an RMSD of ∼0.2 kJ mol−1for the

CCSD(T)/VTZ and CCSD(T)/A′VTZ geometries. These geometries should not be used in

composite ab initio methods that attempt to approximate the full configuration interaction
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Basis sets RMSD MAD MSD LPD

VDZ 2.380 1.900 1.900 10.39 (SiF4)

VTZ 0.170 0.130 0.130 0.62 (P4)

VQZ 0.020 0.010 0.010 0.07 (SO3)

V5Z 0.002 0.001 0.001 0.008 (SO3)

A′VDZ 3.010 2.420 2.420 10.42 (SO3)

A′VTZ 0.220 0.170 0.170 0.92 (SO3)

A′VQZ 0.030 0.020 0.020 0.13 (SO3)

A′V5Z 0.003 0.002 0.002 0.017 (SO3)

VDZ-F12 0.030 0.020 0.020 0.10 (CF4)

VTZ-F12 0.004 0.003 0.003 0.015 (SO3)

a Footnote a to Table 6.3 applies here.
b The reference values are non-relativistic, valence

CCSD(T)/CBS values from W2-F12 theory calculated
with CCSD(T)/A′V6Z reference geometries.

Table 6.8: Effect of CCSD(T) and CCSD(T)-F12 reference geometry on molecular energies
calculated at the CCSD(T)/CBS level of theory for the 108 molecules in the GEOM-AV6Z
database (kJ mol−1).a,b

(FCI) CBS energy (e.g., HEAT, W4, and W4-F12), since these theories are capable of predicting

atomization energies with 95% (2σ) confidence intervals narrower (or even significantly narrower)

than 1 kJ mol−1(see Table 2 of ref. [3] for more details). On the other hand, for composite ab

initio methods that approximate the CCSD(T)/CBS energy (e.g., Wn and Wn-F12, n = 1, 2)

which are capable of 95% confidence intervals narrower than ∼1 kcal mol−1, one can consider

using VTZ and A′VTZ geometries. Nevertheless, it should be stressed that for a similar

computational cost, one can obtain CCSD(T)-F12/VDZ-F12 geometries which lead to much

better performance (vide infra).

The CCSD(T)/VQZ level of theory, which is used for optimizing geometries in the W4 and

HEAT thermochemical protocols, leads to a near-zero RMSD of 0.02 kJ mol−1. This confirms

that this level of theory is adequate for optimizing the geometries in these highly accurate

composite theories. The CCSD(T)/A′VQZ level of theory leads to a similar RMSD of 0.03

kJ mol−1. In both cases the largest deviations (of ∼0.1 kJ mol−1) are obtained for SO3.

An important finding is that the CCSD(T)-F12/VDZ-F12 geometries lead to a similar

performance to that of the CCSD(T)/VQZ and CCSD(T)/A′VQZ geometries, at a significantly

reduced computational cost (Table 6.4). In particular, the CCSD(T)-F12/VDZ-F12 geometries

result in an RMSD of 0.03 kJ mol−1and a largest deviation of 0.1 kJ mol−1(CF4). Thus, we

recommend using this economical level of theory for optimizing geometries in composite theories

such as HEAT and W4.
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Finally, we note that quintuple-zeta quality basis sets lead to RMSD of below 0.003

kJ mol−1and largest deviations below 0.02 kJ mol−1. What about the dependence of the geome-

try effect on the size of the molecule? Inspection of Table S6 (supplementary material) reveals

that, in general, there is an increase in the geometry effect with the number of non-hydrogen

atoms in the system. For example, for the CCSD(T)/VDZ geometries, we obtain RMSDs of

0.9 (over the 21 systems with one non-hydrogen atom), 2.1 (over the 48 systems with two

non-hydrogen atoms), 2.5 (over the 27 systems with three non-hydrogen atoms), and 3.3 (over

the 9 systems with four non-hydrogen atoms). Similarly, for the CCSD(T)/VTZ geometries, we

obtain RMSDs of 0.03 (one non- hydrogen atom), 0.1 (two non-hydrogen atoms), 0.2 (three

non-hydrogen atoms), and 0.3 (four non-hydrogen atoms).

6.4 Conclusions

We have optimized reference geometries for a diverse set of 108 molecules at the CCSD(T)/A′V6Z

level of theory. This set includes inorganic species with up to five non-hydrogen atoms (e.g., BF3,

F2O2, AlF3, SiF4, SO3, Cl2O2, P4, S4, and AlCl3) as well as organic compounds of similar size

(e.g., allene, ketene, glyoxal, oxirene, oxirane, dioxirane, CF4, C2N2, C2F2, and F2CO). Overall,

the set includes a total of 181 unique bonds: 75 H−X, 49 X−Y, 43 X−−Y, and 14 X−−−Y bonds

(where X and Y are first- and second-row atoms). We use these CCSD(T)/A′V6Z reference

geometries to examine the basis set convergence of the CCSD(T) method with the VnZ and

A′VnZ basis sets (n = D,T,Q, 5), def2-nZVPP basis sets (n = T,Q), and the CCSD(T)-F12

method with the VnZ-F12 basis sets (n = D,T ). Our main conclusions can be summarized as

follows:

• In CCSD(T) calculations, the RMSD over the bond distances is reduced by a factor of 3–4

with each additional ‘zeta’ in the basis set. For example, the RMSD for the CCSD(T)/VnZ

levels of theory is 0.0196 (VDZ), 0.0050 (VTZ), 0.0015 (VQZ), and 0.0004 (V5Z) Å. A

similar trend is obtained for the A′VnZ basis sets.

• An important finding is that the explicitly correlated CCSD(T)-F12/Vn Z-F12 levels of the-

ory show similar performance to the CCSD(T)/A′V(n + 2)Z levels of theory. For instance,

the CCSD(T)-F12/VDZ-F12 and CCSD(T)/VQZ levels of theory attain RMSDs of 0.0019

and 0.0015 Å, respectively. Similarly, the CCSD(T)-F12/VTZ-F12 and CCSD(T)/V5Z

levels of theory attain RMSDs of 0.0006 and 0.0004 Å, respectively. In both cases,

the CCSD(T)-F12 calculations use about 10% of the CPU time and disk space as the

conventional CCSD(T) calculations. Given these findings it seems pointless to use conven-

tional CCSD(T) calculations for geometry optimizations. We recommend replacing the

CCSD(T)/VQZ geometries used in highly accurate composite ab initio theories (e.g., W4

and HEAT) with computationally more economical CCSD(T)- F12/VDZ-F12 geometries.
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• Due to systematic errors in conventional CCSD(T) calculations, we find that simple scaling

of the bond distances is an effective way to improve the performance at no additional

computational cost. This is particularly true for the smaller double-zeta and triple-zeta

quality basis sets. For example, the RMSD for the unscaled CCSD(T)/VDZ bond distances

(0.0196 Å) is reduced by about 60% upon scaling (0.0080 Å). Thus, in cases where a

CCSD(T)-F12/VDZ-F12 geometry optimization is computationally too expensive, we

recommend using scaled CCSD(T)/VDZ bond distances.

• Finally, we note that the use of CCSD(T)/VDZ geometries in composite ab initio theories

(such as W1-F12 and W2-F12) leads to an RMSD of over 2.4 kJ mol−1relative to the use of

CCSD(T)/A′V6Z geometries. This RMSD is reduced to 0.2 kJ mol−1(for CCSD(T)/VTZ

geometries) and merely 0.02 kJ mol−1(for CCSD(T)/VQZ geometries). However, the

computationally economical CCSD(T)-F12/VDZ-F12 geometries also result in a near-zero

RMSD of 0.02 kJ mol−1. We therefore recommend using the latter in highly accurate

composite ab initio methods such as W4lite, W4, and W4-F12.

• The performance of the def2-TZVPP and def2-QZVPP basis sets is very similar to that of

the VTZ and VQZ basis sets
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Chapter 7

Estimating the CCSD basis-set limit

energy from small basis sets

ABSTRACT

Coupled cluster calculations with all single and double excitations (CCSD) converge exceed-

ingly slowly with the size of the one-particle basis set. We assess the performance of a number

of approaches for obtaining CCSD correlation energies close to the complete basis-set limit

in conjunction with relatively small DZ and TZ basis sets. These include global and system-

dependent extrapolations based on the A + B/Lα two-point extrapolation formula, and the

well-known additivity approach that uses an MP2-based basis-set-correction term. We show that

the basis set convergence rate can change dramatically between different systems(e.g.it is slower

for molecules with polar bonds and/or second-row elements). The system-dependent basis-set

extrapolation scheme, in which unique basis-set extrapolation exponents for each system are

obtained from lower-cost MP2 calculations, significantly accelerates the basis-set convergence

relative to the global extrapolations. Nevertheless, we find that the simple MP2-based basis-set

additivity scheme outperforms the extrapolation approaches. For example, the following root-

mean-squared deviations are obtained for the 140 basis-set limit CCSD atomization energies in

the W4-11 database: 9.1 (global extrapolation), 3.7 (system-dependent extrapolation), and 2.4

(additivity scheme) kJ mol−1. The CCSD energy in these approximations is obtained from basis

sets of up to TZ quality and the latter two approaches require additional MP2 calculations with

basis sets of up to QZ quality. We also assess the performance of the basis-set extrapolations and

additivity schemes for a set of 20 basis-set limit CCSD atomization energies of larger molecules

including amino acids, DNA/RNA bases, aromatic compounds, and platonic hydrocarbon

cages. We obtain the following RMSDs for the above methods: 10.2 (global extrapolation), 5.7

(system-dependent extrapolation), and 2.9 (additivity scheme) kJ mol−1.

141



CHAPTER 7. ESTIMATING THE CCSD BASIS-SET LIMIT ENERGY
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7.1 Introduction

Coupled-cluster theory is one of the most reliable, yet computationally affordable, methods for

solving the nonrelativistic electronic Schrödinger equation.[1] Coupled-cluster theory entails a

hierarchy of approximations that can be systematically improved towards the exact quantum

mechanical solution, providing a roadmap for highly accurate chemical properties.[2–8] In

particular, the CCSD(T) method (coupled-cluster with single, double, and quasiperturbative

triple excitations) has been found to be a cost-effective approach for the calculation of reliable

thermochemical and kinetic data(e.g. reaction energies and barrier heights) as well as molecular

properties based on energy derivatives (e.g. equilibrium/transition structures, vibrational

frequencies, and electrical properties).[9–14] However, one of the greatest weaknesses of the

CCSD(T) method is that it converges exceedingly slowly to the complete basis set (CBS) limit.

This is particularly true for the double excitations, as they reflect dynamical rather than static

electron correlation effects.[2, 3]

One way to accelerate the basis set convergence is to use basis set extrapolations that exploit

the systematic behavior of the correlation-consistent basis sets of Dunning and coworkers.[15–17]

There has been an extensive discussion in the literature on the form that this extrapolation

should take,[18–41], where the focus has been on extrapolations that use relatively large basis

sets of at least quadruple-zeta quality. References [32–41] provide a comprehensive review of

the previous works. These extrapolations use a global extrapolation formula for all systems

regardless of the unique electronic structure and bonding situations of each system. The use of

a global extrapolation formula is valid when large basis sets are used, however, it becomes less

valid for basis sets that are far from the asymptotic limit.

In the present work we consider two alternative approaches for obtaining CCSD atomization

energies close to the basis-set limit in conjunction with relatively small basis sets. The first is a

system-dependent extrapolation scheme that accounts for the different basis-set convergence

rate between different systems. We show that the basis-set convergence rate of the CCSD

correlation energy can differ substantially between different molecular systems, and we introduce

a system-dependent extrapolation scheme to account for these differences. In this scheme, unique

extrapolation exponents for each molecular system are obtained from lower-cost second-order

Møller-Plesset perturbation theory (MP2) calculations. In this context, it is worth mentioning

the work of Bakowies,[36] which highlights the limitations of conventional extrapolations and

proposes an empirically motivated extrapolation formula for MP2 and CCSD correlation energies.

The scaling factors in this extrapolation depend on the number of hydrogen atoms and the

number of correlated electrons in each system.The second approach is an additivity scheme

in which the CCSD energy is calculated with a relatively small basis set and an MP2-based

basis-set-correction term is added in order to approximate the CCSD/CBS energy.This cost-

effective approach, which is widely used in conjunction with the correlation-consistent basis
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sets for obtaining noncovalent interaction energies at the CCSD(T)/CBS limit[42–45], has been

recently shown to give good performance for reaction energies[46, 47] and barrier heights[48].

7.2 Computational Methods

All calculations were carried out on the Linux cluster of the Karton group at UWA. All MP2

and CCSD calculations were carried out with the correlation-consistent basis sets, using version

2012.1 of the MOLPRO program suite.[49, 50] The notation A′VnZ indicates the combination of

the standard correlation-consistent cc− pV nZ basis sets on hydrogen,[15] the aug− cc− pV nZ
basis sets on first-row elements,[16] and the aug − cc− pV (n + d)Z basis sets on second-row

elements.[17] All correlated calculations were performed within the frozen-core approximation,

i.e. the 1s orbitals (for first-row atoms) and the 1s, 2s, and 2p orbitals (for second-row atoms) are

constrained to be doubly occupied in all configurations.We consider the two-point extrapolation

formula of Halkier et al.[26]

E(L) = E∞ + A/Lα (7.1)

where L is the highest angular momentum represented in the basis set, and α can be a

global exponent (Section III A) or a system-dependent exponent obtained individually for

each system from lower-cost MP2 calculations (Section III B). We note that the global two-

point extrapolations are extensively used in highly accurate composite methods (e.g. Wn[2, 4,

10, 51, 52], Wn-F12[53], and HEAT)[5–7] in conjunction with relatively large basis set of at

least quadruple-ζ quality. We also consider the empirical two-point extrapolation formula of

Schwenke[34].

E∞ = E(L) + F [E(L+ 1)− E(L)] (7.2)

which does not involve L (where F is an empirical scaling factor). We note that this expression

is equivalent to the above inverse power extrapolation with an empirical extrapolation exponent.

The notation A′V{n, n + 1}Z indicates extrapolation from the A′VnZ and A′V(n + 1)Z basis

sets using the aforementioned two-point formulas. Basis set extrapolations that use only a single

extrapolation parameter (α or F) for all systems will be referred to as global extrapolations,

whereas extrapolations that use a unique extrapolation exponent for each system will be referred

to as system-dependent extrapolations. We also assess the performance of an additivity-based

approach for approximating the CCSD/CBS energy. In this approach the CCSD base-energy

is calculated with a small basis set and an MP2-based basis-set-correction term (∆ MP2) is

calculated with larger basis sets

CCSD /CBS ≈ CCSD /X(MP2 /Y) = CCSD /A′VXZ + ∆ MP2 (7.3)

where ∆ MP2 is given by
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∆ MP2 = MP2 /A′V{Y–1,Y}Z– MP2 /A′VXZ (7.4)

and the MP2/A′V{Y–1,Y}Z energy is extrapolated to the basis set limit with a global

two-point extrapolation formula (eq. 7.1). We note that the popular Gn(MP2) composite

thermochemical methods use a similar approach in conjunction with Pople-type basis sets

to approximate the CCSD(T)/TZ energy.[54–56] The performance of the various basis-set

extrapolations and additivity schemes are evaluated relative to the basis-set limit valence CCSD

atomization energies in the W4-11 database.[4] This database includes 140 total atomization

energies (TAEs) of species that cover a broad spectrum of bonding situations and as such it

is an excellent benchmark set for the validation of basis-set extrapolation techniques. The

W4-11 dataset includes the following species: closed shell (97), radicals (27), singlet carbenes

(9), and triplet systems (7). In terms of elemental composition the dataset includes 100 first-

row species, 19 second-row species, and 21 mixed first- and second-row species.[4] The CCSD

atomization energies in the W4-11 dataset were obtained by means of the W4 thermochemical

protocol.[2] In particular, they are extrapolated from the A′V5Z and A′V6Z basis sets. Following

the suggestion of Klopper[32], they are partitioned into singlet-coupled pair energies, triplet-

coupled pair energies, and T1 terms. The singlet-coupled and triplet-coupled pair energies

are extrapolated using eq. 7.1 with αs = 3 and αt = 5, respectively, and the T1 term (which

exhibits a weak basis-set dependence) is set equal to that in the largest basis set. In addition,we

evaluate the performance of the basis-set extrapolations and additivity schemes for a set of 20

TAEs of systems that are much larger than those in the W4-11 database. These include:

• Benzene and fulvene (C6H6), phenyl radical (C6H5), pyridine (C5H5N), pyrazine (C4H4N2),

furan (C4H4O), 1,3-butadiene (C4H6), and cyclobutene (cyc-C4H6). The CCSD correlation

component of the TAEs for these systems are obtained from W3.2 theory (i.e. extrapolated

from the A′V{Q, 5}Z basis-set pair, see Ref. 10 for further details).

• The DNA/RNA bases adenine (H5C5N5), cytosine (H5C4N3O), thymine (H6C5N2O2), and

uracil (H4C4N2O2). The amino acids alanine (H7C3NO2), cysteine (H7C3NO2S), glycine

(H5C2NO2), methionine (H11C5NO2S), and serine (H7C3NO3). The platonic hydrocarbon

cages tetrahedrane (C4H4), triprismane (C6H6), and cubane (C8H8). The CCSD/CBS

TAEs for these compounds are obtained from W2-F12 theory (i.e. extrapolated from the

V{T,Q}Z-F12 basis-set pair). These reference values are taken from Ref. [53] (DNA/RNA

bases), Ref. [46] (amino acids), and Ref. [48] (platonic hydrocarbons).
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7.3 Results and Discussion

7.3.1 Performance of conventional basis set extrapolations for ob-

taining the CCSD correlation component of the TAEs in the

W4-11 dataset

Table 7.1 gives the error statistics for the CCSD component of the TAEs extrapolated from the

A′V{D,T}Z, A′V{T,Q}Z, and A′V{Q, 5}Z basis-set pairs. The individual errors can be found

in Table S1 of the supplementary material. As expected, extrapolating the CCSD energy from

the A′V{D,T}Z basis sets with α = 3 results in a very large RMSD of 13.5kJ mol−1. This level

of theory tends to systematically and severely underestimate the basis-set-limit TAEs, as evident

from the mean signed deviation (MSD) and mean absolute deviation (MAD) being practically

the same (MAD ≈ MSD = –10.8kJ mol−1). Ad hoc optimization of α to minimize the RMSD

over the W4-11 training set leads to α = 2.357. Using this empirical extrapolation exponent

alleviates the bias toward underestimation of the basis-set limit TAEs (e.g. the MSD drops

to -2.2 kJ mol−1). However, an RMSD of 9.1 kJ mol−1is still unacceptably large (Table 7.1).

Remarkably, Truhlar obtained a very similar extrapolation exponent of α = 2.400 by minimizing

the RMSD over a much smaller set of correlation energies [27]. These two empirical exponents

(α = 2.357 and 2.400) result in similar overall error statistics for the W4-11 dataset. Using

Schwenke’s extrapolation in conjunction with the A′V{D,T}Z basis sets leads to a slightly higher

RMSD of 9.3 kJ mol−1[34]. We note that Schwenke’s extrapolation in this case is equivalent to

an inverse power extrapolation with α = 2.451.

Using the A′V{T,Q}Z basis sets in the extrapolations significantly improves the performance.

We note that these basis sets are used for extrapolating the CCSD correlation energy in W1w

theory [51]. An extrapolation exponent of α = 3 results in an RMSD of 2.8 kJ mol−1and a

largest positive deviation of 6.7 kJ mol−1(AlCl3). Using an empirical extrapolation exponent of

α = 3.403, which minimizes the RMSD over the TAEs in the W4-11 dataset, reduces the RMSD

to merely 1.2 kJ mol−1and the largest positive deviation to 3.08 kJ mol−1(Si2H6). We note that

Schwenke’s extrapolation (which is equivalent to an inverse power extrapolation with α = 3.803)

leads to an RMSD of 2.3 kJ mol−1and to a largest positive deviation of 5.8 kJ mol−1(Table 7.1).

Using the A′V{Q, 5}Z basis-set pair, which is used for the CCSD extrapolations in W2.2

theory,[2, 51],results in excellent performance. For example, with α = 3 we obtain an RMSD

of 0.8 kJ mol−1, and an empirical extrapolation exponent of 3.220 results in an RMSD of only

0.5 kJ mol−1. We note that in this case, Schwenke’s extrapolation leads to practically the same

RMSD (this extrapolation is equivalent to an inverse power extrapolation with α = 3.171).
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Basis sets αd RMSD MAD MSD LND LPD

A′V{D,T}Zb 3 13.54 10.99 -10.83 -41.34 (SO3) 3.81 (B2H6)

A′V{D,T}Zb 2.357e 9.12 6.86 2.19 -32.57 (SO3) 20.67 (C3H8)

A′V{D,T}Zb 2.400f 9.16 6.89 -2.92 -32.32 (SO3) 18.55 (C3H8)

A′V{D,T}Zc g 9.30 6.99 -3.76 -34.16 (SO3) 16.51 (B2H6)

A′V{T,Q}Zb 3 2.80 2.38 2.37 -0.84 (ClO2) 6.66 (AlCl3)

A′V{T,Q}Zb 3.403e 1.15 0.88 0.07 -3.57 (S4) 3.08 (Si2H6)

A′V{T,Q}Zc g 2.27 1.87 1.83 -1.35 (ClO2) 5.78 (AlCl3)

A′V{Q, 5}Zb 3 0.81 0.54 0.51 -0.38 (CF4) 3.59 (AlCl3)

A′V{Q, 5}Zb 3.220e 0.54 0.38 -0.02 -1.01 (HCNO) 2.69 (AlCl3)

A′V{Q, 5}Zb g 0.55 0.42 -0.14 -1.17 (HCNO) 2.50 (AlCl3)

a RMSD = root-mean-squared deviation, MAD = mean absolute deviation, MSD = mean
signed deviation, LND = largest negative deviation, and LPD = largest positive deviation
(the molecules associated with the LND and LPD are given in parenthesis).

b Using eq. 7.1
c Using Schwenke’s single parameter extrapolation formula eq. 7.2
d Extrapolation exponent used in the two-point extrapolations.
e Optimized to minimize RMSD over the 140 TAEs in the W4-11 dataset.
f Extrapolation exponent taken from Ref. 27
g The extrapolation fitting constants from Ref. 34 are F = 1.5877616 (A′V{D,T}Z),

1.7001115 (A′V{T,Q}Z), and 1.9303174 (A′V{Q, 5}Z)

Table 7.1: Error statistics for global extrapolations of the valence CCSD correlation component
over the 140 total atomization energies in the W4-11 dataset (kJ mol−1). The reference values
are CCSD/A′V{5, 6}Z total atomization energies from W4 theory.a
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7.3.2 System-dependent basis set extrapolations of the CCSD cor-

relation energy

The global extrapolations considered in Section III A work well in conjunction with sufficiently

large basis sets (e.g. A′V{T,Q}Z and larger). With the A′V{T,Q}Z basis-set pair the 1/Lα

extrapolation results in RMSDs of 2.8 (α = 3) and 1.2 kJ mol−1(α = 3.403). However, using

this extrapolation in conjunction with the A′V{D,T}Z basis sets significantly worsens the

performance, such that even an empirical exponent results in an unacceptably large RMSD of

9.1 kJ mol–1. A natural question that arises is: can a single extrapolation exponent adequately

describe the basis set convergence of all systems in conjunction with small basis sets? For

systems for which we have results at the one-particle basis-set limit, this question can easily

be answeredby backtracking the ideal extrapolation exponents that will reproduce the CCSD

basis-set limit energies. A narrow distribution of the ideal extrapolation exponents around a

single value indicates a uniform basis set convergence, whereas a broad distribution of the ideal

extrapolation exponents indicates that a global extrapolation cannot possibly do a good job for

many systems. The two-point extrapolation formula from the A′VnZ and A′V(n + 1)Z basis

sets can be written in the form

E∞ = En+1 +
En+1 − En
(n+1

n
)α − 1

(7.5)

Where En, En+1, and E∞ are the CCSD/A′VnZ, CCSD/A′V(n + 1)Z, and CCSD/CBS

energies, respectively. A simple rearrangement of eq. 7.1, gives the ideal extrapolation

exponent(αideal) that will exactly reproduce E∞ from En and En+1

αideal =
ln( En+1−En

E∞−En+1
+ 1)

ln(n+1
n

)
(7.6)

ideal extrapolation exponent can be obtained for any system for which En, En+1, and E∞

are known. Table S2 of the supplementary material1 gives the ideal exponents that will exactly

reproduce the CCSD/A′V{5, 6}Z energies from the A′V{D,T}Z, A′V{T,Q}Z, and A′V{Q, 5}Z
basis-set pairs, whilst Figure 1 shows the standard distributions of these ideal exponents. We

note three general observations:

• The Gaussian distribution for the ideal exponents for the A′V{D,T}Z, A′V{T,Q}Z and

A′V{Q, 5}Z basis-set pairs are centered at values that are progressively closer to 3.

1See supplementary material at http://dx.doi.org/10.1063/1.4921697 for the individual errors for the global
extrapolations (Table S1); ideal extrapolation exponents for system-dependent extrapolations that will reproduce
the CCSD/CBS energies (Table S2 and Figure S1); individual errors for the system-dependent extrapolations
(Table S3); extrapolation exponents for system-dependent extrapolations obtained from MP2 calculations (Table
S4); individual errors for the CCSD/X(MP2/Y) additivity scheme (Table S5
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Figure 7.1: Normal distributions of system-dependent extrapolation exponents (αideal), ob-
tained from eq. 7.6 for the 140 molecules in the W4-11 database. The ideal exponents reproduce
the CCSD/CBS energy for each molecule from the (a) A′V{D,T}Z and (b) A′V{T,Q}Z basis-set
pairs. The Gaussians are centered around 2.22 (A′V{D,T}Z) and 3.46 (A′V{T,Q}Z), and have
standard deviations of 0.50 and 0.25, respectively.

• The ideal exponents for the A′V{D,T}Z basis-set pair are distributed over a much wider

interval than those for the A′V{T,Q}Z and A′V{Q, 5}Z basis-set pairs.

• Hydrogen-rich molecules tend to converge faster to the basis set limit whereas molecules

with polar bonds and/or second-row elements exhibit a slower basis set convergence.

The normal distribution functions for the ideal exponents are centered at 2.220 (A′V{D,T}Z),

3.462 (A′V{T,Q}Z), and 3.230 (A′V{Q, 5}Z). These mean values are in close agreement with

the empirical extrapolation exponents obtained for the global extrapolations by minimizing

the RMSD over the W4-11 dataset (Table 7.1). Specifically, the optimal global extrapolation

exponents are 2.357 (A′V{D,T}Z), 3.403 (A′V{T,Q}Z), and 3.220 (A′V{Q, 5}Z). The ideal

exponents for the A′V{D,T}Z basis-set pair span a wide range from 1.282 (SO2) to 3.504 (H2),

with a standard deviation of 0.502. This illustrates that a global extrapolation exponent cannot

possibly be a successful approach for estimating the CCSDbasis-set limit from the A′VDZ and

A′VTZ basis sets. The ideal exponents for the A′V{T,Q}Z basis-set pair span a narrower

interval, ranging from of 2.871 (ClO2) to 4.224 (AlH3), with a standard deviation of 0.251.

The narrower width of the normal distribution for the A′V{T,Q}Z basis sets indicates that a

global extrapolation scheme is more suitable to be used in conjunction with these larger basis

sets than with the A′V{D,T}Z basis-set pair. We note in passing that the ideal exponents

for the A′V{Q, 5}Z basis-set pair are asymmetrically distributed around the mean value and

therefore do not fit sufficiently well to a normal distribution. Nevertheless, they are narrowly

distributed around a value of 3.220 (Figure S1, supplementary material). The above results

illustrate the limitations of basis set extrapolations using a global exponent in conjunction with
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small basis sets and indicate that system-dependent extrapolations may result in performance

improvements. This raises the question: how can one obtain ideal (or effective) extrapolation

exponents without prior knowledge of the CCSD/CBS energy? In the present work,we consider

the possibility of estimating the exponents for each system from lower-cost MP2 calculations.

Such a system-dependent approach is not intended to be used as an actual extrapolation – as

it is not size consistent – but as a probe for the effective convergence rate. In particular, we

will use the following procedure to obtain effective (αeff) exponents for each system (atom or

molecule):

1. Extrapolate the MP2/CBS correlation energy from basis sets of at least A′V(n + 1)Z and

A′V(n + 2)Z quality using eq. 7.5.

2. Use eq. 7.6 to calculate an effective extrapolation exponent (αeff) that will reproduce the

MP2/CBS energy obtained in step (i) from the A′V{n, n + 1}Z basis-set pair.

3. Use the extrapolation exponent αeff to extrapolate the CCSD correlation energy from

the A′V{n, n + 1}Z basis-set pair. Table 7.2 gives error statistics for the CCSD TAEs

extrapolated from the A′V{D,T}Z basis-set pair in conjunction with system-dependent

exponents obtained via the above procedure. The supplementary material lists the errors

for each molecule (Table S3) and the system-dependent extrapolation exponents (Table

S4). Calculating the MP2/CBS energy from the A′V{T,Q}Z basis-set pair in step (i),

results in an RMSD of 4.4 kJ mol−1. This represents a significant improvement over the

global extrapolation from the same basis sets, which results in RMSDs of 13.5 (with α = 3)

and 9.1-9.3 kJ mol−1(with empirical exponents) (Table 7.1).

Note however, that our system-dependent approach is entirely devoid of empirical parameters.

The performance of the system-dependent extrapolation can be improved by introducing a global

scaling factor (λ) to account for systematic differences between the basis set convergence of the

MP2 and CCSDcorrelation energies [26, 27, 33, 36]. Introducing such an empirical scaling factor

optimized to minimize the RMSD over the W4-11 training set (i.e. multiplying all the system-

dependent extrapolation exponents by λ = 1.050) results in an RMSD of 3.7 kJ mol−1. We also

note that the largest negative and positive deviations for the system-dependent extrapolation

(–12.9 and 8.0 kJ mol−1, respectively) are significantly smaller than those obtained for the global

extrapolation (–32.6 and 20.7 kJ mol−1, respectively) (Table 7.1). Finally, it is worth pointing

out that the extra MP2/A′VQZ calculation that is needed for obtaining the system-dependent

extrapolation exponents is computationally more economical than the CCSD/A′VTZ calculation.

Therefore, the system-dependent approach does not significantly increase the computational cost

over the conventional approach. Calculating the MP2/CBS energy from the larger A′VQZ and

A′V5Z basis sets (eqs. 7.5 and 7.6) results in an RMSD of 3.2 kJ mol−1. It is also of interest to

assess the performance of the global and system-dependent CCSD/A′V{D,T}Z extrapolations
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Basis setsb λf RMSD MAD MSD LND LPD

A′V{D,T}Zc N/A 4.42 3.47 1.80 -9.64 (SO3) 12.35 (C3H8)

A′V{D,T}Zc 1.050 3.65 2.77 -0.38 -12.88 (SO3) 8.02 (Si2H6)

A′V{D,T}Zd 1.050 3.18 2.52 -0.19 -10.68 (SO3) 7.83 (Si2H6)

A′V{T,Q}Zd 1.169 0.90 0.60 -0.02 -1.62 (ClO2) 5.36 (AlCl3)

A′V{T,Q}Ze 1.188 0.77 0.48 -0.01 -2.66 (ClO2) 3.40 (AlCl3)

A′V{Q, 5}Ze 1.114 0.24 0.17 0.00 -0.51 (C3H8) 1.06 (AlCl3)

a Footnore a from Table 7.1 applies here.
b Basis sets used in the CCSD extrapolations (eq. 7.5)
c The system-dependent extrapolation exponents are obtained from MP2 calculations in

conjunction with the A′VDZ, A′VTZ and A′VQZ basis sets (eq. 7.6)
d The system-dependent extrapolation exponents are obtained from MP2 calculations in

conjunction with the A′VTZ, A′VQZ and A′V5Z basis sets (eq. 7.6)
e The system-dependent extrapolation exponents are obtained from MP2 calculations in

conjunction with the A′VQZ, A′V5Z and A′V6Z basis sets (eq. 7.6)
f Global scaling factor optimized to minimize the RMSD over the 140 TAEs in the W4-11

dataset.

Table 7.2: Error statistics for the system-dependent extrapolations of the valence CCSD
correlation component over the 140 total atomization energies in the W4-11 test set (kJ mol−1) .
The reference values are CCSD/A′V{5, 6}Z total atomization energies from W4 theorya

together with the Hartree–Fock (HF) and (T) contributions against CCSD(T)/CBS reference

values from the W4-11 database [4]. For this purpose we will take the HF and (T) components

from W1w theory [51],2 and add them to the CCSD/A′V{D,T}Z components calculated via

the global and system-dependent extrapolations. The global extrapolations result in RMSDs

that are close to those obtained for the CCSD component alone, namely they are 13.55 (α = 3)

and 9.50 (α = 2.357) kJ mol−1. The RMSDs for the system-dependent extrapolations increase

by about 10% relative to the RMSDs for the CCSDcomponent alone. In particular, calculating

the CCSD/A′V{D,T}Z energy using the non-empirical system-dependent extrapolation results

in an RMSD of 5.04 kJ mol−1. The empirical system-dependent extrapolations result in RMSDs

of 4.21 and 3.56 kJ mol−1(depending on the basis sets used for extrapolating the MP2/CBS

energy). So far we have shown that extrapolating the CCSD energy from the A′VDZ and A′VTZ

basis sets using system-dependent basis set extrapolations cuts the RMSD by over 50% relative

to the global basis set extrapolations.We now turn to CCSD extrapolations in conjunction with

the larger A′VTZ and A′VQZ basis sets. The system-dependent basis set extrapolation (with

an empirical scaling factor of λ = 1.169) results in an RMSD = 0.9 kJ mol−1.For comparison,

the global extrapolation with an optimized exponent of 3.403 results in an RMSD of 1.2

kJ mol−1(Table 7.1). Calculating the MP2/CBS energy from the A′V5Z and A′V6Z basis sets

results in a slightly lower RMSD of 0.8 kJ mol−1. Finally, extrapolating the CCSD energy from

2In W1w theory the HF energy is extrapolated from the A′V{T,Q}Z basis sets using eq. 7.1 with α = 5, and
the (T) contribution is extrapolated from the A′V{D,T}Z basis sets using the same extrapolation with α = 3.22.
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the A′V{Q, 5}Z basis-set pair using the system-dependent extrapolation results in a near-zero

RMSD of 0.2 kJ mol−1(in conjunction with a scaling factor of 1.114). Furthermore, the largest

deviations are very close to 1 kJ mol−1(Table 7.2). For comparison, the global extrapolation

(with an empirical exponent of α = 3.220) results in an RMSD that is roughly twice as large

(namely, 0.5 kJ mol−1), a largest positive deviation of 2.7 kJ mol−1, and a largest negative

deviation of –1.0 kJ mol−1(Table 7.1).

7.3.3 Performance of basis-set additivity schemes for obtaining the

CCSD correlation component of the TAEs in the W4-11 dataset

In the previous section we have shown that system-dependent extrapolations are superior to the

global basis-set extrapolations, most notably in conjunction with the A′V{D,T}Z basis set pair.

For example, the system-dependent approach results in RMSDs of 3.7 and 3.2 kJ mol−1(Table

7.2), whereas the global basis set extrapolation results in RMSDs of 9.1–13.5 kJ mol−1(Table

7.1). Another approach for estimating the CCSD/CBS energy through CCSD calculations with

smaller basis sets and MP2 calculations with larger basis sets is the additivity scheme (eqs. 7.3

and 7.4). Table 7.3 gives error statistics for the CCSD/X(MP2/Y) methods, the individual

deviations for the systems in the W4-11 database are given in Table S5 of the supplementary

material. Note that the CCSD/X(MP2/Y) notation indicates that the A′VXZ and A′VYZ basis

sets are the largest basis sets used in the CCSD and MP2 calculations, respectively.

Let us first consider the computationally most economical CCSD/D(MP2/Q) method. Using

an exponent of 3 for extrapolating the MP2 energy gives a relatively large RMSD of 11.8

kJ mol−1. Optimizing the exponent used in the MP2 extrapolation cuts the RMSD by more

than 50% and leads to an RMSD of 5.2 kJ mol−1. The performance of the CCSD/D(MP2/Q)

method with an empirical exponent is quite good considering its low computational cost. The

CCSD/T(MP2/Q) method results in an RMSD of 6.0 kJ mol−1with a non-empirical exponent

of α = 3. However, using an optimized exponent of α = 4.00 results in a remarkably low

RMSD of merely 2.4 kJ mol−1. For comparison, the system-dependent extrapolation from

the A′V{D,T}Z basis sets, which has the same computational cost as the CCSD/T(MP2/Q)

method, results in a larger RMSD of 3.7 kJ mol−1(Table 7.2).Extrapolating the MP2 energy

from the larger A′V{Q, 5}Z basis sets with an empirical extrapolation exponent further improves

the performance (RMSD = 1.9 kJ mol−1). Finally, calculating the CCSD energy in conjunction

with the A′VQZ basis set and extrapolating the MP2 energy from the A′V{Q, 5}Z basis

sets with an empirical exponent of α = 5.00 results in an RMSD of 0.78 kJ mol−1. The

system-dependent extrapolation with the same computational cost results in practically the

same RMSD of 0.77 kJ mol−1(Table 7.2). A useful way of looking at the performance of

the CCSD/X(MP2/Y) additivity scheme is to rewrite eq. 7.3 as ∆ CCSD ≈ ∆ MP2, where

∆ CCSD = CCSD /CBS– CCSD /A′VXZ and ∆ MP2 is given by eq. 7.4. Table S6 of the
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CCSD MP2d αe RMSD MAD MSD LND LPD

A′VDZ A′V{T,Q}Z 3 11.76 10.23 10.20 -1.68 (BN) 29.54 (F2O2)

A′VDZ A′V{T,Q}Z 5.75f 5.18 3.62 0.54 -11.94 (AlCl3) 20.70 (F2O2)

A′VTZ A′V{T,Q}Z 3 6.01 5.23 5.18 -2.44 (AlCl3) 14.06 (C3H8)

A′VTZ A′V{T,Q}Z 4.00f 2.37 1.77 -0.05 -9.02 (AlCl3) 4.41 (F2O2)

A′VTZ A′V{Q, 5}Z 3 6.22 5.52 5.52 N/A 14.45 (P4)

A′VTZ A′V{Q, 5}Z 6.50f 1.90 1.44 0.22 -7.40 (AlCl3) 4.47 (F2O2)

A′VQZ A′V{Q, 5}Z 3 4.31 3.89 3.89 N/A 13.15 (P4)

A′VQZ A′V{Q, 5}Z 5.00f 0.78 0.62 -0.12 -3.12 (SO3) 1.70 (BN)

a Footnote a to Table 7.1 applies here.
b The notation CCSD/X(MP2/Y) indicates that the CCSD correlation energy is calculated with the

A′VXZ basis set and the MP2correlation energy is extrapolated from the A′V(Y-1)Z A′VYZ basis
sets.

c Basis set used in the CCSD calculations (eq. (7.3)).
d Basis sets used in the two-point MP2 extrapolations (eq. (7.4)).
e Extrapolation exponent used in the MP2 extrapolations (eq. (7.1)).
f Optimized to minimize the RMSD over the 140 TAEs in the W4-11 dataset.

Table 7.3: Error statistics for the valence CCSD correlation component over the 140 total
atomization energies in the W4-11 test set obtained via the CCSD/X(MP2/Y) additivity scheme
kJ mol−1. The reference values are CCSD/A′V{5, 6}Z total atomization energies from W4
theory.a,b

supplementary material lists the ∆ MP2 and ∆ CCSD terms for the molecules in the W4-11

database. The magnitude of the ∆ CCSD term calculated in conjunction with the A′VDZ basis

set spans a wide range from 11.5 (F2) to 193.2 (P4) kJ mol−1. Inspection of Table S6 reveals

that for many systems the ∆ MP2 = MP2 /A′V{T,Q}Z– MP2 /A′VDZ basis-set correction

term does not provide a very good approximation to this ∆ CCSD term. For example, for

nearly 10% of the systems the difference between the ∆ MP2 and ∆ CCSD terms is greater

than 10 kJ mol−1(most notably, for oxides such as Cl2O, ClO2, F2O, FO2, HO3, O3, and

F2O2). On the other hand, the ∆ MP2 = MP2 /A′V{T,Q}Z– MP2 /A′VTZ term provides

an excellent approximation to the ∆ CCSD term calculated in conjunction with the A′VTZ

basis set. The difference between the ∆ MP2 and ∆ CCSD terms is smaller than 2 kJ mol−1for

67% of the systems, and it exceeds 5 kJ mol−1for only five molecules (S4, SiF4, SO3, P4, and

AlCl3). Upon removing these five second-row molecules from the evaluation set the RMSD for

the CCSD/T(MP2/Q) method drops from 2.4 to 1.9 kJ mol−1.
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7.3.4 Performance of basis-set extrapolations and additivity schemes

for the CCSD correlation energy for TAEs of larger molecules

The W4-11 dataset contains 140 first- and second-row species containing up to five non-hydrogen

atoms. For example, the largest systems in the W4-11 dataset are molecules such as acetic

acid (H4C2O2), cyanogen (N2C2), dioxygen difluoride (F2O2), aluminium trichloride (AlCl3),

sulfur trioxide (SO3), tetraphosphorus (P4), tetrafluoromethane (CF4), and tetrafluorosilane

(SiF4). It is also of interest to evaluate the performance of the basis-set extrapolations and

additivity schemes for larger molecules. This is important since the CCSD component to the

TAE increases with the size of the system. For example, the CCSD correlation component

for the molecules in the W4-11 database ranges between 77.5 (AlH) and 874.7 (propane)

kJ mol−1, whereas for the larger molecules considered in the present section (vide infra) it

ranges between 906.2 (1,3-butadiene) and 2130.1 (adenine) kJ mol−1. In addition, it is of

interest to evaluate the performance of the empirical extrapolations in which a single adjustable

parameter has been parameterized over the W4-11 dataset for molecules that are not included

in the training set. In particular, we will consider a set of 20 TAEs of larger molecules for

which we have CCSD/CBS reference values from W3.2lite (i.e. CCSD/A′V{Q, 5}Z) or W2-

F12 (i.e. CCSD-F12/V{T,Q}Z-F12) theory, this database will be referred to as the TAE20

dataset. These CCSD/CBS values allow us to evaluate the performance of conventional and

system-dependent basis-set extrapolations in conjunction with the A′V{D,T}Z basis-set pair.

The TAE20 dataset includes amino acids (alanine, cysteine, glycine, methionine, and serine);

DNA/RNA bases (adenine, cytosine, thymine, and uracil); aromatic compounds (benzene, phenyl

radical, pyridine, pyrazine, and furan); hydrocarbons (fulvene, 1,3-butadiene, and cyclobutene);

and hydrocarbon cages (tetrahedrane, triprismane, and cubane). Table 7.4 gives error statistics

for the CCSD/A′V{D,T}Z correlation energies extrapolated using the conventional basis-set

extrapolations. Using the two-point extrapolation with an exponent of α = 3 results in very

poor performance, which is much worse than the performance for the systems in the W4-11

database. To be specific, the RMSD for the TAE20 set is 27.0 kJ mol−1, compared to an RMSD

of 13.5 kJ mol−1for the W4-11 dataset. Using empirical exponents cuts the RMSD by about

60–70%, resulting in RMSDs of 15.1 (α = 2.357, this work), 12.6 (α = 2.357, Truhlar) [27], and

10.2 (α = 2.451, Schwenke) kJ mol−1. In all cases the largest deviations of 24.5–33.7 kJ mol−1are

obtained for cubane.

Using the system-dependent extrapolations in conjunction with the A′V{D,T}Z basis-set

pair results in RMSDs of 5.5–5.7 kJ mol−1(depending on the basis sets used for extrapolating the

MP2/CBS energy). These RMSDs are higher by about 2 kJ mol−1relative to the RMSDs obtained

for the W4-11 database (Table 7.2), nevertheless, they represent a substantial improvement over

the performance of the global extrapolations. The additivity approach significantly outperforms

the system-dependent extrapolations at no increase in the computational cost. In particular,
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Basis setsc j RMSD MAD MSD LND LPD

Global extrapolations

A′V{D,T}Zd 3k 26.99 24.36 -24.36 -49.38 (adenine) N/A

A′V{D,T}Zd 2.357k 15.13 12.83 12.68 -1.52 (uracil) 33.71 (cubane)

A′V{D,T}Zd 2.400k 12.60 10.03 9.52 -4.88 (uracil) 29.39 (cubane)

A′V{D,T}Ze l 10.22 8.23 5.94 -8.69 (uracil) 24.48 (cubane)

System-dependent extrapolations

A′V{D,T}Zf 1.050m 5.70 5.27 5.27 N/A 9.70 (cubane)

A′V{D,T}Zg 1.050m 5.45 4.81 5.06 N/A 9.01 (cubane)

Additivity schemes

A′VDZh 5.75n 14.61 12.69 -12.69 -29.60 (adenine) N/A

A′VTZh 4.00n 2.88 2.18 -1.28 -7.35 (adenine) 2.15 (methionine)

A′VTZi 6.50n 2.53 1.93 -1.58 -5.32 (adenine) 1.20 (alanine)

a Footnote a to Table 7.1 applies here.
b The reference values in the TAE20 database are calculated at the CCSD/A′V{Q, 5}Z (for benzene,

fulvene, phenyl radical, pyridine, pyrazine, furan, 1,3-butadiene, and cyclobutene) or CCSD-
F12/V{T,Q}Z-F12 (for adenine, cytosine, thymine, uracil, alanine, cysteine, glycine, methionine,
serine, tetrahedrane, triprismane, and cubane) levels of theory

c Basis sets used in the CCSD calculations.
d Extrapolated using eq. (7.1).
e Extrapolated using eq. (7.2).
f The system-dependent extrapolation exponents are obtained from MP2calculations in conjunction

with the A′VDZ, A′VTZ, and A′VQZ basis sets (eq. (7.6)
g The system-dependent extrapolation exponents are obtained from MP2calculations in conjunction

with the A′VTZ, A′VQZ, and A′V5Z basis sets (eq. (7.6)
h The ∆ MP2 basis-set correction is calculated with the A′V{T,Q}Z basis sets (eq. (7.4)).
i The ∆ MP2 basis-set correction is calculated with the A′V{Q, 5}Z basis sets (eq. (7.4)).
j Single parameter used in the global and system-dependent extrapolations and in the additivity

schemes (see text).
k Extrapolation exponent used in the two-point extrapolations (eq. (7.1)).
l The extrapolation fitting constant from Ref. 34 is F = 1.5877616 (eq. (7.2)).
m Scaling factor used in the system-dependent extrapolations.
n Extrapolation exponent used in the MP2extrapolations (eq. (7.4)).

Table 7.4: Error statistics for the global and system-dependent extrapolations of the va-
lence CCSD correlation energies over the 20 total atomization energies in the TAE20 dataset
(kJ mol−1).a,b
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the CCSD/T(MP2/Q)method results in an RMSD of 2.9 kJ mol−1, and the CCSD/T(MP2/5)

additivity scheme results in an RMSD of 2.5 kJ mol−1. We also note that the latter approach

results in a largest deviation (in absolute value) of only 5.3 kJ mol−1.

7.4 Conclusions

We assess the performance of a number of approaches for obtaining CCSDcorrelation energies

close to the complete basis set limit in conjunction with relatively small basis sets.These

approaches are evaluated against two datasets of highly accurate CCSD/CBS limit total

atomization energies. The first is the W4-11 database of 140 total atomization energies of

small molecules. The species in the W4-11 database cover a broad spectrum of bonding

situations and multireference character, and as such it is an excellent benchmark set for the

validation of basis-set extrapolation techniques. The reference values in the W4-11 database

are CCSD/A′V{5, 6}Z TAEs obtained from W4 theory. The second database is the TAE20 set

of 20 TAEs of larger molecules. This set includes five amino acids, four DNA/RNA bases, six

(hetero)aromatic compounds, three platonic hydrocarbon cages, and three simple hydrocarbons.

The reference values in the TAE20 database are either CCSD/A′V{Q, 5}Z TAEs (from W3.2

theory) or CCSD-F12/V{T,Q}Z-F12 TAEs (from W2-F12 theory). We consider the following

approaches for obtaining CCSD/CBS energies in conjunction with relatively small basis sets: (i)

global and system-dependent extrapolations based on the A+ B/Lα two-point extrapolation

formula, and (ii) the well-known additivity approach that uses an MP2-based basis-set-correction

term. In the system-dependent extrapolations the CCSD energy is extrapolated using the two-

point extrapolation formula A+B/Lαeff , where αeff is an effective extrapolation exponent that

is uniquely determined for each molecule (or atom) from lower-cost MP2 calculations. We

show that this system-dependent extrapolation scheme is superior to conventional basis-set

extrapolations, which use a global extrapolation exponent for all systems.For example, for the

W4-11 database we obtain the following RMSDs for the CCSD energies extrapolated from the

aug’-cc-pV(D+d)Z and aug’-cc-pV(T+d)Z basis sets: 9.1 (best global extrapolation), 3.7 (best

system-dependent extrapolation) kJ mol−1. For the TAE20 database we obtain somewhat higher

RMSDs, namely: 10.2 (best global extrapolation), 5.7 (best system-dependent extrapolation)

kJ mol−1. However, the additivity approach, which uses an MP2-based basis-set-correction term

and has the same computational cost as the above system-dependent extrapolation, significantly

outperforms the system-dependent extrapolation. In particular, it results in RMSDs of 2.4

(W4-11 dataset) and 2.9 (TAE20 dataset) kJ mol−1. Both the system-dependent extrapolation

and additivity approaches use a single adjustable parameter that minimizes the RMSD over the

W4-11 database. The CCSDcalculations in these two approaches are carried out in conjunction

with basis sets of up to aug’-cc-pV(T+d)Z quality and the MP2 calculations with basis sets of

up to aug’-cc-pV(Q+d)Z quality.
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Chapter 8

Concluding remarks and future

prospects

This thesis focussed on the development, assessment, and application of cheminformatics and

quantum chemical methods for a range of important problems in physical chemistry. The

research presented here has covered a range of topics: molecular shape and volume in crystal

structures along with their description using spherical harmonics, approximating electrostatic

interactions, assessing the accuracy of a technique for quantum chemical prediction of electron

impact mass spectra, the basis-set convergence on CCSD(T) geometry optimisations, and

different methods for basis-set extrapolation for single-point energies when using CCSD and

MP2. This chapter will summarise the findings, successes and limitations, and summarise future

plans and possibilities involving this research.

8.1 Molecular shape

Part II of this thesis detailed the development of novel molecular shape descriptors in the crystal

environment, though the broader ideas of the technique need not be limited to crystal structures.

It was demonstrated that molecular surfaces (in this case, the Hirshfeld and promolecule surfaces)

could be accurately described via a spherical harmonic transform, with roughly 2% error for

typical surfaces at the level lmax = 20. This degree of accuracy is sufficient to be confident that

we are genuinely describing the shape and/or properties to a degree that can be utilised in

large-scale quantitative studies. By utilising rotation invariant descriptors based on the spherical

harmonic coefficients that result from the transform, we avoid the need to orient shapes in order

to determine similarity. It was demonstrated in Chapter 3 that these shape descriptors were

sufficient to classify metallic crystal structures according to their (an)isotropy, and to cluster

different molecular crystals based on their chemical scaffolds (i.e. structural similarity). Further,

in Chapter 4 these descriptors were modified to incorporate properties calculated on the surfaces

e.g. dnorm, electrostatic potential. The combined shape-property descriptors were utilised to
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search through a subset of the Cambridge Structural Database (CSD) in order to find suitable

ligands as part of ligand-based virtual screening processes. The efficiency of these descriptors

was proven here, where finding the top n matches out of a set of approx. 140 000 molecules was

effectively instant (< 1 ms). The results of this study demonstrated the potential application of

these shape descriptors in ligand-based virtual screening (LBVS) processes, but also showed

the potential value of the CSD as a small-molecule database of potential ligands – something

largely overlooked in the drug discovery literature.

This straightforward vector of real numbers, each representing the magnitudes of different

angular momenta (l) spherical harmonic functions produced results exceeding our expectations.

It was particularly surprising how well these descriptors performed when examining large drug

ligands, such as the HIV-protease complex (PDB code 3A2O), where multiple existing antiviral

drugs (some targeting HIV) were found in the top 100 matches.

When initially developing this technique, the only goal was to find a method to incorporate

some description of a crystal structure involving molecular shape and interactions into quantita-

tive studies, but it seems the technique could be used as a bona fide step in LBVS procedures.

This being said, there is much that could be explored or optimised when using these descriptors.

Firstly, it remains to be explored to what maximum angular momenta (lmax) is required

for different purposes. Reducing this degree not only reduces computational time for the

initial description calculation, it further reduces the dimensionality of the dataset. Second, the

same shape-property descriptors could be applied to difference surfaces (e.g. CPK or other

surfaces which exist outside crystal environments) which may not only significantly speedup

the description process, but allow the description of molecules in the gas phase. The surface

property being described has much room for improvement; while dnorm is cheap to calculate,

incorporating some scalar function describing pharmacophores, hydrogen-bond donors/acceptors

or other typical notions used in drug discovery may prove incredibly useful, and as yet is

entirely unexplored. Finally, incorporation of these techniques with existing software (e.g.

CrystalExplorer, or the software suite accompanying the CSD) could prove incredibly useful to

researchers.

In the process of this research, software to calculate these shape descriptors, and find matches

for given molecules was written, which will be publicly available upon publication of the work

in Chapter 4. Further, a novel linear scaling method to calculate approximate electrostatic

potentials from a wavefunction on large grids (such as Hirshfeld surfaces) was developed using

a combination of the exact potential and atomic multipoles. This method should be explored

further and characterised completely, as the core of the idea (describing most of the electron

density exactly, and the rest with atomic multipoles) has more applications than just ESP and

could provide accurate, if approximate, results for a wide variety of electronic properties.

In summary, the technique to describe molecular shape presented in Chapters 3 and 4 proved

effective beyond expectations, and represents a fast, efficient and accurate way to incorporate
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molecular shape into large scale studies of crystal structures. Further, this work is likely the first

use of the complex spherical harmonic transform to jointly describe molecular shape coupled

with a surface property, which provides a concise and efficient framework for a wide range of

possible chemical descriptors.

8.2 Assessment of quantum chemical predictions

Part III explored the accuracy of state-of-the-art quantum chemical predictions for thermochem-

istry, equilibrium geometries and electron impact mass spectra.

The capacity to accurately predict EIMS would be extremely valuable in some chemical

characterisation problems, particularly areas like de novo structure elucidation of natural

products. To that end, Chapter 5 assessed the performance of Grimme and Bauer’s QCEIMS

method against experimental MSp and compared it with the machine learning method CFM-EI.

It was found that QCEIMS overall outperformed CFM-EI, which was ‘trained’ on a wide variety

of metabolites and their experimental MS. It is immensely promising that such an ab initio

technique is capable of predicting, with a high degree of accuracy, the EIMS of a variety of

alcohols, ketones, phenols, aldehydes and other common classes of compounds encountered in de

novo structure elucidation. QCEIMS succeeded in matching the correct spectra in the first or

second rank from a field of isomers in more than half of the cases for our test set of 61 molecules.

Further, it was established that the counting statistics errors on the peaks produced by

QCEIMS were much smaller than the experimental reproducibility error in the mass spectrum;

and that these predicted spectra are often reproduced better than the corresponding rankings

relative to isomers. Importantly, this demonstrates that the QCEIMS method achieves its

success not simply due to accurate matching in the distribution of peak heights, but rather that

the peak heights and the distribution of the peak positions as a function of mass-to-charge ratio

(m/z) is sufficiently different for different isomers to achieve a high ranking.

One of the difficult barriers to successful EIMS prediction is that it is not simply a case

of predicting fragmentations, but frequently involves rearrangements or reactions within the

molecule in question. We found that both QCEIMS and CFM-EI tended to suffer from the

same problems: underestimation or failure to predict specific rearrangements (e.g. McLafferty

rearragements), and overestimation of the relative abundance of the molecular ion. These

failures are especially salient given the radically different approaches in both techniques. It may

be that this indicates that reassessment of some of the fundamental abstractions involved in

EIMS predictions must be re-evaluated for success. In the case of QCEIMS, it might be that

different Hamiltonians could improve the prediction (i.e. using quantum chemical methods of

higher accuracy to determine the Hamiltonian)– something which was not explored in the work

in Chapter 5.

Future work in this area would ideally involve working in concert with a genuine structure
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elucidation problem: i.e. attempting to predict which structural isomer was observed through

its MSp without synthesizing the compounds, and confirming the accuracy of the prediction.

Such a study would not only prove the utility of these techniques, but showcase the exciting

intersection of quantum chemical predictions with experimental questions. QCEIMS (and CFM-

EI) may indeed prove valuable in the lab, particularly if accuracy of the predictions is known

and understood, so that it may save significant labour and synthesis time over synthesising all

possible structural isomers and recording their MSp;

Chapter 6 primarily focussed on the basis set convergence of equilibrium bond-lengths

optimized at the CCSD(T) level of theory. High accuracy thermochemistry requires highly

accurate geometries, and it was found that at least a quadruple-zeta basis is required for

convergence within 0.002Å. Every increase in the highest angular momenta present in the basis

set (i.e. double-, triple- quadruple-zeta etc.) reduced the RMSD over bond distances by a factor

of ∼4 Similar results were found for both the A′VXZ basis sets and the def2-nZVPP basis sets.

Assessment of the explicitly correlated CCSD(T)-F12 calculations coupled with cc-pVnZ-F12

optimised basis sets demonstrated accelerated basis set convergence, with calculations at the

nZ level providing roughly equivalent accuracy to those at the n + 2Z level using CCSD(T).

CCSD(T)-F12/cc-pVDZ, then, provides an impressive perfomance for its computational cost,

and is recommended for use when highly accurate reference geometries are required. Due to the

systematic errors in conventional CCSD(T) calculations, it was found that simple scaling of

bond lengths was an effective method to improve performance at no additional cost. Double-

and triple-zeta basis sets significantly overestimate bond lengths, with RMSDs of 0.0196Å and

0.0050Å respectively, and these were reduced by roughly 60% upon scaling. As such, in cases

where explicitly correlated CCSD(T)-F12/VDZ-F12 are too expensive, it is recommended to

use scaled CCSD(T)/VDZ bond distances. The energetic implications of these errors in bond

distances were characterised, and the difference between CCSD(T)/VDZ and CCSD(T)/A′V6Z

geometries led to significant errors with an RMSD of over 2.4 kJ mol−1 for composite ab initio

theories like W1-F12 and W2-F12. This error is reduced to only 0.02 kJ mol−1 when using either

a QZ basis or CCSD(T)-F12/VDZ-F12, and since the latter is roughly 4 times computationally

cheaper it should be utilised when available.

For the future, similar studies should be performed on DFT and MP2, in order characterise

both the basis-set convergence of their predicted equilbrium geometries and the corresponding

energetic errors. This is especially important, as both DFT and MP2 are applicable to much

larger molecules, and as such are far more common in practical geometry optimizations in

computational studies. Further, it would be interesting to examine similar bond scaling

techniques for these methods as compared to CCSD(T) geometries. Clearly not all functionals

will perform in the same way, but if some DFT or MP2 techniques can accurately model the

potential energy surface, then they should have the capacity to identify roughly the correct

conformations and bond scaling methods may be readily applicable.
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Finally, Chapter 7 evaluated the performance of a number of different approaches for

obtaining CCSD correlation energies close to the CBS limit while only using comparatively small

double- and triple-zeta basis sets. Both global (system-independent) and system-dependent

extrapolations based on the A+B/Lα two-point extrapolation formula were examined, along

with the well known additivity approach using an MP2-based basis set correction term. It was

found that, perhaps unsurprisingly, basis set convergence varied significantly between different

systems. In particular, systems with polar bonds and elements from the second row of the

periodic table proved to have much slower convergence when using CCSD or MP2 at the double-

or triple-zeta level of theory.

As such, the system dependent basis set extrapolation technique, where we obtain unique

extraploation exponents for each system using lower cost MP2 calculations significantly improves

convergence to the CBS limit over global extrapolation coefficients. This was demonstrated

through RMSDs against reference CBS calculations over the W4-11 database: 9.1 kJ mol−1

for global extrapolation, 3.7 kJ mol−1 using system dependent extrapolations and 2.4 kJ mol−1

when using the additivity scheme. Similar results were found over a set of 20 basis-set limit

CCSD calculations on larger molecules, including amino acids, DNA/RNA bases, aromatics and

platonic hydrocarbon cages. Overall this demonstrates that utilising lower cost MP2 calculations

can be used effectively to facilitate rapid predictions of CBS energies at the CCSD level of

theory, which generally converge very slowly with an increase in the size of the one-particle

basis sets.

Importantly, the additivity scheme, which uses an MP2-based basis set correction term was

found to significanly outperform system dependent extrapolation, resulting in RMSDs of 2.4

(over the W4-11 dataset) and 2.9 (over the TAE20 dataset) kJ mol−1.

In the future, it would be prudent to explore these schemes for explicitly correlated F12

methods, as these generally provide significant improvements in performance over conventional

CCSD(T) methods for the same cost.

In short, when it comes to CC calculations use of the CCSD(T)-F12 methods with a double-

zeta basis set provide highly accurate reference energies and geometries, but where these are

not available CCSD(T) with double-zeta may be used in concert with extrapolation (energies)

or scaling (bond lengths) to achieve similar results.

This thesis has explored both the development and application of a variety of techniques

applied to physical chemistry problems (crystal structures, electron impact mass spectra). In

doing so, the focus has been on the tools to advance scientific enquiry – something which

increasingly constitutes a large portion of the time (and money) spent on scientific research.

There is little doubt that the increasing complexity of the problems we face, and the tools we

use to solve them, is likely to necessitate more and more computer literacy among scientists. For

scientific research to be successful, then, those who write software (i.e. create the tools) must

bring people along for the ride (i.e. make their techniques more accessible and understandable),
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and those who use these tools must continue to endeavour to understand enough about what

they’re using to not only justify their reasoning, but to find new ways to use existing tools –

both of which are essential to the topics of this body of work.
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The application domain of accurate and efficient CE-B3LYP and CE-HF model
energies for intermolecular interactions in molecular crystals is extended by
calibration against density functional results for 1794 molecule/ion pairs
extracted from 171 crystal structures. The mean absolute deviation of CE-
B3LYP model energies from DFT values is a modest 2.4 kJ mol!1 for pairwise
energies that span a range of 3.75 MJ mol!1. The new sets of scale factors
determined by fitting to counterpoise-corrected DFT calculations result in
minimal changes from previous energy values. Coupled with the use of separate
polarizabilities for interactions involving monatomic ions, these model energies
can now be applied with confidence to a vast number of molecular crystals.
Energy frameworks have been enhanced to represent the destabilizing
interactions that are important for molecules with large dipole moments and
organic salts. Applications to a variety of molecular crystals are presented in
detail to highlight the utility and promise of these tools.

1. Introduction

The detailed analysis of the interactions between molecules
and ions in crystals plays an increasingly important role in
modern solid-state chemistry and, in particular, crystal engi-
neering, where the derivation of predictive structure property
relationships is key to a genuine ‘engineering’ of crystals. This,
of course, was articulated some time ago by Desiraju (1989),
who described crystal engineering as the ‘understanding of
intermolecular interactions in the context of crystal packing
and the utilization of such understanding in the design of new
solids with desired physical and chemical properties’. Utili-
zation and design require understanding as an essential
precursor, and the context of crystal packing in this statement
is especially important. Recent years have witnessed a rapid
growth of publications that focus on the relative importance of
noncanonical interactions (e.g. halogen, chalcogen, pnicogen
and tetrel bonds), but it is not obvious that they have
enhanced our understanding of the relationship between the
structure of molecules (geometric and electronic), the crystal
structures they form and their consequent chemical and
physical properties. It seems pertinent to ask whether we are
converging on the requisite intimate, and ultimately useful,
understanding of why molecules and ions are arranged in
crystals as observed, or merely cataloguing an increasing
number of examples of relatively weak intermolecular ‘inter-
actions’ while ignoring their common origins?

The recent series of essays published in this journal (Dunitz,
2015; Lecomte et al., 2015; Thakur et al., 2015) has highlighted
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Appendix D

Description of CFM-EI and QCEIMS

methods for prediction of mass spectra

D.1 Competitive Fragmentation Modeling (CFM)

CFM models the fragmentation processes within a mass spectrometer in a generative, probablistic

manner. Their model consists of a stochastic Markov process made up of transitions between

discrete fragment states F0, F1, . . . , Fd that each take values from the set of all possible

fragments.

The set of all possible fragments is enumerated by a combinatorial approach, based on

systematic discconection of bonds, [1] which involves breaking every bond in the molecule (and

every pair in each ring) in turn, while considering all possible hydrogen rearrangements within

each pair of resulting fragments.

The transition between fragments fi and fj is assigned a break tendency value θij = wTΦij ∈
R, where Φij is a vector of ‘chemical features’ which describe the possible transition (e.g. atoms

either side of the broken bond) and w is a vector of parameters corresponding to those features.

The approximate probability, then, that fi transitions to fj at a single time step is defined as:

ρ(fi, fj) =



exp θij

1 +
∑
k

exp θik
where fi 6= fj

1

1 +
∑
k

exp θik
where fi = fj

(D.1)

This softmax function models the competition between different possible fragmentation

events which originate from the same parent fragment fi, and it ensures all probablities sum to

unity. The second part of eq. D.1 shows that self-transitions are permitted, but are essentially
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assigned a tendency θii of zero.

Isotope distribution has an important impact on EIMS – helping decide between alternative

explanations for the same peak. Within the CFM model, isotopic peaks are incorporated using

the weighted sum of Gaussians corresponding to the peaks in the fragment’s expected distribution

of isotopes. The expected isotopic spectrum for a fragment fi is denoted as E(Sfi) : {(m′, h′)}
where {(m′, h′)} are a set of normalized mass and intensity pairs. CFM uses the program

emass[emass] to compute the expected isotope spectrum for a given molecular formula, with

the result thresholded to only include peaks with a normalized intensity above 0.01.

The probability, considering isotopic distrubutions, that a peak of mass m is produced can

be modeled by a random variable P , where P = m|Fd in this case is expressed as a weighted

sum of Gaussians with variance σ determined by the mass tolerance of the instrument and a

mean given by the mass Fd:

Pr(P = m|Fd) ≈ g(m,Fd;σ) =
∑

(m′,h′)∈E(SFd
)

h′

σ
√

2π
exp

{
− 1

2

(
m−m′)

σ

)2}
(D.2)

The predicted MSp is then computed as the marginal of P given the input molecule F0:

Pr(P = m|F0;w) ≈
∑
F1

· · ·
∑
Fd

ρ(F0, F1) · · · ρ(Fd−1, Fd)g(m,Fd;σ) (D.3)

The machine learning aspect of CFM, then, primarily lies in training the model parameters

governing the calculation of the break tendency θij from the chemical feature vector describing

the break Φij. In the case of CFM-EI, θij is taken to be the output of a multilayer perceptron

(i.e. this relationship is modeled using a neural network) whose inputs are Φij and model

parameters are denoted by w. These parameters are estimated using expectation minimisation

(i.e. maximising the expected log-likelihood Q), and have been trained on a subset of the

NIST/EPA/NIH Mass Spectral Library (see Allen et al. [2] and Allen et al. [3] for complete

details).

D.2 Quantum Chemical prediction of Electronic Impact

Mass-spectra (QCEIMS)

QCEIMS is a procedure combining so-called ‘Ab-Initio Molecular Dynamics‘ (AIMD) with

stochastic and statistical elements in order to predict accurate EIMS without regard to pre-

conceived decomposition pathways. The program itself is coupled to several external pieces of

electronic structure software (e.g. MOPAC, ORCA, TURBOMOLE) allowing the internal MD
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procedure to be calculated with a variety of semi-empirical methods (e.g. DFTB3, OM2, PM3

and PM6) along with DFT functionals. For a detailed description of the methods involved, see

Grimme [4], Grimme & Bauer [5], Bauer & Grimme [6, 7], and Ásgeirsson et al. [8].

Broadly, the QCEIMS procedure is made up of three steps: (1) equilibration and sampling of

potential neutral conformers, (2) calculation of the MO spectrum and (3) so-called ‘production

runs’. The first and last steps involve MD, where the neutral molecule (1) or cation (3) are

propagated in time by numerically integrating Newton’s equations of motion using the leap-frog

algorithm. Each time step (0.5 fs) the atomic forces are calculated on the fly using the requested

ab-initio method (i.e. semi-empirical or DFT).

(1) Equilibration and sampling The neutral input molecule is equlibrated over a short period

of time (e.g. 12.5 ps) in the canonical ensemble (NVT), with a constant temperature (default

500 K). The equilibration is followed by a conformer sampling in the micro-canonical ensemble

(NVE), where samples (1000s) of molecular geometry and nuclear velocities are randomly taken

and saved along a longer (e.g. 25.0 ps) trajectory.

(2) Molecular orbital spectrum A single point energy calculation is then performed (using

the specified semi-empirical or DFT method) in order to determine the MO spectrum, followed

by an MO resolved Mulliken population analysis. This calculation allows estimation of internal

excess energy (IEE), internal conversion (IC) time and MO-population derived nuclear velocity

scaling factors.

The IEE represents energy given to the molecule from the collision with the electron, and is

distributed among the vibrational modes of the molecular ion, by scaling the nuclear velocities

i.e. heating. The value of IEE for each run is chosen stochastically, and is assumed to be a

Poisson-type random variable:

P (E) =
exp (cE(1 + ln(b/cE))− b)√

aE + 1
(D.4)

where P(E) is the probability to have an IEE equal to E, a = 0.2 eV, b = 1.0 and c =
1

aNel

. The

maximum value of IEE is Eimpact − εHOMO, where the former is an input parameter representing

the kinetic energy of the free electron (e.g. 70 eV in most EI experiments), and the IEE

distribution is set to have its mode at 0.6 eV per atom.

IC represents the time interval in which the ion is heated, and after the IC process all of the

IEE is converted into nuclear kinetic energy. The IC is calculated as follows from the energy-gap

law, depending on relative energies of the MOs:

tIC =
M∑
j>i

kh

Nel

exp (α(εi − εj)) (D.5)

where α = 0.5 eV−1 and kh = 2 ps, M is the ordinal number of the HOMO and εi is the orbital
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energy of the i-th MO. For molecules with less than 35 atoms, MO-based velocity scaling factors

are used – proportional to the Mulliken population of that nucleus in the ionized MO.

(3) Production runs Here the sampled conformers are ionized (valence) and the coordinates

and nuclear velocities are used as initial conditions for the molecular ion in the production runs.

As each run is independent, they can be performed entirely in parallel, and a large number of

runs are performed for each molecule in order to ensure statistical convergence of the resulting

EIMS with regard to the observed fragments.

Within each run, the molecular ion is heated by scaling the nuclear velocities (as described in

the previous paragraph) in the first few picoseconds (IC time) of the simulation. Conceptually,

this corresponds to the notion that after an electron impact and electronically excited ion

will form, then relax to an excited level of the electronic ground state through IC followed

by intramolecular vibrational redistribution (IVR). Further propagation can then result in

decomposition of the molecular ion to favourable (possibly radical) neutral and charged moieties.

If fragmentation occurs, then the program evaluates the vertical IP of each fragmentation

product via SCF calculation. The statistical weight of each product is then given by:

Ci =
exp

(−∆ESCFi

kBTAv

)
M∑
j

exp
(−∆ESCFj

kBTAv

) (D.6)

where M is the number of fragments, TAv is the average temperature of the fragments and kB

is the Boltzmann constant. The product of this statistical weight Ci and the total molecular

charge yields the statistical charge of fragment i.

The fragment with the highest statistical charge is then propagated further in a so-called

‘cascade’, while other fragments are counted and stored. This allows the highest charged

secondary fragments to decompose further, introducing tertiary fragments where this is repeated

until fragmentation finishes. The sum of the statistical charges of all order fragments within

one run will be equal to the total molecular charge (i.e. +1), thus the sum of the statistcal

charges for a specific fragment over the ensemble of production runs will yield the total relative

intensity of that particular fragment, which along with the introduction of isotope distributions

after the simulation yields a purely theoretical MSp.
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Appendix E

Cartesian multipole expansion of

electrostatic interaction energy

The electrostatic interaction energy between two densities ρA and ρB is

U =

∫∫
drAdrB ρA(rA)ρB(rB) T (R), (E.1)

T (R) = R−1, (E.2)

R = |R|, (E.3)

R = rA − rB. (E.4)

We are interested in the Taylor expansion of this energy around a fixed point A in system A,

and fixed point B in system B (this will be the multipole expansion) so it is better to make

these fixed points new origins. Then by a slight abuse of notation we get

U =

∫∫
drAdrB ρA(rA)ρB(rB) T (R), (E.5)

R = |R|, (E.6)

R = a− b, (E.7)

a = rA −A, (E.8)

b = rB −B. (E.9)
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We will require derivatives of T = T (rA, rB) with respect to rA and rB so we have

TAα ≡
∂T

∂rAα
=

∂T

∂Rα

∂Rα

∂rAα
=

∂T

∂Rα

= Tα, (E.10)

TBα ≡
∂T

∂rBα
=

∂T

∂Rα

∂Rα

∂rBα
= − ∂T

∂Rα

,= −Tα, where (E.11)

Tα =
∂T

∂Rα

. (E.12)

Therefore all derivatives of T with respect to a or b may be replaced with signed derivatives

of T with respect to R. The result is easy to generalise to higher derivatives using an obvious

notation e.g.

TABBBαβγδ ≡ ∂4T

∂rAα∂rBβ∂rBγ∂rBδ
= TBABBβαγδ = TBBABβγαδ = TBBBAβγδα = −Tαβγδ. (E.13)

i.e. there is a negative sign for terms with odd number of derivatives with respect to components

of rB. Using this observation we can write down the Taylor expansion of around U(rA, rB) as:

U =

∫∫
drAdrB ρA(rA)ρB(rB) T (R), (E.14)

=

∫∫
drAdrB ρA(rA)ρB(rB)

×
[
T + aαT

A
α + bαT

B
α

+
1

2!
(aαaβT

AA
αβ + 2aαbβT

AB
αβ + bαbβT

BB
αβ )

+
1

3!
(aαaβaγT

AAA
αβγ + 3aαaβbγT

AAB
αβγ + 3aαbβbγT

ABB
αβγ + bαbβbγT

BBB
αβγ )

+
1

4!
(aαaβaγaδT

AAAA
αβγδ + 4aαaβaγbδT

AAAB
αβγδ + 6aαaβbγbδT

AABB
αβγδ

+ 4aαbβbγbδT
ABBB
αβγδ + bαbβbγbδT

BBBB
αβγδ ) + . . .

]
(E.15)

In the above lines we have made use of the symmetry of the mixed derivatives of the T ’s, e.g.

for the mixed second derivative terms in the third line of the equation above we should have

written

aαbβT
AB
αβ + bαaβT

BA
αβ = aαbβT

AB
αβ + bβaαT

BA
βα

= aαbβT
AB
αβ + aαbβT

BA
βα

= aαbβT
AB
αβ + aαbβT

AB
αβ (E.16)

= 2aαbβT
AB
αβ . (E.17)
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In the first line above we changed the dummy indices α and β around, in the second line

we swapped the two terms around, and in the third line we used the symmetry of the mixed

derivatives, TBAβα = TABαβ . From this it is clear that only terms with different numbers T

derivatives with respect to A and B will appear, as we have shown. The coefficients in front of

the terms are binomial coefficients. To get the final multipole expansion we reduce all terms to

derivatives with respect to R,

U =

∫∫
drAdrB ρA(rA)ρB(rB)

×
[
T + aαTα − bαTα

+
1

2!
(aαaβTαβ − 2aαbβTαβ + bαbβTαβ)

+
1

3!
(aαaβaγTαβγ − 3aαaβbγTαβγ + 3aαbβbγTαβγ − bαbβbγTαβγ)

+
1

4!
(aαaβaγaδTαβγδ − 4aαaβaγbδTαβγδ + 6aαaβbγbδTαβγδ

− 4aαbβbγbδTαβγδ + bαbβbγbδTαβγδ) + . . .
]

= M0
AM

0
BT + (M1

AαM
0
B −M0

AM
1
Bα)Tα +

1

2!
(M2

AαβM
0
B − 2M1

AαM
1
Bβ +M0

AM
2
Bαβ)Tαβ

+
1

3!
(M3

AαβγM
0
B − 3M2

AαβM
1
Bγ + 3M1

AαM
2
Bβγ −M0

AM
3
Bαβγ)Tαβγ

+
1

4!
(M4

AαβγδM
0
B − 4M3

AαβγM
1
Bδ + 6M2AαβM2

Bγδ − 4M1
AαM

3
Bβγδ +M0

BM
4
Bαβγδ)Tαβγδ + . . .

(E.18)

The multipole moments are easily defined by inspection.

The electrostatic potential φB(rA) of density ρB evaluated at a point rA = A + a is easily

read off from the above expansion: it is simply all the terms involving the monopole term M0
A

with that term removed. Likewise the potential gradient (that is the electric field) at the same

point from the density B is given by all those terms with M1
Aα appearing, with that moment

term removed.

This cartesian multipole expansion has been incorporated into the Tonto [163] software

package, and will be utilised in CrystalExplorer to calculate lattice energies, in addition to use

in electrostatic potential calculations.
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Appendix F

Software: Simple Binary Format

F.1 Motivation

In scientific software, we frequently deal with numerical data; arrays, matrices, tensors etc. are

used for a wide variety of purposes.

All too often, scientific programmers rely on text (ASCII or UTF-8) representations of

numerical data on disk. Primarily this is an issue of convenience. While there are robust, feature

filled libraries for all kinds of data [1] for many tasks these may be overkill, or their installation

and incorporation into existing code might be too difficult a task when the focus is simply to

get the job done.

ASCII data is particularly bad. Data corruption

In order to address some of these concerns, I designed the Simple Binary Formt (SBF) file.

The goals were twofold: be straightforward to incorporate into existing software, and be as low

overhead as possible in reading and writing data. The SBF library supports the Fortran (2008),

C++, C and python programming languages.

A SBF file consists of a header, identifying that it is an SBF file along with the version

number it is compatible with along with how many datasets are stored within the file, and some

number of datasets. Each dataset can be considered ‘self-describing’: information about the

data type (see Table F.1), the shape of the data, whether it is little- or big-endian, along with

an identifier for each dataset is stored.

Because the C language Application Binary Interface is somewhat well defined across

platforms (and indeed most programming languages have some way of interoperating with C

code), C data types were chosen as the basis in order to define SBF data types.
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SBF Type C/C++ declaration Fortran declaration Numpy declaration

sbf byte uint8 t integer(c uint8 t) "uint8"

sbf character char character(c char) "S1"

sbf integer int32 t integer(c int32 t) "int32"

sbf long int64 t integer(c int64 t) "int64"

sbf float float real(c float) "float32"

sbf double double real(c double) "float64"

sbf complex float complex float complex(c float) "complex64"

sbf complex double complex doubles complex(c float) "complex128"

Table F.1: Relationship between SBF data types and their respective declaration in different
languages

F.2 Performance

As the goal of this library was to provide a straightforward, easy to use interface between

multiple programming languages, not a great deal of effort has been expended on fine-grained

performance. However, using self-describing binary representations is still orders of magnitude

faster than writing textual numerical data. As an example, in the CrystalExplorer software,

typically roughly 50-60% of the calculation time for an isosurface was spent writing and Tonto

output files and reading them into the GUI. This time has been reduced to a matter of 100ms or

so (depending on disk speed). Further, the file size of these intermediates has been reduced by

an order of magnitude. From a user perspective, this has reduced the calculation time required

by a huge margin. Relatedly, the work performed in Chapter 4 of this thesis would have been

significantly more difficult with the old output formats – it required approximately 1 TB of

Hirshfeld and promolecular surface data in SBF files, which would have required approx. 10 TB

in the old file format.

The SBF library is freely licensed, and available at github.com/peterspackman/sbf.
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49. Cassam-Chenäı, P. & Jayatilaka, D. Some fundamental problems with zero flux partitioning

of electron densities. Theor. Chem. Acc. 104, 213–218 (3 2000).
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