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Abstract

The study of time series analysis has become a very important scientific discipline over

the last few decades. Not only is there an unprecedented abundance of digital data in the

modern era, but humanity has also acquired the capacity for very precise measurements in

many areas of interest. This emanates from the astounding and extremely rapid techno-

logical advances that transpire constantly in the present day. In addition, the increasingly

impending necessity for studying complex systems – structures composed of a large num-

ber of interdependent components between which interactions are nonlinear – rather than

phenomenological models – which are generally founded on principles of simplification or

intuition – is apparent in most scientific fields. This exemplifies the utility for data-driven

modelling.

Complex systems often require techniques drawn from the field of nonlinear dynamics

in order to examine interesting types of dynamical behaviour, e.g. chaos, given only scalar

measurements of, most frequently, multidimensional systems. Recent advances towards

this goal led to the ordinal symbolic (BP) methodology by Bandt and Pompe [24]. Since

then, a substantial surge of interest has been generated among the community, both

for practitioners and theoreticians. The most consequential advances [8, 4] have been

accomplished by a slightly different formulation, via the so-called Amigó paradigm.

We are motivated by the enthusiasm in (a) ordinal symbolic analysis and (b) complex-

network-based approaches – another popular contemporary tool in the study of dynamical

complexity – especially among practitioners in such wide-varying applications as elec-

trocardiogram/electroencephalogram analysis, epileptic seizure onset detection, climate

science, financial data and commodity pricing, optical feedback laser dynamics etc. We

explore the so-called ordinal network technique, with the chief aim being the assessment

of this method’s potential for extraction of useful information about the deterministic

dynamics underlying a given scalar time series.

We chose to investigate the method by means of extensive numerical experimentation

on several widely-studied low-dimensional chaotic systems in the hope of capturing quan-

titative features in an ideal noiseless setting. The success of this endeavour then led us

to pose questions regarding a theoretical treatise of the less studied BP viewpoint. The

thesis begins with a brief review of the relevant background. Following this, we establish

a framework for studying underlying dynamics through a network perspective and not by

merely making use of statistics on the corresponding symbolic itinerary. Our focus is on
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ergodic systems since estimates are produced from a single long dynamical trajectory.

This thesis explores a Markovian approach in the BP viewpoint which is a novel per-

spective in the framework of ordinal patterns. We demonstrate the power of this vantage

point by reference to several different pieces of evidence collected from the gamut of known

deterministic dynamics examined herein. We show that any projection of a fully-mixing

multidimensional orbit suffices for extraction of the relevant ordinal structure and, more-

over, we uncover a link between the network representation and properties of the natural

invariant measure of the underlying system. An elaborate methodological parameter anal-

ysis is performed, whereby an investigation of the length of a sample trajectory, as well as

effects of irregular temporal sampling in the case of continuous-time flows, is conducted

by the same token.

Our main results concern the successful estimation/approximation of dynamical in-

variants in one- and two-dimensional systems even for a very short pattern length. In

particular, we estimate the topological entropy and the maximal Lyapunov exponent of

several dynamical systems, solely by means of network-based techniques, which are for-

mulated on a foundation of concepts borrowed from ergodic theory and a simple Markov

process that we define on the ordinal symbol space. Additionally, we explain difficulties

with estimations in higher-dimensional systems, suggest a possible course of action to

overcome computational constraints and offer testable hypotheses.

Our exposé along with the collection of observations which stem from these numerical

experiments, inevitably lead us to pose the question of whether the BP definition of ordinal

symbolisation is capable of approximating the invariant measure of the underlying system.

Otherwise, one is faced with an astonishing number of coincidences. If our hypothesis is

true, it begs the question of whether there is convergence between the distribution of the

natural measure and the ordinal measure in the limit of infinite partition resolution, i.e. as

the pattern length grows unbounded. If so, it stands to reason that the transition graph

flavour of an ordinal network may then provide a compelling alternative to computing

the numerical equivalent of the Perron-Frobenius (or transfer) operator, for which Ulam’s

method and system-dependent partitions are the current standard. In summary, our over-

arching finding is the following: computing ordinal patterns from any one-dimensional

observable of a low-dimensional ergodic chaotic system leads to faithful ordinal represen-

tations which capture underlying dynamical features. Furthermore, our results suggest

an unanticipated rapid convergence with increasing pattern length. Since the BP and or-

dinal network methodologies entail extremely fast computations, this encourages further

research and propounds a great advantage to this technique.
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Chapter 1

Introduction

The understanding of natural phenomena is irrevocably tied to the ability of an observer

to recognise the subtle changes underlying the evolution of systems over time, i.e. their

dynamics. The principles and mechanisms behind the dynamics of natural systems are

the focal point of the mathematical field of dynamical systems. Its precursors date back

to, at least as far as, the 7th century BC; in particular to one of the Seven Sages of An-

cient Greece, Thales of Miletus. Widely regarded as the Father of Scientific Philosophy,

his work constitutes the first example of the scientific method and of mathematical dis-

coveries: a systematic observation and analysis of the world surrounding us, rejection of

mythological explanations in favour of evidence-supported hypotheses and the use of de-

ductive reasoning to explain observations. Since then, the field has undergone numerous

changes and breakthroughs which have shaped its modern-day form and have rendered

it a set of tools of immense power at the disposal of scientists. Our ability to perform

quantitative measurements, analyse them and extract useful information is at the core of

most human activities today.

The impact the field of dynamics has had on our current understanding of nature is

better demonstrated by some of the most notable advancements, including: its conception

in the modern era with the invention of calculus by Isaac Newton in 1666 – and indepen-

dently by the more rigorous treatise of Gottfried Leibniz in 1675 – and the formulation

of the laws of motion and universal gravitation; the contributions to the three-body prob-

lem by Henri Poincaré who emphasised a qualitative perspective rather than quantitative

approaches and set the foundation for the theory in its current form [167]. Poincaré’s

work also led to the emergence of the field of topology and the conception of a system be-

haviour now known as chaos, i.e. deterministic irregular behaviour that is highly sensitive

to initial conditions and which, at first glance, appears random and intractable. Chaos

was first discovered by Edward Lorenz [128], but was experimentally observed earlier by

Van der Pol and Van der Mark [211] in the context of driven oscillations in electrical

circuits. Other significant breakthroughs comprise theoretical work by various scientists,

including advances in ergodic theory, symbolic dynamics, functional analysis and topol-

ogy of dynamical systems. For instance, the Birkhoff-Khinchin ergodic theorem [30, 112],
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information-theoretic advances by Kolmogorov and Sinai [114, 115, 191] which led to the

connection of dynamical systems to probability theory and Markov processes [188], Smale’s

horseshoe [193], rigorous methods on symbolic dynamics, Markov partitions and invari-

ant measures by Bowen [32, 33, 34], the contributions of Ruelle, Eckmann and Takens in

ergodic theory applied to fluid turbulence [177, 65, 176, 204], Feigenbaum’s universality

laws [76] and cycle expansions of chaotic attractors by Cvitanovic [52] to name a few.

1.1 Nonlinear Time Series Analysis

The theory of dynamical systems led to the formulation of a framework which can encap-

sulate subtleties of the complex interactions between several inter-connected components

dictating the evolution of natural systems. The related field of time series analysis is

concerned with the examination of observations – called data if these observations are

quantitative in nature, i.e. if a measurement process is involved in their collection – and

the subsequent prediction of future values. The term time series refers to a sequence

of measurements recorded at successive points over a time interval and emphasizes the

treatment of the quantities being measured as objects subject to change over time. The

majority of recorded data in most fields is of this form; time series are ubiquitous, ranging

from medical science in the form of ElectroCardioGram (ECG), ElectroEncephaloGram

(EEG) or ElectroMyoGram (EMG) data – whose prediction might be of utmost impor-

tance to the health of patients – to financial markets, whose behaviour seems inherently

unpredictable due to the complexity of the system under study and yet millions of people

daily attempt to predict; either for personal gain or for the prevention from a system

collapse, a crisis. Other examples include signal processing, pattern recognition, control

engineering, weather forecasting, geology, seismology, climate research, astronomy and

econometrics.

Time series analysis has attracted the attention of scientists across all these disparate

disciplines over at least a century. In the recent decades it has developed rapidly and be-

come particularly popular for various reasons. The strongest contributing factor has been

the rise of computers and the consequent collection and processing of enormous amounts

of data – data which is discrete1 in nature rather than continuous2. This is the era of data,

of digital rather than analog. Additionally, the study of time series provides a novel, rather

untraditional avenue towards model building. Historically, the formulation of mathemat-

ical models has followed the dominant school of thought, the so-called phenomenological

approach. This refers to the formation of simplified models based on certain assumptions

about the underlying system which are drawn from empirical observations. While this

approach has proved especially successful in physics, it is much less so in other fields. This

is mainly due to the lack of similarly simple laws, such as the conservation of fundamental

quantities, e.g. energy or momentum, in other sciences. Furthermore, the assumptions re-

1A discrete variable can admit only certain values from within an interval.
2A continuous variable can assume every possible value from within an interval
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quired in this approach can be (a) justified by means of an established physical principle,

(b) made on an arbitrary basis with intuition and simplification in mind or (c) a posteri-

ori, i.e. by initially accepting their validity, formulating a model and thereafter comparing

the results of the mathematical analysis (or computational simulations) to experimental

observations. In the latter two cases one is treading on dangerous ground since invalid

assumptions can lead to misleading conclusions and a posteriori confirmation resembles

the logical fallacies associated with a circular definition. Time series analysis treats the

problem from a data-based point of view. It can be used in synergy with phenomenolog-

ical considerations to produce a bottom-up, rather than top-down, formulation [99, 100].

Assumptions involved in model building can be more informed with regards to underlying

dynamics and not derive purely from empirical knowledge on the experimentalist’s side.

Time series analysis may be classified into two distinct categories: the linear type,

whereby the underlying dynamics thought to generate the data directly involve propor-

tional changes between pairs of physical quantities, and the nonlinear type, whereby

dynamics involve an enormous spectrum of complicated relationships between quantities

(Eckmann and Ruelle [65], Ch. 1 [87], Ch. 1 [103]). The former class has a long history

and a wide range of well-established techniques [35, 89], but is generally effective when

only linear correlations are present in or strongly dominating the dynamics of a system. It

presupposes the existence of the linear paradigm within the underlying dynamics, i.e. that

small causes lead to small effects [103]. Irregular behaviours are attributed to stochas-

tic factors according to such a treatise, most frequently by assuming a random external

input [35]. This methodological approach attempts to decompose and examine the regu-

lar structure observed in the dataset in the sense of e.g. its two-point autocorrelation or

power-spectrum. As expected, the very restrictive class of linear processes is rare in nature

and consequently this notion serves more as an approximation to more complex types of

behaviour. Nevertheless, it has proved successful in describing various systems sufficiently

well and has led to useful characterisations, for instance temperature anomalies [37] – es-

pecially if the underlying mechanism involves collective behaviour of numerous individual

components. Traditionally, techniques for the analysis of linear time series comprise of

methods drawn from the fields of statistics and probability theory. Some of the popular

methods include correlation measures, regression analysis, Fourier transforms and spectral

analysis, linear filters, harmonic analysis and Hidden Markov models [89].

Nonlinear processes are involved in most phenomena, whether in the physical, biolog-

ical, social or economic world. The rich gamut of linear time series analysis techniques is

often inadequate in the presence of nonlinearity. Different tools are required to explain

the additional complexity resulting from this kind of interaction in such systems. In this

case techniques are mainly drawn from the field of dynamical systems, as well as those of

information theory, measure theory, topology and functional analysis. Irregularities in the

data are not simply attributed to randomness as dynamical systems theory shows that

fully deterministic systems (e.g. the continuous flow governed by the Lorenz equations

[128] or the one-dimensional discrete logistic map [136]) can lead to ‘equally’ irregular
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and unpredictable types of behaviour. Therefore, the application of nonlinear methods

operates under the important assumption that the system in question exhibits some form

of determinism behind the driving mechanism. Intuitively, one assumes the presence of

several causal relations which are intertwined in a complicated manner and manifested

within the data under examination. Experimentalists across many disciplines support this

assumption from an observational standpoint. Hence, the study of nonlinear processes

currently also bears the name of complex systems, especially in the non-mathematical

communities.

The most fundamental concept in nonlinear time series analysis is the notion of phase

(or state) space3, which allows an examination through the lens of dynamical systems

theory. Once this notion is established for a problem, a variety of methods can be employed

[103]. In practice one is often faced with scalar, i.e. univariate, time series whereas the full

complexity of most systems is frequently multidimensional. The theorems by Whitney

[214], Takens [204] and Sauer et al. [180] provide the necessary theoretical conditions

for constructing a topologically equivalent state space to the original. In addition, the

latter two studies contributed the most commonly employed recipe for reconstructions,

the so-called time-delay embedding. A successful embedding of a scalar time series to a

higher-dimensional space allows the estimation of topological invariants of the dynamics,

e.g. fractal dimension estimates D0, D1, D2, . . . (with the correlation dimension D2 being

the most frequent preference among practitioners, Ch. 6 [103], Ch. 3 [194]) which shed

light on the active degrees of freedom, the maximal Lyapunov exponent (MLE) which is an

estimate of the rate of separation of state-space trajectories and the Kolmogorov-Sinai (KS;

or metric/measure-theoretic) entropy [114, 115, 191] which provides an estimate on the rate

of generation of information by the system. These three measures respectively quantify (a)

the minimum number of variables necessary to capture the essential dynamics of a system,

(b) the degree of sensitivity of a system’s long-term behaviour to initial conditions and (c)

the uncertainty associated with predictability of a system given knowledge of its invariant

density, i.e. its ‘average’ (or sometimes long-term)4 distribution of states. Non-parametric

statistical hypothesis testing approaches, known as surrogate data methods [205, 184, 196],

complement the estimation of invariants in a practical setting (where only finite-length

data is available) since all theorems assume an infinite amount of sample points and,

moreover, all known with infinite precision. One of the aims of this study is to connect

the methodology under investigation (introduced in Sec. 1.3) to estimates of topological

invariants as such quantities characterise different types of nonlinear dynamics.

A shift towards nonlinear techniques is rapidly gaining ground in many fields at the

expense of linear stochastic approaches. However, a good state-space reconstruction is

really hard to guarantee given the non-trivial decision one has to make regarding the

3We opt for the term ‘state space’ hereinafter as we often talk of ‘dynamical states’ and the ‘current
state of a system’ rather than ‘phases’.

4More precisely, the average distribution of states over the set of all possible initial conditions – which
coincides with the long-term average from any specified initial state if the system is characterised by the
ergodic property.
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appropriate embedding dimension and time lag [111, 110, 103, 194]. Furthermore, there

are significant computational costs associated with these approaches and their results can

often be inconclusive due to the high sensitivity of these techniques to numerical errors

[171, 98, 219]. Surrogate data methods, on the other hand, rely on hypothesis testing and,

hence, require a relatively good initial guess about the type of data under examination.

Such limitations, coupled to the computational complexity of estimating some of these

measures and the ongoing research in complex networks (a field at its infancy in comparison

to dynamical systems and time series analysis), recently led a part of the community to

develop network-based methodologies for analysing time series [222, 217, 62, 120, 195].

The abstraction of a complex network representation, whereby the focus is on topological

properties of a mathematical space (i.e. connectivity), provides immense potential as a

means of encoding dynamical information. Within this context a network should not be

thought of as a structure tied to a physical or virtual interpretation. The basic premise

behind generating a complex network representation of a time series is to exploit the rich

gamut of existing techniques from network science [149]. Complex network measures are

mostly simple and computationally efficient so the hope is that tools in this alternative

domain can measure properties of interest about the underlying dynamics.

1.2 Complex Networks

Over the 20th century, a completely different approach towards the understanding of com-

plex systems has emerged. The focus has gradually shifted from the great reductionist

approach, i.e. breaking down a system to its most fundamental components and inves-

tigating thoroughly their individual behaviour. It is increasingly becoming apparent to

scientists of all disciplines that, in addition, a systems-level approach is necessary in or-

der to understand natural systems. One of the most important mathematical paradigms

towards this goal is the concept of a complex network or graph5. A network is an abstract

representation of an entity consisting of several interconnected and mutually interacting

components (called nodes or vertices). The connections (referred to as links or edges)

represent either a material link or an abstract relationship between the nodes of the net-

work. For example, the Internet is a network of physical connections between computers

(whether telephone line wires, optical fibres or other modalities). A metabolic pathway,

on the other hand, is a form of network between substrates and products, with edges

joining them if metabolic reactions between them exist. Another prime example is that

of a social network, a set of individuals with certain patterns of contact, or other forms

of interaction between them, represented by edges. This example is drawn from sociol-

5The term ‘graph’ has been used traditionally in mathematics instead of the term ‘network’ — there
is no conceptual difference between the two terms; the former is used to emphasize the study of local
properties and obtain theoretical results about the behaviours of classes of graphs, in particular those
whose structure is regular, while the latter emphasizes the study of often larger graphs (millions or billions
of nodes) that additionally exhibit partial randomness in their structure or formation (and here the focus,
from a mathematical perspective, is on the the computational estimation of various statistical measures in
order to infer the global structure of networks).



6 Chapter 1. Introduction

ogy, a field largely responsible for the surge of interest in network theory as an applied

science. Finally, the most popular, well-known and fascinating example of a complex net-

work today is the World Wide Web, which is a type of information network, i.e. a virtual

network whose nodes physically represent quantities of information stored in a Webpage.

Links, the so-called Uniform Resource Locators (URLs), hold the magical power of the

Web by connecting all these pieces of information together into a grand structure on whose

foundation our modern world largely operates on.

Until the second half of the 20th century, networks/graphs were mainly studied under

the scope of pure mathematics by means of analytical approaches. Moreover, the chief aim

was to classify local structural properties. In the last two decades the field has undergone

a rapid ascent to ‘hot-topic’ status in several scientific communities due to a paradigm

shift which occurred in the late 1990s. We provide a brief exposition of its history and

the range of tools which have been developed as a result in Sec. 2.2 of Chapter 2. We are,

however, interested in one of the most novel pursuits, the successful use of network models

by practitioners of nonlinear time series analysis, e.g. in climate analysis [61]. Marrying

these seemingly unrelated fields led to various transformation algorithms for converting

time series to networks, each concentrating on different dynamical features. One can

then compute network characteristics such as centrality, shortest path length, clustering

coefficients etc. There are three major classes of network transforms [64]; proximity net-

works whereby the focus is on state-space topology and the widely studied phenomenon

of recurrence, visibility graphs which are formed by considering convexity relationships

within the data and transition networks whereby transition probabilities between suit-

ably chosen coarse-grained classes of grouped data may be defined. In contrast to the

former two representations, in a transition network the temporal order of observations is

encoded within the connectivity structure, which represents deterministic causal relation-

ships within the dynamics [156, 57]. In this thesis we consider a particular instance of the

third class called ordinal partition networks, introduced by Small [195]. The basic formu-

lation of this network transform draws from concepts in symbolic dynamics, in particular

the somewhat recent Bandt-Pompe (BP) formulation [24], and Markovian modelling of

measure-preserving dynamical systems, which has a long history in the field dating back

to the work of Sinai [188, 189, 190].

1.3 Symbolic Dynamics & Markovian Approach

Symbolic dynamics originated as a practical tool for analysing dynamical systems with

the seminal work of Morse and Hedlund [147] before becoming very popular within the

information and communication theory communities and an essential tool in message

transmission. The core idea involves a discretisation of state space into finitely many

regions. These regions are labelled by means of a finite alphabet of symbols. Given a

realisation of a dynamical system, one can obtain a symbol sequence by recording each

region visited by the specific orbit the system adheres to (which depends on the initial
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condition). Thus, every dynamical orbit6 may be associated with an itinerary, a sequence

of labels indicating the order in which successive coarse-grained states of a system are

visited. The resulting symbolic orbit shares properties with the original dynamics (Ch. 5

[87], Ch. 24 [215]). These properties can be of significant value and have proved successful

in the analysis of geodesic flows on surfaces of negative curvature [88], communication

[185], the global theory of differentiable dynamical systems [193] and the cycle expansion

formalism of strange sets in deterministic low-dimensional dynamics [52, 20, 21, 53].

The collection of all possible orbits is examined via the space of infinite symbol se-

quences. A finite-step continuous shift map equipped with a natural bounded metric is

used to study the range of possible dynamical behaviours. Subshifts of finite type7 has

proved especially successful in accurately describing the dynamics of known systems, e.g.

the one-dimensional quadratic family of discrete maps, Henon’s horseshoe map etc.As in

the case of time-delay embedding, the central concept is topological conjugacy8 between

original and model (here symbolic) dynamics. In this thesis we are interested in a tangen-

tial aspect, namely the connection to a stochastic description/approximation of dynamics.

In particular, the main question we are concerned with is whether ordinal network repre-

sentations of a chaotic time series can admit a Markovian interpretation or not. The type

of systems and data we are mostly interested in revolves around the dynamical behaviour

known as chaos, in particular as defined by Devaney [58], i.e. sensitivity to initial con-

ditions, topological transitivity (a state may evolve to any other in finite time) and the

existence of dense periodic orbits. This property characterises all systems studied herein

(Appendix A). One of our primary findings is that adopting the Markovian viewpoint for

ordinal networks leads to accurate estimates of invariants for a variety of chaotic dynamical

systems we studied.

A commonplace challenge in time series analysis is that statistical estimates com-

puted from a single long deterministic trajectory can sometimes produce misleading re-

sults. There are several reasons for this, beyond the scope of this dissertation. A robust

workaround transpires from perturbing a dynamical system by a small amount of noise,

which has been recognised as an alternative to direct analysis for some time [153]. This

is achieved by means of a symbolic approach as described above. The key factor to a

successful probabilistic description of deterministic dynamics hinges on finding an appro-

priate finite covering of state space. The germane notion is that of a Markov partition [33].

The statistical properties of the Markovian construction are often stable and analogous to

those of the original dynamics [153, 154, 152]. Typically a regular-grid partitioning of state

space is used in practice, i.e. the familiar histogram which derives from Ulam’s method

[207]. The Markov model approximates the evolution of densities in state space by the

6Orbits constitute dynamical invariants of state-space motion (Ch. 1,7 [215]) due to the constraints
imposed by the governing deterministic law and can be labelled by an arbitrarily chosen initial condition.

7The restriction of the shift map to a subspace of infinite symbol sequences characterised by specific
properties.

8Two transformations f and g are topologically conjugate if there exists a homeomorphism h which
conjugates one into the other, i.e. g = h−1 ◦ f ◦ h. Functional composition leads to identical dynamics in
this case.
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action of the so-called Perron-Frobenius operator [152] and is easily calculated numerically

only for systems of low dimension [78].

Markov chains in general constitute a frequently employed tool for modelling real-

world situations as they enable the translation of rigorous probabilistic statements – often

impossible to estimate in practice – into simple statistical estimations. The most frequent

calculations involve the approximation of the invariant density or properties thereof, e.g.

the KS entropy of the system. In 2002 a computationally efficient methodology for esti-

mation of the latter was developed by Bandt and Pompe [24, 26]. The foundational idea is

a symbolisation computed from ordinal relations within a scalar time series. State-space

partitioning materialises in a very different, non-conventional manner within this setting,

eventuating both from the necessity for embedding the dynamics to higher-dimensional

spaces in order to achieve finer resolution and the geometrical state-space interpretation of

ordinal relations. The measure the authors suggested for characterisation of the empirical

Probability Density Function (PDF) is the so-called Permutation Entropy (PE), i.e. the

Shannon entropy [185] of the distribution of ordinal symbols.

More specifically, ordinal patterns comprise symbols in the form of permutations of

natural numbers9 assigned to equal-length subsequences of successive points within a time

series. This segmentation allows the collection of statistics about symbolic orbits of the

system. Symbolisation is performed on the basis of ordinal relations between points within

each segment, i.e. magnitude ranking. Each symbol is representative of the visual pat-

tern formed by the respective segment. Counting ordinal patterns of increasing length

is reminiscent of Lempel-Ziv complexity [122], which entails word counting from a bi-

nary alphabet. The BP methodology rapidly gained popularity in the nonlinear time

series analysis community due to its simplicity and ease of computation. As a result,

several publications on real-world applications have appeared since then, including EEG

[104, 48, 40, 97, 159, 182, 178] and ECG interbeat interval [162, 55, 85] recordings, stock

[232] & bond [237] market prices, optical feedback semiconductor laser measurements

[235, 19], climate data [28, 59], hydrological records [121], audio recordings [26, 22] etc.

Several more concerning either theoretical or methodological aspects have been published

in the meantime; for a review of the relevant literature on ordinal patterns see Sec. 2.1 in

Chapter 2.

1.4 Thesis Overview & Achievements

We are motivated by the recent surge of interest among practitioners in (a) complex net-

work transformations of time series and (b) the ordinal symbolic methodology. We explore

novel facets resulting from a combined approach, originally proposed by Small [195]. The

pertinent question is whether one can extract meaningful information by relating net-

works to nonlinear dynamical systems or not. If so, some network characteristics would

9Members of the Sm group class, where m denotes the length of patterns, i.e. an ordinal symbol can
assume any value from the set of re-orderings of the numbers (1, 2, 3, . . . ,m− 1,m).
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be expected to be representative of features of the underlying dynamics such as invariant

quantities. The majority of existing techniques for computing network representations

of time series lack a solid theoretical footing. Some, e.g. recurrence networks, have been

linked numerically to dynamical invariants [62], but a concrete framework for mapping

chaotic or similarly complex behaviour to networks is missing. Additionally, we are dis-

tinctively interested in transition network transforms which capture dynamical evolution

directly. In contrast, connectivity in proximity networks represents some form or other of

similarity in state space, whereas links in visibility graphs encode local temporal variation.
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Figure 1.1: Example trajectories from an 8-periodic (r = 3.56; left) and a chaotic (r = 4; right)
dynamical regime of the logistic map xn+1 = rxn(1− xn).

Our main aim is to investigate the extent to which an ordinal partition can provide a

useful symbolic alphabet even if it does not fulfill the criteria of a Markov or a generating10

partition. We conducted extensive numerical experimentation on synthetic time series and

present evidence which support the following hypothesis: an ordinal partition of increasing

resolution allows for partial conjugacy of symbolic itineraries in the case of low-dimensional

chaotic dynamics. This demonstrates the ancillary value of constructing and examining

ordinal network structure in conjunction with simply counting patterns and evaluating

properties of the empirical PDF. It is also of practical interest as sufficiently good partitions

of n-dimensional dynamics with n > 1 even for systems of known equations are hard to

obtain. Moreover, consequences of a misplaced partition can be dire as rigorous results

by Bollt et al. [31] on the popular technique of threshold-crossing applied to the tent map

show.

Since this dissertation primarily constitutes a methodological study, a practical set-

ting is in mind. As such, there are questions of central interest related to effectiveness

in real-world data where (a) theoretical conditions are often unmet, (b) dynamical and

observational noise is present, (c) sampling and data finiticity issues are always of concern

and, finally, (d) sometimes only irregularly sampled data is available. Therefore, a more

numerically-oriented avenue has been adopted; to a certain extent at the expense of a

more rigorous mathematical treatise. The overarching inquiry addressed in this disserta-

tion is the capacity of ordinal patterns and networks to assist with quintessential questions

10System-dependent partition whereby dynamics of symbolic itineraries is fully conjugate to the original
dynamics.
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Figure 1.2: Respective ordinal networks for the reference trajectories in Fig. 1.1 using patterns
of length m = 3; single-point time delay (τ = 1), maximal overlap (∆wm = 1).

about complex dynamics. For example, distinguishing chaotic from stochastic behaviour;

measuring sensitivity to initial conditions, average information production, active degrees

of freedom or other invariants from given data; detecting regime changes and analysing

bifurcations etc. among others.

Following a review of the relevant literature in Chapter 2, we address the topic of

inadmissible subsequences within a time series (in Chapter 3), i.e. the relative Count of

Forbidden Patterns (CFP) associated with a given data set. We produce heuristic condi-

tions under which this measure is a reliable indicator for the presence of a deterministic

component in unevenly sampled data. Our numerical experiments comprise evidence of

robustness of this estimator to various schemes of irregular sampling. Additionally, we

provide heuristics for assessing its reliability as a criterion for determinism given knowl-

edge of the sampling distribution of the dataset at hand. This analysis also sheds light

on parameter sensitivity of the networks to be encountered later in Chapter 4, the effects

of data length and sampling frequency. The sketch in the following page encapsulates the

succession of tools which will be used to analyse time series data.

The results of Chapter 3 constitute the first novel contribution presented in this thesis

and demonstrate the robustness of ordinal symbolisation to sampling. Subsequentially, we

turn our attention to the ordinal partition and the symbolic networks constructed with

respect to it. We exclusively examine this facet of ordinal methodologies for the remainder

of the thesis. The majority of original results and most significant contributions appear in

Chapter 4 and Chapter 5, where we formulate our central argument. Namely, ordinal net-

works admit a Markovian framework which leads to a non-standard but effective method

for approximating the Perron-Frobenius operator (via Ulam’s technique). The Marko-

vian foundation provides a natural interpretation for ordinal networks. Our argument is

supported by three primary findings. Numerical evidence which suggests accurate locali-

sation of unstable periodic orbits embedded within a scalar chaotic dataset, approximation

of the topological entropy of known dynamical systems and approximation of the MLE (or

rather, sum of the positive Lyapunov exponents in the case of higher-dimensional chaos) of

well-studied discrete-time systems. Additionally, we successfully propose a similar analysis
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of continuous-time flows via Poincaré sections rather than opting for a time delay larger

than the minimum, i.e. a single point. Some of the other novelties of this thesis include an

extensive sensitivity analysis on methodological parameters, in particular (a) an overlap

analysis which has not been conducted before to the best of our knowledge and (b) novel

findings about optimal pattern length selection and the existence of a scaling region which

is formed as a result of the interplay between increasing resolution and undersampling.

Finally, we also demonstrate effective bifurcation tracking by means of ordinal network

properties.

Time

Series

Ordinal

Symbols

Transition

Network

Markovian

Frame

counting

patterns

order statistics

transitivity

recurrence

insight

Chapter 4 mostly comprises an assay which is intended to establish intuition with

regards to the effectiveness of ordinal networks on analysis of synthetic data. Upon for-

mulation of the slightly different flavours of an ordinal network, we show results regarding

its size, link density, clustering, nodal entropies of link distribution etc. and delve deeper

into appropriate selection of the remaining parameters such as the time delay and amount

of overlap. We explicitly show the connection between ordinal networks and associated

Markov chains and present findings on the strength distribution and network centralities.

Finally, we examine a different manner for constructing ordinal networks from continuous-

time flows using a Poincaré Surface of Section (PSS). Markov partitions, conjugacy issues,

estimation of topological entropy, Lyapunov exponents and other characteristic indicators

come into focus in Chapter 5. We use existing frameworks from symbolic dynamics and

Markov processes of dynamical systems to recast the ordinal network formulation in terms

of classical methods.

Our most significant discoveries are related to the connection between (a) the ordinal

Markovian distribution and (b) the topology of an ordinal network to the natural invari-
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ant measure and ergodic dynamical features of the underlying system. This has practical

value for detecting bifurcations and distinguishing between dynamics of varying complex-

ity. The dimensionality of the null space (i.e. nullity) of an ordinal network comprises its

foundation. Such results illustrate the potential utility of ordinal networks for the time

series analysis practitioner. Secondly, we present numerical evidence via computations on

various known systems of the superiority of network-based topological entropy11 estimates

in juxtaposition to other ordinal-based non-network methods, for example direct applica-

tion of the definition [26], the outgrowth ratio of forbidden [6] or growth rate of admissible

[11] patterns – presumably due to the slower convergence rate with m associated with

those techniques. These results will elucidate the benefit of ordinal network representa-

tions and enact a ‘proof-of-concept’ as to their faithfulness in relation to the underlying

dynamics. Finally, we show that a Markovian description based on ordinal symbolisation

can lead to successful estimation of Lyapunov exponents in one-dimensional and some

two-dimensional discrete flows, as well as Poincaré maps of continuous-time flows. Results

are consistent among a variety of tested systems and dynamical regimes. All projections of

a fully-mixing multidimensional12 flow suffice to recover the ordinal structure associated

with a certain type of dynamics. In the case of one-dimensional ergodic maps, conver-

gence to true values is unexpectedly rapid. Even for symbols of very short length, which

implies a very coarse partition, ordinal representations recovered invariant quantities to

within great accuracy far from the infinite limit required by the theorems; a startling

observation.

11Which is notoriously difficult to compute from long trajectories via ordinal patterns [6].
12In general, consider projections of a multidimensional orbit all of which contain nontrivial information

about the whole state space. Such observables produce the same ordinal information. Ergodic systems
which are characterised by full mixing fall into this category.



Chapter 2

Literature Review

Overview

In this chapter we present a review of the relevant scientific literature to this dissertation.

Sec. 2.1 provides a picture of the current understanding with regards to ordinal symboli-

sation and derived methodologies for time series analysis. In particular, we first elaborate

on select theoretical results which have been established recently and, so far, form the

only formal framework (Sec. 2.1.1). Following this, we review some of the ordinal-based

techniques proposed in the literature over the last fifteen years (Sec. 2.1.2). This will

place our research questions within a specific context and allow one to view the additional

value complex networks can potentially offer when utilised in synergy with other ordinal

approaches. Some applications are discussed in Sec. 2.1.3, both as evidence of the high

interest in ordinal symbols among time series analysis practitioners and as an indication

on the kind of real-world datasets which are amenable to ordinal analysis. In the following

section (Sec. 2.2), a brief exposition of advances and commonly employed tools in complex

network science is presented. Finally, Sec. 2.3 offers a broad overview of the spectrum

of different time-series-to-network transformation approaches. The purpose of this chap-

ter is to motivate this thesis in relation to the existing literature; it is by no means a

comprehensive review of the described areas. Moreover, there exists a remarkably rich lit-

erature on the wide topics of dynamical systems theory, ergodic theory, symbolic dynamics

and Markov modelling of deterministic processes, homologies and kneading theory which

we do not cover as the focus is specifically on ordinal patterns and complex networks.

Rather we choose to only refer to relevant citations or some of the excellent classic review

papers/books, wherever appropriate in our analysis.

2.1 Ordinal Patterns

Symbolic dynamics is an incredibly powerful tool in the study of dynamical systems. State

space is discretised into a finite number of components, each labeled uniquely by symbols
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drawn from an alphabet.1 Dynamical orbits2 from every starting state of a given system

can be uniquely mapped to corresponding symbolic itineraries – even from small-sized

alphabets such as the binary set {0,1}. Symbolic dynamics can then be topologically con-

jugate to the original dynamics under certain conditions [87, 124]. This is of great practical

significance as the study of a certain dynamics can be reduced to simple computations on

discrete objects. Over the last few decades, symbolic dynamics has been the focal point of

extensive research in ergodic theory [193, 34, 53] and is intimately related to probabilistic

modelling of chaotic deterministic dynamics [176, 155]. Ordinal symbolisation, however,

is rather unconventional in that it involves a (linearly-ordered) non-rectangular partition

of a higher-dimensional space within which the dynamics have been embedded rather the

the original state space. This is achieved through a reconstruction of the time-delay em-

bedding type [204, 180]. In practice, almost all other methods also have to resort to a

reconstruction since the original state space and equations of motion are unknown. How-

ever, traditional methods are characterised by a free parameter dictating the resolution

of the partition, whereas in an ordinal partition this depends fully on the embedding di-

mension. On the other hand, a major practical advantage of ordinal patterns is that they

only require a very fast computation of the order structure of a given dataset since they

simply encode the relative amplitude of observed values in short consecutive time series

segments.

More specifically, ordinal patterns [24] comprise symbols obtained by segmenting a

given time series into successive, possibly overlapping, equal-length elements. A sym-

bol reflects the rank ordering of sample points within an element of the partition. By

recording the relative frequency of occurrence of each symbol, an empirical probability

distribution is constructed. The Shannon entropy of this distribution, PE, quantifies the

diversity of possible orderings [24] – hereinafter referred to as the set of admissible ordinal

patterns. Given finite data, a practitioner only has access to a sample of this set – the

patterns which are in fact realised in the given time series (sometimes called visible in

the literature [6]). In the limit of infinitely large pattern length, Bandt et al. [26] proved

analytically that PE is equal to KS entropy for piecewise monotonic self-interval maps in

R. Additionally, it was shown that a similar statement holds for the topological entropy

and its permutation/ordinal counterpart. This result sparked an interest in ordinal pat-

terns from theorists, e.g. Amigó et al. [8] later generalised the equivalence between PE

and KS rates to discrete deterministic dynamics defined by ergodic maps on intervals in

Rn (via a different definition of PE), to practitioners – especially among investigations of

complex biomedical signals [17] due to the computational efficiency of the method. The

four ensuing sections present a collection of results, state-of-the-art methods and a critical

review of the current understanding in the area of ordinal patterns.

1Finite collection of symbols.
2Intuitively, infinitely-long time series realisations of a deterministic process.
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2.1.1 Theoretical Foundations

As aforementioned, the first theoretical result linking the distribution of ordinal patterns

to invariants of the underlying dynamical system is related to one-dimensional, piecewise

monotonous self-interval maps [26]. Within this context, the permutation counterparts of

topological and metric entropy are defined and proved to be equal to the original dynam-

ical invariants in the limit of infinite pattern length. This original formulation is known

as the ordinal or BP viewpoint. The main argument of the proof is based on piecewise

monotonicity and is therefore hard and not intuitive to generalise [107]. A major gener-

alisation to n-dimensional interval maps without the necessity for piecewise monotonicity

ensued [8], at the expense of ergodicity and a modified concept of PE. An alternative def-

inition is formulated within the framework of finite-state stationary stochastic processes

equipped with an arbitrary order in a multidimensional context. This is referred to as

the Amigó paradigm. A collection of state-space partitions of increasing resolution in the

spirit of Kolmogorov [114] is considered. This is achieved by ever finer discretisations of

the random process generated by the discrete dynamics once a probabilistic perspective

is adopted. Amigó et al. [8] showed that the PE and KS entropy rates are equal in the

limit of infinite pattern length for both multidimensional ergodic interval maps and er-

godic non-discete systems, where a differential entropy replaces its discrete analogue. An

inequality was obtained for the case of non-ergodic stationary information sources. Fol-

lowing this, Amigó and Kennel [6] showed that the corresponding topological rates are

equal in expansive maps of arbitrary dimensionality, under the conditions of continuity

and a compact interval domain. The most general setting supported by analytical proofs

of equality between KS entropy and PE is due to Amigó [4]. It is shown that the equality

holds in the case of non-ergodic measurable maps on finite measure spaces. In addition,

the partition need not even be linearly-ordered.

Keller, Sinn and coworkers examined several possible routes for generalisation from the

BP viewpoint [106, 107, 108]. However, the difficulties are evident and the original proof

provides no helpful hints for extension. Nevertheless, they managed to obtain various

useful results. Firstly, they showed that in this context the partition need not be ordered

by the identity map as long as it remains linearly-ordered. In practical terms, this result

supports the application of ordinal symbolisation to not only state-variable observables

but also a class of measurement functions through which the scalar data in question

may have been generated. Secondly, they showed that one-dimensional discrete dynamics

within the wide context of Borel-measurable maps defined on Borel subsets of R are fully

characterised by their ordinal structure. Thirdly, the equality to KS entropy holds for the

Sorting Entropy (SE) [24] as well. Fourthly, the permutation counterparts act as upper

bounds for KS entropy when the pattern length is finite. Finally, the authors defined a

multidimensional version of ordinal patterns [106]. Keller et al. [108] investigated further

the relation between Amigó’s conceptual approach and the classical BP formulation. A

comprehensive comparison between the two, aimed at connecting the ordinal partition to

the process of taking several finite arbitrary partitions, is found in Amigó and Keller [5],
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where latest results and open questions are reviewed. Haruna and Nakajima [90] provide

an alternative proof on the equality between the KS entropy and PE rates in finite-state

stationary random processes and argue that even more information may be extracted from

the order structure. In fact, the authors showed that when the process in question is both

ergodic and fulfills the Markov property, the excess entropy of the system – a measure

of global correlation present in a stationary process – and its permutation analogue are

equal. Furthermore, excess and symbolic transfer entropy rates of ergodic processes can

be obtained by their ordinal equivalents for an arbitrary-order approximation by Hidden

Markov models [91].

A different avenue for comparison between the two is conducted by Unakafova et al.

[210], whereby the two ways of partitioning state space (regular-grid and ordinal parti-

tions) are brought into focus. The contrast is performed by considering ordinal patterns of

length m+n−1 and n-letter words of m-patterns. A PE-related formulation for a discrete

entropy version applied to finite-interval maps appears in [10]. Unakafov and Keller [209]

suggest an alternative to computing PE and approximating KS entropy, namely Condi-

tional permutation Entropy (CE). This quantity describes the average diversity of ordinal

patterns succeeding a given pattern. The authors proved analytically the convergence to

KS entropy. In addition, convergence seems to be much faster than for PE and compu-

tations are equally simple. Consequently, in our opinion, CE comprises a state-of-the-art

ordinal-based tool for time series analysis in real-world settings. This paper also contains

an important theoretical result connected to the network-based description we provide

in Chapter 4, namely the relation of an ordinal partition to the Markov property. The

authors show that (a) if there exists finite m for which the ordinal partition is generating

and has the Markov property, then CE equals KS entropy and (b) for ergodic Markov

shifts over two symbols the ordinal partition is both generating and Markov for all m ∈ N.

Different analytical results were published by Elizalde and Noy [68] who rigorously studied

the distribution of the number of occurrences of a permutation as a subword among the set

of all permutations of specified order, using binary trees as the representation of choice.

Their findings established analytical formulae for several cases, even in closed form for

subword lengths up to four, using exponential generating functions.

A thorough theoretical treatise of the distribution of ordinal patterns in the case of lin-

ear stationary stochastic processes has also been conducted in the literature. The archety-

pal goal in mind for these investigations is the distinction between chaotic and random

behaviour. The most elaborate such analysis was performed by Bandt and Shiha [25]

who derived explicit formulae as well as relevant properties for the probabilities of or-

der patterns of length m = 2, 3 in Gaussian and auto-regressive moving-average (ARMA)

processes – two of the most popular and commonly employed models in real-world applica-

tions. A complementary result on the more general class of ergodic stationary processes is

also given; it is argued that a one-dimensional probability distribution along with the order

structure of a single long realisation may be used to recover any finite-dimensional distri-

bution associated with the process. These results were validated numerically in Zunino
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et al. [230] for the cases of fractional Brownian Motion (fBM) and the corresponding incre-

ment process, fractional Gaussian Noise (fGN). A related result which is of great practical

importance is due to Little and Kane [125] who considered finite-length white noise time

series. The expectation and variance of PE are given explicitly as a function of the pattern

length m and the number of sample points. Moreover, it is demonstrated that PE of white

noise converges to a χ2-distribution of m!−1 degrees of freedom. In addition, the variance

of PE is linked to the variance of Kullback-Leibler entropy which allows a quantitative

estimate of the minimum number of sample points required for a specified PE precision.

Symbolic pruning is yet another route for theoretical exploration of the order structure

of various dynamical processes; in this case it bears the name of forbidden patterns [9].

This notion created a foundation for distinguishing betweeen chaotic and noisy behaviour,

at least in principle. Tracing forbidden patterns and their outgrowth in deterministic

dynamics is built upon a key finding: admissible patterns exhibit exponential growth as a

function of m (with a growth rate proportional to the topological entropy of the evolution

rule), while forbidden patterns grow in a super-exponential manner [9]. Forbidden patterns

were studied extensively from an analytical perspective in shift transformations [12, 3] and

in expansive multidimensional interval maps [7] – here robustness to observational white

noise was also established. Elizalde and Liu [67] studied forbidden patterns in certain

classes of discrete maps and provide a theoretical upper bound of the shortest forbidden

pattern of piecewise monotonous interval maps. In addition, the authors produced a lower

bound for the count of forbidden patterns of arbitrary length computed from the r = 4

logistic map.

A more recent ordinal-based pursuit is the method of algebraic transcripts [16]. This

technique aims at detecting directional causal relations in coupled time series. On a

theoretical level, Amigó et al. [16] introduced the notion (borrowed from group theory)

in the context of symbolic representations of bivariate time series data, derived essential

properties thereof, e.g. order preservation capacities under nonlinear transformations of

time series, generalised to the multivariate case and defined two statistical complexity

measures. These respectively measure coupling complexity and disequilibrium – which

refers to a deviation from uniform iid processes. Application to epileptic EEG recordings

showed evidence supporting the hypothesis of higher coupling complexity during seizures.

This is in agreement with the current consensus. Amigó et al. [18] extended the approach

based on transcripts to a symbolic transfer entropy variant and showed that it is analogous

to conditional mutual information under certain weak conditions. Algebraic transcripts

admit a useful matrix representation whose spectral properties and computational aspects

were studied by Bunk et al. [42] and led to the formulation of various new measures of

coupling complexity or directionality strength [145, 146].

2.1.2 Methodological Studies

The BP methodology led to the design of several different data analysis tools which have

proved useful in a real-world setting where existing approaches are computationally expen-
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sive (see Section 2.1.3 below). All ordinal-derived techniques essentially rely on counting

patterns of fixed length by scanning a time series. This is a relatively fast computation.

Currently there exist at least ten different approaches within the framework of ordinal

analysis. Each addresses a different aspect of the underlying dynamics. For instance, the

PE measure mentioned in Chapter 1 provides an estimate of the long-term information

production of a system. On the other hand, counting forbidden patterns, which is the

main topic of Chapter 3, sheds light on the question of the presence/absence of a deter-

ministic component within the data. In this section we present a brief exposé of the array

of existing methodologies. The range of ordinal techniques may be broadly classified into

(I) information-theoretic tools, (II) directional-coupling detection procedures for multi-

variate data, (III) visualisation tools, (IV) practical time series analysis methods (V) local

information transfer and spatiotemporal analysis methods, (VI) techniques for detection

of determinism or independence tests and (VII) network-based approaches.

The original study [24] proposed to consider the diversity of patterns of specified

length3 m, quantified by PE, as a measure of complexity for scalar time series. To count

patterns, a sliding window scans the data. Maximal overlap between successive windows

(one-point slide lag4) and a time delay of a single point were used originally, rendering m

the sole tunable parameter. Ranking ties are sorted via chronological order or by adding a

small amount of noise. As mentioned in Sec. 2.1.1, in the limit m→∞, PE in the Amigó

sense converges to KS entropy in ergodic interval maps of arbitrary dimensionality, but

in practice PE for fixed m is only an estimator and the standardised formulation is the

BP viewpoint. Nevertheless the authors observed similar behaviour between PE and the

MLE of the logistic map over a typical range in its bifurcation spectrum – as expected

theoretically, since the sum of positive Lyapunov exponents (MLE for 1D systems) equals

KS entropy via Pesin’s theorem [166]. They also observed robustness to observational and

dynamical noise and successfully detected voiced segments within a noisy speech signal.

In the same paper, the per-symbol entropy rate and a sorting entropy of patterns (amount

of novel information revealed in sorting the nth value among the previous n−1 when their

order is already known) were also introduced. Topological permutation entropy [26] was

formulated in the same manner as that of Dinaburg [60] and Bowen [33], i.e. as the expo-

nential growth rate of the number of distinguishable orbits of the iterates of a discrete-time

evolution law, and not as in the original definition of arbitrary covering sets due to Adler

et al. [1], which is more reminiscent of KS entropy.

An efficient way of encoding ordinal patterns appears in [105]. Kowalski et al. [116]

present results which show the superiority of the BP approach in comparison to tradi-

tional ones in extracting probability information from time series in the classical-quantum

transition problem and provide increased insight about the mechanism in play; a zenith-

nadir-oscillation route towards smooth convergence to the classical value. For 1D discrete

maps, Parlitz et al. [163] showed that the ordinal structure computed from a single re-

3The main parameter of the method; also referred to as embedding dimension in the literature.
4Number of non-overlapping points between two consecutive segments.
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alisation of a deterministic system is sufficient to identify equivalent dynamics between

different systems. Finally, Rosso et al. [175] characterised various well-known chaotic maps

according to their ordinal profile, in particular forbidden patterns (see below and Chapter

3) and the complexity-entropy causality plane [172] – a permutation complexity measure

based on the Jensen-Shannon divergence (extension to Kullback-Leibler) which can assist

in distinguishing between periodic, chaotic, random or other behaviour. Since the semi-

nal BP paper, a large variety of related information measures have been formulated, the

most notable of which are CE and the joint permutation entropy [209]. CE, which is the

difference between the latter and PE, was shown to be superior in terms of convergence to

the accepted values of KS entropy for various discrete maps. The weighted permutation

entropy [74] incorporates amplitude information so that contributions resulting from noisy

fluctuations are not weighted equally, rendering the method more robust to noise.

Detection of asymmetric dependence, i.e. directional coupling, between components

of multidimensional time series comprises another major topic in ordinal analysis. An

assortment of various complexity measures, often entropy-based have been suggested in

the literature as a means for quantifying information transfer. The most prominent are

symbolic transfer entropy (STE) [201], partial symbolic transfer entropy (PSTE) and its

rank-vector counterpart PTERV [117]. A synchronisation index characterising coupled

systems targeted for EEG analysis has also been suggested [200]. Kugiumtzis [117] con-

ducted an extensive comparison study in the multivariate context using both parametric

hypothesis testing and surrogate methods. His findings indicate superiority of PTERV

over PSTE but not over the non-ordinal counterpart (original formulation due to Schreiber

[183]). However, the ordinal-based information measures were shown to be more robust

to drifts and not affected by the level of detrending. All of these measures essentially

admit the exact definition of their original analogues, e.g. mutual information, transfer

entropy etc. with the difference originating from the type of symbolic partition in which

the invariant density is computed. An alternative methodology aimed at coupled systems

was introduced by Bravo et al. [38], the so-called joint permutations computed from bi-

variate time series. Joint permutations are simply elements of the square product set of

permutations of specified order, i.e. pairs of permutations assigned to corresponding time

series segments, and define a piecewise affine model for nonlinear dynamical prediction.

It was shown to be successful in predictability of multivariate data, in the case of both

synthetic and real-world (wind-speed) data. A related powerful visualisation tool is sup-

plied by the notion of an order recurrence plot [86], which was defined in the context of

cross-recurrence plots in bivariate time series and can quantify coupling strength between

interacting chaotic dynamics. Finally, algebraic transcripts [16] constitute a more novel

and sophisticated approach for quantifying complexity of interacting systems and also led

to a second ordinal-based variant of transfer entropy [18].

Fundamental time series analysis techniques at the practitioner’s level were also recast

in terms of the ordinal viewpoint. The first such study [23] presented a range of tools, e.g.

rank series, local rank numbers, rank and Kendall’s τ order autocorrelation and the order-
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structure matrix associated with a time series, an illuminating visualisation tool which

is really simple to compute. Information-theoretic measures based on ordinal structure

have also proved useful towards time lag identification in delay dynamics [233], with the

complexity quantifiers defined therein exhibiting robustness to additive observational and

dynamical noise. Change-point detection was examined by Sinn et al. [192] by estimating

the degree of clustering of ordinal pattern local distributions at different regions in a time

series, as well as using kernel-based statistics and maximum-mean-discrepancy quantifiers.

Matilla-Garćıa et al. [135] designed semi-parametric tests of heteroskedasticity based on

Monte Carlo methods and the ordinal distribution. For ordinal techniques applied to

spatiotemporal dynamical profiles in coupled-map lattices see [14] (application to EMG

recordings). Ordinal complexity quantifiers of spatiotemporal dynamics were also consid-

ered by Nakajima and Haruna [148], where there is a stronger focus on local information

transfer, especially the local information dynamics defined by Lizier et al. [126] for cellular

automata, namely storage, transfer and modification.

One of the most widely studied topics in ordinal analysis is related to the detection of

deterministic behaviour in a time series. Within the statistical community, this endeavour

bears the name of independence tests, which is more descriptive; the target of inquiry is

the presence of correlations and the possible assertion that the data are not generated

by a purely random process, i.e. independently and identically distributed (i.i.d.) values.

The hope is then that deterministic/causal relations are inducing the observed correlations,

which is a stronger assumption. Therefore, such tests essentially comprise techniques which

quantify the degree of correlation (linear or nonlinear) between successive time series values

and produce a global estimate to be used in combination with statistical hypothesis testing;

either traditional parametric tests or non-parametric (surrogate methods). The three

approaches which derive from counting ordinal patterns all rely on estimating topological

invariants via the BP viewpoint. Respectively, the quantities of interest are (a) the degree

of pruning within a symbolic trajectory, (b) topological entropy (which is directly related

to (a) essentially) and (c) metric (KS) entropy. The first approach resorts to estimating

the relative Count of Forbidden Patterns (CFP) of length m (hereinafter m-patterns)

characterising a time series, i.e. the proportion of m-patterns over the total possible, i.e.

m!, which are not observed. This approximates the number of inadmissible patterns in

the case of finite data length N < ∞ and m < ∞, which is always the case in practice.

The latter two methods simply achieve estimates of basic entropy formulations through

their permutation counterparts [26].

The first approach relies on the basic observation [9] that deterministic rules dictate

certain constraints on the set of ordinal patterns which can be realised. This set of

forbidden patterns may be thought of as the collection of regions in state space where

the trajectory is not allowed to transverse. It is an example of pruning (Ch. 11, [54]),

a rule forbidding the occurrence of certain subsequences in the symbolic dynamics. On

the other hand, random systems can admit every possible pattern given sufficiently long

time series. This stems from the fact that sampling an i.i.d. process will generate i.i.d.
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values in the resulting symbolic itineraries [13]. The probability that any ordinal pattern

is missing approaches zero as the total number of data points grows. This pruning rule

coupled with asymptotic χ2-tests has been proposed as a criterion for the detection of a

deterministic component in noisy time series data [13, 14]. Hypothesis testing is required

due to the effect of false forbidden patterns [11]. Amigó et al. [14] compared this technique

to the state-of-the-art Brock-Dechert-Scheinkman (BDS) test [39] for independence with

favourable results for the ordinal-based tool. However, the comparative study by Cánovas

et al. [47] indicates that superiority of forbidden patterns over BDS is only guaranteed for

low topological entropy values, i.e. lower-dimensional dynamics which can be embedded

successfully for m ≤ 8.

Independently, Cánovas and Guillamón [46] devised a similar test in spirit which is

based on the number of admissible (rather than forbidden) patterns. Their argument

stems from the observation that the logarithmic function is strictly monotone increasing,

thus in practical estimates topological permutation entropy may be simply substituted by

the count of admissible patterns. Note that this corresponds to the number of nodes in an

ordinal network (Chapter 4). The advantage of their independence test is the comparison

to the theoretical distribution of independently distributed time series. Carpi et al. [49]

extended the approach for various types of correlated noise, specifically fBM, fGN and pink

noise (scale-free power spectrum). The effect of these processes when acting as additive

noise to the logistic map by considering the complexity-entropy causality plane [172] was

studied in [174] and generalised to a multiscale version in [238]. A contrast to the Amigó-

Carpi paradigm [173] showed that both tools are equally powerful for detecting traces of

determinism in noisy data and validate each other’s findings in the examined systems.

The third approach due to Matilla-Garćıa and Maŕın [132] is based on an affine trans-

formation of PE which is shown to be asymptotically χ2-distributed with m!− 1 degrees

of freedom. A parametric test5 using Monte Carlo simulations was devised and widely

applied to various financial time series [132, 133, 134] in order to test the ‘random walk’

hypothesis. Test results showed that first-order auto-regressive moving-average (ARMA)

processes and generalised auto-regressive conditional heteroskedastic (GARCH) models

are inadequate in fully capturing the dynamics of e.g. the emphS & P daily stock re-

turns. Parameter selection is arbitrary in this methodology and severe criticism about

its potential has appeared in a technical report of the National Austrian Bank [69]. An

alternative approach based on contingency tables [45] also points out the limitations of the

Matilla-Garćıa & Maŕın approach and attempts to extend the technique while overcoming

the challenges. However, one the main findings by Cánovas and coworkers is that the

effectiveness of the whole class of ordinal-based asymptotic χ2 tests can lead to misleading

results as they are sensitive to the selected interval grouping [46]. Additionally, results

depend on m and N , with higher values producing more accurate conclusions.

Another promising approach for distinction between signatures of determinism and

stochasticity in spiking time series was introduced by Aragoneses et al. [19]. This technique

5Despite the misleading title of the publication.
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is suitable for spike trains and in this case was applied to optical-feedback semi-conductor

laser time series; in particular, short and long inter-dropout intervals were compared via

their ordinal structure for low m values. Finally, the permutation spectrum test [118] has

also been proposed for discrimination with numerical experiments acting as supporting

evidence in discrete maps as a ‘proof-of-concept’.

Overall, the CFP test in combination with surrogate data methods is the optimal

choice in our experience and will be the focus of Chapter 3. Our analysis will shed light on

parameter selection and other practical challenges. In the remainder of the thesis, however,

we are concerned with and opt for a different point of view, namely ordinal network-

based approaches (discussed in more detail in Sec. 2.3.3) and the properties of the graph

associated with the Markovian formulation produced by an ordinal symbolisation. Markov

modelling of dynamical systems is a well-known technique which allows the approximation

of deterministic dynamics using a stochastic model. Counting ordinal patterns from given

data is essentially equivalent to defining a partition in a higher-dimensional state space

wherein the underlying dynamics have been embedded. This perspective has only been

explored to a very small extent within the ordinal literature [139]. Our aim is to identify

the degree to which ordinal coarse-graining and a mapping to a probabilistic description

can produce useful information about dynamical indicators of the underlying process.

2.1.3 Applications

Ordinal analysis rapidly attracted the interest of practitioners due to its computational

efficiency and simple implementation. Contributions in the field include studies spanning

several fields including medical recordings, financial data, climate time series and semi-

conductor laser measurements among others. Intense focus has been placed on biomed-

ical data [17], multichannel scalp EEG recordings in particular. Seizure onset detection

[104, 48, 40, 182, 178], classification of sleep stages [109], interictal/preictal/ictal brain

state discrimination [159], anaesthesiology [97], event characterisation procedures in neu-

ronal dynamics comprise a few of the avenues explored through EEG analysis. Analysis

of cardiac interbeat interval variability from ECG recordings has also been prominent

[162, 55, 85]. Other applications include climate time series [28, 59], semiconducting

optical-feedback laser data [235, 19], EMG data [15], audio data [22], daily stream flow

measurements [121], coupled pendulum dynamics [56] and financial time series [221] from

stock markets [220, 232, 234], sovereign bond markets [237] and commodities [236]. The

main methodologies employed in all of these studies are some statistical hypothesis test

variation or other of either CFP or PE estimates.

2.1.4 Practical Aspects

There are several facets of practical consideration upon application of ordinal symbolisa-

tion to real-world data. Some of these embody severe challenges irrespective of the chosen

approach. For instance, observational and dynamical noise (Ch. 10 [103]), non-stationarity
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(Ch. 13 [103]) and unevenly-sampled time series (encountered in various branches of sci-

ence; see Sec. 3.4 in Chapter 3) demand particular attention. Others include data-related

parameters, such as sampling interval size or total time span of dynamical evolution cov-

ered by the recorded measurements, over which a data analyst may have no control.

Finally, there are methodological parameters which may be freely tuned – possibly within

a certain finite range. The existing literature is only illuminating with respect to some of

the issues a practitioner is faced with – especially assuming no prior knowledge of a sys-

tem. There are several different suggestions regarding parameter selection and practical

constraints, such as data length, have often been treated on an ad hoc basis depending on

the specific dataset under study [170]. A brief account of the relevant challenges is pre-

sented below and – wherever available – we catalogue the suggestions found in the relevant

bibliography for later comparison with our results. Table 2.1 summarises the entirety of

relevant parameters, both independent as well as tunable.

Type Description Range Selection Ref.

m methodol. pattern length {1, 2, . . . , N} N � m! +m− 1 [11]
τ methodol. time delay {1, 2, . . . , N −m+ 1} τ=1 [24]

∆wm methodol. slide lag {1, 2, . . . ,m} ∆wm = 1 [24, 6]
∆t indep. sampling time interval R+ N/A –
N indep. data length N N/A –
Ttot indep. data time span R∗+ N/A –

Table 2.1: Relevant parameters.

Firstly, as with most parametric approaches, the necessity for selection of an appro-

priate value is not at all trivial. In this case, there are three parameters – in principle –

which need to be chosen, namely the length m of patterns (embedding dimension), the

time delay6 τ and the amount of overlap between successive windows scanning the time

series. We recast the latter in an equivalent form characterised by a slide lag (or time

shift) ∆wm ∈ {1,m}, i.e. the number of non-overlapping points between temporally suc-

cessive segments. It is often set to either a single point (maximal-overlap variant [24]),

m−1 points, i.e. a single overlapping point which corresponds to the end point of the pre-

ceding pattern and the start point of the succeeding pattern (maximum overlap given the

constraint of independence between consecutive values [13]) or m points (non-overlapping

variant [195]). A time delay τ 6= 1 is useful when examining data generated by continuous

flows [48, 238, 140], but may be set to a single point, as we shall see in our framework,

by examining Poincaré maps instead. By the same token, one is obliged to tune one or,

at most, two free methodological parameters. Overall, most authors opt for the maximal-

overlap scheme, rendering m the sole quantity which accommodates free selection. Our

analysis in Chapter 4 reinforces the argument for this choice being optimal. Additionally,

we propose to always choose a single-point time lag which is valid upon consideration of

appropriate Poincaré sections. This will comprise a significant finding as the case of τ > 1

can lead to the undesirable phenomenon of aliasing [140]. Hence, parameter selection may

6In the case of continuous-time dynamics and evenly sampled time series, τ is expressed as a discrete
multiple of the sampling time interval.
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be reduced to simple inspection of an appropriate range of values for m; it determines

both the dimensionality of the image space where the original dynamics is mapped onto

and the resolution of the ordinal partition of this space (indirectly, via determination of

the maximum possible number of regions of the partition).

In addition to methodological parameters, a practitioner is obliged to take into consid-

eration the sampling rate7 of the measurement process – recast here in terms of its inverse,

the sampling time interval ∆t – and the total time frame8 of dynamical evolution spanned

by the data – recast here in terms of the data length N for a fixed sampling interval. The

impact of ∆t on pattern counting is analysed in Chapter 3, while the overall effect of data

availability (value of N) on networks is analysed in Chapter 4. The very challenging issue

presented by non-stationarity is neglected within the current investigation by focusing

on stationary time series. Fluctuations due to observational and/or dynamical noise are

only briefly discussed so as to establish an empirical intuition about the signal-to-noise

ratio levels at which pattern counting is severely compromised. Instead, we mention the

conclusions established in comprehensive focused studies (Sec. 3.3). Finally, the effects of

various schemes of unevenly sampled time series are considered in the context of forbidden

patterns and novel contributions9 are presented as part of this dissertation (Sec. 3.6).

2.2 Complex Networks

In 1959, Paul Erdős and Albert Rényi argued that regular graphs are not representative

of almost any type of real-world network, be it social, technological or biological. They in-

cluded randomness in their model and asked the question of how graphs, or networks, form

and what kind of principles or mechanisms govern their structure. They established the

conditions needed for the formation of a giant component (also known as phase transition

or percolation event) [70] and explored the evolution stages and strength of connectedness

of a random graph in the process of formation [71, 72]. The Erdős-Rényi (ER) random

graph served as the primary model until the expansion of the internet and WWW in

the 1990s and the early studies on its structure and connectivity patterns. However, the

ER graph fails to produce many types of behaviour observed in real-world networks, for

instance ‘rich-get-richer’ effects or weakly inter-connected clusters of densely connected

‘webs’. Organisational principles during network formation are not taken into considera-

tion. Furthermore, commonplace properties in real-world networks such as connectivity

distributions characterised by some scaling region cannot be reproduced by the ER model.

Since the conception of the field as a mathematical theory (known as graph theory),

often attributed to Leonhard Euler and his solution to the famous Königsberg bridge

problem in 1735, and until the late 1950s, graphs were studied mainly under the scope of

pure mathematics. Analytic approaches were employed in order to study local structural

properties of small graphs with few vertices. The main aim was to classify all types of

7In practice, the number of sample points per characteristic time scale.
8Loosely, the number of cycles/pseudo-cycles/typical time scales contained in the time series.
9Published in peer-reviewed journals; see McCullough et al. [138] and Sakellariou et al. [179].
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regular graphs and create a ‘map’ of all possible behaviours. A revolution was started

in 1959 when two Hungarian mathematicians, Paul Erdős and Albert Rényi, viewing the

problem from an applied perspective, realised that regular graphs are not representative

of almost any type of real-world network, be it social, technological or biological, and

acknowledged that more complicated models were necessary. Thus, they decided to include

randomness in the graphs they were examining. But more importantly they asked the

important question of how graphs, or networks, form and what kind of principles or

mechanisms govern their structure. They published eight papers together on graph theory

and some of the most pertinent questions regarding network topology and its evolution

were considered in their first three publications. Erdős and Rényi [70] established the

conditions needed for the formation of a giant component (or phase transition, percolation

event) and also derived probabilities for the formation of multi-component graphs. Erdős

and Rényi [71] explored further the evolution stages of a random graph in the process

of formation and analysed subgraphs structures, cycles and planarity. Erdős and Rényi

[72] examined the strength of connectedness of random graphs as they become larger and

larger.

The full body of work on random graphs by Erdős and Rényi laid the foundations

for what was to become network science. However, studies (initially in social sciences)

led to the demand for consideration of large-scale networks of thousands, millions or even

billions of nodes. Their analytical approach is limited at this scale. Additionally, various

examples of real-world networks showed that completely random graphs, as defined by

Erdős and Rényi, are often not at all representative. E-R random graphs fail to produce

most types of behaviour observed in real-world networks, for instance ‘rich-get-richer’

effects or weakly inter-connected clusters (of densely connected webs) in sociology, as

organisational principles during network formation are not taken into consideration.

The recent drastic rise in computational power finally provided scientists with the

opportunity to investigate the behaviour of large networks and the focus shifted to the

examination of global statistical properties. A significant driving factor behind the devel-

opment of complex network theory, the relevant statistical measures and the formulation

of novel structural properties has been the Internet (a type of technological network) and

the World Wide Web (a type of information network). The last twenty years have wit-

nessed a substantial contribution in this theory. Two major advances occurred in the late

1990s.

Watts and Strogatz [213] successfully designed a model that can produce a network

with a special property. It is characterised both by the so-called small-world property

(i.e. low characteristic path length from any node to any other; typical of random graphs)

and a highly regular structure which exhibits significant clustering (atypical of random

graphs; closer to the other extreme). The term ‘small-world’ refers to the ability of some

networks to allow rapid information flow despite their very large size. For instance, social

connections in the US population form a network with a size of an order of magnitude

of one hundred million (108) nodes. Choosing a node and recording how many links are
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necessary to reach every other node on average, will result in far fewer links than expected

if it is small-world – a number of much lower order. In fact, Stanley Milgram estimated it

at 5.5 links in his famous experiments which entailed giving letters to random individuals

in the US and asking them to mail the envelopes to personal acquaintances only, who

would in turn repeat the process exactly, until a pre-specified target was reached [142].

This later led to the coining of the popular phrase ‘six degrees of separation’. The idea of

Watts and Strogatz was to consider the two extremes, a regular and a random network,

make slight modifications (rewiring of some links) and observe when transitional effects

from one structure to the other start occurring.

The other big advance of the time in network theory occurred a year later. For years

scientists were observing another very special property in real-world networks, namely the

‘rich-get-richer’ effect in everyday language or, in mathematical terms, networks whose

connectivity distribution displays scale-free characteristics. This property refers to having

a small number of nodes connected to a very large number of links (i.e. nodes of high degree,

called hubs) and a very large number of nodes connected to very few links. The degree

distribution p(k) is governed by a power law of the form p(k) ∼ k−γ , at least for degrees k

larger than some minimum value. Scale-free networks seem to be ubiquitous. The World

Wide Web, in particular, shares this property at various scales [75]. A famous contribution

is due to Barabási and Albert [27] who proposed a very simple mechanism which can

reproduce such scale-free behaviour. The BA algorithm relies on two principles, (a) that

the network is dynamic, i.e. constantly growing in time, and (b) that the organisational

principle involved is preferential attachment to high-degree nodes. This discovery, along

with the ongoing exponential rise in computational power, caused a big surge of interest

into computational network science. Later, and even prior to BA, alternative algorithms

such as duplication models [165, 51] or configuration modes [144] which can also produce

scale-free networks were published. However, the BA algorithm became the de facto

standard. Recent research shows that the BA model is not a typical mechanism for

producing scale-free behaviour [101]. In fact, Small et al. [199] examined this problem in

a rigorous probabilistic manner and, using exact likelihood arguments, showed that the

notion of a super-star network is the optimal mechanism for building a scale-free structure.

Many more important steps in the progress of network theory occurred in the follow-

ing decade. For example, network resilience to random or intentional attack and error

tolerance [2], epidemic spreading [164, 150, 197, 198], community detection [151, 226],

percolation [43] and motifs (small subgraphs of very few nodes) [143] to name a few. In

addition to all these breakthroughs, a variety of statistical network measures have been

developed over the years and will be common in our analysis. In this thesis, however, we

concentrate on a novel aspect of complex networks, namely their use as abstract represen-

tations which can encapsulate information from underlying time series data. Specifically,

we use topological and statistical analysis of ordinal networks computed from time series

in order to infer knowledge about the underlying dynamics. This approach falls under the

umbrella of network-based techniques in the field of nonlinear time series analysis which
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are discussed below.

2.3 Transformations of Time Series to Complex Networks

In the final section of this chapter we present a brief review of the gamut of existing network

transforms of time series for completeness. This concise exposition is only intended to

provide the reader with an overview and is by no means comprehensive; the reader is

referred to the paper by Donner et al. [64] for a more elaborate synopsis up to the year of

publication (i.e. 2011). However, this section additionally covers more recent approaches

such as ordinal networks and alternative flavours of recurrence networks and visibility

graphs.

This radically different methodological approach to nonlinear time series analysis has

gained ground only very recently with applications ranging from climate data [61] to fi-

nancial time series [227] to ECG measurements [137]. The aim is to represent dynamical

characteristics of a time series in an alternative domain. A complex network represen-

tation provides immense potential as a means of encoding information into an abstract

structure. Connectivity between the components can easily be explored by a variety of

statistical measures. Additionally, it is a mathematical object which can perhaps serve as

an alternative to the notion of topological equivalence. Zhang and Small [222] published

the first study which utilised complex networks to examine the dynamics of various time

series. The proposed transformation algorithm maps pseudo-periodic cycles of a given

time series onto the nodes of the resulting network. Similarity of pairs of cycles in state

space, along with a threshold parameter, determines connectivity patterns. The authors

suggested linear correlation and Euclidean norm as candidates for an appropriate metric.

Several such transforms have been formulated since then. The various methods differ

primarily in the nature of the entity for which nodes encode, and therefore the type of

information represented by the network. This could range from (a) topological character-

istics of state space to (b) explicit dynamical information, or even (c) simple geometrical

relations within the graph of the time series. Connectivity is necessarily defined in a very

different fashion in each case and, thus, resulting networks come in different flavours. The

main classification of network transforms [64] in proximity networks, transition networks

and visibility graphs, respectively, depends on which particular dynamical feature is in

focus. Further sub-classification is already possible in the case of the more widely studied

techniques. Each choice of transformation method is better equipped to capture certain

aspects of the dynamics of a system, and hence more appropriate for applying to certain

systems, and less effective at capturing other aspects. We should reiterate here that the

concept of recurrence, i.e. a system’s propensity to revisit certain dynamical states over

and over again as time progresses, lies at the core of all these techniques [64]. We sum-

marise the properties and elaborate on the differences, merits and drawbacks of each class

of algorithms in the following sections.
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2.3.1 Proximity Networks

Transforms in this class map time-delayed embedding vectors obtained from given time

series onto the nodes of the network. Links between pairs of nodes are assigned by means

of some similarity metric, e.g. Euclidean norm and a threshold parameter. This implies the

necessity for selection of at least three free parameters in practice. Mutual proximity of

embedded vectors may also be defined by several other metrics, but in essence all of them

capture recurrence of states in some quantitative manner or other – a typical characteristic

of chaotic behaviour which is ubiquitous in most systems of interest. Networks obtained by

applying this class of techniques aims at capturing topological information of the original

attractor. A variety of statistical measures, for instance node degree, clustering coefficient,

node centralities etc. can shed light on topological features such as exponential separation

of initially close dynamical orbits or the existence of unstable periodic orbits, both traces

of chaos.

Cycle Networks

Cycle networks comprise the earliest formulation of time-series-to-network transforms to

the best of our knowledge. It is the only member within the family of proximity networks

which does not require a reconstruction of state space. Practical challenges often asso-

ciated with an appropriate time-delay embedding are avoided. Thus, in contrast to all

other proximity network transforms, nodes represent distinct time series cycles and not

embedded state vectors. A generalised version of the correlation coefficient, which allows

for cycles of different length, is used to determine whether the corresponding pair of nodes

is connected by a link.

Cycle networks are well equipped to analyse ‘pseudoperiodic’ time series, i.e. irregu-

lar dynamics which exhibits strong recurrence and periodic motions in state space. The

original formulation by Zhang and Small [222] applies a segmentation to the time series

at local maxima and estimates the similarity between different cycles by means of a gen-

eralised version of linear correlation between cycles of different length. A time-delayed

embedding version was also considered with Euclidean distance employed as a similarity

criterion for connectivity [223]. Network topology reflects dynamical properties as one can

distinguish between different regimes such as periodicity and chaos in Rössler time series.

Furthermore, upon application to ECG data, the authors managed to differentiate the

sinus rhythm of healthy volunteers from that of coronary disease patients. The following

study by Zhang et al. [224] used surrogate data techniques to validate the effectiveness

of the method in detecting spatial and temporal correlations. The link between network

statistics and dynamical aspects was established in [225], where a comparison to traditional

nonlinear dynamics techniques was made. Big advantages of this class of methods include

the lack of requirement for embedding, the invariance under re-ordering of cycles and the

fact that mesoscale network properties can identify structural characteristics of dynamical

behaviour, for instance a hierarchy of unstable periodic orbits. The two major drawbacks
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are that temporal information is not preserved explicitly and that the network size scales

with the total number of cycles in the time series, which renders matrix manipulation

computationally inefficient if the time series is long.

Correlation Networks

A different definition of proximity was independently proposed by Yang and Yang [218]

and Gao and Jin in various studies [82, 84, 81]. This has assumed the name of ‘corre-

lation network’ approach. Nodes represent points in reconstructed state space obtained

via time-delay embedding. Connectivity is assigned by estimating the Pearson correlation

coefficient between pairs of embedded vectors and comparing this to a threshold value.

A large embedding dimension is often required to obtain accurate values for correlation,

therefore this category of transforms mainly aims at capturing global dynamical charac-

teristics; short-term dynamics are not preserved. In addition, embedding itself may induce

spurious correlations.

Recurrence Networks

The third class of proximity network transforms is the most widely studied and utilised

in terms of application to real data. This approach employs the idea of a recurrence plot,

first proposed by Eckmann et al. [66], to define an adjacency matrix. A recurrence plot

compares amplitude values between pairs of sample points at different times. A threshold

parameter is used to determine the binary value associated with each time-index pair, with

a value of unity corresponding to close amplitudes. In more recent formulations the binary

matrix represents which pairs of state-space points are closer than a specified value, i.e.

nearest neighbours, and therefore time-delay embedding or other reconstruction techniques

are required. This so-called recurrence matrix can serve as an adjacency matrix when

diagonal elements are removed. Removing them corresponds to considering the smallest

possible Theiler window (minimum time separation that nearest neighbours are allowed to

have) [130] in order to account for temporal correlations. Depending on the way recurrence

of states is defined, namely if a fixed neighbourhood mass, a fixed neighbourhood volume

or a fixed number of edges is preferred, the transformation results in recurrence networks

of three different flavours. Respectively, k-nearest neighbour networks [186], ε-recurrence

networks [62] and adaptive nearest neighbour networks [217].

The recurrence network approach constitutes a powerful class of methods as topological

characteristics of state space have been successfully encoded within the resulting networks

for various dynamical systems and data from real applications [217, 131, 62]. Network

properties reflect dynamically invariant properties of the underlying system. For instance,

Xu et al. [217] suggested a potent way of distinguishing between different regimes and clas-

sifying dynamical behaviour by looking at the rank distribution of network motifs of order

4. Marwan et al. [131] applied this technique to marine paleo-climate data and identified

subtle dynamical changes in the climate regime. Gao and Jin [83] employed ε-recurrence
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networks to distinguish between regular dynamics (periodic), chaotic behaviour and noisy

data purely from structural characteristics of the resulting networks. Zou et al. [228]

showed that recurrence networks are advantageous in comparison to Lyapunov exponent

estimates if one is concerned with shorter time series or if one is interested in a more auto-

matic discrimination between different types of dynamical behaviour. Rigorous analytical

results establishing the link between recurrence networks and dynamical aspects are found

in [63]. For a more in-depth discussion of the powerful recurrence network paradigm in

nonlinear time series analysis see [62]. Invertibility of recurrence network transforms in

order to reconstruct the original time series is explored in [95] and [113]. In particular, Hi-

rata et al. [95] proved an equivalence between a network distance metric for appropriately

weighted ε-recurrence networks and the Euclidean norm, under certain conditions on the

given the time series (uniform distribution of points on the attractor). Khor and Small

[113] proved the case for equivalent (all other aspects being equal) k-nearest neighbour

networks. The main drawback of recurrence networks is a common issue with all proxim-

ity approaches, namely temporal information is not preserved by the transformation. In

addition, three parameters need to be set.

2.3.2 Visibility Graphs

This class of transforms involves the concept of a ‘visibility graph’ which was first developed

by Lacasa et al. [120]. Each node in the network represents a distinct sample point of

the time series. Connectivity is defined by considering convexity constraints between

successive points in the graph of the time series. This approach seems more suited to

data generated by stochastic processes as it can identify some of the fractal properties of

the time series. Extensions or variations of the original formulation were considered by

[129] (horizontal visibility graphs) and [29] (an additional parameter, the view angle, is

introduced). A major disadvantage is the fact that the network size scales exactly with the

number of time series points, making this approach computationally inefficient for longer

time series.

2.3.3 Transition Networks

Transition networks constitute methods which attempt to approximate deterministic dy-

namics by means of an associated stochastic model, often a Markov chain, and preserve

temporal information to some extent – in contrast to the other approaches. Nodes repre-

sent coarse-grained dynamical states obtained from segmentation of the data into a finite

number of elements. Links are defined by using estimates for the transitional probabilities

from one state to another, information which can be extracted statistically from the time

series. This discretisation may be naturally mapped onto a network representation. Prob-

abilities are incorporated into a directed adjacency matrix as weights. Random processes

on such networks can shed light on features of the original dynamics and even lead to faith-

ful time series reconstructions. A common drawback of this class of transforms is that
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amplitude information, especially finer aspects such as small fluctuations, is discarded.

The first notable study within this category of network transforms is due to Nicolis

et al. [156]. The investigations conducted therein showed a connection between some

network properties and certain aspects of the underlying dynamics such as expansion

rates. The main finding involves uncovering a link between local stability properties and

the in-coming and out-going connections of the network. Their approach considers coarse-

graining of state space into quantiles using a regular-lattice approximation (histogram)

of the invariant density from a long trajectory (assuming ergodicity). While this study

devoted great focus to geometrical aspects of connectivity patterns, questions regarding

statistical properties of the network/dynamics, e.g. the frequency of activation of each

connection, were not addressed.

Padberg et al. [161] followed a very different direction in formulating their transition

networks. Their approach utilised concepts such as transport operators and estimates of

expansion rates based on finite-time Lyapunov exponents. The network representation

was used solely for assisting with optimisation problems arising from transport analysis

on almost invariant sets. The method by [44] applies coarse-graining based on amplitude

information and partitioning into quantiles using recorded statistics of the time series, but

local transition probabilities are partially assigned according to quantities estimated from

the aggregate time series. The focus is on regenerating time series by means of random

walks and inverting the process. While their results are not conclusive, they are indicative

as a proof-of-concept for network codification of time series. An alternative formulation

was suggested by [187] who proposed an algorithm for mapping stochastic processes onto

complex networks. While coarse-graining is also performed via statistical quantities, nodes

represent partitions based on the minimum number of bins required to precisely define the

probability distribution and connectivity is based on temporal information instead.

The most recent family of transition networks are ordinal partition networks. As

aforementioned, coarse-grained dynamical states represent regions of a linearly-ordered

partition in embedding space. Connectivity is formed by considering the temporal suc-

cession of symbols. The scheme due to Small [195] is non-overlapping and networks are

undirected and unweighted. The time delay was set to a single point, thereby requiring

the selection of a single free parameter. Sun et al. [202] extended this ordinal approach

by including amplitude information in the symbolic representation and allowing directed

(forward-time causality only) and weighted edges (frequency of occurring transitions be-

tween a pair of symbols). McCullough et al. [137] considered a generalised version of this

formulation by including a time lag parameter into their network formation algorithm. All

of these studies on ordinal networks showed considerable potential towards understand-

ing complex dynamical behaviour by looking at network properties. This latter class of

ordinal approaches forms the foundation for the current study as we attempt to explore

further the capabilities of this type of transition network transform.
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Summary

This chapter contains an overview of the literature on network representations of time

series and ordinal symbolic approaches. Both classes form promising tools for a practi-

tioner, with their combination in the form of ordinal networks being largely unexplored

as of yet. Given the long history of Markovian modelling in dynamical systems theory,

studying the properties of an ordinal partition via the associated networks in the case of

low-dimensional chaotic dynamics conveys the impression of ripe ground for further ex-

perimentation. Early theoretical results on ordinal patterns from both the BP and Amigó

viewpoints are suggestive of the potential typified by ordinal symbolisation. A diverse

spectrum of computationally efficient techniques emanated as a result, in turn leading to

intense exercise of ordinal-based tools to a large span of application areas, ranging from

engineering to medical science and climate research. This serves as motivation for our

pursuit which extends the applicability and value of ordinal symbols by employing com-

plex network structure. This enables the extraction of useful topological information in

relation to the dynamics underlying a time series.



Chapter 3

Counting Forbidden Ordinal

Patterns

Overview

In this chapter we describe the methodology of ordinal symbolisation from the BP view-

point, formulate ordinal patterns within a mathematical framework and define various

entropy measures which are employed frequently in the ensuing analysis. Following this,

we briefly discuss robustness to observational white noise when computing the ordinal

structure of a given finite time series. Subsequently we turn our attention to forbidden

patterns of finite length. Our main aim is to assess the reliability of the estimator thereof

given a sufficiently long (i.e. containing a few hundred, or ideally thousands, of cycles1 of

state-space motion) but finite scalar dataset, for various non-uniform sampling schemes.

This investigation comprises the first novel contribution of this doctoral dissertation. Most

of the work presented herein has been published in Sakellariou et al. [179].

The CFP estimator – essentially a manifestation of empirically observed pruning rules

exhibited by the symbol sequence – has proved useful for detecting a deterministic com-

ponent in noisy time series [13, 14]. It has been applied in various situations recently

[220, 182, 121, 178], but questions regarding its reliability in irregularly-sampled data re-

main open and only partial answers can be found in the literature [119]. We extend the

investigation in [119] and establish a comprehensive picture for various sampling schemes

[138, 179]. Our findings indicate that the estimator exhibits significant robustness even

under undesirable circumstances and confirm the high potential for distinguishing low-

dimensional chaotic behaviour from noise. Furthermore, we stipulate conditions for reli-

ability given knowledge of the sampling frequency distribution of a specified time series.

A useful side effect of this exploration is that we obtain insight as regards the selection of

an appropriate pattern length, the intricacies of which are further elucidated in Chapter

4. Results presented in this chapter synthesise a purely numerical investigation.

1In the sense of recurrent trajectories.
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3.1 Ordinal Patterns & Symbolic Itineraries

Let {xn}Nn=1 denote an arbitrary scalar time series of N temporally ordered measure-

ments. We require that these values are drawn from a linearly ordered set.2 In the case

of continuous-time flows, we assume that the observation time t ∈ [0, Ttot] is sampled in

a regular manner at intervals of size ∆t. Therefore, the total time frame spanning the

measurement process Ttot = (N −1)∆t may be examined by proxy N for a fixed sampling

interval. We defer sensitivity analysis of ordinal patterns counts to N for Chapter 4 and

focus on the impact of ∆t here, as well as deviations from the benchmark sampling scheme

(Sec. 3.4).
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Figure 3.1: Segmentation and ordinal symbolisation of a time series for patterns of length m = 5,
time delay τ = 1 and slide lag ∆wm = 3. Chronological index rank is shown.

Consider a coarse-grained segmentation of the dataset into elements (windows) of equal

length m, i.e. akin to embedding the time series to m-dimensional space using a time delay

τ . Successive windows are not overlapping at ∆wm ∈ {1,m} points. Thus, the maximum

number of windows occurs in the case of maximal overlap at m − 1 points (∆wm = 1)

and is equal to N −m+ 1. On the other hand, the minimum number occurs in the non-

overlapping case (∆wm = m) where the total number of windows equals
⌊
N
m

⌋
. Denote the

resulting collection of segments/windows3 by an indexed sequence of m-tuples of the form

x
(m)
i = (wm)i = (xi, xi+τ , ..., xi+(m−1)τ ) ∈ Rm

with indices i = 1, 1 + ∆wm, 1 + 2∆wm, . . . ,

⌊
N −m
∆wm

⌋
+ 1

2Also referred to as totally ordered set, i.e. the order operation is reflexive, antisymmetric and transitive.
3Or embedding vectors.
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*cycle notation: orderings as permutations acting
on identity element f1,2,3g

Figure 3.2: All possible ordinal patterns of length m = 3 along with the corresponding or-
derings/permutations according to (a) chronological index ascending order [24] in black and (b)
amplitude rank descending order [195] in red.

preserving the temporal order of windows. Each window is mapped to a symbol drawn

from a finite alphabet. The set of permutations of the natural numbers {1, 2, ...,m}, over

which the symmetric group Sm acts, will serve as the alphabet of choice in order to create

a unique symbolic ordering for each window which reflects the ordinal relations between

points within.4 Fig. 3.1 depicts the procedure of ordinal symbolisation for the m = 5 case.

The mapping may be defined in two equivalent ways, namely chronological index rank-

ing introduced by Bandt and Pompe [24] and amplitude ranking introduced by Small

[195]. According to the former, shifted time indices within a window are stored in a vector

indexed by the corresponding amplitude rank in ascending order. For example, consider

one of the windows obtained from segmentation into windows of length m = 4 with τ = 1,

∆wm = 1, say the seventh x
(4)
7 = (x7, x8, x9, x10), whereby relative magnitude relations

are given by

x10 < x8 < x7 < x9.

By shifting indices {7, 8, 9, 10} to the set {1, 2, 3, 4}, the associated permutation is (4, 2, 1, 3),

or in cyclic notation (143)(2). This is due to the fact that the 1st point of this segment

chronologically (x7) is the second largest value in the group and so assumes the third

position (due to order being ascending). Similarly, the 2nd chronological value (x8) is the

third largest and so placed in the second position, x9 (3rd) is the largest and so assumes

the fourth position etc.. Thus, according to this mapping, time indices of sample points

4Note that one may think of ordinal symbols either as the set of re-orderings of {1, 2, ...,m} or as
the group elements of Sm acting on the identity element through the symmetric group’s operation, i.e.
composition of permutations; the original choice of the identity element as a reference frame is arbitrary
and any member of Sm comprises a valid alternative.
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are sorted.

On the other hand, according to amplitude ranking, points within a window are ranked

in terms of relative amplitude in descending order, i.e. time indices remain fixed and each

sample point is simply assigned a rank. For instance, the 4-tuple (x7, x8, x9, x10) is assigned

the permutation (2, 3, 1, 4), or (123)(4), since x7 is the second largest member of the group,

x8 is the third largest, x9 is the largest etc. The sketch of Fig. 3.2 illustrates the difference

between the two for the case m = 3. It can be easily shown that both formulations are

equivalent by defining a bijective map between the two. We adopt the chronological index

rank for the remainder of our analysis.

Formally, an ordinal pattern of length m for the window labelled by x
(m)
i

π(x
(m)
i ) = (π1, π2, ..., πj , ..., πm), πj ∈ {1, ...,m}

may be defined as the permutation π ∈ Sm which arranges the points within according to

their order, i.e. xπ1 < xπ2 < · · · < xπm (chronological index rank), or as the transformation

π : Rm → Sm such that xi+j−1 is the πj-th largest point in x
(m)
i (amplitude rank). In

the event that two elements of x
(m)
i are equal, we arbitrarily pick the one that occurs first

chronologically as the smallest [24]. By mapping every window to an ordinal pattern, one

obtains a symbol sequence corresponding to a given time series uniquely. We represent

the ordinal symbolic itinerary of time series {xn}Nn=1 by

{sn}
⌊
N−m
∆wm

⌋
+1

n=1 , sn ∈ Sm ∀n ∈ N.

Several different types of entropy may be defined by considering the counting measure µ5

on the space of ordinal m-patterns and computing statistics on sn, as follows.

For each m, we define the empirical probability distribution of ordinal patterns via

their relative frequency of occurrence within sn

Prob[π; sn] = P[π] =
|{n | sn = π}|⌊

N−m
∆wm

⌋
+ 1

, π ∈ Sm. (3.1)

The notation | · | refers to the cardinality of a set, whereas an isolated ‘|’ means ‘such that’

wherever it appears. The number of admissible (distinct occurring) patterns is

N (sn,m) = |π ∈ sn | P[π] 6= 0}|. (3.2)

Since the cardinality of Sm is m!, one can evaluate the relative count of admissible patterns

computed from a time series over the set of all possible, P(m)
a (xn), and the corresponding

proportion in the complementary set of forbidden ordinal patterns (patterns which cannot

be realised in a time series due to deterministic constraints [11]). The relative count of

5More formally defined in terms of an ordinal partition in Chapter 4.
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forbidden patterns equals

P(m)
f (xn) = 1− P(m)

a (xn) = 1− 1

m!
N (sn,m) (3.3)

and constitutes the primary tool used in this chapter. In practice, P(m)
a ,P(m)

f are both

estimators of the true numbers in the case of N < ∞. Note that the absence of an

m-pattern pervades all longer patterns for larger m in the form of outgrowth forbidden

patterns whose growth is super-exponential in contrast to admissible m-patterns (expo-

nential growth with m). This has been theoretically described for discrete maps [6]. The

permutation entropy per symbol6 of order m takes the form

hPEµ (m) = − 1

m− 1

∑
π∈Sm

P[π] log2 P[π], (3.4)

where limx→0 x log2 x = 0. It quantifies the diversity of ordinal patterns π within the

symbolic itinerary sn of time series {xn}Nn=1. The corresponding sorting entropy is

given by

hSEµ (m) = hPEµ (m)− hPEµ (m− 1), m ≥ 2 (3.5)

with hSEµ (2) = hPEµ (2), while the topological permutation entropy of order m is

defined as

hPE0 (m) =
1

m− 1
log2N (sn,m). (3.6)

Finally, the joint permutation entropy is obtained via the counting measure on the

space of ordered pairs of ordinal patterns (π, ξ) ∈ Sm × Sm which takes the form

P[(π, ξ)] =
|{n | (sn = π) ∩ (sn+1 = ξ)}|⌊

N−m
∆wm

⌋ , π ∈ Sm, ξ ∈ Sm (3.7)

JPE is then given by

hJPEµ (m) = −
∑
π∈Sm

∑
ξ∈Sm

P[(π, ξ)] log2 P[(π, ξ)]. (3.8)

The conditional permutation entropy is obtained from

hCEµ (m) = −
∑
π∈Sm

∑
ξ∈Sm

P[(π, ξ)] log2

P[(π, ξ)]

P[π]
. (3.9)

It characterises the diversity of successors ξ = (ξ1, ξ2, . . . , ξm) of given ordinal m-patterns

π in sn. Notice that hCEµ (m) = hJPEµ (m) − (m − 1)hPEµ (m) since P[π] is the marginal

distribution of source patterns with respect to the joint distribution P[(π, ξ)] of ordered

pairs or ordinal patterns.

6Normalisation can be performed either by constant m − 1 or by m and both forms appear in the
literature, e.g. see [26] or [8] and contrast to [209]. We opt for the former as hPEµ (1) = 1 has zero
contribution to the entropy.
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3.2 Detecting Determinism

Detecting a deterministic component in a given time series is an important pursuit within

the field of nonlinear dynamics as this very assumption underlies all techniques which

require a phase-space reconstruction. Analysing the symbolic dynamics of patterns ex-

tracted from a data set has displayed significant potential. While chaotic systems can

closely mimic stochastic behaviour, the deterministic basis of chaos dictates certain con-

straints in the set of admissible ordinal patterns computed from time series realisations

[9]. In other words, deterministic systems are characterised by the existence of a set of

forbidden patterns – patterns which cannot occur – whereas random systems can admit

every possible ordinal pattern given sufficiently long time series. This stems from the fact

that sampling a stochastic process will generate identically and independently distributed

(i.i.d.) values. Mapping the sample data set to a symbolic alphabet of finite size (there

are only m! total possible permutations of order m) results in a sequence of i.i.d. per-

mutations, i.e. a stochastic process of finite discrete state space. The probability that

any ordinal pattern is missing approaches zero as the total number of data points grows

(N →∞) [13]. Therefore, the relative CFP estimator, P(m)
f (xn) or simply Pf , can be used

in combination with hypothesis tests or surrogate methods as a criterion for detection of

determinism in noisy data. In the following sections we study the sensitivity of the Pf
estimator to measurement noise and irregular sampling, keeping all other factors fixed.

3.3 Observational White Noise

In this section, we apply estimator Pf to trajectories from the well-studied chaotic regimes

in the logistic map (r = 4) and the Lorenz7 equations (σ = 10, ρ = 28, β = 8/3). The aim

is to test the robustness of the count of ordinal patterns to observational white noise and

determine the minimum levels of Signal-to-Noise Ratio (SNR) which guarantee reliability

in the estimates. We simulated 1000 realisations from both types of synthetic time series

to examine effects in discrete as well as continuous dynamics. In the case of the Lorenz

trajectories, the x-component was sampled evenly at a fixed rate of ∆t−1 = 20 points per

unit time. Zero-mean Gaussian random samples of varying standard deviation were added

to the N = 105-long time series values to emulate measurement noise.

We compute patterns for 4 ≤ m ≤ 8 at various SNR levels and then estimate Pf ,

represented as a percentage. The mean (marker symbols) and standard deviation (error

bars) of the estimator over the different realisations is depicted in Fig. 3.3 and Fig. 3.4 for

the logistic and Lorenz systems, respectively. The corresponding P(7)
f values for noiseless

realisations are shown in red.8 The time delay is chosen to be a single point to avoid

aliasing effects. Throughout this chapter we focus on the case of maximal overlap ∆wm =

1 for three reasons: (a) it is in accordance with most studies in ordinal analysis [18],

7See Appendix A for the equations and parameter labels of the systems from which all synthetic time
series in this study are generated.

8Standard errors in this case are negligible.
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(b) parameter investigation on model chaotic systems using information theory measures

indicates that optimal results are obtained at this value, and (c) only one free parameter

needs to be tuned, the pattern length m. However, we defer a systematic sensitivity

analysis as ∆wm is varied for Chapter 4.
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Figure 3.3: Relative count of forbidden patterns as a function of the signal-to-noise ratio (in
decibel) for 4 ≤ m ≤ 8. Estimates are computed from 1000 realisations of a chaotic (r = 4) regime
of the logistic map, each composed of N = 105 sample points with various amounts of zero-mean
Gaussian observational noise superimposed. Mean and standard deviations (error bars) are shown.

First of all, as expected, Pf is very close to zero for low SNR levels irrespective of the

value of m. Complete absence of forbidden patterns is indicative of lack of determinism

within the data and points to a stochastic process as the likely source. Given the very high

amount of noise present, the estimator counts patterns which would not occur otherwise,

i.e. false admissible patterns (described in Sec. 3.6) appear. However, we remark that when

m = 7, 8, we obtain non-zero estimates which demonstrate a certain extent of robustness

even for low-quality signals. Another observation regarding the low SNR time series is

that standard errors are negligible in general, and only slightly more noticeable in the case

of discrete dynamics for m = 7, 8. Thus, the spread in the distribution of Pf values over

the 1000 realisations is small which implies consistently low estimates computed from very

noisy data.

At the other end of the spectrum, when the signal strength is significantly higher

than the amplitude of observational noise, Pf values are rather high. This suggests the

presence of a major deterministic component in the data, as expected from such low-

dimensional chaotic dynamics. In fact, a comparison to the corresponding estimate for

noiseless data indicates good accuracy and a rather high robustness once SNR is greater

than approximately 80dB for m = 7 or 40dB for m = 8. In addition, a saturation to

constant values is displayed in the Lorenz case irrespective of m. This is only evidenced
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for m ≥ 6 in the logistic system, with saturation effects presumably prevailing at greater

SNR levels for lower m values. This comparison suggests that computing ordinal patterns

from discrete-time dynamics yields more sensitive estimates to observational noise than in

the case of continuous-time flows. We hypothesise that this effect is due to the absence of

ancillary restrictions on state-space motion in discrete-time dynamics, constraints which

would be posed by continuity. Note also that standard errors in the estimator Pf computed

from time series with large SNR values are negligible, except for m = 4 in the logistic

case. This low variance of the distribution of Pf values attests to the consistency of

high estimates when the underlying signal is deterministic and contaminated with only

small amounts of noise. There is not much variability as deterministic constraints are

dominating without exception.

0 20 40 60 80 100 120 140
SNR (dB)

0

20

40

60

80

100

P
f
(%

)

m = 4
m = 5
m = 6
m = 7
m = 8
m = 7(S)

Figure 3.4: Relative count of forbidden patterns as a function of the signal-to-noise ratio for
4 ≤ m ≤ 8. Estimates are computed from 1000 realisations of the original chaotic Lorenz regime
(σ = 10, ρ = 28, β = 8/3), each composed of N = 105 sample points with various amounts of
zero-mean Gaussian observational noise superimposed. Mean and standard deviations (error bars)
are shown.

An important remark concerns the saturation phenomenon, which occurs for both

types of dynamics and sufficiently large (possibly any) m, upon increasing SNR beyond

a certain threshold. The latter is dependent on m, with results suggesting an inverse

relationship between the two. For instance, for m ≥ 7 this saturation threshold is located

at approximately 60dB which is surprising; usually higher SNR levels are to be expected

– even for lower quality data sets – in sciences which involve precision measurements.

Coupled to the low variability of Pf to random fluctuations, this result is suggestive of

significant robustness to observational white noise, i.e. given a fixed value for m, increas-

ingly smaller amounts of noise contamination lead to a convergent estimate for Pf . These

observations illustrate the overarching finding of the present analysis. The estimator is
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very robust if SNR lies at even moderate dB values for time series obtained from precision

measurements, common among disciplines such as physics or engineering.

The highest levels of variability in the corresponding Pf estimates among different

noisy realisations are observed in the region of intermediate SNR levels where Pf is growing

rapidly from low values towards the saturation point attained at higher SNR levels. The

effect is evident in both systems. The one notable difference is that the growth of Pf as

a function of SNR is faster in the case of continuous-time dynamics. The higher spread

in the distribution of forbidden patterns for intermediate SNR values is a reflection of the

fact that this constitutes a marginal case from a forbidden patterns perspective. Some

of these realisations are more noisy than others, a proportion of the admissible ordinal

patterns is false and hence the estimator is lower for these datasets. Other time series

which are only slightly less noisy exhibit a disproportionately higher Pf estimate.

Finally, as displayed in both Fig. 3.3 and Fig. 3.4, we observe that the higher the

value of m, the larger the proportion of forbidden patterns out of all possible – which is

strongly indicative of a deterministic signal – due to the outgrowth property. In general,

higher resolution reveals the underlying deterministic complexity even among rather noisy

signals.

For a brief comparison to the existing literature, we remark that the effects of noise on

PE in chaotic signals drawn from the logistic map were studied by Bandt and Pompe [24].

Higher sensitivity in periodic regimes and significant robustness in chaotic regimes where

the influence of noise is weaker were reported. Amigó et al. [11] also examined robustness

of Pf to white noise and their results are consistent with ours. The estimator displays high

robustness. Additionally, the authors estimated its profile as a function of the standard

deviation of noise and the total number of sample points (again in the logistic map).

3.4 Irregularly-sampled Time Series

Real-world data sets often appear in the form of non-uniformly sampled time series. This

may be due to many different causes such as device failure, weather conditions, human

error, the nature of the system (e.g. financial transactions data) or the measurement

method (e.g. geological data), small fluctuations because of external factors and more. For

this study we are motivated by geoscientific [41] and paleoclimate time series [206, 169, 141]

which are characterised by missing entries and large chronological gaps. Although there

exist several types of irregular sampling, which can vary from rather mildly to highly

unevenly spaced data, the majority of established techniques in time series analysis assume

that data at hand is sampled in a regular fashion, both for simplicity and tractability.

Consequently, there is an increasing need to extend the applicability of existing techniques

and create more sophisticated tools to reliably analyse irregularly sampled time series.

For linear systems, the Lomb-Scargle periodogram (also known as Vanicek’s least-square

method) [212, 127, 181] is an example towards this direction. For nonlinear systems, there

exist a few notable recent examples such as the similarity estimators proposed by Rehfeld
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and Kurths [168], the distance metric for marked point processes by Suzuki et al. [203]

and the transformation-cost time series approach [160, 73].

Kulp et al. [119] studied the reliability of estimator Pf as a criterion for detection

of determinism in two types of irregularly sampled data by varying the total observation

time and using m = 4, 5. In a previous study [138], we extended this investigation by

exploring the parameter space of the method in more detail and highlighting the impor-

tance of choosing a value for m as large as possibly permitted by the length of the data

set. Numerical experiments were then conducted under this new scope on both regularly

sampled data (of various sampling periods) and irregularly sampled data – resulting from

(a) random depletion and (b) timing jitter. Results on the measure’s robustness were

interpreted from a nonlinear dynamics perspective and are suggestive of high reliability

under. For chaotic data the main condition is to ensure a low mean sampling interval (or

alternatively a high sampling rate), in particular lower than the decorrelation time of the

system [138]. For periodic data the regularity of the sampling scheme is key since period-

icity is still captured by the estimator, albeit at different (greater) periods in comparison

to the original [138].
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Figure 3.5: Contrast between regular and irregular sampling schemes. Exponentially (Poisson
sampling), Pareto and Gamma distributed sampling intervals of fixed mean ∆t = 0.1. Sketch of
10 successive sample points.

In the study presented in the following sections, we further extend upon previous re-

sults by exploring cases of more ‘severe’ irregular sampling, far removed from the regular

sampling grid archetype. The types of unevenly sampled synthetic data we examine are

more characteristic of geoscientific measurements such as geological or paleoclimate data,

and pose a formidable challenge for the ensuing time series analysis under any method-

ological approach [73]. The question we ask is about the reliability of the estimator Pf
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as a criterion for the existence of determinism in highly irregularly sampled time series.

The sampling schemes (sketched in Fig. 3.5) we examine here include a Poisson sampling

process (exponentially distributed intervals), Pareto sampling (example of a power-law

distribution) and Γ-distributed sampling periods for various degrees of skewness.

3.5 Methodology: Sampling Schemes

We generate sythetic data for various irregular sampling schemes, as illustrated in the

sketch of Fig. 3.5, whose details are described below. To address the common practical

issues associated with ordinal patterns [6], such as finiticity and noise, we simulated very

long deterministic trajectories from the well-studied Lorenz system in the absence of noise.

To avoid undersampling, the condition N � m! +m− 1 needs to hold [6].
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Figure 3.6: Sample of (a) periodic Lorenz, (b) chaotic Lorenz, (c) 8-periodic Rössler and (d)
hyperchaotic 4D Rössler trajectories.

For comparison purposes, we use the same parameter regimes as in [119] and our

previous study [138] with ρ = 200, β = 8
3 and (a) σ = 100 or (b) σ = 25 for periodic

and chaotic dynamics, respectively. Time series of 20000 time units were generated af-

ter transient effects were removed, which corresponds to approximately 89726 cycles9 in

the periodic data (mean cycle period Tmean ' 0.22, Fig. 3.6a) and 64788 cycles in the

chaotic data (Tmean ' 0.31, Fig. 3.6b). We pick the x-coordinate for the ensuing numeri-

cal experiments. For additional verification of our findings, we repeated all experiments by

9Technically in the case of chaotic dynamics, the term ‘cycle’ refers specifically to a periodic orbit. In
this chapter solely, we refer to ‘cycles’ in the sense of pseudo-cycles typical of highly recurrent motion,
examples of which constitute the 3D and 4D Rössler dynamical systems – or the orbit of the earth around
the sun to draw a real-world instance. The quoted estimates of the mean cycle time are then approximations
to the mean recurrence time.
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computing ordinal patterns from x-component time series generated by the Rössler system

in an 8-periodic regime (a, b, c) = (0.3848, 2, 4) (Fig. 3.6c) and the four-dimensional (4D)

Rössler system in a hyperchaotic regime (a, b, c, d) = (0.25, 3, 0.5, 0.05) (Fig. 3.6d), for sim-

ilarly long trajectories (total number of cycles of the same order of magnitude). Different

∆t values to the Lorenz examples are used to ensure an approximate correspondence of

the sampling frequency (rather than the period) among experiments with different data

sets.

Consider a regular sampling grid with sampling intervals of fixed size ∆t, and sampling

times τk = k∆t, k = 0, 1, 2, .... The corresponding sampling rate is constant and equal to

∆t−1 points per unit time. In order to sample in a highly irregular fashion, we consider

three different distributions. Henceforth, sampling intervals tk = τk+1 − τk ∈ Tk are

not constant, but rather independently and identically distributed random variables. We

are interested in the three following cases. Firstly, sampling τk by means of a Poisson

process, in which case sampling intervals Tk ∼ Exp(λ = ∆t). The sole parameter of the

exponential distribution, the intensity λ, is set to the value of a characteristic sampling

interval of a corresponding regular grid, ∆t, so as to fix the mean E[tk] as a reference

for comparison. Secondly, we sample using intervals drawn from a power-law distribution,

specifically Tk ∼ Pareto(xm = ∆t, α), where the shape parameter α = 10 (tail index) is

such in order to ensure a non-vanishing probability for only moderately-sized ‘chronological

gaps’ (larger sampling intervals in comparison to a typical ∆t). The scale parameter xm

is set to ∆t and, hence, E[tk] = 10∆t
9 . Finally, we sample from a Gamma distribution of

varying skewness where Tk ∼ Γ(α, θ = ∆t
α ). Its density function is defined by

fTk(tk;α, θ) = P[Tk = tk] =
Tα−1
k e−

tk
θ

θαΓ(α)
, tk > 0, α, θ > 0,

whereby the shape parameter α =
(

2
Skew(Tk)

)2
depends only on the skewness of the dis-

tribution. The shape parameter θ = ∆t/α is defined by means of the formula for the

first moment E[tk] = αθ, again fixed to ∆t. A Γ-distribution with varying skewness can

capture several types of irregular sampling, ranging from normal to exponential to power-

law distributions. Empirical sampling distributions, from paleoclimate data in particular

[169], seem to follow the Γ-paradigm with very high skewness (large gaps inbetween dense

areas). When Skew(tk) = 2, it is equivalent to an exponential distribution of intensity

∆t−1. As α→∞ and the skewness decreases at a rate proportional to α−
1
2 , it approaches

a normal distribution with µ = ∆t and σ2 = ∆t2

α . We vary the skewness in accordance

with the analysis performed by Rehfeld et al [169].

3.6 Reliability of CFP Estimator

To demonstrate how sampling by means of a Poisson process affects the estimated propor-

tion of forbidden patterns in the periodic and chaotic Lorenz data, we plot the percentage
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of forbidden patterns as a function of the sampling intensity ∆t in Fig. 3.7 for 4 ≤ m ≤ 8

and the corresponding experiments on regularly sampled data of period ∆t with m = 7.

Recall that periodic systems are highly regular and generally admit only a very small

number of m-patterns, smaller with increasing pattern length by virtue of the outgrowth

property. Thus, the relative count of forbidden patterns is very large and P(m)
f usually

lies in the highest decile (> 90%) provided m is not too small. This is also evidenced by

the cross marks depicting the case m = 7 of evenly-spaced data (red) in Fig. 3.7a. In

comparison to regular sampling, there is a dramatic drop in P(m)
f in the case of Poisson

sampling for both periodic and chaotic time series (Fig. 3.7b).
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Figure 3.7: Proportion of forbidden patterns in periodic (top panel) and chaotic (bottom) Lorenz
time series sampled by means of a Poisson process for various intensities with mean sampling
interval ∆t and 4 ≤ m ≤ 8. The m = 7 curve for regularly sampled data of fixed interval ∆t is
shown in red.

Three key observations can be made from Fig. 3.7. Firstly, P(m)
f decays to zero very

rapidly in the cases of small pattern length m = 4, 5. This implies that false admissible

patterns are detected for almost all mean sampling intervals, patterns which should not be

present (type I error in statistical terms, a ‘false positive’). The estimator is very unreliable
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if m is small and can lead to misleading conclusions, failing to detect any deterministic

component completely. Even with m = 6 and a mean sampling interval of ∼ 0.05-0.06 (17-

20 points per unit time), almost no forbidden patterns are detected with Poisson sampling.

This is in accordance with our previous conclusions about the unreliability of the P(m)
f

estimator when m is small [138]. The effect is even more pronounced in the case of Poisson

sampling.

Secondly, if m ≥ 7, there is a substantial increase in the count of forbidden patterns

but only for smaller mean sampling intervals. There is a huge discrepancy in the periodic

case between the two sampling schemes as ∆t increases. This can be seen by comparing

P(7)
f in Fig. 3.7a for regularly and Poisson sampled data when ∆t > 0.1. The estimator is

detecting a particularly high number of forbidden patterns in the regular case, indicating

a very dominant deterministic component (as expected), while none in the Poisson case

for m = 7 pointing to white noise. This is due to the fact that regularly sampled periodic

data will always manifest their periodicity in the count of forbidden patterns irrespective of

sampling period. In other words, the estimator will always detect regularity and periodicity

even if aliasing due to undersampling leads to measuring a period greater than that of

the original signal [138]. When data is obtained by Poisson sampling, on the contrary,

the estimator leads to increasingly more false admissible patterns as the mean sampling

interval becomes larger and gradually decays to zero. Note that this is not the case when

m = 8 because at some point, around ∆t ' 0.25, the effects of undersampling due to

insufficiently long data sets (the condition N � m! − m + 1 fails as N ' 67000 and

8! = 40320) counterbalance the effects of the irregularities in the sampling interval. False

forbidden patterns in the sense of Amigó et al [6] arise (Type II error, ‘false negative’),

which make the estimator increase again with ∆t, once higher than 0.25 approximately,

and will eventually approach 1.

Thirdly, the chaotic case (Fig. 3.7b) indicates similar flaws in the detection of forbidden

patterns, but the discrepancy compared to regular sampling is smaller if the mean sampling

interval is small. In particular, comparing the two schemes for m = 7 as previously, one can

see that the count for ∆t = 0.01 differs only by approximately 5% or less. This is consistent

with our previous findings on the relationship between the mean sampling period and

the decorrelation and/or Lyapunov time of a chaotic system [138]. Sampling irregularly

severely affects the count of forbidden patterns, however if the resolution is high enough,

the estimator can be very reliable. Larger mean sampling intervals, which are closer to the

system’s decorrelation time, can lead to uncorrelated consecutive measurements. These

measured values will in turn lead into the introduction of novel false admissible patterns,

followed by a consequent drop of the forbidden patterns’ estimator to zero. This implies

that the mean sampling interval is a more significant factor when sampling chaotic systems.

Finally, note that comparison between the m = 7(R) curves of Fig. 3.7a and Fig. 3.7b,

which correspond to uniformly sampled data, might give the misleading impression that

some mechanism is destroying forbidden patterns. However, both the decreasing trend

in the chaotic regime and the constant curve in the periodic regime can be explained by
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Figure 3.8: Proportion of forbidden patterns in hyperchaotic 4D Rössler time series sampled by
means of a Poisson process for various intensities with mean sampling interval ∆t and 4 ≤ m ≤ 8.
The m = 7 curve for regularly sampled data of fixed interval ∆t is shown in red.

considering the topological entropy htop(T ) of the dynamics, where T denotes the discrete

map which acts as the (numerical) approximation of the continuous system. Sampling at

different frequencies leads to the collection of data corresponding to some integer multiple

iterate of this map, T (n). In the chaotic case, one may evaluate htop(T ) of successive

iterates T (n),T (2n), ... such that they match successive ∆t values. This yields decreasing

values of the form 1− em[nhtop(T )−ln(m)+1] due to the relation between the outgrowth rate

of admissible patterns to htop(T ) [26, 6] and explains the trend. In the periodic case, the

topological entropy of the map is zero and thus the curve is expected to be constant.

This analysis is consistent with the results obtained from the 8-periodic Rössler (re-

sults omitted) and the hyperchaotic 4D Rössler (Fig. 3.8) time series. The curves are

characterised by similar trends. All m ≤ 6 curves eventually decay to zero once sampling

is sufficiently sparse on average. The m = 7 curve presumably decays to zero at ∆t ' 2.

The emergence of false admissible patterns responsible for the drop in P(m)
f is evident even

for small mean sampling intervals. The one difference in this case is that the estimator

displays improved accuracy for very fine sampling resolutions. This is clear by the jux-

taposition of the m = 7 and m = 7(R) curves for small ∆t between Fig. 3.7a, Fig. 3.7b

and Fig. 3.8. The discrepancy in the P(m)
f estimates computed from the hyperchaotic 4D

Rössler is lower for all ∆t.

Fig. 3.9 depicts the corresponding results for Pareto distributed sampling intervals

with the scale parameter analogous to the interval size of a regular grid. Surprisingly,

Pareto sampling with moderate sampling gaps is not detrimental for the estimation of

the proportion of true forbidden patterns as long as m is not too small, which is clear
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Figure 3.9: Proportion of forbidden patterns in (a) periodic and (b) chaotic Lorenz time series
with sampling intervals drawn from a Pareto distribution by varying the scale parameter (=∆t)
and 4 ≤ m ≤ 8. The m = 7 curve for regularly sampled data of fixed interval ∆t is shown in red.

from the periodic case (Fig. 3.9a). When m ≥ 7, the regularity of this dynamical regime

is evidenced by the fact that P(m)
f is close to 1 as expected. The results for the chaotic

trajectory (Fig. 3.9b), in particular the comparison between the m = 7 cases, confirm that

Pareto sampling has relatively mild effects on the estimator of forbidden patterns, without

a major departure from the results obtained using uniformly sampled data.

A sensible conjecture is that as long as the sampling scheme contains enough ‘dense’

areas, i.e. finely sampled, the existence of large sampling gaps does not alter the estimated

proportion of forbidden patterns that much – as long as the mean sampling interval is not

too large or the pattern length too small. To emphasize this point, Fig. 3.10 shows a

comparison between regular, Poisson and Pareto sampling for m = 7 and various ∆t. For

comparison, we also sampled from a Γ(1,∆t) distribution which corresponds to exponen-

tially distributed sampling intervals of mean equal to ∆t−1. Pareto sampling is virtually

indistinguishable from regular sampling if the resolution is sufficiently fine (here ∆t ≤ 0.07,

∼ 14 points per unit time) in the periodic system. In the chaotic data set, this is only
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the case for ∆t ≤ 0.04, but the difference from regular sampling is never larger than 20%,

even for very coarse-grained sampling.
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Figure 3.10: Proportion of forbidden patterns in (a) periodic and (b) chaotic Lorenz time series
(m = 7) sampled in four different ways. Regularly at fixed interval ∆t, as a Poisson process of
intensity ∆t, and with sampling intervals drawn from Pareto(∆t,10) and Γ(1,∆t) distributions.

Exponentially distributed sampling intervals, either from a Poisson process or from

a Γ(1,∆t) distribution, lead to severe underestimates of the relative count of forbidden

patterns. This is true even for small ∆t. There is one key difference between these two

schemes, however, as the Γ-distributed data were sampled at a mean sampling interval of

∆t−1. Therefore, the interpretation of the results of Fig. 3.10 in the case of this sampling

scenario is different altogether. When ∆t is very small, consider 0.01 or 0.05 for instance,

the corresponding mean sampling intervals are 100 and 20, respectively. The relatively

high count of forbidden patterns here is owing to the fact that the time series has in fact

been severely undersampled, there is insufficient data. As ∆t increases, the mean sampling

interval reduces and more data points lead to more visible patterns, and hence a lower

count of forbidden ones. This decrease will presumably continue and lead to a decay to

zero until ∆t ' 10. Afterwards, the mean sampling time will be less than 0.1 and P(m)
f is
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Figure 3.11: Probability density function (top), corresponding logarithmic-scale plot (middle) and
complementary cumulative distribution function F c(tk) = Pr[Tk ≥ tk] (bottom) for Γ-distributed
sampling intervals of various degrees of skewness and mean ∆t.
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Figure 3.12: Proportion of forbidden patterns in (a) periodic and (b) chaotic Lorenz time series
obtained using Γ-distributed sampling intervals with mean ∆t as a function of the skewness for
6 ≤ m ≤ 8. The corresponding count for regularly sampled data of fixed interval ∆t and m = 7 is
shown in red.

expected to follow the results corresponding to the exponential curve (squares) in reverse

direction, thereby rendering meaningful estimates.

In summary, Pareto sampling within the parameter range outlined above does not

significantly affect the relative count of forbidden patterns. Poisson sampling, in stark

contrast, severely affects the estimated proportion of forbidden patterns and produces

underestimates due to the presence of several false admissible patterns. However, the

estimator is still highly robust if the mean sampling interval is sufficiently small. For

chaotic systems, the time it takes for the autocorrelation function to cross zero may be

used as a heuristic for a threshold.

The aforementioned observations lead to the question of whether one could potentially

classify irregular sampling schemes based on their effects on the reliability of the forbidden

patterns’ estimator in detecting determinism. To this end we consider Γ-sampling by

varying the skewness for a fixed mean sampling interval ∆t. The different probability
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density functions corresponding to various degrees of skewness (different colours) are shown

in Fig. 3.11a for a portion of the domain we have elected to use, ∆t ∈ [0, 0.3], along

with the relevant logarithmic-scale plot on the full domain (Fig. 3.11b) for large values

of the skewness (exponential and power-law behaviour). The associated complementary

cumulative distributions are shown in Fig. 3.11c.

Fig. 3.12 shows the relative count of forbidden patterns for various skewness levels.

When Skew(tk) is very small, the shape parameter is large and the distribution of sam-

pling intervals is essentially normal, centered around 0.05. The lowest value we chose is

Skew(tk) = 0.1, which yields a variance of 1.25 × 10−4. The sampling scheme in this

case is very similar to a regular grid with small timing jitter. The top panel of Fig. 3.12

confirms that P(m)
f is close to 100% for all m, as expected for a periodic regime. In fact

for m = 7, the value almost coincides with the one obtained from regularly sampled data.

The situation is analogous in the chaotic case as the proximity to the regular grid reference

line indicates. Insufficiency of data with respect to 8! causes an overestimate in the case

of m = 8. The discrepancy between the estimates for the regularly and the irregularly

sampled data when m = 7 and the skewness is small is of the order of 1%.

Once we start increasing the skewness, P(m)
f drops very fast reaching a minimum in the

region 2 ≤ Skew(tk) ≤ 4. Note that Skew(tk) = 2 corresponds to sampling by means of

a Poisson process with exponentially distributed sampling intervals. This result confirms

the conclusions reached previously, this scheme seems to be one of the worst for accurately

estimating the proportion of true forbidden patterns admitted by a time series.

Once the skewness of the sampling distribution increases even further (intuitively mak-

ing it more asymmetric), its density function approaches a power law (see middle panel

of Fig. 3.11 above), rendering larger chronological gaps in the sampling scheme more fre-

quent. In contrast to typical ‘fat-tailed’ distributions like Weibull’s or Pareto’s with a very

small tail index, however, the exponential decay term ensures that densely sampled areas

also occur, and in fact much more frequently.

This phenomenon can be better explained by looking at Fig. 3.11. Keeping in mind

that the mean sampling interval is the same for all distributions, we examine the hetero-

geneity of the sampling distribution through the lens of the complementary cdf P [tk ≥ t∗]
(Fig. 3.11c). In particular, we observe the frequency of extreme values in a statistical

sense. How many densely sampled areas (tk → 0) exist? How many large chronological

gaps (tk → ∞)? Fine-resolution regions consist of data points whereby temporal neigh-

bours are highly correlated (if generated by deterministic rules) and lead to increased

robustness in terms of the forbidden patterns’ estimator. Large chronological gaps lead

to measuring successive values which are not correlated and the consequent introduction

of false admissible patterns. However, the length of these large gaps is not so important

since its presence can give rise to at most m − 1 false admissible patterns. It is rather

the frequency of larger gaps than a certain threshold that is of utmost significance. Since

the autocorrelation function crosses zero at approximately t = 0.05 for our chaotic Lorenz

data, we propose this value as a threshold.
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By looking at Fig. 3.11c and P [tk ≥ 0.05] specifically, we observe that the frequency

of larger ≥ 0.05 sampling intervals is much higher for the normal distributions (S-shaped,

magenta, cyan and green in colour) and the exponential (blue) than the power-law dis-

tributions (black and red curves). However, intermediate-sized sampling intervals are

produced at a significantly higher rate by normally distributed sampling schemes and so

the complementary cumulative distribution drops very rapidly. In fact, exponentially dis-

tributed data exhibit the highest probability of intervals in the range 0.05 ≤ tk ≤ 0.1.

Additionally, it is evident from all panels of Fig. 3.11 that densely sampled areas are more

frequent if the distribution is more asymmetric and exhibits power-law behaviour. At

the same time, Fig. 3.11b shows that such sampling distributions are also characterised

by more large-sized sampling intervals (tk ≥ 0.2) in comparison to more symmetric ones.

Despite this, their overall probability is orders of magnitude lower and outbalanced by the

much more frequent densely sampled areas. Consequently, we deduce that the proportion

of true forbidden patterns may be estimated accurately when sampling deterministic sys-

tems in a non-uniform manner, even in the presence of very large sampling intervals, as

long as there is a sufficiently high number of densely sampled ‘fine-resolution’ areas.

Fig. 3.13 depicts the corresponding results from experiments conducted on 8-periodic

Rössler and hyperchaotic 4D Rössler time series. Results are in accordance with our anal-

ysis on the Lorenz data. The P(m)
f estimator produces similar values to those correspond-

ing to uniformly sampled data if the level of skewness of the sampling distribution is very

small. In addition, as the top panel of Fig. 3.13 illustrates, P(m)
f produces stable values for

a wider spectrum of skewness levels in comparison to the chaotic or hyperchaotic cases.

This stability is also evident in the periodic Lorenz case (Fig. 3.12a), albeit at a somewhat

lesser degree as the Lorenz time series is generated by a slightly more complex limit cycle

mechanism in phase space. This robustness in periodic data can be explained by the fact

that P(m)
f can capture a deterministic component in strongly periodic or quasi-periodic

data even at very coarse sampling resolutions (although at a multiple of the underlying

period). In periodic time series the regularity of sampling points is more significant than

the average sampling density, which is in agreement with our previous findings [138]. This

phenomenon may also be observed by comparing the chaotic Lorenz results (Fig. 3.12b)

with the hyperchaotic Rössler results (Fig. 3.13b). The latter is a more complex system

which however exhibits a strong quasiperiodic character in the phase-space projection onto

the x-coordinate (also manifested in the associated autocorrelation function). Therefore,

the P(m)
f estimator produces values closer to the regular sampling benchmark even for

less symmetric distributions in the region 0 ≤ Skew(tk) ≤ 1 since fewer false admissible

patterns emerge.

Furthermore, at high skewness levels we observe high P(m)
f estimates which slowly

approach the regular sampling benchmark. Note that the estimates are more accurate

in the hyperchaotic data. In this parameter region there is a simultaneous presence of

large chronological gaps and densely sampled regions as discussed above. In periodic

data whereby the regularity of sampling is of primary concern, this leads to more false
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Figure 3.13: Proportion of forbidden patterns in (a) 8-periodic Rössler and (b) hyperchaotic 4D
Rössler time series obtained using Γ-distributed sampling intervals with mean ∆t as a function of
the skewness for 6 ≤ m ≤ 8. The corresponding count for regularly sampled data of fixed interval
∆t and m = 7 is shown in red.
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admissible patterns. In chaotic or hyperchaotic data whereby the average sampling density

in comparison to the decorrelation/Lyapunov time of the system is of utmost significance,

P(m)
f estimates are more stable. This can also be seen in the Lorenz case (see m = 7

curves in Fig. 3.12a and Fig. 3.12b). Finally, if the level of skewness is intermediate,

P(m)
f produces relatively poor estimates, just as in the Lorenz case. A notable difference,

however, is that P(m)
f values are generally higher and more stable for these systems,

in contrast to the Lorenz results. Our hypothesis is that stronger periodic behaviour

minimises the potential for false admissible patterns and thus we observe slightly higher

P(m)
f values by virtue of the nature of these systems.

3.7 Conclusions

The numerical experiments conducted herein allowed us to examine the robustness of

the estimator Pf when computing ordinal patterns from irregularly sampled time series.

We considered sampling intervals from exponential, Pareto and Gamma distributions and

established the conditions under which the count of forbidden patterns can be a reliable

criterion for detecting determinism. Our findings indicate that irregular sampling plays an

important role in the resulting estimate and certain sampling distributions are preferable

to others, i.e. higher reliability can be expected. While an experimentalist does not have

the freedom of choosing a particular sampling scheme in general, given knowledge of the

sampling distribution one can make a heuristic evaluation about the reliability of this

measure as a criterion for detecting determinism in this data set.

As McCullough et al. [138] showed, the pattern length parameter needs to be set as

large as the length of the data set permits. This is in order to minimise the existence of both

false admissible and false forbidden patterns, thereby eliminating effects of uncorrelated

time series points and undersampling, respectively. Additionally, for periodic systems the

regularity of the sampling scheme is more important than the mean sampling interval,

as periodicity is still captured well from a forbidden patterns perspective even at periods

greater than the original. On the contrary, in chaotic systems it is more important to

ensure a mean sampling interval within the range where correlation is still observed in the

autocorrelation function.

Sampling by means of a Poisson point process can lead to gross underestimation of

the proportion of true forbidden patterns – unless the mean sampling interval is very low.

This is because of the creation of many false admissible patterns when many larger-sized

intervals than the critical correlation time are counted. Such patterns should not occur but

are rather a consequence of this particular manner of sampling which leads to many decor-

related pairs of successive time series points. Therefore, forbidden patterns estimates can

potentially be very inaccurate when the sampling distribution is exponential. Necessary

conditions include a sufficiently large pattern length, a long enough data set relative to m!

and a smaller mean sampling time than a typical decorrelation time, otherwise distinction

between determinism and randomness may become unreliable.



56 Chapter 3. Counting Forbidden Ordinal Patterns

Our most significant finding is that estimates of forbidden patterns do not suffer signif-

icantly in the presence of moderate or even large chronological gaps if certain conditions

are met. This type of sampling is common in geoscientific measurements and, therefore,

forbidden patterns will likely be a reliable tool in detecting determinism in such data sets.

To simulate this sampling situation, we considered Pareto and Γ-sampling distributions

with various degrees of skewness. Very low or high skewness levels produce distributions

which lead to reliable forbidden patterns estimates as long as the requirements of large

pattern length and small mean sampling interval are fulfilled. At high skewness levels, we

observed a reliability of the estimate which was more unexpected. The primary condition

here is to ensure a sufficiently high frequency of densely sampled areas (i.e. small sampling

intervals), considerably higher than the number of large chronological gaps.

Consequently, we propose that the first moment and the degree of asymmetry of an

empirical sampling distribution may be used as heuristic indicators in order to assess the

reliability of the estimate of the count of forbidden patterns. Thereby, one can further

assess the potential for detection of determinism using this measure. In this regard, either

very high symmetry – additionally characterised by very thin tails and small variance –

or complete asymmetry with moderate to fat tails is strongly preferred. Such sampling

regimes minimise the recording of both false admissible and false forbidden patterns.

Summary

The basic methodology behind ordinal symbolisation which was introduced in this chapter

will serve as a foundation for the conceptual framework and analysis presented in the

following chapters. Our results on the effects of observational white noise to the count

of forbidden patterns highlight significant robustness, especially for higher m values – a

conclusion which is reinforced by comparison to relevant results in the existing literature.

The major findings of the investigations conducted for the purposes of this chapter concern

non-uniform sampling, which affects the resulting estimates. Some sampling distributions

fare better than others in this sense. Most notably, given knowledge of the sampling

distribution of a time series, one can make a heuristic evaluation about the reliability

of the count of forbidden patterns as a criterion for detecting determinism in this data

set. The predominant finding is that estimates of forbidden patterns can be accurate

even in the presence of large chronological gaps if certain conditions are met. This type

of sampling is common in geoscientific measurements and, therefore, forbidden patterns

will likely be a reliable tool in detecting determinism in such data sets. The primary

condition for reliability is to ensure a sufficiently high frequency of densely sampled areas.

In addition to these conclusions, it is evident from all experiments that a larger pattern

length – which corresponds to higher resolution in the partition and a larger symbol space

– is more likely to capture and reveal the deterministic nature of a specified time series, if

any.



Chapter 4

Ordinal Partition and Symbolic

Networks

Overview

In this chapter we redefine the framework within which ordinal patterns were considered in

Chapter 3 – where the chief aim was effectiveness in a practical setting – by focusing on a

Markovian point of view. We explore in more detail the validity of ordinal representations

of the dynamics governing a scalar time series. Firstly, we specify the type of dynamical

systems which are of primary interest to this investigation (Sec. 4.1) and formulate the

concept of an ordinal partition in mathematical terms (Sec. 4.2). Secondly, we introduce

the notion of an ordinal network (and its three flavours; Sec. 4.4) as the graph associ-

ated with a stationary discrete-time finite-state stochastic process defined on the symbol

space (Sec. 4.3). Thirdly, we discuss necessary and sufficient conditions which ensure the

existence and uniqueness of a stationary distribution in the Markov chains under study

(Sec. 4.5). As a byproduct, an analytical connection to the normalised out-strength dis-

tribution of the directed ordinal multigraph is shown. This finding is of practical value

in terms of computation speed if the adjacency matrix is not sparse. Fourthly, we con-

sider periodicity in ordinal symbol sequences and networks and display results which act

as a proof-of-concept (Sec. 4.6). Our analysis is conducted via examination of a range

of fundamental structural properties drawn from complex network science. The ordinal

networks we study herein are produced from scalar time series of state-variable observ-

ables generated by well-known discrete (Sec. A.1) and continuous (Sec. A.2) dynamical

systems. Periodicity will illuminate a stark difference in the construction of an ordinal

network between discrete-time and continuous-time dynamics. This is a starting point for

our preach for utilisation of a Poincaré Surface of Section (PSS) in the latter case. Fifthly,

we present concrete procedures for selection of the full set of methodological parameters,

i.e. the pattern length m, time delay τ and slide lag ∆wm (Sec. 4.7). Additionally, we

provide heuristics for assessing the reliability of ordinal-based measures given a specified

number of sample points N and stipulate a precise frame of datasets amenable to ordinal
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analysis. Typically, there is a dynamic interplay between the underlying dynamical com-

plexity, the choice of m and the length of the time scale of observation. Finally, we exhibit

findings (Sec. 4.8) pertinent to the faithfulness of an ordinal network representation as an

approximation of low-dimensional dissipative (volume-contracting) and volume-expanding

deterministic dynamics and motivate further research into this avenue. This constitutes

the overarching finding (Sec. 4.9). Questions regarding the validity of an ordinal partition

are left for Chapter 5 where topological invariants are approximated.

4.1 Deterministic Dynamics

First of all, we shall define the notion of ‘deterministic dynamics’ and the family of systems

which we are interested in. This will allow a meaningful definition for the notions of

partition, symbolic itinerary and Markovian model in the following sections. Also, this

will restrict the scope of real-world time series amenable to this analysis.

A deterministic dynamical system is defined by the pair (M, φ) of specified (a) state

spaceM and (b) evolution rule φ in time t. Both are characterised by certain properties.

In the general setting, M can be any topological space which locally resembles Euclidean

space, i.e. a manifold. We further require that it is closed and bounded, i.e. compact.

Points within, say x(t) ∈ M ⊆ Rd for some dimension d, uniquely represent the state of

the system at some instant in time. The evolution rule1 φ is required to be (a) single-

valued, i.e. maps a point to exactly one point, so as to ensure determinism and (b) smooth,

i.e. is continuous and infinitely (or, at least, as many times as necessary) differentiable.

We may speak of evolution in continuous time t ∈ R, a continuous-time flow, or advances

in discrete time steps n ∈ Z, i.e. a discrete-time flow or iterated map2. The former is

prescribed by a set of ordinary differential equations of the form

ẋ =
dx

dt
= φ(x(t)), where x =


x1

x2

...

xd

 (4.1)

while the latter is given in terms of recurrence relations of the form

xn+1 = φ(xn). (4.2)

We do not consider the non-autonomous case φ(x(t), t).3 The solution of equations (4.1)

1Often referred to as the ‘law of motion’ in the physics literature.
2While technically incorrect, the term ‘flow’ is often used for continuous systems, while the term ‘map’

is reserved for discrete systems. We try to abide by this maxim to a certain extent so as not to generate
confusion in the remainder of this thesis, but minimise the use of the latter. Note that the term ‘flow’ may
be used interchangeably with ‘trajectory’ to describe solutions of equations of the form of both (4.1) and
(4.2) [215]. The term ‘map’ is more generic and can be replaced by the words ‘function’ or ‘transformation’
in the usual mathematical sense.

3Except for the case of a periodically-forced VanDerPol oscillator – which can be recast in autonomous
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and (4.2), respectively given by x(t; t0,x0) and x(n;n0,x0) for some initial4 state x0 =

x(t0) or x(n0) is called a flow or trajectory. The set of all state-space points which lie in

the ‘past’ or ‘future’ of a specified x0
5, or alternatively on the trajectory passing through

x0, is referred to as the orbit through x0. It is given by

O(x0) = {x ∈ Rd | x = x(t; t0,x0), t ∈ I ⊆ R}, (4.3)

and similarly for discrete-time systems.

In order to speak of Markovian descriptions of deterministic dynamics, we shall restrict

our attention to even more specific families of systems. First of all, the characteristic

shared by all systems under study is chaotic behaviour, i.e. sensitivity to initial conditions,

topological mixing and the existence of dense periodic orbits.6 In addition, the evolution

rule φ is required to be a measurable transformation. Endow M with a σ-algebra7 ΣM

and associate with an invariant probability measure

ν :M→ [0, 1] | ν(A) = ν(φ−1(A)) ∀A ∈ ΣM

such that we may talk of a probability space denoted by the triplet (M,ΣM, ν) and a

measure-preserving dynamical system, i.e. one which obeys a ‘conservation of mass’ prin-

ciple with respect to the action of the evolution operator φ. Technically, the probability

space is also equipped with a filtration {Ft}t≥0 (or {Fn}), i.e. an increasing sequence

of σ-algebras on the measurable space M such that t1 ≤ t2 ⇒ Ft1 ⊆ Ft2 . Given that

the natural measure of the system is unknown, one resorts to simpler alternatives in or-

der to compute an estimate thereof from {xn}Nn=1, a scalar time series realisation of N

time-ordered sample points of the state of the system.8 This inadvertently leads to the

consideration of different types of finite state-space partitions. In practice, the best al-

ternative for the estimator of the natural measure (invariant density) ν, which we call ν̂

hereinafter, reduces to essentially counting symbols in some manner or other [153, 154, 78].

In this thesis ordinal patterns constitute the set of symbols of choice.

4.2 Ordinal Partition

For the purposes of this analysis, consider further a mapping ofM to a higher-dimensional

space Rm with m > d via a time-delay embedding of a single point lag [204]. Provided

certain smoothness and genericity conditions on φ which are fulfilled by the family of

form by considering time as an additional state variable and examining trajectories in Rd+1.
4The variables t0 and n0 simply denote the starting time of observation; their value may be set to 0

without loss of generality.
5Which acts solely as a label due to dynamical invariance.
6Any dynamical orbit is a limit point of some unstable periodic orbit.
7Intuitively, we wish to consider subsets of outcomes of a probability space, not just elementary events.

To ensure mathematical consistency – and in practice meaningful probability models in the usual frequentist
interpretation – closure under complementation, countable unions and countable intersections is required.

8Index n is used intentionally to emphasize that time series obtained from any type of system, whether
discrete or continuous in theory, always form a discrete-time process in practice.
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systems defined above, a sufficiently large m – specifically larger than twice the fractal

(box-counting) dimension D0 of manifold M [180] – ensures the existence of a diffeomor-

phism between the original and reconstructed state spaces. The image state spaceMIMG,

and not the original manifoldM, is the space which will be partitioned into a finite number

of elements. Therefore, this initial step of the multi-stage procedure underlying ordinal

symbolisation is very significant. Topological equivalence between original and embedded

dynamics needs to be ensured.

The image state space MIMG ⊆ Rm may then be covered by a finite collection of

connected sets of non-empty interior, Q = {Q1, Q2, ..., Qm!}, indexed by members of Sm in

the chronological index rank manner prescribed in Chapter 3 and referred to as an ordinal

partition of order m. Recast here, we have that given any point x = (x1, . . . , xm)T ∈
MIMG,

x ∈ Qπ∈Sm if and only if xπ1 ≤ xπ2 ≤ · · · ≤ xπm , (4.4)

which must always be true for some permutation label π = (π1, π2, . . . , πm) ∈ Sm as we are

only concerned with linearly ordered sets. Moreover, this mapping is obviously unique.

The lack of strict inequalities connotes the resolution of ranking ties via chronological

order.

-50
-50

-50

R60z
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Figure 4.1: Ordinal partition of 3-dimensional state space form = 3 into regionsRi, i = 1, ...,m! =
6. Approximately 500 cycles of the Lorenz trajectory are shown.

Intuitively, each element of an ordinal partition is spatially defined by a region whose

boundaries are formed by the xi = xj cross-sectional hyperplanes of Euclidean space Rm,

where xi denotes the ith coordinate. For instance, in R2 the sole boundary is provided by

the identity line x = y (or x1 = x2). In R3 these are the x = y, x = z and y = z planes as

depicted in the partition of Fig. 4.1. Notice that the identity line x = y = z is a shared

boundary between all 3! = 6 regions. In R4 the six 3-dimensional spaces xi = xj where
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i, j = 1, . . . , 4 segment the full space into 4! = 24 regions with the identity line (1, 1, 1, 1)T

again being a common boundary, a fact which holds in general regardless of the value of m.

Therefore, each of the m! regions in Rm may also be prescribed by a hyper-arc denoting a

different angular location of points with respect to the identity line 1 = (1, 1, . . . , 1)T ∈ Rm.

We remark that the pattern length dictates both the resolution of this linearly-ordered

partition of space (uniform size 1/m!) and its dimensionality. Irrespective of the original

state space of the system, we are mapping the data to increasingly higher-dimensional

spaces upon increasing the resolution.

This is not a partition in the strict sense as we are not faced with pair-wise disjoint

elements due to shared boundaries. To overcome this difficulty in practice, Bandt and

Pompe [24] suggested using chronological order as a criterion for sorting ranking ties.

This is equivalent to sending every observed point on the boundary into the interior of one

of the two adjacent elements. However, in rigorous terms, the covering has the following

two properties:

(I) ∪m!
i=1 Qi =MIMG

(II) Int(Qπ) ∩ Int(Qξ) = ∅ if π 6= ξ

where Int denotes the interior of a set, excluding boundary points. The set of elements

of the partition Q, labelled by permutations of natural numbers, will serve as the sym-

bolic alphabet of an associated Markov model for the evolution rule φ once our symbolic

dynamics are defined as follows.

Recall the orbit O(x0) which may be also designated by the bi-infinite sequence

{. . . , φ−3(x), φ−2(x), φ−1(x),x, φ(x), φ2(x), φ3(x), . . . } ∀x ∈ O(x0). SinceMIMG is fully

covered by partition Q, which is guaranteed by property (I), every point x ∈ Qπ for some

permutation π. Similarly for all its iterates φn(x). Consider a sequence comprising of

labels of Qn ∈ Q which is defined via the orbit O(x0), i.e. a bi-infinite sequence

{sn}∞−∞ = {sn ∈ Sm | φn(x) ∈ Qsn}, (4.5)

which represents the analogous symbolic orbit. The finite symbolic itinerary9 sn defined in

Sec. 3.1 constitutes a time-contiguous sample drawn from this sequence. Using a decimal

point, we can separate si<0 from si≥0 in the form . . . s−2s−1.s0s1s2s3s4 . . . and speak

of current state, future and past. This construct suffices for delineation of shifts (and

subshifts) of finite type and the associated symbolic dynamics.

9We allow the slight abuse of notation in this single instance since we only refer to the finite itinerary
sn hereinafter.
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4.3 Ordinal Stochastic Process: a Discrete-Time Markov

Chain

Instead of following the direction of topological conjugacy and studying subshifts of finite

type, as in [12, 3] within the Amigó paradigm, we opt for a Markovian description. We

define discrete-time stochastic processes of countable state space for increasing m on the

set of permutations by means of the counting measure and information extracted from a

sample trajectory.

Consider the σ-algebra ΣQ of all subsets of the symbol space and the associated count-

ing measure µ which we apply to the symbolic itinerary sn. In particular, we record

pairs of consecutive ordinal patterns drawn from the ordered product space Sm × Sm.

They represent forward-time transitions between admissible patterns, or alternatively a

single action of φ on elements of the partition Q. This information provides the founda-

tion for the transition probabilities which will render this stochastic construction into a

Markov chain. Given a consecutive pair of ordinal patterns in the symbolic itinerary, say

. . . , sn = π, sn+1 = ξ, . . . denoting the corresponding partition elements Qπ, Qξ, we ob-

tain µ(Qπ∩φ−1Qξ) – the number of times the itinerary is in state Qπ and the φ-preimage

of Qξ simultaneously – via the counting measure µ onto the time series at hand. Normali-

sation over all possible transitions leads to a probability measure which is the equivalent of

the definition given in Eq. (3.7) in set-theory notation. Division by µ(Qπ), the normalised

version of which is the probability measure on the space of ordinal patterns as defined in

Eq. (3.1), leads to the required Markovian transition probabilities.

Given probability space (Q,ΣQ, µ) along with filtration {Fn}, we define the Sm-valued

stochastic process S = (Sn, n ∈ N) which possesses the Markov property, i.e. ∀π ∈ Sm
and n1, n2 with n1 < n2

P[Sn2 = π | Fn1 ] = P[Sn2 = π | Sn1 ]. (4.6)

Finally, we have all necessary tools at our disposal for providing a solid foundation for

the entropy measures defined in Eq. (3.4-3.9). The most fundamental question is that of

convergence as m→∞ since the number of admissible patterns grows exponentially with

m [11]. However, the Shannon-McMillan-Breiman theorem asserts that these entropies do

not diverge as m becomes large provided the source is a discrete-time stationary process.

That is, the ordinal Markov chain defined in Eq. (4.6) is characterised by the asymptotic

equipartition property.

4.4 Ordinal Network

Ordinal symbolisation so as to obtain itinerary sn together with Markov chain S allow

the association of a given time series with a directed network, as is common in the study

of Markov chains of countable state (Ch. 1 [157], Sec. 1.4, 1.7 [123]). This is the primary

flavour of a so-called ordinal network. It is constructed as follows. The set of observed
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admissible patterns is mapped onto the set of nodes V = {1, 2, 3, . . . , V } of a graph,

say G(V, E). The total number of nodes10, or alternatively network size |V| = V (m), is

equal to N (sn,m). Directed edges are assigned to pairs of patterns occurring in temporal

succession, i.e. the set of links or edges E corresponds one-to-one to admissible forward-

time transitions between regions of the ordinal partition Q as observed in the given time

series.

Formally, bijective mappings κ : Sm → V and ψ : Sm × Sm → E are applied to the

set of admissible symbols (and the product set of ordered pairs of symbols) of itinerary

sn to procure an ordinal network topology. Non-elementary events in the context of the

previously defined ordinal stochastic process of order m, say of the form Qπ ∩φ−1Qξ, are

represented by a link labelled ij, whereby it is understood that

∃n ∈ N | (κ(sn−1), κ(sn)) = (π, ξ) ∩ ψ(sn−1, sn) = (π, ξ) = (i, j) (4.7)

where π, ξ ∈ Sm are, respectively, the labels of partition elements Qπ, Qξ and i, j ∈
V. Thus, we can revert to the familiar i, j-notation following this which will facilitate

comparison of all formulas to the existing literature on ergodic theory.

The elements of the adjacency matrix W = (Wij)
N (sn,m)
i,j=1 form the primary flavour of

an ordinal network, a directed multigraph, and are simply given by the frequencies

Wij = µ(Qi ∩ φ−1Qj). (4.8)

Directed multigraphs comprise a natural representation for a random walk realised ac-

cording to the rules specified by finite-state time-homogeneous Markov chains, such as the

one defined in Sec. 4.3.

The second flavour, the associated transition graph, dictates that edges are normalised

by the number of nearest (outgoing) neighbours of each node, i.e. its elements are identical

to the transition probabilities of chain S. Then a right-stochastic matrix, T = (Tij),

is produced with rows summing up to unity. This corresponds to the weighted state-

transition matrix of the Markov chain. It is defined by the conditional probability

Tij =
µ(Qi ∩ φ−1Qj)

µ(Qi)
. (4.9)

The binary formulation A = (Aij) given by

Aij = 1(0,∞)[µ(Qi ∩ φ−1Qj)], (4.10)

where 1(0,∞)(x) denotes the indicator function on an open semi-infinite interval, will be

referred to as the ordinal connectivity graph. As we shall see, this third flavour will prove

to be a very powerful one. It constitutes an unweighted directed graph with Aij = 1 if a

10Which by construction we assume to be non-isolated, otherwise we remove empty rows (and corre-
sponding columns) from the adjacency matrix.
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forward-time transition between the corresponding ordinal symbols is observed in sn.

To summarise, constructing ordinal networks from a specified time series comprises a

multistage process. First, a nonlinear transformation to a different set of coordinates in

a higher-dimensional space is applied. Second, this new state space is partitioned into

a finite collection of disjoint sets by means of location of points relative to the identity

line x = y = z = . . . . Third, a subsequent mapping to a symbol space is performed.

Fourth, this allows the formulation of a discrete-time finite-valued Markov chain. Networks

correspond to the natural transition graph representation thereof. All relevant information

is extracted through the counting measure on the symbolic itinerary sn.

Apart from network size V , the other fundamental network characteristic used in the

ensuing analysis is the so-called link or edge density ρE . It is defined by

ρE =
1

V (V − 1)

∑
i,j, i6=j

Aij , (4.11)

whereby self-loops (links from a node to itself) are not considered, equivalent to removing

the main diagonal from adjacency matrix A. We have repeated the entirety of our analysis

with a variant which includes self-loops (note that the normalising constant changes to

V 2 in this case) and have observed virtually no difference in results, with the exception

of absolute density values. For all relative comparisons, our conclusions are exactly the

same and therefore only present results for ρE estimates without self-loops.

4.5 Irreducibility and Stationary Distribution

The pertinent questions for any Markov chain are the existence and uniqueness of a sta-

tionary distribution, which reflects the long-term average occupation of each state if the

underlying process is ergodic. Existence is generally guaranteed by finiticity and time-

homogeneity (Sec. 1.5, Ch. 4, Convergence Theorem 4.9 [123]) of the chain in question,

while uniqueness is sightly trickier. The property of irreducibility is of essence; fortunately,

this is a facet of ordinal networks which can be instantly checked after symbolisation. In

the case of lack thereof when modelling chaotic11 dynamics, we propose a quick and benign

way of modifying the network structure which ensures this property. First we proceed with

the necessary definitions.

State (node) j is said to be accessible from state i if P(Snij = j | S0 = i) > 0 for

some nij ∈ N ∪ {0}, i.e. there is a non-zero probability that a system realisation (or

alternatively, a random walk on the transition graph T ) starting from node i will reach

node j at some point in the future (dependent on both i and j, hence the index). Transition

ij is represented by a self-loop in T if nij = 0. A Markov chain is irreducible if all states

11Topological transitivity is expected to lead to irreducible Markov chains, however finiticity can alter
the produced network in the case of undersampling.
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are accessible from all others. Formally,

∃n ∈ N | P(Sn = j | S0 = i) = T nij > 0 ∀i, j ∈ V. (4.12)

Furthermore, a state i has period k ≥ 1 if recurrent trajectories must occur at integer

multiples of k, i.e. k = GCD{n ∈ N | P(Sn = i | S0 = i) > 0}.12 The chain is aperiodic if

k = 1 ∀i ∈ V. These two notions are essential for the facts we establish as follows.

First of all, if a finite-state Markov chain is irreducible and aperiodic, there exists a

unique stationary distribution p = (p1, p2, . . . , pV ) which satisfies the axioms of probability

(non-negativity,
∑

i pi = 1 and countable additivity) and such that

pT = p. (4.13)

This is the positive invariant measure of the Markov chain. This statement and conver-

gence to equilibrium are well known facts, see e.g. Thm. 1.7.2, Thm. 1.7.7, Thm. 1.8.3

in Norris [157]. Eq. (4.13) is identical to the left-eigenvector equation of T with eigen-

value equal to unity. The appropriate multiple in this eigendirection corresponding to p

is obtained by normalising the leading left eigenvector (since the Perron-Frobenius the-

orem dictates that the unit eigenvalue is the largest for a stochastic matrix, it is simple

and so the corresponding eigenspace is one-dimensional and all elements of the leading

eigenvector are positive).

Secondly, we are also concerned with the property of ergodicity. The celebrated ergodic

theorem due to Birkhoff [30] was initially proved within the framework of dynamical

systems on smooth manifolds, but was later recast in terms of a general information

source by Khinchin [112]. It is this form we are interested in since we would like to ensure

that the ordinal Markov chain S has a representative limiting behaviour in terms of a

time-average from a long trajectory. Fortunately, irreducibility suffices to prove this fact

(Thm. 1.10.2 [157]).

Thirdly, irreducibility is manifested in the form of a strongly connected transition

graph, i.e. a path exists from every node to any other. We remark that an ordinal network

will be irreducible by virtue of construction since a node is connected to the nodes corre-

sponding to the predecessor and successor symbols within the itinerary sn, except in the

following two problematic cases: (a) the node corresponding to s1 has no incoming links,

or (b) the node corresponding to sbN−m
∆wm

c+1 has no outgoing links. This event becomes

more likely with increasing m, however it is quite rare judging from numerous numeri-

cal simulations and never occurs unless the symbolic itinerary or the ordinal network is

severely undersampled (see Sec. 4.7.1) for specified m. In addition, we propose the simple

fix of removing the first or last value of a time series, repeating the irreducibility check

(via strong component detection algorithms) and iterating this procedure if necessary.

Finally, we remark that it can be easily shown that the relative (over all nodes) out-

strength distribution of the directed multigraph W and the stationary distribution of the

12The acronym GCD stands for greatest common divisor.
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Figure 4.2: Ikeda attractor (Eq. A.10) coloured (dark-light spectrum) according to the relative out-
strength distribution of the directed multigraph W and the Markovian stationary distribution of transition
graph T . Ordinal patterns computed from the x-component time series with m = 10 and ∆wm = 1.
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Figure 4.3: Lorenz attractor (Eq. A.13) coloured (dark-light spectrum) according to the relative out-
strength distribution of the directed multigraph W and the Markovian stationary distribution of transition
graph T . Symbolisation of an x-component trajectory with m = 14, τ = 1 and ∆wm = 1. Original
trajectory sampled at a frequency of ∆t−1 = 20 points per unit time.

ordinal Markov chain S are identical. Denote by kout
W (i) the out-strength13 of node i ∈ V,

i.e. the total number of adjacent outgoing links

kout
W (i) =

V∑
j=1

Wij . (4.14)

Note that by nature of construction of an ordinal multigraph, every node has the same

number of incoming and outgoing links with the exception of possibly two nodes. This is

a direct consequence of the fact that all the symbols in itinerary sn, except the first and

last, are connected to their predecessor by an incoming transition and their successor by

an outgoing transition. Otherwise we have that kin
W (i|s1 = i) = kout

W (i|s1 = i) − 1 and

kin
W (i|sbN−m

∆wm
c+1 = i) = kout

W (i|sbN−m
∆wm

c+1 = i) + 1. Provided a sufficiently long time series,

equality follows in the limit kout
W (i) � 1. Now observe that the out-strength distribution

13This term is equivalent to the weighted out-degree of a node, but reserve the term ‘out-degree’ for the
(binary) connectivity graph (represented by A) to avoid confusion and so that it also corresponds to the
total number of distinct outgoing neighbours (successor patterns).
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of the network obeys Eq. (4.13), the left-eigenvector equation which element-wise takes

the form ∑
pi · Tij = pj ∀i, j ∈ V. (4.15)

Consider the left-hand side of Eq. (4.15) as follows

∑
i

kout
W (i)Tij =

∑
i|Aij=1

kout
W (i)

Wij

kout
W (i)

=
∑

i|Aij=1

Wij = kin
W (j) = kout

W (j). (4.16)

Evidently, the out-strength (and in-strength as a consequence of our previous observation)

of multigraph W is a left-eigenvector and can be made identical to the stationary distri-

bution p via normalisation. Fig. 4.3 and Fig. 4.2 demonstrate this connection visually

for ordinal networks computed from chaotic continuous-time Lorenz (Eq. A.13) data and

trajectories on the Ikeda attractor (Eq. A.10), respectively. State-space points on each at-

tractor are coloured according to the out-strength (left panels) and stationary probability

(right panels) of the node/symbol si which corresponds to the first value xi in the window

x
(m)
i .

4.6 Periodicity in Ordinal Symbolic Itineraries & Networks

To begin our analysis of ordinal networks, we first consider their capacity for accurate

representation of periodicity. We examine network topology separately for the case of (a)

discrete-time and (b) continuous-time systems, as sampling frequency plays a central role

in the latter case. In addition, we explore the effect of the amount of overlap between

successive symbols on the resulting network structure. Results presented herein act as a

proof-of-concept in favour of the faithfulness of ordinal network representations as far as

simple dynamics is concerned.

Discrete-time Dynamics In this subsection we consider discrete dynamics gener-

ated by recurrence relations. We show that periodicity of a trajectory is captured by the

itinerary sn obtained from ordinal symbolisation, although not necessarily at the original

period. We present evidence that the corresponding ordinal network also preserves dynam-

ical topology. Random walks from an arbitrarily chosen initial node recover the original

symbolic trajectory with full certainty, provided a necessary and sufficient condition on

m. If unfulfilled, symbol sequences of lower period arise. We also make a preliminary case

for selecting maximal overlap (slide lag ∆wm = 1) as it exhibits minimal sensitivity to the

value of m, in contrast to all other overlapping variants.

In the trivial case of an equilibrium state, a time series comprises of a single repeated

value. This results in a single-symbol itinerary regardless of chosen parameter values. The

corresponding ordinal network constitutes of one node and a self-loop linking the node to

itself. To consider regimes of longer period, we initially examine maximally-overlapping

symbolisation.

Trajectories of period 2k for k ∈ N lead to directed cyclic graphs of size 2l where
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Figure 4.4: Ordinal network structure for m = 17 corresponding to trajectories drawn from (a) 2-
periodic, (b) 3-periodic, (c) 4-periodic, (d) 8-periodic, (e) 16-periodic and (g) 32-periodic regimes of the
logistic map (Eq. A.1). Maximal overlap between successive patterns is employed.

l ∈ N such that 0 ≤ l ≤ k. The case l = 0 corresponds to the uninteresting m = 1. If

m ≥ 2, hence l 6= 0, a random walk – irrespective of starting node – produces a 2l-periodic

symbolic itinerary since only one possible path exists within the network. This path is the

network space analogue of the original dynamical orbit. This is also the case for 3- and

5-periodic regimes, which leads to the hypothesis that orbits of any integer period may be

captured by ordinal networks.

For instance, Fig. 4.4 illustrates the ordinal connectivity graph computed from trajec-

tories of the logistic map (Eq. A.1) of period 2, 3, 4, 8, 16 and 32. In this case (m = 17), we

observe the respective directed 2k-cycle (and 3-cycle) graphs, as expected. In fact, we shall

show that a sufficiently high m allows the equality l = k (and similarly for odd powers),

in other words periodicity is captured exactly by the network topology. A random walk

on this particular type of graph retrieves the original symbolic itinerary with probability

equal to P = 1. This finding is confirmed for time series generated by analogous parameter

regimes (found within the period-doubling cascade regions in each) of a Gauss iterated
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Figure 4.5: Ordinal network size and edge density as a function of pattern length m computed from
various periodic trajectories of the logistic map. Maximal overlap (∆wm = 1) and zero overlap (∆wm = m)
is employed for results shown on the left and right panels, respectively.

map (Eq. A.2), a Henon map (Eq. A.9) and an Ikeda map (Eq. A.10).

Fig. 4.5(a) portrays the network size V (m) for various values ofm and maximal overlap.

It is evident that the condition m > 2k−1 is required to ensure the recovery of the original

periodicity. Otherwise, the network’s size will be equal to a submultiple of the original

period and a random walk will produce symbol sequences of lower periodicity. This is

due to the fact that an increasingly finer resolution of state space is necessary in order to

encode the correct period. This signifies the requirement for an infinitely fine partition

in order to fully encode the original dynamics if the accumulation point of transition to

chaos (2∞ periodicity) is under examination. Such an unrealistic condition in practice

motivates further the case for stochastic descriptions and Markovian modelling of low-

dimensional dynamics. Additionally, there are two other comforting aspects. Firstly, even

if the detected periodicity is lower than the underlying, ordinal symbolisation never fails

to incorporate the periodic nature of the dynamics into the network topology. Secondly,

for maximally overlapping symbols, ordinal networks exhibit no sensitivity to the value

of m as long as it is selected above the threshold value of half the original period. The

existence of a limiting topology is confirmed by looking at the corresponding link densities

in Fig. 4.5(c). Dynamics are fully captured in this case.

The situation is radically different for the other extreme of the spectrum, non-overlapping

ordinal network variants, as shown in Fig. 4.5(b) and Fig. 4.5(d). Evidently, there is no

threshold value of m beyond which ordinal networks attain a constant structure. Both
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size and link density are fluctuating in an oscillatory fashion with increasing m, a fact for

all values of the slide lag ∆wm 6= 1. In fact, the network collapses to a single node if m

is a whole multiple of the underlying period, with link density attaining the maximum

allowed14 value of 1.

Continuous-time Dynamics Encapsulation of periodic dynamics within an ordinal

representation manifests in a different manner in the case of continuous-time flows. We

discuss an example drawn from the Rössler equations (Eq. A.14). In particular, ordinal

networks computed from trajectories of a periodic and a 4-periodic (Fig. 4.6) regime for

various m do not lead to the directed k-cyclic structures as is the case with periodic regimes

of any discrete-time flow we examined (results omitted). Some consolation is drawn from

the general ‘ring’-resembling topology of the resultant networks when m is large. We can

also observe the changes in topology within the ordinal network as the pattern length, and

simultaneously the resolution of the partition, increase.

The reason for this type of imperfect – but simultaneously strongly recurrent, almost

regular – topology is twofold. Firstly, the continuous-time flows underlying the networks

were sampled at approximately, and not exactly, 20 points per cycle (T periodic
mean = 6.1746,

T 4−periodic
mean = 6.2078 and ∆t = 1

20Tmean). Therefore, integer m is required to be either a

(very large) multiple of the mean cycle period Tmean or an exact factor15 of Tmean. Secondly,

comparatively larger values for m are necessary to reveal the original periodicity than in

the case of discrete dynamics. For instance, were we able to sample the periodic regime

at exactly 20 points per cycle, a value of m = 20 would be necessary to ensure that the

corresponding network is (the correct) trivial structure of a single node and a single self-

loop. One simple way to overcome this issue is by studying an appropriate Poincaré map

of the continuous flow. We computed the xmax return map for the Rössler regimes using

the TISEAN package [93] (here the PSS corresponds to the x − axis in tangent space

[103]) in order to verify this (results omitted). We observed that depending on precision

of its values, an appropriate thresholding, i.e. a cutoff of decimal points exceeding the

number of significant digits, leads to the recovery of the directed k-cyclic graphs observed

for discrete-time flows. In addition, hyperplanar types of a PSS (planes in 3D), e.g. the

plane prescribed by the azimuth angle θ = π
4 , yield time series of inter-recurrence times

which can also be employed to construct the appropriate cyclic networks. As we shall see

in the following sections, the faithfulness of Poincaré recurrence times as a representative

observable of continuous dynamics holds true for the chaotic case as well in the context of

ordinal patterns, consistent with observations made by Hegger and Kantz [92] in a more

general setting.

14As aforementioned, we only show results for link density ρE without taking self-loops into account,
but there is virtually no difference for results obtained from the full adjacency matrix with the exception
of absolute values.

15Since Tmean ∈ R, by ‘exact factor’ we mean a divisor such that the quotient is a positive integer.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.6: Ordinal network structure corresponding to trajectories drawn from a 4-periodic regime of
the Rössler flow (Eq. A.14) for (a) m = 3, (b) m = 4, (c) m = 5, (d) m = 10, (e) m = 15, (f) m = 20, (g)
m = 25 and (h) m = 30. Maximal overlap between successive patterns is employed.
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4.7 Parameter Selection

The next part of our investigation comprises a sensitivity analysis of methodological pa-

rameter space. This is conducted by means of estimates of entropy measures applied to

the itinerary sn, as well as fundamental network observables. We first explore the impact

of the length of a time series and effects of undersampling on ordinal estimates.

4.7.1 Time Series Length: Number of Sample Points

It is self-evident that the longer a dataset, the more information an observer possesses

about a system. In practice, however, measurements constitute small to intermediate-

sized datasets in several disciplines. In the framework of ordinal patterns, small samples

may lead to undersampling due to the super-exponential growth of the symbol space

as m increases, e.g. 10! is approximately 3.6 million. Essentially, there is an interplay

between finer resolution and insufficiently sampled regions in the ordinal partition Q.

The situation is even worse given that our aim is to estimate dynamical invariants from

a single long trajectory rather than an ensemble of trajectories from randomly sampled

initial conditions. This depends not only on the ergodicity of the underlying system, but

also the capacity of the ordinal probability measure to preserve the ergodic property. The

following results demonstrate that ordinal representations can prove faithful in the case

of low-dimensional chaotic dynamics.
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Figure 4.7: Network size (left) and link density (right) V as a function of the number of sample points
N of a chaotic r = 4 logistic trajectory for 4 ≤ m ≤ 12. Solid and dashed curves correspond to maximal
and zero overlap, respectively.

The relevant literature on the topic of undersampling mainly revolves around forbidden

patterns and their outgrowth ratios [11, 12] or PE, mostly in the context of white noise

[14]. An analytical treatise [125] illuminated the exact relation between PE of a Gaussian

noise scalar time series to m and N , which obeys a χ2-distribution of (m − 1)! degrees

of freedom. Several results on PE of fBM, fGN and ARMA processes were obtained by

Bandt and Shiha [25] (with numerical confirmation in [231]) but without any consideration

of the dependence on the number of sample points N .

Here we are mainly interested in the effects of N when computing ordinal networks
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of increasing m from chaotic or hyperchaotic dynamics. The most commonly employed

heuristic for undersampling avoidance is to choose a value for m such that the sample

size is significantly larger than the number of symbols, equal to m!. For maximal overlap

(∆wm = 1), this leads to N � m!+m−1 [11]. In the general case, N � ∆wm(m!+1)+m

which has also led to the recommendation N � 5m! [13, 170]. However, our numerical

experiments indicate that undersampling may be avoided even at a fraction of these sample

sizes in the case of both dissipative as well as expanding low-dimensional chaotic flows.

Fig. 4.7 shows the network size and link density of ordinal networks computed from a

chaotic (r = 4) logistic time series for various m as a function of N . When N is small,

the network size increases linearly in the double-logarithmic scale of Fig. 4.7(a). This

indicates a power-law relationship between sample size N and the number of distinct

admissible ordinal patterns. In the maximal overlap case, the exponent is approximately

equal to 1, i.e. there is a linear growth. In the non-overlapping case, V ∼ N
1
10 which

shows slow growth and confirms the necessity for much longer trajectories.

These findings are also evidenced by the saturation to limiting values (different for

each m as expected), whereupon the maximal overlap variant attains a constant profile

much faster. The surprising robustness to undersampling effects is apparent by considering

m = 8 (intermediate blue shade) for instance. Although 8! = 40320, even approximately

2000 sample points are sufficient to obtain an accurate estimate of the network size. This

is confirmed by looking at the corresponding link density in Fig. 4.7(b), whereby the

saturation is now at lower values since the network becomes less dense relative to its size.

For m = 8, a limiting link density is attained at about 3000 samples points. Finally,

we remark that the differences resulting from the amount of overlap are perspicuous in

these two fundamental structural network characteristics. There is, however, convergence

between the two extremes of maximal and no overlap for adequately long time series. The

following section delves deeper into this matter.

4.7.2 Slide Lag

Here we vary the slide lag ∆wm on a logistic trajectory of N = 106 points. Apart from

the two fundamental observables in the top panels, Fig. 4.8 depicts TPE, PE, JPE and

CE (panels (c)-(f)) for all possible overlap scenarios. It is evident that the effects on

TPE, PE and the network size V are negligible, if at all existent. On the other hand,

all the measures which depend on the joint probability distribution of successive pairs of

patterns exhibit sensitivity to the amount of overlap. This is highlighted by JPE in panel

(e) of Fig. 4.8. It increases with increasing slide lag, i.e. decreasing amount of overlap.

This inverse relation implies an increasing diversity of forward-time transitions (and hence

links in the network) as successive patterns become decreasingly overlapping and therefore

less and less correlated. The second panel showing link density ρE confirms this result.

Note that the larger normalisation constant with increasing m (due to exponential growth

of admissible symbols) leads to a reversion of the curves with respect to m in comparison

to JPE.
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Figure 4.8: Top panels: Variation of network size and link density with respect to the slide lag between
overlapping ordinal patterns for 4 ≤ m ≤ 12. Computations performed on a chaotic r = 4 logistic
trajectory of N = 106 points. Panels (c)-(f): Topological permutation entropy, permutation entropy, joint
permutation entropy and conditional entropy versus the slide lag between overlapping ordinal patterns.
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Another interesting observation is the saturation of both ρE and JPE beyond a certain

slide lag. This may be explained by the fact that the number of links (or forward-time

transitions) does not vary in total once the level of correlation between successive pat-

terns has decayed to zero. This effect can only be observed for higher m values which

allow complete decorrelation between consecutive symbol pairs. Since the value is similar

irrespective of m once m is sufficiently large, it cannot merely be attributed to under-

sampling. This artifact has an interesting repercussion; it may be used as an indicator of

the correlation time of a chaotic system and act as an ordinal alternative to commonly

employed estimates such as the first zero (or decay time) of the autocorrelation function

– which is always zero after a single step for discrete-time flows examined here since there

is no linear correlation, the first minimum of the self-mutual information and the quarter-

period length. Finally, we notice that a high amount of overlap when successive pairs

of symbols are correlated leads to estimates of CE which are identical irrespective of the

value of m. This comprises a numerical confirmation of the main result of Unakafov and

Keller [209] on the faster convergence of CE rather than PE with m. Contrast this to

panel (d) whereby the PE curves get increasingly closer for increasing m but are certainly

not identical.

The main conclusions from the analysis conducted above are the following two. Varia-

tion of the slide lag ∆wm has no impact on the distribution of ordinal patterns and the size

of an ordinal network. At the same time, the amount of overlap plays a significant role in

all measures which involve the joint distribution of ordered pairs of successive patterns, on

which correlation and/or undersampling effects are manifested in a pronounced manner

with increasing m.

4.7.3 Pattern Length and Time Delay

In this section we discuss selection of the embedding parameters m and τ . As aforemen-

tioned, choosing a single-point delay is a natural choice for discrete-time flows whereupon

sample points are essentially obtained at arbitrary precision (as far as numerical precision

will allow in practice). In the case of continuous-time flows, the choice τ = 1 enables the

avoidance of undesired aliasing effects [140]. If a longer time delay is required, several

heuristics about appropriate choice exist in the literature, most notably the first zero of

the autocorrelation series (Ch. 1, Sec. 1.3 [197]). Sometimes it is preferable to vary the

time delay – especially when faced with multiscale dynamics – in order to identify the

various time scales, as in the complexity-entropy causality plane analysis by Zunino et al.

[238]. In this study, we opt for the choice τ = 1 and focus on variation of m. We are

motivated by the absence of aliasing in both itinerary sn and the resulting network and

justify our decision by example in what follows.

Various ways for finding an optimal value for m have been suggested in the literature,

most notably the graphical inflexion and maximum network link entropy propositions in

the original paper [195]. McCullough et al. [137] suggested an alternative which considers

the first two moments of the degree (vertex connectivity) distribution in combination to
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Figure 4.9: Size and link density of ordinal networks computed from a chaotic r = 4 logistic trajectory
of N = 106 points for various values of pattern length m.

visual inspection. However, numerical evidence in this assay suggests that useful infor-

mation may be obtained by considering various m values within an ‘optimal range’, a

scaling region wherever observed. Our results indicate that instead of an optimal value,

it is more informative to focus on this whole region in parameter space and consider the

interplay between mutually conflicting practical considerations, such as undersampling

one the one hand and increasingly finer partitioning on the other hand. All values of

m within this region are satisfactory and then computational considerations may be the

determining factor, i.e. picking the smallest possible value fulfilling a specified criterion,

if longer calculations are of necessity.

Admissible patterns (and hence nodes in the network) grow exponentially as m in-

creases [9], at a rate which approaches the topological entropy of the evolution operator

hTOP(φ). Fig. 4.9(a) portrays V (m) on a semi-logarithmic scale for a maximally overlap-

ping (black) and a non-overlapping (red) variant computed from the same chaotic logistic

trajectory (N = 106) as previously. Computations from a longer trajectory (N = 107) are

juxtaposed in blue. As is apparent, estimates of the slope within the range 2 ≤ m ≤ 17

coincide at approximately 0.843, irrespective of the choice of value for ∆wm. This confirms

the results obtained in Sec. 4.7.2. In addition, the linear fit provides an estimate of TPE,

ĥPE0 =
d

dm
{log [V (m)]}, (4.17)

which can be contrasted to the estimate produced by the definition of TPE in Eq. (3.6),

hPE0 (m), shown in Fig. 4.10(a) and the actual value equal to log (2).16 Evidently, the

gradient of log [V (m)] yields a significantly more accurate estimate since directly applying

the definition produces a value of approximately 1.2 within the scaling region 5 ≤ m ≤ 17

(upper bound m = 20 for the ten times longer dataset). However, both estimates are

rather inaccurate in comparison to the true value (' 0.693) and, as we shall show later,

a network-based measure is necessary in order to accurately capture hTOP(φ) (Sec. 5.2),

the most evasive of all dynamical invariants.

16The symbol ‘log’ denotes the natural logarithm wherever it appears without a base.
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Figure 4.10: Various entropy measures – from (a) to (d) TPE, PE, SE and CE as a function of pattern
length m. Computations drawn from the itinerary of a chaotic r = 4 logistic trajectory consisting of
N = 106 sample points.

The panels of Fig. 4.9 also highlight the value of m beyond which severe undersampling

occurs, at about m = 18 for N = 106 sample points of the r = 4 logistic map. The non-

overlapping variant suffers more significantly as expected and a radical drop occurs at

m = 20. For m ≥ 20 we observe a slow decay to unity (i.e. a single pattern) at a rate of
106

m . In this region the symbolic itinerary is a trivial sequence of non-recurring patterns.

The distribution of ordinal symbols is uniform with a PDF equal to the inverse of the

total number of segments x
(m)
i . This is confirmed by the corresponding values of SE and

CE, shown in panels Fig. 4.10(c) and Fig. 4.10(d) respectively, which are nonzero only

for m < 20. In fact, the large drop (and rise) in V (m) (ρE(m)) discerned in Fig. 4.9 is

clearly detected by SE since it affects the estimates of TPE and PE, displayed in Fig.

4.10(a) and Fig. 4.10(b) respectively, in an analogous fashion. An accordant situation

transpires for the maximally overlapping variant which exhibits apparent saturation at

approximately V = 106; in reality an illusory manifestation of even slower decay since

limm→N V (m)→ N −m+ 1 = 1.

We deduce that selection of m should not only involve a single value, rather there exists

a scaling region in m space which is the equivalent of a combination of the scalings observed

for various embedding dimensions and spatial scales ε in traditional embedding practice

towards invariants’ estimation. Fig. 4.9(b) reinforces this proposition, but simultaneously

reveals a large difference in link density between the two overlapping variants. Link density

ρE decays exponentially with m if a single-point slide lag is used; the exponent of decay
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is similar to the TPE estimate from the V (m) graph gradient (' 0.884). On the other

hand, zero overlap between successive patterns leads to two different scaling regions; one

for small m values where undersampling is contained within strong bounds and ρE decays

slowly (' 0.187) and one for intermediate m values whereby decay is significantly more

rapid as information on admissible forward-time transitions is lost faster than information

on admissible patterns. These results confirm the greater sensitivity displayed by the joint

distribution of ordered pairs of patterns – in comparison to the more robust distribution

of patterns – on the amount of overlap, as observed in Sec. 4.7.2. This is obvious in the

great sensitivity of hCEµ to the value of m as the red curve in Fig. 4.10(d) shows.
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Figure 4.11: Contrast between ordinal-based entropies computed from a chaotic r = 4 logistic trajectory.

A clearer contrast between the three ordinal-based entropy estimators of KS entropy in

terms of accuracy is depicted in Fig. 4.11. We have superimposed the TPE estimate since

it so happens that topological and metric entropy are the same in the r = 4 discrete logistic

flow. Markedly, CE outperforms its counterparts and exhibits a long scaling region, SE –

which is characterised by the longest and most robust scaling region – is the second best

candidate while the most commonly used PE is seemingly the most inaccurate.

Finally, we present a comparison of the fundamental network measures and the en-

tropies PE, CE with ordinal patterns computed from trajectories of different dynamics.

In addition to the logistic map, we examined a chaotic cubic (Eq. A.3) and a chaotic

Gauss (Eq. A.2) time series in one dimension. For two-dimensional dynamics we con-

sidered chaotic regimes drawn from a Lozi map (Eq. A.6), a stiletto map (Eq. A.8), a

Henon map (Eq. A.9), an Ikeda map (Eq. A.10) and a Duffing/Holmes map (Eq. A.7).

In three dimensions, we investigated the folded-towel map (Eq. A.12) and a generalised

Henon map (Eq. A.11). Computations on scalar x-component time series of a subset of

these are displayed in Fig. 4.12. The exponential scaling behaviour observed previously is
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Figure 4.12: Network size, link density, PE, and CE as a function of pattern length m. Computations
drawn from the itinerary of various chaotic (and a hyperchaotic trajectory) trajectory of N = 106 points.

apparent for all the maps considered herein. It is less clear in the V (m) curve of the hyper-

chaotic folded-towel regime, possibly due to undersampling effects becoming substantial

at lower values of m. This – we conjecture – relates to the complexity characterising the

underlying dynamics (two positive Lyapunov exponents) and may be also observed from

the computations performed on the Ikeda trajectory, the second most complex of these

regimes (in terms of MLE, D2 and KS entropy). In contrast to the networks computed

from the folded-towel trajectory, Ikeda’s semi-logarithmic scale curve clearly shows linear

growth which is consistent with all one- and two-dimensional dynamics depicted in Fig.

4.12. However, the width of the scaling region – approximately 2 ≤ m ≤ 10 – is much

shorter in comparison to less complex dynamical regimes, e.g. the chosen chaotic regime

in the Lozi map which exhibits a particularly long scaling region and markedly fewer pat-

terns for respective m values. As in the logistic case, link densities complement the picture

outlined by the growth of V (m). The decay exponent is similar to ĥPE0 , the TPE estimate

obtained by the slope of log[V (m)] as Table 4.1 illustrates.

As in the logistic case, PE estimates of all maps apart from Ikeda and the folded-towel

exhibit some form of scaling for intermediate m values but greatly overestimate the true

metric entropy values and comprise the worst performer among entropy candidates. On

the other hand, CE estimates display a long scaling region for all dynamics except for Ikeda

and the folded-towel map. As will become apparent in Chapter 5 where we superimpose

our network-based MLE estimates to the CE values of Fig. 4.12(d), CE comprises the
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Map Mean hPE0 ĥPE0 = d
dµ

log [V (m)] d
dµ

log [ρE(m)]

Logistic 1.24 0.8436 -0.8845
Cubic 0.91 0.5370 -0.5454
Gauss 0.91 0.5335 -0.5449
Lozi 0.7 0.2826 -0.2841

Henon 1.18 0.7327 -0.7501
Ikeda N/A 1.3578 -1.4424

Folded-towel N/A 1.0613 -1.1347

Table 4.1: Comparison between various estimates of topological permutation entropy.
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Figure 4.13: Poincaré maps: (a) zmax return map and (b) crossings of the plane z = 27 in the ż < 0
direction PSS for the Lorenz attractor.

most rapidly converging entropy measure to the actual KS entropy of a discrete-time flow

but is significantly outperformed by the network-based estimator.

We now proceed with the examination of continuous-time flows, in particular the

‘butterfly’ attractor for the standard set of parameters in the Lorenz equations (Eq. A.13).

Hereinafter, we focus on the maximally overlapping variant whereby a single-point slide

lag is chosen, i.e. ∆wm = 1. Two of the questions we additionally address in this section

are the following. Does any state-variable projection of a multidimensional flow suffice to

compute ordinal patterns from a finite trajectory and extract consistent/faithful ordinal

information? Can we extract information about the underlying dynamics by examining

Poincaré maps instead?

State Variable ∆t Ttot N Number of Cycles Tmean

xt 0.05 5 · 105 107 522,156 0.95757
yt 0.05 5 · 105 107 809,284 0.61783
zt 0.05 5 · 105 107 665,721 75106

Table 4.2: Continuous-time observables from the Lorenz trajectory.

We generated three continuous-time trajectories by numerical integration (via a fourth-

order Runge-Kutta routine with an adaptive time step) of the Lorenz equations in the

original chaotic parameter regime (Eq. A.13). We chose random initial conditions (x0 ∈
[0, 1]×[0, 1]×[0, 1]) and sampled at a frequency of 20 points per unit time (approximately 19

points per average cycle in xt) with transients removed. The observation time frame, total

number of sample points, sampling interval, number of cycles and mean cycle duration

appear in Table 4.2.
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Fig. 4.14 depicts ordinal entropy estimates drawn from the three different trajectories

associated with the Lorenz attractor. Namely, (a) all three state variable observables,

xt, yt and zt, obtained via sampling of the continuous-time flow, (b) all three state variable

observables, xn, yn and zn, of the zmax return map (i.e. successive z-maxima as shown in

Fig. 4.13(a), as well as the corresponding values for the x- and y-components)17, and (c)

the two components of the map obtained via crossings with the z = ρ − 1 plane18 in the

ż < 0 direction, xn|z=27 and yn|z=27, along with the time intervals between corresponding

recurrence (return) times, tRecurrence|z=27. The two Poincaré maps were computed from

longer trajectories and contain about N = 1.3 · 106 sample points.

It is clear that there is a stark difference between the estimates computed from the

continuous flow observables and all of the observables drawn from the Poincaré maps.

First of all, note the consistency between the V (m) estimates, shown in Fig. 4.14(a),

computed from the different observables of the maps, as opposed to the values computed

from uniformly sampled time series of the continuous flow. In this case, the xt and zt

series yield very similar results, a fact which holds both for the distribution of patterns

as well as the joint distribution of transitions, as the ρE(m) curves of Fig. 4.14(b) and

the JPE curves of Fig. 4.14(f) attest to. The discrepancy with the results for yt may

be explained by the different mean cycle duration of each component (see last column of

Table 4.2). The continuous-time three-dimensional trajectory is sampled at a fixed rate

of 20 points per unit time, a consequence of which is that each component traverses a

different number of cycles within the specified observation time. Therefore, as m increases

the symbolic itinerary associated with yt is sampled to a greater timespan as compared to

xt and zt.. The network size of yt-drawn symbols is larger, while its link density admits

a lower value (recall the normalisation constant). Estimates coincide for smaller m values

while an increasingly prominent divergence is displayed by yt for intermediate m. All

curves begin converging again for m > 15, i.e. the point beyond which the ordinal network

structure probably enters the trivial phase.

Different observables of Poincaré iterates, on the contrary, contain an equal number

of sample points. In this case, trajectories approximately 2-3 times longer than their

continuous-time counterparts are sampled. The latter contain a shorter time span of

observation. Thus, lower estimates are expected. Notice that estimates from any input

time series are the same for m ≤ 3. Beyond this resolution, estimates computed from xt

and zt diverge from the rest. The yt component yields different estimates from the maps

for m ≥ 10. Poincaré-computed estimates yield higher values in all measures since longer

trajectories are employed. Given the conclusions we have reached from our investigation in

Chapter 3 (see also [138, 179]), in effect we argue that discrepancies between estimates are

due to sampling differences. If sufficiently sampled, any observable – including recurrence

17Underlying continuous-time trajectories sampled at a rate of 200 points per mean cycle; crossings
obtained by the ‘extrema’ routine in the TISEAN package [93].

18Underlying continuous-time trajectories sampled at a rate of 50 points per cycle; crossings and return
times obtained via integration of a re-arranged version of the Lorenz equations in some state variable –
the one whose direction is parallel to the flow – as prescribed by the arbitrary-precision method due to
Cvitanović et al. [54] (Ch. 3, Sec. 3.2).
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Figure 4.14: From (a) to (f) network size, link density and entropies TPE, PE, SE, JPE, CE without and
with self-loops, as a function of pattern length m. Computations drawn from the itinerary of (a) all three
components of a chaotic Lorenz trajectory of N = 5 · 105 points, (b) all components of a zmax Poincaré
map of ' 1.3 · 106 sample points and (c) the two components of a hyperplanar z = ρ − 1 PSS as well as
the corresponding time series of inter-recurrence time intervals.
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Figure 4.15: Network size V (m) as a function of the pattern length m for chaotic Lorenz time series of
length N = 200, 000 uniformly sampled at intervals ∆t = 0.05 (20 points per mean cycle).

times through some landmark surface in state space – suffices for extraction of the ordinal

structure of a given system. This is surprising since prior to our experiments, we had no

reason for assuming that an inter-recurrence time interval series, let along two completely

different types of a PSS (planar sections, one in original state space and one in tangent

space).

A scaling region can hardly be discerned in the case of yt, whereas the other two time

series display linear growth in the semi-logarithmic plot of V (m) for 4 ≤ m ≤ 18. This

scaling can also be seen in the corresponding curves for the link density and JPE. To

investigate further, we analysed 40% of the x-component trajectory for 3 ≤ m ≤ 50. Fig.

4.15 shows a plot of V (m) on a linear scale.

Exponential growth is only observed for m ≤ 20 (regions A and B in Fig. 4.15). Beyond

this point, a switch to linear growth occurs (region C), followed by an approach towards

the trivial single-node network in region D. Due to the slow rate of exponential growth,

however, (note the difference to yt and the Poincaré observables), the ordinal network

attains a noticeable size – as compared to the order of magnitude of the length of the

symbolic itinerary – in region B, once m ≥ 10. This corresponds to a timespan of half

a cycle or longer. Thus, in continuous-time flows the length of a cycle is an additional

factor affecting selection of m and the observed scaling regions. The temporal history

covered by an ordinal pattern dictates whether local or global characteristics are captured

by symbolising and scanning a time series, a complication which is absent in the case

of discrete-time flows since trajectories are known to exact precision in theory (as far as

numerical precision will allow in practice).

The situation is similar for all the other flows we examined. Fig. 4.16 illustrates the
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Figure 4.16: Network size V (m) (i.e. frequency count of admissible ordinal patterns) computed from
chaotic Chua, Lorenz, Rössler and hyperchaotic 4D Rössler x-component time series. Plots are shown in
semi-logarithmic scale axes.

estimates of the network size obtained from various continuous-time systems, chaotic Chua,

Lorenz, Rössler, Van der Pol, Mackey-Glass and hyperchaotic 4D Rössler time series. All

data sets were sampled at time intervals corresponding to about 20 points per mean cycle

of the x-component. We see discrepancies between the count obtained from different

state variables, in accordance to the results for Lorenz. The explanation for this derives

from considering forbidden patterns. Given a data set spanning a certain time scale of

the underlying dynamics, different sampling schemes will lead to different estimates of

the count of forbidden (and hence admissible) patterns [138, 179]. In the ideal scenario

of uniformly-sampled data, the effect of the size of the sampling interval ∆t is the only

determining factor as shown in Chapter 3. For chaotic signals, ∆t should be less than the

typical decorrelation time of the system which is the case here, otherwise false admissible

patterns may arise.

In summary, for continuous-time flows the domain of the parameter m contains three

qualitatively different regions in terms of the generated ordinal network. First of all, if the

pattern length m is not sufficiently large (region A), the size of the symbolic alphabet is

too small to uncover the true complexity of the dynamics. This is akin to a histogram of

very coarse resolution in traditional partitioning of time series data. The simplification is

inadequate. In addition, the timespan of each pattern can only encode local information

about a trajectory. Secondly, when m is larger than a critical value () – presumably

dependent on the dimensionality of the system and in particular the active degrees of

freedom as established by Sauer et al. [180] in traditional embedding theory19 – the ordinal

19Note that the necessary condition m > 2 ∗D0 is probably different in this case. A stronger condition,
probably involving a nonlinear relationship between m and some form of fractal dimension characterising
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partition is finer and can capture the dynamical evolution of the system in a more elaborate

manner (region B). Very fine transitions from a dynamical state to another, which could

not be captured with m smaller, can now be incorporated into the network representation.

Finally, within the third qualitative region (C andD above) the network grows linearly with

m and the rate of formation of new nodes starts decreasing beyond the inflexion point. This

point signifies that the difference between V (minflexion) and V (minflexion − 1) is maximal.

The ensuing decreasing rate of information inflow into the network representation may

then give rise to issues similar to those of over-embedding [195]. Due to this phenomenon

and increasingly greater undersampling, the produced networks can no longer provide a

meaningful simplification of the dynamics in play.

In the case of Poincaré maps, which constitute discrete-time flows, our numerical ex-

periments illustrate a different profile. All of the observables associated with either the

zmax or the z = 27 PSS exhibit a clear scaling region in most measured quantities – as

in the case of the maps investigated above – with the main exceptions being TPE and

PE. One unexpected finding is that all estimates, irrespective of which component we

examine, yield very similar estimates which generally coincide for almost all values of m.

In addition, completely different Poincaré sections of state space (Fig. 4.13) yield sur-

prisingly similar results, a finding which attests to the faithfulness of ordinal symbolic

representations. Moreover, a yet more astonishing observation is that intervals between

return/recurrence times of crossings with the z = 27 plane constitute an equally useful

underlying observable from which to compute patterns and extract ordinal structure. This

is related to the fact that all components of a multidimensional system contain relevant

information regarding its dynamics and may, in principle, be extracted if a trajectory is

observed for a sufficient amount of time.

Comparing all the Poincaré observables between each other, we note that the first two

components of either map produce almost identical estimates for most entropy measures

as well as the network’s size and link density. The most widely studied third component of

zmax (Fig. 4.13(a) depicts its first return map) yields slight underestimates of SE and CE for

lower m values, as Fig. 4.14(e) and Fig. 4.14(g) display, respectively. We remark here that

SE exhibits scaling regions only for Poincaré observables. In terms of CE, the observables

drawn from the continuous-time flow lead to a very different limiting behaviour, despite

some form of scaling for xt and, especially, zt if m ≥ 10. Estimating CE without self-loops

amends the situation for the third component of zmax whose curve almost collapses onto

the ones of the other components if m > 5. Additionally, a scaling region is observed for

the continuous-flow observables if m ≥ 10. This holds for the computations performed on

yt as well. It can be seen in Fig. 4.14(h), which also reveals that inter-recurrence times of

the z = 27 PSS perform slightly worse in comparison to all other observables.

The CE curves depicted in the bottom panels (g) and (h) of Fig. 4.14, corresponding

the dynamics, needs to be fulfilled. However, our numerical experiments indubitably indicate that the
higher the complexity as measured by fractal dimension D2 or the maximal Lyapunov exponent of the
underlying system, the larger m is required to be. We elaborate on this in Chapter 5 where we estimate
dynamical invariants by means of ordinal networks.
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to inclusion and exclusion of self-loops, comprise the most interesting entropy estimates

by far. First, Poincaré observables exhibit a long clear scaling region for m > 6. Second,

estimates between all discrete-time observables are very consistent with each other. Third,

output values within the scaling region range in the interval [0.93, 1.05], which is close to

the actual MLE (and KS entropy via Pesin’s formula [166]) of ' 0.9. Fourth, the estimator

which does not consider self-loops produces more robust estimates overall. Even the

values computed from the three continuous-time observables coincide between each other

at approximately ' 0.6.

The CE variant which excludes self-loops evidently outperforms all other entropy esti-

mators, a fact in agreement with the findings of [140] in a continuous-time setting where

τ > 1 is selected. One drawback of this variant, however, is that negative values may

occasionally be observed for very low m. We remark that this phenomenon becomes ex-

tremely rare in the case of flows characterised by higher complexity. The reason behind it

stems from the manner in which this variant is calculated. Once transitions from a pattern

to itself are removed from the calculation, a renormalisation, i.e. a redistribution of the

weights associated with each forward-time transition, is necessary in order to ensure that

we are calculating entropy on a probability measure. This results in higher probabilities

assigned to certain events µ(Qi ∩ φ−1Qj). Consequently, some of the ratios in Eq. (3.9)

can obtain a value larger than unity. Their natural logarithm becomes positive which con-

tributes overall negative terms to the sum of Eq. (3.9). Thus, if sufficiently many of these

negative contributions occur, or conversely if few of them attain a large absolute value,

CE can become negative. In practice, this is only observed for low m values of less com-

plex dynamics whereby self-loops account for a large proportion of the joint probability

distribution (of transitions).

Finally, we remark that TPE estimates are the most sensitive to the chosen observ-

able, the type of selected Poincaré map, as well as, variation in m in comparison to all

other ordinal entropies and the two fundamental network measures. In comparison to the

gradients of the log [V (m)] and log [ρE(m)] curves which lie in the range 99999− 1, direct

TPE estimators produce larger values.

In conclusion, entropy estimators are more representative of underlying dynamics if CE

is the measured quantity. Excluding self-loops is preferable. Appropriate Poincaré maps

produce much more consistent estimates of all ordinal quantities. In addition, numerical

experiments among various other systems (results omitted; for Rössler broadband chaos

and the Chua double-scroll attractor, we examined the components of the xmax return

map) reveal increased robustness to variation with m in comparison to estimators applied

on continuous-time observables and a clearer scaling region. One remarkable finding is

that any scalar, i.e. one-dimensional, projection of a fully-mixing multidimensional flow

suffices to extract ordinal information. It is probably safe to assume that such is the

case for any nonlinear strictly monotone function thereof. The astounding robustness

attributed to ordinal patterns is a consequence of their ‘inequality’ nature. A final artifact

which demonstrates the effectiveness of this methodology can be found in Appendix A,
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specifically the Gauss iterated map of Eq. A.2. We examined a 16-periodic, a 32-periodic

and a second 32-periodic regime (marked as ‘32s’) which occurs immediately after the

period-doubling bifurcation via ordinal analysis. The second 32-periodic regime appears

to be 16-periodic which is evident from the two-dimensional delay plots. The reason is

that in this regime, the first half of the points of the 32-periodic orbit differ by a margin

in the range 10−15−10−16 from the second 16 points. Ordinal symbolisation detected this

discrepancy and produced a directed 32-cyclic ordinal network once we increased m to a

value of 17 = 1
232 + 1.

4.8 Ordinal Network Topology

Fig. 4.17 shows ordinal networks computed from the xt, xn [zmax] and xn|z=27 series for

various m. In the case of xt, the pattern length ranges between the timespan analogue

of a quarter-period and a full period. As m increases, we notice a visual resemblance to

characteristics of the topology of the Lorenz attractor.

(a) (b)

(c) (d)

(e) (f)

Figure 4.17: Complex networks generated by the ordinal partition transform applied on the x-component
time series of a chaotic Lorenz regime. (a)-(d) z = 27 PSS observables for m = 3, 4, 6, 7, respectively; (e)-(f)
continuous-time observables for m = 10 and m = 18

The set of network observables we selected for our analysis consists of various measures

drawn from complex network science, all of which are defined in Appendix B. Almost all

measures are applied on the connectivity graph A in order to better understand the
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structural core of the network. We already know from the analysis of Sec. 4.7.1 that

it has saturated to a limiting topology for all m ≤ 15 given our choice of N . Metric

properties which are better represented by the multigraph W and the transition matrix

T possibly require larger m, depending on the system. A useful indicator of saturation is

the existence of scaling regions in the JPE and CE curves as a function of m. This holds

true if N ∼ O(106) for most systems we studied, with the notable exception of the Ikeda

and folded-towel attractors as mentioned previously. In continuous-time systems, longer

trajectories are necessary to establish saturation of both topological as well as metric

properties. However, Poincaré maps seem to offer a great alternative.

In what follows, we provide an exposé of results on the r = 4 logistic map as a

representative example of discrete-time dynamics and present few selected results on other

systems wherever appropriate. The Lorenz attractor is our continuous-time analogue of

choice. We first examine features of the distributions of local (nodal) properties, separately

from global network properties which are discussed in the subsequent section. All network

constructions derived from the symbolic itineraries computed in Sec. 4.7 with maximal

overlap.

4.8.1 Nodal Properties

The variation of an ordinal network with m is manifested in the number of connections

present in the connectivity matrix A and the weights in multigraph W . However, for

m > 3 we notice several similarities and a topology which varies very smoothly with m

once it admits a sufficiently high (system-dependent) value. Fig. 4.18 depicts various nodal

measures for networks computed with m = 10.

First of all, we observe that the out-degree of the network shown in Fig. 4.18(a) is

constrained in the range {1, 2, . . . ,m}. This is due to maximal overlap between successive

patterns. Essentially, there are only m different possibilities for successors of a given

pattern if the order relations among m−1 points out of m in each window x
(m)
i are already

determined. This explains the profile of the distribution of link entropies (panel (c) of Fig.

4.18), which are calculated on T and whose support is almost completely concentrated

at zero. Only one nonzero noticeable peak exists around the value hlink
µ ' 1. Upon

normalisation over log2 [V (m)] (unit is one bit) – the maximum possible corresponding

to a discrete uniform distribution of V (m) elementary outcomes – we obtain a value of

0.0744 which is strongly indicative of a link distribution which is highly predictable, i.e.

one with a singularity.

The hlink
µ distribution points to a structure where the vast majority (more than 90%) of

nodes exhibit zero link entropy. This proportion increases with m. The reason is that all

these nodes are characterised by a trivial profile of connections. Their in- and out-degree

is mostly either 1 or 2 – these account for approximately 75% as Fig. 4.18(a) portrays.

This is characteristic of long geodesic paths between nodes, a ‘large-world’ network, and

possible presence of several long cycles – given that a strongly connected component exist

as along as irreducibility holds. The nodes with nonzero link entropy, especially those
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Figure 4.18: Nodal properties; histograms of non-discrete observables, 512 bins; (g) Relative out-strength
distribution in logarithmic scales for m = 12. (h) different discrete-time flows
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Figure 4.19: Mean and standard deviation (left) and skewness, kurtosis and coefficient of variation for
the relative out-strength (top) and the eigenvector centrality (bottom) distributions of the ordinal networks
computed from the logistic trajectory.

with values around the peak, are very highly weighted nodes which correspond to symbols

of high frequency within the itinerary sn. This conclusion is reinforced by examining the

out-strength distribution of the multigraph W displayed in Fig. 4.18(b).

As aforementioned in Sec. 4.5, the relative out-strength (whose distribution is identical

to kout
W ) distribution is the same as the Markovian stationary distribution p. Evidently,

there is a large number of nodes with low kout
W (and hence value of p) and the distribution

over all nodes exhibits features resembling a uniform profile at low values, an exponential

at moderate values and a rather long tail. This is also evident in the logarithmic scale plot

of Fig. 4.18(g). While the tail is thin (exponent ' 4.5), there exists a number of outliers

whose out-strength is considerably higher that the rest, at least an order of magnitude

larger beyond the point m = 12. These nodes comprise ‘hubs’ in the network and represent

regions of partition Q which are most often visited by realisations of the ordinal Markov

process.

This power-law-resembling behaviour in the tail of the out-strength (and stationary)

distribution is also present in the eigenvector and betweenness centralities displayed in

panels (d) and (e), more prominently with increasing m. Furthermore, it is a consistent

observation among computations from all discrete dynamics considered herein. The sup-

port of EC and BC is concentrated on the lowest possible values of each quantity and

resembles an exponential profile within this region. These characteristics lead to the ques-

tion of whether it is possible that the relative out-strength distribution, i.e. the stationary
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measure on the ordinal Markov chain, can capture properties of the natural invariant

measure of the r = 4 logistic map, given by

p(x) =
1√

πx(1− x)
. (4.18)

It contains two singularities near the endpoints of the unit interval. Such features in the

invariant distribution are reminiscent of a long tail. To investigate further, in particular

variation of these features with m, Fig. 4.19 depicts the mean and standard deviation of

the relative out-strength distribution in panel (a) and EC in panel (b). The third and

fourth moments as well as the coefficient of variation are displayed in panels (c) and (d)

for kout
W and EC, respectively.

Evidently, the mean and standard deviation of both nodal properties decay exponen-

tially as m increases. This decay occurs at almost identical rates as confirmed by the

nearly constant coefficient of variation whose value is just below unity. This is expected

and verifies the increasingly higher concentration of nodes of rather low out-strength and

stationary density. We are mostly interested in the degree of asymmetry as quantified

by the skewness of these distributions and also their level of kurtosis, the fourth moment,

which encodes information regarding the tails of the distribution. We observed a clear scal-

ing region, whereby the skewness is always positive but admits relatively low values. On

the other hand, kurtosis bears higher values which is indicative of leptokurtic distributions

characterised by long tails.

Closeness centrality appears to follow a normal distribution (panel (f) of Fig. 4.18) of

decreasing mean and standard deviation. In general, we observe low absolute as well as

relative values, a fact which indicates farness between nodes in the network on average,

in accordance with the other network observables. This is also confirmed by looking at

the first two panels of Fig. 4.22 which show increasing characteristic path length (aver-

age geodesic path between all nodes) and diameter (maximum geodesic path between all

nodes). In general, the CC distribution of the unweighted network A does not reveal

particularly interesting features in terms of dynamical aspects.

The situation is analogous in the case of continuous-time flows. The relative out-

strength distribution displays similar scaling for sufficiently high values of m, with long

tails evident in the logarithmic-scale plot (Fig. 4.20). The majority of systems yield similar

estimates from all state variables. Wherever we observe discrepancies, e.g. yt in Lorenz or

zt in 4D Rössler, from coincident estimates in all other components, the differences may

be attributed to sampling artifacts.

Poincaré sections provide a robust workaround. This is illustrated in Fig. 4.21 which

portrays the out-strength distribution from all observables of the zmax return map and

the planar PSS at z = 27, as well its associated inter-recurrence time interval series.

Four observables, in particular xn[zmax], zn[zmax], xn|z=27 and yn|z=27, produce almost

identical Markovian stationary distributions. The other two observables yield slightly

different estimates, however the power-law exponent in the tail is very similar.



92 Chapter 4. Ordinal Partition and Symbolic Networks

10 -5 10 -4 10 -3 10 -2 10 -1

kout
W

10 -5

10 -4

10 -3

10 -2

10 -1

10 0

P
[k

ou
t

W
]

Lorenz
Chua
Roessler Broadband
Roessler Fourband
Roessler4D
MackeyGlass

Figure 4.20: Relative out-strength distribution of ordinal networks computed with m = 16 from x-
component series of various 3D and 4D continuous-time flows and the Mackey-Glass delay differential
equation (Eq. A.18) in chaotic/hyperchaotic regimes.

The stationary distribution represents the probability of finding the trajectory in a

specified location in state space on average. Frequently visited regions correspond to highly

weighted nodes. Therefore, if only very few of these exist, while a vast majority displays

low weighting and/or connectivity, the form of the distribution will start resembling power-

law forms in the tail. Dissipative dynamics, especially if additionally lobe-like dynamics

are present such as in Lorenz, Chua, Rössler etc., generally tend to produce such an

arrangement in the Markovian stationary distribution. We hypothesize this is due to the

persistence of slow oscillatory motion around unstable fixed points on a flat attractor

(in comparison to the full system dimensionality in ambient space) and the less frequent

(but more dominant in a global dynamical sense of mixing) transitive motion in state

space. Expanding one-dimensional maps, e.g. logistic or cubic map, on the other hand

exhibit natural measures with compact support (frequently of significantly lower Lebesgue

measure than the full state space) for most parameter values. Even in the r = 4 logistic

case, where such reasoning does not apply, the invariant measure is characterised by highly

concentrated locations around the endpoints of the unit interval (large local skewness).

We propose that there is a link between such local asymmetry features in the natural

measure and the stationary measure of an ordinal Markov chain.

Traditionally, a histogram of specified resolution is used for this approximation, whereas

here a radial-form linearly-ordered partition is employed instead. This partitioning scheme

distinguishes between state-space points according to phase with respect to the identity

line rather than amplitude (recall Fig. 4.1). With this in mind, our argument is that
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Figure 4.21: Relative out-strength distribution of networks computed from N ∼ 1.3 · 106 sample points
of each of the Poincaré map observables for the Lorenz trajectory with m = 12.

chaotic dynamics – which by nature leads to dense, ‘flat’20 and bounded attractors in

state space – are characterised by invariant distributions with singularities, i.e. highly

visited regions by typical dynamical orbits. This in turn produces power-law strength dis-

tributions in the associated ordinal networks. A similar observation has been established

for the node degree of ε-recurrence networks [229].

4.8.2 Global Properties

As already established by examining nodal properties, in particular the distribution of CC,

ordinal networks exhibit features of ‘large-world’ networks. This is probably related to the

mixing time of the system. CPL and DIAM display a direct dependence on m, with their

growth being linear. The constants of proportionality are small, CPL(m) ∼ 1.25m and

DIAM(m) ∼ 2m, which indicate the formation of increasingly longer paths due to the

refinement of the partition. This leads to more cycles at higher values of m, as portrayed

in Fig. 4.22(f) where the total number of k-cycles is plotted for 3 ≤ m ≤ 12.

Ordinal networks capture periodicity well as already seen in Sec. 4.6. This is also true

in the case of unstable periodic orbits embedded within a chaotic attractor. Panel (f) of

Fig. 4.22 depicts the base 2 logarithm of the number of (directed) cycles in connectivity

graph A as a function of their length k. Apparently, the curves collapse onto the diagonal

line for all m > 3. This is expected as the r = 4 logistic regime contains 2k points of period

k (including submultiples) [136], which arise through a period-doubling cascade [76] and

stem from a single non-zero fixed point at x = 1− 1
r . One undesired artifact of the logistic

networks is that the number of detected k-cycles is actually 2k − 1 ∀k. We suspect that

20In the sense of low Lebesgue measure in comparison to the full dimensionality of ambient space.
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Figure 4.22: Global network properties as a function of the pattern length. From (a) to (f): characteristic
path length, diameter, assortativity, clustering coefficient, nullity and number of k-cycles.

the zero fixed point is not detected by virtue of its being an endpoint of the domain. It

can never be approached from the left.

Panels (c) and (d) of Fig. 4.22 demonstrate that the networks exhibit very low assor-

tativity values – in fact, they are slightly disassortative which implies that there exist a

slight propensity for connecting to lower-strength or less connected nodes –and negligible

clustering for m > 4. This is expected as the high number of triangles, i.e. 3-cycles, is only

prominent for very low m values. As m, and hence the partition’s resolution, increases,

these 3-cycles are replaced by longer cycles. The clustering coefficient, however, displays

an interesting profile as a function of m. Exponential decay is again present as some form

of scaling with the size of the network probably occurs. This is evidenced by the value of

the slope which is reminiscent of the log [V (m)] gradient.
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Figure 4.23: Histogram of time series points (r = 4 logistic) which are mapped onto the specific ordinal
symbols which correspond to non-zero diagonal elements of A4 (m = 10), i.e. patterns/nodes which form
directed 4-cycles in an ordinal network. The two highest peaks correspond to fixed points at x = 0, 0.75,
the two second-highest to 2-periodic points at x ' 0.3455, 0.9045 and the remaining correspond to 4-
periodic points. Red dashed lines indicate the location of the 16 4-periodic points which were approximated
analytically.

Finally, another striking feature of ordinal networks is that their corresponding adja-

cency matrices are all singular, a phenomenon consistent among all deterministic systems

studied. This feature is due to the fact that the number of linearly independent rows of

the matrix is smaller than the total size of the network. This may be explained by the

presence of particular subgraphs within the network which share a very specific formula-

tion: a set of nodes pointed to by exactly the same nodes and no other. We remark that

nullity, which corresponds to the number of linearly dependent vectors of a matrix, also

exhibits clear scaling, exponential growth in m and admits an exponent similar to the one

obtained from V (m) (panel (e) of Fig. 4.22).

As a final proof-of-concept test on the faithfulness of ordinal network representations,

we examined the location of k-cycles in an ordinal network by mapping back the relevant

patterns/nodes to the time series points which they originated from. Fig. 4.23 presents,

as an example, a histogram of all points of a chaotic r = 4 logistic trajectory which are

mapped onto ordinal patterns which are member-nodes of directed 4-cycles in the network.

As seen earlier in Fig. 4.22(f), the topology of an ordinal network encapsulates information

about the total number of unstable cycles contained within the data accurately. Now we

are interested in the localisation of unstable periodic orbits within a univariate time series

via ordinal networks.

It is evident from Fig. 4.23 that the network constructed by means of counting patterns

with m = 10 encodes significant amounts of information with regards to unstable cycles

embedded within the dynamics. The two highest peaks correspond to the two fixed points
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of the logistic map at x = 0 and x = 0.75 for r = 4. Note that higher concentration

of points is expected around the most dominant unstable periodic points, i.e. the lowest-

order. Additionally, note that 4-periodic points include points of period 1 (i.e. fixed) and

period 2 – a general fact about any period k and its integer divisors. The two second

highest peaks correspond to the 2-periodic orbit located at (x1, x2) ' (0.3455, 0.9045).

All the remaining peaks are localised around the remaining 12 4-periodic points of prime

period 4. Two of these are very sparsely populated (very short bars are shown in the

image) and only one point remains undetected – a feature which could be amended by

considering a longer time series.

4.9 Faithfulness of Ordinal Network Representations

Our analysis of ordinal patterns via the BP methodology from a network-based standpoint

proved ripe ground for exploration, overall, and allowed us to reach several conclusions

regarding the effectiveness and mechanisms behind ordinal representations. In this chapter

we employed the entropy measures defined in Chapter 3 and a range of tools inspired from

network science in order to study the properties of a connectivity structure which underlies

the Markovian viewpoint we introduced. This construction departs from all other ordinal-

based methodologies and approaches the problem from an ergodic theory perspective. Our

numerical experiments comprise evidence in favour of the faithfulness of ordinal network

representations and the associated Markov model.

First of all, we established that periodicity is captured sufficiently well by ordinal

representations which can easily encapsulate simple dynamics. This gave a first hint to-

wards studying Poincaré maps instead of the underlying continuous-time flow observables.

Additionally, it highlights the higher robustness of the maximally overlapping scheme in

comparison to all ∆wm > 1 alternatives.

Following this, we examined the effect of the length of the dataset in question on the

network’s topology and estimates produced by ordinal analysis. We saw that even if the

heuristics which guarantee complete lack of undersampling are unmet, ordinal structure

and the network can be sampled adequately in the case of low-dimensional chaotic ergodic

dynamics. Saturation of fundamental quantities – even if the probability distributions

of patterns and ordered pairs of patterns are not fully sampled – indicates that the core

structure is incorporated into the network representation. Variation with N can be used

to determine the required value of N , by numerically extending the time series length until

such a point whereupon quantities of interest attain a limiting behaviour irrespective of

m. This approach can prove useful in the case of more complex maps or given real-world

datasets of considerable length.

Our results on the impact of the amount of overlap between patterns on the symbolic

itinerary and the associated network showed that robustness to varying m is only obtained

at a single-point slide lag. The distribution of ordinal transitions is, as expected, more

sensitive to such variation which amounts to different levels of correlation between suc-
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cessive symbols and radically different estimates which involve the joint distribution of

ordered pairs of patterns, e.g. CE.

Investigation of the main methodological parameter, the pattern length m, established

the existence of a scaling region which results from the interplay between the necessity for

higher resolution and the unavoidable undersampling effects this entails. In order to reveal

the true complexity of a system under examination and uncover aspects associated to its

dynamical invariants, increasingly higher m is required. However, a specified regime will

admit a threshold value beyond which complexity is revealed for all subsequent values.

Continuous-time flow observables produce more sensitive estimates to m in comparison

to their discrete dynamics counterparts due to effects of the sampling frequency. We

therefore propose the utilisation of appropriate Poincaré sections which yield much more

consistent estimates, clearer and longer scaling regions and CE values which are close to

the actual KS entropy of the system. Moreover, a startling observation about Poincaré

maps is that ordinal patterns computed from any observable, including inter-recurrence

times between a useful landmark in state space, will adequately capture all the relevant

ordinal structure and produce almost identical networks. Furthermore, any such map, i.e.

central in terms of topology in state space, yields equally good estimates.

Finally, the entirety of our analysis, and especially the network-science-based part,

illuminates features of ordinal networks reminiscent of the invariant density of the under-

lying dynamics. The relative out-strength distribution, which is identical to the Markovian

stationary distribution of the chain, is characterised by power-law behaviour in the tails,

highly indicative of singularities in the probability density function. Since a variety of

scalar observables identify the same exponent, we hypothesise that this may indeed be the

case. Questions, as well as motivation for further explorations, are born. If our conjecture

has merits a foundation, dynamical invariants should in principle be possible to estimate

from an ordinal network. We proceed with this aim in mind and show that it is possible

to achieve great estimates by borrowing ideas from ergodic theory.
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Summary

In this chapter we conducted numerical experiments on several discrete- and continuous-

time dynamics. Our analysis suggests that ordinal network representations can adequately

capture valuable information about interesting dynamical features of the underlying sys-

tem. Information is extracted via a scalar time series. Any projection of a mixing multi-

dimensional flow will suffice for encapsulation of the relevant ordinal structure. Network

analysis demonstrates that the underlying topology may be captured sufficiently well by

the ordinal representation. In addition, metric properties are also incorporated with the

relative out-strength distribution of the multigraph exhibiting properties of the natural

invariant measure of the dynamics. This constitutes our motivation for exploring ordinal

networks further and attempting estimation of dynamical invariants in Chapter 5.



Chapter 5

Ordinal Markov Modelling:

Topological Invariants

Overview

In this chapter we take our conjectures about the effectiveness of an ordinal partition one

step further and subject it to more rigorous testing. This is performed by means of numer-

ical estimation of characteristic dynamical invariants in known systems and comparison

to accepted values. In addition, we examine ordinal network variation as parameters and

dynamical regimes of the input time series change. To this end, we firstly present re-

sults on the distinction between dynamics of varying complexity by ordinal network-based

measures. We consider a bifurcation spectrum in a subset of the example systems we

studied (Sec. 5.1) and show that the logarithm of the nullity of an ordinal network is a

powerful tool for tracking bifurcations. Following this, we demonstrate that the connec-

tivity graph A is capable of producing very good estimates for the topological entropy

of underlying discrete-time flows and Poincaré maps of continuous-time flows. (Sec. 5.2).

Estimates are accurate and converging without exception in several one-dimensional maps

we investigated and in some two-dimensional systems as well. More complex systems

exhibit slower convergence. Finally, in Sec. 5.3 we provide estimates for the maximal Lya-

punov exponent of both discrete-time and continuous-time chaotic flows via the transition

graph T . The underlying technique stems from Ulam’s proposition for approximating

the Sinai-Bowen-Ruelle (SBR) measure and the Perron-Frobenius operator in hyperbolic

dynamical systems [208]. We use a combination of the ordinal Markov model of Sec. 4.3

in accordance with the method first introduced by Boyarsky [36] for expanding piecewise

monotone one-dimensional interval maps and later generalised within a rigorous setting

to higher-dimensional dynamics by Froyland [77].
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5.1 Nullity of Ordinal Networks: Tracking Bifurcations

We begin by directly extending the results we obtained previously in Chapter 4, specifically

the network-based measures of Sec. 4.8. One of the most interesting features is the excellent

scaling obtained for the nullity of connectivity graph A as m is varied in comparison to

all other measures. We considered a spectrum of bifurcations for various discrete- and

continuous-time flows. This comprises the next test in terms of faithfulness of ordinal

representations, whereby a range of dynamical regimes of varying complexity is juxtaposed.

Our argument is illustrated based on evidence on the logistic (Eq. A.1), cubic (Eq. A.3),

Henon (Eq. A.9) and Ikeda (Eq. A.10) discrete-time flows.
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Figure 5.1: Natural logarithm of ordinal network nullity and some ordinal entropy estimates for a
bifurcation spectrum of the logistic map. Values diverging to negative infinity (i.e. for a full rank adjacency
matrix) are mapped to 0.

First of all, we revisit the size of the null space of an ordinal network. In the case

of A, it corresponds to the number of eigendirections in {0, 1}V (m) space1 which collapse

to the origin after a multiplication by the matrix. The theory of algebraic systems of

equations of the form Ax = b dictates that a unique solution – which implies that the

linear (V (m) × V (m) matrix) map is injective – is equivalent to the matrix being non-

singular. Therefore, the size of the its null space reflects the extent to which the map

fails to be injective. If there is indeed some merit into our conjecture about a connection

between the limiting stationary distribution of an ordinal Markov process of increasing m

and the natural measure of the system, nullity could be related to the rate of contraction

1Or (N ∪ {0})V (m), [0, 1]V (m) for W , T respectively.
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Figure 5.2: Natural logarithm of ordinal network nullity and various entropies computed from a short
periodic-dominant segment of the bifurcation spectrum.

associated with the evolution operator in the underlying nonlinear maps. In terms of

network topology, nullity indicates the number of subgraphs whereby a pair of nodes have

exactly the same incoming neighbours, and similarly for their outgoing neighbours. Recall

the linear dependence between rows in the adjacency matrix.

We observed numerically that nullity is identical for all three flavours of an ordinal

network in each system we investigated. In addition, it is zero for periodic regimes ir-

respective of chosen value for m. This is evident in the top panels of Fig. 5.1 for the

logistic map and those of Fig. 5.3 for Henon and Ikeda. The red curve corresponds to the

logarithm of nullity (m = 12), except if it is zero in which case the value diverges to minus

infinity. We artificially set it to zero for the purposes of the plot. For m > 3, no nullity

values equal to unity (i.e. zero logarithm) were observed, thus there is no ambiguity.

Fig. 5.2 depicts the sensitivity of this ordinal measure more clearly. Periodic orbits

lead to zero estimates without exception, in every discrete-time flow and Poincaré map

we investigated. The situation is only different very near a bifurcation point, where the

1− 1
r fixed point, or the periodic orbits which stem from it as r increases due the period-

doubling cascade, become non-hyperbolic. In such cases degenerate solutions are possible

and a great degree of instability is observed. We sampled 2000 orbits from the region

r ∈ [3.5, 4] which allowed us to compute ordinal patterns from such regimes. Since more

complex phenomena occur and periodicity is lost, we should expect a nonzero estimate

which is confirmed by Fig. 5.2.

The robustness of nullity in comparison to entropy measures which are only based

on statistics computed from the symbolic itinerary can be seen in Fig. 5.1(c) where the

estimates are juxtaposed for a short sample of the bifurcation spectrum. While all ordinal

measures exhibit potential for bifurcation tracking, entropies TPE, PE and SE are highly

sensitive to the specific value of r in areas of periodic orbits and bifurcation points. Es-

timates appear rather noisy. Note that that the TPE estimator obtained directly from

the definition of Eq. 3.6 (black curve) is equivalent to the corresponding V (m) curve, the

network’s size. That is if simple distinction between dynamics of varying complexity, not

absolute values, is of interest.
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Fig. 5.1(d) illustrates the increasing smoothness in the log-nullity curve of the logistic

spectrum for higher m. Finer resolution of the ordinal partition leads to a greater number

of admissible patterns, therefore the domain of nullity – a discrete measure – widens leading

to a richer range of possible values. We remark that all entropy measures are comparatively

characterised by much sharper curves for specified m. Fig. 5.1(c) illustrates this point for

m = 12.
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Figure 5.3: Natural logarithm of ordinal network nullity and various entropies computed from a bifur-
cation spectrum of Henon (left) and Ikeda (right) trajectories. Values diverging to negative infinity (i.e.
for a full rank adjacency matrix) are mapped to 0.

Furthermore, the convergence of all entropies with increasing m to a smoother profile,

as well as a ‘Cauchy sequence’ type convergence between the curves, is slower than for

nullity. Especially in the case of the most complex regimes (r > 3.64), Fig. 5.1(d) illu-

minates the high rate of convergence displayed by nullity. The curves for m = 14 and

m = 16 are almost indistinguishable in this region of parameter space. Panels (e) and (f)
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of Fig. 5.3 highlight the advantages of network-based nullity over itinerary-based statistics

for Henon and Ikeda bifurcation spectrums. The discrepancy is clear. Unfortunately, it is

hard to depict the astonishing capacity of nullity in tracking bifurcation behaviour within

the constraints of the current resolution. Nullity clearly tracks changes in the underlying

dynamics in a more robust manner in comparison to the entropy measures, which implies

that a network structure encapsulates more dynamical information than simple statistics

on the symbolic itinerary.

5.2 Ordinal Network-based Topological Entropy

Markov processes and associated transition graph methods date back to the first half of the

20th century. In the context of finite-state languages, Chomsky and Miller [50] established

a method for estimating lengths of words composed of binary symbols. Since then, their

formula of the logarithm of the largest eigenvalue of the connectivity graph of a Markov

model has been used to estimate the topological entropy of dynamics on cellular automata

[216] and chaotic unimodal self-interval maps [96]. We adapt this method to the setting

of an ordinal partition and put ordinal representations onto a more stringent quantitative

test. Our findings indicate great estimates in all one-dimensional maps and in some two-

dimensional dynamics. In what follows, we compare the topological entropy estimates

via the definition of Eq. 3.6, the gradient of log [V (m)] and the natural logarithm of the

largest eigenvalue of A, i.e.

log λmax(A;m). (5.1)

To provide some intuition with regards to the origin of this formula, consider the space

of infinite sequences of natural numbers 1, 2, . . . , N , denoted by ΣN ,

s = {(s0s1s2s3 . . . ) | sj ∈ N, 1 ≤ sj ≤ N}. (5.2)

In the case of ordinal symbolisation, the permutation indices can be mapped bijectively

to the natural numbers up to N = m! for pattern length m ∈ N, m ≥ 2. For instance,

when m = 2, Σ2 is the binary sequence space examined by [50].

A natural metric2 on ΣN is defined by

dN (s, t) =

∞∑
i=0

δ(si, ti)

N i
,

δ(si, ti) =

0 if si = ti,

1 if si 6= ti

(5.3)

Note that

dN (s, t) <
1

Nk
⇒ si = ti for 0 ≤ i ≤ k (5.4)

2A transformation which obeys positivity, symmetry (dN (s, t) = dN (t, s)) and the triangle inequality
(dN (s, t) ≤ dN (s, r) + dN (r, t)). Furthermore, dN (s, t) = 0⇔ s = t.
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and

si = ti for 0 ≤ i ≤ k ⇒ dN (s, t) ≤ 1

Nk
. (5.5)

Additionally, dN (s, t) is bounded by the geometric sequence

dN (s, t) ≤
∞∑
i=0

1

N i
=

1

1− 1
N

=
N

N − 1
, (5.6)

with the upper bound attained when si 6= ti ∀i ∈ N. The (one-sided) 1-shift map

σ : ΣN → ΣN given by

σ(s) = σ(s0s1s2s3 . . . ) = s1s2s3s4 . . . (5.7)

is continuous in the metric dN .

A connectivity matrix of size N × N , say A = (aij) where aij ∈ {0, 1}, describes a

subset of ΣN , denoted by ΣA, whereby member sequences obey the following rule

ΣA = {s = (s0s1s2s3 . . . ) | asisi+1 = 1, ∀i ∈ N}. (5.8)

As an example consider the simple connection matrix of a 3-node network

A =

0 1 0

1 0 1

1 0 0

 . (5.9)

Since it contains no non-zero diagonal elements, there are no links connecting a node to

itself. Therefore, sequences of the constant form (1111 . . . ), (2222 . . . ) or (3333 . . . ) are

forbidden. The only possible links between successive elements of sequences in ΣA are

1→ 2, 2→ 1, 2→ 3 and 3→ 1. Hence, member sequences include the periodic itineraries

(121212 . . . ), (123123 . . . ), (1212312123 . . . ) etc., as well as aperiodic trajectories, e.g.

(1231212123121212123 . . . ) which in this case is composed of several periodic 2- and 3-

blocks.

The restriction of σ to the set ΣA is denoted by σA. This makes sense as ΣA is a closed

subset of ΣN and is invariant under the action of σA. It is a subshift of finite type. Ordinal

networks constitute a subshift of finite type on the space of infinite sequences composed

of indices associated to each element of the ordinal partition. By the Perron-Frobenius

theorem for non-negative matrices, there exists a non-negative eigenvalue λ such that no

other eigenvalue of A has absolute value greater than it. Corresponding to λ there exist

unique non-negative left and right eigenvectors. Moreover, if A is irreducible and aperiodic,

λ is a simple eigenvalue and the eigenvectors are strictly positive. Note that the set ΣA

consists of symbolic itineraries which are the manifestation of all possible random walks

from any starting node on A. Consequently, a leading eigenvector corresponds intuitively

to a set of regions in state space which remain invariant (up to scaling) under a single

update of the evolution rule and, furthermore, endure the maximum possible scaling (in
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absolute value), i.e. regions where mass tends to concentrate the most after an update

of the dynamics. Topological entropy is then related to the growth rate of the number

of possible paths from all starting nodes, which in the infinite limit tends to grow as the

natural logarithm of λ, the maximum scaling factor.
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Figure 5.4: Natural logarithm of largest eigenvalue of ordinal connectivity graph A for the chaotic (a)
r = 4 logistic, (b) dyadic/bit-shift, (c)-(d) Gauss of lower (α = 4.9, β = −0.48) and higher (α = 6.2, β =
−0.486) complexity, (e) tent and (f) a = 3.42 cubic maps. Entropy measures have been recast in terms of
a natural logarithmic base (multiplication by log 2) for comparison purposes.

Fig. 5.4 depicts results for the six one-dimensional maps described in Sec. A.1 of

Appendix A. Firstly, we note that the logistic map for r = 4 is topologically conjugate

to both the dyadic and the tent map, which is an idealised model of the zmax Poincaré

map of the Lorenz attractor. As expected, the ordinal estimate for topological entropy

converges very rapidly to the actual value of log 2 in all three cases. The fact that three

different trajectories from randomly chosen initial conditions from three different types
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of conjugate dynamics produce essentially identical estimates (for most values of m) is

very encouraging. In the case of the dyadic map even m = 2 is sufficient for producing

estimates of high accuracy. This is in effect a consequence of the generating property of

the ordinal partition in the case of the dyadic map – recall the x = y boundary of R2 when

m = 2. Only undersampling worsens the estimate once m ≥ 16.

Secondly, ordinal estimates are characterised by a scaling region in m, which is consis-

tent with our previous computations and confirms the interplay between the necessity for

finer resolution to capture the dynamics and increasingly more impactful undersampling

effects. In the three cases where the theoretical value is know, we observe that the log-

arithm of the largest eigenvalue of A yields excellent results and very rapid convergence

with m. In all three other cases, we suspect there is convergence to the actual values,

which are however unknown. This conclusion is reached somewhat intuitively via inspec-

tion of Table 5.1 where the ordinal network estimates for topological entropy and the six

Lyapunov exponent of 1D maps are juxtaposed.

Thirdly, all the estimates obtained through the V (m) graph are inaccurate. Further-

more, hPE0 seems to be an even worse performer. The different base in the logarithm

used (2 instead of e) accounts for the different scaling in comparison to the straight line.

Nevertheless, even multiplication by log 2 does not produce sufficiently accurate estimates.

Overall, it seems that the network-based estimator of TPE by far outperforms itinerary-

base estimates. This result highlights the complementary value of examining network

structures in conjunction to simply extracting statistics from a symbolic itinerary.

The situation is similar in the case of the two-dimensional Lozi map (Eq. A.6; panel

(a) in Fig. 5.5), fow which even values of m produce converging ordinal estimates to the

true value of approximately 0.3.3 The discrepancy between even and odd values of m is

related to the nature of the map (see Fig. A.4 in Appendix A). Estimates are less accurate

in the case of e.g. Henon, Stiletto and Ikeda (panels (b)-(d) in Fig. 5.5) where higher m

values are required for convergence. Increasing complexity seems to be a solid indicator

of the lowest level of acceptable resolution needed for scaling behaviour to be observed.

Nevertheless, one can identify a short scaling region within 10% of the true value beginning

to arise for m ≥ 15. This can easily be checked for higher m using larger samples. Note

that both x- and y-component time series produce almost identical estimates (to within

0.01% precision for m > 2; results omitted) in all systems.

Finally, Fig. 5.6 displays corresponding estimates for continuous-time and Poincaré

observables of the Lorenz flow. Results essentially confirm our previous conclusions about

the power of a PSS and the amount of information extracted by ordinal symbolisation,

in particular the topological characteristics of the connectivity structure of an ordinal

network.

The convergence of the estimates computed from the zmax return map observables

to the corresponding values of the topologically conjugate tent map constitute a major

3The reader is referred to similar estimates by Amigó and Kennel [6] via estimation of the outgrowth
ratio of forbidden patterns.
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Figure 5.5: Natural logarithm of largest eigenvalue of ordinal connectivity graph A for chaotic (a) Lozi,
(b) Henon, (c) stiletto and (d) Ikeda maps. Entropy measures have been recast in terms of a natural
logarithmic base (multiplication by log 2) for comparison purposes.

finding in terms of the consistency of information encoded within the ordinal structure

of a dynamical system. Moreover, in an unanticipated fashion, it appears that the z =

27 PSS components possess the same ordinal structure, as evidenced by the topological

entropy eigenvalue estimation. This is surprising since the map has not been shown to

be topologically conjugate in the literature to the best of our knowledge. Amigó and

Kennel [6] argue that estimation of topological entropy from computations on a single long

trajectory is notoriously difficult. Metric entropy is also difficult due to the requirement

for very long data sets for increasing pattern length, as reflected in the undersampling

heuristics discussed in Chapter 4. Quoting [6], “. . . but topological entropy is worse yet,

because it weights each pattern equally. This means that patterns which are exceptionally

infrequent on the natural measure of the attractor can still have a significant influence

on the result. Attempting to estimate the same quantities using empirical occurrences of

order patterns is even more difficult, requiring more data than would a good, low-alphabet

generating partition for ordinary symbolic dynamics.”. These difficulties of estimating

invariants from long orbits associated with all other methods of TPE seem to be somewhat

addressed by employing the network/matrix characterisation. The reason is that the

largest eigenvalue of the ordinal Markov approximation of the evolution operator of the

underlying system measures the accumulated effect of matrix multiplication. Vectors on

eigendirections – or equivalently ‘mass’ distributions in the symbol space – are preserved

up to a scaling factor by the action of the ordinal Markov operator. This scaling factor
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lowers the effect of infrequent admissible patterns on ordinal estimates mentioned in [6].

2 4 6 8 10 12 14 16

m

0.6

0.8

1

1.2

O
rd

in
a
l
T
o
p
o
l
E
n
tr

hP E
0 (m) [.ow]

hP E
0 (m) [zmax]

hP E
0 (m) [z = 27]

log [6max(A;m)] [.ow]
log [6max(A;m)] [zmax]
log [6max(A;m)] [z = 27]
hT OP [zmax]

Figure 5.6: Ordinal pattern-based (multiplied by a factor of log 2 to adjust scaling of curve for a fair
comparison) estimate of TPE (circles) and corresponding network-based estimate (squares) computed from
a chaotic Lorenz trajectory. Black denotes continuous-time x− component observables, red denotes zmax

return map observables and blue reflects the results obtained for the z = 27 PSS.

Finally, in relation to the estimation of invariants using long orbits, we remark that it

is a very challenging pursuit due to several aspects, some highlighted by Froyland [77, 78].

Within the range of systems examined here, we note that apart from complexity, lack

of ergodicity also contributes to the unfaithfulness in systems such as Ikeda. A more

in-depth investigation is required in this case. This is evidenced by the irreducibility

of ordinal networks computed from Ikeda trajectories, which produces non-irreducible

networks if m > 12 for input data in the order of magnitude N ∼ 106. For our purposes,

all other results suffice for our argument in favour of ordinal representations and the

necessity for theoretical investigation of the properties of an ordinal partition in chaotic

maps. In addition, the other avenue for further research is to determine the maximum m

for which computations are feasible, convergence rates in relation to dynamical invariants

and the acceptable length of a dataset. This shall determine the type of data for which

this methodology can be applicable in practice. McCullough et al. [140] showed that heart

variability state distinction as well as characterisation of complexity of cardiac dynamics

may be pursuits amenable to this type of analysis.

5.3 Ordinal Network-based Maximal Lyapunov Exponent

The final investigation towards this thesis is inspired by the Markov-based matrix method

initially introduced by Boyarsky [36] for computation of the Lyapunov exponent of one-

dimensional discrete dynamics in the case of expanding maps. It roots date back to Ulam
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[208] and was extended to a more general setting – as well as a rigorous manner – by

Froyland [77]. The technique is based on transfer operator theory, for which there is a

rich literature, e.g. see [80, 79]. The foundation of this technique is outlined in detail in

[77] and draws heavily on methods from ergodic theory of smooth dynamical systems.

Ulam proposed equi-distribution of mass of the stationary distribution of the Marko-

vian process defined on expanding one-dimensional maps to each element of the partition.

Froyland [77] extended the method to higher dimensions. Rigorous statements are based

on the assumption that the underlying partition is Markov – which is not necessarily

the case for an ordinal partition. There is hope, however, due to consequences of the

proof of Bandt et al. [26] about PE convergence to KS entropy in piecewise monotonous

self-interval 1D maps. This implies that the ordinal partition attains the properties of a

generating partition in the limit m→∞. No results about convergence rates are known.
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ĥPE
7 (m)

hCE
7 (m)
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ĥPE
7 (m)

hCE
7 (m)
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Figure 5.7: Ordinal Lyapunov estimate given by Eq. 5.11 for the one-dimensional discrete-time flows of
Fig. 5.4 as a function of m.
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Our numerical experiments are indicative of astonishingly rapid convergence of the

Markov-based Lyapunov exponent estimate to the true value in 1D discrete dynamics.

Fig. 5.7 depicts the results for the six 1D maps studied in Sec. 5.2. The quantity we

estimate results from the following algorithm [36].

The first step consists of a calculation of the largest non-negative eigenvalue4 of the

transpose of transition matrix T , i.e. we normalise with respect to the incoming rather

than the set of outgoing neighbours in the network, and the corresponding right eigenvector

denoted by u. Second, we compute the stochastic matrix P whose elements are given by

Pij =
µ(Qi ∩ φ−1Qj)

µ(Qj)
· uj
ui

(5.10)

and its left eigenvector vP . The sum of Lyapunov exponents (or maximal LE in the case

of chaotic systems) in the case of a Markov partition is then given by [77]

MLE = −
m!∑
i,j=1

vP ,iPij log

(
µ(Qi ∩ φ−1Qj)

µ(Qj)

)
, (5.11)

since m! is the number of elements of ordinal partition Q. The central idea behind this

recipe is that the right-stochastic transition matrix T is guaranteed to possess a unique left

eigenvector due to the Perron-Frobenius theorem. Thus, one only needs to spread weight

evenly over each element of the ordinal partition in order to obtain an approximation for

the SBR measure. Integration of the expression log det(DxT ), where (DxT ) denotes the

Jacobian of the flow (or stochastic approximation thereof in this case), with respect to

the SBR measure produces an estimate of the sum of positive Lyapunov exponents, i.e. a

quantitative estimate of the exponential rate of separation of initially proximate states.
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Figure 5.8: Ordinal Lyapunov estimates obtained by applying Eq. 5.11 to the Lozi (left) and Henon
(right) two-dimensional discrete-time flows as a function of m.

Evidently, estimates are very accurate even for small values of m. As in the case of

topological entropy, it is obvious that an ordinal partition for any value of m constitutes

a generating partition5 by virtue of its geometrical construction in R2 for the dyadic map

4Equal to unity by the Perron-Frobenius theorem.
5Generating partitions are in general system-dependent [94].
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(panel (b) in Fig. 5.7). Rapid convergence is obtained for m ≥ 5 in all six systems. These

results are also consistent for the three topologically conjugate maps as in the case of

topological entropy. This is portrayed by the similarity of the corresponding curves in

panels (a) which depicts the logistic flow, panel (b) for the dyadic map and panel (e) of

Fig. 5.7 for the tent map. In addition, note the large discrepancies between all ordinal

estimators of KS entropy – which coincides with LE via Pesin’s formula [166] for these

systems – and the Markov-based estimator of Eq. 5.11. The theoretical value equal to

log 2 is known in this case which allows comparison of estimation accuracy between the

various ordinal measures. Furthermore, we remark that the ordinal network-based method

for estimating the sum of positive Lyapunov exponents exhibits a longer scaling region in

m space which displays minimal sensitivity to change. Without exception in all one-

dimensional systems we studied, accuracy to within 1% of the true value where known (or

its analytical approximation via Oseledec’s formula [158] which makes use of Birkhoff’s

ergodic theorem) is obtained by Eq. 5.11 for all m = 5 or larger. This constitutes an

excellent result to the test for faithfulness of ordinal representations.

Due to the base 2 logarithm in the definition of ordinal entropies, we multiplied esti-

mates by a factor equal to log 2, essentially changing the base to the natural choice of e.

We show relevant output for the case of the two Gauss regimes depicted in panels (c) and

(d) of Fig. 5.7 and the cubic trajectory in Fig. 5.7(f) in dashed curves. All entropy values

are still inaccurate in comparison to the true value6, with the exception of hCEµ which

completely coincides with the Markov-based estimate for LE. This finding numerically

verifies Pesin’s identity in an ordinal setting for 1D discrete ergodic flows.

The effectiveness of this method, as well as the equivalence between ordinal network-

based LE and pattern-based CE, extends to most two-dimensional discrete flows apart

from Ikeda. Its effectiveness in 2D is portrayed in Fig. 5.8(a) for the Lozi map where,

once more, estimates are excellent even for as low as m = 5. Estimates on Henon shown

in Fig. 5.8(b) depict a somewhat slowly converging value. For m = 6, the estimator is

approximately 20% off the true value of about 0.4. We remark that the effectiveness of

the method for a specified m is clearly dependent on the underlying complexity which

necessitates increasingly finer resolution in permutation space to be unveiled.

Similar conclusions are drawn by comparing the Lyapunov exponent estimates obtained

by means of Eq. 5.11 for the x-component of a continuous-time Lorenz trajectory and the

two types of PSS we considered previously. Corresponding values of PE and CE are shown

in juxtaposition. We observed that PE (Fig. 5.9; circles) is by far the worst performer,

which is consistent with our previous results. Additionally, estimates drawn from the

continuous flow observables (dark curves) are quite inaccurate if m is low, but exhibit

features of convergence if we continue improving the resolution of the ordinal partition.

The Poincaré observables, however, lead to excellent estimates of the actual value as in the

case of topological entropy, irrespective of chosen component or which of the two methods

6In this case where values are unknown, we employ the analytical formula by Oseledec [158] to obtain
an approximation drawn from a long trajectory.
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Figure 5.9: PE, CE and ordinal Markov estimate for the maximal Lyapunov exponent of the same Lorenz
trajectory as in Fig. 5.6.

– direct definition of CE or the Markov-based Lyapunov computation of Eq. 5.11 – is

employed.

Flow Ordinal Topological Entropy Ordinal Lyapunov
Logistic 0.6918 0.6894
Dyadic 0.6931 0.6931
Tent 0.6918 0.6844

Cubic 0.445 0.3946
Gauss Mild 0.1962 0.1749
Gauss Wild 0.4429 0.3762

Lozi 0.3008 0.2559
Henon 0.6483 0.4911
Stiletto 0.6873 0.5176

Table 5.1: Ordinal network-based estimates of topological entropy and maximal Lyapunov exponent.
Approximate averages in scaling regions which can be identified by visual inspection are quoted in the
cases of slow convergence.

As a final test for MLE estimation via ordinal Markov modelling, Fig. 5.10 depicts the

permutation and conditional entropy (base e) estimated from long trajectories sampled

from the (a) Lorenz, (b) Rössler and (c) Chua continuous-time flows in juxtaposition to

the estimates obtained using our proposed methodology, i.e. ordinal Markov models in

conjunction with appropriate Poincaré maps. It is obvious that the ordinal network-based

MLE approximation is significantly more accurate than simply counting patterns and

estimating entropies. This highlights the additional value of ordinal networks in nonlinear

time series analysis in a remarkable fashion. Accepted values for the chaotic dynamical

regimes studied here7 were obtained by using TISEAN [93], in particular the algorithm

by Kantz [102], and approximately equal 0.9, 0.05 and 0.34, respectively.

7Lorenz: (σ, ρ, β) = (10, 28, 8/3), Rössler: (a, b, c) = (0.398, 2, 4), Chua: (α, β,m0,m1, E) = (9, 14 +
2
7
,− 8

7
,− 5

7
, 1)
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Figure 5.10: Permutation entropy and conditional entropy estimated from flow data on the (a) Lorenz,
(b) Chua and (c) Rössler attractors in juxtaposition with the ordinal Markov MLE estimate obtained via
Poincaré sections. Accepted values are obtained via numerical computations on TISEAN.
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In part our results are explained by means of the theoretical results established in

[107, 108] on permutation entropy and the ordinal partition. In the infinite limit m→∞
an ordinal partition will become generating beyond a certain threshold; this is the point

where symbols have a sufficiently high length that allows the uncovering of the complexity

characterising given dynamics. Our numerical experiments, in conjunction with selected

theoretical studies, suggest a surprising effectiveness even for finite values, in fact a very

short pattern length in several cases.

Summary

In this chapter we examined three facets of ordinal networks. The first one, nullity,

seems to produce efficient tracking of complexity in different regimes of a bifurcation

spectrum of various discrete dynamics. The second facet is related to the topological

entropy of the underlying systems. In particular, we managed to obtain great estimates

characterised by rapid convergence in m and long scaling regions via the natural logarithm

of the largest eigenvalue of the connectivity graph of an ordinal network. This flavour,

essentially a binary matrix, describes the topology of the symbolic space associated with an

ordinal partition of specified resolution. Our results suggest that one- and two-dimensional

dynamics may be captured in full by ordinal representations.

The third section in this chapter presented an adaptation of traditional Markov mod-

elling techniques drawn from ergodic theory to the ordinal setting. Evidently, the or-

dinal transition network can estimate the maximal Lyapunov exponent of one- and two-

dimensional dynamics very efficiently for even low levels of resolution. In conjunction with

the earlier results of Chapter 4, the capacity of nullity for bifurcation tracking and the

successful estimates of the topological entropy of underlying maps produced by the ordinal

connectivity network, we argue that there is strong experimental evidence in favour of a

link between ordinal distributions and the invariant measure of ergodic chaotic dynamics.

Overall, our evidence of estimation of invariant dynamical quantities of interest presented

herein constitute a further testament to the faithfulness of an ordinal partition of increas-

ing resolution. Great convergence rates are one of the central and most surprising findings

that we obtained.



Chapter 6

Discussion

The main topic of enquiry in this thesis revolves around questions on the capacity of ordi-

nal representations in general, and ordinal networks in particular, to successfully encode

information about the dynamics underlying a scalar time series. The academic community

has paid significant attention to ordinal-based methodologies over the last ten to fifteen

years. An increasing number of publications have appeared on areas such as distinction of

dynamical regimes, measurement of complexity and change-point detection in real-world

time series; often interbeat intervals drawn from ECG recordings or multichannel EEG

measurements, e.g. see Keller et al. [109]. Motivated by this fact, and the encouraging

theoretical results obtained by Bandt et al. [26], Amigó and coworkers [8, 6, 4] and Keller

and colleagues [106, 107, 108, 209], we explored various facets of this family of techniques.

6.1 Conclusions

Our overarching finding is that numerical computation indicates an unanticipated faithful-

ness by ordinal network representations of low-dimensional dissipative ergodic dynamics,

especially in the case of discrete-time flows. It appears that there is reason to conjecture

that in the limit of infinite pattern length, the ordinal partition may be capable of acquir-

ing properties which characterise either a generating or a Markov partition. These two

types of partition are essential in order to approximate dynamical invariants by means of

a stochastic model founded on a Markov process construction.

Our results demonstrate that a stationary measure obtained for a sequence of increas-

ingly finer ordinal partitions, via the Markov chains defined on associated finite alphabet

symbol spaces, exhibits features of, and could possibly approximate, the natural invariant

measure of the underlying dynamics as m → ∞. In fact, finite m values – even very low

values sometimes – lead to accurate estimates of invariant quantities, such as the topo-

logical entropy and Lyapunov exponent (rate of orbital divergence), in the case of various

widely-studied dynamics.

The strong theoretical results by Amigó [4] do not apply to the BP viewpoint since

the concept of permutation entropy is defined in a different manner. Our findings are
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more closely linked to the results obtained by Keller and Sinn [107] for the relation of

PE to KS entropy in one-dimensional ergodic maps and the theoretical characterisation

of properties of an ordinal partition by Keller et al. [108]. Given the fast computations

involved in ordinal pattern computations, questions regarding the validity of this type of

standardised1 partition as a basis for Markov modelling are of particular interest. Ordinal

symbolic dynamics offers a tempting alternative which bypasses the problem of defining a

partition which is generating, a challenging pursuit even in two dimensions [94].

6.2 Faithfulness of Ordinal Representions Revisited

In conclusion, the findings of our numerical investigation – and the primary contributions

in this thesis – are classified in the following broad categories: (a) effects of irregular

sampling on ordinal pattern counts (Ch. 3), (b) methodological parameter analysis and

constraints of sample size (Ch. 4), (c) ordinal network features from a Markovian perspec-

tive and faithfulness of network representation of chaotic ergodic dynamics (Ch. 4) and

(d) estimation of invariant quantities and bifurcation tracking (Ch. 5). In what follows,

we summarise the key findings and discuss the insight we obtained.

The count of forbidden patterns has been shown to be a robust tool for distinguishing

low-dimensional dynamics from noise. We extended existing investigations on the reliabil-

ity of this ordinal-based measure applied to irregularly sampled time series. Our results

illustrate its high reliability uncer conditions of severe undersampling, for instance data

which contain large chronological gaps. Such datasets are not uncommon in geoscientific

and paleoclimate measurements. We proposed that the primary condition for reliability

is related to the existence of densely sampled areas (in a temporal sense) which counter-

act the effects of undersampling. We presented quantitative evidence on synthetic data

sampled at intervals drawn at random from a Γ-distribution which has been commonly

observed in paleoclimate data.

Selection of parameters in the BP methodology has comprised a non-trivial issue as our

review of the relevant part of the literature in Chapter 2 showed. Several suggestions exist.

Theoretically, as well as in practice judging from the experiments in Chapter 3, increasing

resolution – specified by pattern length m – is required. Undersampling outbalances the

additional complexity revealed by the statistics and connectivity structure provided by

longer symbols. However, our findings suggest the existence of a useful scaling region

within which accurate computations may be performed given sufficiently long time series.

Furthermore, the amount of overlap between successive patterns plays a significant role in

ordinal estimates which are based on the joint distribution of ordered pairs of consecutive

symbols in the itinerary – and therefore the connectivity represented by the network

topology. Our results are the first to show through a variety of computations that the

maximally overlapping variant is clearly the most preferable option. This is in accordance

with the most common choice in application studies involving PE. However, selection of

1As opposed to system-dependent partitions.
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the slide lag parameter is rarely justified, or even discussed.

Following this, we established that various local and global network properties are

suggestive of the topology encapsulating features of the invariant density associated with

the underlying dynamics. We showed that any projection of a multidimensional orbit

suffices to capture ordinal structure associated with a type of dynamics. Topologically

conjugate dynamics exhibit identical ordinal profiles according to our numerical assay.

Moreover, return maps of different Poincaré sections of a continuous-time flow can be useful

in studying the dynamics from an ordinal viewpoint. The consistency among estimates

obtained from computations on various systems attests to the faithfulness of an ordinal

partition and the symbolic dynamics defined on it.

In the final chapter, we presented our strongest evidence reinforcing our conjecture

about the effectiveness of an ordinal partition of increasing resolution in encoding low-

dimensional deteministic dynamics of ergodic systems. These findings relate to the ordi-

nal pattern-based Markov model and its capacity for estimation of dynamically invariant

quantities. Our experiments demonstrate that ordinal networks yield accurate estimates

for the topological entropy and the largest Lyapunov exponent of widely studied chaotic

systems. Overall, this thesis also highlights the additional value provided by network rep-

resentations in comparison to simple statistical calculations on the itinerary obtained via

BP symbolisation. We conclude that theoretical research into this avenue, i.e. the condi-

tions under which an ordinal partition in the BP viewpoint can be generating, the link

of ordinal networks to Markovian descriptions of dynamics and ergodic theory and, most

significantly, convergence rates with respect to pattern length m in relation to dynamical

complexity characteristics, constitutes ripe ground for further exploration. Moreover, this

line of research may lead to a better theoretical understanding of the success behind this

class of methods in long real-world data sets and the status of favour it currently enjoys

by practitioners.
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Appendix A

Examples of Deterministic

Dynamical Systems

A.1 Discrete-time Flows

Logistic Map The main parameter regime under examination is chaos for r = 4.

xn+1 = rxn(1− xn) (A.1)

Regime Period 2 Period 3 Period 4 Period 8 Period 16 Period 32 Period 2∞ Chaos

r 3.4 1 +
√

8 3.5 3.56 3.566 3.5695 3.57 4

0 20 40 60 80 100

n

0

0.2

0.4

0.6

0.8

1

X
n

Figure A.1: Chaotic logistic trajectory.

Gauss Map The main parameter regime under examination is ‘wild’ chaos for (α, β) =

(6.2,−0.486).

xn+1 = e−αx
2
n + β (A.2)
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Regime Period 4 Period 8 Period 16 Period 32∗ Period 32 ‘Mild’ Chaos ‘Wild’ Chaos

α 4.7 4.7 4.7 4.7 4.7 4.9 6.2
β -0.6 -0.525 -0.515 -0.5 -0.495 -0.48 -0.486
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Figure A.2: Periodic regimes in the Gauss map. Delay plots of ‘period-32s’ regime are inadequate in
capturing the subtle difference between the two halfs of the orbit which is of the order 10−15.

Cubic Map The main parameter regime under examination is chaos for a = 3.42.

xn+1 = (a− 1)xn − ax3
n (A.3)

Regime Period 2 Period 4 Period 8 Chaos ‘Post-Merge-Crisis’ Chaos

a 3.1 3.26 3.295 3.42 4

Dyadic/BitShift Map Chaotic regime.

xn+1 = 2xn mod 1 (A.4)
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Figure A.3: (a)-(b) Mild and wild chaotic regimes in the Gauss map. (c) Cubic map chaos. (d) Dyadic
map chaos.

Tent Map The main parameter regime under examination is chaos for µ = 2− 10−8.

xn+1 = fµ(xn) =

µxn, if xn <
1
2

µ(1− xn), if xn ≥ 1
2

(A.5)
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Figure A.4: Chaotic Lozi x-component time series (a) and corresponding attractor (b).

Lozi Map The main parameter regime under examination is chaos for (a, b) = (6
5 ,−

2
15).

xn+1 = yn

yn+1 = 1 + bxn − a|yn|
(A.6)
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Figure A.5: Chaotic (a) Holmes and (b) stiletto attractors.

Holmes/Duffing Map The main parameter regime under examination is chaos for

(a, b) = (2.75, 0.2).

xn+1 = yn

yn+1 = ayn − bxn − y3
n

(A.7)

Stiletto Map Chaotic regime.

xn+1 =

(
xn +

1

3

)
e−3xn+2 + yn −

1

3

yn+1 =
3xn
10

(A.8)
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Figure A.6: Chaotic Henon x-component time series (a) and corresponding attractor (b).

Henon Map The main parameter regime under examination is chaos for (a, b) =

(1.4, 0.3).

xn+1 = 1− ax2
n + yn

yn+1 = bxn
(A.9)
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Figure A.7: Chaotic Ikeda x-component time series (a) and corresponding attractor (b).

Ikeda Map The main parameter regime under examination is chaos for µ = 0.9.

xn+1 = 1 + µ(xn cos tn − yn sin tn)

yn+1 = µ(xn sin tn + yn cos tn)

tn = 0.4− 6

1 + x2
n + y2

n

(A.10)
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Figure A.8: Hyperchaotic generalised Henon x-component time series (a) and corresponding attractor
(b).

Generalised Henon Map The main parameter regime under examination is hyper-

chaos for (a, b) = (1.9, 0.03).

xn+1 = a− y2
n − bzn,

yn+1 = xn,

zn+1 = yn

(A.11)

Folded-Towel Map: The main parameter regime under examination is hyperchaos
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Figure A.9: Hyperchaotic folded-towel x-component time series (a) and corresponding attractor (b).

for (a, b) = (3.8, 0.2).

xn+1 = axn(1− xn)− 0.05(yn + 0.35)(1− 2zn),

yn+1 = 0.1[(yn + 0.35)(1 + 2zn)− 1](1− 1.9xn),

zn+1 = 3.78zn(1− zn) + byn

(A.12)

A.2 Continuous-time Flows

Lorenz System The main parameter regime under examination is chaos for the orig-

inal parameter values (σ, ρ, β) = (10, 28, 8
3) which produce a ‘butterfly’-shaped strange

attractor.

ẋ = σ(y − x)

ẏ = x(ρ− z)− y

ż = xy − βz

(A.13)

Rössler System The main parameter regime under examination is broadband chaos

for (a, b, c) = (0.398, 2, 4).

ẋ = −(y + z),

ẏ = x+ ay,

ż = b+ (x− c)z,

(A.14)

Regime Periodic Period 2 Period 3 Period 4 Period 5 Period 8 Broadband Fourband

a 0.3 0.35 0.41 0.377 0.4 0.3848 0.386 0.398
b 2 2 2 2 2 2 2 2
c 4 4 4 4 4 4 4 4

Chua Circuit The main parameter regime under examination is chaos for (α, β,m0,m1, E) =
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(9, 14 + 2
7 ,−

8
7 ,−

5
7 , 1) which produce a double-scroll attractor.

ẋ = α[y − x− φ(x)]

ẏ = x− y + z

ż = βy

(A.15)

where the function φ – which describes the electrical response of the nonlinear resistor –

is given by

φ(x) = m1x+
1

2
(m0 −m1) · (|x+ E| − |x− E|). (A.16)

Periodically-Forced Duffing Oscillator The main parameter regime under exam-

ination is chaos for (α, β, γ, δ, ω) = (1,−1, 0.3, 0.2, 1).

ẍ+ δẋ+ βx+ αx3 = γ cos(ωt) (A.17)

Mackey-Glass DDE The main parameter regime under examination is chaos for

(β, γ, n, τ) = (0.2, 0.1, 10, 40).

ẋ =
βx(t− τ)

1 + x(t− τ)n
− γx(t), (A.18)

Hyperchaotic 4D Rössler System: The main parameter regime under examination

is hyperchaos for (a, b, c, d) = (0.25, 3, 0.5, 0.05).

ẋ = −(y + z),

ẏ = x+ ay + w,

ż = b+ xz,

ẇ = −cz + dw.

(A.19)

Muthuswamy-Chua Circuit The main parameter regime under examination is single-

scroll chaos for (C,L, α, β) = (1.3, 0.6, 1.5).

ẋ =
y

C
,

ẏ = − 1

L
[x+ β(z2 − 1)y],

ż = y(z − 1)− αz.

(A.20)

Periodically-forced Van Der Pol Oscillator The main parameter regime under

examination is chaos for (µ,A, ω) = (8.53, 1.2, 2π
10 ).

ẍ− µ(1− x2)ẋ+ x = A sin (ωt). (A.21)
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Appendix B

Network Measures

B.1 Fundamental Network Observables

Network Size The size of an ordinal network, |V| = V (m), is defined as the total number

of non-isolated nodes. It is equal to the total number of (distinct) admissible patterns of

order m, N (sn,m), that occur by scanning the symbolic itinerary sn.

Link Density The corresponding link (or edge) density, ρE(m), defined in Eq. (4.11)

quantifies the relative number of links |E| = E(m) over the total possible, excluding self-

loops.

B.2 Nodal Properties

Out-Degree The total number of adjacent links to node i, kout
A (i). Also referred to as

degree centrality [149].

Out-Strength The extension of out-degree for weighted networks; here the number of

adjacent links in the multigraph W , denoted by kout
W (i). We remark that kout

T (i) = 1 in

the case of the transition graph (by definition).

Mean Geodesic The average shortest path from node i to any other node in the network

[149], i.e.

MGD(i) =
1

V − 1

∑
j

dij , (B.1)

where dij denotes the geodesic path (minimum number of directed links) connecting source

node i with target node j.

Link Entropy The entropy of the outgoing link distribution of node i in the connectivity

graph, i.e.

hlink
µ (i) = −

∑
j

Tij log2[Tij ], (B.2)

defined by Small [195]. Note that hJPEµ =
∑

i h
link
µ (i).

Eigenvector Centrality A natural extension of the concept of out-degree to include

connections of length greater than unity. It quantifies the indirect importance of a node
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in a network via its links to other important nodes; a measure of influence within a social

context. It is given simply by the right eigenvector of the connectivity matrix A [149], i.e.

EC(i) =
∑
j

Aij log2EC(j). (B.3)

Within our setting, EC provides a measure of centrality for each node/symbol (or, more

appropriately, each element of partition Q) by taking into consideration possible arbitrary-

length transitions to other nodes (elements ofQ). Absolute values do not bear a meaningful

interpretation, hence we only refer to the relative over all nodes as EC (normalised eigen-

vector).

Closeness Centrality A measure of nodal centrality which represents the relative ease/speed

of reaching any other node in the network on average. It is defined as

CC(i) = V −1MGD(i)−1 =
1∑
j dij

. (B.4)

Betweenness Centrality A measure of the extent to which nodes lie on the geodesic

paths connecting other nodes [149]. It is given by

BC(i) =
∑
j

∑
k

gijk
gjk

, (B.5)

where gijk denotes the number of geodesic paths from node j to node k which pass through

node i and gjk denotes the total number of geodesics between j and k.

B.3 Global Structural Properties

Assortativity Pearson correlation coefficient between (out-)degree–(out-)degree pairs

which quantifies the propensity of nodes to connect to highly connected nodes as op-

posed to low-degree ones [149].

Clustering Coefficient The average coefficient of nodal clustering, as defined by Watts

and Strogatz [213],

Ccluster(i) =
|{(j, k) | Aij = 1 ∩Aik = 1 ∩ (Ajk = 1 ∪Akj = 1)]}|

|{(j, k) | Aij = 1 ∩Aik = 1}|
. (B.6)

The clustering coefficient Ccluster = 1
V

∑
iCcluster(i) represents the proportion of directed

3-cycles over all possible triplets in the network.

Characteristic Path Length The first moment of the mean geodesic distribution,

E[MGD].

Diameter The largest geodesic path from any node to any other in a network. Formally,

DIAM(A) = max
i∈V

max
j∈V

dij . (B.7)
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Number of Cycles of length k The total number of cyclic paths of length equal to k

links. A cycle comprises a path from a node to itself. In the trivial case of a single-link

path, i.e. a 1-cycle, we use the term self-loop.

Nullity The dimension of the null-space (or kernel) of the adjacency matrix, i.e. the

number of linearly dependent eigenvectors. By the rank-nullity theorem,

NULLITY (A) = V − rank(A) (B.8)

Irreducibility Index A boolean which determines whether the network contains a strongly

connected component, i.e. a path exists from any node to any other.
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[20] R. Artuso, E. Aurell, and P. Cvitanović. Recycling of strange sets: I. cycle expansions. Nonlinearity,

3(2):325–359, 1990.
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[52] P. Cvitanović. Invariant measurement of strange sets in terms of cycles. Phys. Rev. Lett., 61(24):

2729–2732, 1988.

[53] P. Cvitanović. Periodic orbits as the skeleton of classical and quantum chaos. Physica D, 51(1–3):

138–151, 1991.
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