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Abstract

A recent method for modeling folds uses a fold frame with coordinates based on the structural geology of

folds: fold axis direction, fold axial surface and extension direction. The fold geometry can be characterised

by rotating the fold frame by the pitch of the fold axis in the axial surface and the angle between the

folded foliation and the axial surface. These rotation angles can be expressed as 1D functions of the fold

frame coordinates. In this contribution we present methods for extracting and automatically modeling the

fold geometries from structural data. The fold rotation angles used for characterising the fold geometry

can be calculated locally from structural observations. The fold rotation angles incorporate the structural

geology of the fold and allow for individual structural measurements to be viewed in the context of the

folded structure. To filter out the effects of later folding the fold rotation angles are plotted against the

coordinates of the fold frame. Using these plots the geometry of the folds can be interpolated directly from

structural data where we use a combination of radial basis function and harmonic analysis to interpolate and

extrapolate the fold geometry. This contribution addresses a major limitation in existing methods where the

fold geometry was not constrained from structural data. We present two case studies: a proof of concept
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synthetic model of a non-cylindrical fold and an outcrop of an asymmetrical fold within the Lachlan Fold

belt at Cape Conran, Victoria, Australia.

Keywords: folds, foliation, vergence, geometrical modeling

1. Introduction1

Folds are one of the most common features found in deformed rocks (Ramsay and Huber, 1987) but2

still present a challenge for three-dimensional structural modeling because the geometry of folded surfaces3

cannot be characterised from individual structural observations. Folds produce localised variations in curva-4

ture (Lisle and Toimil, 2007; Mynatt et al., 2007), however interpolation algorithms at the base of structural5

modeling generally fit a surface of minimal curvature (Jessell et al., 2014; Laurent et al., 2016). To model6

folded surfaces, the geologist is often required to use additional cross sections, level maps or other interpre-7

tive constraints such as synthetic bore holes to produce the expected geometry (Caumon et al., 2003; Jessell8

et al., 2010, 2014). This approach has proven operative in practice, but it is often cumbersome and reduces9

the objectivity and reproducibility of the modeling process. Most interpolation algorithms only consider10

local orientation of the surface and cannot incorporate any additional structural information or geological11

knowledge. These methods do not incorporate all available structural information collected by field geol-12

ogists such as: lineations, foliations, overprinting relationships, fold axis, fold axial surface and vergence.13

∗Corresponding author: Lachlan Grose, School of Earth, Atmosphere and Environment, PO Box 28E Monash University,
Victoria, Australia. E-mail address: lachlan.grose@monash.edu
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laurent.ailleres@monash.edu (Laurent Ailleres), robin.armit@monash.edu (Robin Armit),
mark.jessell@uwa.edu.au (Mark Jessell), guillaume.caumon@ensg.univ-lorraine.fr (Guillaume Caumon)
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This additional structural information can provide excellent constraints on complicated geometries found in14

hard rock terranes (Laurent et al., 2016).15

In implicit modeling systems, geological surfaces such as lithological contacts, fold axial surfaces or16

fault surfaces are represented by isovalues of a global scalar field (Cowan et al., 2003; Frank et al., 2007;17

Calcagno et al., 2008; Hillier et al., 2014). The scalar field is interpolated using some of the available geo-18

logical observations (e.g. orientation, lithology type, structural trend). A number of different interpolation19

methods exist (Cowan et al., 2003; Moyen et al., 2004; Aug et al., 2005; Frank et al., 2007; Calcagno et al.,20

2008; Caumon et al., 2013). These methods typically consider the final state of deformation and attempt to21

produce final 3D fold geometry from spatial measurements such as form lines, and strike and dip measure-22

ments. However, these methods generally use variants of isotropic Laplacian minimization, which is only23

appropriate when spatial observations are densely sampled. In sparse data settings, this isotropic assumption24

tends to generate structural geometries that are incompatible with the strong curvature anisotropy classically25

observed in folded terrains (Lisle and Toimil, 2007; Mynatt et al., 2007) and are highly non-developable26

(Thibert et al., 2005).27

The problem of geometrically modeling folds has been addressed by a number of authors (Hillier et al.,28

2014; Laurent et al., 2016; Massiot and Caumon, 2010; Maxelon et al., 2009; Thibert et al., 2005). These29

approaches have provided the framework to incorporate the fold axial surface (Laurent et al., 2016; Maxelon30

et al., 2009; Thibert et al., 2005), fold axis (Massiot and Caumon, 2010; Hillier et al., 2014; Laurent et al.,31
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2016) and a description of fold geometry and overprinting relationships (Laurent et al., 2016). Laurent et al.32

(2016) introduced a global fold frame which provides a reference coordinate system for each deformational33

event based on the structural elements of the fold. This allows for the geometry of older folds to be described34

without the effects of younger deformation events. For each folding event two rotation angles are calculated35

from field data: (1) the fold axis rotation angle, and (2) the fold limb rotation angle. To parametrise the36

variations of these two angles with respect to the fold frame, Laurent et al. (2016) use a periodical fold37

shape, which depends on estimations of fold wavelength, amplitude and location of fold hinge. In Laurent38

et al. (2016) these parameters are inferred using trial and error.39

In this contribution, we present a method for directly extracting and characterising the geometry of40

folds from field data. The two fold rotation angles that are necessary for characterising a fold geometry41

can be calculated locally from field observations and interpolated throughout the modeled volume using42

multiple scalar and vector fields. We present two approaches for characterising the fold rotation angles43

within the fold frame: (1) standard interpolation, where there is enough structural data to characterise the44

fold shape, or; (2) a combined interpolation and extrapolation method using a Fourier series to represent the45

fold geometry. Where insufficient observations exist to characterise the geometry of the fold throughout the46

model volume, the Fourier series approximation of the fold geometry provides a geologically reasonable47

estimate that is objectively defined by the structural observations. We demonstrate these approaches on:48

4
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(1) a synthetic example of a doubly plunging fold series, and (2) asymmetrical folds from Cape Conran,49

Victoria.50

2. Related work51

2.1. Structural Geology of Folds52

Structural geologists describe the geometry of folds using the geometrical characteristics of the folded53

surfaces (Ramsay and Huber, 1987, p. 311-317): (1) the fold hinge is the location of maximum cur-54

vature for the folded surface, (2) the axial surface separates opposing limbs and contains fold hinges of55

conformable surfaces, and (3) the fold axis as either the fold hinge line or the line of intersection between56

the folded foliation and the axial foliation.57

A planar fabric can often be observed orthogonal to the direction of principal shortening and roughly58

parallel to the fold axial surface (Ramsay and Huber, 1987; Hudleston and Treagus, 2010). The foliation59

can be used in a general case, to characterise the geometry of the axial surface away from fold hinges.60

This fabric is often pervasive and is commonly recorded by geologists to map the geometry of the fold61

axial surface. The intersection of this foliation and any older folded foliation provides a lineation that is62

parallel to the direction of the fold axis. These foliations and lineations can themselves be deformed by later63

folding events. By identifying structural elements of successive folding events and mapping their spatial64

distributions and overprinting relationships, structural geologists are able to unravel complicated geological65

structures (e.g. O’dea et al., 2006; Armit et al., 2012).66
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Figure 1: A: Outcrop from Kinlochleven, Scotland of a refolded fold (Hilgers, 2006). B: A schematic sketch showing the possible

structural observations that could be collected from key locations highlighted areas in (A). The fold hinges are located at the

intersection between S 0 and S 1 form lines, the fold axis is cannot be observed in the photograph and the S 1 form lines represent

the intersection between the axial surface and the outcrop surface. Light lines represent a possible interpretation between these key

locations.

In a typical field mapping campaign, a structural geologist will systematically record the orientation67

of foliation surfaces and associated lineations (Ramsay and Huber, 1987, p. 677-678). These geometrical68

observations are typically interpreted and summarised onto a map as form lines. Fig. 1A shows the bedding69

trace of a small outcrop and Fig. 1B shows the relevant structural information that could be used to unravel70

the geometry of this outcrop from only selected areas. Form lines are usually a representation of the trend71

of observations and will often record at the scale of the map, the overprinting relationships that can be72

observed in and between outcrops (Alsop and Holdsworth, 1999; de Kemp, 2000; Lisle, 2003). Form lines73

that represent the trace of the axial surface record the location of the fold hinge.74
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2.2. Implicit Fold Modeling75

Laurent et al. (2016) use the structural elements of the fold (fold axis, axial foliation and fold vergence)76

to define additional orientation constraints for implicit modeling. A fold frame is defined with coordinates77

represented by 3D scalar fields, denoted as x, y and z. Three local direction vectors (ex, ey and ez) are im-78

plicitly defined by the fold frame coordinates for any location and are used to define the relative orientation79

of deformed foliations and structural elements. One of the main ideas of the method is to use classical inter-80

polation (and the associated isotropic smoothness assumption) on the least deformed surfaces defining the81

fold frame, then to use this information to allow for anisotropic interpolation of more deformed surfaces.82

For example, to model the geometry of a structure resulting from two folding events, the axial surface83

(S 2) of the most recent fold (F2) would be first modeled by interpolating field observations of the axial84

surface or associated foliation. The orientation of the axial surface (S 1) of the older folding event (F1)85

can then be constrained with respect to (S 2) using a description of the fold geometry for F2 folds. This86

additional orientation constraint is in turn used for interpolating S 1 geometry and the process is finally87

repeated for S 0. Locally the fold geometry is constrained using a global scalar field representing the angle88

between consecutive foliations, e.g. S 1 and S 2.89

The local orientation of the folded surfaces can be characterised using the local direction vectors (ex,90

ey and ez) and two rotation angles. The fold axis rotation angle rotates ey around ez to give the orientation91

of the fold axis (Li). The orientation of the folded foliation (S i−1) is characterised by rotating the whole92
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fold frame around the fold axis Li by the fold limb rotation angle. The fold axis and fold limb rotation93

angles are the most important aspect of the fold modeling workflow because they control the geometry of94

the folded surface. The orientation of the folded surfaces need to fulfill the following criteria. It should be95

as close to the observations of the folded foliation as possible. Where no orientation constraints exist, the96

geometry of the folded foliation should fit the most geologically reasonable estimate, for example a folded97

surfaces should continue to be defined by localised variations in curvature away from observations instead98

of becoming a smooth surface (Jessell et al., 2014).99

3. Fold Geostatistics100

The fold axis (αP) and the fold limb (αL) rotation angles can be calculated for each observation of the101

folded foliation or lineation. Both αP and αL can range in value from −90◦ to 90◦ (e.g. Fig. 2) and are102

0◦ when the folded structural element is parallel to the direction of the fold frame coordinate. The larger103

the absolute value of a fold rotation angle, the larger the angle between the folded structural element and104

the fold frame. The geometry of the folded surfaces can be extracted by analysing the fold rotation angles105

within the fold frame coordinates.106

3.1. Fold Axis Rotation Angle107

The fold axis rotation angle (αP) is the angle between observations of the fold axis Li and ey (Fig. 2A)108

αP is equivalent to the pitch of the fold axis in the axial surface of the fold if ey is horizontal. The fold axis is109

usually defined by field observations of the intersection lineation between the axial foliation and the folded110

8
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Figure 2: Schematic fold sketch showing: A: Fold axis rotation angle is the angle between the lineation Li defining the local fold

axis and ey. B1: The fold limb rotation angle αL is the angle between the normal to the folded foliation and the axial foliation, and

is the complementary angle to fold vergence θv. The fold limb rotation angle is 0◦ in the hinge of the fold (B2) and can reach −90◦

or 90◦ in the limbs of a isoclinal fold.

foliation or by directly observing the hinge of a fold. To supplement these observations, which are often too111

sparse to characterise the geometry of the fold axis, we suggest to first interpolate the z coordinate of the112

fold frame that represents the axial foliation (S i−1) from available foliation observations. This interpolation113

makes sense as these these cleavage directions, which are more or less parallel to the fold axial surfaces, are114

generally smoother than the fold foliation (S i). Even in the presence of cleavage refraction (Treagus, 1983),115

the intersection of this foliation field (S i−1) with the folded foliation measurements (S i) locally define the116

9
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fold axis. A fold rotation axis angle of 0◦ means that the fold axis is parallel to ey. For example, this would117

occur, in the peaks and troughs of a type 1 interference pattern. A cylindrical fold will have a constant αP118

throughout the model, normally 0◦.119

3.2. Fold Limb Rotation Angle120

The fold limb rotation angle (αL) is the complementary angle to structural vergence. αL is calculated by121

finding the complementary angle between ez and the normal to observations of the folded foliation (S i−1) in122

the plane perpendicular to the fold axis (Li) (Fig. 2B). For example an αL value of 0◦ indicates the location123

of the fold hinge (Fig. 2B). The sign of αL in the limbs of the fold is dependent on the ez direction.124

3.3. S-Plot for analysing fold profiles125

The S-Plot is a cross plot of either αP or αL, and the associated fold frame coordinate. αP is plotted126

against the y coordinate, and αL is plotted against the z coordinate. The S-Plot allows for the characterisation127

of the effect of the younger deformation event on the geometry of the older structural feature independent128

of overprinting deformational events.129

Fig. 3A shows a series of folded units with deformed axial surfaces. Fig. 3B is the fold shape viewed130

along the fold axis. Fig. 3C is the corresponding S-Plot to the 3D fold showing αL plotted against the z131

coordinate of the fold frame. In this case, the fold frame is folded, however the effects of that folding have132

no impact on the S-Plot for the older folding event. Because the S-Plot uses the fold frame coordinates,133

points are considered based on their location within the structure, e.g. the points i and ii in Fig. 3 are found134

10
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Figure 3: A: 3D diagram showing folded surfaces with a deformed axial surface. i and ii are locations along the same fold hinge

along the axial surface. iii corresponds to the point of inflection in one fold limb. iv and v are points on either limb of an antiform

with a large Euclidean distance between them. B: Synthetic fold profiles representing the shape of the fold in the fold frame. The

key locations in (A) are indicated in the fold profile. C: S-Plot showing fold rotation angle profile for the fold in (A) with the key

locations indicated on the S-Plot. i and iv are closer in the fold frame coordinate than in Euclidean distance.

on the same fold hinge (Fig. 3A) and occur at the same axial foliation scalar field value on the S-Plot135

(Fig. 3C). The S-Plot can be subdivided into three segments based on fold geometry: positive values of fold136

rotation angle characterise a fold limb (e.g. Fig. 3iii), negative values characterise an opposing fold limb137

(e.g. Fig. 3iv) and the location where the fold profile crosses 0 correspond to the fold hinge (e.g. Fig. 3i, ii).138

The fold wavelength (distance in the z coordinate of the fold frame for αL) can be identified by finding139

the location of two fold hinges and can be characterised for each fold closure independently. Synforms140

and antiforms can be differentiated by looking at the sign of the gradient of the fold profile for the hinge141

location. The sign of the rotation angle is dependent on the location chosen as the origin for the fold142

frame coordinates and on the polarity of the fold frame scalar field. When using scalar field interpolation143

11
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algorithms (Mallet, 2002; Cowan et al., 2003; Frank et al., 2007; Calcagno et al., 2008; Hillier et al., 2014)144

this can be controlled by specifying a normal constraint.145

3.4. S-Variogram for analysing spatial correlation146

Although folding results in rapid variations in the orientation of the folded surfaces, it also introduces147

structure into the spatial distribution of orientations. As a result of folding, two points that are close together148

will generally have similar orientations and pairs of points sampled in opposing limbs will systematically149

exhibit large variations. For periodical structures, points sampled at a distance close to any multiple of the150

fold wavelength will have a similar orientation. The spatial evolution of variability can be quantified using a151

sample semi-variogram (Chilès and Delfiner, 2008, p. 34), which plot the mean-squared-variance between152

pairs of points separated by a distance h. Such statistical tools are commonly used in geostatistics because153

they provide insight into spatial variability without requiring assumptions about the mean of the property154

being sampled (Chilès and Delfiner, 2008, p. 32).155

Folded surfaces generally exhibit a strong anisotropy in the orientation of the surface relative to the156

structural elements of the fold (fold axis and axial surface). Changes of orientation are statistically smaller157

for pairs of points aligned along the axial foliation and higher for pairs of points aligned orthogonal to the158

axial foliation. Such anisotropy can be revealed by considering only pairs of points aligned in a specified159

direction.160

Gumiaux et al. (2003) successfully apply this strategy for identifying trend in a fold series. The vari-161

12
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ogram value reaches local maximum values where the points are separated by half a wavelength present in162

the fold trend, and reaches a local minimum where the points are separated by a wavelength of the fold. A163

variogram calculated along the axial surface shows minimal changes in variance between the pairs.164

The identification of a suitable coordinate system and direction of anisotropy is necessary for robustly165

characterising the fold wavelength. For example, a curvilinear distance defined by geological distances,166

e.g. down dip, along strike and across strike for measurements in folded beds (Chilès and Delfiner, 2008,167

p. 48). The fold frame coordinate system (Laurent et al., 2016) provides a suitable coordinate system for168

characterising the geometry of the fold, even in the case of overprinting deformations. The S-Variogram is169

a sample semi-variogram calculated on the fold limb or axis rotation angle using the associated fold frame170

coordinate, respectively y and z. The S-Variogram is defined as follows for a series of observations of fold171

rotation angles αi at location zi, with i ranging from 1 to the number of observations:172

γ(h) =
1

| 2N(h) |

∑
(i, j)∈(1,n)

∣∣∣ αi − α j
∣∣∣2 (1)

The lag distance h, is the distance between two data points in a pair, e.g.
∣∣∣ zi − z j

∣∣∣. N(h) is the number173

of pairs in the set. In practice a lag distance tolerance is generally applied (h ' |zi − z j|) so that N(h)174

is large enough to compute a reliable average. Each rotation angle is analysed using the associated fold175

frame coordinate. This means that the direction of anisotropy for the variogram is implicitly defined by the176

geometry of the fold frame.177

The S-Variogram is used as an analytical tool to help characterise the fold geometries. If the experimen-178
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Figure 4: A1: Fold geometry with regular wavelength between adjacent fold hinges, black dots showing 40 random sampling

locations. A2: S-Plot for fold in (A1). A3: S-Variogram calculated on sample locations showing periodic results. B1: Fold

geometry of irregular wavelength fold with black dots showing 40 random sample locatons . B2: S-Plot for fold in (B1). B3:

S-Variogram for sample locations from (B1) with a subtle periodic trend.

tal S-Variogram exhibits a periodical shape with a hole effect, the structural observations can be confidently179

interpreted as a fold train where the half wavelength between adjacent fold hinges is relatively regular180

Fig. 4A. In contrast, if the variogram does not show a periodic shape, there may be insufficient data for181

characterising the periodicity of the fold geometry or the fold may not have regular wavelengths between182

adjacent fold hinges (e.g. Fig. 4B). The S-Variogram provides a quantitative approach for analysing the fold183

geometry in terms of fold wavelength and periodicity, which are key fold characteristics. The location of the184

first local maximum on the S-Variogram will correspond to the shortest wavelength of the folding (where185
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the folding has a regular wavelength). We propose using the gradient descent method (Cauchy, 1847) to186

identify this location by traversing the S-Variogram with increasing step sizes until the gradient to the near-187

est neighbour is negative. The gradient is estimated for each step distance by finding the best fit straight188

line to surrounding points. In most cases the data points will not be uniformly distributed throughout the189

fold frame, and the number of pairs for each lag distance may vary. If the local maxima for the variogram190

value is also a local minima for the number of pairs, this estimate is not used. This methodology may also191

be used by varying the lag distance tolerance used to apply Eq. 1.192

Choosing an appropriate step size for computing a sample variogram is not trivial and manual adjust-193

ments are often necessary in practice for obtaining good results. Here, we define a relatively robust strategy194

for making S-Variogram compatible with modeling without requiring too much user supervision. The pro-195

posed strategy is to chose a step size that is 20 percent larger than the average spacing between data points196

and a tolerance equal to the step size. This strategy yields reasonable results for the examples presented197

here and should apply to most structural data.198

3.5. Synthetic Examples199

In Fig. 5 three sinusoidal fold shapes of varying amplitude are shown. In these examples the wavelength200

of the fold have not been changed. As the amplitude of the fold increases, the tightness of the fold also201

increases. The folds range in tightness from blue (tightest), to red and green (most open). The tighter the202

fold, the steeper the gradient of the fold rotation angle where it crosses 0. This is consistent with structural203
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Figure 5: A: Three fold geometry viewed looking along the fold axis. Blue line represents fold with largest amplitude, red and

green have decreasing amplitudes. The fold shapes all have a wavelength of 100m. B. S-Plot for the fold profiles in (A) the colour

of the S-Plot curve corresponds to the associated fold shape in (A). C: S-Variogram for the fold shapes in (A) and the colour of the

S-Variogram curve corresponds to the associated curves in (A) and (B).

geology observations where fold vergence will change quickly around the hinge when dealing with tighter204

folds. For isoclinal folds this will mean that identifying the locations of the fold hinges, or changes in fold205

vergence will be key to picking the appropriate fold geometry (which is usually the case in the field as well).206

This observation is also essential in the dip domains approach for modelling folds (Fernandez et al., 2009;207

Caumon et al., 2013).208

Figure. 6 shows two different examples of asymmetrical folds that can be observed in the field. In209

Fig. 6A small scale folds occur within a larger scale antiform. The S-Plot showing the fold limb rotation210

angle for this example shows a series of small wavelength folds where the maximum and minimum rotation211

angles for the smaller scale fold decrease as the z coordinate increases. The change in these extreme values212
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with increasing z coordinate represents the wavelength of the major antiform. The S-Variogram shows a213

periodic shape with the local maxima and minima representing the half wavelength and wavelength of the214

parasitic folds respectively. The S-Variogram can be used to robustly identify the half wavelength of the215

structure from irregularly spaced data for example in Fig. 4A.216

Figure 6: A1: Large scale antiform with smaller parasitic folds. A2: S-Plot for fold limb rotation angle. A3: S-Variogram of fold

limb rotation angle. B1: Asymmetrical folds. B2: S-Plot for fold limb rotation angle. B3: S-Variogram of fold limb rotation angle

A different type of asymmetrical fold can be observed in the field where the asymmetry is not associated217

with a larger scale folding event, or a folding event much larger than the study area. This could also be the218

result of the shortening direction of the fold not being orthogonal to the folded surface, for example when219

refolding a surface defined by a foliation. This type of asymmetrical fold and the associated S-Plot is shown220
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in Fig. 6B. For each fold wavelength the features in the S-Plot for Fig. 6A and Fig. 6B are very similar. The221

maximum and minimum rotation angles remain constant for all folds in Fig. 6A.222

4. Automatic fold modeling223

The interpolation of the fold rotation angles is the most important stage of the structural modeling224

workflow proposed by Laurent et al. (2016) as the values of these rotation angles directly controls the225

orientation of the folded surfaces. The interpolation of angular data can be a complicated task and traditional226

statistical techniques are not necessarily applicable (Gumiaux et al., 2003). For example, the fold rotation227

angles must be < 90 and > −90. We interpolate the fold rotation angle by representing the fold rotation228

angles as α̂ = tan α. This results in the interpolated fold rotation angle values not exceeding the boundary229

conditions.230

To capture the complex geometries that are seen in natural folds, the fold profile needs to be interpolated231

directly from the available structural data. The fold rotation angles can be interpolated within the fold frame232

coordinate using any standard one-dimensional interpolation algorithms (e.g. Splines, Kriging, Radial Basis233

Functions). This approach will work well when the geometry of the fold is regularly sampled in the S-Plot.234

Where the model area extends away from outcrops then these methods will most likely fail to capture the235

fold style. For example the fold series in Fig. 7A has samples from two outcrops capturing the geometry of236

two fold hinges separated by three unobserved fold hinges. The S-Plot in Fig. 7B shows the fold rotation237

angle for the observations (black dots) and the resulting interpolation using standard interpolation schemes.238
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Figure 7: A: Synthetic fold train sampled from two outcrop localities. B: Interpolation and extrapolation of the fold rotation angle

using different basis functions with Radial Basis Function interpolation. C: S-Variogram of fold rotation angle, the vertical dashed

line represents the shape parameter used for the basis functions.

Three different basis functions, where the shape parameter is chosen to be the half wavelength of the fold239

(shown in Fig. 7C as the dashed line) are used for Radial Basis Function (RBF) interpolation. All three240

basis functions show similar results when interpolating within the half wavelength of the fold but generally241

deviate from the observed structural style when interpolating points further than a half wavelength from the242

nearest data point. This is because these methods tend to fit a smooth curve between structural observations243

and do not incorporate geological knowledge about the structural style of the folding (Jessell et al., 2014)244

(e.g. Fig. 7B).245

To build a geologically reasonable estimation of the folding style the geologist will generally look at246

the surrounding structures, fold style and vergence to predict the location of fold closures. This is process247

is difficult to quantify and undertake objectively. The basic assumption that can be used to predict the248
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geometry of folds between outcrops is a continuation of the same shape folding. For example, in Fig. 7249

there are two outcrop locations sampled from a simple sinusoidal fold train. The geologically reasonable250

estimation for the fold geometry would be to continue the same shape between the outcrops. Using the251

S-Variogram, the periodicity of the folding can be tested and where this assumption is valid (where a hole252

effect is observed) the perodicity of the folding can be modeled by finding the best fit Fourier series to the253

available dataset. If the folding cannot be modeled using a periodic model and the data sufficiently describes254

the fold geometry this can be interpolated using standard interpolation. Here, we use a one- dimensional255

RBF interpolation scheme.256

4.1. Interpolating fold geometries using Radial Basis Functions257

Radial Basis Function (RBF) interpolation is a commonly used method for interpolating spatial data.258

RBF methods are used to approximate multivariate functions from data in n-dimensional space for obser-259

vations of the function value (Buhmann and Levesley, 2004). It is a widely accepted algorithm for inter-260

polation in various scientific fields including applications to 3D geological modeling (Cowan et al., 2003;261

Hillier et al., 2014). The RBF interpolant can be used in any dimensions as the interpolant is a function262

of distance between the points. We use the RBF interpolation algorithm to interpolate the 1D fold rotation263

angle profiles. The value of either fold rotation angle for the relevant fold coordinate (z or y) is estimated264

using all observations of the fold rotation angle. A standard RBF interpolation approximates the unknown265

function, using the weighted sum of N radial basis functions (φ) acting on the distance between the location266
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being estimated x and the location of the observations xi.267

α̂(x) =

N∑
i=1

ωi φ(||x − xi||) (2)

A number of different basis functions, with different interpolation properties exists. Generally the basis268

functions have two parameters: a shape parameter σ which is generally constant for all basis functions used269

in the interpolation and the distance between two points r = ||x − xi||. In this study we use a Gaussian basis270

function:271

φ(r) = e−( r
σ )2

(3)

The shape parameter for the RBF adjusts the area of influence for particular data points. It controls the272

distance up to which a data point will significantly influence the interpolated value. It is comparable to the273

range of a semi-variogram model used for kriging interpolation. To interpolate the fold rotation angle we274

choose to use the range of the S-Variogram as the shape parameter for the RBF interpolation. The RBF275

interpolant is only used to interpolate the fold rotation angles where no interpolated locations are more276

than a half wavelength from the nearest data point. This criterion is used because folding is periodic and277

after a half wavelength of the fold the correlation between pairs of points separated by a half wavelength of278

the fold should increase (where the variogram value decreases). As the distance between points increases,279

the interpolant places less weight on the surrounding points, effectively reducing the correlation between280

observations, this would result in interpolation artefacts such as in Fig. 7B where the interpolant fails to281

capture the folding style.282
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4.2. Extrapolating fold geometries using Fourier series approximation283

Early work on fold shape analysis used a Fourier series approximation of the fold shape (Stabler, 1968;284

Hudleston, 1973; Ramsay and Huber, 1987; Stowe, 1988). The Fourier coefficients were optimized using285

least squares fitting of the coefficients for a known fold wavelength. This approach is suitable for analysing286

and representing the geometry of a single observable horizon looking along the fold axis. We propose287

using a Fourier series representation of the fold rotation angles to represent both the fold axis and fold limb288

rotation angles.289

The Fourier series is a combination of trigonometric functions that can be used for approximating a290

periodic function. In its standard form the Fourier series is:291

α̂(x) = A0 +

∞∑
k=1

Ak cos
kπx
λ

+ Bksin
kπx
λ

(4)

where the Fourier coefficients Ak, Bk, represent the contribution of each frequency to the function being292

approximated. λ represents the wavelength of the fundamental frequency of the periodic function being293

estimated. The wavelength of the fold can be automatically identified from the S-Variogram.294

The values for a finite number of Fourier coefficients can be solved using least squares. To ensure295

that a solution can be found there needs to be a greater or equal number of data points to the number of296

coefficients being estimated. The coefficients A0, A1, B1, . . . , Ak, Bk can then be used in the Fourier series297

(Eq. 4) to interpolate the fold rotation angle for any value of the fold frame scalar field.298

The number of coefficients used controls the complexity of the fold geometry that is modelled. Irregular299
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Figure 8: A: Reference model of doubly plunging fold showing outcrop locations. B: Geological map showing outcrop locations

with structural data and bedding form lines for model area.

sampling, ambiguity and uncertainty in the structural observations can result in an overfitted Fourier series300

curve if too many coefficients are chosen. The interpolated fold rotation angle curve needs to be locally301

smooth while still describing the underlying fold shape. One way to control the resulting profile is to302

optimize the number of coefficients using a regularization approach with an objective function that assesses303

the required criteria. An alternative approach is to filter the noise from the data prior to fitting the Fourier304

series. To address irregular sampling which is problematic in Fourier analysis (Chilès and Delfiner, 2008,305

page 57), we propose using the RBF interpolation scheme prior to fitting the Fourier series where the306

interpolation is performed only on data points separated by less than the half wavelength of the fold.307
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5. Case studies308

5.1. Proof of concept: Synthetic fold309

Fig. 8A is a doubly plunging fold series generated in Noddy (Jessell and Valenta, 1996) using the python310

interface, pynoddy (Wellmann et al., 2016). Two outcrops are used for sampling structural observations both311

located in fold hinges. The main folding (associated with S 1 axial foliation observations) in the reference312

model has a wavelength of 5000m and an amplitude of 1000m. The doubly plunging effect is created by313

super imposing a second folding event with an axial surface perpendicular to the main folds axial surface314

creating a Type 1 fold interference pattern. Orientation measurements representing the orientation of the315

axial foliation (S 1) and the folded bedding surface (S 0) are shown on the geological map (Fig. 8B). The316

form lines shown on the geological map are not used to create the geological model and are only shown for317

highlighting the reference geometry. The axial surface of the fold train has a curvilinear geometry which318

can be seen by the subtle change in strike of S 1 in the northern outcrop. The z coordinate of the fold319

frame is modelled using observations of S 1 (Fig. 9D). The interpolated z coordinate captures the curvilinear320

geometry of the axial surface in the reference model. The y coordinate is modelled using the constraints321

that ey is orthogonal to ez and is horizontal ensuring a unique solution for the scalar field (Fig. 9A). The322

intersection lineation is locally calculated by finding the intersection between S 0 and the isosurfaces of the323

interpolated z coordinate scalar field. The fold axis rotation angle is calculated by finding the angle between324

the intersection lineation and ey in the plane perpendicular to ez. The S-Variogram for the fold axis rotation325
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angle can be seen in Fig. 9B. The number of pairs for each lag distance shows a significant drop between326

1000m and 2000m. This indicates there are not enough pairs of points in these locations to robustly estimate327

the variogram value. In order to avoid identifying the incorrect wavelength the number of pairs can be used328

to validate the identification of a local maxima. If the identified local maxima also corresponds with a local329

minima in the number of pairs (such as seen at a lag distance of 1000m in Fig. 9B) this wavelength estimate330

is discarded. In this example the variogram value continues to increase at larger lag distances and neither a331

hole or sill effect can be observed. This suggest that the orientation data does not sample more than the fold332

half wavelength. In this case it is not possible to determine whether the folding has a regular wavelength333

distance or if the estimated wavelength is a true estimate of the fold wavelength.334

We use the maximum lag distance of 3780m for the S-Variogram as the RBF shape parameter. In335

this case the fold axis rotation angle only needs to be extrapolated a maximum of 1700m away from the336

nearest data point. Fig. 9C shows the fold axis rotation angle calculated for the structural observations that337

are marked by black dots, the interpolated fold axis rotation angle profile inferred with a RBF interpolant338

(blue line) and using the Fourier series (black line). The interpolated profile is shown for the range of y339

coordinate values in the model space (Fig. 9A). The two interpolation methods produce very similar results340

because minimal extrapolation is required. If the model area were extended further in the north (or south)341

then the difference between the two interpolation methods would be exaggerated. However, because the342

S-Variogram does not show a sill or hole effect, it is not possible to determine a good estimate for the fold343
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Figure 9: A: Interpolated y coordinate scalar field. B: S-Variogram of αP with a step distance of 300m. C: S-Plot of αP and y

showing the fold profile interpolated using an RBF interpolant (blue curve) and Fourier series (black curve). D: Interpolated z

coordinate scalar field. E: S-Variogram of αL with a step distance of 500m. F: S-Plot of αL and z and interpolated fold profile using

an RBF interpolant (blue curve) and Fourier series (black curve).

wavelength. In these cases the wavelength may need to be refined by the geologist, or additional data must344

be collected to better constrain the geometry of the folding.345

The fold axis is defined throughout the model space by locally rotating ey around ez using the inter-346

polated fold axis rotation angle for the y coordinate values. The fold limb rotation angle is calculated by347

finding the angle between the normal to the bedding orientation (S 0) and ey in the plane perpendicular to348

the interpolated fold axis. Fig. 9E shows the S-Variogram for the fold limb rotation angle in the z coordi-349

nate, with a histogram representing the number of pairs of points for lag distance. The number of pairs is350
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irregular with a low number of pairs occurring between 1500m and 3500m. These lag distances are greater351

than the maximum distance within an outcrop and less than the distance between outcrops (Fig. 8B). There352

is a higher number of pairs at a lag distance greater than 4000m correlating with a hole effect for the S-353

Variogram. A local maximum for the S-Variogram value is seen for a lag of 3000m, however this variogram354

value is also surrounded by lag distances with no data pairs. This suggests that the half wavelength of the355

fold is between 1500m and 3000m which is consistent with the reference model fold wavelength of 5000m.356

If the folding is symmetrical and has a regular wavelength between fold hinges a hole effect should be357

observed at a lag distance equal to the fold wavelength. In this case a hole effect is seen at 4000m with358

a local mininimum occurring at 4500m. The hole effect seen at ∼ 4000m is consistent for step distances359

between 200m and 700m, the step distance in Fig. 9E is equal to the average nearest neighbour of ∼ 450m.360

Small variations in the estimated wavelength for different variogram step distances could be used to explore361

geological uncertainty associated with the fold geometry.362

The S-Plot of the fold limb rotation angle (Fig. 9F) shows two populations of data points that correspond363

to the locations of the outcrops in Fig. 8B. To interpolate the fold rotation angle profile using the RBF364

interpolation scheme, we specify the shape parameter for the basis function as the half wavelength of the365

fold (2250m) and interpolate between the outcrop edges. The resulting interpolation using the RBF is366

shown in Fig. 9F using the blue curve and the Fourier series profile is shown by the black curve. The367

Fourier series is fitted to the RBF interpolated profile for the range of z coordinate values for the data points368
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(between 3000 and 8300). The main differences between the two interpolated profiles occurs where the fold369

geometry needs to be extrapolated. The Fourier series fold limb rotation angle curve continues the same370

structural style as observed in the outcrops. The RBF interpolation misses the fold hinge at z = 1800m,371

which roughly corresponds with the western fold hinge in the references model. In the eastern area of the372

model, less extrapolation is required and the differences between the interpolated fold rotation angle values373

is minimal and will not significantly impact the model geometries.374

Figure 10: A: Reference model looking from the top and from the west. B: Model interpolated using Fourier series for fold axis

and limb rotation angles looking from the top and the west. C: Model interpolated using RBF series for fold axis and limb rotation

angles looking from the top and the west.

Each fold limb rotation angle profile will result in a different set of constraints for implicit modeling of375

the folded surfaces. The orientation of the folded surfaces are constrained by rotating the fold frame around376

the fold axis by the fold limb rotation angle. Using these constraints and the orientation observations of bed-377

ding from Fig. 8B, the model (S 0) is interpolated using Discrete Smooth Interpolation (DSI) (Mallet, 2002;378
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Frank et al., 2007; Laurent et al., 2016). The resulting model for both rotation angles being interpolated379

using the RBF scheme is shown in Fig. 10C. Fig. 10B is the resulting model interpolated using the Fourier380

series scheme for both rotation angles. The scalar field values of the interpolated models are constrained381

using a single data point in the north eastern outcrop. Both models deviate from the reference model in the382

western area due to the minimal value constraints used. This is intentional because the value constraints383

are integrated into the implicit scheme as equality constraints and if too many are used they can introduce384

significant geometrical artefacts. This problem could be solved using inequality constraints (Frank et al.,385

2007; Hillier et al., 2014) to constrain outcrop lithologies using a range of scalar field values rather than a386

single value or by the iterative process suggested by Collon et al. (2016).387

Unit 5 is a good marker horizon for comparing the fold geometries. In the reference model (Fig. 10A)388

two antiforms can be seen and the north western area of the model shows a saddle structure. The Fourier389

series model Fig. 10B captures both antiforms, however the western antiform hinge location is shifted to390

the west. The saddle structure does not outcrop, however the geometry of the interpolated surfaces do391

capture this geometry. The difference in map pattern is most likely the result of the limited constraints392

used for the scalar field values because the dome structure is seen to the east of this antiform. The model393

interpolated with the RBF interpolant (Fig. 10C) only captures a single antiform. Along the axial surface the394

fold geometry of the two interpolated models and the reference model are very similar, all showing a non-395

cylindrical fold axis. The interpolated models have a fold axis that has been folded by a shorter wavelength396
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fold (7560m) than the reference model (13055m). This is consistent with the S-Variogram analysis where it397

was not possible confidently estimate the fold wavelength. Both interpolated models capture the main fold398

geometry in the areas constrained by observations. The model interpolated from the using RBF interpolant399

does not capture the structural style away from observations and misses the continuation of the fold train.400

The Fourier series model captures the structural style of the reference model, however there are some401

variations in the outcropping geometry and location of fold hinges. These differences due to a combination402

of the sparse data and the location of samples relative to the fold geometry collected from the reference403

model.404

5.2. Implicit Modeling of Cape Conran, Victoria405

Finally, we present an application of the fold geostatistics and fold modeling (Laurent et al., 2016) to a406

case study from Cape Conran in the Palaeozoic Lachlan Fold belt, Eastern Victoria, Australia (Fig. 11A).407

The outcrop (location shown in Fig. 11B and a schematic structural map in C) is an asymmetric fold of a408

turbiditic sequence found in the limb of a larger antiform (Burg and Wilson, 1988). There is a degree of409

disharmony in the fold geometries across different layers (mudstone and sandstone) of varying competency410

and thickness. We use field observations of the axial surfaces of folds (Fig. 11C, S 1) to interpolate the z411

coordinate of the fold frame. The orientation of bedding (S 0), is representative of the folded sandstone412

layers and was collected in the field (Fig. 11C). The form lines shown in Fig. 11C show the interpreted413
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Figure 11: A: Location of Cape Conran in the Palaeozoic Lachlan Fold belt, Eastern Victoria, Australia. B: Aerial photograph of

rock platform depicting folded turbidite packages. C: Schematic structural map of outcrop used in this study.

structure from aerial imagery and the collected field observations. In this example, the form lines are not414

used in the modeling scheme and the geometrical model is based entirely on the orientation observations.415

The scalar field representing the z coordinate of the fold frame is interpolated using Discrete Smooth416

Interpolation (DSI) (Mallet, 2002; Frank et al., 2007) on the field observations (S 1 in Fig. 11C). To ensure417

a unique solution, the normals to the (S 1) foliation are all directed towards the east, imposing an eastward418

growing scalar field. The scalar field is shown in Fig. 12D and appears to conform well with the data and419
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the geometry of the interpreted S 1 form lines. The fold axis is represented by the average direction of the420

intersection between observations of bedding and ez, plunging 53◦ towards 356◦. The fold limb rotation421

angle is calculated as the angle between field measurements of bedding S 0 and ez in the plane perpendicular422

to the fold axis. The S-Variogram of the fold limb rotation angle is shown in Fig. 12A. The lag distance423

for the variogram is equal to the average nearest neighbour distance and the number of pairs (indicated424

by the histogram) decreases with increasing step distance. The S-Variogram reaches a maximum value425

at approximately 0.57m and shows a hole effect at a lag distance of 0.7m. The fold wavelength can be426

estimated to be 1.14m. The discrepancy between the hole location and the wavelength estimate is most427

likely the result of the fold asymmetry and suggests that there is a difference between the length of the short428

limb wavelength and the long limb wavelengths. This is also the cause of the low variogram values from429

0.7m to 1.3m.430

The geometry of the fold can be extracted using the S-Plot Fig. 12B and C. The negative values of431

the fold limb rotation angle correspond to the longer limbs of the fold and the positive the shorter limbs.432

The fold limb rotation angle data points show an asymmetrical shaped fold with a larger absolute value for433

maximum fold limb rotation angle for the longer limb. These characteristics are very similar to the pattern434

observed in the asymmetrical fold in Fig. 6B.435

Fig. 12B shows the fold limb rotation angle interpolated using RBF interpolation with a shape param-436

eter of 0.57m. In the areas where the fold rotation angle is extrapolated away from the observations the,437
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Figure 12: A: S-Variogram of fold limb rotation angle. B: S-Plot with RBF interpolated fold rotation angle curve. C: S-Plot with

Fourier series fold rotation angle curve. D: Scalar field representing the fold frame z coordinate viewed from above. E: Scalar field

representing bedding using the fold geometry constrained using the RBF curve viewed from above. F: Scalar field representing

bedding using the fold geometry constrained by the Fourier series curve viewed from above.

interpolation is biased towards the long limb of the fold (where the majority of observations occur). The438

resulting interpolated geometry captures the observed fold hinge well. However, away from the observa-439

tions, there are no additional folds and the model continues with the same geometry as the long limb of the440

fold. Given the input structural observations (Fig. 11B) where the folding is asymmetrical and there are no441

mapped structures that suggest the fold is not a part of a fold series, this model is probably not the most442

geologically reasonable approximation.443
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The Fourier series representation of the fold rotation angle (Fig. 12C) uses the estimated wavelength444

of the fold (1.14m) to create a regular periodical representation of the fold geometry. The Fourier series445

uses the fold geometry captured by the RBF interpolation of the data points within the outcrop to produce446

a continuation of the same structural style away from the outcrop. The resulting model fits the structural447

observations well and continues the same structural style away from the outcrop with an additional antiform448

to the east and a synform and antiform to the west.449

In this example only a single short limb is captured by the structural observations making it difficult to450

determine from the data whether the asymmetrical fold is a parasitic fold associated with a larger wavelength451

fold (Fig. 6A) or whether the folding is asymmetrical folding unrelated to larger scale fold. In this case,452

regional context suggests that the asymmetrical folding is associated with a large antiform closing to the453

east of the model area (Burg and Wilson, 1988).454

6. Discussion455

Laurent et al. (2016) introduce a framework for modeling folds where the structural elements of folds456

(fold axes, axial foliation) and two rotation angles are used to define the orientation of the folded surface457

everywhere in the model. The use of this frame allows to simplify 3D fold analysis by considering variations458

along two one-dimensional profiles. This method is suitable to non-cylindrical structures, assuming the459

main shortening axis can be reliably obtained from the foliation associated to folding. In Laurent et al.460

(2016), the fold rotation angles are defined by estimating the geometry of the fold using a trial and error461
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approach and fitting a modified sinusoidal fold geometry. In this contribution, we have addressed the main462

limitation in the method by using a data driven method for characterising and interpolating the fold rotation463

angles. We introduce two plots that allow for the geometry of the folds to be extracted from the available464

structural observations. The S-Plot shows the fold shape when looking down plunge of the fold and the fold465

axis rotation angle provides information about the non-cylindiricity of folding. The S-Variogram is used466

to test whether the fold wavelength is regular between observed fold hinges, and to estimate the dominant467

wavelength. These tools could be used during field mapping by the structural geologist to help understand468

the geometries of the structures being mapped and predict where more information is needed to characterise469

fold geometries.470

The modified sinusoidal fold profile addresses two issues with classical implicit interpolation schemes471

highlighted by Jessell et al. (2014): (1) the inability to interpolate or extrapolate fold series with continuous472

structural style; (2) the shape of fold hinges are not being controlled (and often being smoothed). In this473

contribution we directly interpolate the observed fold rotation angles to produce a model-wide representa-474

tion of the fold rotation angles. The fold geostatistics are used to determine the appropriate interpolation475

method and the associated parameters for interpolation/extrapolation. The fold hinge geometry is charac-476

terised by the slope of the fold rotation angle curve at the hinge locations and is determined by the structural477

observations for each hinge where available or by extrapolating the geometry of the observed fold hinges.478
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We believe this is advantageous because it is a data driven approach and the tightness of each observed fold479

hinge can be independently controlled by the structural observations.480

In both Fig. 10 and Fig. 12, the fold geometries characterised using the Fourier series and the RBF481

interpolant are significantly different. The main differences between the resulting models are where extrap-482

olation is required. In Fig. 12 the Fourier series model predicts a regular repetition of fold hinges away from483

the observations. The Fourier series model is based on the geometry of the observed single parasitic fold484

meaning the long limb distance between synform and antiform (measured in the z coordinate) is interpreted485

to be the same as the short limb distance. Without observing more fold hinges it is difficult to confidently486

constrain the appropriate wavelength value to use. However, the most geological reasonable estimation of487

the structure given the available data is to continue the same structural style. If more data is collected, for488

example sampling another fold hinge at Cape Conran, the model can be updated using additional data.489

The outcrop at Cape Conran has a high density of structural observations that capture the disharmony in490

the folding between the different sandstone layers. At the regional scale it is unlikey that enough structural491

observations and outcrops will be present to capture disharmony in folding. There are other sources for492

noise and uncertainty in the structural observations such as: geological uncertainty and ambiguity in obser-493

vations and interpretations (Bond et al., 2007a,b; Jessell et al., 2010; Lindsay et al., 2012; Wellmann et al.,494

2010; Wellmann and Regenauer-Lieb, 2012). Noise and irregular data sampling can add complexity to the495

model fitting process. Data points are evenly weighted and collocated data points can significantly skew496
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the resulting model to a particular feature that may not be associated with the fold geometry. The use of497

the RBF interpolation prior to fitting the Fourier series model provides a suitable approach for filtering out498

the noise and uncertainty. The half wavelength of the fold is used to constrain the shape parameter for the499

basis functions. This will remove noise and ambiguity from the observed data for the model fitting without500

smoothing out the information associated with the folding.501

The linear regression used to find the best fit Fourier series requires the largest fold wavelength to be502

known. This is identified by finding the range of the S-Variogram using the gradient descent method. The503

Fourier coefficients are optimised to find the best fit Fourier series for the given base wavelength. If the504

wavelength is underestimated, then the largest wavelength of the fold cannot be modeled. In contrast, if505

the wavelength is too large the extrapolated fold geometries may not be geologically reasonable. While506

the method is generally adequate for finding the best fit Fourier series, it may fail in the cases, where there507

is additional noise or where the half wavelength of the fold is not visible in the S-Variogram. In these508

cases, the wavelength could be specified by the geologist and refined to fit the observations. As shown in509

Fig. 9E the S-Variogram is limited by the spatial distribution of the structural observations. If there are not510

enough observations separated by the fold half wavelength, it is not possible to confidently estimate the half511

wavelength of the fold. Another limitation in this method is the resolution of the wavelength estimate will512

be dependent on the step distance of the S-Variogram. It would be beneficial to optimise the wavelength513

parameter as well as the Fourier coefficients, using a non-linear least squares approach.514
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A single best fit model was produced for the observed structural data. In Fig. 12 the range in the fold515

rotation angles for the long limb of the fold is ±15◦. A single fold rotation angle curve cannot represent516

the range in possible fold geometries that could be fitted to these observations. Preliminary work using517

Bayesian inference to solve the Fourier series regression has provided promising results providing a range518

in possible fold geometries that could be fitted to the structural observations.519

7. Conclusion520

In this contribution we have expanded the capabilities of the fold modeling framework presented in521

Laurent et al. (2016) by using structural data to directly inform the modeled fold geometry. Two main522

contributions to geological modeling and structural geology are presented in this paper:523

• The fold geostatistic (S-Plot and S-Variogram) allow for the geometry of folds to be characterised524

directly from the field structural observations.525

• The representation of the fold geometry using a Fourier series fitted to the structural observations526

produces a geologically reasonable extrapolation of the fold shape.527

We have demonstrated an application of these tools to fold modeling with a proof of concept synthetic528

model and a more complicated asymmetrical fold from the Cape Conran, Victoria. We have primarily fo-529

cused on the application of the fold geostatistics for geometrical modeling, however we also expect that530

these tools can be applied for structural analysis of folds. The representation of the fold geometry using531

a Fourier series has provided more flexibility in the possible fold geometry, allowing for a complex asym-532
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metrical fold to be modeled, which was not possible to model using the previous methodology. Further533

developments are required to incorporate structural uncertainties into this work flow.534
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