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Abstract

Rotation Theory, nowadays, is a very well established branch of dynamical sys-
tems. It studies a dynamical system endowed with a certain function, called, the
observable. This function is defined on the phase space and has values in a vector
space. The rotation vectors are obtained by taking limits of ergodic averages of the
observable. The set consisting of all rotation vectors is called the general rotation
set.

A billiard is a dynamical system in which a point particle moves at constant speed
in some domain, a subset of an Euclidean space, and bounces o↵ the boundary
according to the classical law of geometric optics: the angle of incident is equal to
the angle of reflection.

This thesis examines the rotation set of two di↵erent kinds of dynamical systems.
The first concerns open billiards. The second one deals with billiards on a torus.
The thesis presents original results in Chapter 2, Chapter 3, and Chapter 4.

Chapter 1 contains general information regarding billiards and Rotation Theory.
It also includes results by Ziemian and Sjöstrond which will be used to derive the
results in Chapter 2 and Chapter 4.

In Chapter 2, we investigate the billiard flow in the exterior of several disjoint and
strictly convex bodies with smooth boundaries in RN . These bodies (obstacles)
satisfy a standard no-eclipse condition – the convex hull of any two obstacles has
no common points with any of the other obstacles. This dynamical system is called
an open billiard. We study the general rotation set and the pointwise rotation set
for this dynamical system. The observable considered is related to a starting point
of a given billiard trajectory. We prove that the general rotation set is convex. We
prove also that the set of all convex combinations of rotation vectors of periodic
trajectories is dense in the general rotation set. General results from Ergodic
Theory are used to prove these two results. Then a more constructive approach
is used to prove that the closure of the pointwise rotation set is convex, and the
set of all convex combinations of rotation vectors of periodic trajectories is dense
in the pointwise rotation set. Finally, we consider a class of billiards consisting of
three obstacles and construct a trajectory with infinitely many reflections whose
rotation vector does not exist.

In Chapter 3, we examine billiards on an m-dimensional torus. We study the
billiard flow in the exterior of several obstacles cut out from a torus. The observable
studied in this chapter is the natural displacement which is defined as the norm of
the di↵erence between the initial point of a given trajectory piece and the end point
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of that trajectory piece. Lifting this dynamical system to the universal covering
Rm, we study a specific kind of trajectories called admissible trajectories in the
universal covering. It is assumed that the system satisfies two conditions:

• the N obstacles Or, r = 1, 2, ..., N located in S0 = [0, 1]m are such that if

⇡i : Rm �! R

are the natural projections defined by ⇡i(x1, x2, ..., xi, ...., xm) = xi then, for
every i and for every r 6= r0, we have ⇡i(Or) \ ⇡i(Or0) = ;;

• the obstacles in S0 satisfies the standard no-eclipse condition.

We prove that the admissible rotation set, the set consisting of rotation vectors
of admissible trajectories, is convex. We also prove that the rotation vectors of
admissible periodic trajectories are dense in the admissible rotation set. Finally,
it will be shown that the admissible rotation set is a proper subset of the general
rotation set.

In Chapter 4, open billiards are studied with N � 3 circle obstacles in R2 satisfy-
ing the standard no-eclipse condition. We impose two conditions on this system:
the centers of the circle obstacles form a convex polygon; in any triangle formed
by three successive obstacles along the perimeter of the polygon whose centers are
ai�1, ai, ai+1, the angles \aiai+1ai�1 and \ai+1ai�1ai are at most 45�. Under these
two conditions, we show that the general rotation set can be obtained by explicit,
purely geometrical construction. More precisely, we show that the general rotation
set is equal to the polygon formed by the midpoints of the shortest segments con-
necting the centers of the obstacles. We show by example that these assumptions
are necessary for the result to hold.
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0.1. OVERVIEW AND MOTIVATION ix

Introduction

In recent years, the theory of billiards has had many applications to science, partic-
ularly to physics. Billiards are the simplest model for understanding the statistical
theory of the dynamics of a gas in a closed compartment also knowns as Lorentz
Gas, which arises as the molecular dynamical model with two atoms and a hard
potential after reducing the center of a mass motion [20]. Billiards are also very
important models considered in the theory of quantum scattering and scattering
resonances [36], [53], [62]. On the other hand, Rotation Theory has been used to
define a certain concept of Entropy which is a very important tool in studying
complexity of dynamical systems [26]. Rotation Theory has many other applica-
tions in mathematics – see [5]. This thesis studies the rotation sets of two types
of dynamical systems, namely, open billiards and billiards on a torus.

Billiards, traditionally, have been studied as part of Ergodic Theory, where their
statistical properties have been investigated with respect to the invariant measure
equivalent to the Lebesque measure. From that point of view, the limit behaviour
of almost all trajectories has been studied, but it is also important to investigate
the limit behaviour of all trajectories, specifically, periodic trajectories (which are
of zero measure). In this context, billiards in convex domains are considered as
twist maps, so elements of the so called Rotation Theory can be applied – see
[46], [47] and [48]. An open billiard is a rather di↵erent system, since the most
interesting part of its phase space – the so called non-wandering set – is very small.
It is locally homeomorphic to a Cantor set, and its Lebesgue measure is zero.

In general, Rotation Theory studies a given dynamical system and associates with
it a function on the phase space with values in a vector space – the so called ob-
servable. Then by taking limits of ergodic averages of the observable, we get the
rotation vectors (numbers). These limits (rotation vectors) form the general rota-
tion set. We can get also a rotation set by integrating the observable with respect
to all ergodic invariant probability measures using Birkho↵’s Ergodic Theorem
[37], [67].

0.1 Overview and Motivation

The origin of Rotation Theory is the classical example of the rotation number of
an orientation preserving homeomorphism of a circle. This model was introduced
by Poincaré [54]. Birkho↵ in [31] has generalized the concept of rotation number to
the case of annulus homeomorphisms homotopic to the identity. Newhause, Palis
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and Takens generalized it to the case of a circle maps of degree one in [51]. In this
case, one can obtain a rotation interval. This concept was very useful, so it was
natural to seek a generalization of this notion to the case of multiple-dimensions.
The concept was generalized to the case ofN -dimensional torus maps homotopic to
the identity by Kim, MacKay and Guckenheimer in [36] and by Libre and MacKay
in [42]. When the notion was generalized to the case of multiple-dimensions, more
than one rotation number could be obtained for a given system. Rotation sets
were defined in [31], [47]. Misiurewicz and Ziemian proved that, in the case of
2-dimensional homeomorphisms, the rotation set is convex [47]. Franks in [25]
used the definition of rotation set in [47] and proved that every vector in the
interior of the rotation set is a rotation vector of a periodic point. Kwapisz in [40]
proved that every convex polygon with rational vertices is a rotation set for some
homeomorphism isotopic to the identity in two dimensions. Kwapisz also proved
that there exists a toral di↵eomorphism with a non-polygonal rotation set [39].
Later on, Blokh defined rotation sets for interval maps – see [9] and [10]. In this
case, rotation sets were defined in a natural way [45]. The reader can see also the
following articles and the historical remarks and references their [23], [26], [27],
[32], [41], [50].

The modern Billiard Theory was introduced by Ya. Sinai in [57]. Since then it has
grown very rapidly. A lot of investigation about billiards has been done recently.
For example, Baladi, Demers and Liverani proved exponential decay of correlations
for the Lorentz gas on a two-dimensional torus with finite horizon [6]. Another
significant development in open billiards was solving the Boltzmann-Sinai ergodic
hypothesis by Simányi [56]. See the introduction and the references in [56] for the
work done in this direction.

It is well known that, topologically, an open billiard (considered as a discrete
dynamical system) is isomorphic to a Markov shift of finite type. For such shifts a
general theory of rotation sets was developed by Ziemian in [67], where she studied
the rotation set in the case when the dynamical system is a transitive subshift of
finite type with an observable that depends only on cylinders of length two. It
implies in particular that for any observable on the phase space the corresponding
rotation set is compact and convex, and, in the non-degenerate cases, has non-
empty interior. Most recently, Kucherenko and Wolf also studied the rotation set
of a compact metric space together with an m-dimensional continuous potential
in [37]. They considered the rotation set defined by means of integrals of Borel
invariant probability measures. Their main result is that every compact and convex
subset of Rm is attained as a rotation set of a particular set of potentials within
a particular class of dynamical systems. However, as demonstrated by Blokh,
Misiurewicz and Simany in [11], in physical systems such as billiards, for some
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naturally defined observables, one can obtain more significant information. In
fact, [11] studies one of the simplest possible cases, namely, a billiard on a torus in
the exterior of one single small convex obstacle and for one particular observable -
the so called displacement. Even in this (simple at a first glance) case significant
di�culties appear. Jenkinson in [33] described a procedure which can be used to
prove that the general rotation set of an open billiard is convex and the set of
all convex combinations of rotation vectors of periodic trajectories is dense in the
general rotation set by approximating the observable by one depending only on two
coordinates, and then using Ziemian’s results in [67]. However, he did not provide
a complete proof with details. Moreover, his procedure depends on general results
from Ergodic Theory and cannot be used constructively in computer softwares.

Therefore, it is natural to study in depth the general rotation set and the pointwise
rotation set for open billiards: billiard flows in the exterior of several strictly convex
obstacles in an Euclidean space and on a torus.

The thesis aims to provide in depth information about the general rotation set of
open billiards in Euclidean spaces of any dimensions for a naturally defined ob-
servable and to investigate the size of the general rotation set. It aims to generalize
the results of [11] to the case of several small obstacles on a torus. In more de-
tails, we aim to give detailed proofs that, for billiard on a torus with N obstacles,
the admissible rotation set is convex; the rotation vectors of periodic trajectories
of admissible type are dense in the admissible rotation set; and the admissible
rotation set is contained in the general rotation set but not equal to the general
rotation set.

0.2 Outline and Statement of Results

The thesis presents original results in Chapter 2, Chapter 3, and Chapter 4.

Chapter 1. Preliminaries from Topology, Dynamical Systems, Billiards
and Rotation Theory

This chapter provides basic information that is either necessary for understanding
the material in the following chapters or essential to establish proofs in the later
chapters. This includes results regarding Rotation Theory by Ziemian and results
regarding Hyperbolicity of Scattering Trajectories by Sjöstrond.

Chapter 2. Rotation Sets of Open Billiards

The results in this chapter were published in [4].
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In this chapter, the thesis examines the general rotation set and the pointwise
rotation set for arbitrary open billiards in m-dimensional Euclidean spaces for
the observable related to a starting point of a given billiard trajectory. By open
billiards, we mean the billiard flow in the exterior of several disjoint and strictly
convex obstacles with smooth boundaries satisfying the standard no-eclipse con-
dition – the convex hull of any two of the convex obstacles has no common points
with any of the other obstacles.

We use, first, the procedure described in [33] to show that the general rotation
set is convex and the set of all convex combinations of rotation vectors of periodic
trajectories is dense in the general rotation set. Then, using a more constructive
approach, we show that the closure of the pointwise rotation set is convex and
the set of all convex combinations of rotation vectors of periodic trajectories is
dense in it. Finally, a specific case of open billiards with 3 obstacles is studied to
show that there exists a trajectory having infinitely many reflections but having
no rotation vector.

Chapter 3. Billiards on a Torus with N Obstacles

The results in this chapter were published in [3].

In this chapter, we generalize the results in [11] to the case of N � 3 disjoint
and strictly convex obstacles with smooth (C2) boundaries. That is, we study the
billiard on an m-dimensional torus in the exterior of N convex obstacles. The
obstacles are assumed to be of diameter less than or equal to

p
2
4 . We also impose

two conditions on this dynamical system:

• The obstacles are located in positions such that, in S0 = [0, 1]m, if

⇡i : Rm ! R

are projections defined by

⇡i(x1, ..., xi, ..., xm) = xi

then, for every i and for every r 6= r0, we have

⇡i(Or) \ ⇡i(Or0) = ;;

• The obstacles in S0 satisfy the standard no-eclipse condition: the convex hull
of any two obstacles has no common points with any of the other obstacles.

We show that the admissible rotation set, which is the set consisting of rotation
vectors of billiard trajectories of admissible type, is convex; the rotation vectors
of periodic trajectories of admissible type are dense in the admissible rotation set;
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and the admissible rotation set is contained in and not equal to the general rotation
set. Whether the general rotation set is convex or not is left as an open question.

Chapter 4: On General Rotation Sets of Open Billiards

The results in this chapter have been accepted for publication in the journal Archiv
der Mathematik [2].

This chapter examines the size of the general rotation set for open billiards with
N � 4 circle obstacles in R2. The observable considered in this chapter is the one
related to a starting point of a given billiard trajectory. We make two assumptions;

• The centers of the circle obstacles form a convex polygon. Then, we can
number the obstacles K1, K2, ......, KN following their anticlockwise ordering
along the perimeter of the polygon.

• Assuming ai is the center of the obstacle Ki, in any triangle formed by the
centers of three successive obstacles ai�1, ai, ai+1, the angles \aiai+1ai�1,
\ai+1ai�1ai are at most 45�.

Using a geometrical approach, we show that the general rotation set is equal to the
polygon formed by the midpoints of the shortest segments connecting the centers
of the obstacles. Then, we show the necessity of the above mentioned assumptions
by an example.





Chapter 1

Preliminaries from Topology,
Dynamical Systems, Billiards and
Rotation Theory

In this chapter, we will present some fundamental concepts that the reader will
need to recall in order to understand the content of the next three chapters. We
will try to include all the information related to the material discussed in the
main chapters. However, for more basic informations about billiards and rotation
theory, we refer the reader to the following sources: [17], [30], [49], [53], [33], [46],
[47] and [48].

We start by defining some topological concepts. Then, we discuss the definition of
a dynamical system and the idea of symbolic dynamics, along with, shifts and sub-
shifts of finite type. In the next section, we discuss the fundamental information
regarding billiards that we will use in the next chapters. Finally, we provide some
general information about Rotation Theory and state the definitions of the general
rotation set and the pointwise rotation set. In this section also, we will present
some results of Ziemian [67] including a proof of the convexity of the general
rotation set when the dynamical system is a transitive subshift of finite type with
an observable that depends only on cylinders of length two.

1.1 Topological Concepts

In this section, we will define what is meant by manifolds and Hölder continuous
functions. Then, we state with proof the Stone-Weierstrass Theorem. We will use

1
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the concept of a manifold to define the billiard dynamical system that we are going
to study. We will need the Stone-Weierstrass Theorem in the proof of the main
theorem in the next chapter.

We would like to make the definition of manifolds easier to understand by re-
minding the reader of the definition of a smooth-map and a di↵eomorphism. This
information is taken from [28].

A mapping f of an open set U ⇢ Rn into Rm is called smooth if it has continuous
partial derivatives of all orders. Adjusting this definition to more general domains,
we have:

Definition 1.1.1 Let X be an arbitrary subset in Rn. A map f : X �! Rm is
called smooth if we can locally extend it to a smooth map on open sets. That is, if
there is an open set U ⇢ Rn around each x in X and a smooth map F : U �! Rm

such that, on U \X, the values of F and f coincide.

Assuming that we have two subsets of Euclidean domains X and Y , a smooth map
f : X �! Y is called di↵eomorphism if it satisfies the following conditions:

1. f is one-to-one and onto;

2. The inverse f�1 : Y �! X is also a smooth map.

Then X and Y are said to be di↵eomorphic.

Thus, a di↵eomorphism is just a bijective smooth map whose inverse is also a
smooth map.

Let X be a non-empty subset of an Euclidean space Rn. We say that X is locally
di↵eomorphic to Rk. If for every x 2 X there exists an open neighbourhood U of
x in X which is di↵eomorphic to an open subset of Rk.

Now, we can define di↵erentiable manifolds.

Definition 1.1.2 Let X be a non-empty subset of an Euclidean space Rn. X is
said to be a k-dimensional manifold if it is locally di↵eomorphic to Rk.

Another concept, which we will use to prove the main theorem in the next chapter
is the following.

Definition 1.1.3 [34] A function f : X �! Y between two subsets of Euclidean
spaces is called µ-Hölder continuous, 0 < µ  1, if there is C > 0 such that, for
every x, y 2 X,

kf(x)� f(y)k  Ckx� ykµ.
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1-Hölder continuous functions are called Lipschitz.

Here is another definition, which we will use in the last section of this chapter and
in the next chapter.

Definition 1.1.4 [35] A function f : X �! R, where X is a subset of an Eu-
clidean space, is called locally constant if, for each x 2 X, there exists an open
neighbourhood Ux around x 2 X such that f is constant on Ux.

We need to recall also the definition of the Housdor↵ distance between two sets.

Definition 1.1.5 [19] Let A,B be subsets of an Euclidean space Rn. The Hous-
dor↵ distance between A and B is defined to be

dH(A,B) = max{d(A,B), d(B,A)},

where
d(A,B) = sup

x2A
inf
y2B

kx� yk.

We will need the Stone-Weierstrass Theorem in Chapter 1. We will, now, state the
theorem and prove it. We start by defining some topological terminology. Then
we will prove two lemmas required in the proof of the Stone-Weierstrass Theorem.
For more information about the Stone-Weierstrass Theorem, we refer the reader
to [19].

The definition of a compact set is quite well-known. However, it is stated, here,
to help the reader recalling it.

Let A be a subset of a topological space X. A collection O of open subsets of X
whose union contains A is called an open cover for A. A subset of O of open sets
whose union contains A is called a subcover for A derived from O. A topological
space X is compact if every open cover of X has a finite subcover.

Next, we provide definitions of some concepts that we are going to use in the proof
of the next two lemmas and/or in the next theorem.

Let X be a compact metric space. The set of all continuous functions

f : X �! R

is denoted by C(X). The uniform norm kfk1 on C(X) is defined by

kfk1 = sup
x2X

|f(x)|.
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A vector subspace A of C(X) is said to be an algebra if for every f, g 2 A, we have
fg 2 A, where

(fg)(x) = f(x)g(x).

Note that, for an algebra A, if a non-zero constant function is in A then all constant
functions are in A. This follows directly from the definition of an algebra since
any algebra is closed under function addition being a subspace and closed under
function multiplication being an algebra.

Assume that X is a metric space and let f, g 2 C(X). We define two operations
on C(X):

(f ^ g)(x) = min{f(x), g(x)} =
1

2
(f(x) + g(x)� | f(x)� g(x) |)

and

(f _ g) = max{f(x), g(x)} =
1

2
(f(x) + g(x)+ | f(x)� g(x) |).

Note that f ^ g, f _ g 2 C(X).

A lattice in C(X) is a subset A of C(X) satisfying the following condition:

f, g 2 A =) f ^ g, f _ g 2 A.

The next lemma gives us a su�cient condition for a lattice to be equal to C(X).

Lemma 1.1.6 Let X be a compact metric space, and let A ⇢ C(X) be a closed
lattice in C(X) such that, for every x, y 2 X with x 6= y and all a, b 2 R, there is
f 2 A with f(x) = a and f(y) = b. Then A = C(X).

Proof. We want to show that A is uniformly dense in C(X). That is, for every
g 2 C(X) and ✏ > 0, we will show that there is f 2 A such that

kf � gk < ✏.

Let g 2 C(X). Fix x 2 X. Let y be in X. Assume g(x) = a, g(y) = b for some
a, b 2 R. By assumption, there is fy 2 A such that

fy(x) = g(x) and fy(y) = g(y).

Consider the set
Vy = {z 2 X : fy(z) < g(z) + ✏}.
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The set
{fy(z) : z 2 X and fy(z) < g(z) + ✏}

is open in R. Since fy is continuous, the set Vy is also open in X, where

fy(x) = g(x) < g(x) + ✏ and fy(y) = g(y) < g(y) + ✏.

Hence, x and y are in Vy. The collection of sets {Vy}y2X is an open cover of X.
Since X is compact, there is a finite subcover {Vy1 , ...., Vy

n

} of X.

Let
fy1 , ...., fyn

be the functions corresponding to

Vy1 , ...., Vy
n

.

Let
Fx = fy1 ^ ..... ^ fy

n

.

Then Fx is in A as A is a lattice. Also

Fx(x) = g(x) as fy
i

(x) = g(x)

for i = 1, 2, ..., n. Moreover,

Fx(z) < g(z) + ✏ 8z 2 X,

since for every z 2 Vy
i

, we have

Fx(z)  fy
i

(z) < g(z) + ✏.

Consider the set
Wx = {z 2 X : Fx(z) > g(z)� ✏}.

By the continuity of Fx, the set Wx is open in X, and it is containing x. Hence, the
collection of sets {Wx}x2X is an open cover for X. Again, due to the compactness
of X, this collection has a finite subcover

{Wx1 , ....,Wx
m

}.

Consider the functions
Fx1 , ..., Fx

m

2 A

corresponding to
Wx1 , ....,Wx

m

.



1.1. TOPOLOGICAL CONCEPTS 6

Let
F = Fx1 _ .... _ Fx

m

.

Then, F is in A as A is a lattice. Moreover, for any z 2 Wx
i

, we have

F (z) � Fx
i

(z) > g(z)� ✏.

Thus, F (z) > g(z)� ✏ for every z 2 X. Hence,

g(z)� ✏ < F (z) < g(z) + ✏

for all z 2 X. In other words, kg�Fk1 < ✏. This shows that A is uniformly dense
in C(X). Since A is closed in C(X), it follows that A = C(X). This completes
the proof.

The next lemma shows that a closed algebra in C(X) is a lattice.

Lemma 1.1.7 Let X be a compact metric space. If B is an algebra, which is
closed in C(X), then B is a lattice.

Proof. First, we show that if f 2 B then |f | 2 B.

Consider the continuous modulus function

|.| : I �! R, t �! |t|,

where
I = [�kfk1, kfk1].

This function can be approximated by a polynomial with zero constant term de-
fined on the same interval I. In other words, for ✏ > 0, there is a polynomial p0
such that

|p0(t)� |t|| < 2✏,

for all t 2 I. Assume that

p0(t) =
nX

k=1

akt
k.

Then,

p0(f(x)) =
nX

k=1

ak(f(x))
k, f(x) 2 I.

Thus,
|p0(f(x))� |f(x)|| < 2✏ 8x 2 X.

Now the function
(p0 � f)(x) = p0(f(x))
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is in B as B is an algebra. Since ✏ > 0 was arbitrary and B is closed, it follows
that |f | 2 B.

Let f and g be in B. Then

f ^ g =
1

2
(f + g � |f � g|) 2 B

and

f _ g =
1

2
(f + g + |f � g|) 2 B

since B is an algebra. Thus, B is a lattice.

Using the above information, the reader can easily follow the proof of the next
theorem.

Theorem 1.1.8 (The Stone-Weierstrass Theorem) Assume that X is a com-
pact metric space, and let A ⇢ C(X) be an algebra with the properties:

1. There is a non-zero constant function in A;

2. For every two di↵erent points x and x0 in X, there exists f 2 A such that
f(x) 6= f(x0).

Then A is uniformly dense in C(X).

Proof. We want to show that the closure of A is equal to C(X) (A = C(X)).

First, note that A is also an algebra, and it is closed. Thus, by Lemma 1.1.7 , A
is a lattice. Also, since A contains a non-zero constant function, it contains all
constant functions (see the comments before Lemma 1.1.6).

We will use Lemma 1.1.6 to prove that A = C(X). In other words, we will show
that if x, y 2 X with x 6= y and a, b 2 R then there is f 2 A with f(x) = a and
f(y) = b. Using the remark above, we have that A is a closed lattice. Hence, the
desired result follows by applying Lemma 1.1.6.

Let x, y 2 X, x 6= y. Take g in A such that g(x) 6= g(y). The existence of g is
guaranteed by the second assumption.

Define f 2 B by

f(z) = a


g(z)� g(y)

g(x)� g(y)

�
+ b


g(z)� g(x)

g(x)� g(y)

�
.

Then, f has the desired property. Moreover, f is in A, so it is in A. This follows
from the first assumption that A contains a non-zero constant function. Hence,
by Lemma 1.1.6, A = C(X).
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We next presents the definition of a transitive map. We will need it in the last
section of this chapter and in the next chapter.

Definition 1.1.9 [21] Let X be a metric space. A continuous map

f : X �! X,

is called a transitive map if it satisfies the following property: for every non-empty
open subsets U, V ⇢ X, there exists n � 1 such that

fn(U) \ V 6= ;.

1.2 Billiards

In this section, we present some fundamental material about billiards. This in-
cludes some important theorems and propositions which are required in the proofs
of the results in the next chapters.

1.2.1 Dynamical Systems

To understand the definition of a dynamical system, we will start by reminding
the reader of the definition of a �-algebra. Then we will proceed from there to
define a dynamical system. The information in this section is taken from [12].

Definition 1.2.1 Let M be an arbitrary set. A �-algebra of subsets of M is a
collection M of subsets of M which satisfy the following conditions:

1. M 2 M;

2. If A 2 M then M \ A 2 M;

3. If An 2 M, n = 1, 2.... then [1
n=1An 2 M.

A measurable space is a pair (M,M) where M is a set and M is a �-algebra of
subsets of M .

Assume now that (M,M) is a measurable space. A transformation T : M �! M
is said to be measurable if T�1A 2 M for any A 2 M. A measurable transforma-
tion T is called an endomorphism, and it generates a cyclic semigroup {T n}, n =
0, 1, 2, ... of endomorphisms. If T is invertible and T, T�1 are measurable then
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T is called an automorphism, and it generates a cyclic group {T n}, n 2 Z, of
automorphisms.

One can generalize the above notion as the following. Consider an arbitrary count-
able group or semigroup G. For each g 2 G, fix a measurable transformation Tg

such that Tg1 · Tg2 = Tg1g2for all g1, g2 2 G and Te = identity

A measurable group, (semigroup) is a triple (G,M,M), where (M,M) is a mea-
surable space, and G is a group (semigroup).

We provide the following example of a group or a semigroup of measurable trans-
formations because it has a close connection with the idea of symbolic dynamics,
coding and shifts. Beside this, we need it to define flows since we want to study
billiard flows.

Let G be a group ( or semigroup). Suppose we have a measurable space (X,X)
and M is the space of all X�valued functions on G. In other words, any x 2 M
is a sequence {xg}, xg 2 X and g 2 G. For any g0 2 G, define the transformation
Tg : M �! M by the formula Tg0x = x0, where x0

g = xg0g. {Tg} is said to be a
group (semigroup) of shifts. If G is the group Z of integers then M is the space of
all 2-sided sequences x = {xn}, xn 2 X,n 2 Z, and Tmx = {xn+m},m 2 Z. Here,
T1 is called a 2-sided shift.

Definition 1.2.2 [12] Assume that the family {Tg : M �! M}, g 2 G, where G
is a measurable group (semigroup) satisfying the following conditions:

1. Tg1 · Tg2 = Tg1g2 for all g1, g2 2 G;

2. For any M-measurable function f : M �! R, the function (x, g) 7! f(Tgx)
considered as a function on the direct product (M,M)⇥ (G,G) is also mea-
surable.

Then {Tg} is called a G-flow (G-semiflow) (or a measurable action of the group
(semigroup) G).

A measurable action of a group or a semigroup G is the family {Tg}, g 2 G. Mea-
surable actions of R are usually called flows, and those of R+ are called semiflows.

Definition 1.2.3 [12] A dynamical system with discrete time is a cyclic group or
a semigroup of measurable transformations generated by a single endomorphism
(or automorphism) T : X �! X, while a dynamical system with continuous time
is a cyclic group or semigroup of flows or semiflows.

Now we will define the dynamical system that we are going to study. That is the
billiard flow and the related billiard ball map.
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Figure 1.2.1: Billiard motion and the reflection law.

1.2.2 Billiard Flow

The information in this section is mostly taken from [53]. However, the reader can
consult also [17], [44], [49], [55], [61], [62] for more information regarding billiards
and billiards flows.

In an Euclidean space Rn, n � 2, let ⌦ be a domain with smooth boundary X =
@⌦. The dynamical system generated by the motion of a material point in ⌦ is
called the billiard flow. The point is traveling with unit velocity in the interior of
⌦. When the point hits the boundary @⌦, it will reflect according to the usual law
of geometrical optics ”the angle of incidence equals the angle of reflection”. We
can imagine ⌦ to be a smooth-boundary shape in the Euclidean space, and there
is a point particle inside this shape which moves and hits the boundary. Since the
boundary is smooth when the particle hits the boundary it will reflect. When we
draw a normal to the boundary, where the point hits, we can see that the normal
divides the angle between the hitting ray and reflecting ray in half. The angle
between the normal and the hitting ray is called the angle of incidence, and the
angle between the normal and the reflecting ray is called the angle of reflection.
Thus, the angle of incidence is equal to the angle of reflection (see Figure 1.2.1
above).

The phase space of the billiard system in ⌦ is the unit tangent bundle G over @⌦.
That is

G = {q = (x,v) : x 2 @⌦, kvk = 1} = X ⇥ Sn�1,
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where Sn�1 is the unite sphere. Clearly, G has the structure of a manifold.

1.2.3 Billiard Ball Map

Set
M = {(x,v) 2 X ⇥ Sn�1 : h⌫(x),vi > 0},

where ⌫(x) is the unit normal to @⌦ at x directed to the interior of ⌦.

The billiard ball map B is defined on a subset M 0 of M . The set M 0 consists of
all q = (x,v) 2 M such that the straight-line ray � starting at x with direction v
has a common point with X (i.e the ray � has a reflection on the boundary of ⌦).
Let y be the first such reflection point. That is the segment connecting x and y
does not contain another point of X. For q = (x,v) 2 M 0, we define

w = v � 2hv, ⌫(y)i⌫(y).

Define the billiard ball map
B : M 0 �! M

by
B(q) = (y,w).

One can easily see that M and M 0 have the structure of manifolds. It is also clear
that B is a smooth map.

We are interested in investigating a small subset of M 0. We define it in the next
section.

1.2.4 Non-Wandering Set and Periodic Points

We want to investigate the trajectories that are trapped inside ⌦ and have infinitely
many reflections.

The non-wandering set M0 is the subset of M 0 consisting of all q = (x,v) such
that Bn(x,v) is defined for all n 2 Z. In other words, M0 consists of all q = (x,v)
such that the ray � starting at x in direction v has infinitely many reflections on
@⌦ both forwards and backwards.

The main consideration is on the restriction of B on M0. That is

B : M0 �! M0.
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The points q 2 M0 with Bk(q) = q, for some k > 0, are called periodic points of
period k of B. The trajectories associated with periodic points reflect repeatedly
on the same points. This kind of trajectories are called periodic trajectories. If a
periodic trajectory have a period length k then it will reflect on the same point
after k � 1 reflections.

1.2.5 Length Function

We define the length function

Fs : ⌦
s �! R

by

F (x1, .....,xs) =
sX

i=1

kxi � xi+1k, (1.1)

where xi 2 ⌦ 8i, and xs+1 = x1 by definition.

This function will be needed in the proofs of several lemmas and theorems related
to billiard trajectories. The function measures the length of a trajectory piece by
taking the sum of the distances between every two successive reflections.

A strictly convex (convex and the curvature of the boundary is never zero) domain
in Rn is a convex domain with the curvature of its boundary is never zero.

The next lemma shows that we can find a periodic trajectory of any period length.

Lemma 1.2.4 Let ⌦ be a strictly convex bounded domain in Rn. For any integer
s � 2 we can find a periodic point q 2 M of B of period s.

Proof. Fix s. Consider the length function

Fs : ⌦
s �! R

defined by

F (x1, ...,xs) =
sX

i=1

kxi � xi+1k,

where xs+1 = x1. We will show that F attains its maximum at some x =
(x1, ...,xs), and the coordinates of x are reflection points of periodic trajectory
with period length s.



1.2. BILLIARDS 13

F has a maximum at some

x = (x1, ...,xs) 2 ⌦s

since ⌦s is compact (being closed and bounded), and F is, obviously, continuous.
It is clear that xi 2 @⌦ and xi 6= xi+1 for all i = 1, ..., s. Let the restriction of F
on (@⌦)s be G. Then, G has a maximum at x. G is smooth on (@⌦)s. Thus, x
is a critical point of G. Hence, we can see that x1, ...,xs are successive reflection
points of a periodic billiard trajectory (see how in the proof of Proposition 1.2.12).
In other words,

B(xi,vi) = (xi+1,vi+1),

where

vi =
(xi+1 � xi)

kxi+1 � xik
.

Moreover,

Bs(xi,vi) = (xi,vi).

Thus, B has at least s distinct periodic points of period s.

F can be extended to a continuous function on (Rn)s. Also, F is smooth on the set
Us of these y = (y1,y2, ...,ys) 2 (Rn)s such that yi 6= yi+1 for each i = 1, 2, ..., s.
Here ys+1 = y1 by definition.

1.2.6 Open Billiards

An open billiard is a type of billiard where the domain ⌦ is unbounded. More
precisely, we assume that ⌦ = RN\K, where

K = K1 [ ... [Ks, s � 3,

and Ki’s are pairwise disjoint, compact and strictly convex (convex and the cur-
vature of the boundary is never zero) sets with C2-smooth boundaries @Ki (see
Figure 1.2.2).
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K1

K2 K4

K3

Figure 1.2.2: An open billiard.

Clearly, in an open billiard, the point particle moving in ⌦ will bounce between the
bodies Ki. It might escape to infinity. It might be trapped and bounce infinitely
many times on the boundary.

Definition 1.2.5 We will say that K satisfies the no-eclipse condition (H) if for
any i 6= k 6= j, the convex hull of Ki[Kj does not intersect Kk (see Figure 1.2.3).

Ki Kj

Figure 1.2.3: The convex hull of Ki [Kj.
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1.2.7 Symbolic Dynamics

In this section, we provide some basic information about symbolic dynamics and
shifts – see [43], [55] for more information. We will use this information to code
the set M0.

Let Z denote the set of integers. For p 2 Z, p � 2, the space {1, 2, ..., p}N of
functions from Z into the set {1, 2, ..., p} is called the full shift denoted by ⌃. In
other words,

⌃ = {x = (xi)i2Z : xi 2 {1, 2, ..., p} for all i 2 Z}.

Let x 2 ⌃ and i  j, the block of coordinates in x from position i to position j
will be denoted by x[i,j] = (xi, xi+1, ...., xj).

Definition 1.2.6 Let ⌃ be a symbol space. Fix an element x = (xi) 2 ⌃ and
n � 1. A cylinder of length n determined by x is the set

Cn(x) = {y = (yi) 2 ⌃ : yi = xi for all | i | n� 1}.

Definition 1.2.7 The shift map

� : ⌃ �! ⌃

is defined by
y = �(x)

where yi = xi+1 for all i 2 Z.

Clearly, � is one-to-one because if x 6= y then there is i such that xi 6= yi. Assume
�(x) = x0, where x0

j = xj+1 and �(y) = y0, where y0j = yj+1. Then, y0i+1 6= x0
i+1, so

y0 6= x0.

Moreover, for any y in ⌃, there is x = (xi), where xi = yi�1 such that �(x) = y.
Thus, � is onto, so ��1 is defined. The composition of � with itself k > 0 times

�k = � � �.... � �| {z }
k times

is given by
�k(x) = x0

where x0
i = xi+k for all i, while ��k(x) = x00 where x00

i = xi�k.

Periodic points for the billiard ball map were defined earlier. We define periodic
elements of a symbol space in the same fashion.
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Definition 1.2.8 An element x 2 ⌃ is said to be periodic if �n(x) = x for some
n � 1. We say that x is of period n.

When the no-eclipse condition holds, the non-wandering setM0 can be coded using
symbolic dynamics. This is done by using the symbol space ⌃ of infinite admissible
sequences

⇠ = (..., ⇠�1, ⇠0, ⇠1, ..),

where each
⇠i 2 {1, 2, ..., s}

(s is the number of obstacles, see above). Here, by an admissible sequence, we mean
a finite or infinite sequence {⇠i}i2I , where I is an interval in Z – i.e. I = [p, q]
for some p < q – satisfies the following condition: ⇠i 6= ⇠i+1 for all p  i < q.
This includes the cases when p = �1 and/or q = 1. Hence, in an admissible
sequence, any two successive components must be di↵erent. These sequences are
acted upon by the two-sided shift map

� : ⌃ �! ⌃,

given by �(⇠) = ⇠0 defined as before (see Definition 1.2.7).

Let
⇡ : @⌦⇥ Sn�1 �! @⌦

be the natural projection. We define the representation map

� : M0 �! ⌃

by
�(x) = (..., ⇠�1, ⇠0, ⇠1, ...),

where ⇡Bjx 2 K⇠
j

. In other words, the jth reflection of x occurs on the obstacle
K⇠

j

for all j. The left shift � then is continuous under the metric

d✓(⇠, ⇠
0) =

(
0 : if ⇠i = ⇠0i for all i 2 Z
✓n : if n = max {j � 0 : ⇠i = ⇠0i for all | i |< j}

,

where ✓ 2 (0, 1) is a fixed constant.

We define an equivalence relation on ⌃ as follows. For n 2 Z+ , two admissible
sequences ⇠, ⇠0 2 ⌃ are equivalent, we write ⇠ ⇠n ⇠0, if ⇠i = ⇠0i for all | i | n � 1.
We call the equivalence class [⇠]n, consisting of sequences ⇠0 with ⇠ ⇠n ⇠0, an n-
cylinder of ⇠. In a similar way, we define an equivalence relation on M0 as follows:
for x,y 2 M0, x ⇠n y if �(x) ⇠n �(y). This means that x and y reflect on
the same obstacles for the first n forward reflections and the first n backward
reflections.
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Definition 1.2.9 A reflecting ray of type ⇠ 2 ⌃ is a ray such that for each j the
jth reflection point belongs to the obstacle K⇠

j

.

We will prove that the representation map � is invertible, but, first, we will prove
that it is surjective if ⌦ satisfies the no-eclipse condition.

Assuming the no-eclipse condition is satisfied, the next proposition implies that,
the map � is surjective – see Proposition 1.2.19 and the proof of Theorem 1.2.18.

Proposition 1.2.10 [53] Assume that K satisfies the no-eclipse condition. Then,
for any periodic ⇠ 2 ⌃, there exists a periodic reflecting ray � in ⌦ (the closure
of ⌦ in Rn) of type ⇠. That is there is a reflecting ray � where for each j the jth

reflection point belongs to the obstacle K⇠
j

.

Proof. Fix an arbitrary periodic ⇠ 2 ⌃ of period p. Consider the function

F = F⇠ : K⇠ = K⇠1 ⇥K⇠2 ⇥ ...⇥K⇠
p

�! R,

defined by

F (q1, ...,qp) =
pX

j=1

kqj � qj+1k,

where qp+1 = q1.

Let
� = @K⇠1 ⇥ @K⇠2 ⇥ ......⇥ @K⇠

p

.

Note that � is not equal to the set @K⇠.

We will show that the components of q = (q1, ....,qp) are the successive reflection
points of a periodic billiard trajectory of type ⇠.

Observe that F is continuous and K⇠ is compact (closed and bounded). Thus,
there exists

q = (q1, ...,qp) 2 K⇠

such that F has an absolute minimum at q.

Let � be the minimum curve joining qj’s by straight segments. It follows by
the no-eclipse condition that any segment joining two consecutive points qj,qj+1

cannot intersect any obstacle other than @K⇠
j

, @K⇠
j+1 . Since � is minimal, at every

qj, j = 1, ..., p, the angle of incidence is equal to the angle of reflection. Thus,
qj’s are the successive reflection points of a periodic reflecting ray � for X = @⌦.
Clearly, � is of type ⇠.
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1.2.8 Periodic Points and Critical Points of Length Func-
tions

The material in this section is taken from [53].

We will introduce two notions which will be used in the next three proofs.

Assme that X is a smooth (n � 1)-dimensional submanifold of Rn, n � 2. Let l1
and l2 be two linear segments with a common end x 2 X. Assume that l1 and l2
make equal acute angles with one of the unit normals ⌫(x) to X at x. Assume
also that l1, l2 and ⌫(x) lie in a common two-dimensional plane. Then we will say
that l1 and l2 satisfy the law of reflection.

Definition 1.2.11 Let � be a curve in Rn that has the form [k
i=1li, where li =

[xi,xi+1], xi 2 X for each i = 1, 2, ..., k, k � 2. We set, for convenience, xk+1 =
x1 and lk+1 = l1. A curve � satisfying the following conditions will be called
periodic reflecting ray for X:

• The open segments l�i have no common points with X for each i = 1, 2, ..., k;

• For each i = 1, 2, ..., k, the segments li and li+1 satisfy the law of reflection
at xi+1 with respect to X.

The points x1,x2, ...,xk are said to be reflection points of �.

Note that assuming ⌦ is a domain with boundary X, a periodic reflecting ray
could be part of ⌦ as well as its complement. Note also that a periodic reflecting
ray may have a segment which is tangent to X at some of its interior points. A
periodic reflecting ray � that has no segments tangent to X will be called ordinary.

Generally, a periodic reflecting ray may pass more than one time through some
of its reflecting points. Also, two di↵erent periodic reflecting rays may have a
common reflection point.

We can naturally define the k-multiple � of a periodic reflecting ray �, where k � 2.
Considering � and � as subsets from Rn, it is easy to see that � and � coincide.
However, the number of reflection points of � is ks, where s is the number of
reflection points of �.

The next proposition gives us the necessary and su�cient condition for a curve in
Rn to be a periodic reflection ray for X.

Remember that the length function F is smooth on the set Us consisting of y =
(y1,y2, ...,ys) in (Rn)s with yi 6= yi+1 for each i = 1, 2, ..., s. Us consists of all
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admissible sequences with s components.

Proposition 1.2.12 Assume � is a curve in Rn which has the form � = [s
i=1li,

where `i = [xi,xi+1], xi 2 X for each i = 1, 2, ..., s, s � 2, xs+1 = x1. Assume
also that, for each i, the open segments l�i has no common point with X. Then, �
is a periodic reflection ray for X if and only if x = (x1, ...,xs) is a critical point
of the map F|(Xs\U

s

)

Proof. Let Bj be a chart around xj for all j = 1, 2, ..., s.

We consider arbitrary charts

�j : Rn�1 �! Bj

with �j(0) = xj, for all j = 1, 2, ..., s. Let

uj = (u(1)
j , u(2)

j , ..., u(n�1)
j )

be an element in Rn�1. Then, the partial derivatives @�
j

@u
(t)
j

(0), t = 1, 2, ..., n� 1 are

elements of a basis of the tangential space to X at xj.

Define a function
G : (Rn�1)s �! R

by G(u1, u2, ...., us) = F (�1(u1),�2(u2), ......,�s(us)). Set �j = (�(1)
j , .....,�(n)

j ). We
will show that x is a critical point of F by showing 0 is a critical point of G.

Since, for every j, �j has partial derivatives at 0, and F is smooth, G is di↵eren-
tiable at any y in (Rn�1)s which is close enough to 0. Recall that

d

dx
(kxk) = x

kxk 8x 6= 0.

Assume that u is close enough to 0. Using the chain rule, we get

@G

@u(t)
j

(u) =

*
�j�1(uj�1)� �j(uj)

k�j�1(uj�1)� �j(uj)k
+

�j(uj)� �j+1(uj+1)

k�j(uj)� �j+1(uj+1)k
,
@�j

@u(t)
j

(u)

+
,

where t = 1, 2, ..., n� 1, j = 1, 2, ..., s. Let

vi,j =
(xi � xj)

kxi � xjk
.

Recall that �j(0) = xj for all j = 1, 2, ..., s. Hence,

@G

@u(t)
j

(0) =

*
vj�1,j + vj,j+1,

@�j

@u(t)
j

(0)

+
,
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where t = 1, 2, ...n� 1 and j = 1, 2, ..., s.

By definition, we say that two segments lj�1 and lj satisfy the law of reflection at
xj with respect to X if and only if the vector

vj�1,j + vj,j+1 = ⌫

is orthogonal to X at xj (see Figure 1.2.4).

lj�1

⌫

lj

Figure 1.2.4: Two segments lj�1 and lj satisfying the law of reflection.

Using the above calculations, we have that lj�1 and lj satisfy the law of reflection
at xj with respect to X if and only if

@G

@u(t)
j

(0) = 0

for all t = 1, 2, ..., n� 1 and j = 1, 2, ..., s. Hence, � is a periodic reflecting ray for
X if and only if x is a critical point of F|(X

s

\U
s

). This completes the proof.

A point q = (x,v) in X ⇥ Sn�1 is called regular if it satisfies the following two
conditions:

• The inner product of the normal ⌫(x) to X at x and v is greater than or
equal to 0, i.e.

h⌫(x), vi � 0;
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• There is a neighbourhood U of q in X such that the intersection between U
and the tangent hyperplane L at q is {q}.

Let M 00 be the set consisting of all regular points for which the short-line ray �
starting at q with direction v has a common point with @⌦. Thus, the set M 0

defined before is a subset of M 00. We define the billiard ball map B on M 00 in the
same fashion as before. Assume that q = (x,v) is in M 00 and that the ray starting
at x in direction v intersect X transversally at y. As before, we put

w = v � 2hv, ⌫(y)i⌫(y)

and set B(q) = (y,w). We will consider the restriction

B : M1 �! M1

where
M1 = \1

m=0B
�m(M 00).

In other words, M1 is the set consisting of all periodic points x in M 00 of B.

Let
⇡ : @K ⇥ Sn�1 �! @K

be the natural projection. Let ⇠ be periodic in ⌃. A periodic point of type ⇠ for B
is a point q = (x,v) in M1 satisfying the following: Bk(x) = x and

qj = ⇡ �Bj�1(x) 2 @K⇠
j

(1.2)

for each j = 1, 2, .., k. We will say that a point qi is a tangential reflection point of
the corresponding billiard trajectory � whenever the segment [qi, qi+1] is tangent
to @K. A point qi is a proper reflection point if it is not tangential. A tangential
point q = (x,v) is a regular point such that

h⌫(x),vi = 0,

where ⌫(x) is the normal to X at x.

Assume ⇠ 2 ⌃ is periodic of period p. Consider the length function

F⇠ : K⇠ = K⇠1 ⇥K⇠2 ⇥ ....⇥K⇠
p

�! R

defined by

F (q1,q2, ...,qp) =
pX

j=1

kqj � qj+1k.
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By definition, qp+1 = q1.

Note that @K⇠ is a compact and convex subset of (Rn)p. As we mentioned before,
the set @K⇠ is not equal to the set

� = @K⇠1 ⇥ @K⇠2 ⇥ ....⇥ @K⇠
p

.

The set � is a proper subset of @K⇠.

Lemma 1.2.13 Assume that q = (x,v) 2 M 00 is a periodic point of type ⇠ of B
of period p. Let the points qj’s be defined as in (1.2) for each j = 1, 2, ..., k. Then:

• The map F : K⇠ �! R (defined above) attains a local minimum at q̃ =
(q1, ...,qp);

• If, additionally, there is a j such that @K⇠
j

is strictly convex at qj, and qj+1

is a proper reflection point, then F has a strict local minimum at q̃.

Proof. The case where p = 2 is trivial since the segment [q1,q2] is the shortest
segment connecting K⇠1 and K⇠2 .

Assume p � 3. Let Uj be a chart around qj. We consider C2-smooth charts

�j : Rn�1 �! Uj

with �j(0) = qj.

Just like in Proposition 1.2.12, consider the function

G : (Rn�1)p �! R

defined by
G(u1, u2, ......, up) = F (�1(u1), ......,�p(up)).

Thus, G is the composition of F and the maps �j’s.

For the map �j, denote the coordinates in Rn�1 by uj = (u(1)
j , u(2)

j , ......., u(n�1)
j ).

We set for convenience

ai,j =
1

kqi � qjk
and

vi,j =
(qi � qj)

kqi � qjk
.

It is clear that ai,j = aj,i and vi,j = �vj,i. All vi,j belong to the set Sn�1.



1.2. BILLIARDS 23

As we mentioned in the proof of Proposition 1.2.12, �j has partial derivatives for
all j = 1, 2, ...., p and all t = 1, 2, ..., n� 1 at 0. Also, F is di↵erentiable. Thus, G
is di↵erentiable for any u close enough to 0. Assume that u is close enough to 0.
Then, using the chain rule, we have

@G

@u(t)
j

(u) =

*
�j�1(uj�1)� �j(uj)

k�j�1(uj�1)� �j(uj)k
+

�j(uj)� �j+1(uj+1)

k�j(uj)� �j+1(uj+1)k
,
@�j

@u(t)
j

(u)

+
, (1.3)

j = 1, 2, ..., p and t = 1, 2, ..., n� 1.

By Proposition 1.2.12, 0 is a critical point of G. We will prove that F has a local
minimum at q̃ by showing that G has a local minimum at 0. This is done by
proving that the second fundamental form of G at 0 is non-negative definite. So
we need to calculate the second partial derivatives

@2G

@u(t)
j @u

(m)
i

(0) (1.4)

for i, j = 1, 2, ..., p and t,m = 1, 2, ..., n� 1.

Fix j. Clearly, when i /2 Ij = {j � 1, j, j +1}, the derivatives are equal to 0. Let i
be in Jj = {j � 1, j + 1}. Then, by using the chain rule and the product rule, we
get

@2G

@u(t)
j @u

(m)
i

(0) = �aij

*
@�i

@u(t)
j

(0),
@�i

@u(m)
i

(0)

+

+aji

*
@�j

@u(t)
j

(0), vji

+*
@�i

@u(m)
i

(0), vji

+
. (1.5)

If i = j, then, again, using the chain rule and the product rule, we have

@2G

@u(t)
j @u

(m)
j

(0) =
X

i2J
j

*
vji,

@2�j

@u(t)
j @u

(m)
j

(0)

+
+
X

i2J
j

aji

*
@�j

@u(t)
j

(0),
@�j

@u(m)
j

(0)

+

�
X

i2J
j

aji

*
@�j

@u(t)
j

(0), vji

+*
@�j

@u(m)
j

(0), vji

+
. (1.6)

To prove that the second fundamental form of G is non-negative definite, we fix
an arbitrary vector

⇠ = (⇠(t)1 , ⇠(t)2 , ....., ⇠(t)p ) 2 (Rn�1)p, t = 1, 2, .....n� 1,
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where
⇠j = (⇠(1)j , ⇠(2)j , ......, ⇠(n�1)

j ), j = 1, 2, ...p.

Set

� =
pX

j,i=1

n�1X

t,m=1

@2G

@u(t)
j @u

(m)
i

(0)⇠(t)j ⇠(m)
i .

We want to show that � is greater than or equal to 0.

Some setups are needed, here, to make the calculation of the value of � easier. Put

zj =
n�1X

t=1

⇠(t)j

@�j

@u(t)
j

(0),

t = 1, 2, ..., n � 1 and j = 1, 2, ..., p. Set ⌫j = ⌫(qj), where ⌫(qj) is the normal to
X at qj. Then, the sum

vj�1,j + vj,j+1 = ��j⌫j
for some �j > 0. Lastly, we put Bj to be the second fundamental form of Uj. I.e.
using the same notation as above,

Bj(⇠j, ⇠j) =
n�1X

t,m=1

*
⌫j,

@2�j

@u(t)
j @u

(m)
j

(0)

+
⇠(t)j ⇠(m)

j ,

j = 1, 2, ..., p. We have that

Uj = �j(Rn�1) ⇢ @K⇠
j

,

which is convex at qj. Thus, by the choice of the normal ⌫j, Bj(⇠j, ⇠j) is non-
positive definite, less than or equal to 0 for any ⇠j in Rn�1.

Now, the value of � can be calculated using the expressions of the second partial
derivatives of G and our setups.

The sum � can be written as the sum of two expressions. One of them is written
by using the second partial derivative of G when i = j, and the other one is written
by using the second partial derivative of G when i 2 Jj = {j � 1, j + 1}. We have

� =
pX

j=1

n�1X

t,m=1

@2G

@u(t)
j @u

(m)
j

(0)⇠(t)j ⇠(m)
j +

pX

j=1

X

i2J
j

n�1X

t,m=1

@2G

@u(t)
j @u

(m)
i

(0)⇠(t)j ⇠(m)
i
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Using the second partial derivatives of G and the equation vj�1,j + vj,j+1 = ��j⌫j
for some �j > 0, we have

� =

 
�

pX

j=1

�j

n�1X

t,m=1

*
⌫j,

@2�j

@u(t)
j @u

(m)
i

(0)

+
⇠(t)j ⇠(m)

i

+
pX

j=1

X

i2J
j

n�1X

t,m=1

aji

*
@�j

@u(t)
j

(0),
@�j

@u(m)
j

(0)

+
⇠(t)j ⇠(m)

j

�
pX

j=1

X

i2J
j

n�1X

t,m=1

aji

*
@�j

@u(t)
j

(0), vj,i

+*
@�j

@u(m)
j

(0), vj,i

+
⇠(t)j ⇠(m)

j

1

A

+

0

@�
pX

j=1

X

i2J
j

n�1X

t,m=1

aji

*
@�j

@u(t)
j

(0),
@�i

@u(m)
i

(0)

+
⇠(t)j ⇠(m)

i

+
pX

j=1

X

i2J
j

n�1X

t,m=1

aji

*
@�j

@u(t)
i

(0), vj,i

+*
@�i

@u(m)
i

(0), vj,i

+
⇠(t)j ⇠(m)

i

1

A

Using the expressions for Bj and zj, we have

� = �
pX

j=1

�jBj(⇠j, ⇠j) +
pX

j=1

X

i2J
j

ajihzj, zji �
pX

j=1

X

i2J
j

ajihzj, vj,ii2

�
pX

j=1

X

i2J
j

ajihzj, zii+
pX

j=1

X

i2J
j

ajihzj, vj,iihzi, vj,ii.

Now, i 2 Jj and j 2 Ji are equivalent. Also, we have that aji = aij and vji = �vij.
Using these facts, we get

� = �
pX

j=1

�jBj(⇠j, ⇠j) +
pX

j=1

aj j+1

�
kzjk2 � hzj,vj,j+1i2

� hzj, zj+1i+ hzj,vj,j+1ihzj+1,vj,j+1i+ kzj+1k2

� hzj+1,vj+1,ji2 � hzj+1, zjihzj+1,vj+1,jihzj,vj+1,ji
�

= �
pX

j=1

�jBj(⇠j, ⇠j) +
pX

j=1

aj j+1(kzj � zj+1k2 � hzj � zj+1,vj,j+1i2).
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We know that the first term of � is non-negative by the facts that �j is greater
than 0 and Bj is non-positive. We also have that vj,j+1 is a unit vector. I.e.
kvj,j+1k = 1. Thus,

hzj � zj+1, vj,j+1i2  kzj � zj+1k2.
Consequently, � is the sum of two non-negative terms, so � is non-negative. I.e.
� � 0.

We will show that, under the second assumption, if ⇠ 6= 0, then � is strictly greater
than 0. It will be done by a contradiction.

Assume the opposite, ⇠ 6= 0 and � = 0. Assume also that there exists j such that
@K is strictly convex at qj, and qj+1 is a proper reflection point. As � = 0, we
have that both terms in the last expression of � are equal to 0 as both of them are
non-negative. Thus,

Bj(⇠j, ⇠j) = 0.

We also have that the vector zj � zj+1 is collinear with vj,j+1. I.e it is collinear
with the segment [qj,qj+1]. Bj is non-positive definite. Hence, ⇠j = 0, and thus
zj = 0. In contrast, the vector zj+1 is collinear with the tangent hyperplane to @K
at qj+1. Thus, [qj, qj+1] is tangent to @K at qj+1, which is a contradiction. Thus,
under the second assumption, we have that � > 0 for any ⇠ 6= 0.

From this, we conclude that G attains a local minimum at 0. Therefore, F |@K
⇠

attains a local minimum at q̃. In addition, if the second condition is satisfied, then
F |@K

⇠

has a strict local minimum at q̃.

We will show that F has a local minimum at q̃, and if the second assumption is
satisfied then F has a strictly local minimum at q̃.

For every j, we choose a neighbourhood Vj of qj contained in K⇠
j

such that, for
any p̃ in V \ @K, where

V = V1 ⇥ V2 ⇥ .......⇥ Vp,

we have
F (q̃)  F (p̃).

We have that the points Bj�1(q,v) are regular. Thus, we can choose the neigh-
bourhoods Vj’s so that, for a vector p̃ in V , the ray starting at pj and ending at
pj+1 intersects @K⇠

j

and @K⇠
j+1 at points of Vj and Vj+1, respectively, for each

j = 1, 2, ..., p.

Consider two cases. The first one is when qj is a tangential reflection point. In
this case we choose the neighbourhoods Vj’s to be

Vj = {pj 2 Ki
j

: hpj � qj, ⌫(qj)i > �✏j},
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where ✏j > 0 is su�ciently small. I.e. the angle between ⌫(qj) and pj � qj is just
over 90� (look at Figure 1.2.5 below).

⌫(qj)

qj pj

Figure 1.2.5: The angle between ⌫(qj) and pj � qj is just over 90�.

The other one is when qj is a proper reflection point, then we set

Vj = K⇠
j

\Dj,

where Dj is an open ball in Rn centred at qj and having su�ciently small radius
✏j > 0. Take a vector p̃ = (p1,p2, ...,pk) in V . Let the intersection point of @K⇠1

with the ray starting at p1 and ending at p2 be p0
1. By the definition of V1, we

have that p0
1 2 V1. Using the triangle inequality, we get

F (p1,p2, ...,pp) � F (p0
1,p2, ...,pp).

Similarly, let the intersection point of @K⇠2 with the ray starting at p0
1 and ending

at p2 be p0
2. Again, using the triangle inequality, we have

F (p0
1,p2,p3, ...,pp) � F (p0

1,p
0
2,p3, ....,pp),

and so on. Hence, for every j, there exists a point p0
j 2 @K⇠

j

\ Vj such that

F (p̃) � F (p̃0).

Now, p̃0 = (p0
1,p

0
2, ...,p

0
k) is in @K⇠ \ V , so

F (p̃0) � F (q̃).
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Putting the two inequalities together, we have

F (p̃) � F (q̃).

Assume that @K is strictly convex at qj. Then,

kp0
j�1 � p0

jk+ kp0
j � p0

j+1k > kqj�1 � qjk+ kqj � qj+1k.

Hence, using a similar argument as above, we have that F (p̃0) > F (q̃). Thus,
F (p̃) > F (q̃) in this case. This proves the lemma.

The following theorem shows that, in general, for any ⇠ 2 ⌃, there are three
possible situations: (1) there are no periodic points of type ⇠ for B; (2) there
exists, precisely, one periodic point of type ⇠; (3) there exist periodic points of
type ⇠ generating a family, possibly, discrete (having di↵erent reflection points) of
periodic billiard trajectories in ⌦ of equal lengths and having parallel corresponding
segments.

Theorem 1.2.14 Let ⇠ 2 ⌃ be periodic of period k. Assume there are two points
(q,v), (p,w) and (q,v) 6= (p,w) of type ⇠ of B. Let

qj = ⇡ �Bj�1(q,v),

and
pj = ⇡ �Bj�1(p,w),

j = 1, 2, ..... Then, v = w. In addition, for any j � 1, the segments [qj,qj+1], [pj,pj+1]
are parallel. For a proper reflection point qj and t 2 [0, 1], we have

tqj + (1� t)pj 2 @K⇠
j

.

If we assume that all qj’s are proper reflection points and t 2 (0, 1) is very close
to 1, then the points

(tq+ (1� t)p,v)

are periodic points of type ⇠ for B which generate periodic billiard trajectories in
⌦ with equal length and parallel corresponding segments.

Proof. Fix ⇠ in ⌃ of period k. Define the length function F : K⇠ �! R as in the
proof of Proposition 1.2.10. For any t in [0, 1] and q̃, p̃ in K⇠, we have

F (q̃+ (1� t)p̃)  tF (q̃) + (1� t)F (p̃).

Thus, F is convex.
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Let (q,v) and (p,w) be two distinct periodic points of type ⇠ for B. Let

q̃ = (q1,q2, ...,qk), p̃ = (p1,p2, ...,pk).

We will prove that F (q̃) = F (p̃). We have q̃ and p̃ are in K⇠. Using Lemma
1.2.13, we have that F attains local minimum at both of them. Let t 2 [0, 1] and
let

q(t)
j = tqj + (1� t)pj, j = 1, 2, ..., k.

Let
q̃(t) = (q(t)

1 ,q(t)
2 , .....,q(t)

k ).

Thus,
q̃(t) = tq̃+ (1� t)p̃.

In addition, q̃(t) is in K⇠. Assume that F (q̃) > F (p̃). Let t be in (0, 1), we have

F (q̃(t)) = F (tq̃+ (1� t)p̃)  tF (q̃) + (1� t)F (p̃) < F (q̃) (1.7)

by the convexity of F and the assumption F (q̃) > F (p̃). As t tends to 1, we have
that q̃(t) �! q̃. This is a contradiction as F attains a local minimum at q̃. Thus,

F (q̃)  F (p̃). (1.8)

Similarly, for t in [0, 1] let

p(t) = tpj + (1� t)qj,

j = 1, 2, ...., k. Let
p̃(t) = (p(t)

1 ,p(t)
2 , .....,p(t)

k ).

Thus,
p̃(t) = tp̃+ (1� t)q̃.

In addition, p̃(t) is in K⇠. Assume that F (p̃) > F (q̃). Let t be in (0, 1), we have

F (p̃(t)) = F (tp̃+ (1� t)q̃)  tF (p̃) + (1� t)F (q̃) < F (p̃) (1.9)

by the convexity of F and the assumption F (p̃) > F (q̃). As t tends to 1, we have
that p̃(t) �! p̃. This is a contradiction as F attains a local minimum at p̃. Thus,

F (p̃)  F (q̃). (1.10)

By (1.8) and (1.10), we have
F (q̃) = F (p̃) (1.11)
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By (1.7) and (1.11), we have

F (q̃(t)) = F (q̃) = F (p̃) (1.12)

hols for every t close enough to 0 or 1. Moreover, the convexity of F implies that
(1.12) holds for every t 2 [0, 1].

To prove that v = w, we use the fact that, for p 6= p0,q 6= q0 and t 2 (0, 1), the
following equality

k(tq+ (1� t)p)� (tq0 + (1� t)p0)k = tkq� q0k+ (1� t)kp� p0k

is true if and only if the segments [p,p0] and [q,q0] are collinear. This implies that
the segments [qj,qj+1] and [pj,pj+1] are collinear for each j. This gives v = w.

We choose neighbourhoods Vj’s of qj’s in K⇠
j

’s in a similar way as in the proof

of Lemma 1.2.13. We can find t0 2 (0, 1) such that q(t)
j 2 Vj for any t 2 (t0, 1].

Now F has a local minimum at q(t)
j in V = V1 ⇥ V2 ⇥ .....⇥ Vk for any t 2 (t0, 1].

Assume qj is a proper reflection point for some j � k. Assume q(t)
j /2 @K⇠

j

, for
some t 2 (t0, 1). We use similar argument as in the proof of Lemma 1.2.13. Denote

by q0
j the intersection point of @K⇠

j

with the segment [q(t)
j ,q(t)

j+1]. Let

r̃ = (q(t)
1 ,q(t)

2 , ...,q(t)
j�1,q

0
j,q

(t)
j+1, ....,q

(t)
k ).

We assumed that qj is a proper reflection point. Hence, we have

kq(t)
j�1 � q(t)

j k+ kq(t)
j � q(t)

j+1k > kq(t)
j � q0

jk+ kq0
j � q(t)

j+1k.

Consequently,
F (q̃(t)) > F (r̃).

We get a contradiction as F has a minimum at q̃(t). Thus, q(t)
j 2 @K⇠

j

, for any
t 2 (t0, 1] close enough to 1.

Thus, if all qj’s are proper reflection points, then for any t 2 (0, 1) close enough
to 1, the points (tq+ (1� t)p,v) are periodic points of type ⇠ of B. In addition,
those points generate periodic billiard trajectories in ⌦ with length F (q̃) = F (p̃)
and with parallel corresponding segments. This completes the proof.

Corollary 1.2.15 Let ⇠ 2 ⌃ be periodic. Let @K⇠
j

be strictly convex for all j =
1, 2, ..., p. Then there exists exactly one periodic point of type ⇠ for B.

We will show that the periodic points are dense in ⌃ (see Proposition 1.2.19).
Then, Corollary 1.2.15 implies that if the no-eclipse condition holds and @Ki is
strictly convex for all i = 1, 2, ...s, the map � is bijective.
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1.2.9 Hyperbolicity of Scattering Trajectories

The results in this section are due to Sjöstrond [59]. Readers can also consult [53]
for more information regarding this section.

In this section, we assume that ⌦ satisfies the no-eclipse condition (H) and Ki

is strictly convex for all i. In addition, we denote the minimum of the normal
curvature of @K by 0 > 0.

Ki

Kj

Kk

⌫(y)

x

y

z

� < �0

Figure 1.2.6: The angle � between [y, z] and the normal ⌫(y).

It follows from the condition (H) that there exists �0 2 (0, ⇡2 ) with the follow-
ing property: assume that we have three points x, y, z belonging to Ki, Kj, Kk,
respectively, and Ki 6= Kj, Ki 6= Kk. Assume that the line-segments (x, y) and



1.2. BILLIARDS 32

(y, z) do not intersect K. Assume also that [x, y] and [y, z] satisfy the law of re-
flection at y with respect to @K. Then, the angle � (2 (0, ⇡2 ]) between [y, z] and
the normal ⌫(y) to @K at y is strictly less than �0 (see Figure 1.2.6 above).

There exists  0 2 (0, ⇡2 ) such that: for two di↵erent obstacles Ki and Kj, there
exists a hyperplane T tangent to Ki and making Ki and Kj belonging to the same
half-space, and the angle between T and any line connecting two points belonging
to Ki and Kj is greater than or equal to  0 (see Figure 1.2.7 below).

Ki

Kj

T
�  0

Figure 1.2.7: The angle between T and a line connecting two points belonging to
Ki and Kj.

Assume that we have an admissible sequence

K 0, K1, ......., Km, K
00, where m 2 Z, m � 2,

and K 0, Ki, K 00 are in K for all i. We will construct two open sets V and W . Fix a
hyperplane Z 0 which has the property of T described above with respect to K 0 and
K1. Let x be in Z 0. Assume that we have two points y 2 @K1 and z 2 @K2 such
that the open line-segments (x, y) and (y, z) do not intersect @K\K1 and [x, y]
and [y, z] satisfy the law of reflection at y. Then, the angle � 2 (0, ⇡2 ] between
[y, z] and the normal ⌫(y) to @K at y is strictly less than �0. Let V be the set
consisting of all x 2 Z 0 satisfying the above conditions.

Let Z 00 be the hyperplane tangent to K 00 and has the properties of T with respect
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to K 00 and Km. Assume that z 2 Z 00, x 2 Km�1 and y 2 Km. We construct W in
a similar way as V . Note that V and W are open sets.

We consider the length function

F : V ⇥ @K1 ⇥ .......⇥ @Km ⇥W �! R

defined by

F (v; y1, ......, ym, w) = kv � y1k+
m�1X

i=1

kyi � yi+1k+ kym � wk.

Let v 2 V and w 2 W . By the definition of V and W , we have that there are
y1(v, w) 2 @K1, ......., ym(v, w) 2 @Km such that

F (v; y1(v, w), ....., ym(v, w);w) = min{F (v; y1, ......., ym;w) :

(y1, ....., ym) 2 @K1 ⇥ ......@Km}.
Note that yi(v, w) is unique for all i = 1, ...,m by Corollary 1.2.15. Thus,

(v, y1(v, w), ...., ym(v, w), w)

is a billiard trajectory starting at v and ending at w with reflection points yi(v, w),
i = 1, 2, ...,m. Hence, for every i, the map yi(v, w) depends only on the choice of
v and w.

Denote the tangent hyperplane to @K at x by Tx@K. The norm considered here
is the standard norm in Rn. It will be used to measure the lengths of the vectors
⌘ 2 Tx(@K). The definition of the norm of a linear operator between two tangent
spaces will be derived using the standard Riemanian metric on @K . Fix w 2 Z 00.
Set

@vyi(v, w) : Z
0 �! Ty

i

(v,w)@Ki

to be the tangential map of the map V 3 v 7! yi(v, w) 2 @Ki at v. Similarly, let

@wyi(v, w) : Z
00 �! Ty

i

(v,w)@Ki

be the tangential map of the map W 3 w 7! yi(v, w) 2 @Ki. As in [53] and [59],
we will estimate the norms of the linear operators @vyi(v, w) and @wyi(v, w).

Lemma 1.2.16 For any v 2 V, w 2 W and for any j = 1, 2, ...,m, we get

k@vyj(v, w)k  C 0e�j✏, (1.13)

and
k@wyj(v, w)k  C 0e�(m�j)✏, (1.14)

where C 0 > 0 and ✏ > 0 are constants which depend just on K.
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Proof. Fix an arbitrary element v0 2 V and w0 2 W . Let Uj be a chart for all
j = 1, 2, ...,m. We consider smooth charts

�j : Rn�1 �! Uj

where �j(0) = yj(v0, w0). Note that the set

(
@�j

@u(p)
j

(0)

)n�1

p=1

is an orthonormal basis in Ty
j

(v0,w0)@Kj. Denote the variables in �j by uj =

(u(1)
j , ...., u(n�1)

j ). Consider the function

G : V ⇥ (Rn�1)m ⇥W �! R

defined by
G(v; u1, ...., um;w) = F (v;�1(u1), .....,�m(um);w).

We consider the second partial derivatives of G,

Gij(v, w) =

 
@2G

@u(p)
i @u(q)

j

((v, w))

!n�1

p,q=1

,

where i, j = 1, 2, ...,m. Note that this is an (n� 1)⇥ (n� 1) symmetric matrix.

Thus, the second partial derivative of G with respect to u is

Guu(v, w) =

0

BB@

G11 G12 .... G1m

G21 G22 .... G2m

.... .... .... ....
Gm1 Gm2 .... Gmm

1

CCA .

This is a symmetric m ⇥ m block-matrix as each entry is a symmetric matrix
(Gij = Gji). It is clear that when the di↵erence between i and j is more than one
(i.e. | i� j |> 1) the second partial derivative is zero. That is

Gij(v, w) = 0.

Hence, the norm of the second partial derivative Gij(v, w) is bounded by some
constant c0 > 0. This constant depends only on K. I.e.

kGij(v, w)k  c0
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for all i, j = 0, 1, 2, ...,m� 1. Since the second partial derivative Gij(v, w) is equal
to 0 whenever | i� j |> 1, then taking C0 = 6c0 gives us

kGuu(v, w)k  C0. (1.15)

In the proof of Lemma 1.2.13, we have proven that Guu is positive definite. This
with (1.15) give us

20 cos�0I  Guu(v, w)  C0.I. (1.16)

I, here, is the identity matrix. Note that 20 cos�0 is positive since the angle �0

is in the open interval (0, ⇡2 ) (see the comments before the lemma).

Let the notation of Gij(v0, w0), Guu(v0, w0),... etc be Gij, Guu,... etc just to make
the notation briefer. Since we consider Gij to be a matrix of a symmetric linear
operator

Ty
i

(v0,w0)@Ki �! Ty
j

(v0,w0)@Kj,

we have that Guu is a matrix of a symmetric positive definite operator

Guu : T =
mY

i=1

Ty
i

(v0,w0)@Ki �!
mY

i=1

Ty
i

(v0,w0)@Ki.

Let (v, w) 2 V ⇥W be close to (v0, w0) and j = 1, 2, ...,m. By the implicit function
theorem, we can find a uniquely determined smooth map

(v, w) 7! uj(v, w),

where uj(v, w) is in Rn�1, and

yj(v, w) = �j(uj(v, w)).

We fix v to be v0 and consider the map

w 7! uj(v0, w).

Di↵erentiating ui with respect to w(`), where ` = 1, 2, ..., n� 1 and i = 1, 2, ...,m,
we have

@`ui(w) =

 
@u(p)

i

@w(`)
(v0, w)

!n�1

p=1

.
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Set

Gi(ui) =

 
@G

@u(p)
i

(ui)

!n�1

p=1

,

where i = 1, 2, ...,m. We shall consider both vectors as columns. To make the
notation simpler, we put

@`ui = @`ui(v0, w0).

Consider the linear operator of T into itself with the matrix

D =

0

BB@

D1 0 .... 0
0 D2 .... 0
.... .... .... ....
0 0 .... Dm

1

CCA .

This is a diagonal block-matrix, where each Di is a diagonal (n � 1) ⇥ (n � 1)
matrix as well;

Di =

0

BB@

di 0 .... 0
0 di .... 0
.... .... .... ....
0 0 .... di

1

CCA ,

where
di = e(m�i)✏

for some ✏ > 0. Computing di at m, we have that dm = 1. This means that Dm is
the identity (n� 1)⇥ (n� 1) matrix. Set

c = e✏ � 1 > 0.

It is clear that ����
di
di+1

� 1

����  c,

����
di+1

di
� 1

����  c

for any i = 1, 2, ...,m� 1. Using these inequalities and (1.15), we have

kGuu �DGuuD
�1k  2cC0.

Let ⇠ be in T. We consider it to be a column-vector, where the entries are m blocks
such that the ith block of ⇠ corresponds to a column-vector from Ty

i

(v0,w0)@Li, i =
1, 2, ...,m. Then, the previous inequality gives us

kGuu⇠k  kDGuuD
�1⇠k+ 2cC0k⇠k. (1.17)



1.2. BILLIARDS 37

Now multiplying (1.16) with ⇠ and taking the norm of both sides, we have

20 cos�0k⇠k  kGuu⇠k. (1.18)

Putting (1.17) and (1.18) together, and, then, dividing by 20 cos�0, we get

k⇠k  1

20 cos�0
(kDGuuD

�1⇠k+ 2cC0k⇠k). (1.19)

We want ✏ to satisfy the following equality:

c = e✏ � 1 =
0 cos�0

2C0
. (1.20)

This implies that cC0/0 cos�0 =
1
2 . Hence, (1.19) becomes

k⇠k  1

20 cos�0
kDGuuD

�1⇠k+ 1

2
k⇠k

This implies

k⇠k � 1

2
k⇠k  1

20 cos�0
kDGuuD

�1⇠k.

Multiplying the final inequality by 2, we get

k⇠k  1

0 cos�0
kDGuuD

�1⇠k. (1.21)

To make the last inequality simpler, we put

b0 =
1

0 cos�0
> 0,

and
⌘ = D�1⇠ 2 T.

Then, (1.21) becomes
k⇠k  b0kDGuu⌘k.

Hence,
kD⌘k  b0kDGuu⌘k

or
1

b0
kD⌘k  kDGuu⌘k. (1.22)
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Assume that w 2 W is close enough to w0. Then, we get

Gi(ui(v0, w)) = 0,

for any i = 1, 2, ...,m. Fix i. We di↵erentiate the above equality with respect to
w(`) and evaluate it at w = w0 to get

mX

j=1

Gij@`uj + @`Gi = 0. (1.23)

Note that

@`Gi =

 
@2G

@u(p)
i @v(`)

(0)

!n�1

p=1

.

From the proof of Lemma 1.2.13, we have that @`Gi = 0 for any i < m. Hence,
there is a constant c00 > 0 depending only on K such that

k@`Gmk  c00,

We set c00 = c0. Assume that @`G 2 T is a vector, which consist of m blocks each
of them having n � 1 entries. All the entries are zero except the mth block. In
addition, the mth block and the column-vector @`Gm coincide. We define ⌘ 2 T
in a way such that its ith block and the column-vector @`ui coincide. Substituting
this in (1.23), we have

Guu⌘ + @`G = 0.

Multiplying by D, we get
DGuu⌘ +D@`G = 0.

Recall that Dm = I, and all the blocks of @`G, except the last one, are zero. Hence,
the last equality becomes

DGuu⌘ = �@`G.

Taking the norm for both sides of the equality, and since

k@`Gmk = k@`Gk  c0,

we get
kDGuu⌘k  c0.
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This and (1.22) give us
kD⌘k  b0c0.

The ith block of the vector D⌘ 2 T is of the form di@`ui, and together with
di = e(m�i)✏, we deduce

k@`uikb0c0e�(m�i)✏

for any i = 1, 2, ...,m and any ` = 1, 2, ..., n � 1. Therefore, considering the map
@wui(v0, w0), we get

k@wui(v0, w0)k  b0c0
p
n� 1e�(m�i)✏.

As yi(v, w) = �i(ui(v, w)) and �j was chosen such that @u
i

�i(0) = I, the inequality
is true for @wyi(v0, w0). Putting

C 0 = b0c0
p
n� 1 and ✏ = log

✓
1 +

0 cos�0

2C0

◆
,

give us (1.14). Note that both constants depend only on K.

It remains to prove (1.13). This can be done by a very similar argument, but we
consider the maps

v 7! yi(v, w0).

We determine the matrix D by dj = ej✏. We set ✏ to be as above. This proves the
lemma.

The following theorem is a consequence of the strong hyperbolicity properties of
billiard flow. It is due to Sjöstrond [59] – the reader can also see the proof in [53].
We will use it to prove several lemmas in Chapter 2.

Theorem 1.2.17 There are constants C > 0 and � 2 (0, 1), depending only on
K, having the following property: if

y00 2 V, y01 2 @K1, ........., y
0
m 2 @Km, y

0
m+1 2 W

and
y000 2 V, y001 2 @K1, ........., y

00
m 2 @Km, y

00
m+1 2 W

are two sequences of points satisfying the following: for every j = 1, 2, ...,m the
segments [y0j�1, y

0
j] and [y0j, y

0
j+1] satisfy the law of reflection at y0j with respect to

@Kj and the segments [y00j�1, y
00
j ] and [y00j , y

00
j+1] satisfy the law of reflection at y00j

with respect to @Kj, then

ky0i � y00i k  C(�i + �m�i) for all i = 1, 2, ...,m.
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Proof. Let

✏ = log

✓
1 +

0 cos�0

2C0

◆
> 0

as in the proof of Lemma 1.2.16. We put

� = e�✏

so that we can apply result from Lemma 1.2.16. Note that 0 < � < 1, and �
depends only on K.

To use the result from Lemma 1.2.16, we set also

yi(v
0, w0) = y0i, yi(v

00, w00) = y00i ,

For any i = 1, 2, ....,m. v0, v00, w0, w00 in the above formula are just

y00, y
00
0 2 V, y0m+1, y

00
m+1 2 W,

respectively.

We will show that there is a curve connecting each y0i with y00i which has length
less than or equal to C(�i + �m�i). We do this by considering two smooth curves.

Let ws be the convex combination of w0 and w00. That is

ws = sw0 + (1� s)w00,

for some s 2 [0, 1].

The first curve to consider is

c(s) = yi(v
0, ws)

where i = 1, 2, ...,m, and yi(v0, ws) are on @Ki for all i. It is clear that W is
bounded. I.e. there is C1 > 0 depending only on K such that diam W  C1.
Hence,

kw0 � w1k  C1.

Using this inequality and (1.14) from Lemma 1.2.16, we get

kċ(s)k  C 0C1�
m�i.

We find the length of the curve connecting yi(v0, w0) with yi(v0, w00) by integrating
this inequality with respect to s from 0 to 1. We get that

kyi(v0, w0)� yi(v
0, w00)k  C 0C1�

m�i. (1.24)
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Let vs be the convex combination of v0 and v00. That is

vs = sv0 + (1� s)v00

for some s 2 [0, 1]. The other curve that we consider is

d(s) = yi(vs, w
00),

where i = 1, 2, ...,m, and yi(vs, w00) are on @Ki for all i. Again as V is bounded,
we have that diam V  C2 for some C2 > 0. Thus,

kv0 � vsk  C2.

This together with the inequality (1.13) from Lemma 1.2.16, we have

kḋ(s)k  C 0C2�
i.

We integrate this inequality with respect to s from 0 to 1 to get

kyi(v0, w00)� yi(v
00, w00)k  C 0C2�

i. (1.25)

This shows that the length of the curve connecting yi(v0, w00) and yi(v00, w00) has
length less than or equal to C 0C2�i.

Set C = max{C1, C2}. Then, (1.24) and (1.25) give us

kyi(v0, w0)� yi(v
00, w00)k  kyi(v0, w0)� yi(v

0, w00)k+ kyi(v0, w00)� yi(v
00, w00)k

 C�m�i + C�i = C(�i + �m�i).

This completes the proof.

The next theorem shows that the map � is a homeomorphism [35]. Here, we assume
that the no-eclipse condition is satisfied and the obstacles are strictly convex.

Theorem 1.2.18 Let the number of the obstacles s � 2 and ✓ 2 (0, 1). The
map � : M0 �! ⌃ is a homeomorphism onto (⌃, d✓). Moreover, the shift � is
topologically conjugate to B. That is B = ��1 � � � �.

Proof. We will show, first, that � is a bijection.

Assume (⇠)1i=�1 is in ⌃. Let n � 3. We define a subset M (n)
⇠ of M 0 consisting of

all points q = (x, v) in M such that the trajectory starting at x in direction v has
at least n backward and n forward reflections from the obstacles

K⇠�n

, K⇠�n+1 , ....., K⇠
n

.
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Note that M (n)
⇠ is a closed set in M 0. It is also non-empty by Proposition 1.2.10.

Thus,
��1(⇠) = \1

n=3M
(n)
⇠

is non-empty by compactness.

Assume q = (x, v) and q0 = (y, u) are in ��1(⇠). I.e. they are pre-images for ⇠.
Then, Theorem 1.2.17 gives us

| ⇡q � ⇡q0 |=| ⇡Bn(B�1(q))� ⇡Bn(B�1(q0)) | C(�n + �m�n)

for any m � n. As m ! 1 and then n ! 1, we have that

⇡q = ⇡q0.

Similarly,
⇡B(q) = ⇡B(q0).

Thus, q = q0, which means that � is injective. This and Proposition 1.2.10 give us
that � is a bijection.

We will show that � is continuous. Let ⇠0 2 ⌃. By Proposition 1.2.10, there exists
q = (x, v) 2 M0 such that q = ��1(⇠0). Assume U is an open neighbourhood of q
in M . Let B(p; ✏) be the open ball centred at p and having radius ✏. Then

⇡�1B(⇡q; ✏) [ (⇡B)�1B(⇡(B(q)); ✏) ✓ U,

where ✏ > 0 is su�ciently small and �n�1 < ✏
2C for su�ciently large n. In addition,

for each q0 2 M (n)
⇠0 , we have

| ⇡q � ⇡q0 |=| ⇡Bn(B�n(q))� ⇡Bn(B�n(q0)) | C(�n + �2n�n) = 2C�n < ✏.

Similarly, | ⇡B(q)� ⇡B(q0) |< ✏. Thus, ��1 is continuous. This and the compact-
ness of ⌃ give us that � is a homeomorphism. Therefore,

B = ��1 � � � �.

This proves the theorem.

Denote the set of periodic points of period n by Mn (⇢ M0) and the corresponding
set (of periodic points of period n) in the symbol space by ⌃n (⇢ ⌃). The next
proposition shows that the set of periodic points is dense in M0 [66].
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Proposition 1.2.19 [66] The periodic points are dense in M0.

Proof. Let q be in M0. We will show that any neighbourhood of q contains at least
one periodic point.

As we are assuming the no-eclipse condition to be satisfied, the function

� : M0 �! ⌃

is a homeomorphism by Theorem 1.2.18. Hence, it is enough to prove that ⌃n is
dense in ⌃. Let ⇠ be in ⌃. We will construct a periodic sequence which is very
close to ⇠.

Let n > 1. Define a periodic sequence ⇠(n) of periodic sequences (⇠(n)j ), j =
0, 1, ..., n� 1 in ⌃, where

⇠(n)j = (⇠[j modn]).

Here,
(⇠[j modn]) = (⇠j, ⇠j±n, ⇠j±2n, .......).

The sequence ⇠(n) is a periodic sequence of period n as the set of congruence classes
modn has n elements. That is

⇠(n) = (.........; ⇠(n)0 , ⇠(n)1 , ......, ⇠(n)n�1| {z }
periodic block

, ......).

Thus, ⇠(n) 2 ⌃n, and as n �! 1, we have

d✓(⇠, ⇠
(n))  ✓n �! 0.

This means that ⌃n is dense in ⌃ for every n. Consequently, the periodic points
are dense in M0.

1.3 Rotation Theory

Rotation Theory has its origin in the rotation numbers theory for circle homeomor-
phisms. It was developed by Poincaré [54]. It is, specifically, useful for investigating
and classifying periodic orbits of dynamical systems. It studies ergodic averages
and their limits. It deals with all points unlike in Ergodic Theory where almost
all points are considered. We are interested, here, in the general ideas of Rotation
Theory. In this section, we present some basic information about it, and we pro-
vide a proof that the general rotation set is convex when the observable depends
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on cylinders of length 2. The results in this section will be used in Chapter 2. For
more information regarding Rotation Theory, see [10], [11], [46], [47], [48], [65],
[67].

Consider the circle T = R/Z with the natural projection

⇡ : R �! T.

Let
f : T �! T

be a continuous map. Then there is a continuous map

F : R �! R

such that the diagram

R R

T T

⇡

F

f

⇡

is commutative. The map F is said to be a lifting of f . For F , there is an integer
d such that

F (x+ 1) = F (x) + d

for all x 2 R. This integer d is called the degree of f . It is also independent of the
choice of lifting. Let L be the set consisting of all liftings of continuous degree-one
maps of T into itself.

Assume that F 2 L is a lifting of a circle map f . We define the displacement
function

� : T �! R
by

�(x) = F (y)� y,

where
⇡(y) = x.

� is independent of the choice of y 2 ⇡�1(x).

Hence,

F n(y)� y =
n�1X

j=0

�(f j(x)).
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The rotation vector of x for F is defined by

⇢F (x) = lim
n!1

1

n

n�1X

j=0

�(f j(x))

if the limit exists.

One can generalize this as follows:

Assume that we have a metric space X. Let

f : X �! X

be a continuous map, and let
� : X �! RN

be a bounded Borel function (usually a continuous function, called the observable).
Then we define the rotation vector of x by

⇢�(x) = lim
n!1

1

n

n�1X

j=0

�(f j(x)),

if the limit exist. The set of all rotation vectors of points x is called the pointwise
rotation set J� of f for the observable �. The set consisting of all limits of sequences
of the form

1

ni

n
i

�1X

j=0

�(f j(x)),

where xi 2 X, and ni tends to infinity, is called the general rotation set, denoted
by G�.

1.3.1 The Rotation Set is Convex

We will use the information in this section to prove the main theorem in the next
chapter. The results in this section are proven by Ziemian in [67].

Let X be a metric space as in the previous section. Just like with open billiards,
we can use symbolic dynamics to code the dynamical system X. Let ⌃ be the
symbol space over the alphabet {1, 2, ....., s} where s is a positive integer. Let �
be a transitive subshift of finite type (see Definition 1.1.9). Let

� : ⌃ �! RN
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be the composition of the projection from ⌃ to X with the displacement function.
More precisely, � = � � , where � : ⌃ �! X is the projection, and  : X �! Rn

is the displacement. Assume that � is a constant function on cylinders of length 2
(see Definition 1.2.6).

After coding, we can consider our system as a directed graph G whose vertices
are 1, 2, ...., s. There is an edge between any two di↵erent vertices in G. Hence,
elements of ⌃ will be infinite paths in G, and � will be a function on arrows of
G. Note that, due to the transitivity of �, there is a finite path between any two
vertices in G. Note also that � can have just finitely many values, so it is bounded
by some constant B.

Finite paths in G correspond to cylinders in ⌃. Let ⌧ be a finite path in G whose
consecutive vertices are A0, A1, ...., An. I.e.

⌧ = (A0, A1, ..., An).

Let ⇢�(⌧) be the average of the values of � on ⌧ . We call the finite path ⌧ a loop
if its first and last vertices are equal. That is An = A0. Loops, here, correspond to
periodic points of �. For a loop ⌧ , ⇢�(⌧) is the rotation vector of the corresponding
periodic point. Clearly, for a given periodic orbit, the rotation vectors of all
elements of the orbit are the same. Therefore, we do not specify the beginning of
a loop. We consider periodic orbits instead of periodic points.

A loop is elementary if it is not a concatenation (composition) of two shorter
loops. Obviously, we can write any non-elementary loop as a concatenation of two
loops at least one of them being elementary.

The number of arrows in a path ⌧ will be considered as its length. It will be denoted
by |⌧ |. For example, the length of the path ⌧ = (A0, A1, ...., An) is |⌧ | = n.

Assume that ⌧1, ...., ⌧k are all the elementary loops in the graph G. Let ⇢1, ...., ⇢k
be their rotation vectors. Let Conv(⇢1, ⇢2, ..., ⇢k) be the set consisting of all convex
combinations of ⇢1, ⇢2, ..., ⇢k. The next lemma shows that the set of the rotation
vectors of loops is a subset of the set Conv(⇢1, ⇢2, ..., ⇢k).

Lemma 1.3.1 The rotation vector of any loop in the graph G is in Conv(⇢1, ⇢2, ..., ⇢k).

Proof. We will use induction to prove the lemma.

Let L be a loop of length n� 1 in G. Assume that the rotation vector of any loop
in G with length smaller than n� 1 is in Conv(⇢1, ⇢2, ...., ⇢k). Clearly, ⇢�(L) is in
Conv(⇢1, ⇢2, ..., ⇢k) if L is elementary.
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Assume L is not elementary. Then, we can write L as a concatenation of two loops
L1, L2 such that at least one of them is elementary, say, L1. Then, ⇢�(L1) is in
Conv(⇢1, ⇢2, ....., ⇢k) because it is elementary. Also, ⇢�(L2) is in Conv(⇢1, ⇢2, ...., ⇢k)
as the length of L2 is smaller than the length of L. Note that by the Remark after
Lemma 2.2.1, the rotation vector of any loop O = (A0, A1, ......., Ap) is given by

⇢�(O) =
1

p

pX

j=0

�(�j(O)).

L has n vertices (its length is n� 1), and L1 has k (< n) vertices. Then

⇢�(L) =
1

n

n�1X

j=0

�(�j(L))

=
1

n

 
kX

j=0

�(�j(L1))

!
+

1

n

 
n�1X

j=k+1

�(�j(L2))

!

=
k

n

 
kX

j=0

�(�j(L1))

k

!
+

n� k

n

 
n�1X

j=k+1

�(�j(L2))

n� k

!

=
k

n
⇢�(L1) +

n� k

n
⇢�(L2).

Thus, ⇢�(L) is a convex combination of ⇢�(L1) and ⇢�(L2) since
k
n
, n�k

n
� 0 and

k
n
+ n�k

n
= 1. Hence, we have that ⇢�(L) is in Conv(⇢1, ⇢2, ..., ⇢k).

The next lemma shows that, for any finite path P in G, we can find a vector v
in Conv(⇢1, ⇢2, ..., ⇢k) such that ⇢�(P ) is very close to v. This implies that the
general rotation set is a subset of Conv(⇢1, ⇢2, ..., ⇢k).

Lemma 1.3.2 Let s be the number of the vertices of G. For every path P =
(A0, A1, ..., An) in G, there is a vector v 2 Conv(⇢1, ⇢2, ..., ⇢k) such that

k⇢�(P )� vk  2Bs(s+ 1)

n
.

Proof. The case where A0, A1, ..., An are all di↵erent vertices is obvious since we
take v to be the rotation vector of the elementary loop ⌧ = A0, A1, ..., An, where
An+1 = A0. Assume that A0, A1, ...., An are not all di↵erent. Hence, we can write
P as a concatenation of a loop and a path. Let i be the smallest number such
that there exists j > i with Ai = Aj. Take the largest j of those. We write P as
the concatenation of three paths. The first one is (A0, A1, ..., Ai) of length at most
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s. The second one is a loop (Ai, Ai+1, ...., Aj). The last one is (Aj, Aj+1, ...., An),
where the vertex Aj appears only one time in the first place of the sequence. We
repeat this procedure for the last paths until we have no repeated vertex in the
last path. Every time there is a new symbol which appears only in the first place
of the last path, so we can repeat this procedure at most s times. Thus, we can
write P as the concatenation of a path, a loop, a path, a loop,....., a path. The
number of these paths is at most s + 1. Each of them is of length at most s. Let
P1, P2, ..., Pp be the paths and L1, L2, ...., Lq be the loops. Let

` =
pX

i=1

|Pi|

and

t =
qX

i=1

|Li|.

Then,

⇢�(P ) =
`

n

pX

i=1

|Pi|
`
⇢�(Pi) +

t

n

qX

i=1

|Li|
t
⇢�(Li),

Note that
`+ t = n.

Let

v =
qX

i=1

|Li|
t
⇢�(Li).

This vector is in Conv(⇢1, ⇢2, ...., ⇢k) by Lemma 1.3.1. (In the case where we have
no loop in the decomposition, we choose v to be any vector in Conv(⇢1, ⇢2, ...., ⇢k).)
Now, as each vector ⇢�(Pi) is bounded by B, we have that the norm of the vector

u =
pX

i=1

|Pi|
`
⇢�(Pi)

is bounded by B. I.e. kuk  B. Also, kvk  B as each ⇢�(Li) is bounded by B.
Note that `  s(s+ 1). Consequently, we get

k⇢�(P )� vk  `

n
(kuk+ kvk)  2Bs(s+ 1)

n
.

The next lemma shows that for any v in Conv(⇢1, ⇢2, ...., ⇢k) and any vertex A,
there is a loop L passing through A whose rotation vector is very close to v. I.e.
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the set Conv(⇢1, ⇢2, ...., ⇢k) is a subset of the set consisting of rotation vectors of
loops. Consequently, by Lemma 1.3.1, the set consisting of rotation vectors of
loops is convex and equal to Conv(⇢1, ⇢2, ...., ⇢k).

Lemma 1.3.3 Let v be any vector in Conv(⇢1, ⇢2, ...., ⇢k) and ✏ > 0. Let A be
any vertex of G. Then. we can find a loop L in G passing through A such that
k⇢�(L)� vk  ✏.

Proof. Since v is in Conv(⇢1, ⇢2, ...., ⇢k), we can write v as

v = t1⇢1 + t2⇢2 + ....+ tk⇢k

for some t1, t2, ...., tk � 0 with
Pk

i=1 ti = 1.

One can approximate the t0is by rational numbers. There exist a positive integer
m and non-negative integers s1, s2, ...., sk, where

s1 + s2 + .....+ sk = m

and ���
si
m

� ti
��� 

✏

2kB
,

for all i = 1, 2, ..., k. The next step is to construct loops which pass through A and
have rotation vectors close to ⇢i’s.

For each i, choose a vertex Bi such that ⌧i passes through it. Now, as � is transitive,
we can find paths Pi from A to each Bi and paths Ri from each Bi to A. We
construct a loop Li by connecting the path Pi with `i repetition of the loop ⌧i
(starting and ending at Bi) and the path Ri. We take `i very large so that the
rotation vector of Li is very close to the rotation vector of ⌧i. Here, we assume
that `i is large enough to have

k⇢�(Li)� ⇢ik  ✏

2k
.

We choose a natural number r which is divisible by the lengths of each Li. Then
we set

ri =
r

|Li|
for all i = 1, 2, ...., k. We construct a path L by taking r1s1 copies of L1, r2s2
copies of L2,......, rksk copies of Lk. Now,

|L| =
kX

i=1

risi|Li| =
kX

i=1

rsi = rm.
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Hence,

⇢�(L) =
1

rm

kX

i=1

risi | Li | ⇢�(Li) =
kX

i=1

si
m
⇢�(Li).

We also have
����
si
m
⇢�(Li)� ti⇢i

���� 
����
si
m
⇢�(Li)�

si
m
⇢i

����+
����
si
m
⇢i � ti⇢i

����

 k⇢�(Li)� ⇢ik+B

����
si
m

� ti

����

 ✏

2k
+

✏

2k
=
✏

k
.

Considering the norm of the di↵erence between v and the rotation vector of L, we
have

k⇢�(L)� vk =

����
kX

i=1

si
m
⇢�(Li)�

kX

i=1

ti⇢i

����


kX

i=1

k si
m
⇢�(Li)� ti⇢ik  k

✏

k
= ✏.

This completes the proof.

The next theorem illustrates that the general rotation set and the pointwise rota-
tion set are convex, and they are equal.

Theorem 1.3.4 The general rotation set is equal to the pointwise rotation set,
and both of them are equal to Conv(⇢1, ⇢2, ....., ⇢k).

Proof. From the definition of the general rotation set and the definition of the
pointwise rotation set, we have that the pointwise rotation set is contained in the
general rotation set. Also, using Lemma 1.3.2 and the definition of the general ro-
tation set, we have that the general rotation set is contained in Conv(⇢1, ⇢2, ...., ⇢k).
Hence, all we need is to prove that the set Conv(⇢1, ⇢2, ....., ⇢k) is contained in the
pointwise rotation set. Thus, it is enough to show that, for every vector v in
Conv(⇢1, ⇢2, ....., ⇢k), there is a finite path ⌘ in G whose rotation vector is v.

Now, fix a vertex A of G. Using Lemma 1.3.3, we can find a loop Lm in G starting
and ending at A such that

k⇢�(Lm)� vk  B

m
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for each positive integer m. We use induction to construct a sequence (qm)1m=1 of
positive integers with the following properties:

| Lm+1 |
qm | Lm | 

1

m
and

m�1X

i=1

qi | Li |
qm | Lm | 

1

m
. (1.26)

We construct the path ⌘ by, first, repeating q1 times the loop L1, then repeating
q2 times the loop L2, and so on. Take the first n arrows of ⌘ and name this path
⌘n. Assume that

n > q1|L1|.

Note that the finite path ⌘n is consisting of three paths. The first is a loop Li

repeated qi times for i = 1, 2, ....,m (for some m). Then, say, the loop Lm+1

repeated q0m+1 times, (where q0m+1 < qm+1). Finally, a path L0
m+1 consisting of the

first arrows of Lm+1.

Thus,

n =
mX

i=1

qi|Li|+ q0m+1|Lm+1|+ |L0
m+1|, (1.27)

and

⇢�(⌘n) =
1

n

 
mX

i=1

qi|Li|⇢�(Li) + q0m+1|Lm+1|⇢�(Lm+1) + |L0
m+1|⇢�(L0

m+1)

!
.

(1.28)

Using (1.26), we have

����
1

n
|L0

m+1|⇢�(L0
m+1)

����  |Lm+1|B
qm|Lm|

 B

m
, (1.29)

and
����
1

n

m�1X

i=1

qi|Li|⇢�(Li)

���� 
m�1X

i=1

qi|Li|B
qm|Lm|

 B

m
. (1.30)

Now,
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Z =

����
1

n
(qm | Lm | ⇢�(Lm) + q0m+1 | Lm+1 | ⇢�(Lm+1))� v

����


����

����
1

n
(qm | Lm | ⇢�(Lm) + q0m+1 | Lm+1 | ⇢�(Lm+1))

� 1

n
(qm | Lm | +q0m+1 | Lm+1 |)v

����

����

+

����
1

n
(qm | Lm | +q0m+1 | Lm+1 |)v � v

����.

Due to

k⇢�(Lm)� vk  B

m
and

k⇢�(Lm+1)� vk  B

m+ 1
<

B

m
,

together with (1.26) and (1.27), we have that Z is less than or equal to:

B

mn
(qm | Lm | +q0m+1 | Lm+1 |) +

1

n
(n� qm | Lm | �q0m+1 | Lm+1 |)kvk

 B

m
+

1

n

 
m�1X

i=1

qi | Li | + | L0
m+1 |

!
B  B

m
+

2qm | Lm | B
mn

 3B

m
. (1.31)

Using (1.28) and (1.31), we get

k⇢�(⌘n)� vk  5B

m
.

When n goes to infinity, m also does. Thus,

lim
n!1

k⇢�(⌘n)� vk = 0.

This proves the theorem.

The following corollary is an immediate consequence to Lemma 1.3.3 and Theorem
1.3.4.

Corollary 1.3.5 The rotation vectors of the periodic points of � are dense in the
pointwise rotation set J�.



Chapter 2

Rotation Sets of Open Billiards

The dynamical model that we study in this chapter is the billiard flow in the
exterior of several disjoint and strictly convex bodies with smooth boundaries
satisfying a standard no-eclipse condition – the convex hull of any two of the
convex bodies has no common points with any of the other bodies [30]. Such a
system, as stated in the first chapter, is called an open billiard. This is quite a
di↵erent system since the most interesting part of its phase space – the so called
non-wandering set – is very small. It is locally homeomorphic to a Cantor set, and
its Lebesgue measure is zero [30], [53]. We associate with it an observable that is
related to a starting point of a given billiard trajectory.

In this chapter, we prove that the general rotation set is convex and the set of
all convex combinations of rotation vectors of periodic trajectories P� is dense in
it. We provide a constructive proof which illustrates that the set P� is dense in
the pointwise rotation set, and the closure of the pointwise rotation set is convex.
We also consider a class of billiards consisting of three obstacles and construct a
sequence in the symbol space such that its rotation vector is not defined.

Most of the chapter deals with constructive arguments concerning a particular case
of an open billiard.

The reader can easily see that the methodology used in this chapter can be used
to derive similar results for various other physical observables defined on an open
billiard.

53
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2.1 Open Billiard and the Observable

Before we define our observable, the general rotation set, and the pointwise rotation
set, we will remind the reader about some concepts related to billiards and open
billiards. If the reader needs more information, they can check Chapter 1.

Let ⌦ be a domain in RN , N � 2, with smooth boundary X = @⌦. The dynamical
system generated by the motion of a point particle in ⌦ is called the billiard flow.
The point moves at constant velocity in the interior of the domain ⌦ making
reflections at the boundary @⌦ according to the classical law of geometrical optics:
the angle of incidence is equal to the angle of reflection ([30], [49], [53]).

The open billiard is a kind of billiard in which ⌦ is unbounded and ⌦ = RN\K,
where K is a union

K = K1 [K2 [ .... [Ks

of pairwise disjoint compact and strictly convex sets with C2-smooth boundaries
@Ki, for some s � 3. The obstacles Ki’s satisfy the no-eclipse condition. That is,
for any i 6= k 6= j, the convex hull of Ki [Kj does not intersect Kk.

Here we consider
B : M0 �! M0,

where M0 is the non-wandering set.

We call the points q 2 M0 with Bk(q) = q for some k > 0 periodic points of period
k of B.

The set M0 can be coded using symbolic dynamics when the no-eclipse condition
holds. This is done by using the symbol space ⌃ of infinite admissible sequences

⇠ = (...., ⇠�1, ⇠0, ⇠1, ....),

where each ⇠i 2 {1, 2, ..., s}. These sequences are acted upon by the left-shift map

� : ⌃ �! ⌃,

given by
�(⇠) = ⇠0,

where
⇠0 = (⇠0i)

is defined by
⇠0i = ⇠i+1.
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The observable �, considered in this chapter and Chapter 4, is related to a starting
point of a given billiard trajectory. We assume the obstacles to be strictly convex.
Thus, for a given ⇠ = (⇠i) in the symbol space ⌃, by Corollary 1.2.15 and Proposi-
tion 1.2.19 (see also Theorem 1.2.18), there exists a unique pair (y, v) of a point y
on the boundary of K and a unit vector v in RN such that the billiard trajectory
issued from y in direction v has infinitely many reflections both backwards and
forwards, and the ith reflection occurs at the boundary of the obstacle K⇠

i

for every
integer i. Then, we can define the map

� : ⌃ �! M0

by
�(⇠) = (y, v).

We define our observable
� : ⌃ �! RN

by
�(⇠) = y,

so we associate with each trajectory ⇠ its starting point. Then, we can define the
composition map B � � by

B(�(⇠)) = �(�(⇠))

for all ⇠ 2 ⌃.

The set of all limits

⇢�(⇠) = lim
n!1

1

n

n�1X

i=0

�(�i(⇠))

(for those ⇠ 2 ⌃ for which the limit exists) is called the pointwise rotation set and
will be denoted by J�. The set G� of all limits of subsequences of sequences as in
the right-hand-side of the above formula for all ⇠ 2 ⌃ is called the general rotation
set. Clearly, the pointwise rotation set is a subset of the general rotation set.

We will assume that the set K is contained in a ball with radius R, so that

kxk  R

for every x 2 K. Hence, the norm of any point inside K is bounded by R.

Given points ⇢1, ⇢2, ...., ⇢k in RN , we will denote by

conv(⇢1, ⇢2, ...., ⇢k)
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the convex hull of these points. I.e. the points � of the form

� =
kX

i=1

ti⇢i

for some t1, ....tk � 0 and
Pk

i=1 ti = 1.

2.2 The General Rotation Set of an Open Bil-
liard

In this section, we will show that the general rotation set G� is convex and the set
of all convex combinations of rotation vectors of periodic trajectories P� is dense in
it. We will use some results that we discussed in Chapter 1, which are taken from
a paper of Ziemian [67] using some general arguments from the ergodic theory of
sub-shifts of finite type. We will need to approximate our observable � with one
that is locally constant.

We will prove, first, that the rotation vector of any periodic trajectory exists and
can be calculated using a specific formula.

The periodic trajectories are generated by points q 2 M0 with Bk(q) = q for some
k > 0 (see the first section of this chapter and Section 1.2.4 in Chapter 1 for more
details). It is easy to see that all periodic trajectories have rotation vectors.

Lemma 2.2.1 Let ⇠ 2 ⌃ be a periodic trajectory with period length p. Then ⇠ has
a rotation vector

⇢�(⇠) =
1

p

p�1X

i=0

xi,

where xi is the reflection point at the obstacle K⇠
i

.

Proof. We want to show that

lim
n!1

1

n

n�1X

i=0

�(�i⇠)

exists for any periodic trajectory ⇠, and it is equal to the formula above.

Let ⇠ = (⇠i) be periodic with period p, so ⇠i+p = ⇠i for all i.
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Let
�(�i⇠) = (xi, ui),

and
(xi, ui) = (xi+np, ui+np)

for all n 2 Z.

Then, we have
�(�i⇠) = xi.

Let n = kp+m, 0  m  p� 1. Then

n�1X

i=0

�(�i⇠) = (k + 1)(x0 + x1 + ....+ xm�1) + k(xm + ....+ xp�1).

Using the above formula to calculate the rotation vector of ⇠, we get

lim
n!1

1

n

n�1X

i=0

�(�i⇠) = lim
k!1

(k + 1)(x0 + x1 + ...+ xm�1) + k(xm + ....+ xp�1)

kp+m

=
1

p

p�1X

i=0

xi.

Thus, the rotation vector of a periodic trajectory is giving by

⇢�(⇠) =
1

p

p�1X

i=0

xi.

This completes the proof.

Note that in order to find the rotation vector of a periodic trajectory we have to
calculate the average of the reflection points of the whole period block. We cannot
take the average of the first t reflection points (t < p) and the average of the rest
of the reflection points, and then take the average of those two averages. We have
to take the the average of the reflection points of the whole period block at once.

Remark : The above lemma can be generalized for any observable. For example,
assume that % is an observable;

% : ⌃ �! RN

defined by
%(⇠) = x,
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where ⇠ is in ⌃ and x is in RN . Let ⇠ be a periodic trajectory of period p. Assume

%(�i⇠) = xi

for all i. Then, we can find a formula to calculate the rotation vector of ⇠ just as
we did in the proof of Lemma 2.2.1 above.

Now, we can start proving that the general rotation set is convex and P� is dense
in it.

Note that � is continuous, in fact, Hölder continuous (see Definition 1.1.3). Thus,
we can use the Stone-Weierstrass Theorem 1.1.8 to find approximations of �.

Let C(⌃) be the set of all real valued continuous functions defined on ⌃ and let

A = {' 2 C(⌃) : ' depends on finitely many coordinates },

then every constant function belongs to A. Assume that ' and � are in A, so they
depend on s, d coordinates, respectively, where s and d are finite positive integers.
Then '+� and '� are in A as they depend on s+ d coordinates or less. Also, for
every ' in A and every � in R, �' is in A as �' depends on the same coordinates
that ' depends on.

Thus, A is an algebra in C(⌃) containing the constants. Also, if ⇠, ⇠0 are elements
in ⌃ such that ⇠ 6= ⇠0, then there exists i such that ⇠i 6= ⇠0i. Consider

' : ⌃ �! R

such that
'(⌘) = ⌘i

for every ⌘ in ⌃. (Here we assume that each ⌘i = 1, 2, ..., s, so the values of ⌘i are
real numbers.) Then, ' is in A since ' depends, only, on one coordinate. Clearly

'(⇠) 6= '(⇠0).

Thus, A is dense in C(⌃) by Theorem 1.1.8. I.e for every ✏ > 0 and every � in
C(⌃), there exists ' in A such that

k �� ' k ✏.

Here,
k'k = max⇠2⌃ | '(⇠) | .

Next, we use a procedure described in [33] (see section 10 in [33] and Chapter 1
of [43]) to approximate ' with an observable which is a constant on a cylinder of
length 2 (see Definition 1.2.6).
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We will create a new symbol space ⌃F from the symbol space ⌃.

Let m � 2. Let F be the set of all blocks of the form

(`1, `2, ..., `m) = L

such that `i 6= `i+1 and `i = 1, 2, ..., s. Thus, F is the set consisting of all m vectors
with coordinates belonging to {1, 2, ..., s}. Now F will be our new set of symbols
instead of {1, 2, ..., s}. Define a new symbol space to be the space of sequences
with coordinates taking from the set F :

⌃F = {L = (Li)
1
i=�1 : Li 2 F}.

Define
 : ⌃ �! ⌃F

by
 (⇠) = L = (Li)

1
i=�1,

where
Li = (⇠i, ⇠i+1, ..., ⇠i+m�1).

Clearly,  is well defined as if ⇠ = ⇠0 then all their coordinates are equal, so their
images

L = (Li)
1
i=�1, L0 = (L0

i)
1
i=�1,

where
Li = (⇠i, ⇠i+1, ..., ⇠i+m�1)

and
L0
i = (⇠0i, ⇠

0
i+1, ..., ⇠

0
i+m�1),

are equal.

Set ⌃̃ =  (⌃), so we consider just the image of ⌃ under the map  . Hence, if '
is in C(⌃) then

' =  � 

for some  in C(⌃̃), so ' and  are depending on the same basic coordinates ⇠i’s.
This is because  : ⌃ �! ⌃̃ is a bijective as we shall prove below.

Now we want to show that the general rotation set with respect to ' is equal to
the general rotation set with respect to  . That is G' = G . To do this, we need
first to prove that  : ⌃ �! ⌃̃ is bijective and  � �i = �i �  . (Note that both
shifts on ⌃ and ⌃̃ are denoted by �.) This will enable us to deal with the definition
of the rotation vector and change the roles between ' and  .
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Clearly,  : ⌃ �! ⌃̃ is surjective since we consider the codomain to be the image
of ⌃ under the map  , so the codomain is just the range.

To prove the map is injective, assume ⇠, ⇠̃ to be in ⌃ such that ⇠ 6= ⇠̃. (I.e ⇠i 6= ⇠̃i
for some i.) Assume that

 (⇠) = L and  (⇠̃) = L̃.

Then
Li = (⇠i, ⇠i+1, ..., ⇠i+m�1) 6= L̃i = (⇠̃i, ⇠̃i+1, ...., ⇠̃i+m�1).

That is
L 6= L̃,

so  is injective and, hence,  is bijective.

Now we will show that  � �i = �i � . Let ⇠ = (....., ⇠�1; ⇠0, ⇠1, ....) be in ⌃. Then

 (�i(⇠)) =  ((....., ⇠i�1; ⇠i, ⇠i+1, ....))

= (....., (⇠i�1, ...., ⇠i+m�2); (⇠i, ...., ⇠i+m�1), (⇠i+1, ...., ⇠i+m), ....)

= �i((....., (⇠�1, ...., ⇠m�2); (⇠0, ...., ⇠m�1), (⇠1, ...., ⇠m), ....))

= �i( (⇠)).

Thus, we have that
 � �i = �i � .

We will show, first, that G' is a subset of G .

Let ⇢ be in G'. This means that there exists ⇠ in ⌃ such that

lim
k!1

1

nk

⌃n
k

�1
i=0 '(�i(⇠)) = ⇢

for some sequence
1  n1  n2  ....,

by the definition of G'. Assume that  (⇠) = L. So, for every i,

'(�i(⇠)) =  � (�i(⇠)), as ' =  � �
=  (�i( (⇠))), as  � �i = �i � 
=  (�i(L)), as L =  (⇠).

Hence,

lim
k!1

1

nk

⌃n
k

�1
i=0 '(�i(⇠)) = ⇢ = lim

k!1

1

nk

⌃n
k

�1
i=0  (�i(L)).
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So ⇢ is in G . I.e G' is subset of G .

Similarly, we prove that G is subset of G'.

Assume ⇢0 is in G . By the definition of G , there exists L 2 ⌃̃ such that

lim
k!1

1

nk

n
k

�1X

i=0

 (�i(L)) = ⇢0

for some sequence
1  n1  n2  ..... .

Let
 �1(L) = ⇠.

That is
 (⇠) = L.

Then, for every i,

 (�i(L)) =  (�i( (⇠)), as L =  (⇠)

=  � (�i(⇠)), as  � �i = �i � 
= '(�i(⇠)), as  � = '.

Thus,

lim
k!1

1

nk

⌃n
k

�1
i=0  (�i(L)) = ⇢0 = lim

k!1

1

nk

⌃n
k

�1
i=0 '(�i(⇠)),

which means that ⇢0 is in G', and, hence, G' = G .

Now assume ' depends on m + 1 coordinates. Then  depends on just two
coordinates in ⌃̃. Assume that  depends on the ith and jth coordinates and that
L and L̃ have the same ith and jth coordinates, then

 (L) =  (L̃).

In other words,  is a constant on a cylinder of length 2. Hence, we can apply the
results in Section 1.3.1 to  . Since

G' = G ,

we obtain corresponding results about the general rotation set of '. Thus, if P is
the set of all convex combinations of rotation vectors of periodic trajectories in ⌃̃
then, by Corollary 1.3.5, P is dense in G . Hence, P', which is the set consisting
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of the convex combinations of the rotation vectors of the corresponding periodic
trajectories, (i.e. P' = P ) is dense in G'.

We can now prove that the general rotation set G� is convex, and the set consisting
of all convex combination of the rotation vectors of periodic trajectories is dense
in it using a similar argument to the above.

We apply the above argument to the observable �. For the observable � and q > 1,
using the above argument, we can find an observable  =  q depending only on
finitely many coordinates such that

k��  k  1

q
.

We show, first, that the Hausdor↵ distance (see Definition 1.1.5) between the
general rotation set with respect to �, G� and the general rotation set with respect
to  , G is less than or equal to 1

q
.

Now fix ✏ > 0 small, and fix q > 1 a large integer such that

4

q
< ✏. (2.1)

Let ⇢ be in G�. Thus, by definition of a rotation vector, ⇢ has the form

⇢ = lim
k!1

⇢k

where

⇢k =
1

nk

⌃n
k

�1
i=0 �(�i(⇠)),

for some sequence of integers

1  n1 < n2 < .... < nk < ...

and some ⇠ in ⌃.

Set

⇢0k =
1

nk

⌃n
k

�1
i=0  (�i(⇠)).

Then for any integer k:

k ⇢k � ⇢0k k =

����
1

nk

⌃n
k

�1
i=0 �(�i(⇠))� 1

nk

⌃n
k

�1
i=0  (�i(⇠))

����

 1

nk

⌃n
k

�1
i=0 k�(�i(⇠))�  (�i(⇠))k

 1

nk

⌃n
k

�1
i=0

1

q
=

1

q
by our assumption. (2.2)
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Hence, {⇢0k} is bounded, so it has a convergent subsequence, say, {⇢0k
m

} going
towards ⇢0 in G as m goes to infinity.

For every m, we have that

⇢0k
m

=
1

nk
m

⌃
n
k

m

�1
i=0  (�i(⇠)).

Set

⇢k
m

=
1

nk
m

⌃
n
k

m

�1
i=0 �(�i(⇠)).

As {⇢k
m

} is a subsequence of {⇢k}, we have that {⇢k
m

} converges to ⇢. We also
have by (2.2) that

k⇢k
m

� ⇢0k
m

k  1

q
.

Thus, as m goes to infinity, we obtain

k⇢� ⇢0k  1

q
. (2.3)

In a similar way, we prove that for any ⇢0 in G , there exists ⇢ in G� such that

k⇢0 � ⇢k  1

q
.

Hence, the Hausdor↵ distance between G� and G is less than or equal to 1
q
. Let ⇠

be a periodic trajectory in ⌃ of period p. Then, by Lemma 2.2.1 and the Remark
after it, we have

⇢�(⇠) =
1

p
⌃p�1

i=0�(�
i(⇠))

and

⇢ (⇠) =
1

p
⌃p�1

i=0 (�
i(⇠)).

Thus,

k⇢�(⇠)� ⇢ (⇠)k  1

p
⌃p�1

i=0 k�(�i(⇠))�  (�i(⇠))k  1

q
.

Let P� be the set consisting of all convex combinations of the form

conv(⇢1, ⇢2, ..., ⇢k),
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where
⇢i = ⇢�(⇠i)

is the rotation vector of a periodic trajectory ⇠i. Let P be the corresponding set
for the observable  (i.e. P is the set of all convex combinations of the rotation
vectors of periodic trajectories with respect to  ). If ⇢ is in G� then there exists
⇢0 in G such that

k⇢� ⇢0k  1

q
,

by (2.3). Since  is locally constant, we can apply Theorem 1.3.4 and Corollary
1.3.5 (see how above). Hence, G is convex, and the set P is dense in G .

Thus ⇢0 can be approximated by a vector in P . I.e we can find k positive real
numbers ti’s with

⌃k
i=1ti = 1

and rotation vectors
⇢01, ....., ⇢

0
k

of periodic trajectories such that

k⌃k
i=1ti⇢

0
i � ⇢0k  ✏

2
.

Then,

k⌃k
i=1ti(⇢

0
i � ⇢i)k  ⌃k

i=1

ti
q
=

1

q
.

Clearly, ⌃ti⇢i is in P� and

k⌃k
i=1ti⇢i � ⇢k = k⌃k

i=1ti(⇢i � ⇢0i) + ⌃
k
i=1ti⇢

0
i � ⇢0 + ⇢0 � ⇢k


����

kX

i=1

ti(⇢i � ⇢0i)

����+
����

kX

i=1

ti⇢
0
i � ⇢0

����+ k⇢0 � ⇢k

 1

q
+
✏

2
+

1

q

=
2

q
+
✏

2

<
✏

2
+
✏

2
= ✏.

Thus, P� is dense in G�.

It remains to prove that G� is convex.
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Take k elements,
⇢1, ⇢2, ...., ⇢k

of G�. Set

⇢ =
kX

i=1

ti⇢i,

for some
t1, t2, ..., tk � 0

with
kX

i=1

ti = 1.

Consider an arbitrary ✏ > 0 and take q as in (2.1). For each ⇢i, there exists ⇢0i in
G such that k⇢i � ⇢0ik  1

q
by (2.3). As G is convex (see the beginning of this

argument), the sum
⌃k

i=1ti⇢
0
i = ⇢0

is in G . Also, by (2.3) and the statement underneath, there is ⇢00 in G� such that

k⇢00 � ⇢0k  1

q
.

Then,

k⇢� ⇢00k  k⇢� ⇢0k+ k⇢0 � ⇢00k  1

q
+

1

q
= 2q.

So, for every q > 1, there exists ⇢00q in G� such that

k⇢� ⇢00qk  1

q
.

Since G� is compact, {⇢00q} is bounded and, thus, has a convergent subsequence say
{⇢00q

i

} going towards ⇢000 (in G�). From

k⇢� ⇢00q
i

k  2

qi
,

and as i tends to infinity, we get

k⇢� ⇢000k = 0.

Thus, ⇢ is in G�, and hence, G� is convex.

This proves the main theorem of this chapter:
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Theorem 2.2.2 Let � be the observable in the phase space of an open billiard
related to a starting point of a billiard trajectory. Let P� be the set consisting of
all convex combinations of the form

conv(⇢1, ⇢2, ...., ⇢k),

where

⇢i = ⇢�(⇠)

is a rotation vector of a periodic trajectory. Then, the general rotation set G� for
� is convex, and P� is dense in it.

The reader can see that the argument, used in this section, is fairly general and
works for observables on any sub-shift of finite type.

2.3 Periodic Orbits and the Pointwise Rotation
Set

In this section, we provide a constructive proof of a weaker version of Theorem
2.2.2.

Recall that P� is the set consisting of all convex combinations of the form

conv(⇢1, ⇢2, ...., ⇢k),

where ⇢i = ⇢�(⇠) is a rotation vector of a periodic trajectory.

Theorem 2.3.1 On an open billiard, let � be the observable defined by the position
of a starting point of a given billiard trajectory in the symbol space. Then the
closure of the pointwise rotation set for � is convex, and the set P� is dense in the
pointwise rotation set.

We need several lemmas in order to prove this theorem. We, first, approximate
any rotation vector by a rotation vector of a periodic trajectory. I.e. we prove that
the rotation vectors of periodic trajectories are dense in the pointwise rotation set.
Then, we prove that the closure of the pointwise rotation set is convex.

To study rotation vectors of open billiards, we will need Theorem 1.2.17 which
is a consequence of the strong hyperbolicity properties of the billiard flow – see
Section 1.2.9 for more details.
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We will need the following set-up to prove the next three lemmas. Fix a small
constant ✏ > 0 – we will say later how small ✏ should be. Then, fix integers `, p
su�ciently large so that

5R

p
<
✏

3
, �` <

✏

3
, (2.4)

where � is a global constant in (0, 1) satisfying the conclusion of Theorem 1.2.17,
R is the radius of the ball containing the obstacles as stated in the first section of
this chapter.

In the next lemma, we prove that every rotation vector of a periodic trajectory can
be approximated by a rotation vector of another periodic trajectory of a special
kind.

Lemma 2.3.2 For every periodic

⇠ = (......;

⌅z }| {
⇠0, ⇠1, ...., ⇠n�1, .....) 2 ⌃

of period n, there is a periodic ⇠̃ in ⌃ of the form

⇠̃ = (......;

p`n timesz }| {
⌅, ...,⌅, ....,⌅, j, ....),

where j /2 {⇠n�1, ⇠0} and p, ` are as in (2.4), such that

k ⇢�(⇠)� ⇢�(⇠̃) k< ✏.

Proof. We know that the rotation vectors of ⇠ and ⇠̃ exist by Lemma 2.2.1.

Let the reflection points of ⇠ be xj. I.e.

�(�j(⇠)) = xj,

j = 0, 1, ..., n� 1. Then, as ⇠ is periodic, by Lemma 2.2.1, we have that

⇢�(⇠) =
1

n

n�1X

j=0

xj.

⇠̃ is also periodic of period p`n+ 1, and if

�(�j(⇠̃)) = x̃j,
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for all j then, by Lemma 2.2.1,

⇢�(⇠̃) =
1

p`n+ 1

p`nX

j=0

x̃j.

Clearly, in ⇠̃ we can find at least `n reflections from the same obstacles as in ⇠
at the begining of the periodic block and at the end. So, by Theorem 1.2.17, we
have:

k x̃`n+j � xj k< �`n + �`n = 2�`n, 0  j  (p� 2)`n� 1 . (2.5)

We will use the above formula to approximate the average of reflection points x̃j’s,
where `n < j < (p � 1)`n � 1, by the average of the reflection points xj’s, where
0 < j < n� 1. Then, we will use this approximation to approximate the rotation
vector of ⇠ by the rotation vector of ⇠̃.

Let

M =

����
(p�1)`n�1X

j=`n

x̃j

p`n+ 1
�

n�1X

j=0

xj

n

����.

Breaking the sum
P(p�1)`n�1

j=`n in M into two sums, we have:

M =

����

P(p�2)`�1
i=0

Pn�1
j=0 x̃(`+i)n+j

p`n+ 1
� 1

n

n�1X

j=0

xj

����.

Adding and subtracting (p�2)`
p`n+1

Pn�1
j=0 xj, the above norm becomes:

����

P(p�2)`n�1
i=0

Pn�1
j=0 (x̃(`+i)n+j � xj)

p`n+ 1
+

(p� 2)`

p`n+ 1

n�1X

j=0

xj �
1

n

n�1X

j=0

xj

����.

Using the above approximation (2.5), we get

M  2�`n(p� 2)`n

p`n+ 1
+

����
(p� 2)`

p`n+ 1
� 1

n

����
n�1X

j=0

k xj k .

Making the two denominators inside the absolute value the same and simplifying,
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we get

M  2�`n(p� 2)`n

p`n+ 1
+

����
(p� 2)`n� (p`n+ 1)

(p`n+ 1)n

����
n�1X

j=0

kxjk

=
2�`n(p� 2)`n

p`n+ 1
+

����
p`n� 2`n� p`n� 1

(p`n+ 1)n

����
n�1X

j=0

kxjk

=
2�`n(p� 2)`n

p`n+ 1
+

����
�2`n� 1

(p`n+ 1)n

����
n�1X

j=0

kxjk.

Now, as ` and n are both positive, the absolute value in the above inequality
becomes

M  2�`n(p� 2)`n

p`n+ 1
+

2`n+ 1

(p`n+ 1)n

n�1X

j=0

kxjk.

We distribute the denominator (p`n+ 1)n over the numerator 2`n+ 1 to get

M  2�`n(p� 2)`n

p`n+ 1
+


2`n

(p`n+ 1)n
+

1

(p`n+ 1)n

� n�1X

j=0

kxjk

=
2�`n(p� 2)`n

p`n+ 1
+


2

pn+ 1/`
+

1

(p`n+ 1)n

� n�1X

j=0

kxjk

This together with our assumption that the norm of any reflection point is less
than or equal to R, give us

M  2�`n +


2

pn
+

1

pn

�
nR

= 2�`n +
3R

p
. (2.6)

We now approximate the rotation vector ⇢�(⇠) of ⇠ by the rotation vector ⇢�(⇠̃) of
⇠̃. Using Lemma 2.2.1, we have

����⇢�(⇠̃)� ⇢�(⇠)

���� =

����
p`nX

j=0

x̃j

p`n+ 1
�

n�1X

j=0

xj

n

����.

Breaking the norm on the right-hand-side into three norms, we get

����⇢�(⇠̃)�⇢�(⇠)
���� 

`n�1X

j=0

����
x̃j

p`n+ 1

����+
����
(p�1)`n�1X

j=`n

x̃j

p`n+ 1
�

n�1X

j=0

xj

n

����+
p`nX

j=(p�1)`n

����
x̃j

p`n+ 1

����.
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Using (2.6) and the assumption that the norm of any reflection point is less than
or equal to R, give us

����⇢�(⇠̃)� ⇢�(⇠)

����  2`n

p`n+ 1
R + 2�`n +

3R

p
.

Simplifying and using (2.4), give us
����⇢�(⇠̃)� ⇢�(⇠)

����  2R

p+ 1/`n
+ 2�` +

3R

p
<

5R

p
+ 2�` <

✏

3
+ 2

✏

3
= ✏.

Thus, for any periodic trajectory, we can create another periodic trajectory whose
rotation vector is ✏-close to the rotation vector of the prior one (the original one).
The period of the created trajectory consists of finitely many repetition of the
periodic block of the original trajectory.

This proves the lemma.

Recall that given points ⇢1, ⇢2, ...., ⇢k in RN , we will denote by conv(⇢1, ⇢2, ...., ⇢k)
the convex hull of these points. Thus, the set conv(⇢1, ⇢2, ...., ⇢k) consists of the
points � of the form � =

Pk
i=1 ti⇢i for some t1, ....tk � 0 and

Pk
i=1 ti = 1.

The following lemma is the central point in this section. The lemma prove that
the closure of the rotation set of periodic trajectories is convex.

Lemma 2.3.3 Let ⇠(1), ⇠(2), ....., ⇠(k) be periodic elements of ⌃ and let

⇢i = ⇢�(⇠
(i)), i = 1, 2, ...., k.

Then for every v 2 conv(⇢1, ..., ⇢k) and every ✏ > 0, there exists a periodic ⌘ 2 ⌃
such that k ⇢�(⌘)� v k< ✏.

Proof. We will create a periodic trajectory ⌘. Then, we will show that its rotation
vector is ✏-close to v.

Since v is in the convex hull of ⇢1, ⇢2, ....., ⇢k, v can be written as

v =
kX

i=1

ti⇢i

for some t1, t2, ...., tk � 0 and
Pk

i=0 ti = 1. We can approximate each ti by a
rational number. There are positive integers s1, s2, ...., sk such that

����
si
m

� ti

����  ✏

3kR
, (2.7)
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where

m =
kX

i=1

si. (2.8)

We need this set-up to show that the rotation vector of ⌘ (defined below) is ✏-close
to v.

Let ⇠(i) be as in Lemma 2.3.2. We construct ⇠̃(i) by repeating psi`ini times the
periodic block of ⇠(i), where

`i =
L

ni

,

ni is the length of the periodic block of ⇠(i) and

L = `n1n2...nk,

and p and ` are as in (2.4). Apply Lemma 2.3.2 to get ⇠̃(i). Define the last symbol

ji = ⇠̃(i)m
i

�1 6= ⇠̃(i+1)
0

for i < k and
jk 6= ⇠̃(1)0 ,

where
mi = psi`ini = psiL. (2.9)

By definition, ⇠̃(i) is the periodic sequence obtained by repeating infinitely many
times the block

⌅(i) = (⇠̃(i)0 , ⇠̃(i)1 , ...., ⇠̃(i)m
i

�1).

Thus,

⇠̃(i) = (....;

periodic block, ⌅(i)

z }| {
⇠̃(i)0 , ⇠̃(i)1 , ...., ⇠̃(i)m

i

�1 , ....).

Assume that y(i)j , j = 0, ....,mi � 1, are the reflection points of ⇠̃(i). I.e

�(�j(⇠̃(i))) = y(i)j .

Then, by Lemma 2.2.1, as ⇠̃(i) is periodic of length mi, we have

⇢�(⇠̃
(i)) =

1

mi

m
i

�1X

j=0

y(i)j ,

and, by Lemma 2.3.2, we have

k ⇢i � ⇢�(⇠̃
(i)) k< ✏

3
. (2.10)



2.3. PERIODIC ORBITS AND THE POINTWISE ROTATION SET 72

Construct ⌘ to be periodic with periodic block as follows:

⌘ = (....;

periodic block of length
Pk

i=1 miz }| {
⌅(1),⌅(2), .............................,⌅(k), ....).

Let z(i)j , j = 0, ...,mi � 1, i = 1, ..., k be the reflection points of the corresponding
billiards trajectory. Then, ⌘ is admissible, so ⌘ 2 ⌃.

⌘ is periodic, so its rotation vector exists by Lemma 2.2.1. We will prove that its
rotation vector is ✏-close to v.

Applying Lemma 2.2.1, we get

⇢�(⌘) =
1

Pk
i=1 mi

kX

i=1

m
i

�1X

j=0

z(i)j

=
1

Pk
i=1 psiL

kX

i=1

m
i

�1X

j=0

z(i)j , by (2.9)

=
1

mpL

kX

i=1

m
i

�1X

j=0

z(i)j , by (2.8).

Considering the sequence of reflections determined by ⌘ that occur on the same
obstacles as the ones determined by ⇠̃(i) for all i, we can find at least (p � 2)siL
reflections from the same obstacles as in ⇠̃(i) for all i at the beginning of the periodic
block and at the end. Thus, by Theorem 1.2.17, we have:

k y(i)s
i

L+j � z(i)s
i

L+j k �siL + �siL = 2�siL, j = 0, ..., (p� 2)siL� 1. (2.11)

We will use this to approximate the rotation vector of ⌘ by v, but, first, we will
show that the rotation vector ⇢�(⌘) is very close to

1
Pk

i=1 mi

kX

i=1

mi⇢�(⇠̃
(i)).

Also, we show that

1
Pk

i=1 mi

kX

i=1

mi⇢�(⇠̃
(i))

is very close to
kX

i=1

ti⇢�(⇠̃
(i)).
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This will help us in the estimate of the norm

k⇢�(⌘)� vk.

We start with estimating

M =

����⇢�(⌘)�
1

Pk
i=1 mi

kX

i=1

mi⇢�(⇠̃
(i))

����.

Using (2.8) and (2.9), this norm is equal to

����
1

mpL

kX

i=1

m
i

�1X

j=0

z(i)j � 1

mpL

kX

i=1

mi

 
1

mi

m
i

�1X

j=0

y(i)j

!����.

We break the norm into three norms to get

M  1

mpL

kX

i=1

s
i

L�1X

j=0

k y(i)j � z(i)j k +
1

mpL

kX

i=1

(p�1)s
i

L�1X

j=s
i

L

k y(i)j � z(i)j k

+
1

mpL

kX

i=1

ps
i

L�1X

j=(p�1)s
i

L

k y(i)j � z(i)j k .

Now,
ky(i)j � z(i)j k  ky(i)j k+ kz(i)j k  R +R = 2R.

This together with (2.11), give us

M  1

mpL

kX

i=1

siL2R +
1

mpL

kX

i=1

(p� 2)siL2�
s
i

L +
1

mpL

kX

i=1

siL2R. (2.12)

Using (2.8) and the fact that � is in (0, 1), we have

M  1

p
(4R + (p� 2)2�L

 4R

p
+ 2�L <

✏

3
. (2.13)

We want to show that the norm

Z =

����
1

mpL

kX

i=1

mi⇢�(⇠̃
(i))�

kX

i=1

ti⇢�(⇠̃
(i))

����
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is also less than or equal to ✏
3 . By breaking down this norm, one can see that this

norm is less than or equal to

kX

i=1

k ⇢�(⇠̃(i)) k
����

mi

mpL
� ti

����.

Applying (2.7), (2.9) and our assumption that the obstacles are contained in a ball
of radius R (i.e. the norm of any reflection point is less than R, so the norm of
any rotation vector is less than R), we get

Z 
kX

i=1

R

����
psiL

mpL
� ti

����

=
kX

i=1

R

����
si
m

� ti

����

 kR
✏

3kR
=
✏

3
. (2.14)

Now, we can approximate the rotation vector ⇢�(⌘) by v. Let

S =k ⇢�(⌘)� v k .

Then, by (2.10), (2.13) and (2.14), we have:

S 
����⇢�(⌘)�

1

mpL

kX

i=1

mi⇢�(⇠̃
(i))

����+
����

1

mpL

kX

i=1

mi⇢�(⇠̃
(i))�

kX

i=1

ti⇢�(⇠̃
(i))

����

+

����
kX

i=1

ti⇢�(⇠̃
(i) �

kX

i=1

ti⇢i

����.

By (2.13) and (2.14), we have

k ⇢�(⌘)� v k ✏

3
+
✏

3
+

kX

i=1

tik⇢�(⇠̃(i))� ⇢ik.

Finally, we use (2.10) to get the approximation:

k ⇢�(⌘)� v k ✏

3
+
✏

3
+

kX

i=1

ti
✏

3
= ✏.

Thus, the closure of the rotation set of periodic trajectories is convex. This com-
pletes the proof.
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Now, we will prove that the set P� consisting of all convex combinations of the form
conv(⇢1, ⇢2, ...., ⇢k), where ⇢i = ⇢�(⇠) is a rotation vector of a periodic trajectory
is dense in the pointwise rotation set J�. I.e. any rotation vector of a trajectory
can be approximated by a rotation vector of a periodic trajectory. This will be
the proof of the second part of Theorem 2.3.1.

Lemma 2.3.4 If, for some ⇠ 2 ⌃, there exits

⇢�(⇠) = lim
n!1

1

n

n�1X

i=0

�(�i⇠) 2 RN ,

then for every ✏ > 0 there exists a periodic ⌘ 2 ⌃ such that

k ⇢�(⇠)� ⇢�(⌘) k< ✏.

Proof. As

⇢�(⇠) = lim
n!1

1

n

n�1X

i=0

�(�i⇠),

we can find n0 (large) such that
����⇢�(⇠)�

1

n

n�1X

i=0

�(�i⇠)

���� <
✏

3
, 8n � n0 (2.15)

by the definition of a limit. We need this to show that we can approximate the
rotation vector of ⇠ by a rotation vector of a periodic trajectory. Now take n > n0

and assume that n = p`, where p, ` are as in (2.4). Construct ⌘ to be periodic
with period block as follow:

⌘ = (....;

periodic blockz }| {
⇠0, ⇠1, ....., ⇠n�1, ....)

if ⇠0 6= ⇠n�1,

⌘ = (....,

periodic blockz }| {
⇠0, ⇠1, ....., ⇠n , ....)

if ⇠n�1 = ⇠0. Then ⇠n 6= ⇠0.

Considering the first case, then ⌘ is periodic with period length n.

Let xi be the reflection points of the billiard trajectory determined by ⇠, and let
yi be the reflection points of the billiard trajectory determined by ⌘. Then, by
Lemma 2.2.1,

⇢�(⌘) =
1

n

n�1X

i=0

yi, (2.16)
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since ⌘ is periodic.

We can find in ⇠ and ⌘ at least ` reflections from the same obstacles at the beginning
and the end of the periodic block of ⌘ corresponding to those of ⇠. By Theorem
1.2.17, we have:

k x`+j � y`+j k 2�`, j = 0, ..., (p� 2)`� 1. (2.17)

Now, we show that, in this case, the rotation vector of ⇠ is ✏-close to the rotation
vector of ⌘.

Let
M =k ⇢�(⇠)� ⇢�(⌘) k .

Using (2.16), we have

k ⇢�(⇠)� ⇢�(⌘) k=
����⇢�(⇠)�

1

n

n�1X

i=0

yi

����.

This is less than or equal to

����⇢�(⇠)�
1

n

n�1X

i=0

�(�i⇠)

����+
1

n

`�1X

i=0

k xi � yi k +
1

n

(p�1)`�1X

i=`

k xi � yi k

+
1

n

p`X

i=(p�1)`

k xi � yi k .

Using our assumption that the obstacles are contained in a ball of radius R, we
have

kxi � yik  kxik+ kyik  R +R = 2R. (2.18)

This together with (2.15) and (2.17), give us

M  ✏

3
+

1

n
[2`R + (p� 2)2`�` + 2`R]

 ✏

3
+

4R

p
+ 2�` < ✏.

Considering the second case. By Lemma 2.2.1,

⇢�(⌘) =
1

n+ 1

nX

i=0

yi. (2.19)
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Since we can find in ⇠ and ⌘ at least ` reflections from the same obstacles at the
beginning and the end of the periodic block of ⌘ corresponding to those of ⇠, by
Theorem 1.2.17, we get:

kx`+j � y`+jk  2�`, j = 0, ..., (p� 2)`� 1. (2.20)

We will use, here, very similar calculation to the first case but we will apply (2.18),
(2.19) and (2.20) in this case. We have

k⇢�(⇠)� ⇢�(⌘)k =

����⇢�(⇠)�
1

n+ 1

nX

i=0

yi

����, by (2.19).

Using the triangle inequality, the above norm is less than or equal to

����⇢�(⇠)�
1

n+ 1

nX

i=0

�(�i(⇠))

����+
1

n+ 1

`�1X

i=0

kxi � yik+
1

n+ 1

(p�1)`X

i=`

kxi � yik

+
1

n+ 1

p`+1X

i=(p�1)`+1

kxi � yik. (2.21)

We use now (2.15), (2.18) and (2.20) to get

k⇢�(⇠)� ⇢�(⌘)k  ✏

3
+

1

n+ 1
[2`R + ((p� 2)`+ 1)2�` + 2`R]

 ✏

3
+

4R

p
+ 2�` < ✏.

Hence, ⌘ is the required periodic trajectory with rotation vector ✏-close to ⇢�(⇠).

Thus, we can approximate the rotation vector of any trajectory in J� by a rotation
vector of a periodic trajectory. This proves the statement.

We can now prove our main result in this section: the closure of the pointwise
rotation set J� is convex and the set P� is dense in the pointwise rotation set J�

Proof of Theorem 2.3.1. The second part of the theorem follows from Lemma 2.3.4.
It remains to prove that the closure of the pointwise rotation set, J� is convex.

As J� is closed, any point in J� can be approximated by points in J�, so it is
enough to prove that conv(J�) ⇢ J�.

Let ⇢1, ⇢2, ...⇢k be elements of J� and let

v =
kX

i=1

ti⇢i,
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where ti � 0 and
kX

i=1

ti = 1

(i.e v is a convex combination of ⇢i, i = 1, ..., k).

We will show that we can find a periodic trajectory with rotation vector ✏-close to
v.

Let ✏ > 0. For any i = 1, 2, ..., k, we can find, by Lemma 2.3.4, a periodic ⌘i such
that

k ⇢i � ⇢�(⌘i) k<
✏

2
. (2.22)

Set

⇢0i = ⇢�(⌘i), v0 =
kX

i=1

ti⇢
0
i.

By Lemma 2.3.3, we can find a periodic ⇠̃ such that

k ⇢�(⇠̃)� v0 k< ✏

2
. (2.23)

We want to estimate the norm k⇢�(⇠̃)� vk.

k⇢�(⇠̃)� vk = k⇢�(⇠̃)� v0 + v0 � vk
 k⇢�(⇠̃)� v0k+ kv0 � vk

Using (2.23) and the formulas of v0 and v, we have

k⇢�(⇠̃)� vk  ✏

2
+ k

kX

i=1

ti⇢
0
i �

kX

i=1

ti⇢ik

 ✏

2
+

kX

i=1

tik⇢0i � ⇢ik.

Applying (2.22), we have

k⇢�(⇠̃)� vk  ✏

2
+

kX

i=1

ti
✏

2
= ✏.

Hence, v 2 J� as it is closed. I.e. conv(J�) ⇢ J�, which means that J� is convex.
This complets the proof.
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2.4 A Trajectory with no Rotation Vector

In the second section of this chapter, we have proved that we can calculate the
rotation vector of any periodic trajectory – see Lemma 2.2.1. The question is
whether all trajectories inM0, which have infinitely many reflections, have rotation
vectors. In this section, we answer this question by constructing an example of a
billiard trajectory defined by some ⇠ in ⌃ such that ⇢�(⇠) does not exist.

2.4.1 Example

We consider a specific case of a billiard with three obstacles. We construct a billiard
trajectory ⇠, which has infinitely many reflections and whose rotation vector ⇢�(⇠)
does not exist. We do this by showing that the sequence in the definition of the
rotation vector of ⇠, (

1

n

n�1X

j=0

�(�j⇠)

)1

n=1

.

has two subsequences with di↵erent limit points.

Assume that a1, a2, a3 are distinct points in RN , and fix ✏ > 0 so small that

k a2 � a3 k> 12✏, k a1 � a2 k> 2✏, k a1 � a3 k> 2✏, dist(a1, L) > 2✏,

where L is the segment a2, a3. Let K1, K2, K3 be strictly convex obstacles with
C2-smooth boundaries containing a1, a2, a3, respectively, and having diameter  ✏
(see Figure 2.4.1).

a2

K2

✏

a3

K3

> 12✏

a1

K1

L

> 2✏

Figure 2.4.1: Example 2.4.1.
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Then, for any point x in @Ki, we have

k x� ai k ✏ (2.24)

We now construct a trajectory which reflects on the three mentioned above obsta-
cles. Define ⇠ 2 ⌃ as follows:

⇠ = (.....;B0, B1, B2, .....).

where
Bk = (1, 2, ...., 1, 2| {z }

22k

, 1, 3, ....., 1, 3| {z }
22k+1

),

B�k = (1, 2, ...., 1, 2| {z }
22k

, 1, 3, ....., 1, 3| {z }
22k+1

),

and k 2 Z+. Set mk = 22k + 22k+1 to be the length of Bk. I.e. ⇠ is a trajectory
that reflects, on the first block, between K1 and K2 finitely many, 22 times. Then,
it reflects between K1 and K3 finitely many, 23(=2+1) times. In the second block,
the trajectory reflects again between K1 and K2, but this time the number of
reflections will increase by 22. So, the number of reflection between K1 and K2

this time will be 24(=2⇥2). Then, in the same block, it reflects between K1 and K3,
but this time 25(=2⇥2+1) times. Thus, although the trajectory will repeat reflecting
between either K1 and K2 or K1 and K3, the trajectory is not periodic. This is
because the number of reflections in each block ( between K1 and K2, and K1 and
K3) is di↵erent from the other blocks. The existence of this trajectory follows from
Proposition 1.2.10 and Theorem 1.2.18.

We consider the sequence in the formula for calculating a rotation vector,

⇢�(⇠) = lim
n!1

1

n

n�1X

j=0

�(�j⇠).

This is just the following sequence:
(
bn : bn =

1

n

n�1X

j=0

�(�j⇠)

)
.

We will construct two distinct limit points of this sequence. I.e. we will construct
subsequences of this sequence. Then, we will show that they have di↵erent limit
points.
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Let
nk = m1 +m2 + .....+mk�1 + 22k

and
n̂k = m1 +m2 + ....+mk.

Consider the subsequences {bn
k

} and {bn̂
k

} of bn, i.e.

(
bn

k

: bn
k

=
1

nk

n
k

�1X

j=0

�(�j⇠)

)

and (
bn̂

k

: bn̂
k

=
1

n̂k

n̂
k

�1X

j=0

�(�j⇠)

)
.

These will be our two subsequences. We will show that the first sequence has

a1
2

+
a2
3

+
a3
6

as a limit point, and the second has

a1
2

+
a2
6

+
a3
3

as a limit point.

For a given k, let
S1 =| {j : 0  j  nk, xj 2 @K1} |,

S2 =| {j : 0  j  nk, xj 2 @K2} |,

S3 =| {j : 0  j  nk, xj 2 @K3} | .

Set
Pi = | Si |, i = 1, 2, 3.

Thus, Pi is the number of reflections on the obstacle Ki in the subsequence {bn
k

}.

Obviously,
P1 + P2 + P3 = nk.

From the definitions of ⇠ and nk, it is clear that half of the reflection points belong
to @K1 (i.e P1 =

n
k

2 ), and so

����

✓
P1

nk

� 1

2

◆
a1

���� = 0. (2.25)
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And the other half of nk will be divided between @K2 and @K3.

Using the properties of a geometric progression, we have

nk = 22 + 23| {z }
m1

+ 24 + 25| {z }
m2

+ .....+ 22(k�1) + 22(k�1)+1

| {z }
m2(k�1)

+ 22k

= 22
✓
22k�1 � 1

2� 1

◆
= 22(22k�1 � 1).

From the definitions of Bk, nk and mk, beside using the properties of the geometric
progression again, we have that:

P2 = 2 + 23 + 25 + .....+ 22k�1

= 2

✓
22k � 1

22 � 1

◆
=

2

3
(22k � 1),

and

P3 = 22 + 24 + ....+ 22k�2

= 22
✓
22k�2 � 1

22 � 1

◆
=

4

3
(22k�2 � 1).

And so as k ! 1, we have
����

✓
P2

nk

� 1

3

◆
a2

����! 0, (2.26)

and ����

✓
P3

nk

� 1

6

◆
a3

����! 0. (2.27)

Now, we apply the triangle inequality to get
����bnk

�
⇣a1
2

+
a2
3

+
a3
6

⌘����


����
1

nk

X

j2S1

(xj � a1) +
1

nk

X

j2S2

(xj � a2) +
1

nk

X

j2S3

(xj � a3)

����

+

����

✓
P1

nk

� 1

2

◆
a1

����+
����

✓
P2

nk

� 1

3

◆
a2

����+
����

✓
P3

nk

� 1

6

◆
a3

����.

Hence, from (2.24),(2.25),(2.26) and (2.27), we have:
����bnk

�
⇣a1
2

+
a2
3

+
a3
6

⌘����  P1

nk

✏+
P2

nk

✏+
P3

nk

✏ = ✏
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when k is large enough.

Thus, if b is a limit point of {bn
k

} (i.e the limit of a convergent subsequence of
{bn

k

}), then ����b�
⇣a1
2

+
a2
3

+
a3
6

⌘����  ✏.

Now, we will show that
a1
2

+
a2
6

+
a3
3

is a limit point of the subsequence
(
bn̂

k

: bn̂
k

=
1

n̂k

n̂
k

�1X

j=0

�(�j⇠)

)
.

Similarly, for a given k, let

S 0
1 = |{j : 0  j  n̂k, xj 2 @K1}|,

S 0
2 = |{j : 0  j  n̂k, xj 2 @K2}|,

S 0
3 = |{j : 0  j  n̂k, xj 2 @K3}|.

Put
P 0
i = |S 0

i|, i = 1, 2, 3.

Again, P 0
i is the number of reflections on Ki in the subsequence {bn̂

k

}. Clearly,

P 0
1 + P 0

2 + P 0
3 = n̂k.

From the definition of ⇠ and n̂k, one can easily see that half of the reflection points
belong to @K1 (i.e. P 0

1 =
n̂
k

2 ), and, thus,
����

✓
P 0
1

n̂k

� 1

2

◆
a1

���� = 0. (2.28)

The other half of n̂k will be divided between @K2 and @K3.

Using the geometric progression, we have

n̂k = 22 + 23| {z }
m1

+ 24 + 25| {z }
m2

+ .....+ 22k + 22k+1

| {z }
mk

= 22
✓
22k � 1

2� 1

◆
= 22(22k � 1).



2.4. A TRAJECTORY WITH NO ROTATION VECTOR 84

From the definition of Bk, n̂k and mk and using the property of geometric progres-
sion, we have that

P 0
2 = 2 + 23 + 25 + ....+ 22k�1

= 2

✓
22k � 1

22 � 1

◆
=

2

3
(22k � 1),

and

P 0
3 = 22 + 24 + ....+ 22k+1

= 22
✓
22k � 1

22 � 1

◆
=

4

3
(22k � 1).

As k ! 1, we have ����

✓
P 0
2

n̂k

� 1

6

◆
a2

����! 0 (2.29)

and ����

✓
P 0
3

n̂k

� 1

3

◆
a3

����! 0. (2.30)

Using the triangle inequality, we have
����bn̂k

�
⇣a1
2

+
a2
6

+
a3
3

⌘����


����
1

n̂k

X

j2S0
1

(xj � a1) +
1

n̂k

X

j2S0
2

(xj � a2) +
1

n̂k

X

j2S0
3

(xj � a3)

����

+

����

✓
P 0
1

n̂k

� 1

2

◆
a1

����+
����

✓
P 0
2

n̂k

� 1

6

◆
a2

����+
����

✓
P 0
3

n̂k

� 1

3

◆����.

Thus, by (2.24), (2.28), (2.29) and (2.30), we have
����bn̂k

�
⇣a1
2

+
a2
6

+
a3
3

⌘����  P 0
1

n̂k

✏+
P 0
2

n̂k

✏+
P 0
3

n̂k

✏ = ✏

when k is large enough.

Thus, if b̂ is a limit point of {bn̂
k

} (i.e. the limit of a convergent subsequence of
{bn̂

k

}), then ����b̂�
⇣a1
2

+
a2
6

+
a3
3

⌘����  ✏.
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By our assumption, k a2 � a3 k> 12✏, we have that

����
⇣a1
2

+
a2
3

+
a3
6

⌘
�
⇣a1
2

+
a2
6

+
a3
3

⌘���� =

����
a2
6

� a3
6

���� > 2✏.

Thus, b 6= b̂. This means that the two subsequences {bn
k

} and {bn̂
k

} have di↵erent
limit points. Consequently, limn!1 bn does not exist.



2.4. A TRAJECTORY WITH NO ROTATION VECTOR 86



Chapter 3

Billiards on a Torus with N
Obstacles

The dynamical system we investigate in this chapter is the billiards on an m-
dimensional torus in the exterior of N convex obstacles. We associate with it a
natural observable – the so called displacement as we consider continuous time.
The main considerations will be on the universal covering Rm of the torus.

The methodology that we use in this chapter has been developed by Blokh, Misi-
urewicz and Simányi in [11], where they have studied billiards on a torus with one
convex obstacle. However, we extend and develop their arguments and show how
to deal with an arbitrary number of convex obstacles satisfying a certain no-eclipse
condition. Although we use ideas from [11], this case is more complex. Simply
because the billiard flow in the exterior of N obstacles (N > 1) is, significantly,
more complicated than the billiard flow in the exterior of just one obstacle.

To summarize the main theorems in this chapter, we have to emphasize first that we
deal mainly with a specific kind of trajectories – the so called admissible trajectories
– satisfying certain properties. We prove that the admissible rotation set, the set
consisting of rotation vectors of those kind of trajectories, is convex. In addition,
we prove that the rotation vectors of periodic trajectories of admissible type are
dense in this set. Finally, it will be shown that the admissible rotation set is
contained in but not equal to the general rotation set.

Basic information regarding billiards on a torus, is given in Chapter 1.

87
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3.1 Billiards on a Torus

Consider the class of billiards on the m-dimensional torus

Tm = Rm/Zm, m � 2

in the exterior of N obstacles

Or, r = 1, ..., N, (1  N < 1)

where the obstacles are strictly convex (convex and the curvature of the boundary
is never zero) disjoint bodies with smooth (C2) boundaries of diameter less thanp

2
4 (see Figure 3.1.1 below).

Figure 3.1.1: Billiards on a torus with N obstacles.

We need the assumption: the diameter of each obstacle is less than
p
2
4 to prove a

core lemma, Lemma 3.2.4.

Let
� : Rm �! Tm

be the natural covering (or projection) of Tm where

�([0, 1]m) = Tm,

and let
��1(Or) \ [0, 1]m = O(0,r).

That is to say we assume the covering and the coordinates in Tm are chosen so
that O(0,r) is in the interior of [0, 1]m for all r = 1, ..., N . This follows from the
first main assumption bellow. Setting

O(k,r) = O(0,r) + k



3.1. BILLIARDS ON A TORUS 89

for k 2 Zm, r = 1, ..., N , we have

��1(Or) = [
k2ZmO(k,r).

Hence, we have infinitely many copies of the hypercube [0, 1]m each of which has
N obstacles located in the same places as in [0, 1]m (see Figure 3.1.2 below).

0

Figure 3.1.2: The covering Rm of the torus.

We will consider billiard trajectories in ⌦ = Rm\K, where

K = [
k2Zm [N

r=1 O(k,r).

Note that any ray of a trajectory could be between two obstacles in the same
hypercube or could be between two obstacles from di↵erent hypercubes. This
is possible due to the assumptions bellow. Clearly, the projection via � of such
trajectories are billiard trajectories in Tm\ [N

r=1 Or. However, in the proofs below,
we deal mainly with trajectories in the Euclidean space.

We need to make the following

Assumptions:

• The obstacles are located in positions such that, in S0 = [0, 1]m, if

⇡i : Rm ! R

are projections defined by

⇡i(x1, ..., xi, ..., xm) = xi
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then, for every i and for every r 6= r0, we have

⇡i(Or) \ ⇡i(Or0) = ; (3.1)

(see Figure 3.1.3 below);

Figure 3.1.3: ⇡i(Or) \ ⇡i(Or0) = ;.

• The obstacles in S0 satisfy the standard no-eclipse condition: the convex hull
of any two obstacles has no common points with any of the other obstacles.

Note that we need the no-eclipse condition to be satisfied just in S0 and not
in the whole plane.

We need the above assumptions to allow more freedom for the particle to travel
creating rays between obstacles from the same hypercube or between obstacles from
di↵erent hypercubes. In other words, these assumptions increase the possibility of
having rays between obstacles from the same hypercube and di↵erent hypercubes.
The first assumption allow the particle to travel between hypercubes creating
rays between obstacles from di↵erent hypercubes, specifically, hypercubes with a
common hyperplane. For every two hypercubes with a common hyperplane, there
are possible rays between, at least, obstacles at the same positions (see Figure
3.1.4 below). For example, there are possible rays between O(0,j) and O(u,j), where
u is a unit vector, a vector with one component equal to 1 and all the other equal
to 0.
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Figure 3.1.4: The particle creating rays between obstacles from di↵erent hyper-
cubes.

The second assumption allow the particle to travel with more freedom between
the obstacles from the same hypercube (see Figure 3.1.5 below).

Figure 3.1.5: The particle creating rays between obstacles from the same hyper-
cube.

We will use some terminology from [11]. For k, i, j and i 6= j, if the obstacle O(k,r)

has a common point with the convex hull of O(i,s)[O(j,t) then we will say that O(k,r)

is between them. We will say that a billiard trajectory T in the m-dimensional
torus is of type (kn, rn)1n=0 if a continuous lifting of T to Rm starts at O(k0,r0),
where k0 = 0, and its consecutive reflections are from O(k

n

,r
n

), n 2 N. In some
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situations, it is more convenient to study the type of a piece of a trajectory, so
then we will consider a finite sequence. We study mostly one-sided trajectories of
special kind defined below.

We say that a trajectory or ray is tangent at a point of an obstacle if the trajectory
or the ray is perpendicular to the normal to that obstacle at that point. The next
lemma is due to [11]. It states that if a trajectory has a proper reflection, not
tangency, then it will continue to reflect infinitely many times. In this chapter we
do not consider tangency as a reflection.

Lemma 3.1.1 If a trajectory is not tangent at its initial point then it has infinitely
many reflections.

Proof. Following [11], we shall prove this by a contradiction.

Recall that, by !-limit set of a trajectory t �! T (t), we mean the set consisting
of all points x in Rm such that there exists a sequence tn that tends to infinity
with T (tn) �! x.

Assume the opposite that we have a trajectory which has a reflection, and it has
finitely many reflections.

The !-limit set of the trajectory mentioned above is an a�ne subtorus of Tm.
Moreover, this subtorus contains the whole forward trajectory, and the trajectory
is dense in this subtorus. Observe that the subtorus has common points with the
interior of the obstacle. Now, the trajectory has a reflection, and the subtorus is
dense in the whole torus. This gives us a contradiction. Hence, if a trajectory has
a reflection, it must have infinitely many reflections. This completes the proof.

Notice that there are trajectories which have no reflections at all. For example,
the trajectories with starting point in the direction of vectors with one compo-
nent equals to ±1 and the others equal to 0 (see Figure 3.1.6 below). Thus, any
trajectory will have either no reflection or infinitely many reflections.
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0
Figure 3.1.6: Trajectories with no reflections.

Next we define a specific kind of sequences, namely, admissible sequences. We
mainly consider these type of trajectories and the set consists of their rotation
vectors the admissible rotation set. However, we show the connection between
the general rotation set (defined bellow), and the admissible rotation set (defined
bellow) at the end of this chapter.

Definition 3.1.2 A sequence {(kn, rn)}pn=0, where p could be 1, satisfying the
following conditions is called admissible:

(i) k0 = 0, so we are assuming that the first component of an admissible sequence
is an obstacle in the hypercube with leading vector 0;

(ii) (kn+1, rn+1) 6= (kn, rn) for every n, so any two consecutive components in
an admissible sequence must be di↵erent. They can be obstacles from di↵erent
hypercubes or di↵erent obstacles from the same hypercube;

(iii) For every n < p, there is no obstacle between O(k
n

,r
n

) and O(k
n+1,rn+1). This

means that there is no obstacle intersecting the convex hull of any two consecutive
components (obstacles) in an admissible sequence;

(iv) For every n < p � 1, the obstacle O(k
n+1,rn+1) is not between O(k

n

,r
n

) and
O(k

n+2,rn+2). This means that, for any three consecutive components of an admis-
sible sequence, the middle (second) obstacle does not intersect the convex hull of
the first and last ones.

We will denote the length of a trajectory piece T by |T |, which is the sum of the
lengths of all segments connecting two consecutive reflections in that trajectory.
We denote the displacement of a trajectory by d(T ), that is the vector connecting
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the first reflection point and the last reflection point. For any trajectory T , it is
clear that the vector d(T )/|T | is contained in the unit ball in Rm.

We define the general rotation set R to be the set consisting of all limit points of
sequences of type ✓

d(Tn)

|Tn|

◆1

n=1

=

✓
yn � xn

tn

◆1

n=1

,

where there is a trajectory piece Tn in ⌦ from xn to yn of length tn, and tn goes
to infinity. The admissible rotation set AR is the set consisting of all limit points
of sequences ✓

d(Tn)

| Tn |

◆1

n=1

=

✓
yn � xn

tn

◆1

n=1

,

where there is an admissible trajectory piece Tn in ⌦ from xn to yn of length tn,
and tn goes to infinity. By definition, both sets are closed as they contain all their
limit points. In addition, both of them are contained in the closed unit ball in Rm.
This is due to the fact that the vector d(T

n

)
|T

n

| is always contained in the unit ball (see

above). Moreover, the admissible rotation set is contained in the general rotation
set, which is obvious since we construct the general rotation set by calculating
the limit points of the sequences above for all trajectories including the admissible
ones.

We will call trajectories which have infinitely many reflections full trajectories.
For a full trajectory L starting at x 2 Rm, if the limit of the sequence (d(Tn

)
|T

n

| )
1
n=1

exists, then we will call it the rotation vector of x, where d(Tn) the length of
the di↵erence between the starting point and the nth reflection point. This limit
depends only on the trajectory. (I.e. if we choose another point on that trajectory
to be the initial point, the limit will not change.) Hence, we can call it the rotation
vector of the trajectory.

For a periodic orbit, denote by P the piece of the periodic trajectory that represents
its period. That is P is the trajectory piece consisting of just rays of one orbit.
Clearly, the rotation vector for any periodic trajectory exists and equals d(P )

|P | .

There is a strong connection between admissible sequences and billiard trajectories.
In the next theorem, we show that, for any admissible sequence, we can find a
billiard trajectory of that type. Hence, we can use an admissible sequence to
denote the trajectory of its type.

The following theorem is similar to the one in [11]. However, our proof is di↵erent.

Theorem 3.1.3 For every admissible sequence (kn, rn)1n=0, there is a billiard tra-
jectory of type (kn, rn)1n=0. That is there is a trajectory starting at (k0, r0), and its
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consecutive reflections are from the obstacles (kn, rn) for every n in N.

Proof. Fix n and consider the map

F : Z0 ⇥ Z1 ⇥ ....⇥ Zn �! R,
where Zj is the set consisting of all points on the boundary of the obstacle O(k

j

,r
j

),
defined by

F (x(n)
0 ,x(n)

1 , .....,x(n)
n ) =k x(n)

0 � x(n)
1 k + k x(n)

1 � x(n)
2 k +...+ k x(n)

n�1 � x(n)
n k,

x(n)
j belongs to the boundary of the obstacle O(k

j

,r
j

). Clearly, F is continuous since

it is a sum of continuous maps. In addition, F depends only on the choice of x(n)
j .

Also, the space
Z0 ⇥ Z1 ⇥ ...⇥ Zn

is compact as it is the cartesian product of compact spaces. Hence, F has an
absolute minimum at

(x(n)
0 ,x(n)

1 , ...,x(n)
n ).

We want to show that the minimum curve joining x0
js is a trajectory piece which

has consecutive reflections from Zi, i = 0, ..., n, and, hence, it is of type (ki, ri)ni=0.

Let ⌘ be the minimum curve joining xj’s by straight segments. By property (iii) of
an admissible sequence, we have that any segment joining two consecutive points
x(n)
j ,x(n)

j+1 cannot intersect any obstacle other than O(k
j

,r
j

), O(k
j+1,rj+1) (the ones

they belong to). By minimality of ⌘ and property (iv), we have that the segment
cannot intersect O(k

j

,r
j

) and O(k
j+1,rj+1) at more than one point. Now ⌘ is minimal,

so at every x(n)
j , j = 1, ..., n � 1, the angle of incidence is equal to the angle of

reflection. Thus, ⌘ is a piece of a billiard trajectory.

Now we will specify a trajectory of type (kn, rn)1n=0 using the above argument.

By the argument above, for j greater or equal to 1, for any admissible sequence
(kn, rn)

j
n=0, we can find a billiard trajectory piece ⌘ = (xj

0,x
j
1, ....,x

j
j) of that type.

Let the following be billiard trajectory pieces:

x(1)
0 ,x(1)

1

x(2)
0 ,x(2)

1 ,x(2)
2

x(3)
0 ,x(3)

1 ,x(3)
2 ,x(3)

3 (3.2)

..................................

x(n)
0 ,x(n)

1 , .........,x(n)
n

..................................
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Looking at the first vertical sequence

x(1)
0 ,x(2)

0 , .....,x(n)
0 , ....,

we can choose a convergent subsequence as the sequence is bounded (all x(i)
0 belong

to Z0 which is compact and, hence, bounded). E.g.

x
(k

(0)
1 )

0 ,x
(k

(0)
2 )

0 , .....,x(k
(0)
n

)
0 , ....

converges to some x0. Then look at the corresponding subsequence in the second
column of (3.2). This is

x
(k

(0)
1 )

1 ,x
(k

(0)
2 )

1 , .....,x(k
(0)
n

)
1 , ......

Choose a convergent subsequence of this. Let it be

x
(k

(1)
1 )

1 ,x
(k

(1)
2 )

1 , .....,x(k
(1)
n

)
1 , .....

converges to some x1. Continuing by induction at the pth step, we construct a
convergent subsequence

x(k
(p)
1 )

p ,x(k
(p)
2 )

p , .....,x(k
(p)
n

)
p , ....

of the pth column of (3.2) converging to some xp . Then the sequence (xi)1i=0 is
the required trajectory.

Note that the above theorem can be generalized to the case where the admissible
sequence is of the form (kn, rn)1�1 (i.e it is a two sided sequence). In addition, for
an admissible sequence where (kn+q, rn) = (kn+p, rn) for every n (an admissible
periodic sequence), where p is in Zm and q is a positive integer, we can choose a
periodic trajectory of this type with discrete period q.

Using Corollary 1.2.15, since we consider strictly convex obstacles, a periodic tra-
jectory from Theorem 3.1.3 is unique. Using Corollary 1.2.15 again, one can easily
deduce the following lemma.

Lemma 3.1.4 If (kn, rn)sn=0 is a finite sequence (not necessary admissible) of el-
ements of Zm⇥{1, ..., N}, and if x0 is in @O(k0,r0) and xs is in @O(k

s

,r
s

) then there
is at most one billiard trajectory piece of this type starting at x0 and ending at xs

even when the first segment of the trajectory piece intersects O(k0,r0) and the last
segment intersects O(k

n

,r
n

).

The above lemma and the next lemma are contained in [11].
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Lemma 3.1.5 If the trajectory piece has admissible type then it is the shortest
path of that type starting and ending at those points.

Proof. Using a similar argument to the one used in the proof of Theorem 3.1.3, we
have that the shortest path of type (kn, rn)sn=0 starting at x0 and ending at xs is a
billiard trajectory piece even if we allow the first and last segments to cross O(k0,r0)

and O(k
s

,r
s

), respectively. Applying Lemma 3.1.4, this is the only trajectory of that
type.

Let dr be the diameter of the obstacle Or for every r = 1, ..., N , and let d be the
maximal dr. The next lemma will show that, for any finite admissible sequence,
the di↵erence between the lengths of the trajectory pieces of this type depends
only on the points x0 and xs, and the di↵erence could be at most 2d.

Lemma 3.1.6 Let (kn, rn)sn=0 be an admissible sequence. Then, the di↵erence
between the lengths of the billiard trajectories of type (kn, rn)sn=0 is at most 2d.

Proof.

Figure 3.1.7: A trajectory piece intersecting the first and last obstacles.

Following the procedure in [11], take any two trajectory pieces ⌧1, ⌧2 of type
(kn, rn)sn=0 starting at x0, y0 and ending at xs, ys respectively. Then, by adding
the segments connecting x0 with y0 and xs with ys at the beginning and end of the
first trajectory piece ⌧1, we get a path joining y0 with ys of length not shorter than
the length of the second trajectory piece ⌧2, by Lemma 3.1.5, but can exceed the
length of ⌧1 by at most dr0 + dr

s

 2d. Using a similar argument but exchanging
the roles for ⌧1 and ⌧2, we can see that the di↵erence between the two trajectory
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pieces cannot be more than 2d (see Figure 3.1.7 above). This completes the proof.

Note 3.1.7 Clearly, the di↵erence between the displacements of trajectory pieces
of the same admissible sequence type is at most 2d.

One can use a similar argument to the one in the proof of Lemma 3.1.6 to prove
the statement in the note. Let ⌧1 and ⌧2 be as in the proof of Lemma 3.1.6. Add
to segments to ⌧1 to connect x0 with y0 and xs with ys. Let the new trajectory
piece be ⌧ ⇤1 . The displacement of ⌧ ⇤1 cannot be less than the displacement of ⌧1 by
Lemma 3.1.5. Moreover, the displacement of ⌧ ⇤1 cannot exceed the displacement
of ⌧1 by more than 2d.

Let ⌧ ⇤2 be a trajectory piece obtained by adding two segments to ⌧2 connecting y0
with x0 and ys with xs. Using a similar argument as above, we can show that the
displacement of ⌧ ⇤2 cannot exceed the displacement of ⌧2 by more than 2d. Thus,
the di↵erence between d(⌧1) and d(⌧2) cannot exceed 2d.

In the next section, we consider our dynamical system as a directed graph. How-
ever, we have to state a di↵erent definition of an admissible sequence, first, to be
able to define the directed graph.

3.2 Directed Graph

Again we will use an idea from [11] with appropriate modifications.

In order to define our directed graph G, we need to look at the definition of an
admissible sequence from di↵erent prospective. For a sequence (kn, rn) of ordered
pairs of elements of Zm ⇥ {1, ...., N}, let

(ln, rn) = (kn � kn�1, rn) and (l0, r0) = (0, r0).

I.e. we shift each (kn, rn) to (ln, rn). Then the sequences (kn, rn)1n=1 and (ln, rn)1n=1

are equivalent, i.e. from each of them we can recover the other. Hence, we can
restate conditions (iii) and (iv) as follows:

(iii*) For every n, there is no obstacle between O(0,r
n�1) and O(l

n

,r
n

);

(iv*) The obstacle O(l
n

,r
n

) is not between O(0,r
n�1) and O(l

n

+l

n+1,rn+1).

Definition of the Directed Graph:
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The vertices of the directed graph are the ordered pairs (j, s), where j 2 Zm,
s = 1, 2, ...., N , and there is r 2 {1, 2, ..., N}, with no obstacles between O(0,r) and
O(j,s). Thus, for an ordered pair (j, s) to be a vertex, there must be r 2 {1, 2, ..., N},
such that there is no obstacle intersecting the convex hull of O(j,s) [ O(0,r). By
definition, there is an edge from (j, s) to (i, t), where j, i 2 Zm, if and only if there
exists r 2 {1, 2, .., N} such that O(j,s) is not between O(0,r) and O(i+j,t). Hence,
we can always construct an edge from (j, s) to (i, t) if we can find at least one
obstacle O(0,r), r 2 {1, ..., N} such that O(j,s) does not intersect the convex hull of
O(0,r) [O(i+j,t), or

O(j,s) \ (O(0,r) [O(i+j,t)) = ;.

Note that, by our assumption (the obstacles in S0 satisfy the no-eclipse condition),
all pairs (0, r), r = 1, 2, ..., N , are vertices and there is an edge between any two
of them.

Hence, we can deal with admissible sequences (ln, rn)1n=1 as one-sided paths in G,
and deal with paths in G as admissible sequences.

Note that there could be a vertex (j, s) with an edge from it to itself because we
may find an obstacle O(0,r) for some r 2 1, 2, ..., N and r 6= s such that

O(j,s) \ (O(0,r) [O(j+j,s)) = ;.

In addition, G is symmetric. That is, if (j, s) is a vertex then (�j, s) is a vertex;
there is an edge from (j, s) to (�j, s), and if there is an edge from (j, s) to (k, t)
then there is an edge from (�j, s) to (�k, t).

Lemma 2.7 in [11] shows another kind of symmetry in G in the case of one obstacle,
and we restate this lemma with some modifications to be able to apply it to our
case.

Lemma 3.2.1 Let k, j be in Zm. If O(k,t) is not between O(0,r) and O(k+j,s), then
O(j,t) is not between O(0,s) and O(k+j,r).

Proof. Consider the map
f(x) = k+ j� x

from Rm to Rm. This map is an isometry (or distance preserving) as, for any
i, l 2 Rm,

kf(i)� f(l)k = kk+ j� i� (k+ j� l)k
= k�i+ lk
= ki� lk.
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It is also bijective. This is because, for i 6= l 2 Rm,

f(i) = k+ j� i 6= k+ j� l = f(l),

so it is injective. For any x 2 Rm, we can find k+ j� x 2 Rm such that

f(k+ j� x) = k+ j� (k+ j� x) = x,

so f is surjective, and hence, bijective.

In addition, the image of O(0,r) is O(k+j,r) and f(O(k+j,s)) = O(0,s), f(O(k,t)) = O(j,t).
Thus, the triangle formed by the centers of the obstacles O(0,r),O(k,t) and O(k+j,s)

has the same measurements as the triangle that formed by the centers of O(k+j,r),
O(0,s) and O(j,t). Therefore, If O(k,t) is not between O(0,r) and O(k+j,s), then O(j,t)

is not between O(0,s) and O(k+j,r), which proves the lemma.

The next corollary is a direct consequence of the above lemma.

Corollary 3.2.2 If there is an edge in G from (k, t) to (j, s), then there is an edge
from (j, t) to (k, r).

We want, now, to show that our graph G is connected. That is, for any two vertices
in G, we can always find a path between them. We need this to prove the main
results in this chapter, namely, the two theorems in the next section. To do this,
we need several lemmas.

Lemma 3.2.3 The set of vertices of G is finite.

Proof. We follow the procedure in [11].

Fix an interior point xr of O(0,r). Any ray starting at this point will intersect
an obstacle other than O(0,r), say O(k,t), as if it intersects O(0,r), then it has a
reflection. Hence, it must have infinitely many reflections. This is due to Lemma
3.1.1.

Denote by V(k,t) the set of directions in which any ray starting at xr intersects the
interior of O(k,t). I.e. any ray starting at xr in any direction of the set V(k,t), will
have a reflection at O(k,t). The set V(k,t) is open as it is an open arc. Consider the
union of all sets of this kind,

V = [(i,s)V(i,s).

The family V is an open cover of the unit sphere which is compact (closed and
bounded). Hence, it has a finite sub-cover. Since we can find a finite sub-cover of
the unite sphere, this implies that there is a constant M

x

r

> 0 such that all rays of
length M

x

r

starting at xr intersect the interior of some O(k,t), where O(k,t) 6= O(0,r).
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Since xr is an arbitrary, we can find a constant Mr, greater than Mx
r

+ 1, such
that any ray starting at any point in the interior of O(0,r) of length Mr intersects
an obstacle other than O(0,r). Hence, for any (j, s), where the distance between j
and the origin is greater than Mr, there is an obstacle between O(0,r) and O(j,s).
Thus, (j, s) is not a vertex with respect to O(0,r).

Since O(0,r) is arbitrary, we can find Mk for every O(0,k), k = 1, 2, ....., N such that
any (j, s), where the distance between j and the origin is greater than Mk, is not
a vertex with respect to O(0,k).

Let M be the maximal Mk. Then any (j, s), where the distance between j and the
origin is greater than M , is not a vertex. Hence, a sphere of radius M contains all
the vertices of the graph G. Therefore, we have finitely many vertices which are
inside the sphere of radius M . This proves the lemma.

Clearly, the radius of the sphere containing the vertices of G in the case of torus
with several obstacles is smaller than the radius of the sphere containing the ver-
tices of the graph in the case of a torus with one obstacle.

We will denote by U the set of all ordered pairs of the form (u, r), where u is
a vector in Zm with one component ±1 and the other components equal to 0,
r = 1, 2, ..., N . Note that all elements of U are vertices by condition (3.1) of the
main assumptions as, for any (u, r), there is no obstacles between O(u,r) and O(0,r).

The next lemma shows that we can connect any vertex of G with a vertex from
the set U .

Lemma 3.2.4 For any vertex (v, r) in the graph G, where v is in Zm, there is
(u, r) in U such that there is an edge from (v, r) to (u, r).

Proof. Follows that in [11].

Assume that (v, r) is a vertex, and v does not equal 0. We want to show that we
can separate (v, r) from (0, r) and (u + v, r). I.e. we want to show that O(v,r)

does not intersect the convex hull of O(0,r) [O(u+v,r). We do this by showing that
we can find a hyperplane such that O(v,r) is on one side of the hyperplane, and the
convex hull of O(0,r) [O(u+v,r) is on the other side of the hyperplane.

Clearly, we can always find a unit vector u 2 Zm such that hu,vi  0.

Consider the triangle with vertices A = 0, B = v and C = u + v. Let D and
E be the points on the sides BA, BC, respectively, whose distances from B is 1

2
(see Figure 3.2.1). Let L be the straight line through D and E. The angle at the
vertex B could be at most ⇡

2 as the sum of the angles at A and at C is equal to
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the angle between u and v, which is greater than or equal to ⇡
2 . Also, the sides

AB and BC are of length at least 1.

A

B C

u

E

D

Figure 3.2.1: The triangle ABC.

To calculate the distance from B to L, consider the triangle with vertices at
B, D andE. We want to calculate the length of the height of this triangle from B
to the line-segment DE.

Let the point where the above mentioned height intersects the line-segment DE
be H. The triangle with vertices at B, D and H is a right triangle. The angle at
H is ⇡

2 , and the angle < DBH = ✓ at B is less than or equal to ⇡
4 (see why above).

Hence, the height (=adjacent) is given by

height = hypotenuse cos ✓

� |BD| cos
⇣⇡
4

⌘

=
1

2

 p
2

2

!
=

p
2

4

Thus, the distance from B to L is at least
p
2
4 , increasing as ✓ is getting smaller.

Since |AD| � |BD| and |CE| � |BE| (as the lengths of the sides AB and BC are
at least 1, and |BD| = |BE| = 1

2), the distances of A and C from L are at least
as large as the distance of B from L.
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Now if we shift this triangle such that its vertices A, B, C will be at the centers of
the obstacles O(0,r), O(v,r), O(u+v,r), respectively, then the hyperplane of dimension
m� 1 through L will separate O(v,r) from the convex hull of O(0,r)[O(u+v,r). This

is because the distance from the center of O(v,r) to the hyperplane is at least
p
2
4

which is greater than the diameter of the obstacle by our assumption. Moreover,
the distances from the centers of the obstacles O(0,r) and O(u+v,r) to the hyperplane

are at least
p
2
4 . This is again greater than the diameters of the obstacles by our

assumption (see above). i.e O(v,r) is not between O(0,r) and O(u+v,r). Thus, by the
definition of an edge in G, there is an edge from (v, r) to (u, r).

Note that, due to Corollary 3.2.2, there is also an edge from (u, r) to (v, r).

Now we can proof the main result of this section, the connectivity of G.

Theorem 3.2.5 The graph G is connected. In addition, for any two vertices,
(v, s) and (k, t) of G, there is a path containing at most 5 segments from (v, s) to
(k, t) in G via elements of U .

Proof. By Lemma 3.2.4, there are two vertices (u, s) and (n, t) in U (the set of
vertices of unit vectors) ,where u and n are unit vectors, such that there are edges
from (v, s), (k, t) to (u, s), (n, t), respectively. Also, there are edges from (u, s),
(n, t) to (v, s), (k, t), respectively due to Corollary 3.2.2, if there is an edge from
(v, s) to (u, s) and from (k, t) to (n, t), then there is an edge from (u, s) to (v, s)
and from (n, t) to (k, t). From the two main assumptions and the definition of an
edge in G, we can see that there are edges from (u, s) to (0, s), from (n, t) to (0, t),
and from (0, s) to (0, t). Hence,

(v, s), (u, s), (0, s), (0, t), (n, t), (k, t)

is a path containing 5 segments, and if

(u, s) = (n, t)

then
(v, s), (u, s), (k, t)

is a path containing 2 segments.

3.3 The Admissible Rotation Set

In this section, we prove the main results of this chapter: the admissible rotation
set is convex; and the rotation vectors of periodic trajectories of admissible type
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are dense in the admissible rotation set. Again we use ideas from [11] to prove
these theorems. However, essential modifications are necessary. The main idea of
the proofs is to construct an admissible trajectory by repeating a piece of another
trajectory several times and connecting them using the connectivity of G.

Theorem 3.3.1 The admissible rotation set AR is convex.

Proof. Fix two arbitrary vectors u,v in the admissible rotation set AR. We want
to show that the convex combination of these two vectors is also in the admissible
rotation set. I.e. for t 2 (0, 1),

tu+ (1� t)v

is in AR.

Define the function
f : [0, 1] �! [0, 1]

by

f(x) =
| T | x

| T | x+ | S | (1� x)
,

where |T |, |S| as below. Clearly, this function of x is continuous on [0, 1] as it is
a rational or quotient of two polynomials with denominator never zero. It takes
values 0 at 0 and 1 at 1. I.e the image is equal to [0, 1]. Hence, the image of the
set of rational numbers is dense in [0, 1].

Fix ✏ > 0. u and v are in AR. Thus, there are admissible sequences A, B and two
trajectory pieces T , S of type A and B, respectively, such that

����
d(T )

| T | � u

����  ✏

6s
and

����
d(S)

| S | � v

����  ✏

6(1� s)
, (3.3)

where s = f(x), x = p
q
and p, q are in Z+, q > p. Thus, we can approximate t by s

with an arbitrary accuracy. Therefore, we can choose values for p and q such that

kt� sk  ✏

6k
, k = max{kuk, kvk}. (3.4)

Now, by Theorem 3.2.5: the connectivity of the graph G, there are admissible
sequences C1, C2, C3 of length at most 5 via elements of U such that

D = AC1AC1......AC1AC2BC3BC3.....BC3B

is admissible, and so there is an admissible trajectory piece Q of type D by The-
orem 3.1.3.
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We want to approximate the displacement and the length of the trajectory piece
Q.

Assume that the block A appears p times on D and B appears q� p times, where
q(=the number of repetition of B plus p) > p. Let dA represent the displacement
due to the repetition of the block A, dB represent the displacement due to the
repetition of the block B. Then, by Note 3.1.7,

kdA � pd(T )k  2pd

and
kdB � (q � p)d(S)k  2(q � p)d,

where d is the maximal diameter of the obstacles. In addition, the displacement
due to each Ci is at most 5 + 2d, so the total displacement due to all those blocks
is at most

(q � 1)(5 + 2d) < q(5 + 2d).

Thus,

kd(Q)� pd(T )� (q � p)d(S)k
 2pd+ 2(q � p)d+ q(5 + 2d)

= 4qd+ 5q. (3.5)

Similarly, by Lemma 3.1.6,

|| Q | �p | T | �(q � p) | S || 4qd+ 5q. (3.6)

We now approximate d(Q)
|Q| .

����
d(Q)

| Q | � s
d(T )

| T | � (1� s)
d(S)

| S |

����

Using the definition of s (see above), we get

=

����
d(Q)

| Q | �
pd(T )

p | T | +(q � p) | S | �
(q � p)d(S)

p | T | +(q � p) | S |

����.

Making the denominator common and subtracting and adding d(Q) | Q | /(| Q |
(p | T | +(q� p) | S |)), then, breaking the norm, the above norm will be less than
or equal to ����

d(Q)(p | T | +(q � p) | S |)� d(Q) | Q |
| Q | (p | T | +(q � p) | S |)

����
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+

����
d(Q) | Q | �pd(T ) | Q | �(q � p)d(S) | Q |

| Q | (p | T | +(q � p) | S |)

����.

Using (3.5) and (3.6), the previous quantity will be less than or equal to

d(Q)

| Q |
(4qd+ 5q)

p | T | + | S | (q � p)
+

4qd+ 5q

p | T | + | S | (q � p)
.

By the fact that d(Q)
|Q|  1, we have that the above quantity is less than or equal to

8qd+ 10q

p | T | + | S | (q � p)
=

8d+ 10
p
q
| T | + | S | (1� p

q
)
.

Now, for any p and q either p
q
is � 1

2 , or (1�
p
q
) is � 1

2 . If
p
q
� 1

2 then

8d+ 10
p
q
| T | + | S | (1� p

q
)

 8d+ 10
1
2 | T |

=
16d+ 20

| T |
 ✏

3
, (3.7)

when we take | T | large enough.

If (1� p
q
) � 1

2 , we can take | S | as large as needed to get

8d+ 10
p
q
| T | + | S | (1� p

q
)

 8d+ 10
1
2 | S |

=
16d+ 20

| T |
 ✏

3
. (3.8)

Finally, we show that d(Q)
|Q| is ✏-close to the convex combination of the vectors u

and v. Moreover, as Q is of admissible type, d(Q)
|Q| is in the admissible rotation set.

Let

M =

����
d(Q)

| Q | � tu� (1� t)v

����

Adding and subtracting su + (1 � s)v and breaking the norm, we have that the
above quantity is


����
d(Q)

| Q | � su� (1� s)v

����+
����su+ (1� s)v � tu� (1� t)v

����.
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Adding and subtracting sd(T )
|T | and (1�s)d(S)|S| and simplifying, the previous quantity

will be


����
d(Q)

| Q | � s
d(T )

| T | � (1� s)
d(S)

| S |

����+
����s

d(T )

| T | � su

����

+

����(1� s)
d(S)

| S | � (1� s)v

����+ ksu� tuk+ k(1� s)v � (1� t)vk.

By (3.4), we have that

ksu� tuk = ks� tkkuk  ks� tkk

and
k(1� s)v � (1� t)vk = ks� tkkvk  ks� tkk.

Hence, we have

M 
����
d(Q)

| Q | � s
d(T )

| T | � (1� s)
d(S)

| S |

����+
����s

d(T )

| T | � su

����

+

����(1� s)
d(S)

| S | � (1� s)v

����+ 2ks� tkk.

Using (3.3), (3.4), (3.7) and (3.8), we have

M  ✏

3
+

✏

6s
+

✏

6(1� s)
+ 2

✏

6k
k  ✏.

Thus, the convex combination of any two vectors in the admissible rotation set
AR is in AR. Hence, AR is convex. This completes the proof.

Theorem 3.3.2 The rotation vectors of periodic orbits of admissible type are
dense in the admissible rotation set.

Proof. Fix ✏ > 0 and a vector u in the admissible rotation set AR. We will
construct a periodic orbit of admissible type such that the rotation vector of this
orbit is ✏-close to u.

Since u is in AR, there exists an admissible sequence A and a trajectory piece T
of this type such that ����

d(T )

| T | � u

���� <
✏

2
. (3.9)

Consider A to be a path in the graph G. By Theorem 3.2.5 (the connectivity of
the graph G) there is an admissible sequence C of length at most 5 via elements
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of U such that D = ACACAC...... is a periodic admissible sequence. By Theorem
3.1.3, we can find a periodic orbit of type D. Let Q represents its period. I.e
Q = AC. Since the orbit of type D is periodic, its rotation vector is equal to d(Q)

|Q| .

Using Lemma 3.1.6 and Note 3.1.7, we can estimate the length and displacement
of Q. Note that the displacement due to C cannot exceed 5 + 2d.

Hence,
kd(Q)� d(T )k  2d+ (5 + 2d) = 4d+ 5, (3.10)

and
k| Q | � | T |k  4d+ 5. (3.11)

This gives
| Q | � | T |� �(4d+ 5).

Thus,
| Q |� �(4d+ 5)+ | T |,

and hence,
1

| Q | 
1

| T | �(4d+ 5)
. (3.12)

We will, now, approximate the rotation vector of Q. Let

M =

����
d(Q)

| Q | �
d(T )

| T |

����.

This is less than or equal to
����
d(Q)

| Q | �
d(T )

| Q |

����+
����
d(T )

| Q | �
d(T )

| T |

����.

Using (3.10), we have

M  4d+ 5

| Q | +

����
d(T ) | T | �d(T ) | Q |

| Q || T |

����

 4d+ 5

| Q | +
kd(T )k
| T |

k| T | � | Q |k
| Q | .

By (3.11), (3.12), combained with the fact that kd(T )k  kd(Q)k, we get

M  4d+ 5

| T | �(4d+ 5)
+

kd(Q)k
| T |

4d+ 5

| T | �(4d+ 5)
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Taking | T | large enough, we can make

4d+ 5

| T | �(4d+ 5)
+

kd(Q)k
| T |

4d+ 5

| T | �(4d+ 5)

less than ✏
2 . Hence, using this and (3.9), we get

����
d(Q)

| Q | � u

���� =

����
d(Q)

| Q | �
d(T )

| T | +
d(T )

| T | � u

����


����
d(Q)

| Q | �
d(T )

| T |

����+
����
d(T )

| T | � u

����

 ✏

2
+
✏

2
= ✏.

Thus, for any vector in the admissible rotation set AR, we can find a periodic
trajectory piece of admissible type with rotation vector ✏-close to that vector.
This means that the rotation vectors of periodic trajectories of admissible type are
dense in the admissible rotation set. This proves the theorem.

The following theorem is similar to Theorem 4.15 in [11].

Theorem 3.3.3 The admissible rotation set is a proper subset of the general ro-
tation set.

Proof. We will show by example that AR is contained in R, and AR 6= R.

Consider the trajectory piece joining the lowest point xk in the boundary of the
lowest obstacle O(0,r0) in the hypercube with the leading vector 0 with the highest
point yk in the boundary of the highest obstacle in the hypercube with leading
vector (k,�1, 0, 0, ..., 0), where k is large enough so that the trajectory piece does
not intersect any obstacles other than those. Then as k goes to infinity the ratio

yk � xk

tk

goes to (1, 0, 0, ..., 0). Thus, the vector (1,0,0,0,....,0) is in the general rotation set.

However, this vector cannot be in the admissible rotation set. Following [11], we
prove this by showing that the length of any vector in AR is less than 1.

By Lemma 3.2.3, the graph G is finite. Thus, the length of any ray connecting
two consecutive reflections is contained in some interval [c1, c2], where c1 and c2
are positive constants. Since the obstacles are compact, and there is an edge from
(j, s) to (i, t), j, i 2 Z only if there is r = 1, 2, ...N such that O(j,s) is not between
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O(0,r) and O(i+j,t), any trajectory must change its direction at each reflection by at
least an angle ↵ > 0.

We will estimate the ratio between the displacement of three consecutive reflections
of some admissible trajectory piece and its length.

Consider three reflections in an admissible trajectory piece. Assume that the first
ray connecting the first two reflections of length c1, and the second ray connecting
the second and third reflections of length c2. The angle between c1 and c2 is at
least ↵ as we mentioned above. Thus, the length of the third side c3 of the triangle
formed by this side and the other two sides of lengths c1, c2 and angle ↵ between
them, is

c3 =
q

c21 + c22 � 2c1c2 cos↵.

Now, let

a =

p
c21 + c22 � 2c1c2 cos↵

c1 + c2
.

Clearly, a is less than 1 and the ratio is decreasing when the angle between the
two rays ↵ or the ratio c1/c2 is getting bigger. Hence, any vector in the admissible
rotation set AR is of length at most a (less than 1). Thus, AR is contained and
not equal to R, which completes the proof.



Chapter 4

On General Rotation Sets of
Open Billiards

In this chapter, we use the same terminology and symbols as in Chapter 2. We con-
sider billiards in R2 with N � 3 circle obstaclesK1, K2, ..., KN of radius ✏ satisfying
the no-eclipse condition. We will study the billiard trajectories in ⌦ = R2 \K,
where K = [N

i=1Ki (see Chapter 1 and Chapter 2). The observable considered,
here, is the same as the one considered in Chapter 2: the one related to a starting
point of a given billiard trajectory. For the definitions of rotation vectors and the
general rotation set, the reader can see Chapter 1 and Chapter 2.

In this chapter, we prove that, for a class of open billiards, the general rotation
set is equal to the polygon formed by the midpoints of the shortest segments
connecting the outer of the obstacles. In addition, we provide a class of examples
showing that if Assumptions A part A1 or A2 is not satisfied, such a result may
not hold (see Section 4.2).

In this chapter, we will mainly consider billiards with N � 4. In addition, we
make the following assumptions.

Assumptions A

A1: The centers of the circle obstacles form a convex polygon. Hence, we can
number the obstacles K1, K2, ....., KN , so that their centers are the consecutive
vertices of a convex polygon (see Figure 4.0.1 below).

I.e. the obstacles are in positions such that their centers form a polygon with
no obstacles inside. We number the obstacles as above. Then we can talk about

111
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consecutive and non-consecutive obstacles.

K1

K2
K5

K4K3

Figure 4.0.1: The centers of the obstacles form a convex polygon.

A2: Let ai be the center of the obstacle Ki. Then, in any triangle formed
by the centers of three successive obstacles ai�1, ai, ai+1 the angles \aiai+1ai�1,
\ai+1ai�1ai are at most 45�, where we set KN+1 = K1, aN+1 = a1 (see Figure
4.0.2).

The figure below shows three successive obstacles and the angles of the triangle
formed by their centers.
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a1

a2

a3

Figure 4.0.2: The angles of a triangle formed by the centers of three successive
obstacles.

From the no-eclipse condition, we can derive a simple consequence. Consider
a triangle formed by the centers of three circle obstacles of the same radius ✏
satisfying the no-eclipse condition, and an altitude inside this triangle. Note that
we can always find an altitude inside the triangle (see Figure 4.0.3, 4.0.4 below).

Figure 4.0.3: Altitudes inside triangles.
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Figure 4.0.4: Altitudes inside triangles.

Assume that ✏ is equal to half of the inside altitude or more than half of the altitude.
Then, the obstacle whose center is one of the ends of that altitude intersects the
convex hull of the other obstacles whose centers are the ends of the edge of the
triangle perpendicular to that altitude (see Figure 4.0.5 below). This contradict
the no-eclipse condition.

Figure 4.0.5: ✏ is equal to half of the inside altitude.

Hence, due to the no-eclipse condition, the radius ✏ of the circle obstacles is less
than half of any inside altitude of any triangle formed by the centers of any three
distinct obstacles. That is, considering any three obstacles, any of them is sepa-
rated from the convex hull of the other obstacles.

Note also, since any altitude outside a triangle is longer than the one inside, we
have that the radius ✏ is less than any altitude of a triangle formed by the centers
of three distinct obstacles.
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4.1 The Size of the General Rotation Set

Let K1, K2, ....., KN (N � 4) be circle obstacles such that their centres form a
convex polygon. If ai is the centre of the obstacle Ki, then in any triangle formed
by the centers of three successive obstacles ai�1, ai, ai+1 the angles \aiai+1ai�1,
\ai+1ai�1ai are at most 45�.

In this section, it will be shown that the rotation vector of a periodic trajectory
coincides with the average of the midpoints of the rays of that trajectory. Then,
we show that the midpoint of a segment connecting two consecutive reflection
points occur in a specific area. In addition, we show that any reflection point of a
periodic trajectory must be contained in a specific area. We use all this together
with AssumptionsA to prove that the rotation vectors are all contained in a convex
polygon formed by the midpoints of period-two trajectories.

In the Remark after Lemma 2.2.1, we have proved that, using any observable  ,
the rotation vector of a periodic trajectory is given by

⇢ =
1

p

p�1X

i=0

xi,

where p is the length of the period, and xi =  (�i(⇠)) (see Chapter 2). In the next
lemma we show that the rotation vector of a periodic trajectory is equivalent to
the average of the midpoints of the rays connecting two successive reflection points
of that trajectory. Although in the proof of the lemma we say that xi’s are the
reflection points on the obstacle K⇠

i

, we can also assume that xi =  (�i(⇠)) for
any observable  to generalize the lemma. Then, we have that the average of the
midpoints of the segments connecting every two successive vectors xi =  (�i(⇠))
and xi+1 =  (�i+1(⇠)) of a periodic trajectory ⇠ is equal to the rotation vector of
that trajectory.

Lemma 4.1.1 The average of the midpoints of the segments connecting every two
successive reflection points of a periodic trajectory is equal to the rotation vector
of that trajectory.

Proof. Let ⇠ 2 ⌃ be periodic trajectory with period n. Then, by Lemma 2.2.1,

⇢�(⇠) =
1

n

n�1X

i=0

xi,

where xi is the reflection point at the obstacle K⇠
i

as we use the observable related
to a starting point of a billiard trajectory.



4.1. THE SIZE OF THE GENERAL ROTATION SET 116

Calculating the average of the midpoints of the segments connecting the consecu-
tive reflection points, we have

1

n


x0 + x1

2
+

x1 + x2

2
+ ....+

xn�2 + xn�1

2
+

xn�1 + x0

2

�

=
1

n


2x0 + 2x1 + .....+ 2xn�1

2

�
=

1

n

n�1X

i=0

xi.

This proves the lemma.

Hence, we can use the average of the midpoints of the rays connecting two suc-
cessive reflection points of a periodic trajectory to calculate the rotation vector of
that periodic trajectory.

The next three lemmas are concerning the location of the midpoint of the segment
connecting two reflection points and the location of the reflection points of periodic
trajectories. In the next lemma, we do not assume that the two reflection points
occur at two successive obstacles, but we assume that the two obstacles are circles
of the same radius. The lemma is true for both successive and nonsuccessive
obstacles.

Lemma 4.1.2 The midpoint of the segment connecting any two reflection points
of a billiard trajectory in ⌦ on two circle obstacles of the same radius ✏ is contained
in a disc B(m, ✏), where m is the midpoint of the shortest segment connecting the
centers of the obstacles.

Proof. We want to calculate the norm of the midpoint of any segment connecting
any two reflection points on two obstacles satisfying the stated condition.

Assume that we have two circle obstacles K1, K2 of the same radius ✏, and assume
that we have a piece of a billiard trajectory reflecting on @K1 and then @K2. Let
A be the segment connecting the centers of the obstacles. Let u and v be the
reflection points on K1, K2, respectively, such that the segments connecting u, v
with the centers of K1, K2 form angles 0  �  ⇡

2 , 0  ↵  ⇡
2 with A respectively.

Assuming A lies on one of the axes of the coordinates system, set the midpoint m
of A to be 0, the origin of the plane containing the obstacles. Thus, the coordinates
of the obstacles’ centers will be (a, 0) and (�a, 0) for some a > 0 (see Figure 4.1.1
below). We consider three cases.

Assuming that both u and v are above A, we have

u = (a� ✏ cos �, ✏ sin �)
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and

v = (�a+ ✏ cos↵, ✏ sin↵).

Let the midpoint of the segment connecting u and v be M .

-a am

Mv u
↵

�

Figure 4.1.1: The midpoint of the segment connecting two reflections and the disc
B(m, ✏).

Then

M =
u+ v

2
=
⇣ ✏
2
(cos↵� cos �),

✏

2
(sin↵ + sin �)

⌘
.

Calculating the norm of M , we get

kMk =
✏

2

p
(cos↵� cos �)2 + (sin↵ + sin �)2

=
✏

2

q
cos2 ↵� 2 cos↵ cos � + cos2 � + sin2 ↵ + 2 sin↵ sin � + sin2 �

=
✏

2

q
(cos2 ↵ + sin2 ↵) + (cos2 � + sin2 �)� 2(cos↵ cos � � sin↵ sin �)

=
✏

2

p
1 + 1� 2(cos↵ cos � � sin↵ sin �)

=
✏

2

p
2� 2(cos↵ cos � � sin↵ sin �)

=
✏

2

p
2� 2 cos(↵ + �)  ✏

2

p
4 = ✏

as the maximum of the square-root
p
2� 2 cos(↵� �) is

p
4 when cos(↵ � �) is

�1.

Assume one of the reflections is above A, say u, and the other one, v, is under A.
I.e.

u = (a� ✏ cos �, ✏ sin �),

v = (�a+ ✏ cos↵,�✏ sin↵).
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The coordinates of the midpoint M of the segment connecting u and v are

M =
u+ v

2
=
⇣ ✏
2
(cos↵� cos �),

✏

2
(sin � � sin↵)

⌘
,

which has the norm

kMk =
✏

2

p
(cos↵� cos �)2 + (sin↵� sin �)2

=
✏

2

q
cos2 ↵ + cos2 � � 2 cos↵ cos � + sin2 ↵ + sin2 � � 2 sin↵ sin �

=
✏

2

p
2� 2(sin↵ sin � + cos↵ cos �)

=
✏

2

p
2� 2 cos(↵� �)  ✏

2

p
4 = ✏.

Lastly, assume u and v are both under A. Then, their coordinates will be

u = (a� ✏ cos �,�✏ sin �),

v = (�a+ ✏ cos↵,�✏ sin↵).

Again

M =
u+ v

2
+
⇣ ✏
2
(cos↵� cos �),

✏

2
(� sin↵� sin �)

⌘
.

Hence,

kMk =
✏

2

p
(cos↵� cos �)2 + (� sin↵� sin �)2

=
✏

2

q
cos2 ↵ + cos2 � � 2 cos↵ cos � + sin2 ↵ + sin2 � + 2 sin↵ sin �

=
✏

2

p
2� 2(cos↵ cos � � sin↵ sin �)

=
✏

2

p
2� 2 cos(↵ + �)  ✏

2

p
4 = ✏.

Thus, in any situation, the distance between M and m (the origin) is less than or
equal ✏. This means that M is contained in B(0, ✏). This completes the proof.

In the next lemma we assume that the obstacles are circles and their centers form
a convex polygon. The lemma shows that the reflection points of any periodic
trajectory are contained in the convex polygon which is formed by the centers of
the obstacles intersected by ⌦.

We denote by ⇤ the convex hull of the reflection points of period 2 trajectories
intersected by ⌦.
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Lemma 4.1.3 Assume that N � 3 and the centers of the obstacles K1, K2, ..., KN

form a convex polygon. Assume that we have a periodic billiard trajectory in ⌦
of period n with reflection points x0, ...., xn�1. Then, all xj, j = 0, ...., n � 1 are
contained in ⇤. Moreover, the non-wandering set M0 is contained in ⇤ (see Figure
4.1.2).

K1

K2

⇤

K5

K4K3

Figure 4.1.2: The set ⇤.

Proof. Following the proof of a similar result, but for 3-dimensions in [66], we shall
proof this by a contradiction.

Notice that ⇤ is just the polygon formed by the centers of the obstacles intersected
by ⌦.

Clearly, there is no periodic trajectory with all reflection points outside ⇤. Note
also that since the obstacles are circles, the normal to @K⇠

j

at xj is in the same
direction as the vector connecting the center of K⇠

j

with xj.

Assume that we have a periodic trajectory

⇠ = (x0, x1, ...., xn�1)

with at least one reflection point outside ⇤. Since not all xj are outside ⇤, we may
assume e.g. that the reflection point x1 is outside ⇤, and the reflection point x0 is
inside ⇤.
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We denote the direction of the segment connecting xj+1 and xj by vj, i.e.

vj =
xj+1 � xj

kxj+1 � xjk
.

Let dj = kxj+1 � xjk. Hence,

xj+1 = xj + djvj.

We denote the normal to ⌦ at xj by ⌫(xj).

Note that, for j � 1,
vj = vj�1 � 2hvj�1, ⌫(xj)i⌫(xj).

By the law of reflection, we have that, for j � 1,

hvj�1, ⌫(xj)i < 0 (see Figure 4.1.3 below). (4.1)

⌫(xj)

vj�1

xj

vj

Figure 4.1.3: The angle \vj�1xj⌫(xj).
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Let L be the line connecting the center of K1 with the center of K2. Let ⌫ be the
normal to the line L pointing outside ⇤. Assume that

hv0, ⌫i > 0

(see Figure 4.1.4 below).

⌫

x0

x1

v0

v1

Figure 4.1.4: The angle between v0 and ⌫.

We use induction to show that all the reflection points xj’s are outside ⇤. We do
this by showing that

hxj, ⌫i > hx1, ⌫i
and

hvj�1, ⌫i > hv0, ⌫i
for all j > 1.

Assume that xk 2 @K⇠
k

is above L, outside ⇤ and

hvk�1, ⌫i > hv0, ⌫i > 0.

The center of K⇠
k

is on the line L or below it. Thus, the normal ⌫(xk) point away
from L (see Figure 4.1.5 below).

L

⌫

xk

⌫(xk)

Figure 4.1.5: The normal ⌫(xk).
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Hence,
h⌫(xk), ⌫i > 0. (4.2)

Thus,

hvk, ⌫i = hvk�1, ⌫i � 2hvk�1, ⌫(xk)ih⌫(xk), ⌫i > hvk�1, ⌫i > hv0, ⌫i
by (4.1), (4.2) and the induction assumption. Hence,

hxk+1, ⌫i = hxk, ⌫i+ dkhvk, ⌫i > hxk, ⌫i,
i.e.

hxk+1 � xk, ⌫i > 0.

This means that xk+1 is also above the line L, outside ⇤. Thus, all the reflection
points are outside ⇤. This is a contradiction with xn = x0. Therefore, all the
reflection points must be contained in ⇤. Clearly, ⇤ is a closed set. By Proposition
1.2.19, the periodic points are dense in M0. Thus, M0 is a subset of ⇤.

From now on, we will call the convex hull of the reflection points of period 2
trajectories intersected by ⌦ the admissible area.

In the next lemma, we assume that the centers of the obstacles form a convex
polygon and the obstacles are circles of the same radius. We show that if we have
two consecutive reflection points on two successive obstacles inside the admissible
area then the midpoint of the segment connecting the reflection points must be
inside a specific angle.

Lemma 4.1.4 Assume that we have two consecutive reflection points of a billiard
trajectory on two successive circle obstacles of the same radius ✏ within an open
billiard. Denote the shortest segment connecting the centers of the obstacles by A.
Then, the midpoint of the segment connecting the two reflection points is inside
the angle formed by two rays starting at the midpoint of A and making 45�,�45�

angles with A (see Figure 4.1.6 below).

Proof.

-a a0

M
45�45�

v u

Figure 4.1.6: Lemma 4.1.4 illustration.
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Note that since the obstacles are successive, we have to consider reflections on one
side of A as the other one will be outside the admissible area by Lemma 4.1.3. Let
the side within the admissible area be the side above A.

Assume that we have two successive obstacles K1, K2 of the same radius ✏ within
an open billiard. Set the midpoint of the segment connecting the centers of the
two obstacles to be at the origin 0 and the coordinates of the centers of K1 and
K2 to be (a, 0), (�a, 0) for some a > 0. Let u be a reflection point on K1 such
that the segment connecting a and u makes an angle 0  �  ⇡

2 with A, and let v
be a reflection point on K2 such that the segment connecting �a and v makes an
angle 0  ↵  ⇡

2 with A. Both u and v are above A. Thus

u = (a� ✏ cos �, ✏ sin �)

and
v = (�a+ ✏ cos↵, ✏ sin↵).

Let M = (x, y) be the midpoint of the segment connecting u and v. Then, the
coordinates x and y are of the form

x =
✏(cos↵� cos �)

2
,

y =
✏(sin↵ + sin �)

2
.

We want to show that | tan �| is greater than or equal to 1, where � is the angle
between the segment connecting the midpoint M with 0 and A.

Assume that x 6= 0, as if x = 0 then M will be on the y-axis and so the result
holds. Assume that also

0  ↵  �  ⇡

2
;

the other case is similar since ↵ and � are arbitrary. I.e

� = ↵ + Z,

for some 0  Z < ⇡
2 , i.e

0  Z

2
<
⇡

4
.

So

sin
Z

2
< cos

Z

2
.
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Then, tan � = r will be

r =
y

| x |

=
sin↵ + sin(↵ + Z)

cos↵� cos(↵ + Z)

=
sin↵ + sin↵ cosZ + cos↵ sinZ

cos↵� cos↵ cosZ + sin↵ sinZ

=
sin↵(1 + cosZ) + cos↵ sinZ

cos↵(1� cosZ) + sin↵ sinZ
.

Next, we will use the following equations:

1� cosZ = 2 sin2 Z

2
;

sinZ = 2 sin
Z

2
cos

Z

2
.

Thus, as 0  Z < ⇡
2 , we have that cosZ > 0, and so sin↵(1 + cosZ) � sin↵.

Hence, we have

r � sin↵

cos↵(2 sin2 Z
2 ) + sin↵(2 sin Z

2 cos
Z
2 )

+
cos↵(2 sin Z

2 cos
Z
2 )

cos↵(2 sin2 Z
2 ) + sin↵(2 sin Z

2 cos
Z
2 )

=
sin↵

2 sin Z
2 (cos↵ sin Z

2 + sin↵ cos Z
2 )

+
cos↵ cos Z

2

cos↵ sin Z
2 + sin↵ cos Z

2

.

Using the fact that sin Z
2 < cos Z

2 , we have

r � sin↵

2 sin Z
2 cos

Z
2 (cos↵ + sin↵)

+
cos↵ cos Z

2

cos Z
2 (cos↵ + sin↵)

.

From the formula sinZ = 2 sin Z
2 cos

Z
2 , and 0  Z < ⇡

2 (i.e. sinZ < 1), we have

r � sin↵

cos↵ + sin↵
+

cos↵

cos↵ + sin↵
= 1.

So the segment connecting 0 (the midpoint of A) and M makes an angle � with the
segment connecting the centers of the obstacles A where | tan � |� 1, so � � 45�.
In other words, M is inside the required angle. This proves the lemma.
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Next we show that, under Assumptions A, the general rotation set is equal to a
polygon whose vertices are the midpoints of the segmnets connecting the centers.

Now we can prove our main result of this chapter:

Theorem 4.1.5 For an open billiard in R2, with N circle obstacles of the same
radius ✏, N � 4, satisfying Assumptions A stated above, the general rotation set
is equal to the polygon P formed by the midpoints of the segments connecting the
centers of the obstacles.

Proof. Assume that we have an open billiard satisfying Assumptions A.

First, we use results from previous lemmas and theorems to show that the polygon
P is a subset of the general rotation set. Then, we show that it is enough to prove
that all the rotation vectors of the periodic trajectories are in P to prove that the
general rotation set is a subset of the polygon P .

Note that the midpoints of the shortest segments connecting the centers are con-
tained in the general rotation set as they are the rotation vectors of the period two
trajectories. This is a direct result of Lemma 2.2.1. Also, by Theorem 2.2.2, the
general rotation set is convex. Hence, P is a subset of the general rotation set as
it is a convex polygon formed by rotation vectors contained in the general rotation
set.

Thus, it remains to prove that the general rotation set is a subset of P . We do
this by showing that the midpoint of any segment connecting successive reflection
points of a periodic trajectory is inside the polygon P .

By Theorem 2.2.2, the rotation vectors of the periodic trajectories are dense in
the general rotation set. Thus, to prove that the general rotation set is contained
in P , it is enough to prove that the rotation vectors of the periodic trajectories
are contained in P . Moreover, we have that the average of the midpoints of the
segments connecting every two successive reflection points of a periodic trajectory
is equal to the rotation vector of that trajectory by Lemma 4.1.1. The reflection
points of periodic trajectories are inside the admissible area by Lemma 4.1.3.
Thus, it is enough to prove that the midpoint of any segment connecting any two
reflection points inside the admissible area is contained in the polygon P .

Assume that we have a periodic billiard trajectory in ⌦, and let u and v be two of
its successive reflection points. Let M be the midpoint of the segment connecting
u and v. We consider two cases:
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K1

K2
K5

K4K3

Figure 4.1.7: The midpoint M .

• u and v belong to two successive obstacles. Then M is inside the angle
formed by the two rays starting at the midpoint m of the shortest segment
A connecting the obstacles and making 45�,�45� angles with A by Lemma
4.1.4. In addition, the mid point of the segment connecting u and v is
contained in B(m, ✏) by Lemma 4.1.2. Now since the intersection of the disc
B(m, ✏) and the above-mentioned angle is contained in P by Assumptions A
part A2, the midpoint M is inside P (see Figure 4.1.7).

• u and v belong to two non-successive obstacles, then, by Lemma 4.1.2, M
is inside the disc B(m, ✏). Now since ✏ is less than half of the height of any
triangle formed by the centers of any three obstacles (see the comments after
Assumptions A) together with Assumptions A, the whole disc B(m, ✏) must
be inside P (see Figure 4.1.7).

Thus, the midpoint of any two successive reflection points of a periodic trajectory
must be inside P . As P is convex, the average of the midpoints, which is the
rotation vector of that periodic trajectory is inside P . Hence, all the rotation
vectors of the periodic trajectories are inside P by Lemma 4.1.1, and so the general
rotation set is a subset of P .

4.2 Example

In this section we will show that if Assumptions A are not satisfied then the result
of Theorem 4.1.5 may not hold.
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We will do that by considering a specific situation involving three obstacles

K1, K2, K3,

where the midpoint of any segment connecting two reflection points between the
obstacles K2 and K3 is outside the polygon P except the midpoint of the shortest
segment connecting the centers. I.e. the intersection of the angle, described in
Lemma 4.1.4, and the polygon P is just the midpoint of the shortest segment con-
necting the centers of the two obstacles. Then, we will design a periodic trajectory
with rotation vector outside the polygon P . The idea is to consider a periodic
trajectory which reflects on K1, K2 and K3 such that every reflection on K1 is
followed by many reflections on K2 and K3 repeatedly.

That is, after reflecting on K1 outside the convex hull of the two obstacles K2

and K3 the trajectory enters the convex hull of K2 and K3 and reflects many
times between the obstacles K2 and K3 until it gets close to the shortest segment
connecting their centers. Then, it will move slowly away from the shortest segment
until it, eventually, escapes the convex hull. Note also that, by definition and
Lemma 2.2.1, the rotation vector of this trajectory is the average of the reflection
points of the whole periodic block. Thus, if the length of the trajectory is large
enough, the contribution of the first and last reflection points (belonging to @K1)
to the calculation of the rotation vector is too small. Hence, the rotation vector is
inside the angle we mentioned above, and it is outside the polygon P .

a3 a2

a1

M1

M3

M2

S

Figure 4.2.1: Sector S is outside P .

In more details, assume that we have three circle obstacles Ki, i 2 {1, 2, 3} within
an open billiard. Let ai be the center of the obstacle Ki for all i such that the cen-
ters of the obstacles form a triangle with one angle greater than 135�, e.g. assume
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the angle \a3a2a1 > 135�. See e.g. Figure 4.2.1 (and Figure 4.2.2), where P =
the triangle M1M2M3 of the midpoints of the segments [a3, a2], [a3, a1], [a2, a1].
Let S be the sector in the plane with vertex M1 formed by two rays making 45�

angles with a3M1 and M1a2, respectively. Then the only common point of S with
P = 4M1M2M3 is M1.

a3

a2

a1

a4

Figure 4.2.2: Sector S is outside P .

First, consider two successive reflection points u, v in @K2 and @K3, respectively.
The midpoint M of the segment connecting u and v will be inside the sector S
by Lemma 4.1.4. Thus, M will be outside the polygon P , which is formed by the
midpoints of the shortest segments connecting the centers of the obstacles.

Assume that we have a periodic trajectory

⇠ = (...., 1, 2, 3, 2, 3, 2, 3, ...., 2, 3, 2, 3, 2, 3, 2, 3, 1| {z }
periodic block

, ....) 2 ⌃
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of period length n, where n is a very large number. Now, as stated above, the
midpoint of the segment connecting any two successive reflection points in @K2

and @K3 will be outside P except the midpoint of the shortest segment connecting
the two obstacles. And the two midpoints of the two segments connecting the
reflection points between @K1 and @K2 and @K3 and @K1 do not contribute much
to the calculations of the rotation vector. Thus, by Lemma 4.1.1, the rotation
vector of ⇠ will be outside P . Thus, the general rotation set contains the polygon
P (see the second paragraph of the proof of Theorem 4.1.5), but it is not equal to
the polygon P .
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