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Abstract

Primitive prime divisors play an important role in group theory and number theory. We study a certain
number theoretic quantity, calledΦ∗n(q), which is closely related to the cyclotomic polynomialΦn(x) and
to primitive prime divisors ofqn − 1. Our definition ofΦ∗n(q) is novel, and we prove it is equivalent to
the definition given by Hering. Given positive constantsc andk, we give an algorithm for determining all
pairs (n, q) with Φ∗n(q) 6 cnk. This algorithm is used to extend (and correct) a result of Hering which is
useful for classifying certain families of subgroups of finite linear groups.
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1. Introduction

In 1974 Christoph Hering [15] classified the subgroupsG of the general linear
group GL(n, Fq) which act transitively on the nonzero vectors (Fq)n \ {0}. In his
investigations a certain number theoretic function,Φ∗n(q), plays an important role.
It divides thenth cyclotomic polynomial evaluated at a prime powerq, and hence
divides|(Fq)n \ {0}| = qn − 1. It is not hard to prove that GL(n, Fq) contains an element
of orderΦ∗n(q), and every elementg of GL(n, Fq) whose order is not coprime toΦ∗n(q)
acts irreducibly on the natural module (Fq)n, c.f. [15, Theorem 3.5]. A key result
[15, p.1] shows that if 1< gcd(|G|, Φ∗n(q)) 6 (n+ 1)(2n+ 1), then the structure ofG is
severely constrained.

Our definition below ofΦ∗n(q) differs from the one used by Hering [15, p. 1],
Lüneburg [18, Satz 2] and Camina and Whelan [7, Theorem 3.23], who used the
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2 Primitive prime divisors and then-th cyclotomic polynomial [2]

definition in Lemma7(c). We show in Section3 that our definition is equivalent to
theirs and thatΦ∗n(q) could have also been defined in several other ways.

Definition 1. Supposen, q ∈ Z are such thatn> 1 andq> 2. Write Φn(X) for the
n-th cyclotomic polynomial

∏

ζ(X − ζ) whereζ ranges over the primitive complex
n-th roots of unity. LetΦ∗n(q) be the largest divisor ofΦn(q) which is coprime to
∏

16k<n(qk − 1).

Our definition ofΦ∗n(q) is motivated by the numerous applications of primitive
prime divisors, see [19] or [1, 14]. As our primary motivation is geometric, we will
assume later (after Section4) thatq is a prime power; before this pointq> 2 is arbitrary
unless otherwise stated. A divisorm of qn − 1 is called astrong primitive divisor
of qn − 1 if gcd(m, qk − 1)= 1 for 16 k< n, and aweak primitive divisor of qn − 1
if m∤ (qk − 1) for 16 k< n. By our definition,Φ∗n(q) is the largest strong primitive
divisor of qn − 1. A primitive divisor of qn − 1 which is prime is called aprimitive
prime divisor (ppd) of qn − 1 or a Zsigmondy prime (“strong” equals “weak” for
primes). DiMuro [9] uses weak primitiveprime powerdivisors orpppdsto extend
the classification in [14] to d/3< n6 d. Our application in Section7 hasd/46 n6 d.

Primitive prime divisors have been studied since Bang [2] proved in 1886 that
qn − 1 has a primitive prime divisor for allq> 2 andn> 2 except forq= 2 andn= 6.
Given coprime integersq> r > 1 andn> 2, Zsigmondy [22] proved in 1892 that there
exists a primep dividing qn − rn but notqk − rk for 16 k< n except whenq= 2, r = 1,
andn= 6. The Bang-Zsigmondy theorem has been reproved many times as explained
in [20, p. 27] and [8, p. 3]; modern proofs appear in [18, 21]. Feit [11] studied ‘large
Zsigmondy primes’, and these play a fundamental role in the recognition algorithm in
[19]. Hering’s results in [15] influenced subsequent work on linear groups, including
the classification of linear groups containing primitive primedivisor (ppd)-elements
[14], and its refinements in [1, 9, 19].

We describe algorithms in Sections4 and5 which, given positive constantsc andk,
list all pairs (n, q) for which n> 3 andΦ∗n(q) 6 cnk. The behaviour ofΦ∗n(q) for n= 2
is different from that for largern (see Lemma7(b) and Algorithm12).

Theorem 2. Let q> 2 be a prime power.

(a) There is an algorithm which, given constants c, k> 0 as input, outputs all pairs
(n, q) with n> 3 and q> 2 a prime power such thatΦ∗n(q) 6 cnk.

(b) If n > 3, thenΦ∗n(q) 6 n4 if and only if(n, q) is listed inTables1, 3 or 4. Moreover,
the prime powers q with q6 5000andΦ∗2(q) 6 24 = 16are listed inTable2.

In some group theoretic applications we need explicit information aboutΦ∗n(q)
when this quantity is considerably larger thann4, but we have tight control over the
sizes of its ppd divisors (each of which must be of the formin + 1 by Lemma5(c)).
We give an example of this kind of result in Theorem3, where we require that the
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ppd divisors are sufficiently small for our group theoretic application in Section7.
This motivated our effort to strengthen Hering’s result and we discovered two missing
cases in [15, Theorem 3.9]; see Remark4. We list in Theorem2 all pairs (n, q) with
n> 3 andq> 2 a prime power for whichΦ∗n(q) 6 n4; the implementations in [13] can
handle much larger cases likeΦ∗n(q) 6 n20. In Theorem3 we also require that the ppd
divisors ofΦ∗n(q) be small for our group theoretic application in Section7.

Theorem 3. Suppose that q> 2 is a prime power and n> 3. Then all possible values
of (n, q) such thatΦ∗n(q) has a prime factorisation of the form

∏4
i=1(in + 1)mi , with

06m1 6 3 and06m2,m3,m4 6 1 are listed inTable5.

The proof of Theorem2(a) rests on the correctness of Algorithms10 and 11
which are proved in Sections4 and5. Theorem2(b) and3 follow by applying these
algorithms. For Theorem3 we observe thatΦ∗n(q) 6 (n+ 1)3

∏4
i=2(in + 1)6 16n7 for

all n> 4, whereas forn= 3 only 2n+ 1 and 4n+ 1 are primes and againΦ∗n(q) 6
7 · 136 16n7. Thus the entries in Table5 were obtained by searching the output
of our algorithms to find the pairs (n, q) for which Φ∗n(q) 6 16n7 and has the given
factorisation. This factorisation arose from the application (Theorem13) in Section7.

Remark 4. The missing cases in part (d) of [15, Theorem 3.9] hadΦ∗n(q) = (n+ 1)2.
We discovered the possibilitiesn= 2, q= 17, and n= 2, q= 71 when comparing
Hering’s result with output of the Magma [6] and GAP [12] implementations of our
algorithms, see Table2.

2. Cyclotomic polynomials: elementary facts

The product
∏

16k<n(qk − 1) has no factors whenn= 1. An empty product is 1, by
convention, and soΦ∗1(q) = Φ1(q) = q− 1.

The Möbius functionµ satisfiesµ(n) = (−1)k if n= p1 · · · pk is a product of distinct
primes, andµ(n) = 0 otherwise. Our algorithm uses the following elementary facts.

Lemma 5. Let n and q be integers satisfying n> 1 and q> 2.

(a) The polynomialΦn(X) lies inZ[X] and is irreducible. Moreover,

Xn − 1=
∏

d|n

Φd(X) and Φn(X) =
∏

d|n

(X
n
d − 1)µ(d).

(b) If d | n and d> 1, thenΦn(X) divides(Xn − 1)/(Xn/d − 1)=
∑d−1

i=0 (Xn/d)i .
(c) If r is a prime and r| Φ∗n(q), then n divides r− 1, equivalently r≡ 1 (modn).
(d) For any fixed integer n> 1 the functionΦn(q) is strictly increasing for q> 1.
(e) Letϕ be Euler’s totient function which satisfiesϕ(n) = deg(Φn(X)). Then

ϕ(n) >
n

log2(n) + 1
for n> 1.



4 Primitive prime divisors and then-th cyclotomic polynomial [4]

(f) For all n > 2 and q> 2 we have qϕ(n)/4< Φn(q) < 4qϕ(n).

Proof. (a) The irreducibility ofΦn(X) ∈ Z[X] and the other facts, are proved in [10,
§13.4].

(b) By part (a) (Xn − 1)/(Xn/d − 1) equals
∏

k Φk(X) wherek | n andk ∤ (n/d). Since
d > 1, it follows thatΦn(X) is a factor in this product.

(c) If r | Φ∗n(q) thenr | (qn − 1) andn is the order ofq modulor, son | (r − 1).

(d) This follows from Definition1 becauseΦn(q) = |Φn(q)| =
∏

ζ |q− ζ | and|ζ | = 1.

(e) We use the formulaϕ(n) = n
∏t

i=1
pi−1

pi
where p1 < p2 < · · · < pt are the prime

divisors ofn. Using the trivial estimatepi > i + 1 we getϕ(n) > n/(t + 1). It follows
from 2t

6 p1p2 · · · pt 6 n thatt 6 log2(n). Henceϕ(n) > n/(log2(n) + 1) as claimed.

(f) Using the product formula forΦn(X) in (a) andµ(d) ∈ {0, −1, 1}, we see thatΦn(q)
equalsqϕ(n) times a product of distinct factors of the form (1− 1/qi)±1 with 16 i 6 n.
Since

∏∞
i=1(1− 1/qi) >

∏∞
i=1(1− 1/2i) = 0.28878· · · > 1/4 we get

qϕ(n)

4
< Φn(q) < 4qϕ(n).

Remark 6. Hering [15, Theorem 3.6] gives sharper estimates than those in
Lemma5(f). But our (easily established) estimates suffice for the efficient algorithms
below.

3. Equivalent definitions ofΦ∗n(q)

We now state equivalent ways in which to defineΦ∗n(q) whereq> 2 is an integer.
Because our motivation for studyingΦ∗n(q) arose from finite geometry, we assume after
the proof of Lemma7 thatq is a prime power. Observe that Lemma7(b) suggests a
much faster algorithm for computingΦ∗n(q) than does Definition1.

Lemma 7. Let n, q be integers such that n> 2 and q> 2. The following statements
could be used as alternatives to the definition ofΦ∗n(q) given in Definition1.

(a) Φ∗n(q) is the largest divisor ofΦn(q) coprime to
∏

k|n, k<n Φk(q).
(b) Let (q+ 1)2 be the largest power of2 dividing q+ 1, and let r be the largest

prime divisor of n. Then

Φ∗n(q) =



























(q+ 1)/(q+ 1)2 if n= 2,

Φn(q) if n> 2 andr ∤ Φn(q),

Φn(q)/r if n> 2 andr | Φn(q).

(c) Φ∗n(q) = Φn(q)/ f i where fi is the largest power of f:= gcd(Φn(q), n) dividing
Φn(q).
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Remark 8. For n> 2 the last paragraph of the proof of part (b) shows thatd :=
gcd(Φn(q),

∏

16k<n(qi − 1)) equalsf := gcd(Φn(q), n). Eitherd = f = 1 andr ∤ Φn(q),
of d = f = r andr | Φn(q). Thus, part (c) simplifies toΦ∗n(q) = Φn(q)/ f whenn> 2.

Proof. (a) We use the following notation wherem is a divisor ofΦn(q):

Pn =
∏

16k<n

(qk − 1), P ′n =
∏

k|n, k<n

Φk(q),

dn(m) = gcd(m, Pn), d ′n(m) = gcd(m, P ′n).

Fix a divisorm of Φn(q). We prove thatdn(m) = 1 holds if and only ifd ′n(m) = 1.
Certainlydn(m) = 1 impliesd ′n(m) = 1 asP ′n | Pn. Conversely, suppose thatdn(m) , 1.
Then there exists a prime divisorr of m that dividesqk − 1 for somek with 16
k< n. However,r | Φn(q) | (qn − 1) and gcd(qn − 1, qk − 1)= qgcd(n,k) − 1, sor divides
qgcd(n,k) − 1. Hencer dividesΦℓ(q) for someℓ | gcd(n, k) by Lemma5(a). In summary,
r | dn(m) impliesr | d ′n(m), sodn(m) , 1 impliesd ′n(m) , 1.

For any divisorm of Φn(q) we have shown that gcd(m, Pn) = 1 holds if and only if
gcd(m, P ′n) = 1. Thus the largest divisor ofΦn(q) coprime toP ′n is equal to the largest
such divisor which is coprime toPn, and this isΦ∗n(q) by Definition1.

(b) First consider the casen= 2. Now d := d2(Φ2(q)) = gcd(q+ 1, q− 1) divides 2.
Indeed, d = 1 for even q, and d = 2 for odd q. In both cases, (q+ 1)/(q+ 1)2
is the largest divisor ofq+ 1 coprime toq− 1. ThusΦ∗2(q) = (q+ 1)/(q+ 1)2 by
Definition1.

Assume now thatn> 2. Let d = gcd(Φn(q), Pn) wherePn =
∏

16k<n(qk − 1). If
d = 1, thenΦ∗n(q) = Φn(q) by Definition1. Suppose thatd > 1 andp is a prime divisor
of d. Then the order ofqmodulop is less thann, and Feit [11] calls pa non-Zsigmondy
prime. It follows from [21, Proposition 2] or L̈uneburg [18, Satz 1] that the primep
dividesΦn(q) exactly once, andp= r is the largest prime divisor ofn. Thus we see
that gcd(Φn(q)/r, Pn) = 1 andΦ∗n(q) = Φn(q)/r by Definition1. This proves (b).

To connect with part (c), we prove whenn> 2 thatd equals f := gcd(Φn(q), n).
Indeed, we prove Remark8 that eitherd = f = 1 and r ∤ Φn(q), or d = f = r and
r | Φn(q). If d = 1, thenΦ∗n(q) = Φn(q) and a prime divisorp of Φ∗n(q) satisfies
p≡ 1 (modn) by Lemma5(c) and hencep ∤ n. Thus f = 1 and r ∤ Φn(q) since
r | n. Conversely, suppose thatd > 1. The previous paragraph shows thatd = r
and r2 ∤ Φn(q). Thus r | f . Let p be a prime dividing f = gcd(Φn(q), n). Since
Φn(q) | (qn − 1), we havep | (qn − 1), and hencep ∤ Φ∗n(q) by Lemma5(c). Thus p
dividesPn by Definition 1, and hencep dividesd = gcd(Φn(q), Pn). However,d = r
and sop= r = f , and in this caser | Φn(q).

(c) By part (b) and the last paragraph of the proof of (b), Definition1 is equivalent
to Hering’s definition [15] in part (c).
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Remark 9. Whenq is a prime power, there is a fourth equivalent definition:
Φ∗n(q) is the order of the largest subgroup ofF×qn (the multiplicative group ofqn − 1
nonzero elements ofFqn) that intersects trivially all the subgroupsF×

qd for d | n, d < n.

Proof. The correspondenceH↔ |H| is a bijection between the subgroupsH of the
cyclic groupF×qn and the divisors ofqn − 1. Supposed | n. Note thatH ∩ F×

qd = {1}

holds if and only if gcd(|H|, qd − 1)= 1 asF×qn is cyclic. Thus there exists a unique
subgroupH whose orderm is maximal subject toH ∩ F×

qd = {1} for all d | n, d < n.

Hencem is the largest divisor ofqn − 1 satisfying gcd(m, qd − 1)= 1 for all d | n, d < n.
Sinceqn − 1=

∏

d|n Φd(q) andΦd(q) | qd − 1, we see thatm | Φn(q). It follows from
Lemma7 (a) thatΦ∗n(q) =m.

4. The polynomial boundΦn(q) 6 cnk

As we will discuss in Section5, the number of pairs (2, q) with q a prime power
satisfyingΦ2(q) 6 c2k is potentially infinite. We therefore deal here with pairs (n, q)
for n> 3. Given positive constantsc and k, we now describe an algorithm for
determining all pairs in the set

M(c, k) := {(n, q) ∈ Z × Z | n> 3, q> 2 a prime power, andΦn(q) 6 cnk}.

Algorithm 10. M(c, k)

Input: Positive constantsc andk.
Output: The finite setM(c, k).

10.1 [Definitions] Set s := 2+ log2(c), t := (s+ k)/ ln(2), u := k/ ln(2)2 and b :=
e1−t/(2u) and define forx> 3 the functiong(x) := x− s− t ln(x) − u ln(x)2 where
ln(x) = loge(x). Note thatg(x) has derivativeg′(x) := 1− t/x− 2u ln(x)/x.

10.2 [Initialise] Setn := 3 and setM(c, k) to be the empty set.
10.3 [Termination criterion] Ifn> b andg(n) > 0 andg′(n) > 0 then returnM(c, k).
10.4 [For fixedn, find all q] If g(n) < 0 and 2ϕ(n)−2 < cnk then computeΦn(X) and find

the smallest prime power ˜q such thatΦn(q̃) > cnk; add (n, q) to M(c, k) for all
prime powersq< q̃.

10.5 [Increment and loop] Setn := n+ 1 and go back to step10.3.

Proof of correctness. Algorithm 10starts withn= 3 and it continues to incrementn.
We must prove that it does terminate at step10.3, and that it correctly returnsM(c, k).
Note first that for fixedn the valuesΦn(q) are strictly increasing withq by Lemma5(d).
Thus it follows from Lemma5(e) and (f) that

Φn(q) > Φn(2)>
2ϕ(n)

4
= 2ϕ(n)−2

> 2n/(log2(n)+1)−2.
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Consider the inequality 2n/(log2(n)+1)−2
> cnk. Taking base-2 logarithms shows

n> (k log2(n) + log2(c) + 2)(log2(n) + 1)

= (log2(c) + 2)+ (k+ log2(c) + 2) log2(n) + k log2(n)2

= s+ t ln(n) + u ln(n)2

where the last step uses log2(n) = ln(n)/ ln(2) and the definitions in step10.1. In
summary, 2n/(log2(n)+1)−2

> cnk is equivalent tog(n) > 0 withg(n) as defined in step10.1.

The inequalities above show that the conditionsg(n) < 0 and 2ϕ(n)−2 < cnk, which
we test in step10.4, are necessary forΦn(2)6 cnk. We noted above that for fixedn the
values ofΦn(q) strictly increase withq. Thus (if executed for a particularn) step10.4
correctly adds toM(c, k) all pairs (n, q) for prime powersq such thatΦn(q) 6 cnk.

It remains to show (i) that the algorithm terminates, and (ii) that the returned set
M(c, k) containsall pairs (n, q) such thatΦn(q) 6 cnk. The second derivative ofg(x)
equalsg′′(x) = (t − 2u(1− ln(x)))/x2. Sinceu> 0 this shows thatg′′(x) > 0 if and only
if x> b= e1−t/(2u). Thusg′(x) is increasing for allx> b. Becausex grows faster than
any power of ln(x) we have thatg(x) > 0 andg′(x) > 0 for x sufficiently large. Thus
there exists a (smallest) integer ˜n fulfilling the conditions in step10.3, that is,ñ> b,
g(ñ) > 0 andg′(ñ) > 0. The algorithm terminates when step10.3 is executed for the
integerñ. To prove that the returned setM(c, k) is complete, we verify that, for all
n> ñ, there is no prime powerq such thatΦn(q) 6 cnk. Now, for all x> ñ, we have
x> b so thatg′(x) is increasing forx> ñ, and sog′(x) > g′(ñ) > 0, whenceg(x) is
increasing forx> ñ. In particular,n> ñ implies thatg(n) > g(ñ) > 0 and so (from our
displayed computation above), for all prime powersq,Φn(q) > Φn(2)> cnk. Thus there
are no pairs (n, q) ∈ M(c, k) with n> ñ, so the returned setM(c, k) is complete. �

5. Determining whenΦ∗n(q) 6 cnk

We describe an algorithm to determine all pairs (n, q), with n, q> 2 andq a prime
power, such that the valueΦ∗n(q) is bounded by a given polynomial inn, say f (n). For
n> 3 the algorithm determines the finite list of possible (n, q). For n= 2 the output
is split between a finite list which we determine, and a potentially infinite (but very
restrictive) set of prime powersq of the form 2am− 1 wherem6 f (2) is odd. Table2
lists the prime powersq6 5000 such thatΦ∗2(q) 6 16; we see that some proper powers
occur, though the majority of the entries are primes. For example, if Φ∗2(q) = 1 then the
prime powersq of the form 2a − 1, must be a prime by [22]. Such primes are called
Mersenne primes.

The setM(c, k) of all pairs (n, q) satisfyingΦn(q) 6 cnk is finite by Lemma5(f).
By contrast the set of pairs (n, q) satisfyingΦ∗n(q) 6 cnk may be infinite asΦ∗2(q) =m,
m odd, may have infinitely many (but highly restricted) solutionsfor q. Algorithm 11
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computes the following set (which we see below is a finite set)

M∗
>3(c, k) =

{

(n, q) ∈ Z × Z | n> 3, q> 2 a prime power, andΦ∗n(q) 6 cnk
}

.

Algorithm 11. M∗
>3(c, k)

Input: Positive constantsc andk.
Output: The finite setM∗

>3(c, k).

11.1 ComputeM(c, k+ 1) with Algorithm10.
11.2 Initialise M∗

>3(c, k) as the empty set. For all (n, q) ∈ M(c, k+ 1) with n> 3 check
if Φ∗n(q) 6 cnk. If yes, add (n, q) to M∗

>3(c, k).
11.3 ReturnM∗

>3(c, k).

Proof of correctness. We need to show that allM∗
>3(c, k) ⊆ M(c, k+ 1). This follows

from Lemma7(b) which shows thatnΦ∗n(q) > Φn(q) whenevern> 3. �

Case n= 2. We treat the casen= 2 separately as the classification has a finite part and
a potentially infinite part. Supposeq is odd andΦ∗2(q) = q+1

2a =m6 cnk wherem is odd
by Lemma7(b). Then solving forq givesq= 2am− 1.

If m= 1 thenq= 2a − 1 is a (Mersenne) prime as remarked in the first paragraph
of this section. Lenstra-Pomerance-Wagstaff conjectured [17] that there are infinitely
many Mersenne primes, and the asymptotic density of the set{a< x | 2a − 1 prime} is
O(log x). For fixedm with m> 1, the number of prime powers of the form 2am− 1
may also be infinite (although in this case we cannot conclude thata must be prime).
The set

M∗2(c, k) = {(2, q) | Φ∗n(q) 6 c2k andq is a prime power}

is a disjoint union of three subsets:

R(c, k) := {(2, q) | (2, q) ∈ M∗2(c, k) andq. 3(mod 4)},

S(c, k) := {(2, q) | (2, q) ∈ M∗2(c, k) andq≡ 3 (mod 4) andq not prime},

T(c, k) := {(2, q) | (2, q) ∈ M∗2(c, k) andq≡ 3 (mod 4) andq prime}

As the setT(c, k) may be infinite Algorithm12 below takes as input a constantB> 0
and computes the finite subsetT(c, k, B) = {(2, q) | q ∈ T(c, k) andq6 B} of M∗2(c, k).
Table2 hasn= 2 andq6 5000, so we inputB= 5000.

Algorithm 12. M∗2(c, k, B)

Input: Positive constantsc, k andB.
Output: The (finite) setR(c, k) ∪ S(c, k) ∪ T(c, k, B), see the notation above.
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12.1 Initialise each ofR(c, k), S(c, k), T(c, k, B) as the empty set.
12.2 Add (2, q) to R(c, k) whenq is a power of 2 withq+ 16 c2k.
12.3 Add (2, q) toR(c, k) whenq is a prime power,q≡ 1 (mod 4) and (q+ 1)/26 c2k.
12.4 For all primesp≡ 3 (mod 4) withp6 B and (p+ 1)/(p+ 1)2 6 c2k add (2, p)

to T(c, k, B). For all primesp≡ 3 (mod 4) (wherep6 c2k−1 is allowed) and all
oddℓ > 3 with

∑ℓ−1
i=0 (−p)i

6 c2k add (2, pℓ) to S(c, k) if Φ∗2(pℓ) 6 c2k.
12.5 ReturnR(c, k) ∪ S(c, k) ∪ T(c, k, B).

Proof of correctness. By Lemma 7(b), Φ∗2(q) = Φ2(q) = q+ 1 when q is an even
prime power andΦ∗2(q) = Φ2(q)/2= (q+ 1)/2 if q≡ 1 (mod 4). It is clear that
steps12.2 and12.3 find all pairs (2, q) ∈ R(c, k) with q. 3 (mod 4), and there are
finitely many choices forq.

Any prime powerq≡ 3 (mod 4) is an odd powerq= pℓ of a primep≡ 3 (mod 4).
Write q+ 1= 2am with m odd anda> 2, thenΦ∗2(q) =m. If q is a prime (2, q) ∈
T(c, k, B) if and only if q6 B andΦ∗2(q) 6 c2k, so step12.4 adds such pairs. This
is because, whenq≡ 3 (mod 4) andq6 B we have, by Lemma7(b), thatΦ∗2(q) =
(q+ 1)/26 B. Supposeq is not a prime, that isℓ > 1. Then we have the factorisation
q+ 1= (p+ 1)(

∑ℓ−1
i=0 (−p)i) where the second factor is odd and so dividesm. Since

2pℓ−2
6 pℓ−2(p− 1)<

∑ℓ−1
i=0 (−p)i

6m and we requirem6 c2k, we seepℓ−2
6 c2k−1.

Since there are finitely many solutions topℓ−2
6 c2k−1 with ℓ > 1 odd, S(c, k) is a

finitely set, and step12.4 correctly computesS(c, k). Finally, the disjoint union
R(c, k) ∪ S(c, k) ∪ T(c, k, B) is the desired output set. �

Proofs of Theorems 2 and 3. Theorem 2(a) follows from the correctness of
Algorithms 10 and11, and Theorem2(b) uses these algorithms with (c, k) = (1, 4).
Similarly, Theorem3 uses these algorithms with (c, k) = (16, 7). It is shown that in the
penultimate paragraph of the proof of Theorem13 thatΦ∗n(q) 6 16n7 holds forn> 4.
If n= 3 and 16 i 6 4, thenin + 1 is prime fori = 2, 4, and againΦ∗n(q) 6 7 · 136 16n7

holds. We then search the (rather large) output set for the pairs (n, q) for which
Φ∗n(q) has the prescribed prime factorisation. Magma [6] code generating the data
for Tables 1–5 mentioned in Theorems2 and3 is available at [13]. �

6. The tables

By Lemma5(c) the prime factorisation ofΦ∗n(q) has the form
∏

i>1(in + 1)mi where
mi = 0 if in + 1 is not a prime. It is convenient to encode this prime factorisation as
Φ∗n(q) =

∏

i∈I (in + 1) whereI is a multiset, and for eachi ∈ I the prime divisorin + 1 of
Φ∗n(q) is repeatedmi times inI = I (n, q). For example,Φ∗4(8)= 65= (4+ 1)(3 · 4+ 1)
so I (4, 8)= {{1, 3}} andΦ∗5(3)= 121= (2 · 5+ 1)2 so I (5, 3)= {{2, 2}}. To save space,
we omit the double braces in our tables and denote the empty multiset (corresponding
toΦ∗6(2)= 1) by ‘−’. All of our data did not conveniently fit into Table1, so we created
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subsidiary tables2, 3, 4 for n= 2, n= 6 andn> 19, respectively. Forn andq such that
Φ∗n(q) 6 n4 Tables1 and4 record in rown and columnq the multisetI (n, q). The tables
are the output from Algorithm11with c= 1 andk= 4.

Table5 exhibits data for two different theorems. For Theorem3 we record the
triples (n, q, I ) for which n> 3 andΦ∗n(q) has prime factorisation

∏

i∈I (i n + 1) where
I ⊆ {{1, 1, 1, 2, 3, 4}}. For Theorem13we also list the possible degreesc that can arise,
namelyc0 6 c6 c1.

n\q 2 3 4 5 7 8 9 11 13 17 19
2 Table2
3 2 4 2 10 6 24 20
4 1 1 4 3 1, 1 1, 3 10 15 1, 4 1, 7 45
5 6 2, 2 2, 6
6 Table3
7 18 156
8 2 5 32 39 150 2, 24
9 8 84 2, 8
10 1 6 4 52 1, 19 1, 33 118
11 2, 8
12 1 6 20 50 1, 15 3, 9 540 1, 93
13 630
14 3 39 2, 8 2, 32
15 10 304 10, 22
16 16 1, 12
18 1 1, 2 2, 6 287 4845
> 19 Table4

Table 1. Triples (n, q, I ) with Φ∗n(q) 6 n4 and prime factorisationΦ∗n(q) =
∏

i∈I (in + 1).

q 2 3 22 5 7 23 32 11 13 17 19 23 52 33 29 31
q 43 47 59 71 79 103 127 191 223 239 383 479 1151 1279 1663 3583

Table 2. Prime powersq6 5000 withΦ∗2(q) 6 24 = 16, see Remark4.
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q 2 3 4 5 7 8 9 11 13 16 17
I − 1 2 1 7 3 12 6 26 40 1, 2
q 19 23 25 27 29 31 32 41 47 53 59
I 1, 1, 1 2, 2 100 3, 6 45 1, 1, 3 55 91 1, 17 153 1, 27

Table 3. Pairs (q, I ) with Φ∗6(q) 6 64 and prime factorisationΦ∗6(q) =
∏

i∈I (in + 1) where−means{{ }}.

n\q 2 3 4 5 n\q 2 3 n\q 2
20 2 59 3084 33 18166 50 5, 81
21 16 34 1285 54 1615
22 31 3, 30 36 1, 3 14742 60 1, 22
24 10 270 4, 28 38 4599 66 1, 316
26 105 15330 40 1542 72 6, 538
27 9728 42 129 1, 54 78 286755
28 1, 4 1, 589 44 9, 48 84 17, 172
30 11 1, 9 2, 44 2, 254 46 60787 90 209300
32 2048 48 2, 14

Table 4. All (n, q, I ) with n> 19,Φ∗n(q) 6 n4, and factorisationΦ∗n(q) =
∏

i∈I (in + 1).

n q I c0 c1 n q I c0 c1 n q I c0 c1

3 2 2 4 13 1, 4 17 17 8 2 2 17 34
3 3 4 4 47 1, 3, 4 17 17 10 2 1 15 42
3 4 2 6 2 − 15 26 10 4 4 41 42
3 9 2, 4 6 3 1 15 25 12 2 1 15 50
3 16 2, 4 6 4 2 15 26 14 2 3 43 58
4 2 1 15 18 6 5 1 15 25 18 2 1 19 74
4 3 1 15 18 6 8 3 19 26 18 3 1, 2 37 73
4 4 4 17 18 6 17 1, 2 15 25 20 2 2 41 82
4 5 3 15 17 6 19 1, 1, 1 15 25 28 2 1, 4 113 114
4 7 1, 1 15 17 6 31 1, 1, 3 19 25 36 2 1, 3 109 146
4 8 1, 3 15 18

Table 5. For Theorem3 we list all (n, q, I ) wheren> 3 andΦ∗n(q) has prime factorisation
∏

i∈I (in + 1)
with I ⊆ {{1, 1, 1, 2, 3, 4}}. For Theorem13 we also list the possible degreesc wherec0 6 c6 c1 and in

this case we must haven> 4. Here− denotes the empty multiset.

7. An Application

Various studies of configurations in finite projective spaces have involved a
subgroupG of a projective group PGL(d, q) (or equivalently, a subgroup of GL(d, q))
with order divisible byΦ∗n(q) for certainn, q. This situation was analysed in detail by
Bamberg and Penttila [1] for the cases wheren> d/2, making use of the classification
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in [14]. In turn, Bamberg and Penttila applied their analysis to certain geometrical
questions, in particular proving a conjecture of Cameron and Liebler from 1982 about
irreducible subgroups with equally many orbits on points and lines [1, Section 8]. In
their group theoretic analysis Hering’s theorem [15, Theorem 3.9] was used repeatedly,
notably to deal with the ‘nearly simple cases’ whereG has a normal subgroupH
containing Z(G) such thatH is absolutely irreducible,H/Z(G) is a nonabelian simple
group, andG/Z(G) 6 Aut(H/Z(G)). Incidentally, the missing cases (n, q) = (2, 17) and
(2, 71) mentioned in Remark4 do not affect the conclusions in [1].

To study other related geometric questions we have needed similar results which
allow the parametern to be as small asd/4. We give here an example of how our
extension of Hering’s results might be used to deal with nearly simple groups in
this more general case where no existing general classificationsare applicable. For
example, there are several theorems about translation planes that include restrictive
hypotheses such as two-transitivity [3, 4, 5]. In order to remove some of these
restrictions, we require results similar to Theorem13 for all nearly simple groups.
For simplicity we now consider representations of the alternating or symmetric groups
of degreec> 15 withΦ∗n(q) | c! and, as we see below,c− 1> n> (c− 2)/4.

Theorem 13. Let G6GL(d, q) where G� Alt(c), Sym(c), for some c> 15, and
suppose thatAlt(c) acts absolutely irreducibly on(Fq)d where q is a power of the
prime p. SupposeΦ∗n(q) divides c! for some n> d/4. Then n> 4, d= c− δ(c, q)
whereδ(c, q) equals1 if p ∤ c, and2 if p | c, also c0 6 c6 c1, andΦ∗n(q) has prime
factorisation

∏

i∈I (in + 1), where all possible values for(n, q, I , c0, c1) are listed in
Table5.

Proof. The smallest and the second smallest dimensions for Alt(c) and Sym(c)
modules overFq are very roughly,c and c2/2 respectively. The precise statement
below follows from James [16, Theorem 7], where the dimension formula (∗) on p. 420
of [16] is used for part (ii). Sincec> 15, these results show that either:

(i) (Fq)d is the fully deleted permutation module for Alt(c) with d = c− δ(c, q), or
(ii) d > c(c− 5)/2.

In particular, sincec> 15 andn> d/4, we haven> 4. Sincen> 2 it follows
from Theorem 3.23 of [7] that Φ∗n(q) > 1 except whenn= 6 andq= 2. As the case
(n, q) = (6, 2) is included in Table5, we assume henceforth thatΦ∗n(q) > 1. Thus
Φ∗n(q) = rm1

1 · · · r
mℓ
ℓ

whereℓ > 1, eachr i is a prime, and eachmi > 1. Thenr i = ain+ 1
for someai > 1 by Lemma5(c), and sincer i divides |Sc| = c! we seec> r i . Let r be
the largest prime divisor ofΦ∗n(q), soc> r > n+ 1> d/4. In case (ii) this implies that
c> c(c− 5)/8 which contradicts the assumptionc> 15. Thus case (i) holds.

The inequalitiesc− 26 d andd 6 4n showain+ 16 c6 4n+ 2 and henceai 6 4.
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The exponentmi of r i is severely constrained. Ifai > 2, then

r i = ain+ 1> 2n+ 1>
d + 3

2
>

c+ 1
2
>

c
2
.

Thus the primer i dividesc! exactly once, andmi = 1. If ai = 1, then a similar argument
showsr i = n+ 1> d+4

4 >
c+2
4 >

17
4 > 4. The inequalitiesr i >

c
4 and r i > 4 imply that

r i divides c! at most three times, andmi 6 3. In summary,Φ∗n(q) divides f (n) :=
(n+ 1)3(2n+ 1)(3n+ 1)(4n+ 1). Sincen> 4, we havef (n) 6 16n7. All possible pairs
(n, q) for whichΦ∗n(q) | f (n) can be computed using Algorithm11 with input c= 16,
k= 7. The output is listed in Table5, and computed using [13].

For givenn and q the possible values forc form an intervalc0 6 c6 c1. Since
c− δ(c, q) = d 6 4n the entriesc0, c1 in Table5 can be determined as follows:c0 =

max(r, 15) wherer is the largest prime divisor ofΦ∗n(q), andc1 = 4n+ δ(4n+ 2, q). �

Acknowledgements We thank the referee for numerous helpful suggestions. The
first, third and fourth authors acknowledge the support of ARC Discovery grant
DP140100416.

References

[1] John Bamberg and Tim Penttila. Overgroups of Cyclic Sylow Subgroups of Linear Groups.
Communications in Algebra36 (2008), 2503–2543.

[2] A. S. Bang. Taltheoretiske Undersøgelser.Tidsskrift Math.(5) 4 (1886), 70–80 and 130–137.
[3] M. Biliotti, V. Jha, N. L. Johnson and A. Montinaro. Translation planes of orderq2 admitting a

two-transitive orbit of lengthq+ 1 on the line at infinity. Designs, Codes and Cryptography44
(2007), 69–86.

[4] M. Biliotti, V. Jha, N. L. Johnson and A. Montinaro. Two-transitive groups on a hyperbolic unital.
J. Combin. Theory Series A115(2008), 526–533.

[5] M. Biliotti, V. Jha, N. L. Johnson and A. Montinaro. Classification of projective translation planes
of orderq2 admitting a two-transitive orbit of lengthq+ 1. J. Geom., in press.

[6] W. Bosma, J. Cannon and C. Playoust. The Magma algebra system. I. The user language.J.
Symbolic Comput.24 (1997) (3-4), 235–265.

[7] A. R. Camina and E. A. Whelan. Linear groups and permutations. Research Notes in Mathematics,
118. Pitman (Advanced Publishing Program), Boston, MA, 1985.

[8] G. G. Dandapat, J. L. Hunsucker and Carl Pomerance. Some new results on odd perfect numbers.
Pacific J. Math.57 (1975), 359–364.

[9] Joseph DiMuro. On prime power order elements of general linear groups.J. Algebra367(2012),
222–236.

[10] D. S. Dummit and R. M. Foote.Abstract algebra.Third edition. Wiley & Sons, 2004. xii+932.
[11] W. Feit. On large Zsigmondy primes.Proc. Amer. Math. Soc.102(1988), 29–36.
[12] The GAP Group. GAP – Groups, Algorithms, and Programming, Version 4.7.7; 2015,

http://www.gap-system.org

[13] S. P. Glasby. SupportingGAP and Magma code,
http://www.maths.uwa.edu.au/∼glasby/RESEARCH

[14] R. Guralnick, T. Penttila, C. E. Praeger and J. Saxl. Linear groups with orders having certain large
prime divisors.Proc. London Math. Soc.78 (1999), 167–214.

[15] C. Hering. Transitive linear groups and linear groups which contain irreducible subgroups of prime
order.Geometriae Dedicata2 (1974), 425–460.



14 Primitive prime divisors and then-th cyclotomic polynomial [14]

[16] G. D. James. On the minimal dimensions of irreducible representations of symmetricgroups.
Math. Proc. Cambridge Philos. Soc.94 (1983), 417–424.

[17] Lenstra-Pomerance-Wagstaff Conjecture,http://primes.utm.edu/mersenne/heuristic.html.
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