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ABSTRACT 

 

The development of understandings in using and interpreting percentages is essential to 

meet the mathematical demands in the personal and working lives of most Australian 

citizens. Individuals can have a greater appreciation of data and make more informed 

decisions when they have an understanding of the relative size of fractional components 

and they can compare proportional amounts: a sound understanding of percentages 

facilitates this understanding. 

 

Percentages have been shown to be a difficult topic for teachers to teach and students to 

learn and the performance of Australian students can be much improved. Information 

that could support teachers in their planning of learning programs and that could inform 

their teaching of this important topic could result in better outcomes for students and 

society. Higher skills development could lead to greater achievement in higher level 

mathematics and better job prospects for more young Australians.  

 

A review of the research literature indicated that, although some skills appear to be 

mastered before others, no specific hierarchy for learning about percentages had been 

described. The purpose of this study was to research the possibility of constructing a 

developmental scale for describing this hierarchy and to identify its features. 

 

Based on the literature review, a hierarchical, developmental pathway for learning was 

proposed. For this hierarchy, skills were classed into different aspects including the use 

of models to represent percentages, knowing fraction equivalents, understanding key 

concepts about percentages and the determination of percentage change.  

 

An assessment instrument to test students’ skills, knowledge and understanding of 

percentages according to the proposed hierarchy of learning was constructed and piloted 

before being refined and used with secondary students in Years 7-10 in Western 

Australian Catholic Schools. About 500 students completed the final version of the test 

online and because of the explicit relative difficulties of item parameter estimates, Rasch 

measurement theory was applied to their responses. The students and their teachers were 

invited to respond to a short survey on content features of the test questions and the test 

administration. 
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Feedback from teachers and students indicated that the questions had content validity 

and could be used with confidence. The data also showed a satisfactory fit to the Rasch 

model. The relative difficulty estimates reflected a developmental scale which showed 

evidence of a progression of learning the skills and developing the understandings 

associated with percentages. The findings affirm much of the earlier research about the 

order in which students master their skills and understandings of percentages as well as 

providing greater detail of this developmental scale of learning about percentages. 

  

There is evidence that students in the early stages of development are visualising 

percentages as numbers rather than as proportions and their knowledge of percentages 

equivalent to common fractions was limited given expected curriculum exposure. 

However, given familiar numbers and contexts, these students demonstrated more 

advanced thinking in responding to challenging questions requiring them to work 

backwards with percentages to determine the original amount (base). Calculating 

percentage change and manipulating percentages in excess of 100 appear to be the most 

difficult concepts in the hierarchy of learning about percentages.  

 

Consolidation of concepts at the lower levels is essential for students to progress along 

the hierarchy described and an awareness of this developmental scale of learning about 

percentages can provide valuable information to teachers. 
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Chapter 1: INTRODUCTION 

 

1.1 Importance of Numeracy 

 

A study of Mathematics underpins the development of Numeracy which is crucial for 

people in their employment and their personal lives. In the Australian Curriculum 

(Australian Curriculum Assessment and Review Authority [ACARA], 2011), Numeracy 

is described as follows: “students become numerate as they develop the capacity to 

recognise and understand the role of mathematics in the world around them and the 

confidence, willingness and ability to apply mathematics to their lives in ways that are 

constructive and meaningful” (Description section, para.1). 

 

As society becomes more complex in all aspects of human activity, the need for higher 

levels of numeracy increases. Some of the factors causing this changing demand include 

the increasing sophistication of machinery, the expansion of investment opportunities 

and the rapid developments in technology and communication. Preliminary data for the 

2011-2012 Programme for the International Assessment of Adult Competencies 

(PIAAC), sourced from the Australian Bureau of Statistics (2013),  showed that over 

20% of adult Australians had not reached a level at which “calculation with whole 

numbers and common decimals, percents and fractions” was expected. Over 30% had 

not reached the level where tasks involved “working with mathematical relationships, 

patterns, and proportions expressed in verbal or numerical form; interpretation and basic 

analysis of data and statistics in texts, tables and graphs”. 

 

According to a paper prepared by the Australian Government Productivity Commission 

(2010), “Increasing literacy and numeracy skills had a positive, statistically significant 

effect on both labour force participation and hourly wages”. Over 60% of labourers and 

machinery operators were identified as being at the two lowest levels of skills 

development, whereas for managers and professionals, this was about 30% and 15% 

respectively. Wage rates are associated with development in literacy and numeracy; the 

greater the level of skill development the higher the hourly wage rate. It was also 

reported that 15% of the workers with numeracy skills at the lowest level, claimed that 

their maths skills were not sufficiently developed to do their jobs. 

 

The need in Australia for more skilled graduates in the area of mathematics is growing. 

In 2009, the vice-chancellors of the eight universities which make up the Group of 
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Eight, Australia, commissioned a review into higher education. Their report (Group of 

Eight, Australia, [Go8], 2009), highlighted the increasing demands for more university 

graduates in mathematics fields and yet, a decline in current graduation rates in these 

areas (e.g., engineering). They also discovered that the proportion of Australian students 

selecting advanced mathematics subjects in their final school year had decreased by 

27% since 1995: furthermore, there had been a 22% reduction in the proportion of 

students choosing the intermediate courses.  

   

The authors of the Maths Why Not Report (McPhan, Morony, Pegg, Cooksey & Lynch, 

2008) summarised the reasons why more students are not going on to study high-level 

Mathematics in their later school years. They claimed that many students found the 

work challenging and, while they saw the value of studying Mathematics, they did not 

believe that they had the required ability for high-level mathematics. Greater 

mathematical success in early secondary school would give students more confidence in 

their own ability to succeed at higher-level mathematics. Improving student numeracy 

would bring significant benefits for individuals and society in general. 

 

1.2 Relevance of Percentages 

 

A sound understanding of percentages is essential for students to develop the skills 

necessary for good adult numeracy. Percentages are used widely for reporting statistics 

to consumers, for example, wage increases, discounts on goods, interest rates on 

investments and nutritional components of foods. For people to be able to make wise 

decisions about what constitutes a lower interest rate, a healthier product, a better buy or 

a larger discount, it is essential that they have a good understanding of percentages, and 

the skills to identify and use them correctly in estimations and calculations. 

 

It is particularly important for students to understand the proportional nature of 

percentages; to realise that the percentage of an ingredient does not change as the total 

amount changes. Students also need to distinguish between a constant increase or 

decrease, and a percentage change. They should be able to estimate with percentages 

and have an intuitive awareness of the reasonableness of their answers to questions. For 

calculations involving estimations, knowledge of which fractions are equivalent to 

particular percentages make such estimations much easier. 
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1.3 Student Performance in International Numeracy Tests 

 

Results from international testing suggest there is room for much improvement from 

Australian students in the early secondary years. Data from the Trends in International 

Mathematics and Science Study (TIMMS) report, (Mullis, Martin, Foy & Arora, 2012,) 

indicated that only 9% of the Year 8 students reached the advanced international 

benchmark compared to 49% in Chinese Taipei, 48% in Singapore and 47% in Korea. 

In 1995, 33% of Australian Year 8 students reached the high international benchmark 

(one below advanced) and this fell to 29% in 2011. By comparison, 78% of Singapore 

students had reached this level in 2011. 

  

Each year, 15-year old students are selected to participate in the Programme for 

International Student Assessment (PISA) tests. This programme investigates the 

students’ capacity to “analyse, reason and communicate ideas effectively as they pose, 

solve and interpret mathematical problems ...” (Thomson, De Bortoli, Nicholas, 

Hillman & Buckley, 2011, p. 163).  While the mean score for Australian students in 

2009 was significantly higher than the mean for Organisation for Economic Co-

operation and Development (OECD) countries, there was a significant decline in 

national performance from PISA 2003 to PISA 2009 yet the OECD average had not 

shown a similar decline. The proportion of Australian students reaching the higher 

levels (Levels 5 and 6) of proficiency decreased from 20% to 16% over these six years 

and in Western Australia, there was a significant increase in the proportion of students 

who failed to reach Level 2 (14% in 2009); considered to be the lowest level of 

mathematical literacy proficiency. These data suggest a decreasing preparedness of 

young Australians to meet the mathematical demands of daily life and the workplace. 

   

1.4 Student Performance on Percentage Tasks in National Tests. 

 

Since 2008, students throughout Australia have taken part in The National Assessment 

Program – Literacy and Numeracy (NAPLAN), (ACARA, 2013) and the data relating 

to the performance of students in Years 3, 5, 7 and 9 have been made available to 

Catholic schools and to their education consultants, including this researcher. Using 

programs developed for the Catholic Education Office of Western Australia [CEOWA], 

(NuLit, NAPNuLit and Appraise), it has been possible to identify student performance 

in relation to particular questions, including those on percentages.  
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Some of the statistics from the lower secondary students throughout Australia are of 

concern. In NAPLAN 2009, 19% of Year 9 students could not calculate the number of 

slices left from the original eight after 25% of them had been eaten: this skill should 

have been developed in Year 7. Only 36% of Year 7 students and 52% of Year 9 

students could select the correct option for a question requiring them to deduct 15% off 

the $420 price of a bike even though they could use calculators to determine the answer. 

The incorrect options ($35, $63, $405) were easily eliminated by a basic understanding 

of percentages; one that should have been developed at this point in their learning.  

 

In NAPLAN 2010, 12% of the Year 9 students could not recognise that just over half of 

the area shaded in a pie chart was equivalent to 60%. This is surprising given the 

common use of pie charts to demonstrate the sizes of fractions, and the fact that this 

concept should have been covered at least two years earlier. In the same year, only 45% 

of Year 7 students selected 88% as the percentage equal to the fraction 44 out of 50; 

suggesting that many students do not see percentages as fractions out of 100. Given a 

choice of common percentages, 72% of the same student cohort recognised that 210 is 

between 25% and 50% of 480. These results indicate a link between the development of 

skills for using percentages and a growing knowledge of the equivalent fractions.  

 

In 2012, the percentage of Year 7 students who recognized that 4 out of 16 gigabytes 

was equivalent to 25% (rather than 4%, 34%, 40% or 75%) was 50%. In the same year 

both Year 7 and Year 9 students were asked if the percentage of red objects in a bag had 

increased or decreased after a blue one had been removed. Of the Year 7 students, 45% 

were correct and of Year 9 students, only 55%. 

 

1.5 Insight into Teacher Knowledge of Percentages 

 

In a volunteer study involving 92 practising and pre-service teachers of mathematics in 

Australia, Chick and Baratta (2011) investigated strategies that teachers used to help 

students link fractions and percentages. They asked participants to “write down three 

ways of convincing someone that three-eighths is the same as 37.5%” (p. 183). While 

82% of the participants could nominate at least one good response, fewer than 20% 

could provide three convincing methods and about a quarter of the teachers had one 

suggestion that was incorrect or unclear.  
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The methods suggested by the teachers were classified as computational, numerical and 

diagrammatic. Computational methods, which included standard algorithms accounted 

for 42% of the approaches and were deemed to have “little explanatory power”. 

Benchmarking was used in about 5% of suggestions: this involved working with known 

numerical relationships between percentages and fractions (e.g., 50% is a half) to 

determine the equivalence. About 18% of the responses included the use of visual or 

diagrammatic models with fewer than half of the models convincing. Considering that 

this skill is expected of students in their first year of secondary school and that 16 

participants were training to be secondary teachers, 40 were practising secondary 

teachers, 15 practising primary teachers and the remainder in their final year of training 

as primary teachers, these statistics are concerning. 

 

1.6 Curriculum Expectations in Western Australia 

 

In Western Australia, there has not been a mandated syllabus but there has been a legal 

requirement that all schools implement the Curriculum Framework (Curriculum 

Council, 1998). In the Framework documentation there are only three references to 

percentages: (a)  “Students read, write, say, interpret and use numbers in common use, 

including whole numbers, fractions, decimals, percentages and negative numbers”, (b) 

“They understand the relative magnitudes of numbers: for example, …, ‘30% off’ is not 

quite as good as ‘one third off’ …” and (c)  “They … recognise common equivalences, 

such as that one-fifth is the same as 
 

 
, two-tenths, 0.2 and 20%” ( p. 186). 

 

The advisory syllabus documents (Department of Education and Training, Western 

Australia, 2007) provided further elaboration of the skills and understandings that 

students should develop. In Year 7, students are expected to “compare and find 

equivalences for simple fractions and key percentages using a range of models, 

including number lines” (p. 1). In Year 8, students should know equivalent fraction, 

decimal and percentage representations. (e.g., 50% is a half, 12.5% is one eighth). They  

should be able to express one quantity as a percentage of another, mentally calculate 

percentages of quantities using common fractions and calculate percentages greater than 

100%.  Students in Year 9 should calculate percentage increase and decrease by 

adjusting the percentage (e.g., 110%) and students in Year 10 should use decimals to 

represent percentages greater than 100% (e.g., multiplying by 1.05 to increase an 

amount by 5%). 
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The National Statements of Learning (Ministerial Council on Education, Employment, 

Training and Youth Affairs (MCEETYA), 2006) that describe the skills and 

understandings to be developed by students in Years 3, 5, 7 and 9, and which currently 

form the basis for NAPLAN testing have more detailed references to percentages (see 

Appendix 1.1). Elaborations of the national statements (MCEETYA, 2006) provide 

even greater detail, for example, in Year 7 students should know that 0.375 is equivalent 

to 37.5%, that 1.666 … ≈ 167% and be able to calculate with percentages which are 

multiples of 10% and 25%.  These examples help to illustrate the extent to which 

students are expected to develop competence in their knowledge and use of percentages.  

 

The content descriptors in the Australian curriculum (F–10) are broad statements of 

expected learning; those relating to percentages are outlined in Appendix 1.2. 

Implementation of this compulsory curriculum is to be phased in over the next few 

years. Many schools in Western Australia have fully or partially implemented the state 

advisory syllabus and have now started to adopt this new national curriculum.  

 

1.7 Teaching Sequence  

 

A sequence for the teaching of percentages can be determined from the curriculum 

documents that inform the teaching of Mathematics in Western Australia. These 

documents, described in the previous section and summarised in Table 1.1, suggest a 

common sequence for teaching percentages from Years 6 to 10 although there are 

differences within particular years. Students are initially taught about percentages that 

have familiar fraction and decimal equivalents (e.g., 50%, 25%). They learn to use the 

fraction equivalents to (a) calculate the percentage components of amounts, (b) 

determine the new amount resulting from a percentage change, (c) express one quantity 

as a percentage of another, and (d) calculate percentage increase and decrease.  

 

As students learn more fractions, decimals and their equivalent percentages, they are 

able to use a greater variety of percentages for these four types of calculations. Then, for 

percentages which do not have recognisable fraction equivalents, students are taught the 

conversion methods for changing percentages to fractions and decimals, as well as the 

algorithms to use for calculating percentage components and percentage change. Using 

decimal and fractional multipliers for calculating percentage change is the final stage of 

this teaching sequence.   
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Table 1.1 Teaching Sequences for Percentages 

 W.A. State Syllabus   National Statements of 

Learning 

Australian Curriculum  

Year 

5 

No mention of 

percentages 

No mention of 

percentages 

No mention of 

percentages 

Year 

6 

Equivalences for simple 

fractions and key 

percentages using a range 

of models 

e.g. 
 

 
 is 0.6 or 60% 

Do not exist for this 

year group 

Equivalent fractions, 

decimals and 

percentages  

Calculate discounts of 

10%, 25% 50%. 

Year 

7 

Use multiples of 10% and 

25%. 

Know the decimal 

equivalents for unit 

fractions with 

denominators of 2, 3, 4, 5, 

8 and 10 to find 

percentage equivalents.  

Other conversions using 

calculators.  

Use multiples of 10% 

and 25%. 

Represent and order 

common fractions 

when expressed as 

percentages. Relate to 

decimals. 

Know that 0.375 is 

equivalent to 37.5%, 

that 1.666 … ≈ 167%  

Connect fractions, 

decimals and 

percentages and carry 

out simple conversions  

Find percentages of 

quantities. 

Express one quantity as 

a percentage of another. 

 Year 

8 

 Percentage increases and 

decreases. 

 Express one quantity as a 

percentage of another. 

  % Profit and % loss. 

 Percentages over 100%.  

Do not exist for this 

year group 

Percentage increases and 

decreases. 

Year 

9 

Convert between a variety 

of fractions, decimals and 

percentages.  

Percentage increase and 

decrease - by finding the 

amount of change and by 

adjusting the percentage 

(e.g., 108% ). 

Approximations of 

non-terminating 

decimals to the nearest 

percentage. 

Solve problems 

involving simple 

interest. 

Probabilities as %. 

Year 

10 

Greater than 100%  

e.g. Increases of 200%. 

As decimals (e.g., effect 

of multiplying by 1.08)  

Do not exist for this 

year group 

Compound interest 

formula as repeated 

applications of simple 

interest. 
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1.8 Purpose of this Research 

 

In the various curriculum documents (described in the previous section) which indicate 

the order in which concepts and skills associated with learning about percentages might 

be introduced to students, the teaching sequence over the years is relatively consistent. 

It is also very general and does not provide specific detail of concepts to be learned, nor 

does it describe a probable order in which students develop the understandings and 

skills necessary to estimate and calculate with percentages. Further to this, there is no 

indication in the research literature that, the general order for introducing content as 

indicated by these documents, reflects increasing learning difficulty and little research 

indicating the best pedagogical approaches for teaching percentages has been located. 

 

The purpose of this research is to provide evidence to identify a possible order in which 

students’ knowledge, skills and understandings for conceptualising and calculating with 

percentages develop. An examination of the research literature and an analysis of the 

data from student responses to questions will be compiled so as to identify the relative 

difficulty of the various understandings of percentages and of the skills required when 

using percentages in calculations. The findings will help develop teachers’ pedagogical 

content knowledge relating to percentages and provide information to support teachers 

when planning programs of work. This knowledge is needed given that (a) many 

teachers of mathematics are teaching outside their area of expertise (McConney & 

Price, 2009), and (b) percentages is considered a challenging topic to teach (Chick & 

Baratta, 2011; White & Mitchelmore, 2005). 

 

The research questions in this study relate firstly to the identification in the relevant 

literature of a possible hierarchy for learning percentages, and secondly, to the possible 

construction of a developmental scale to identify and describe this hierarchy.  
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Chapter 2: LITERATURE REVIEW 

 

2.1 Percentages 

 

2.1.1 Learning about Percentages 

 

Through general conversation and media exposure, students develop an intuitive sense 

of percentages before being exposed to any formal learning about them: An eight-year 

old child can be given a toy that, when placed in water, increases to 600% of its size or 

a five-year child can be taken shopping for shoes because they are reduced by 50%. 

Formal instruction on percentages begins with per cent meaning out of 100; 50% is a 

half and 25% is a quarter. The percentages are presented in terms of continuous area 

models (e.g., circles, rectangles) or discrete sets (i.e., numbers of objects) and the 

relationship between the part and the whole is described by Parker and Leinhardt (1995) 

as a proportional relationship. To appreciate this relationship, it is necessary to have a 

sound understanding of fractions and knowledge of their equivalent percentages: 

knowing that the percentage of an object or set of objects represents part of the whole, is 

essential.  

 

This concept of per cent to mean out of 100 can become confusing for students when 

they are asked to increase an object or set of objects by a percentage or to a percentage 

over 100. If presented in an abstract form, when there is no visual representation 

(model) to assist students, it may be difficult to make sense of the concept and thence to 

estimate or calculate an answer. This definition may also be confusing when referring to 

percentages that are less familiar and do not have well-known fractional equivalents, for 

example, recognising an approximation for 87% of 11. 

 

Greater comprehension is needed when percentages are used as numbers without any 

referents; these referents exist even if they are only implied, according to Parker and 

Leinhardt (1995). When it was announced that the national Medicare levy would rise 

from 1.5% to 2.0%, little mention was made that it was 1.5% of taxable income; the 

increase was described as a 0.5% rise and not a 33
 

 
% increase. Students in Years 7-10 

can be asked to state the fractional equivalent of 60%, or the percentage equivalent to a 

quarter without any reference to an object or amount.   
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Being able to calculate percentages of amounts would be easier for students if their 

understanding of the nature of percentages is sound. Knowing that finding 15% of an 

amount is the same as 10% plus 5% can provide an easier calculation than using an 

algorithm that is not well understood. However, it is also necessary to know that 

increasing an amount by 15%, is not the same as increasing the amount by 10% and 

then calculating a further 5% increase. Students need to appreciate the difference 

between fixed and proportional change to accurately calculate changes in percentages 

and proportions, as well as understand that when a mixture changes by a percentage, the 

percentages of the components of the mixture are conserved.   

 

Questions involving percentages often require the understanding and integration of 

many concepts as well as the ability to recognise appropriate solutions to questions. For 

many types of questions using percentages there are several ways by which solutions 

can be determined and the selection of appropriate and efficient methods places extra 

demands on student understanding.  

 

2.1.2 Difficulties in Learning about Percentages 

 

Several reasons why it is not easy for students to develop the skills and understandings 

associated with using percentages have been located in the research literature. These 

include (a) the use of poorly-understood algorithms, (b) the high level of abstraction and 

lack of models to support understanding, (c) the large number of knowledge elements 

needed to solve problems with percentages, (d) the use of problems with large and 

difficult numbers which mask the concepts associated with learning percentages, (e) the 

lack of exposure to probing questions that challenge student understanding, and (f) the 

misleading language used in reference to percentages.     

 

In a study of student achievement in percentages in Grades 5, 7, 9 and 11, Lembke and 

Reys (1994) found little difference in the test results of the students in Years 9 and 11, 

but a noticeable difference in the strategies used by the students. The Year 9 students 

had recently learned an algorithm which involved writing an equation, identifying the 

required variable, substitution and solving (e.g., 40% of what = 36 becomes 0.4x = 36). 

The Year 11 students had been taught the same method two years previously. Of the 

Year 9 students, 60% used the algorithm but only 49% of the Year 11s did; they tended 
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to use well-known fractions (benchmarks) extensively and successfully. The results 

suggest that the older students had not retained their learning of that algorithm.  

 

White and Mitchelmore (2005) developed a teaching program in which teachers were 

asked to teach percentages by getting students to explore familiar percentages, to 

recognise their use in specific contexts and to abstract meaning from these experiences. 

They reported that the teachers were uncomfortable with having to generalise and 

justify; some teachers adjusted the program by teaching a mechanical method rather 

than using the mental approach outlined in the experimental program.  

 

In a detailed investigation by Wright (2011) into the strategies used by Year 8 students, 

incorrect responses were mostly associated with speculative algorithms: for example, to 

express 9 as a % of 30, one student subtracted the 9 from 30 and another multiplied the 

two numbers. The author identified the large number of knowledge elements that need 

to be coordinated for success with percentages. Those listed in the study included 

fraction to percentage associations, identification of common factors, fractions as 

operators, estimation techniques and understanding of the conservation of rate and ratio. 

Tasks requiring the integration of many knowledge items can be quite complex, 

particularly for students still to master basic number facts. 

 

Van den Heuvel-Panhuizen, Middleton and Streefland (1995) conducted a study in 

which they asked the students to write and then solve easy and hard questions on 

percentages soon after they had studied the topic. The students were asked to explain 

why their problems were hard or easy and the results showed that the students thought 

that problems with pictures were likely to be easier while the harder problems had more 

words, contained large or awkward numbers, or involved reasoning backwards. 

 

In another study by Van den Heuvel-Panhuizen (1994), meaningful and informative 

problems were used to probe student understanding of percentages and to enhance the 

teaching and learning process. Instead of the traditional tests requiring knowledge of 

facts and procedures, students were offered problems requiring greater thinking, 

understanding and application of percentages. The meaningless answers to simple 

questions and the misconceptions revealed in the students’ responses were more 

informative than were available from traditional tests.  
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The extensive review of the educational research into percentages conducted by Parker 

and Leinhardt (1995) reported some of the common errors made by students. Students 

treated the percentage symbol (%) as a label which was dropped at will during a 

calculation and then reinserted anywhere within the problem; the percentage symbol 

was also replaced by a decimal point so that 7% became 0.7. Students used rules rather 

than rationalise the answer and randomly used operations based on multiplication 

tables, for example, for 8 = ?% of 32, students used 32 ÷ 8 and for 60 = ?% of 30, they 

responded with 50. Students were often not seeing % as being out of 100 and had 

difficulty transitioning to percentages greater than 100. Student difficulty increased 

when the calculations became more complex, the numbers became larger, or fractions or 

mixed numbers were used.  

 

The language of percentages is also problematic for students for three main reasons 

according to Parker and Leinhardt (1995). Firstly the conciseness masks the referent; 

there is a tendency to abbreviate statements and to assume the audience knows what has 

been omitted, for example, referring to unemployment rates of 8% or pay rises of 10%. 

Secondly, the use of “of” in percentages may contradict what students have learned in 

previous studies or seen in textbooks. Using of means multiply for “What % is 25 out of 

200?” may cause confusion and error. 

 

The third reason given by Parker and Leinhardt (1995) is the use of both multiplicative 

and additive language and constructs.  Students need to appreciate that an increase of $5 

followed by a $5 increase is $10 more overall, but an increase of 5% and then a further 

5% is not a 10% increase. Increasing by 20%, or determining 20% more than, sounds 

additive but involves multiplication and addition (find 20% and add it on) or, can be 

achieved by multiplication alone (multiply by 120%). Confusions can also occur 

between percent of, and percent more than, with the former sounding multiplicative and 

the latter sounding additive and yet multiplication is initially required for both 

calculations. 

 

Students might see the part-whole relationship when percentages are expressed as 

fractions, decimals or ratios in situations but it can be confusing, according to Parker 

and Leinhardt (1995), when percentages beyond 100 are introduced without any 

context. Giving more than 100% of what you have is not possible but ingesting more 

than 100% of the daily vitamin allowance is. Changing an amount by a percentage and 
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then appreciating the change as a percentage of the new total (e.g., a 25% increase 

becomes 20% of the new total) is not an easy concept for students to comprehend. Such 

relational changes and their associated worded descriptions are quite challenging for 

students and add further to the cognitive demands of solving problems with percentages. 

 

2.1.3 Supporting Improvements in Learning about Percentages 

 

Research to identify ways to improve student understanding about percentages has 

involved investigating the use of models, teaching methods, curriculum sequencing and 

knowledge of equivalent fractions. 

 

A program for teaching percentages using the proportional number line as a model was 

devised by Dole (2000); students were shown how to use the number line to represent 

the relative percentages and proportions and then to calculate the desired value using 

cross multiplication. The results suggested that the number line assisted the growth of 

the students’ conceptual understandings. Research by Gay and Achiele (1997) showed 

that students achieved better results when using continuous area models than when 

using discrete sets to represent percentages. Van Dijk, van Oers, Terwel and van den 

Eeden (2003) tested the theory that students learned more about percentages when they 

had to design their own models to illustrate and calculate with percentages than when 

the models were supplied. The results indicated that there was a significant increase in 

the post-test results for those who designed their own models but not for those supplied 

with models.  

 

White, Wilson, Faragher and Mitchelmore (2007) studied the effect of abstraction as a 

teaching method on student learning about percentages. The unit began with skills and 

concepts embedded into a context then the discussion focussed on the underlying 

abstract notions, so, moving from the contextual to the abstract.  White et al. (2007) 

found in the pre-test that students were familiar with problems using 10% and 50% and 

that the improvement in the post-test came with problems using 20%, 25%, 75% and 

90%. Such improvement was linked to the extended discussion generated by the lesson 

materials provided to teachers in the workshops on teaching by abstraction. 

 

Curriculum sequencing was investigated by Moss and Case (1999) when they exposed 

two groups of students to similar teaching programs but with different orders in which 
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rational numbers were introduced. The experimental group was introduced to 

percentages then decimals and finally fractions and this sequence was presented in 

reverse, the traditional method, for the control group. Operations on percentages by 

students in the experimental group included manipulation of the numbers from 1 to 100, 

building and decomposing the percentages, (e.g., 100 = 75 + 25) and halving. From the 

significant gain in the post-test results by students in the experimental group, the 

researchers concluded that the students had gained deeper understanding of rational 

numbers and greater proportional thinking than those in the control group. 

 

Lembke and Reys (1994) in their analysis of strategies found that only the younger 

students tended to use pictorial methods to solve problems with percentages and these 

were generally unsuccessful. Older students tended to use fraction methods or 

benchmarking: for example, knowing that if 50% of $48 is 24, then 25% is $12. 

Fraction methods, for example, finding a quarter when asked for 25%, were the third 

most widely used. From their analysis, the authors suggested teachers use benchmarking 

in the early stages of teaching about percentages and increase the complexity of these 

benchmarks as students progress. 

 

2.2 Hierarchy of Learning about Percentages 

 

2.2.1 Learning Hierarchies 

 

A developmental pathway describes the order in which students might learn new skills: 

this could be determined by identifying a continuum of performance of ability. On the 

continuum, skills occur in order of difficulty with the distance between them relative to 

the differences in difficulty. This continuum reflects the order and relative timing of the 

development of these skills.  

 

The concept of a learning hierarchy encompasses more than the idea of a developmental 

pathway. In learning hierarchies as described by Andrich (2002), students demonstrate 

increasing levels of competence in their learning of a concept. At each level of 

achievement, the student acquires new skills and understandings and is competent with 

the skills and understanding typical of achievement at the level below. By comparison 

with a developmental pathway, the learning hierarchy includes the increasing mastery of 

skills at lower levels as well as growth in skills at the current level.  
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Greater cognitive capacity of the construct, defined by Wu and Adams (2007) as the 

aspect being measured, is associated with higher levels on the hierarchy. According to 

Andrich (2002, p. 104), “At each level of scale, these constructs themselves can be 

thought of as continua on which a person can demonstrate more or less standing”.  

 

Andrich (2002) further elaborates on the general features of the scale when he describes 

the scale as made up of “different components” which may have qualitative or 

quantitative differences within and along the scale. For this study, the broad construct is 

that of students’ knowledge, skills and understandings of percentages, and while there 

are quantitative differences in performance along the scale, there can be qualitative 

components that together contribute to the changing performances. 

 

The purpose of this research is to identify a possible hierarchy of knowledge, skills and 

understandings associated with learning percentages. While the curriculum documents 

provide a general order in which students should be taught the understandings and skills 

for learning percentages, an overview of the research indicates the possible existence of 

a learning hierarchy for the acquisition of such understandings and skills. There are also 

indications that this learning hierarchy consists of different components. These relate to 

the students’ use of different models to represent percentages, knowledge of the fraction 

equivalents of percentages, calculation with different types and sizes of numbers, 

understanding the concept of a percentage, competence with types of questions, 

selection of strategies to perform calculations and determination of percentage change. 

 

2.2.2 Models Representing Percentages 

 

Gay and Achiele (1997) found that students achieved better results in questions where 

continuous area models were used to represent percentages than when discrete sets were 

used. In the study by Van den Heuvel-Panhuizen et al. (1995), the problems identified 

as being “easier” were those likely to contain pictures, and the harder problems were 

more descriptive. The results of the experiment conducted by Dole (2000) suggested 

that the use of the number line model assisted the growth of the students’ conceptual 

understandings. In a review of the literature to examine student understanding of models 

associated with learning equivalent fractions, Wong (2010) reported that the area model 

was the easiest for students and models using number lines posed particular problems.  
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These studies suggest that students might find it easier to solve problems with 

percentages when a visual model is provided and a continuous area diagram could be 

more helpful than a set of discrete items. Using a number line appears to be more 

beneficial than not having a model, but no research comparing the use of the number 

line with other models has been located.  

 

2.2.3 Fraction Equivalents 

 

From the research literature it appears that students initially develop understandings and 

skills for learning percentages through being taught to use the equivalent fractional 

forms of the percentages. The findings from the review by Parker and Leinhardt (1995)  

indicated that most students already know that 100% represents the whole of the amount 

when they first encounter formal teaching on percentages and that students soon 

become, or are already comfortable with adding up to 100%, and readily see 50% and 

25% as a half and a quarter respectively.  

 

In a study mentioned earlier, Gay and Achiele (1997) found that young students were 

successful in identifying 50%, 25% and 100% of models and amounts and when 

interviewed about their strategies, they linked the percentages to fractions, referring to 

halves and fourths to describe their responses to the questions. Results obtained by 

White et al. (2007) indicated that students were competent using 50%, 10% and 100% 

before 20%, 25%, 75% and 90%. The students described calculation of 10% as division 

by 10. Given the nature of the percentages with which students were most successful 

and the comments made by the students, it appears that students were generally using 

familiar fractions to determine percentage amounts. 

 

In their study into a hierarchy of learning about percentages, Callingham and Watson 

(2004) asked students in Years 3 to 10, “What is x% of Y?” At the lowest level of 

familiarity with percentages, as summarised in Table 2.1, students knew 100% as a 

whole and 50% as a half. At the next level, students were able to calculate 25% by 

determining a quarter and 10% of small multiples of 10.  Students then became 

proficient in determining 25% and 75% of multiples of 4 and 150% of even numbers 

less than 30. At the second highest level students could calculate 10% and 90% of small 

two-digit numbers. Success in calculations with percentages involving less familiar 

fraction equivalents was indicative of students at the highest level of this hierarchy. 
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Table 2.1 Six-level Hierarchy for Understanding Percentages 

  Adapted from Callingham & Watson (2004, p. 78) 

 

Level Skills and Understanding with Percent 

F Use percentages with less familiar fractions (e.g., 12 ½ %). 

 

E Calculates 10% and 90% of small 2-digit numbers. 

 

D Calculates 150% of even 2-digit numbers less than 30. 

Knows percentage equivalents for quarter and three quarters of whole 

number multiples of 4. 

 

C Can calculate 25% when number is a multiple of 10 and less than 100. 

Can calculate 10% of a small multiple of 10. 

 

B Knowledge of a whole. 

Only competent with 50% and 100%. 

Knowledge of 50% as a half 

 

A Has the concept of a half. No percentage learning identified. 

 

  

Results from these four studies indicate that understandings and skills relative to 

percentages develop in an order consistent with the increasing complexity of, and likely 

familiarity with, common fractions. A possible order starts with students seeing 100% 

as the whole, 50% as a half and then 25% as a quarter: Then follows competence in 

using 10%, then 75% and then multiples of 10%, before multiples of other percentages 

for which the equivalent simplified fractions are less familiar (e.g., thirds or eighths). 

 

2.2.4 Number Size and Type 

 

Van den Heuvel-Panhuizen et al. (1995) reported that students thought problems were 

hard if they contained large or awkward numbers. Calculating 25% of $35 was 

considered hard because it involved more than one step. Determining 5% of $245.50 

was classified as difficult because the problem was not “dealing with even numbers like 

$400 or $500” (p. 27). This study, along with those of Callingham and Watson (2004) 

and Parker and Leinhardt (1995), suggests that the development of skills in using 

percentages is related to developing number sense; in particular to growing recognition 

of multiples and factors as well as increasing familiarity with 2, 3 and 4-digit whole 

numbers, decimals and fractions. 
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2.2.5 Concepts of Percentages 

 

Some of the misconceptions about the nature of percentages as summarised by Parker 

and Leinhardt (1995) involved students (a) treating the percentage symbol as a label, (b) 

using the percentage symbol as a decimal point, (c) not seeing % as being out of 100, 

and (d) visualising percentages as a type of whole number. They reported the need for a 

deeper understanding of the language of percent including the ideas of percentages as 

operators, their dependence on the base (whole amount) and their nature in part/whole 

relationships. 

 

In the study by Gay and Achiele (1997), many middle years students reported using a 

calculator to decide if 87% of 10 was less than, equal to or more than 10 and yet they 

were quite confident calculating 50% and 25% of numbers. Baratta, Price, Stacey, 

Steinle and Gvozdenko (2010), reported that only 62% of over 300 Year 9 students 

knew that 29 out of 100 is the same as 29%.  

 

In the investigation by Van den Heuvel-Panhuizen (1994), students were shown two jars 

with the same type and composition of jam but with different volumes. The percentage 

of sugar was given for only one jar and students were asked to nominate the percentage 

of sugar in the other jar. Only 10% of students reported that the percentage was equal in 

both jars; many tried calculation methods to determine the answer. 

 

No research into a hierarchy of learning about concepts of percentages has been located 

but it is suggested that student understanding of the meaning of percentages changes as 

follows. Students initially see percentages as whole numbers because they are written 

like whole numbers, then as common fractions because they are taught to think of 

percentages as fractions (e.g., 50% means a half). They then conceive of percentages as 

fractions with a denominator of 100 and later see that percentages represent a proportion 

of a whole; they then come to appreciate that the percentage of the part is totally 

dependent on the base. Such understanding would be necessary before an appreciation 

of percentages greater than 100% is formed, and this would precede an understanding of 

the nature of percentages as scale factors or ratios. 
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2.2.6 Question Type 

 

Dole, Cooper, Baturo and Conoplia (1997) analysed the responses of lower secondary 

students to three different types of questions. Type I questions required students to find 

the percentage (e.g., Calculate 60% of 80), Type II questions required students to find 

the percent (e.g., What % of 80 is 40?) and in Type III questions students had to find the 

base (e.g., 20 is 25% of what number?). Students were placed in one of three categories: 

proficient if they could do all three types of problems, semi-proficient if only able to do 

Type I problems and non-proficient if unable to do any type of problem. Very few 

students were classified as proficient. Baratta et al. (2010) trialled these types of 

questions with 677 students at four different levels of complexity ranging from knowing 

the definition of percentages to finding the whole (e.g., given 10% = 4) to harder 

questions (e.g., 13.5% of 1294). Their results showed that students in both Years 8 and 

9 were more competent with Type I questions than with Type II, and with Type II than 

with Type III. This relative competency for Types I, II and III also occurred at each of 

the four different levels of difficulty.  

 

It is proposed that in the hierarchy of development that students become competent with 

Type I questions before Type II questions and then with these before Type III. 

 

2.2.7 Strategy Type 

 

Dole et al. (1997) investigated the strategies used for these three types of questions and 

found that no students automatically drew diagrams to seek a solution, semi-proficient 

students used a lot of benchmarking and students unable to do all three types of 

questions only tried algorithms. A greater variety of strategies was used by the 

proficient students. Benchmarking was used by the Year 11 students in a study by 

Lembke and Reys (1994) despite their having learned a more efficient algorithm in 

previous years: Year 9 students resorted to using that algorithm which they had recently 

learned and only the younger students used diagrams as a strategy.  

 

Baratta et al. (2010) found that students recognised correct and incorrect fraction 

strategies more readily than decimal ones.  About 54% recognised appropriate strategies 

for the Type I questions and 44% for both Type II and Type III questions.  
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It appears that the development of strategic knowledge for calculating with percentages 

depends on the type of question asked and the familiarity of the percent. It may initially 

involve the use of familiar fractions; benchmarking from familiar to unfamiliar 

percentages may follow. From there the student might master the unitary method (firstly 

calculate 1%) before fraction then decimal algorithms.  

 

2.2.8 Percentage Change 

 

Another possible aspect of the hierarchy involves calculating percentage increase and 

decrease and the suggested order is as follows. Firstly, students need to understand the 

difference between constant and proportional change (e.g., a rise of $5 and 5%) before 

appreciating the difference when the change involves successive increases or decreases: 

successive increases by $5 amount to a $10 increase but successive increases by 5% do 

not amount to a 10% increase. Calculation of 20% more than is initially easier to 

understand as multiplication and then addition (i.e., find 20% and add it on) and later 

students learn that it is quicker to do by multiplication alone (multiply by 120% or 1.2). 

Using percentages over 100% for these increases (e.g., calculate 200% more than) 

require a deeper understanding of the concepts and language of percentages.  

 

Development in calculating percentage change is likely to occur alongside a growth in 

the knowledge of strategies and in the range of percentages that the students can use. 

This growth should reflect the development of the aspects of the hierarchy described 

earlier and thus enable the skills for calculating percentage change to develop at greater 

depth at each level as well as to progress along a hierarchical pathway.  

 

2.2.9 Research Problem: Establishing the Hierarchy 

 

Based on an overview of curriculum documents and research literature, there is 

sufficient evidence to suggest a learning hierarchy associated with the development of 

understandings and skills related to learning percentages. This hierarchy, as described in 

the review of the literature, exists with regard to various aspects of students’ use and 

understanding of percentages. These aspects include (a) models representing 

percentages, (b) fraction equivalents, (c) number size and type, (d) concepts of 

percentages, (e) question type, (f) strategy type and (g) percentage change.  
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The questions then become: 

I Can a developmental scale to identify this hierarchy be constructed? 

II  What are the characteristics of a developmental scale for learning percentages? 

III      How is the proposed hierarchy, as determined from the literature, different from   

           that identified during the analysis of the data collected? 

 

2.3 Rasch Measurement Theory 

 

Rasch (1960) applied the concept and definition of measurement in the development of 

probabilistic models to measure children’s growth in reading. Applications of such 

models have allowed comparisons of data to be used to measure and classify 

performance in the social sciences. 

 

2.3.1 Research Involving Rasch Measurement Theory 

 

The use of Rasch measurement theory in mathematics education research is increasing 

as more people see the “value of Rasch measurement as a tool to reveal the growth of 

children’s learning and conceptual understanding” (Callingham & Bond, 2006, pp. 1-2). 

The ability to use Rasch model analysis to place persons and items on the same 

measurement scale “permits the identification and examination of developmental 

pathways, such as those inherent in the development of mathematics concepts”. 

Identification of these pathways of development can provide good empirical data on 

which one can recommend teaching practices that improve student learning. Rasch 

measurement theory has been used in mathematics education research including the 

students’ development of proportional reasoning and their learning about percentages. 

 

2.3.1.1  Research in General Mathematics Education 

 

A study by Linsell (2009) involved Rasch model analysis when 621 New Zealand 

students in Years 7 to 10 were presented with linear equations to solve and then 

interviewed on their strategies for solving the equations. The results suggested that two-

step equations are often solved by a guess-and-check method rather than an inverse 

method and that transforming the equation was the most difficult strategy for the 

students. The author proposed that the data indicated a hierarchy of sophistication of 
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strategies for solving equations and this ranged from a guess-and-check method to 

working backwards then to transformations.  

 

Rasch model analysis was used by Wu and Adams (2006) when they measured student 

ability in dimensions of problem-solving and developed a Mathematics problem-solving 

profile for students in Grades 5 and 6. The four dimensions were reading to extract 

information, making sense of the questions, identifying the mathematics needed to solve 

the problem and accurate computation. Identification of student profiles in problem-

solving could provide diagnostic data to support teacher planning of student learning. 

 

In a decade-long study reported by Watson, Kelly and Izard (2006), Rasch measurement 

theory was applied to the data from 5,514 students from Grades 3 to 11. By using 

“anchor values for the common items” (p. 43), the students were placed on the same 

scale with respect to their understanding of chance and data. The authors identified a 

six-level developmental pathway which is summarised in Table 2.2. 

 

Table 2.2 Developmental Pathway of Understanding of Statistical Literacy 

   Adapted from Watson et al. (2006) 

 

Level Statistical Literacy Skills and Understanding 

1 Read cells in tables, perform 1:1 counting tasks. 

 

2 One-step calculations, generally express intuitive beliefs e.g. probability. 

 

3 Provide qualitative rather than quantitative responses. 

Limited appreciation of content and context. 

 

4 Straightforward engagement with context. 

Manage simple means, probabilities and graphs. 

 

5 Appreciate role of variation in context. 

Question non-mathematically based claims. 

 

6 Critically question tasks and use proportional reasoning. 

 

  

Callingham and McIntosh (2001) applied a Rasch model analysis to their results and 

identified eight levels of competence with mental computation, ranging from success 

with facts to 10, to multiplication and division by 0.5 and adding simple unit fractions. 
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Their study of 1,452 responses to 238 questions for Grades 3 to 8 involved using a 

subset of items as an anchor file to enable comparisons across the grades; they fixed the 

level of difficulty of these items and allowed other item difficulties to be adjusted 

relative to these fixed values. Based on the results, they recommended “the 

multiplication and division relationship could be addressed at the same time in teaching 

rather than leaving division to a later grade” (p. 145); they also suggested an order in 

which to introduce multiplication tables to students. 

 

In a study reported by Siemon, Bleckly and Neal (2012), Rasch modelling was used to 

analyse the responses of nearly 3,200 students to questions on multiplicative thinking to 

further investigate the numeracy scale established in earlier work by Professor Siemon 

(p. 23). A Learning and Assessment Framework for Multiplicative Thinking with 8 

hierarchical zones ranging from count all strategies to the “sophisticated use of 

proportional reasoning’  was developed and the numbers of students at each zone within 

each of the years 4 to 8 were identified. 

 

In a project to monitor growth in numeracy, reported by Mulligan, Looveer and Busatto 

(2006), a Numeracy Assessment Instrument (NAI) was developed and trialled in 2001 

with 2,832 students from 51 schools in NSW. The NAI was then given to 1,900 students 

in 2002 for the purposes of creating a Numeracy Achievement Scale (NAS). Rasch 

model analysis was used to develop the NAS to measure student progress; the scale 

developed was independent of age and grade and could be used to measure growth over 

time. The NAS was used to measure numeracy growth in different schools; to identify 

which schools were implementing good numeracy strategies and which ones needed 

greater professional support. 

 

2.3.1.2   Research in Proportional Reasoning 

 

Watson, Callingham and Donne (2008) considered the responses of 1,205 students to 

questions on proportional reasoning in chance and data and classified them according to 

a scale previously established by two of the authors during Rasch modeling analysis. 

They reported (p. 566) on the difficulty, “regardless of context, for students to move to 

proportional reasoning”. They also concluded that ratios with multiples of 10 were 

much easier for students to recognise that those with non-integer (e.g., 1.5) multiples.  

 



Page  24  
 

In assessing students’ understanding of proportional reasoning, Misailidou and 

Williams (2003) used Rasch measurement theory to develop a diagnostic item bank and 

to scale student tests. This theory was used because “it measures one construct per 

variable” (p. 338), that is, it requires the presence of one dominant factor which is 

assumed to be the ability of the person: their construct was attainment of proportional 

reasoning. With data from 303 students aged 10–14, they suggested a five-level 

hierarchy of strategies used by students to solve problems involving proportional 

reasoning. For each level, they described common mathematical behaviours as well as 

typical errors, for example, at level 1, students could determine answers with single 

digit numbers where they multiplied by 2 or 3 or divided by 2.  At level 3 they could 

use larger numbers and fraction operations in unfamiliar contexts but still there was a 

tendency to use additive rather than multiplicative strategies. 

 

In a study involving 649 students, Wong (2010) investigated a pathway for students’ 

understanding of equivalent fractions. Using Rasch measurement theory, Wong 

developed, tested and refined an instrument for assessing this understanding and then 

used the instrument to define students’ skills at each level of achievement. Students at 

the lowest level were able to recognise half of simple area models and at level 2 to 

determine a simple fraction of an area model. At the highest level, students were able to 

identify 1¾ and name an equivalent fraction.  The results suggested that the “pathways 

of understanding are dependent on the size of the fraction quantity” (p. 238). 

 

2.3.1.3  Research in Learning about Percentages 

 

In a study on aspects of the multiplicative conceptual field with rational number, Long 

(2011) used Rasch measurement theory to develop a seven-level hierarchy of student 

understanding and skills. Further investigation of the four items testing competence 

with the use of percentages resulted in the items being placed at particular levels on the 

hierarchy: a summary is given in Table 2.3. Long identified and interviewed students at 

the same locations on the scale as the items on percentages (with a 50% chance of 

getting those items correct in the test).  Based on the analysis of what students could 

achieve, and what misconceptions they had, at each of the levels where the fraction 

items were located, advice for teachers was determined. 
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Table 2.3 Items on the Hierarchy of Knowledge of Percentages 

  Adapted from Long (2011) 

 

Level Item Student behaviour 

2 State the % equivalent to  
 

  
. Has only a fraction understanding 

of percentages. 

3 Determine the new price when an 

item rises 20% from 800 units. 

Requires ratio change as % increase 

or two-step problem with firstly a 

calculation of the increase to be 

added. 

4 Determine the % decrease going 

from 25 to 20. 

Requires more demanding 

interpretation of the task and 

correct identification of referent 

and fraction understanding. 

7 10 boys joined a club of 40 people 

where 60% were girls. What is the 

new % of girls? 

Requires identification of several 

items of information, calculation of 

the part of the whole and a change 

to the referent. 

   

 

In the study described earlier, Rasch modeling analysis had been used by Callingham 

and Watson (2004) in their identification of the six-level hierarchy as shown in Table 

2.1. They had investigated student responses to the questions What is x% of Y? 

 

The study reported in this dissertation uses Rasch measurement theory and analysis to 

further identify and describe a hierarchy of student learning about percentages. 

 

2.3.2 Benefits of Using Rasch Measurement Theory 

 

Several studies have referred to the benefits of using Rasch measurement theory to 

identify developmental stages of learning and thus plan for curriculum sequencing.  

 

Analysis using Rasch measurement theory “permits the identification and examination 

of developmental pathways, such as those inherent in the development of mathematics 

concepts as well as the developing capacities of students” and (can help us with the 

questions such as) “Is the sequence of mathematics curriculum appropriate?” 

(Callingham & Bond, 2006, p. 1). The “Rasch model can be advantageous in aligning 

curriculum sequence with mathematics learning, the exploration of dimensionality of 

particular constructs, the interpretation of interview-based data, and the assignment of 
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developmental stages” (Looveer & Mulligan, 2009, p. 2) and provides “insight for 

enhancing students’ progress along a continuum and for consolidating their mastery at a 

particular level on the continuum” (Andrich 2002, p. 114).   

 

Contributions from Humphry and Heldsinger (2007) and Wu and Adams (2007) have 

provided valuable insight into the language of measurement. Student ability cannot be 

observed directly; it can only be inferred by observations of performance. Hence, ability 

is described as a latent trait. To measure manifestation of ability, test instruments must 

be designed to ensure that the individuals are responding to questions about those skills 

and understandings that are directly related to such ability; in this case using and 

understanding percentages. It is not the students’ potential to learn about percentages 

that is being measured, rather their prior learning about percentages; for secondary 

students this would have mainly occurred during mathematics lessons at school.   

 

Using a Rasch model for the analysis provides a scale for both persons’ abilities and 

item difficulties: It is a conjoint scale in that both person ability and item difficulty are 

located on the same scale (Callingham & Bond, 2006). The measure is described by 

Bond (2003) as the “interval” type, rather than the “ratio” type: it is relative rather than 

absolute, so will vary when different tests are used. There is no origin on the scale and it 

is not appropriate to compare tests unless they are linked, for example, by having 

common items. When tests are the same or comparable, it is possible and valid to 

compare the performances of people noting their relative difference: It is also possible 

to determine the difference in the difficulties of the various items and place both person 

ability and item difficulty on the same continuum (Humphry, 2010).  

 

The extent to which the chosen items measure core mathematical constructs can be 

determined from the information available about relative item difficulty according to 

Callingham and Bond (2006). Wu and Adams (2007) remind researchers that in using a 

Rasch model analysis, it may also be possible to determine which items do not fit the 

model and hence are not giving information about the latent trait. Bond (2003) reports 

that the analysis can also be used to identify the need to add (or remove) items to a 

particular test because there is insufficient information about the latent trait at a point on 

the continuum.  

 



Page  27  
 

Knowing a person’s ability enables us to predict their likely success on an item without 

having to administer it (Wu & Adams, 2007). This enables tests to be constructed in 

such a way that not all persons need to do every item. If a sufficient number of test 

items are common between groups, tests can be “linked” and all persons placed on the 

same scale. This also applies for longitudinal testing where responses to items are 

collected over a period of years (Looveer & Mulligan, 2009); using the same scale over 

time allows growth to be determined. For the collection of data in this study not all 

students completed the same items but by having responses to a set of common items, it 

was possible to place all students on the same scale. 

 

Showing how well the test is targeted to a particular group of students is another benefit 

of using Rasch measurement theory. According to Humphry and Heldsinger (2007), 

“better targeting results in higher precision and greater effective separation between 

students … in traditional terms … in better reliability” (Chapter 5, p. 72). It is possible 

to identify any ceiling effect whereby the test does not provide opportunities for the best 

students to show their abilities; a similar case can be stated whereby non-achieving 

students do not demonstrate any learning on the test. A well-targeted test can be useful 

for measuring student learning and for providing data for reporting progress.  

 

2.3.3 Aspects of Rasch Measurement 

 

2.3.3.1 Rasch Measurement: Ideal Conditions 

 

Assessment Validity 

For a test of items to be a good measure of the latent trait, the information about the 

items needs to be accurate, valid and reliable. Humphry and Heldsinger (2007) describe 

assessment validity, a necessary condition for Rasch measurement, as follows: “An 

assessment is valid if the underlying ability results in performances that can be 

classified in a manner that meets measurement criteria”. This implies the production of 

accurate data and a scale that reflects the relative differences between performances.  

 

Andrich (2002) summarises Rasch’s articulation of invariance which is required for 

measurement validity: “The comparison between two stimuli should be independent of 

which particular individuals were instrumental for the comparison … and a comparison 

between two individuals should be independent of which particular stimuli … were 
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instrumental for comparison” (p. 117). For this project, the relative difficulties of the 

items should not be dependent on the ability of the persons responding to the items and 

the relative abilities of persons should be independent of the items used to compare 

them. Items can be compared without reference to the sample of persons completing 

them and persons can be compared without reference to the items that they completed. 

The “property of invariance is built into the Rasch model” and it “can be checked by 

comparing the data to the model” (Andrich 2002, p. 118).  

 

Model Fit 

Misfit of items to the model may be recognised when “observations deviate from 

predictions made by the model” (Long 2011, p. 221) and this can be due to students 

with low ability getting the item correct or students being incorrect when their ability 

suggests the item should be easy for them. Misfit needs to be examined in the light of 

the statistics available for the item, the question being asked and the purpose of the 

instrument. According to Callingham and Bond (2006), misfit of 5% of items or persons 

is not a concern; some valuable information for teaching might be learned from the data 

for that item, even though misfit to the model can be detected. Persons can “misfit” the 

model when they achieve extreme scores but as most tests have sufficiently large 

numbers of persons and many fewer items a reliable scale can still be established. It is 

appreciated that an item cannot fit or misfit the model on its own. Fit is evidence that 

the items are operating consistently with each other as summarised by a model, in this 

case the Rasch model. A misfiting item therefore, is not operating consistently with the 

other items, again as summarised by the Rasch model. 

 

Local Independence 

Items need to be independent according to Callingham and McIntosh (2001) and 

“responses of different persons to a single item and each person to all items are assumed 

to be statistically independent” (Andrich, et al., 2009b, p. 1). This local independence, 

which is needed for data to fit the model, can be violated in two ways according to 

Marais and Andrich (2008); either the scale is not unidimensional or there is statistical 

dependency between responses.  

 

Unidimensionality is a key feature of the underlying construct being measured when 

using Rasch measurement. It is described by Andrich, et al. (2009b, p. 1) as “all items 

assess the same trait and each item assesses a different aspect of that trait”. In this test 
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the trait or single attribute for measurement has been described as students’ skills and 

understandings associated with learning percentages. In designing the test, questions 

should be written so that each student response contributes to the information about the 

students’ ability to understand and to calculate with percentages. Other abilities being 

demonstrated include “reading and interpreting the questions, and understanding and 

using numbers” but these are dominated by the underlying construct. 

 

Pure unidimensionality is an ideal: Long (2011, p. 141) refers to Andrich’s description 

of unidimensionality as being a ‘relative rather than an absolute concept’ (Andrich, 

2006) and concludes that it is more important to ask “How unidimensional is the 

scale?”, rather than “Is the scale unidimensional or multidimensional?” The degree of 

unidimensionality is not indicated only by the data analysis but also in the design of the 

instrument and it is a question of the level of it, rather than its absolute presence. 

 

Statistical dependency between responses (response dependence) exists when a correct 

response to one item is a clue to, or prerequisite for, a correct response to another item 

or when a question is structured so “that an answer to one question logically implies the 

answer to another question”, Andrich et al. (2009b, p. 3). This can reduce the amount of 

information available about persons and may affect the accuracy of the results. 

 

2.3.3.2 Rasch Measurement: The Process 

 

The two estimates produced in the Rasch model analysis for dichotomous items are 

person location and item difficulty; these are placed on the same scale. Knowing a 

person’s location (ability estimate) enables the probability of that person performing 

correctly on an item with known difficulty to be predicted (Wu & Adams, 2007). For 

any one item, item difficulty (i.e., item threshold) is a location on the latent continuum 

where there is equal chance of being correct or incorrect (Humphry & Heldsinger, 

2007). Items are described as “dichotomous” when they are allocated one score or 

another; generally, 1 for a correct answer and 0 otherwise. Tests need to be 

unidimensional for which, according to Andrich (1988), individual differences can be 

mapped onto a single number line; thus the underlying construct consists of only the 

one variable.  
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Using a Rasch model analysis, items are calibrated first and item locations (difficulties) 

are estimated. Raw test scores achieved by participants are transformed to generate 

estimates for person locations or person abilities, with order based on the total score 

across common items between people preserved. Statistical and graphical data are then 

examined for fit of data to the model. Further tests can be used to evaluate the 

uncertainty of the person and item estimates. 

 

In mathematical terms, the relationship, adapted from Humphry (2010), can be 

described as follows: 

              
      

         
 

Where  

X is a random variable defining success or failure on an item 

P(Xni = 1) is the probability that the person is correct on the item 

    = person ability on the latent scale  

    = item difficulty on the same latent variable scale 

 

When     =       then P(Xni = 1) = 0.5 and person ability equals the item location. 

The more the measure for person ability exceeds the measure for item location, then the 

greater the probability that the person will get that item correct. The difference        

is expressed in logits, which are log odds and     
   

     
          .   

 

2.3.3.3  Rasch Measurement: The Output 

 

The software program Rasch Unidimensional Measurement Model, RUMM2030 

(Andrich, Sheridan & Luo, 2013) was used in this project for the Rasch analysis. An 

important output from this program is the Item Characteristic Curve (ICC) which 

models the probability of success on an item. The ICCs in Figure 2.1 show probabilities 

of success for three items of varying difficulty with the leftmost curve modelling the 

easiest item (Label I0003) and the rightmost curve the most difficult of the three 

according to the student performance (description adapted from Andrich, 2002, p. 111). 

The variable on the vertical axis is the probability that a person will get the item correct 

and on the horizontal axis is the person location (ability scale) expressed in logits. It is 

relevant to note that all curves are parallel and regardless of differences in difficulties, 

they do not intersect. 
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For any curve, item difficulty (location) is defined as the value on the horizontal axis 

where the probability of getting that particular item correct is 50%. For the easiest item, 

this is -1.42 as indicated by the left-most arrow pointing to the horizontal axis. Persons 

located respectively to the left and right of this point, have a probability less and more 

than 0.5, of answering the item correctly. 

 

Estimates of item and person locations are produced by the RUMM2030 software and 

estimates of the uncertainty of these location estimates are also produced: the latter are 

referred to as the standard error (SE). According to Humphry (2010) there is about 68% 

chance that the actual location of an item lies within one SE of the location determined 

in the analysis. The uncertainty for person locations tends to be larger than for items 

because there are more persons than items. 

 

Figure 2.1 ICC for Items 3, 13 and 66 

 

 
 

 

There is no provision in the Rasch model for guessing and according to Andrich, Marais 

and Humphry (2012), guessing on multiple choice items is a function of the difference 

between the proficiency of the person and the difficulty of the item. Guessing is more 

likely to occur by students of lower proficiency and on the more difficult items. One 

process for removing the effect of guessing was proposed by Waller (1973) cited in 

Andrich et al. and is referred to as a post hoc tailored analysis. 
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A post hoc tailored analysis involves the “removal” of all responses for persons with a 

low probability of getting the item correct and therefore a high probability of guessing. 

The probability of answering an item correctly is estimated by analysing the original 

data and obtaining person and item estimates. From these estimates, the probability of a 

correct response is calculated and if this is less than a specified value, the response is 

converted to missing. Most of the multiple choice questions provided four options so the 

specified value was set at 0.25. This analysis of responses with potentially guessed 

responses eliminated is referred to as a tailored analysis.  

 

In the tailored analysis, it is as if the items which are very difficult for a person, are not 

administered to that person. With the effect of guessing removed, item locations will 

increase for the more difficult items and remain the same for the easiest items and 

constructed response questions. The relative difficulties of the items will probably 

change. After a tailored analysis, all items need to have the same origin so that they can 

be compared; this is done during an analysis of all responses in which the origin is 

equated in the tailored analysis to be the same as in the original analysis. 

 

Other outputs from RUMM2030 include item and test statistics which indicate the level 

of misfit, the reliability of the test to separate persons of different abilities and the 

existence of dependence between items. Graphs showing observed scores compared to 

the values predicted by the model, and histograms indicating the level of targeting are 

produced by the software. Together these indicate the success of the model in producing 

a conjoint scale for person and item locations which can suggest a developmental 

continuum of learning.  
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Chapter 3: METHODOLOGY 

 

3.1 Design for Collection and Analysis of Data 

 

To investigate the hierarchy of learning, quantitative data were collected when students 

responded to questions on understanding and using percentages. Students had to select 

the correct answer for a mathematical calculation from a list of four to six choices 

(multiple choice), or, provide the correct numeric answer (constructed response) to a 

question. The test was given at the end of the school year, thus all students would have 

experienced a similar curriculum for percentages.  

 

An assessment instrument was developed: for each aspect of the hierarchy, a set of 

items was created to reflect the different stages of theoretical development. National and 

international tests as well as the research literature were used as sources of questions; 

such questions are extensively trialled and well written. For this study, the contexts 

were changed and the numbers were altered so that they were relevant for the students 

and mapped to the expected curriculum. Other questions were written and compiled by 

the researcher using the expertise gained in writing assessments for students in early 

secondary. A pilot study was conducted to trial the questions.  

 

Immediately after the questions on percentages, a series of statements designed to 

collect the students’ opinions of the test, were provided and students were asked to 

select true or false for each statement; thus, evidence of the dependability of the test 

could be collected. These statements related to the students’ regard for the subject and 

the topic, their ability to finish the test in the time provided, the clarity of the questions 

asked and the existence of guessing.  

 

An online survey, designed to collect opinions on the nature and conduct of the test, was 

offered to all the teachers of students participating in the research. Teachers were 

provided with a series of statements and asked to say if they agreed, disagreed or had no 

opinion. The statements related to the clarity of the test items, the ease of access to the 

test, the length of the test and students’ use of calculators (not allowed in the test).  

 

All co-educational Catholic schools in Western Australia with more than fifty secondary 

students in each of Years 7 to 10 were invited to take part in the study.  Of the schools 
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which accepted the invitation, one school requested to participate in the pilot study and 

four were randomly selected for the main study. The schools were located in a variety of 

socio-economic areas and had approximately equal numbers of girls and boys. 

 

Rasch modelling was used to analyse the students’ responses to the test items because a 

scale of competence in calculating with percentages could be produced, thus allowing 

stages of development to be identified. Such an analysis could place students and items 

on the same scale, provide ability estimates for each student and order items by relative 

difficulty (Callingham & Bond, 2006). This scale of increasing order of item difficulty 

and person ability would allow a developmental pathway to be identified and a learning 

hierarchy to be described. 

 

3.2 Ethical Considerations 

 

Ethics approval for this research was granted by the ethics committee of The University 

of Western Australia (UWA). The approval form, forms for inviting schools to 

participate, for providing information to students and for obtaining student consent are 

provided in Appendices 3.1–3.4. The data collection methods complied with the ethical 

requirements for studies involving people as outlined in the university’s policies. 

Permission was granted by the Director of Catholic Education in Western Australia to 

carry out this research in Catholic schools (see Appendix 3.5).  

At each stage of communication with students, teachers and parents, the voluntary 

nature of participation was emphasised and students were advised that they could 

withdraw permission at any time for their results to be used. Confidentiality and 

anonymity were assured with the promise that no school’s results or those of any 

student would be revealed to a third party without specific permission. 

 

3.3  Test Instrument 

 

To gather data about students’ skills and understanding of percentages, questions were 

designed and the test was created in online form. Forty minutes was the recommended 

completion time and calculators were not allowed. Different sets of questions were 

allocated to each year group, with ten questions common to all students. Each set 

covered all aspects of the hierarchy as outlined earlier (see section 2.2.9) and increased 

in difficulty from Year 7 to Year 10. The questions were chosen on the basis of the 
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content as outlined in the Teaching Sequences for Percentages (Table 1.1) and while 

some were challenging, all were within the expected curriculum for that year. The 

proposed test instrument was shown to three experienced educators of mathematics who 

were invited to comment on the design and the questions. 

 

3.3.1 Test Design 

 

The test consisted of 40 questions in total and students in each year group were 

allocated a subset of 25 questions. By having different questions for each group, all 

students could have a test on curriculum they should have experienced. This was 

necessary to ensure students remained confident and engaged for the duration of the 

test. Consequently, it was possible to offer questions that could challenge all students 

without being too easy for the students in the later years and too difficult for those in 

Years 7 and 8.  

 

Question types were varied, meaningful contexts were selected, and diagrams and 

pictures were used to make the test more attractive and to maintain student interest. The 

language of the questions was considered straightforward and familiar contexts were 

chosen to help students to understand the question and hence access the mathematics. 

Some questions had multiple parts and although the calculations were similar, parts 

were independent; getting one part correct was not necessary for being correct on 

another part. For the analysis, each part of a question was treated as a discrete 

dichotomous item. From the 40 questions, there were 71 items of which 27 were 

multiple choice and the remainder were classified as constructed response; for these the 

students only needed to enter easy numbers (not too many digits and no fractions). 

 

On entering their year of schooling on the test, students were directed to the subset of 

questions allocated to their year group. The questions for the students were as follows: 

Year 7, questions 1-25, Year 8, questions 6-30, Year 9, questions 11-35 and Year 10, 

questions 16-40. Questions 16-25 were common to students in all years, thus allowing 

the subsets to be linked and all items placed on a common scale.  Within each subset 

there were questions designed to capture student performance on each aspect of the 

hierarchy. To maintain student engagement throughout the test, questions within the 

subsets were placed in the hypothesised order of difficulty wherever possible. 
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Items were written to cover the five main aspects of the development hierarchy, that is, 

Models Representing Percentages, Fraction Equivalents, Concepts of Percentages, 

Question Type and Percentage Change. Many items could relate to more than one 

aspect but the aspect finally chosen was the one most relevant to the item. Items written 

to collect information about students’ development of number sense, Number Size and 

Type, were later deemed to be more relevant to one of the other aspects and so were re-

classified accordingly. Strategy Type was not used to classify items because insufficient 

information about student development could be gathered from this type of test; 

interviews and different types of questions would be needed.  

 

A summary of all aspects of the test design and a copy of the items is provided in 

Appendices 3.6-3.8. After an analysis of the data collected in the pilot study, minor 

adjustments were made and the test finalised. In making the test relevant to the 

curriculum and engaging for students, the number of questions on each aspect varied 

considerably. The following description summarises the final design for the main study. 

 

For the aspect, Models Representing Percentages, the first and seemingly easiest item 

related to the area model. Discrete models were used in Items 6 and 17; a number line 

was provided for Items 15 and 43 and referenced for Item 44. More challenging 

questions providing area models were provided in Items 33, 34 and 51. 

 

Another aspect, Fraction Equivalents, was tested with the less familiar fractions more 

common in questions for students in the later years. Knowledge of the percentage 

equivalents for given fractions was tested in several items (7-9, 21, 26-30, 46-50 and 

61-64). For the younger students the fractions were unit fractions and fractions with the 

familiar denominators of 4, 5, 10 and 100 and only a few of the less familiar ones such 

as one fiftieth and three twenty fifths.  For the older students some of the easier ones 

were included but fractions with denominators of 1,000 and 10,000 were also presented.  

 

Simple questions assessing student ability with Concepts of Percentages required  

knowledge of the use of the percent sign (Items 2 and 3), knowing that percent is out of 

100 (Item 31) and that the total is 100%, (Items 4, 10 and 32). The more complex 

questions on understanding the nature of percentages were Items 45, 66 and 69.  
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In testing student understanding of Question Type, students in each year were presented 

with items of all three types. Students were asked to calculate the percentage of an 

amount (Type I) in questions 9, 15 and 23 and in Item 59 (220% of $50). Questions 

were presented in the order of 50%, 25% and 10% to reflect the order of learning 

suggested in the literature. Testing ability to determine the percent when the part and the 

base need to be identified (Type II) occurred in Items 16, 35 and 71 and their order in 

the test was thought to reflect their order of difficulty. Type III calculations, where 

students had to determine the base, was tested at a simple level in Items 18, 19 and 20 

and in more complex ways in Items 37 and 68.  

 

Percentage Change is thought to be a difficult concept for students because it initially 

involves a two-step operation; calculating the change and then adjusting the original 

amount. Item 5 provided an easy question on this concept and Item 36 one of medium 

difficulty. Question 29 (Items 52 to 58) provided information about students’ 

recognition of strategies to calculate percentage increase which included multiplication 

by 115% and 1.15. Students needed to find the original value before the percentage 

change in Items 60 and 65 with working backwards from 120% in Item 65. Calculating 

a percentage of a percentage was the focus for both Items 67 and 70. 

 

3.3.2 Test Creation 

 

The ideas for individual questions came from a variety of sources including the 

researcher’s own teaching and assessment experience. Questions from external sources 

were adapted (contexts and numbers altered) rather than adopted. Most of the multiple-

choice questions had four options, one question had six and the others five.  Students 

would have experienced multiple-choice questions in NAPLAN tests and possibly in 

school assessments.  Multiple choice questions were written so that the correct answer 

was not so obvious and chosen because all others could be eliminated: plausible 

distractors to detect hypothesised misunderstanding were included in the choices. 

 

The contexts used were chosen according to the expected class experience of the 

students. These included using money, rectangles, triangles, number lines, arrays and 

bar graphs. Items describing the school environment (e.g., 16, 31, 35, 36, 37 and 40) 

were used to facilitate understanding of the question and situations were kept simple so 

as not to be too distracting from the focus on the mathematics. 
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One source of ideas for questions was the NAPLAN testing program. These questions 

have been designed by experts in the field, trialled and tested extensively. In this study 

questions from NAPLAN papers were the basis for Item 37 (2012, Year 9), Item 68 

(2010, Year 9), Item 51 (2010, Year 7), Item 69 (2012, Years 7 and 9) and Item 67 

(2008, Year 9). Another source of ideas was the Specific Mathematics Assessment That 

Reveals Thinking [SMART] tests (Stacey, Price, Gvozdenko, Steinle & Chick, 2012). 

The idea for Item 33 came from the SMART test Percentage Estimations Quiz A. 

During the review of the research, interesting questions were noted and considered for 

the final test. Items used included Item 6 and 32 (Gay and Achiele, 1997, p. 29), Item 

45 (Van den Heuvel-Panhuizen, 1994, p. 362), Item15 (Wong 2009, p. 85) and Items 

18-20 (Wong, 2009, p. 126). Items 35 and 44 were written with support from another 

teacher writing a Year 8 test on percentages. Items not adapted from these three sources 

(all other items not listed here) were written by the researcher. 

 

3.3.3  Test Administration 

 

Survey software (Qualtrics, 2013) was used for the online creation and administration of 

the test and collection of students’ responses: It was available under licence from The 

University of Western Australia. The software provided online tutorials on its use and 

the opportunity for ongoing testing of questions during the test formation. It supported 

the creation of the different types of questions required, that is, multiple choice and 

constructed response questions including True/False questions; questions could be 

grouped into blocks and skip logic used to support the allocation of different blocks to 

different year groups. The large number and size of the responses could be 

accommodated by the Qualtrics software. 

 

3.4 Pilot Study 

 

3.4.1 Conduct of Pilot Study 

 

To enable secure, accurate and reliable data to be collected for the main study, a pilot 

study was conducted to trial the proposed questions and the online administration 

process. Students would have had little experience doing online assessments, and while 

it is widely believed that students are confident users of modern technology, it is not 
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known if this also applies during online testing. Similarly, teachers would not have 

experience in supervising students doing tests online.  

 

Prior to the test, students were provided with information and consent forms (see 

Appendices 3.3, 3.4 and 3.9) and on the day of the test students received the link to the 

test website. The link, generated by Qualtrics (2013), was only opened during school 

hours. During class time, students entered their responses and these were downloaded 

on each of the two days that the pilot study was conducted.  

 

Conducting the pilot study provided an opportunity to check ease of access to the 

website hosting the test, security of data, time needed to complete the test, test legibility 

on the screen and the clarity of the instructions provided. Students and teachers were 

asked to provide feedback on the test and on the process for collecting the data.  

 

3.4.2 Outcomes from the Pilot Study 

 

There were no problems associated with school computing capacity, bandwidth, nor 

with the simultaneous downloading and data entry by multiple users. The school and 

hence students were able to choose their own technology; most of the Year 7 students 

used Ipads while those in Years 8 to 10 used personal computers.  

 

Students and teachers provided suggestions for improvements and comments on the 

test; these were considered for the revision of the test questions and the conduct of the 

test itself. Expected and actual responses were compared; ambiguous instructions and 

errors in questions and solutions were identified. The format of the online data collected 

was studied and its suitability for the proposed analysis was confirmed. 

 

3.4.3 Analysis of Data Collected During Pilot Study 

 

About 500 students participated in the pilot study and 232 students provided consent 

(see Appendix 3.10) so the information provided was considered valid and reliable. 

Their responses were analysed solely for the purpose of making improvements to the 

test instrument and the data collection process for the main study. Since the proportion 

providing consent was less than 50%, a fourth school was invited to participate in the 

main study so that sufficient data could be collected. 
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The feedback from the teachers and students is provided in Appendices 3.10 and 3.11. 

The test appeared to be an appropriate length but some questions were rewritten and 

access to the site was improved. Fractions were converted to jpeg files to improve the 

alignment of the text and sliders were replaced with constructed response questions. The 

instructions were amended to clarify expectations and to remind students to allow time 

for diagrams to load. All options for multiple choice questions were converted to 

vertical format following a request to present the test in a form familiar to the students. 

Further changes including the enlargement of key data, ensured that the text was less 

crowded and questions were easier to read and interpret.  

 

The collected data were checked for coding errors and to see if it was in the appropriate 

format for entry to the RUMM2030 program. Software errors in recording correct 

answers were discovered during this process and appropriate adjustments were made. 

Following this analysis, the data from the pilot study were put aside; only data collected 

in the main study were considered for further analysis and discussion. 

 

3.5 Refining the Test Instrument 

 

After the pilot study was conducted, the test instrument was reviewed and revised. 

Where there were low numbers of students who were correct on individual questions 

given the expected curriculum exposure, the questions were examined to see if other 

factors could have influenced these results. An example of this occurred when the 

students were asked to calculate the Goods and Services Tax (GST) of 10%. Instead of 

providing 10% of the amount given, many added the GST to the original price; the 

question was rewritten. Two constructed response questions were changed to multiple 

choice questions to ensure more accurate collection of data, for example, Item 15 which 

asked students to estimate a percentage using the number line. 

 

As some students had indicated the questions were unclear (see Appendix 3.10), all 

questions were re-examined. The contexts of some questions were made more familiar 

for students, for example, a question about the price of a jacket was changed so that the 

reference was to students sitting on the lawn. Questions were checked for simplicity of 

language and rewritten in shorter sentences or re-formatted if possible difficulties with 

interpretation identified.  
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For each question, the item number, the year groups completing the question and the 

aspect of the hierarchy covered, is listed in Appendix 3.6. The final column in that table 

shows the year by which the student should become competent with that item. Greater 

detail of the aspect of the hierarchy assessed in each question is provided in Appendix 

3.7 and the items themselves are provided in Appendix 3.8. 

 

3.6 Main Study 

 

3.6.1  Collection of Test Data  

 

Students participating in the main study were able to complete a small number of 

practice questions before the real test. Providing this practice allowed the students to 

test their technology and to develop familiarity with an online test environment; the 

questions were of the same types as those in the test itself and took about five minutes 

to complete. There were 359 students who took this opportunity; no analysis was 

performed on the data collected. 

 

For the main study, a blog was set up so that the students could access the test by 

entering a short and memorable url into their browser. The survey was activated on 

most days only during school hours and when it was not deactivated overnight, no-one 

accessed the survey. Four Catholic schools in the metropolitan area were selected for 

the main study and all students in each of Years 7 to 10 were invited to participate. 

Schools organised the timing of the test but were asked to conduct the test over as few 

days as possible. The tests were completed over a period of three weeks late in the year:  

teachers were asked to supervise the students as if they were sitting a test.  

 

The numbers of students participating (see Table 3.1) decreased from Year 7 to Year 10. 

Unfortunately, the percentage of students sitting the test but not providing consent to 

have their data used was quite high. The number of students from Year 10 was affected 

by their early departure and had not been considered when deciding the timing of the 

online test. The final number of tests for analysis was 494. 
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Table 3.1 Numbers of Participants by Year Group and Gender 

 Males Females  7 8 9 10 Total 

Sat the test 664 658  495 376 344 107 1322 

Provided 

consent forms 

(%) 

35% 40%  42% 40% 32% 36% 37% 

Number of 

tests for 

analysis 

231 263  211 152 109 22 494 

 

3.6.2 Analysis of Test Data 

 

Student responses were downloaded from the internet each day until the test site was 

closed. Duplicate records and records with missing student or school names, or school 

years were removed: very few records were removed for these reasons. The records for 

the 15 Year 9 students who had mistakenly completed the Year 10 test were also 

removed. Missing data were treated as if the students had not had exposure to the 

questions rather than as incorrect answers. This was necessary when not all students 

were offered all questions.  

 

For a test of fit, persons are classified into class intervals and the means of the responses 

in each class interval compared to the expected values as modeled by the ICC. When the 

item fits the model the observed means are close to the curve that models the probability 

of getting the item correct for the various person abilities as shown in Figure 3.1. Here 

the person location is divided into eight class intervals with the mean of the person 

estimates of these classes marked on the horizontal axis. The observed proportions 

correct for each class are represented by the black dots which are close to the curve that 

is modelling the expected probabilities. In Figure 3.1, observations for five of the eight 

classes align with the model and the other three are very close to it with the results for 

the lowest class slightly higher than expected and for two of the middle classes results 

are slightly lower than expected. Eight classes were initially set by the software and 

persons were allocated to classes so that there were approximately equal numbers of 

persons in each class.  
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Figure 3.1 Observed and Modelled Person Locations for Item 17 

 

 
 

With the later use of five (rather than eight) classes, item fit to the model was clear and 

the numbers of students of different grades in each class was better for comparison; the 

use of five classes was retained for the remainder of the study. 
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Chapter 4: RESULTS  

 

Introduction 

Of the data collected during the main study, those relating to the teachers’ and students’ 

opinions about the subject and the assessment were examined to identify any factors 

that might influence the validity of the data collected. The selection of the best estimates 

of item locations for further discussion was considered. An analysis to remove the 

effects of guessing on item locations was conducted. 

 

Data were examined to see how well item and person estimates fitted the Rasch model 

and to establish confidence in the development of the scale. Factors with the potential to 

affect item estimates were investigated and final estimates were determined. The item 

estimates were then mapped to the different aspects of the proposed hierarchy to 

identify any differences in difficulty within and between these aspects. 

 

4.1 Participants’ Opinions about Mathematics and the Test 

 

4.1.1 Feedback from Teachers 

 

Table 4.1 Teachers’ Opinions of the Test 

 

Opinions from 14 teachers No opinion Agree Disagree 

Students had difficulty using their technology. 0% 21%  79% 

Students were using calculators. 0% 14%  86% 

Students had difficulty accessing the site. 0%  29%  71% 

The test was too long.  8% 0%  92% 

Questions were inappropriate for this topic.  31% 0%  69% 

Some multiple choice lacked correct answers.  54% 0%  46% 

Some questions were vague. 15%  46%  39% 

Some diagrams were inaccurate.  46% 0%  54% 

The font on some questions was too small. 23%  8%  69% 

Some diagrams were too small. 30% 15% 55% 
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Fourteen teachers responded to statements about the test; their opinions are provided in 

Table 4.1. No details of the extent to which teachers agreed or disagreed with these 

statements were requested and no classes had been focusing on percentages in the 

month before the test. However, it is worth noting that teachers again thought the test 

was of an appropriate length and the clarity of questions had improved since the pilot 

study (see Appendix 3.11). These results provide supporting evidence of the 

dependability of the data and suggest the data can be interpreted with confidence.  

 

4.1.2 Feedback from Students 

 

Over 100 students in each of the Years 7–9 and 38 students from Year 10, commented 

on statements about the test (see Table 4.2). The statements were easy to understand and 

relevant for students, so their opinions were considered trustworthy and accurate. While 

many claimed not to like Mathematics as a subject, a considerable proportion do not 

like “percentages” and further research could indicate if this is related to the perceived 

difficulty of the topic or previous lack of success with related calculations.  

 

Students had time to finish the test so any incorrect responses near the end of the test are 

probably related to question difficulty rather than lack of completion. The extent to 

which students believed the questions were unclear was not investigated further. Details 

of the amount of guessing by each student, and of guessing on individual questions, 

were not requested. However, given the high proportion of students who claimed they 

guessed answers, it was decided that an analysis to remove the effect of guessing from 

item estimates was justified. 

 

Table 4.2 Students’ Opinions of the Test 

 

 Year (number of students) 

 

Year 7 

(211) 

Year 8 

(152) 

Year 9 

(111) 

Year 10 

(38) 

All 

(512) 

Had enough time to finish. 90% 95% 97% 95% 93% 

Like Maths. 56% 57% 54% 39% 54% 

Guessed some answers. 68% 69% 68% 84% 70% 

Thought the test was easy. 50% 61% 56% 47% 54% 

Some questions not clear. 64% 53% 54% 63% 59% 

Like the topic of percentages. 33% 41% 40% 29% 37% 

Studied this topic this term. 61% 59% 50% 55% 57% 

Using a personal computer.  95% 95% 96% 89% 95% 
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4.2 Testing the Fit of Data to the Rasch Model 

 

4.2.1 Summary Statistics 

 

The summary statistics from the RUMM2030 program are reproduced in Table 4.3. The 

mean estimate for person location is 0.818, nearly one logit higher than the arbitrary 

mean of 0 for item location. The higher mean estimate for persons was as expected; the 

test was written to allow Year 7 students to be spread out at the lower end of the scale 

while providing a challenge for the students in Year 10. The standard deviations for 

person and item locations are 1.4016 and 1.7957 respectively, confirming a larger 

spread for item locations than person locations. These results suggest that the test caters 

well for the range of ability of the students. 

 

The mean of the Fit Residuals for both items and persons, according to Andrich, 

Sheridan and Luo (2009a, p6), should be about 0 and the standard deviations about 1 if 

the “data accord with the model”. Both means are negative (see Table 4.3) but close to 0 

and the standard deviation for item residuals is high (1.865) and for persons is 1.015. 

These statistics, and the low Chi Square probability (0.000), suggest item misfit which 

is one indication of how well the data fit the model; other evidence needs to be 

considered.  

 

Reliability indices are described by Bond and Fox (2007, p. 311) as “estimates of the 

replicability of the person or item placement” on the scale. If similar items were given 

to the same sample of people, or the same items were given to a group of people with 

similar ability, then these indices can indicate this replicability with values close to 1 

and over 0.7 indicating high reliability. Examples include separation indices which are 

described by Humphry and Heldsinger (2007, p. 87) as “estimates of the proportion of 

total variation among the measurements that are genuine” (estimates consist of true 

scale locations and measurement error). One such index, the Person Separation Index 

(PSI), according to Bond and Fox (2007), estimates the spread of persons on the 

measured variable which in this case is student understanding and calculation with 

percentages. It is a measure of confidence in there being sufficient items to spread 

person ability along the continuum and therefore is a measure of confidence that the 

item locations indicate a hierarchy of ability. For this project, the PSI is 0.911, thus the 

power to detect misfit is considered excellent. 
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Table 4.3 Summary Statistics from Rasch Analysis of Test Data 

 

SUMMARY TEST-OF-FIT STATISTICS – ORIGINAL ANALYSIS 

ITEM-PERSON INTERACTION 

 ITEMS (N=71) PERSONS (N=494) 

 Location Fit 

Residual 

Location Fit Residual 

Mean 0.000 -0.228 0.818 -0.210 

Standard 

deviation 

1.796 1.865 1.402 1.015 

     

ITEM TRAIT INTERACTION 

Total Item Chi Square 733.933   

Total Degrees of Freedom 284   

Total Chi Square Probability 0.000   

    

RELIABILITY INDICES 

Person separation Index  0.911   

 

 

4.2.2 Targeting of Test 

 

For a test to provide relevant information about student performance it needs to be well 

targeted to the population and this, according to Andrich et al. (2013) means that the 

distribution of person estimates matches the range of item estimates. The Person-Item 

Location Distribution for the sample of participants in this study is provided in Figure 

4.1 and shows that the person and item locations start and end at about the same values.  

The frequencies of students at each interval of person location and the number of items 

for each interval of item location are graphed. There are persons and items in most 

classes where the mean estimates lie between -3 and 3. The small number of items in 

the range of 3 to 5 logits might be limiting the information available from persons in 

that range of ability but as the ability level is quite high there and the number of persons 

is small, the interpretation of the data relative to the hierarchy of conceptual 

development is still possible. The information portrayed in Figure 4.1 indicates that the 

test is well-targeted and provides adequate information about the continuum of student 

performance and the range of item difficulties. 



Page  48  
 

Figure 4.1 Person-Item Distribution 

 

 
4.2.3 Item fit 

 

Item Characteristic Curves 

Before attempting any further interpretation of the results, it is necessary to investigate 

the estimates for item location and see how well they fit the Rasch model. An inspection 

of the ICC is one method for testing item fit. Items will show a close fit to the model 

when the proportion of the observed scores is close to the curve (see Figure 3.1). Items 

which do not fit the model show observed proportions deviating from the curve 

modeling the expected proportions of correct answers at each class mean; the two most 

extreme examples of this deviation are shown in Figure 4.2. 

 

Figure 4.2 Items Not Fitting the Rasch Model 
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Item 21 is said to “under-discriminate”; the observed proportions in each class interval 

do not follow the curve closely and do not vary greatly from one class to the next; the 

gradient of the change in the observed values is lower than that expected according to 

the model. By contrast, Item 40 is said to “over-discriminate” because the gradient is 

higher than the curve modeling the expected value.  

 

Item Fit Residuals 

One statistic provided by the RUMM2030 program is the Item Fit Residual which 

theoretically, as explained by Andrich et al. (2009a) has a mean of 0 and a standard 

deviation of 1; here the mean is -0.228 and the standard deviation is 1.865. For both 

under-discriminating and over-discriminating items, the Fit Residual has a high 

magnitude which is positive for under-discriminating items and negative otherwise. An 

“acceptable” range for this index is -2.5 to 2.5 according to Humphry (2010). The Fit 

Residual for all items is shown in Figure 4.3 and the three items with values exceeding 

2.5 are Items 21, 56 and 57 and the items with values less than -2.5 are Items 19, 27, 28, 

32 and 40-42. The items with the highest and lowest Fit Residual are those shown in 

Figure 4.2, that is, Items 21 and 40 respectively. 

 

Figure 4.3 Fit Residuals for All Items in the Original Analysis 
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Probability of Chi-square 

One Item-trait interaction test of fit considers the means along the continuum and their 

closeness to the theoretical values based on the model; it involves the calculation of the 

item chi-square statistic. This test of fit between the data and the model is better used to 

identify which items have much larger misfit values than others and so is best used as an 

order statistic according to Andrich et al. (2009a).  For each item, the probability of the 

chi-square value indicates the likelihood that the item fits the model; that is, the item is 

operating consistently with the majority of other items as predicted by the model. 

Hence, if the observations are quite different to the curve, the chi-square value is large 

and its probability is small, thus indicating poor fit. This is a very general test and “will 

not pick up specific violations of the model” (Andrich et al., 2009a, p. 22). Of the 71 

items, 11 recorded high chi-square values and low probabilities (p<0.01). 

 

Standard Error of Measurement 

One statistic indicating the degree of uncertainty of the estimate for item location is the 

standard error of measurement (Humphry and Heldsinger 2007); it gives a range of 

values within which the estimate is likely to occur 68% of the time. For a 95% 

confidence interval, the item difficulty would lie within 1.96 standard errors of the 

location estimate. The standard error tends to be greatest when the information about the 

item is low. Figure 4.4 shows the relationship between item location and standard error. 

Of all the items, standard error was high in two items only done by Year 7 students and 

four items only done by Year 10 students.  

 

Figure 4.4 Standard Error and Location for each Item 
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Distractor curves 

In multiple choice questions, the incorrect options are generally referred to as distractors 

because they attract the reader away from the correct answer. The RUMM2030 program 

enables an effective study of distractors by providing distractor curves which show the 

observed proportions of each response to the multiple choice questions at each class 

mean. An analysis of the proportions of distractors chosen by students could reveal 

misconceptions which may be responsible for delaying development in some aspects of 

the hierarchy. It may also reveal the presence of guessing which is suggested when the 

proportion of persons being correct is higher than expected as modeled by the ICC.  

 

Figure 4.5 Proportion correct at each class interval for Item 21 

 

  

 

Figure 4.6 Proportion correct at each class interval for Item 60 
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The distractor curves for some items (Items 21, 60 and 15) are shown in Figures 4.5 to 

4.7. The graphs in Figures 4.5 and 4.6 show that the proportion of students with 

proficiencies below approximately 0.5 who scored correctly on these items, is greater 

than that predicted by the Rasch model. As well, the proportions of students with ability 

estimates above 0.5 who scored correctly on these items, is lower than predicted.   

 

At the lower end of the ability range, guessing is suggested when there are equal 

proportions of students selecting each of the multiple choice options. This can be seen 

in the distractor curve for Item 15 (Figure 4.7); one option has been rejected and the 

other three are equally attractive to students of lowest proficiency resulting in a greater 

proportion of students being correct on this item than is predicted by the model. 

 

Figure 4.7 Proportion correct at each class interval for Item 15 

 
 

Removing the effect of guessing from item estimates  

An analysis described by Andrich et al. (2012) to remove the effect of guessing from 

item estimates was conducted. Firstly a tailored analysis on the multiple choice items 

only: the responses of all persons with a probability of <0.25 of getting these items 

correct were removed and their data scored as missing responses. The value of 0.25 was 

chosen because the majority of multiple choice items had four options from which the 

students could select their response. The estimates from the tailored analysis and the 

original analysis of the complete data set cannot be directly compared because the 

different analyses each have their own origin. The origin of the tailored analysis was 

therefore adjusted to be the same as the original analysis and this analysis is called the 

tailored-origin anchored analysis. The mean of the locations of the six easiest multiple 

choice questions from the tailored analysis was constrained to be the same as the mean 

of this subset of items in the original analysis.  
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The new mean estimate for item location in the tailored analysis was 0.145 and the 

standard deviation 1.93; for person location the mean had increased from 0.818 to 0.922 

and the standard deviation increased from 1.40 to 1.50. The new person separation 

index was 0.915 (previously 0.911). The changes to the locations for all items are 

shown in Figure 4.8. These indicate little change in item location estimates for the 

easiest multiple choice items and small changes for those with location estimates near 0 

(as seen by their proximity to the line representing equal locations for both analyses). 

On the graph, there is a noticeable increase in the estimate of difficulty for the difficult 

multiple choice items in the tailored-origin anchored analysis. Item 69 was the only item 

with a lower location estimate in the tailored analysis; for most items their relative 

positions were unchanged.  

 

Figure 4.8 Effect of Tailoring and Anchoring on Estimates of Item Difficulty 

 

 
 

The estimates of item difficulties after anchoring were compared to the estimates from 

the original analysis and the significance of their differences determined using the 

method suggested by Andrich et al. (2012, p. 425). The results of this comparison (see 

Appendix 4.1) confirms the evidence shown in Figure 4.8, that for most of the more 

difficult items, estimates were significantly greater when the effects of guessing were 

removed and for the easier items, estimates were not significantly changed. 
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Figure 4.9 Fit Residuals for All Items after Tailoring and Anchoring. 

 

  

Examination of the Fit Residuals after the effects of guessing were removed from the 

item estimates revealed a better fit of the data to the model. The new residuals shown in 

the graph in Figure 4.9 are generally closer to zero (compared with those seen in Figure 

4.3) and it is noticeable that some previously extreme values are closer to -2.5 and 2.5. 

The mean was -0.2614 and standard deviation was 1.6207 (compared to the previous 

values of -0.228 and 1.865 respectively). The improved fit to the model indicated these 

new estimates provide more accurate item locations.  

 

Summary of evidence of item fit 

The investigation of item fit has revealed there are some over, as well as under-

discriminating items which do not fit the Rasch model well. Some of the misfit was due 

to guessing and after the effect of guessing was removed from the item estimates, the 

data were a better fit to the model. There are also items for which the probability that 

they fit the model is low and items with high uncertainty of their estimates.  

 

Most of the tests of misfit allow a comparison of misfit rather than the size of the misfit. 

No single statistic is deemed sufficient to identify every misfit (Smith and Plackner, 

2009). The degree of misfit varies between items and for most items the misfit is 

negligible. As the item locations are being considered relative to each other in this 

project, the item location estimates generated by the tailored-origin anchored analysis 

are considered reliable for the discussion of the learning hierarchy.  
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4.2.4 Person Fit 

 

As shown in the summary statistics (Table 4.3) the mean and standard deviation of the 

fit residuals in the original analysis were close to 0 and 1 respectively, indicating on the 

whole good person fit to the model. Person locations ranged from -4.384 to 5.071 with a 

mean of 0.818. The person with the highest estimate scored correctly on every item and 

was considered “extreme”; their responses were excluded from further analysis. The 

lowest ability estimate was more than one logit lower than the next. The standard error 

ranged from 0.318 to 0.914 with a mean of 0.405. These statistics infer a good spread of 

person abilities and confidence in their accuracy is justified. 

 

Persons with the same total score, and who have answered the same items, have 

identical locations. They may have a different fit to the model if their responses have 

not followed the expected Guttman pattern in which persons of high ability will 

consistently be correct on easy items and persons of low ability will be incorrect on 

difficult items.  Fit residuals imply greater conformity to the probabilistic Guttman 

pattern if they are negative rather than positive and large positive fit residuals indicate 

erratic responses. For this data, the fit residuals range from -2.495 to 3.607. Only five 

persons had fit residuals below -2 and while there were ten persons above 2.5, there 

were only sixteen above 2. The standard deviation of 1.015 and the mean of -0.21 were 

close to the theoretical values of 1 and 0 respectively.  

 

These statistics from the original analysis suggest that person fit to the model is good 

and the item difficulty estimates from the participants’ data can be interpreted with 

confidence. The statistics from the tailored analysis indicate even better fit to the model 

with the person separation index closer to 1 and the mean (-0.18) and standard deviation 

(1.001) of the fit residuals even closer to the theoretical values. 

 

4.3 Factors Influencing Test Performance 

 

The measure of student performance may not be accurate if there are violations of the 

model; one of these is response-dependence which was described earlier (see Section 

2.3.3.1).  Similarly the estimates for item locations may be influenced by extraneous 

factors and an examination of possible influences is warranted before item estimates are 

considered reliable.  
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4.3.1 Local Dependence 

 

One analysis to detect local dependence, described by Andrich et al. (2009b, p. 9),  

involves an examination of the correlation of the standardised residuals between the 

observed and expected responses of pairs of items with dependence suggested by strong 

correlation. In this study the Residual Correlation Analysis identified correlation greater 

than 0.4 between residuals with sixteen items “dependent” to varying degrees on other 

items referred to as the base items. Two thirds of the high correlations (see Appendix 

4.2) occurred where the base items were those only answered by the small number of 

Year 10 students so the scale would not have been influenced significantly.   

 

Further investigation to determine whether this dependence is related to the violation of 

unidimensionality or response dependence would have involved quantifying a degree of 

multidimensionality or generating new item locations by eliminating, combining or 

splitting items thought to be response-dependent. For the purpose of this study, which 

does not require future use of items for linkage tests, such investigation was deemed 

unnecessary. Furthermore, inspection of the items deemed dependent showed that they 

were similar in nature (e.g. converting fractions to percentages) and being correct on 

one item was not dependent on being correct on the base item.  

 

4.3.2 Differential Item Functioning (DIF) 

 

When considering the Rasch model analysis a “basic premise is that for the same 

location of a person, ..., the expected value on an item is the same irrespective of what 

group the person might belong to.” (Andrich et al., 2009a, p. 31). When responses from 

students with the same ability depend on a group to which they belong, then DIF occurs 

and the premise is false. DIF can be detected graphically by examining the ICC displays 

and statistically through an analysis of variance (ANOVA) of the residuals.  

 

DIF for gender and DIF for year group were examined and while no DIF for gender was 

seen when probability values below the Bonferroni correction value (Andrich et al. 

2009a) of 0.000235 were highlighted, it was present for year group on items 26, 27, 30 

and 36 when values below 0.000259 were highlighted. The ICC graphs, as shown in 

Figure 4.10, reveal a much poorer performance by Year 10 students in particular for 
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these items and by Year 9 students to a lesser degree in most of the lower ability classes. 

Three items required students to enter percentages equivalent to given fractions (in 

order 
  

   
  
 

 
 and 

 

  
). A later investigation showed that DIF for items 26, 27 and 36 was 

still evident after the responses of all Year 10 students had been removed. 

 

According to Looveer and Mulligan (2009), removal of link items showing DIF (year 

level) led to results more reflective of a numeracy progression according to curriculum 

exposure. They concluded that link items performing differentially across the years 

should not be used to compare groups. An investigation to determine the effect of 

resolving DIF is described in Appendix 4.3. Firstly the three items were successively 

removed and secondly the items were resolved within the original set of items. The 

findings were not consistent with those of Looveer and Mulligan and in this study 

removing items showing DIF has not altered the item or person location estimates 

sufficiently to affect the hierarchy.  

 

Figure 4.10 ICC for Items Showing DIF for Year Group 
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Gender Differences  

Boys outperformed girls in the test and their average location was estimated to be 1.03, 

approximately 0.4 logits above the estimated mean for girls. From the ANOVA 

provided by the software, the probability that this difference resulted by chance was less 

than 1% (F=10.076, p=0.0016). The distribution, as shown in Figure 4.11 shows more 

boys than girls with ability estimates above 3 logits and many more girls than boys with 

estimates below 0.5. While there were more girls than boys who sat the test, the 

histogram shows the greater proportion of boys in the areas of higher ability on the 

continuum and considerably greater proportion of girls in the areas of lower ability. 

 

Figure 4.11 Person-Item Distribution for each Gender   

 

 
Ordered by item difficulty, the proportion of items correct for boys and girls as seen in 

Figure 4.12, shows a tendency for the gap between the two performances to be larger 

where the items are more difficult.  
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Figure 4.12   Mean of Observed Correct Proportions for Males and Females  

 

 
 

 

Year Group Differences  

The probability that the difference between year groups resulted by chance (ANOVA) 

was less than 0.1% (F=14.603, p=0.0000). In the Person-Item Location Distribution 

(Figure 4.13), many Year 7 students are located near the lower end of the ability scale as 

expected whereas there are few Year 10 students and more Year 8 than Year 9 students 

at the higher end. The mean location of proficiency for each of the year groups was 

0.363 for Year 7, 1.072 for Year 8, 1.295 for Year 9 and 1.058 for Year 10.  

 

Figure 4.13 Person-Item Distribution for each Year Group – Original Analysis 
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The increase in mean location from Year 7 to Year 8 and then to Year 9 is expected 

but the decrease from Year 9 to Year 10 is not. It is possible that the small number 

of Year 10 students (n=22) came mostly from streamed classes of low ability, or 

classes where percentages had not been covered to curriculum expectations. The size 

of increase from Year 7 to Year 8 is much greater than from Year 8 to Year 9 and 

further investigation could indicate if this is typical of student development or 

related to the programming of curriculum involving percentages. 

 

The performances of the different year groups was examined further and showed 

that the Year 7 students outperformed Year 8 students only in Items 6 and 7. Year 8 

students were more successful than Year 9 students on Items 25-30, 32, 33 and 45. 

These items included calculating 25% of $8492, providing percentage equivalents of 

common fractions and responding to unfamiliar types of questions. 

 

4.3.3 Common Misconceptions 

 

Figure 4.14 ICC for Items 36 and 45 showing Proportions for Incorrect Options 

 

 
 

Progress along the hierarchy requires the development of new skills and 

understandings; this also suggests that incorrect thinking may hinder student 
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progress. The distractor curves were examined to identify popular incorrect answers 

and thus common misconceptions so that these could be considered for a later 

discussion of the hierarchical development of understanding and using percentages. 

 

The curves in Figure 4.14 show the choices students made for Items 36 and 45. 

These two items had very high proportions of incorrect answers across all ability 

groups. For Item 36, the observed proportion for the lowest three classes was about 

70% for Option 1 and in the two upper classes the proportion for that option was 

much higher than for all other incorrect options. For Item 45, Option 3 was selected 

by about 50% of the students in the lowest class and this fell steadily to about 10% 

for the highest class while Option 2 was a common error in all class intervals, even 

increasing at the higher ability levels. 

 

Table 4.4 Popular Incorrect Choices of Answer for Multiple Choice Questions 

 

Item Class 

Intervals  

Incorrect Student Choice 

2 1 Selecting 37 out of 100 as the % rather than 37% 

3 2 Selecting a quarter as the % instead of 25%  

6 1 3 circles out of 5 as less than 50% 

16 1, 2 10 out of 50 as 10% 

17 1 6 out of 8 as 60% 

21 All 25 out of 40 as 60% 

32 1, 2 81% of 11 as greater than 11 

33 1, 2 Seeing 60% of the height as 30% 

34 1 15 out of 40 as closer to 25% than 40% 

35 1, 2 8 out of 32 as 24% 

36 All 90 to 99 as an increase of 9% 

43 1, 2, 3 29% of 70 as closer to 30 than 20 

44 1, 2 Eight thousandths as between 5% and 10% 

45 All Thinking % of a component changes with quantity 

51 1, 2, 3, 4 Selecting for size not proportion 

59 2, 3 220% of $50 as $120 

60 All $75 to $100 as a 25% rise 

64 All Identify 7 out of 10000 as 0.0007% 

65 2 If 120% = 60, then 100% = 72 
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In Table 4.4 the popular incorrect selections in the multiple choice items are listed in 

order of item difficulty. Most selections were more popular in the lower ability 

classes (1 and 2) but in Items 21, 36, 45, 60 and 64 they were popular with students 

of all abilities. Three of these five items indicate students are thinking of absolute 

change rather than proportional change, relating particularly to the Percentage 

Change aspect of the proposed hierarchy. Recognition of misconceptions can assist 

the understanding of students’ developmental pathways and provide valuable 

information for teachers to support their planning of curriculum. 

 

 

4.4 Hierarchical Structure 

 

For the discussion of the proposed hierarchy the item locations generated by the 

tailored-origin anchored analysis are used as they are deemed to be more representative 

of the relative student achievement because the effects of guessing are removed. Most 

items did not show any misfit using the tests described earlier (extreme residuals, DIF, 

linear dependence and low probability with high chi-square values) and their estimates 

and relative locations on the continuum are used with confidence. Items 21, 40-42 and 

67 showed misfit on more than one test of fit and their locations may not be reliable. 

 

4.4.1 Performance on Aspects of the Proposed Hierarchy 

 

Each of the items has been linked previously to one of the aspects of the proposed 

hierarchy of learning about, and calculating with, percentages (see Appendix 3.7) and 

these aspects are as follows with the order indicating an increasing level of difficulty:  

     A1.  Models representing percentages.  

     A2.  Fraction equivalents. 

     A3.  Concepts of percentages. 

     A4.  Question type. 

     A5.  Percentage change.   

 

For each aspect the item locations and the means of these estimates, are displayed in 

Figure 4.15. For items relating to the use of models, there are no extremely difficult 

items and items testing knowledge of equivalent fractions and concepts of percentages 

concepts have the lowest mean estimates. Items requiring calculation of percentage 

change appear to be the most difficult and after those are the items on Question Type. 



Page  63  
 

Within each aspect, the items vary in difficulty thus indicating it is possible to set both 

easy and difficult questions across all theoretical aspects of the proposed hierarchy. 

 

Figure 4.15 Mean and Range of Item Locations - Aspects of Proposed Hierarchy 

  

 
Note: The mean is represented by the black data item 

 

 

4.4.2 Item Details for the Aspects of the Proposed Hierarchy 

 

For each aspect, details of the item estimates and concepts covered in each item are 

provided in Tables 4.5-4.9. 

 

Table 4.5 Item Locations for Skills in Using Models for Percentages 
  

Item Skills for Aspect 1: Using Models Location 

1 Area model : 50% -4.454 

6 Discrete model: 50% of 5 circles: More, less or equal -2.077 

34 Area model provided, select best estimate (40%) 0.102 

44 Number line implied, locate 8 thousandths 0.145 

15 Number line model: 65% of 1 0.324 

33 Given two area models, compare heights (~ 60%) 0.429 

17 Discrete model: 6 of 8 circles is 75%  0.576 

43 Number line given to identify 29% of 70 1.392 

51 Comparison of area models – chart with 4 bars 1.782 
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Table 4.6 Item Locations for Skills in Using Fraction Equivalents 

 

Item Skills for Aspect 2: Fraction Equivalents Location 

9 Denominator 100:   37% -3.589 

26 Denominator  100:   90% -2.31 

8 Denominator  10:   60% -2.16 

7 Denominator  4:   25% -2.126 

46 Recognition fraction less than 100%   (9/11) -1.382 

50 Recognition fraction exceeds 100%   (15/13) -1.137 

47 Recognition fraction exceeds 100%   (3/2) -0.842 

61 Denominator  44:   50% -0.811 

48 Recognition fraction less than 100%   (1/101) -0.678 

62 Denominator  100:   6% -0.408 

27 Denominator  5:   80% -0.369 

30 Denominator  50:   2% -0.315 

49 Recognition fraction less than 100%   (150/200) -0.282 

28 Denominator  25:   12% -0.054 

29 Denominator  20:   35% 0.095 

21 Denominator  40:   over 60% 1.218 

63 Denominator  15:   40% 1.903 

64 Denominator  10000:   0.07% 2.964 

   

 Mean location -0.571 

 

 

Table 4.7 Item Locations for Demonstrating Concepts of Percentages 

 

Item Skills for Aspect 3: Concepts of Percentages Location 

4 Add to 100% (100% - 70%) -4.519 

2 Language, 37 out of 100 is 37% -2.609 

10 Add to 100% (100% – 40% – 10% – 30%) -1.988 

3 Language of %.  25c of $1 is 25% -1.563 

31 Language: 73 out of 100 is 73% -1.367 

32 Knowing 81% of 11 < 11 -0.132 

69 Recognise % change as more or less, no base 0.911 

66 Distinguish between constant and % decrease 1.262 

45 Percentages unchanged by quantity of the amount 4.88 

   

 Mean location -0.569 
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Table 4.8 Item Locations for Skills Associated with Question Type 
 

Item Skills for Aspect 4: Question Type Location 

11  I:        50% of $16 -2.639 

18  III:     50% is 30, find base -1.622 

22  I:       25% of $16 -1.463 

14  I:       50% of $1016 -1.327 

12  I:       50% of $81 -1.255 

16  II:      Recognise the fraction; 20%  (10/50) -0.985 

20  III:     25% is 25, find base -0.655 

13  I:       50% of $378 -0.306 

39  I:       10% of $80 -0.038 

38  I:       10% of $2000 0.204 

35  II:      Recognise the fraction; 25% (8/32) 0.273 

19  III:     10% is 25, find base 0.274 

24  I:       25% of $402 0.31 

40  I:       10% of $39 0.44 

42  I:       10% of 197 0.673 

25  I:       25% of $8492 0.717 

23  I:       25% of $78 0.766 

41  I:       10% of $51.90 0.889 

59  I:       Recognise % of : 220% 1.027 

37  III:    Given % find the base: 15% 1.751 

71  II:      Recognise the fraction  (1/30) : estimate 3% 2.409 

68  III:     Determine base given % 4.857 

 
Mean location 0.195 

 

Table 4.9 Item Locations for Calculating Percentage Change 
 

Item Skills for Aspect 5: Calculating Percentage Change Location 

5 Reduce $80 price by 50% -2.482 

52 Recognise incorrect strategy: $349 × 15% 0.64 

58 Recognise incorrect strategy: $349 × 100, ÷ 15, + 100 0.685 

54 Recognise incorrect strategy: $349 × 0.15 1.255 

36 Calculate % increase: 10%  (9/90) 1.725 

57 Recognise correct strategy:   $349 × 15, ÷ 100, + $349 1.941 

55 Recognise correct strategy:   $349 × 1.15 2.319 

70 Recognise % of % increase 2.374 

56 Recognise correct strategy:   $349 × 15%, + $349 2.552 

67 Recognise % of % 2.609 

60 Recognise amount before % increase 2.876 

53 Recognise correct strategy:   $349 × 115% 3.014 

65 Recognise amount before % increase 3.699 

 Mean location 1.785 
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The Item Map from RUMM2030 (see Figure 4.16) has been reproduced and coded to 

show the distribution of item difficulty according to the different aspects: Items with 

extreme location estimates have been retained. Information provided in this display 

supports the earlier claims that items involving calculating percentage change appear to 

be the most difficult for students, an exception being Item 5 which uses 50% change. 

Items testing conceptual knowledge and knowledge of fraction equivalents appear to be 

the easiest. Students were most successful on Items 1, 4 and 9 and least successful on 

items 45 and 68; there is no particular relationship between this success and the five 

aspects studied. It is also noted that for each aspect there are relatively easy items and, 

except for questions relating to the use of models, there are also quite challenging items. 
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Figure 4.16 Item Map Showing Aspects of Proposed Hierarchy for each Item 
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Chapter 5:  DISCUSSION 

 

Introduction 

The purpose of this study was to examine the research literature to locate a hierarchy of 

learning about percentages and then to construct and describe this hierarchy in terms of 

a developmental scale. The hierarchy as described in the literature was then compared to 

that established following an analysis of data collected from students. 

 

While no specific hierarchy for learning the skills and understandings for calculating 

with percentages was located in the literature, the results from previous research studies 

indicated that, for some of the aspects of learning about percentages, the development of 

competence preceded, and was probably necessary, in some skills before others.  

 

To construct a developmental scale, an online test was designed and administered to 

students and Rasch measurement theory applied to their responses. The administration 

of the test was deemed to be successful; sufficient data were collected from the students 

who volunteered to participate in the study and the feedback from students and teachers 

on the test and its administration was positive. The data collected were suitable for a 

Rasch model analysis and the output indicated the existence of a developmental scale. 

 

5.1 Construction of a Development Scale 

 

The good fit of data to the Rasch model provided strong evidence that a reliable 

conjoint scale of person and item estimates was constructed. Summary statistics 

included a high person separation index with a good spread of item and person 

locations. An examination of the histograms from the RUMM2030 program indicated 

that the test was well targeted and there was a good spread of items to capture 

performance at each end of the scale. The mean and standard deviation for the person 

estimates were close to the theoretical values expected in a Rasch model analysis.  

 

The presence of 19 link items allowed all students to be placed on the same scale. 

Relatively little misfit was detected. Only a few items had extreme fit residuals or high 

ranges of standard error. Examination of DIF showed that it was present in only 4 of the 

71 items and further inspection of these items indicated that the developmental scale 

was not affected. Dependence between items was detected; these items were among the 
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most difficult and were similar in nature but their relative positions on the development 

scale were not deemed to have been influenced significantly by this dependence. 

 

Guessing was indicated on the student feedback and in the distractor curves. An 

analysis to remove the effect of guessing was performed and the estimates from this 

analysis were considered to be more reliable estimates of item difficulty and are thus 

used in the developmental scale to describe the hierarchy of learning. 

 

5.2 Characteristics of the Developmental Scale for the Proposed Hierarchy  

 

5.2.1 The Developmental Scale for the Learning Hierarchy 

 

To facilitate this discussion the developmental scale has been arbitrarily divided into six 

levels (see Appendix 5.1) and the features of student achievement at each level is 

summarised in Table 5.1. In determining the cut-offs, the number of items at each level 

and the ranges of item locations were considered. At the levels, according to Rasch 

measurement theory, the students are not considered fluent at the skills and 

understandings described, but rather that they have a 50% probability of being correct 

on items testing these skills. Furthermore, the students would have a higher probability 

of being correct on items at the lower levels and less chance of being correct with items 

at higher levels. 

 

The scale is quite detailed but some features can be described in general terms. At Level 

1 (lowest level) of the scale, students are working with 50% and 100%, a quarter and 

fractions with 100 as the denominator. At Level 2, students are aware that % means out 

of 100 and fractions may be more or less than 100% and can use 25% in calculations. 

At the next level, denominators which are factors of 100 are familiar and students are 

calculating 10% of multiples of 10. At Level 4 students can identify the proportional 

amount of a variety of models and can calculate 10% and 25% of larger numbers where 

carrying is necessary. At the second highest level, students are more aware of the need 

to consider the base and are using denominators which are multiples of the factors of 

100. Only at the very highest level do students appear to be managing percentages 

exceeding 100% and percentages of percentages. 
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Table 5.1 Knowledge, Skills and Understandings at Different Levels of the Scale 

 

Level Knowledge, Skills and Understandings  

 

6 

 

Understand the unchanging nature of the percentage when quantities change. 

Determine the base, given the new amount and the percentage increase. 

Recognise 115% and 1.15 as multipliers to calculate 15% increase. 

Determine the % of a % when no base is provided. 

Determine % for seven ten thousandths. 

 

5 

 

Express fractions with denominators of 15 and 40 as percentages. 

Calculate 10% of $51.90 and recognise 220% of $50. 

Given 15% is equal to 3 in a situation, find the base.  

Determine the percentage change from 90 to 99. 

Given a double number line, identify 29% of 70. 

Recognise the comparative percentage change when items removed. 

Compare area models (in bar charts) for comparative percentage of parts. 

Recognise that the base is needed to compare fixed and percentage change. 

 

4 

 

Calculate 10% of $39, $197, $2000 and 25% of $402, $8492, $78. 

Recognise 65% of 1 on a number line.  

Compare the percentage of one area model to another. 

Recognise from a discrete model that 6 out of 8 is 75%. 

Recognise obviously incorrect strategies for calculating 15% increase. 

Determine the base given 10%. 

Recognise and determine 25% from a context with 8 out of 32. 

 

3 

 

Express 
 

    
 and fractions with denominators of 5, 50, 25 and 20 as 

percentages. Locate eight thousandths on an implied number line. 

Calculate 50% of $378 and 10% of $80. Know that 81% of 11 is less than 11. 

Identify the closest estimate for a model with 15 out of 40 parts shaded. 

 

2 

 

Perform calculations of all three types with 25% and 50% on some numbers.  

Identify fractions with small whole numbers as more, or less than 100%. 

Know that % means out of 100. 

Recognise 50% when the denominator is 44 and 20% if the denominator is 50. 

 

1 

 

Perform calculations based on 50%: recognising this % in models, determine 

50% and 50% change. 

Express fractions with a denominator of 100 as a % with and without a model. 

Use the fact that two percentages add to 100 to find a missing proportion. 

Express a quarter and six tenths as percentages. 
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5.2.2 The Developmental Scale for Aspects of the Learning Hierarchy 

 

Features of the developmental scale for the different aspects of the hierarchy are 

summarised in terms of the six levels described in Table 5.1: information about the 

items for each aspect is provided in Tables 5.2-5.6.  

 

5.2.2.1  Models Representing Percentages 

 

As shown in Table 5.2, students found area models easiest; they were more successful 

in estimating percentages for 15 out of 40 parts of an area model than in recognising 

that 6 out of 8 circles is 75%; an unexpected result given the numbers used. A common 

error for lower level students was to select 25% for the first item and 60% for the latter.  

Many students chose 6.5% or 7% as the percentage to estimate 65% on a number line 

marked from 0 to 1 and, when provided with two number lines (0 to 100 and 0 to 70), 

chose 30 as the best estimate for 29% of 70. These results may reflect the students’ lack 

of experience in using number lines for representations and to assist in calculations; 

number lines are seldom used as models for percentages in textbooks. The question 

requiring the selection of the highest proportion of shading of four bars on a chart had 

the highest level of difficulty and, while the bars had different lengths, the amount 

shaded was over 50% in only one model. This suggests that students, when using 

models in early secondary are at times seeing absolute size rather than relative size.  

 

Table 5.2 Levels for Items Testing the Use of Models to Represent Percentages 

 

Level Using models to Represent Percentages Item 

 

5 

 

 

Comparison of area models – chart with 4 bars 

Number line model: 29% of 70 
 

 

51 

43 

 

 

4 

 

 

Discrete model: 6 of 8 circles is 75% 

Given two area models, compare heights (~60%) 

Number line model: 65% of 1 
 

 

17 

33 

15 

 

 

3 

 

 

Number line implied: locate 8 thousandths 

Area model provided, select best estimate (40%) 
 

 

44 

34 

 

 

1 

 

 

Discrete model: 50% of 5 circles: More, less or equal 

Area model : 50% 

 

6 

1 
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5.2.2.2  Fraction Equivalents 

 

Student knowledge of percentages for equivalent fractions, as shown in Table 5.3, 

suggests greater familiarity with fractions where the denominator is 100 or 10, or the 

fraction is equivalent to 50%, than when the denominator is a factor of 100. 

Denominators which are small multiples of 5 or 10 are more difficult again and those 

which are multiples of 100 are the most challenging. This order is to be expected given 

the nature of percentages, their relationship to 100 and student knowledge of factors and 

multiples of 100. Students found it much more difficult to give a percentage for 6 out of 

100 than 37 out of 100; this challenges the notion that students widely accept 

percentages as fractions out of 100 in the early stages of their learning. 

 

Table 5.3 Levels for Items Testing Knowledge of Fraction Equivalents 

 

Level Knowledge of Fraction Equivalents Items 

6 

 

Identify 0.07%: denominator is 10 000  

 

 

64 

 

5 

 

Identify percentages: denominator is 40 or 15 

 

 

21, 63 

 

3 

 

Determine percentages for fractions: denominator is 5, 50, 25 

or 20, and for 6 out of 100 

Recognition fraction less than 100%   (150/200) 

 

 

27, 30, 28 

29, 62, 49 

 

2 

 

Identify 50% : denominator is 44.  

Recognise fractions more or less than 100%: familiar numbers  

 

 

61, 46, 50 

47,  48 

1 

 

Determine percentages for fractions: denominator is 100 (two-

digit numerator), 10, one quarter 

 

 

9, 26 

8, 7 

 

 

5.2.2.3  Number Size and Type 

 

Items for this aspect have not been classified into levels as it is generally believed that 

students are comfortable in using small whole numbers before numbers with more than 

2 digits. It is assumed in this study that students have found 50%, 25% and 10% of 

monetary amounts by dividing by 2, 4 and 10 respectively and their relative success in 

calculating with these percentages is related to their knowledge of equivalent fractions. 
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It was noted that the students were more successful when the answer was a whole 

number regardless of the size of the number; having to carry within the question, was 

more challenging than dividing into larger numbers.   

 

5.2.2.4  Concepts of Percentages 

 

Calculating the percentage remaining after some had been removed was a relatively 

easy concept for the students (see Table 5.4); one of these questions was at a higher 

level on the hierarchy and it suggested that the existence of extra numbers in the text 

(reference being made to Year 5 and Year 6 students) may have challenged the students’ 

correct reading of the question. Another relatively easy concept required the selection of 

percentages to represent a given number of parts out of 100. An examination of popular 

incorrect choices showed that students in the lower ability range were selecting 37 out 

of 100 and a quarter instead of 37% and 25%. Together, these results suggest that some 

students are using percentages without understanding the % symbol.  

 

Table 5.4 Levels for Items Testing Concepts of Percentages 

 

Level Concepts of Percentages Item 

 

6 

 

 

Percentages unchanged by quantity of the amount 

 

 

45 

 

 

5 

 

 

Distinguish between constant and % decrease 

Recognise % change as more or less: no base 

 

 

66 

69 

 

3 

 

 

Knowing 81% of 11 < 11 

 

 

32 

 

 

2 

 

 

73 out of 100 is 73% 

25% for 25c of $1 

Know and use the fact that 4 parts total 100% 

 

 

31 

3 

10 

 

1 

 

 

37 out of 100 is 37% 

Know and use the fact that 2 parts add to 100% 

 

 

2 

4 

 

 

Recognising percentage change when parts are removed and distinguishing between 

30% and $30 off (no bases were provided) were difficult for the students. It is suggested 

that students are generally provided with the base and asked to perform calculations 
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rather than asked to consider these types of thinking questions with very simple 

numbers or practical demonstrations.  

 

Identification of 81% of 11 as less than 11 is located in Level 3 (see Table 5.4) and 

many lower ability students selected more than 11. It is suggested that students lose 

sight of the % sign, see that 81 is larger than 11 and select accordingly: students are 

thinking of percentages as absolute values. The concept of the proportional nature of 

percentages is essential for success on Item 45 (the most difficult item in the test) where 

most students chose a doubling of the percentage of the protein ingredient of the cheese 

when the quantity of cheese was doubled but the nature of the cheese was unchanged.  

 

5.2.2.5  Question Type 

 

Table 5.5 Levels for Items Testing Question Type 

 

Level Question Type Item 

6 

 

 III:    Determine base given % using many steps. 

 II:     Recognise the fraction  (1/30) : estimate 3% 

 

 

68 

71 

 

5 

 

 I:      10% of $51.90 

 I:      Recognise % of : 220% 

 III:   Given % find the base: 15% 

 

 

41 

59 

37 

 

4 

 

 I:      10% of $2000, $39, $197 

          25% of $402, $8492, $78 

 II:     Recognise the fraction; 25% (8/32) 

 III:    Given 10% is 25, find base 

 

 

38, 40, 42 

24, 25, 23 

35 

19 

 

 

3 

 

 

 I:      50% of $378, 10% of $80 

 

 

13, 39 

 

2 

 

 III:    Given 50% is 30, 25% is 25 find base 

 I:      25% of $16, 50% of $1016 and $81 

 II:     Recognise the fraction; 20%  (10/50) 

 

 

18, 20 

22, 14, 12 

16 

 

1 

 

 I:      50% of $16 

 

 

11 
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As can be seen in Table 5.5, all three types of questions can occur at each level except 

Type I questions (calculate % of) start and finish earlier than Types II and III (find the 

%, determine the base). It is noted that students at Level 2 were successful on all three 

types of questions and it is suggested that this occurred because the numbers and 

percentages used in the items were very familiar. 

 

Common misconceptions possibly delaying student development with the three types of 

calculations relate to the students’ understanding of the importance of identifying and 

using the whole amount to represent 100%. Students in the lower ability groups tended 

to select 10% to represent 10 out of 50, 24% for 8 out of 32 and 72 as 100% when 120% 

was equivalent to 60. Students across all ranges of ability were commonly selecting 9% 

to represent the change from 90 to 99 and 25% for the rise from $75 to $100. This 

provides further evidence to support the earlier suggestion that students are using 

percentages as absolute values with little sense of the proportion. 

 

5.2.2.6  Percentage Change 

 

Table 5.6 Levels for Items Testing Percentage Change 

 

Level Calculating Percentage Change Item 

6 

 

Given a value for 120%, determine 100%  

Recognise cost when a $100 price included a 25% rise     

Recognise correct strategies to increase $349 by 15% 

     i.e.  Multiply by 115% or 1.15.   $349 x 15%, + $349 

Recognise % of % is multiplicative not additive. 

 

65 

60 

 

53, 55, 56 

67, 70 

 

5 

 

Recognise correct strategy: % increase. $349 x 15, ÷ 100, + $349 

Calculate % increase: 10%  (9/90) 

Recognise incorrect strategy: % increase. $349 x 0.15 

 

 

57 

36 

54 

 

4 

 

Recognise incorrect strategy: % increase. $349 x 100, ÷ 15, + 100 

Recognise incorrect strategy: % increase. $349 x 15% 

 

 

58 

52 

 

1 

 

 

Reduce $80 price by 50% 

 

 

5 
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Calculating and recognising percentage change was the most difficult aspect of the 

hierarchy and yet, reducing $80 by 50% was manageable for students at Level 1. (See 

Table 5.6) Possibly they thought they were selecting 50% of $80 rather than reducing 

but given the language of the question it is unlikely. Recognition of incorrect strategies 

was easier than recognition of correct ones. Students seemed to notice missing elements 

in incorrect options more readily than identify equivalent and correct operations.  

 

Only students at the highest level were competent with using percentages over 100 and 

it is logical to assume students would need to have a sound grasp of percentages less 

than 100 for this development. Recognising the multiplicative nature of percentages of 

percentages is also only at the highest level and this is not unexpected given that many 

students struggle with the proportional nature of percentages.  

 

5.3 Comparison with Earlier Research Findings 

 

Use of Models  

The results of this study have confirmed the earlier works of Gay and Achiele (1997), 

Wong (2010) and Van den Heuvel-Panhuizen et al. (1995) in which providing models 

to assist with calculations was better than no models at all and continuous area models 

were more beneficial than discrete models. However, in this study students were as 

successful with discrete models as they were with continuous area models when the 

percentage component was very familiar (50%).  

 

Furthermore, students found the comparison of area models of different sizes quite 

difficult; possibly they did not recognise the proportion in each model and could not 

compare the percentages represented. Using the double number line model was the most 

difficult for the students and the simple number line was found to be as difficult as 

using a small discrete set with what should have been quite familiar numbers. 

 

Fraction Equivalents 

Results from earlier research were focussed on calculating with percentages and it was 

assumed that the students were converting the percentages to equivalent fractions before 

performing such calculations. The classification of skills and understandings in knowing 

the significance of 100 as a denominator, in using 50% and in recognising one quarter 

and six tenths in the lowest level, confirms the related findings of Parker and Leinhardt 
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(1995), Gay and Achiele (1997), White et al. (2007) and Callingham and Watson 

(2004). Providing an equivalent percentage for 6 out of 100 was more difficult than 

predicted; it is suggested that the provision of a two-digit number triggers a reminder 

that % are out of 100 and its absence here would explain the higher difficulty level. 

 

As expected, though not found in the literature, giving equivalent percentages for 

fractions with denominators which are of multiples of 100 (e.g., 10 000) were quite 

challenging for the students: fractions with denominators less than 100 were easier and 

of these, those with factors of 100 were the easiest. By comparison with the findings of 

White et al. (2007) and Callingham and Watson (2004), students appear to develop 

competence in calculations with 10% later than with 25%.  

 

Concepts of Percentages 

The results of this study support the findings of Parker and Leinhardt (1995) who 

reported that some of the students’ misconceptions related to using % as a label and 

seeing percentages as whole numbers rather than as fractions out of 100. Recognising 

81% of 11 as less than 11 occurred in Level 3 (see Table 5.4) which is not surprising 

considering the results of research by Gay and Achiele (1997). The most difficult item 

in the test was based on a similar one used in a study conducted by Van den Heuvel-

Panhuizen (1994) and correctly answered by only 10% of those participants. 

 

No hierarchy for understanding percentages was located in the research and the findings 

here indicate that students were using 100 as the whole amount before using 100% as 

the whole. Knowing that percentages add up to 100% and that % means out of 100, was 

easier than distinguishing between constant and proportional change: this follows a 

logical order in which students develop familiarity with addition and subtraction before 

multiplication and division. Difficulties with proportional thinking were evident in the 

responses to Item 45 (percentage of protein in cheese); it is suggested that some 

students rushed to respond without reflecting on what the question was asking. 

 

Question Type  

While earlier findings (Dole et al., 1997) indicated that students would find Type I 

questions easier than Type II and these easier than Type III, the results obtained in this 

study suggest this also depends on the nature of the percentage used and the numbers on 
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which the calculations are based. These results concur with those of Baratta et al. (2010) 

and support the notion that questions of any type can be set at all levels of difficulty. 

 

Strategy Type 

It was difficult to gather sufficient data in this test to describe stages of development in 

the use of various strategies and the items requiring students to recognise correct and 

incorrect strategies did not compare fraction and decimal methods as previously done by 

Baratta et al. (2010). It is still reasonable to conclude that to increase a number by a 

percentage, incorrect strategies were recognised more readily than correct ones and the 

most challenging strategy suggested was a one-step multiplicative process. 

 

Percentage Change 

No earlier research into the development of skills in calculating percentage change was 

located and the placement of most of these items in Level 6 suggested that this was a 

difficult concept for the students. It follows that such calculations would be difficult if 

the understanding of percentages is limited but the location of one item at Level 1 

suggests that students of lower ability are capable of these skills. Further research with 

items of difficulty between those of Items 5 and 52 could indicate whether students are 

using the fraction equivalent for 50%, or their understanding of percentage change, to 

determine the answer to this question. 

 

Summary 

In summary, the findings of this research provide greater detail of the hierarchy of 

development than is found in the literature and there is strong evidence to suggest that 

students at all levels of proficiency can manage what appear to be more challenging 

concepts when the numbers and percentages used are familiar to them. There is also 

strong indication that the initial success with using percentages is related more to 

students’ ability to think additively, to use fraction algorithms and to see models in 

absolute terms than to a true understanding of the proportional nature of percentages. 

 

5.4 Implications of Findings 

 

Success in calculating with percentages can be enhanced if the students’ knowledge of 

fractions and their equivalent percentages is sound; these skills need to be reviewed 

regularly as the evidence suggests that their initial learning is not retained. The 
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performance of older students on three items requiring entry of percentage equivalents 

was below that of the younger ones. It is suggested that students be required to build 

and decompose percentages of objects and amounts, for example, by doing activities 

designed to show that determining 75% is the same as 50% plus 25% or 100% minus 

25%. 

 

There is evidence to suggest that younger students should be exposed to a wider variety 

of models to represent percentages including ones using discrete sets of objects and 

number lines. Similar experiences should already be happening when students are first 

learning about fractions. Furthermore, models need to be presented for comparison of 

the percentages of amount filled or shaded, rather than just for a description of the 

proportion: these could be the same type of model of different sizes or different types of 

models. Students could be asked to represent a particular percentage using as many 

different models as possible and to represent more than 100% when given one that 

represents 100%. 

 

Providing more opportunities for students in the early years to do the three types of 

questions is recommended to promote the importance of the base in considering the 

proportion. Students should also be offered a greater variety of thinking types of tasks in 

the earlier years; such exposure could lead to a better understanding of the proportional 

nature of percentages and greater success in calculations with percentages. Such 

improvement will be necessary if students are to be prepared to meet the demands of the 

new Australian curriculum; expectation being that students in Year 8 will be able to 

solve problems involving percentage change, the most difficult aspect of this hierarchy.  

 

5.5 Suggestions for Further Research 

 

It has been previously suggested that younger students be exposed to a greater variety of 

thinking tasks and, all three types of questions; further research to determine the 

significance of improvement from such practice would be revealing. Research into the 

difficulties associated with the provision of discrete models could lead to an 

improvement in the way such models are used to assist with the development of student 

knowledge and skills for calculating with percentages.  
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Some of the incidental observations seen in this study could be a focus for further 

research. There was less improvement in achievement from Year 8 to Year 9 than there 

was from Year 7 to Year 8 and it would be interesting to know the reasons for the 

difference and if this was to be expected given their different rates of intellectual 

development. Boys outperformed girls on most of the items in this study and research to 

see if this was related to the topic or the type of questions would be revealing. 

 

5.6 Conclusion 

 

Conducting this research has produced a developmental scale to describe a proposed 

hierarchy of learning to use and calculate with percentages. The findings affirm much of 

the earlier research about the order in which students develop their understanding of this 

important area. Information on student development has been generated and suggestions 

to support teachers in their approach to planning sequences of learning about 

proportional reasoning and change have been provided. An awareness of these findings 

can lead to better outcomes for students including greater mathematical understanding 

of a topic that is vital to their success in future studies and employment. 
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Appendix 1.1    Percentages in the Statements of Learning for Mathematics 

Retrieved on 22 June, 2011 from 

http://www.mceecdya.edu.au/mceecdya/statements_of_learning,22835.html   

Year 7 Number 

They interpret and solve practical problems, using an appropriate sequence of 

operations and suitable methods when dealing with integers, decimals and percentages. 

Students represent and order common fractions and identify families of equivalent 

fractions, including those expressed in simplest form and as decimals and percentages.  

Students read and interpret problems that involve simple percentages, proportions, 

ratios and rates in practical situations including money, time and other measurements. 

They solve them by choosing and using a range of strategies and approaches, including 

the use of technology and their knowledge of the relationships between whole numbers, 

decimal fractions, percentages and common fractions. 

Year 7 Measurement, chance and data 

Students comprehend that many events, in familiar situations, have different likelihoods 

of occurrence, and make and interpret empirical estimates of probabilities related to 

these events. They compare experimental data for simple chance events with theoretical 

probability obtained from proportions expressed as percentages, fractions or decimals 

between 0 and 1, based on counting or area.  

Year 9 Number 

Students work with fractions, decimal numbers and percentages.  

Students are familiar with rational numbers in different forms and use these to 

formulate and solve ratio, proportion, percentage and rate problems, using mental, 

written and technology-assisted methods.  

  

http://www.mceecdya.edu.au/mceecdya/statements_of_learning,22835.html
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Appendix 1.2  Percentages in the Australian Curriculum 

Retrieved from http://www.australiancurriculum.edu.au/Home  

Year 6 Content descriptions 

Make connections between equivalent fractions, decimals and percentages  

Investigate and calculate percentage discounts of 10%, 25% and 50% on sale items, 

with and without digital technologies 

Describe probabilities using fractions, decimals and percentages 

Year 7 Content Descriptions 

Connect fractions, decimals and percentages and carry out simple conversions  

Find percentages of quantities and express one quantity as a percentage of another, with 

and without digital technologies. 

Year 8 Content Descriptions 

Solve problems involving the use of percentages, including percentage increases and 

decreases, with and without digital technologies  

Year 9 Content Descriptions 

Solve problems involving simple interest  

List all outcomes for two-step chance experiments, both with and without replacement 

using tree diagrams or arrays. Assign probabilities to outcomes and determine 

probabilities for events  

Year 10 Content Descriptions 

Connect the compound interest formula to repeated applications of simple interest using 

appropriate digital technologies  

  

http://www.australiancurriculum.edu.au/Home
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Appendix 3.1  Human Research Ethics Approval – UWA 
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Appendix 3.2  Invitation to Schools to Participate in Research  

 

 
21 Weld Street 
Nedlands 
W.A. 6009 
27 June 2012 
 
 
Dear Principal 
 

The purpose of this letter is to seek your support for a Masters of Education 

research project into student learning of percentages. 

As requested in the Interim Research Application Guidelines for conducting 

research in Western Australian Catholic Schools, this package contains copies 

of the following items pertaining to this research and they are presented in this 

written order. 

 This covering letter. 

 Invitation to the school to consider participation by students. This request 

outlines the nature of the research and benefits to the school.   

 The school consent form. 

 The Participant Information Form  

 The Participant Consent Form 

 The CEOWA Application Form and Research Checklist; this document 

outlines the required participation and commitment by the school. 

 The Director, Catholic Education in Western Australia letter of approval. 

 UWA Human Research Ethics Approval 

 The researcher’s National Criminal History Check in W.A.. 

 The researcher’s Working with Children Check. 

The two components of this research are a pilot project and a research study. If 

you are willing to be involved in either of these components, please complete 

only the SCHOOL CONSENT TO PARTICIPATE IN A RESEARCH PROJECT 

form and return it to the above address by 31 July.  

Thank you for your consideration of this matter. 

Yours sincerely 

 

 

Ms Joan Burfitt 
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The purpose of this letter is to provide you with details of a research project being 

undertaken at the Graduate School of Education, University of Western Australia and 

for you to consider your school’s possible participation in this project. The research, 

Investigating hierarchies of learning about percentages using Rasch analysis is a study 

undertaken by Ms Joan Burfitt, an employee of CEOWA, as a component of a Master of 

Education degree.  

 

Previously Ms Burfitt, with the permission of the schools involved, used Rasch 

modelling to analyse the 2009 Naplan Numeracy data as part of the assessment for a 

unit in Measurement. The aim of this project is to identify probable orders in which 

students develop their understandings of percentages and their skills at calculating with 

percentages. It is anticipated that the establishment of such hierarchies will support the 

work of teachers in their planning of student learning.   

 

There are two components of this research, a pilot study and a research study. In the 

pilot study, students will be testing the online delivery of the questions on percentages, 

and then asked to complete a questionnaire which will seek feedback on the nature of 

the questions themselves. In the research study, students will answer questions only 

about calculations with, or understanding of, percentages or fractions. It is anticipated 

that the pilot study will be conducted in Term Three and the research study in Term 

Four. 

 

With both components, the study will be completed online within forty minutes. All 

questions will be either multiple choice or short answer questions. Schools may 

withdraw from the project at any time. 

 

This invitation is being extended to all Catholic Schools in W.A. with considerable 

numbers of students in Years 7 to 10. From the schools which agree to participate in this 

research, one will be randomly selected to participate in the pilot study and three 

schools will be randomly selected for the trial itself; selection will aim to ensure 

approximately equal numbers of girls and boys.  Any one school will not be asked to 

participate in both pilot and research studies. 

 

Following acceptance of the opportunity to support this research, and after the final 

submission date for this consent (31 July 2012), you will receive further information 

about the component of the study for which you have been selected. If selected for the 

research component, all mathematics classes in Years 7 to 10 will be invited to 

participate in the study. 

 

Through you as Principal, letters will be provided for students to outline the research 

and their involvement in the project. There will also be a form on which the students 

can indicate their consent in writing; only forms co-signed by a parent or legal guardian 

will be considered as providing consent. Copies of these forms, the Participant 

Information Form and the Participant Consent Form, are enclosed. 

 

Upon completion of the research, participating schools will be provided with a summary 

of the findings. Confidentiality of any individual school or student data will be ensured; 

no school or student will be identified in any written reports or publications. Results for 

individual schools or classes will be available, on request from, and via the Principal.  

Individual student data will be available for the student, via the Principal, if requested 

by the student themselves, their parent or legal guardian. 
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A copy of the Director, Catholic Education in Western Australia letter of approval 

accompanies this letter. The researchers agree to comply with procedures and conditions 

and guidelines as outlined in the “Interim Research Application Guidelines” [CEOWA] 

 

If you consent for your school to participate in this study, please complete and return 

the accompanying form “School Consent to Participate in a Research Project” to Ms 

Joan Burfitt  (stamped and addressed envelope provided) by 31 July 2012. Should you 

decide to withdraw from this study, you may do so at any time without prejudice; all 

data relating to schools who withdraw are destroyed. Your school’s participation in this 

study does not prejudice any right to compensation which you may have under statue or 

common law. Your participation in this study is much appreciated. 

 

For more information about this study, please contact in the first instance Ms Joan 

Burfitt (burfij01@student.uwa.edu.au or 9389 9042). Assistant Professor Ida Marais can 

be contacted on 6488 3353 or ida.marais@uwa.edu.au. 
 
 

Thank you 

Yours sincerely, 

 

……………………………………… ………………………………… 

Assistant Professor Ida Marais    Ms Joan Burfitt 

 
"Approval to conduct this research has been provided by the University of Western Australia, in 
accordance with its ethics review and approval procedures. Any person considering 
participation in this research project, or agreeing to participate, may raise any questions or 
issues with the researchers at any time. 

In addition, any person not satisfied with the response of researchers may raise ethics issues or 
concerns, and may make any complaints about this research project by contacting the Human 
Research Ethics Office at the University of Western Australia on (08) 6488 3703 or by emailing 
to hreo-research@uwa.edu.au 

All research participants are entitles to retain a copy of any Participant Information For and/or 
Participant Consent Form relating to this research project." 

  

mailto:burfij01@student.uwa.edu.au
mailto:ida.marais@uwa.edu.au
mailto:hreo-research@uwa.edu.au
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Appendix 3.3  Participant Information Form    

    
RESEARCH PROJECT: INFORMATION FOR PARTICIPANTS  
 
Dear student 
 
The purpose of this letter is to provide you with details of a research project being undertaken at 
the Graduate School of Education, University of Western Australia so that you can consider 
participating in this project. The research, Investigating hierarchies of learning about 
percentages using Rasch analysis is a study undertaken by Ms Joan Burfitt as a component of 
a Master of Education degree.  
 
The purpose of this study is to identify probable orders in which students develop their 
understandings of percentages, and their skills at calculating with percentages, so that teachers 
can plan their teaching programs accordingly.   
 
The research will involve your participation in one of two ways. One school will be selected to 
participate in a pilot study and others will be selected to participate in the research study. Such 
selection will be random. For the pilot study, students will be asked to complete a set of short 
answer and multiple choice questions on calculating with percentages and then to complete a 
survey giving their opinions on the questions themselves. This will occur in Term 3. For the 
research study, which will occur in Term 4, there will be no survey of opinions about the 
questions themselves and there will be more questions involving calculations with percentages,  
 
All participation will involve online testing conducted during the school day and should not 
exceed forty minutes in duration.  Questions will be short answer or multiple-choice. No student 
or school will be identifiable in any reports of this research. However, if a school or student asks 
for their own results, then they will be provided via the Principal. 
 
If you consent to participate in this study, please complete and return the accompanying form 
“Consent to Participate in a Research Project” to your Mathematics teacher. Should you decide 
to withdraw from this study, you may do so at any time; all data relating to students who 
withdraw are destroyed. Your participation in this study does not prejudice any right to 
compensation which you may have under statue or common law. Your participation in this study 
is much appreciated. 
 
For more information about this study, please contact in the first instance Ms Joan Burfitt 
(burfij01@student.uwa.edu.au or 9389 9042). Assistant Professor Ida Marais can be contacted on 
6488 3353 or ida.marais@uwa.edu.au. 
 
Thank you 
Yours sincerely, 
 

………………………………………….  ………………………………… 
Assistant Professor Ida Marais    Ms Joan Burfitt 
 
"Approval to conduct this research has been provided by the University of Western Australia, in 
accordance with its ethics review and approval procedures. Any person considering 
participation in this research project, or agreeing to participate, may raise any questions or 
issues with the researchers at any time. 

In addition, any person not satisfied with the response of researchers may raise ethics issues or 
concerns, and may make any complaints about this research project by contacting the Human 
Research Ethics Office at the University of Western Australia on (08) 6488 3703 or by emailing 
to hreo-research@uwa.edu.au 

All research participants are entitles to retain a copy of any Participant Information For and/or 
Participant Consent Form relating to this research project." 

 

 

mailto:burfij01@student.uwa.edu.au
mailto:ida.marais@uwa.edu.au
mailto:hreo-research@uwa.edu.au
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Appendix 3.4  Participant Consent Form  

 

 

CONSENT TO PARTICIPATE IN A RESEARCH PROJECT 

 

I ……………………..…………………….. have read the information provided in the 

Participant Information Form and any questions I have asked have been answered to my 

satisfaction. 

I agree to participate in the research project conducted by Assistant Professor Ida 

Marais and Ms Joan Burfitt, realising that I may choose to withdraw at any time without 

providing any reasons and without prejudice. 

 

I understand that I can contact Assistant Professor Ida Marais or Ms Joan Burfitt and 

request additional information about the study. 

 

I understand that all identifiable information that I provide will be treated as strictly 

confidential and will not be released by the investigator unless required by law. I have 

been advised as to what data is being collected, what the purpose is, and what will be 

done with the data upon completion of the research. 

 

I agree with research data gathered for the study being published provided that my name 

or other identifying information is not used. 

…………………………………………………….   …………………. 

Signature of participant     Date 

 

……………………………………..…………….   ………………….. 

Signature of parent/legal guardian    Date 

 

*Approval to conduct this research has been provided by the University of Western Australia, in 
accordance with its ethics review and approval procedures. Any person considering 
participation in this research project, or agreeing to participate, may raise any questions or 
issues with the researchers at any time. 

In addition, any person not satisfied with the response of researchers may raise ethics issues or 
concerns, and may make any complaints about this research project by contacting the Human 
Research Ethics Office at the University of Western Australia on (08) 6488 3703 or by emailing 
to hreo-research@uwa.edu.au 

All research participants are entitled to retain a copy of any Participant Information Form and/or 
Participant Consent Form relating to this research project. 

 

mailto:hreo-research@uwa.edu.au
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Appendix 3.5  Permission for Research in Catholic School 

Director Catholic Education 
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Appendix 3.6   Test Design 

 
Shaded cells indicate that the item was offered to students in that year and 

addresses the aspect highlighted.  

Aspects of the hierarchy are numbered as follows:  

     1.  Models Representing Percentages.  

     2.  Fraction Equivalents. 

     3.  Concepts of Percentages. 

     4.  Question Type. 

     5.  Percentage Change. 

   Y = Year by which learning of this concept expected.   

  

Qn   Item Years Aspects of the Hierarchy Y 

      7 8 9 10 1 2 3 4 5   

1   1                   7 

2   2                   7 

3   3                   7 

4   4                   7 

5   5                   7 

6   6                   7 

7A   7                   7 

7B 32B 26                   7 

7C   8                   7 

7D   9                   7 

7E 32E 27                   7 

7F 32G 28                   8 

7G 32H 29                   7 

7H 32F 30                   7 

8   10                   7 

9A   11                   7 

9B   12                   7 

9C   13                   7 

9D   14                   7 

10   15                   7 

11   16                   7 

12   17                   7 

13A   18                   7 

13B   19                   7 

13C   20                   7 

14   21                   8 

15A   22                   7 

15B   23                   7 

15C   24                   7 

15D   25                   7 

16   31                   7 

17   32                   7 
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Test Design (cont’d) 

 
Qn   Item Years Aspects of the Hierarchy   

18   33                   7 

19   34                   8 

20   35                   7 

21   36                   8 

22   37                   8 

23A   38                   7 

23B   39                   7 

23C   40                   7 

23D   41                   7 

23E   42                   7 

24   43                   8 

25   44                   7 

26   45                   8 

27A   46                   7 

27B   47                   7 

27C   48                   7 

27D   49                   7 

27E   50                   7 

28   51                   10 

29A   52                   8 

29B   53                   9 

29C   54                   8 

29D   55                   9 

29E   56                   8 

29F   57                   8 

29G   58                   8 

30   59                   10 

31   60                   8 

32A   61                   7 

32B   62                   7 

32C   63                   8 

33   64                   9 

34   65                   9 

35   66                   9 

36   67                   9 

37   68                   9 

38   69                   9 

39   70                   10 

40   71                 
 

9 
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Appendix 3.7   Details of Proposed Hierarchy 

 

Detail of the Hierarchy 

Item 
Aspects of Proposed 

hierarchy   

  1 2 3 4 5   

1           Area model : 50% 

2           Language, 100 parts: 37% 

3           Language of %: 25% 

4           Add to 100% (2 parts) 

5           Reduce $80 price by 50% 

6           Discrete model: Equal, more or less than 50% 

7           Denominator = 4: 25% 

26           Denominator = 100: 90% 

8           Denominator = 10: 60% 

9           Denominator = 100: 34% 

27           Denominator = 5: 80% 

28           Denominator = 25: 12% 

29           Denominator = 20: 35% 

30           Denominator = 50: 2% 

10           Add to 100% (4 parts) 

11           Type I:  Calculate 50% of $16      

12           Type I:  Calculate 50% of $81 

13           Type I:  Calculate 50% of $378 

14           Type I:  Calculate 50% of $1016 

15           Number line model: 65% of 1 

16           Type II: Recognise fraction to a % (20%) 

17           Discrete model: 6 of 8 circles is 75% 

18           Type III:  Given %, find base: 50% 

19           Type III:  Given %, find base: 10% 

20           Type III:  Given %, find base: 25% 

21           Denominator = 40: over 60% 

22           Type I:  Calculate 25% of $16 

23           Type I:  Calculate 25% of $78 

24           Type I:  Calculate 25% of $402 

25           Type I:  Calculate 25% of $8492 

31           Language 73 of 100: constructed response 

32           Knowing 81% is less than the whole number 
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Item 
Aspects of Proposed 

hierarchy 

  

33           Comparing heights using area models.  

34           Area model provided: estimate % shaded. 

35           Type II:  Recognise fraction to a % (25%) 

36           Calculate % increase: 10% of 90 

37           Type III:  Given % find the base: 15% 

38           Type I:  Calculate 10% of $2000 

39           Type I:  Calculate 10% of $80 

40           Type I:  Calculate 10% of $39 

41           Type I:  Calculate 10% of $51.90 

42           Type I:  Calculate 10% of 197 

43           Number line provided to identify 29% of 70 

44           Number line implied – locate 8 /1000 

45           Percentages unchanged by quantity 

46           Recognition fraction exceeds 100% (9/11) 

47           Recognition fraction exceeds 100% (3/2) 

48           Recognition fraction exceeds 100% (1/101) 

49           Recognition fraction exceeds 100% (150/200) 

50           Recognition fraction exceeds 100%  (15/13) 

51           Comparison of area models – bar chart 

52           Recognise strategy for % increase 

53           Recognise strategy for % increase 

54           Recognise strategy for % increase 

55           Recognise strategy for % increase 

56           Recognise strategy for % increase 

57           Recognise strategy for % increase 

58           Recognise strategy for % increase 

59           Recognise % of : 220% 

60           Recognise amount before % increase 

61           Denominator = 44 : 50% 

62           Denominator = 100: 6% 

63           Denominator = 15: 40% 

64           Denominator = 10000 : 0.07% 

65           Recognise amount before % increase 

66           Distinguish constant and % decrease 

67           Recognise % of % 

68           Type III:  Determine base given % 

69           Recognise % change: no base  

70           Recognise % of % increase 

71         
 

Type II:  Language of % and fractions 
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 Appendix 3.8   Items in the Student Test 

 

This test shows firstly the instructions given to the students and then the item numbers 

(as entered for the Rasch analysis) and the solutions to the questions asked. Details of 

which items were offered to each year group appears in Appendix 3.6 

 

Instructions to the students. 

Test on Percentages 
 This test on percentages is part of a university research project. 

 These questions will be short answer or multiple choice. 

 Personal information will be kept confidential. 

 Calculators should not be used during this test 

 % signs are not needed where the answer is a %. 

 Thank you for supporting this research.   

 Select Next to continue and Previous to go back. 

 

Test Questions 

Year 7 students will do questions 1 - 25 

Year 8 students will do questions 6 - 30 

Year 9 students will do questions 11 - 35 

Year 10 students will do questions 16 - 40 

  

 What Year are you in at school? 

[This selection will be used to direct you to your questions] 
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1.     What percentage of the area of rectangle has been coloured? 

 10%  

 25%  

 50%  

 75%  

 100%  

2.   

In this diagram there are 100 small squares and of these 37 have been shaded.    

What % of the diagram has been shaded?   

  

 37 out of 100 

 37%  

 63%  

 73% 

3.     What percentage of $1.00 is 25c? 

 

 25 out of 100 

 A quarter 

 25%  

 75%  

4.   

A bar of dark chocolate has 70% cocoa.    

What % of the bar is not cocoa?    [30%] 

 

5.  The price of a toaster which usually costs $80 will be reduced by 50%.   The new 

price will be 

 $20  

 $30  

 $40  

 $50  

6.     What percentage of the number of circles has been coloured blue? 

 

 Less than 50%  

 Exactly 50%  

 Exactly 100% 

 More than 50% but less than 100%  

 Not enough information to decide  

7.     

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given. 
 

 
 [25%] 

 

8.  

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given. 
 

  
 [60%] 
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9. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given. 
  

   
 [34%] 

 

10.   

When Tim was travelling on the train during his holidays he noticed many people using 

some form of technology.   

  

He estimated 40% were using a mobile, 30% using iPods, 10% using iPads and the 

others not using any technology.    

 

Give an estimate for the percentage (%) of the people who were not using any 

technology? 

 

[No-one was using two or more items]         [20%] 

 

11.   

The teacher asked the students to calculate 50% of this amount.  $16   [$8] 

Enter the correct answer. 

 

12.    

The teacher asked the students to calculate 50% of this amount. $81   [$40.50] 

Enter the correct answer. 

 

13.   

The teacher asked the students to calculate 50% of this amount. $378   [ $189] 

Enter the correct answer. 

 

14.   

The teacher asked the students to calculate 50% of this amount. $1016  [$508] 

Enter the correct answer. 

 

15.      

The best estimate for the value of the number at P (yellow dot) on this number line (on 

which 0 and 1 are labeled) is 

 

 65%  

 6.5%  

 6.5  

 7%  

 

16.     If there are 50 students sitting on the lawn and 10 of them are boys, then the 

percentage of boys is; 

 

 10%  

 20%  

 25%  

 40%  

 50%  
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17.    The percentage of all the circles that has been darkly coloured is? 

 2%  

 6%  

 60%  

 75%  

 80%  

 None of the previous answers  

 

18.     Write the answer in the space provided. 

50% of all the students going to the zoo wanted to see the meerkats. 

30 students wanted to see the meerkats. How many students were going to the zoo? [60] 

 

19. Write the answer in the space provided. 

10% of the students are wearing watches. 

There are 25 students wearing watches.   How many students altogether?  [250] 

 

 

20. Write the answer in the space provided. 

25% of the lollies that Nikki put in the jar have been eaten. 

25 have been eaten.  How many did Nikki put in the jar?    [100] 

 

21.     
  

  
 This fraction expressed as a percentage is  

 

 25%  

 40%  

 50%  

 60%  

 None of the above  

22.  

The teacher asked the students to calculate 25% of this amount.   $16  

Enter the correct answer.                 [$4] 

 

23.  

The teacher asked the students to calculate 25% of this amount.   $78  

Enter the correct answer.            [$19.50] 

 

24.  

The teacher asked the students to calculate 25% of this amount.   $402  

Enter the correct answer.          [$100.50] 

 

25.  

The teacher asked the students to calculate 25% of this amount.   $8492 

Enter the correct answer.            [$2123] 

 

26.   

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given. 
  

   
 [90%] 
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27. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.   
 

 
   [80%] 

 

28. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.   
 

  
 [12%] 

 

29. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.   
 

  
 [35%] 

 

30. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.   
 

  
  [2%] 

 

31. 

There were 100 school students in Years 5 and 6 and 73 were participating in the 

swimming carnival.    

What % of students was participating in the carnival?    [73%] 

 

 

32.     What can you say about 81% of 11? 

 

 It is less than 11.  

 It is equal to 11  

 It is greater than 11 

 I do not know if any of the three statements above are correct.  

 

33.     Compared to the yellow triangle, the height of the green triangle is closest to 

 

 10% of the height of the yellow triangle.  

 30% of the height of the yellow triangle.  

 50% of the height of the yellow triangle.  

 60% of the height of the yellow triangle.  

 120% of the height of the yellow triangle.  

 

34.       

In this diagram there are 40 small squares and 15 of them are coloured pink.  

The closest estimate for the percentage of the diagram that is coloured pink is; 

 

 15%  

 25%   

 40%  

 50%  
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35.  In a class of 32 students, 8 students thought they had the wrong answer for the last 

question    of their test.  What % of students thought they were wrong? 

 24%  

 25%  

 32%  

 40%  

36.  There were 90 students in the hall before recess and 99 students in the hall after 

recess. This is equal to an increase of; 

 9%  

 10%  

 90%  

 99%  

37. 

In the sport's storeroom three footballs were flat and this represented 15% of the total 

number of footballs in the storeroom. How many footballs were in the storeroom?    [20] 

 

38.   

The GST (Goods and Services Tax) is equal to 10% of the value of the item.   

Calculate this tax for this item.  A fridge valued at $2000 [$200] 

 

39.   

The GST (Goods and Services Tax) is equal to 10% of the value of the item.   

Calculate this tax for this item.  An electric toothbrush valued at $80    [$8] 

 

40. 

The GST (Goods and Services Tax) is equal to 10% of the value of the item.   

Calculate this tax for this item.  An iron valued at $39  [$3.90] 

 

41. 

The GST (Goods and Services Tax) is equal to 10% of the value of the item.   

Calculate this tax for this item.  An orange tree valued at $51.90     [$5.19] 

 

42. 

The GST (Goods and Services Tax) is equal to 10% of the value of the item.   

Calculate this tax for this item.  A calculator valued at $197        [$19.70] 

 

43. 

Select the best statement to complete the sentence.  29% of 70 is closest to   

 [Hint: you might use the two number lines] 

 
 20  

 30  

 40  

 50  

 70  
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44.      
 

    
  Where would you put this fraction on a number line?  

 
 Between 0 and 5% 

 Between 5% and 10% 

 Between 50% and 85% 

 Between 90% and 100%  

 

45.  Philip and Damien each have a tub of the same brand and type of soft cheese  

Philip has the 400 gram tub and Damien has the 250 gram tub.   

The percentage of protein in the 250 gram tub is 7.1%.   

In Philip’s tub (400 g), the % of protein is; 

 
 About 7%  

 About 12%  

 About 14%  

 More than 15%  

46.      

Is this fraction greater than 100%?    
 

  
  Select True, False or Can’t decide

   

47.      

Is this fraction greater than 100%?    
 

 
  Select True, False or Can’t decide 

 

48.      

Is this fraction greater than 100%?    
 

   
  Select True, False or Can’t decide 

 

49.      

Is this fraction greater than 100%?    
   

   
  Select True, False or Can’t decide

  

50.      

Is this fraction greater than 100%?    
  

  
  Select True, False or Can’t decide

  

51.   

Louise, Alix, Patrick and Nicola had all saved up different amounts of money to spend 

at the show.  The graph shows the amounts they spent and the amounts they had left 

over.  

Who spent the highest % of the money they had saved? 

 

 Alix  

 Louise 

 Nicola 

 Patrick  

 Cannot tell from the data provided  
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52.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?  Multiply $349 by 15%   [False] 

Select True, False or Don't know. 

 

53.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?  Multiply $349 by 115%   [True] 

Select True, False or Don't know. 

 

54.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?  Multiply $349 by 0.15     [False] 

Select True, False or Don't know. 

 

55.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?     Multiply $349 by 1.15     [True] 

Select True, False or Don't know. 

 

56.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer? Multiply $349 by 15% and then add 

$349 Select True, False or Don't know.           [True] 

 

57.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?   

Multiply $349 by 15, divide your answer by 100  and then add $349       [True] 

Select True, False or Don't know.        

 

58.      

You are asked to increase $349 by 15%. 

Does this calculation provide the correct answer?   

Multiply $349 by 100, divide by 15 and add $100   

Select True, False or Don't know.          [False] 

 

59.   What is 220% of $50? 

 
 $44  

 $55  

 $110  

 $120 

 $220  
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60.   The price of a maths text book has risen 25% to a new cost of $100.   

The old price must have been. 

 
 $75  

 $80  

 $100  

 $125  

 None of the above.  

61. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.  
  

  
 [50%] 

 

62. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.  
 

   
  [6%] 

 

63. 

What percentage is it? 

In the space provided, write the percentage that is equal to the fraction given.  
 

  
 [40%] 

 

64.  

Which of these percentages is equivalent to this fraction?  
 

     
 

 
 0.7% 

 0.07% 

 0.007% 

 0.0007% 

 

65.   

In the year 2011 the number of frogs in the creek was 120% of what it was in the 

previous year (2010). 

If there were 60 frogs in 2011, then in 2010 the number of frogs must have been    

 
 40  

 48  

 50  

 72  

 80  

 66.      

Which of these discounts would be better?  

 
 $30 off  

 30% off  

 They are both same  

 More information is needed to make the decision  
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 67.  

Kate deleted 80% of the texts from Tom's phone.   

Then Jane deleted texts from Tom's phone. She deleted 20% of the number of texts that 

Kate had deleted.  No-one sent any texts during this time. 

Of the initial number of texts that Tom had, the  % of texts left  on Tom's phone was  

 
 0%  

 4%  

 10%  

 60%  

 Impossible to determine  

68.   

Alex had a collection of cubes that were either pink or brown.  

Exactly 24% were pink.    

What is the smallest number of brown cubes that Alex could have had?   [19] 

 

69.   

Andrew had a box full of lego pieces and they were all the same size and type.   

Exactly 30% of the pieces were red.    

He took one without looking and it was white.   

He did not put it back in the box.   

What % of the pieces is now red? 

 
 Less than 30%  

 Exactly 30%  

 More than 30%  

 Impossible to determine  

 

70. 

In January 2012, Matthew and Katrina were each paid the same hourly rate. 

In April 2012 they were given a pay rise. 

Matthew was given 10% more per hour and Katrina was given 5% more per hour. 

In August 2012 Katrina’s pay went up by another 5%. 

Assuming no other changes to their pay rates, what can you say about their pay after 

August? 

 
 Katrina is earning more per hour than Matthew  

 Matthew is earning more per hour than Katrina 

 Katrina and Matthew are being paid the same amount per hour 

 More information is needed to determine who is earning more per hour.  

  71.   A tram weighs about "the same as 30 rhinos" so the weight of the rhino is 

 
 3% of the weight of the tram  

 30% of the weight of the tram  

 300% of the weight of the tram  

 3000% of the weight of the tram  

 30 000 % of the weight of the tram  
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Appendix 3.9   Letter of Explanation to Student 

 

Dear student 

 

This letter is to provide further information about a research in which you are invited to 

participate.  

 

You are provided with  

 

1. This letter 

2. A letter providing “Information for Participants”. 

3. A “Consent to Participate” form 

 

For this research you are invited to do an online test.  

 

 The test will ask you questions about percentages.  

 The test will be held during school time. 

 The data will be used for studying the order in which students learn about 

percentages. 

 You will be asked to enter your name, gender and date of birth but these facts will 

be kept confidential. 

 Your participation is voluntary. 

 The test should be done without the use of calculators. 

 The results will not be used for school grades. 

 There is no penalty if you do not do well. 

 You can ask for your own results if you wish. 

 You can later decide that you do not wish to have your results included in the 

research. 

 The school can ask for the results and student names are not provided. 

 Your contribution to helping this research is much appreciated 

To participate in this project, please sign the consent form [Consent to Participate in a 

research Project] and ask a parent or guardian to co-sign the form. It should be returned 

to your teacher by the end of week 9 (Friday September 21) 

 

Thank you very much for your consideration of this request 

 

 

…………………………………… 

 

Ms Joan Burfitt 

Phone 9389 9042 

Burfij01@student.uwa.edu.au 

  

mailto:Burfij01@student.uwa.edu.au
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Appendix 3.10  

 

Numbers and Opinions of Consenting Students Participating in the Pilot Study. 

 

Year  Did the test  Gave consent  Percentage giving consent 

   7     130         82    63% 

   8     152         37    24% 

   9     143         89    62% 

  10       59         24    41% 

Total     484        232    48% 

 

Views of Students    Percentage with that Opinion 

Had enough time to finish     83% 

Like Mathematics      46% 

Guessed the answers      72% 

Found the test easy      44% 

Found the questions difficult to interpret   62% 

Like the topic of percentages     28% 

 

 

Common suggestions from students for improving the test 

 

 Explain the questions more clearly 

 Improve the layout and formatting 

 Provide easier questions 

 Leave it as it is 

 Provide more diagrams 
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Appendix 3.11  Feedback from Teachers in the Pilot School 

 

STATEMENT      NUMBER OF TEACHERS  

Yes  NO  

Students had difficulty using their technology  1  4 

Students were asking what the questions meant  5  1 

Students were asking how to do the questions  3  2 

Students were using calculators    0  4 

Students had difficulty accessing the site   4  1 

The test was too long      0  6 

Questions were inappropriate for the topic   1  5 

Correct answers missing from multiple choice  0  6 

Questions were misleading     2  4 

Some diagrams were inaccurate     2  3 

Some diagrams were too small    1  5 

Font was too small      2  4 

Photos were difficult to see     2  4 

Colour of text needed to be improved   1  4 
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Appendix 4.1  Effect of Anchoring and Tailoring on Item Difficulties 

 

(Items in order of difficulty) 

 

Multiple 

choice 

items Item Difficulties   

Significant 

difference in 

difficulty 

Item 

Original 

analysis 

(Io) 

Anchored 

tailored 

analysis 

(It) t 

**p<0.1        

*  p<0.5 

I0004 -4.434 -4.519 -0.750   

I0001 -4.509 -4.454 0.366   

I0009 -3.566 -3.589 -0.464   

I0011 -2.623 -2.639 -0.382   

I0002 -2.596 -2.609 -0.284   

I0005 -2.563 -2.482 2.069 * 

I0026 -2.349 -2.310 2.047 * 

I0008 -2.181 -2.160 0.760   

I0007 -2.151 -2.126 0.909   

I0006 -2.123 -2.077 2.375 * 

I0010 -2.046 -1.988 0.000   

I0018 -1.666 -1.622 1.784   

I0003 -1.611 -1.563 1.377   

I0022 -1.477 -1.463 0.474   

I0046 -1.426 -1.382 0.957   

I0031 -1.408 -1.367 1.733   

I0014 -1.336 -1.327 0.295   

I0012 -1.279 -1.255 0.791   

I0050 -1.182 -1.137 1.010   

I0016 -1.015 -0.985 0.920   

I0047 -0.886 -0.842 1.150   

I0061 -0.893 -0.811 1.784   

I0048 -0.745 -0.678 1.781   

I0020 -0.677 -0.655 0.808   

I0062 -0.503 -0.408 2.164 * 

I0027 -0.411 -0.369 1.950   

I0030 -0.362 -0.315 1.785   

I0013 -0.369 -0.306 2.234 * 

I0049 -0.365 -0.282 2.650  ** 

I0032 -0.178 -0.132 1.354   

I0028 -0.107 -0.054 2.504 * 

I0039 -0.097 -0.038 2.787  ** 

I0029 0.04 0.095 2.622  ** 

I0034 -0.004 0.102 3.510  ** 
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I0044 0.043 0.145 3.014  ** 

I0038 0.127 0.204 5.203  ** 

I0035 0.171 0.273 3.041  ** 

I0019 0.215 0.274 2.800  ** 

I0024 0.252 0.310 2.753  ** 

I0015 0.106 0.324 6.081  ** 

I0033 0.25 0.429 6.007  ** 

I0040 0.37 0.440 3.368  ** 

I0017 0.417 0.576 4.006  ** 

I0052 0.524 0.640 3.913  ** 

I0042 0.595 0.673 5.344  ** 

I0058 0.566 0.685 4.924  ** 

I0025 0.639 0.717 3.736  ** 

I0023 0.685 0.766 3.879  ** 

I0041 0.798 0.889 4.419  ** 

I0069 1.217 0.911 -0.885   

I0059 0.771 1.027 6.158  ** 

I0021 0.738 1.218 11.339  ** 

I0054 1.123 1.255 5.539  ** 

I0066 1.019 1.262 2.971  ** 

I0043 1.196 1.392 3.747  ** 

I0036 1.367 1.725 6.309  ** 

I0037 1.625 1.751 8.514  ** 

I0051 1.497 1.782 4.155  ** 

I0063 1.738 1.903 4.722  ** 

I0057 1.76 1.941 7.542  ** 

I0055 2.14 2.319 7.357  ** 

I0070 1.745 2.374 2.277 * 

I0071 1.7 2.409 2.531 * 

I0056 2.351 2.552 8.125  ** 

I0067 2.241 2.609 1.185   

I0060 2.28 2.876 3.855  ** 

I0064 2.498 2.964 2.824  ** 

I0053 2.82 3.014 7.551  ** 

I0065 2.939 3.699 3.137  ** 

I0068 4.648 4.857 1.174   

I0045 3.925 4.880 2.249 * 

 

                     
     

        Where SE represents standard error 
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Appendix 4.2  Correlation of Residuals Between Items 

 

One of the ways by which dependence between items can be indicated is by the strength 

of the correlation of the residuals between the observed and expected values of the two 

items. The table below gives a summary of possible dependence by showing the 

strength of this correlation. The first column indicates those items possibly dependent 

on the base items as defined by Andrich et al. (2013) and these are listed in the 

subsequent columns. A negative correlation is indicated by red font for the correlation. 

 

Correlation of Residuals Between Items 

 

Strength 

of 

correlation 

        

 

        

        

        

        

        

        

        

        

        

        

Item Base items 

24      23 

29     28  

30      28 

39     38  

40    39  38 

41   40  39  

42  40 41  39  

50    47   

62 26      

64      22 

65      60 

67      31, 51, 52, 59 

68 31   58  52 

69  31   68 
30, 35, 46, 58, 

64, 

70     49 30, 40, 50 

71    55 52 49, 50, 66 
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Appendix 4.3  Investigation into DIF for Year Group 

1. Removal of items 

The three items showing DIF were removed from the data, one at a time, in descending 

order of the value of the mean square value for DIF (Item 26, 27 then 30) and the data 

were re-analysed after each removal and the DIF summary checked. Only when all three 

items had been removed was DIF absent. The table below shows the mean person 

location for each year group for each of these analyses. 

Mean person locations for each year group in the different analyses 

Year Original 

analysis  

With all three 

items showing 

DIF 

Original 

analysis 

Item 26 

removed 

Still DIF for 27 

& 30 

Original 

analysis 

Items 26 and 

27 removed. 

Still DIF for 30 

Original 

analysis 

Items 26, 27 

and 30 

removed 

No DIF 

Tailored-origin 

anchored 

analysis  

No items 

removed. 

DIF for all 

these items 

PLUS Item 36 

 mean Std.dev mean Std.dev mean Std.dev mean Std.dev mean Std.dev 

7 0.363 1.33 0.317 1.34 0.301 1.33 0.275 1.33 0.428 1.4 

8 1.072 1.48 1.036 1.49 1.015 1.49 0.999 1.49 1.177 1.6 

9 1.295 1.21 1.280 1.20 1.289 1.19 1.294 1.18 1.455 1.3 

10 1.058 1.18 1.057 1.15 1.072 1.072 1.100 1.13 1.202 1.33 

 

In the original analysis 

 Year 10 achievement worse than Year 9 

 Not as much separation between Year 8 and Year 9 students but much more 

between Year 7 and Year 8 students 

From DIF to no DIF i.e. all three items removed 

 Decreasing mean person location for Year 7 and 8 

 Year 9: Very similar person location  

 Year 10: slight increase in person location 

 Still Year 10 have a lower mean person location than Year 9 

 Differences in mean person locations from Year 7 to 8 to 9 to 10 are similar 

How have item locations changed with the removal of these three items?  

 Very little. (see graph of comparison with line y = x on the following page) 

 Mean change of -0.046 

 Max change 0.045. Min change -0.149 

 Items 61, 62, 65, 67, 69, 70, 71 went up (difference 0.008 to 0.045) 

 All other 61 item estimates were lower  

 The correlation between the estimates for items locations in the analyses with all 

three items and then without all three items was 0.999892. 

 Items were sorted into order of difficulty estimates (see table on pages 5 & 6) to 

see how the order was affected by the removal. Five pairs of items were 

“swapped around” – see highlighting. 
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Item locations before and after removal of three items showing DIF. 

 

a) Graphic display 

 
 

b) Table of values for item location estimates 

Item 

Location with 
3 items 

removed 
 

Original 
location 

1 -4.658 1 -4.509 

4 -4.558 4 -4.434 

9 -3.635 9 -3.566 

11 -2.725 11 -2.623 

2 -2.692 2 -2.596 

5 -2.659 5 -2.563 

8 -2.264 8 -2.181 

7 -2.244 7 -2.151 

6 -2.208 6 -2.123 

10 -2.138 10 -2.046 

18 -1.734 18 -1.666 

3 -1.702 3 -1.611 

22 -1.544 22 -1.477 

31 -1.465 46 -1.426 

46 -1.458 31 -1.408 

14 -1.426 14 -1.336 

12 -1.362 12 -1.279 

50 -1.203 50 -1.182 

16 -1.072 16 -1.015 

47 -0.917 61 -0.893 

61 -0.858 47 -0.886 

48 -0.771 48 -0.745 

20 -0.736 20 -0.677 

62 -0.482 62 -0.503 

-8 

-6 

-4 

-2 

0 

2 

4 

6 

8 

-8 -6 -4 -2 0 2 4 6 8 Lo
ca

ti
o

n
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d

 

Location - original analysis 
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13 -0.446 13 -0.369 

49 -0.387 49 -0.365 

32 -0.232 32 -0.178 

28 -0.169 28 -0.107 

39 -0.15 39 -0.097 

34 -0.056 34 -0.004 

29 -0.024 29 0.04 

44 -0.011 44 0.043 

15 0.029 15 0.106 

38 0.077 38 0.127 

35 0.121 35 0.171 

19 0.153 19 0.215 

24 0.198 33 0.25 

33 0.199 24 0.252 

40 0.321 40 0.37 

17 0.36 17 0.417 

52 0.494 52 0.524 

58 0.543 58 0.566 

42 0.549 42 0.595 

25 0.587 25 0.639 

23 0.632 23 0.685 

21 0.691 21 0.738 

59 0.745 59 0.771 

41 0.752 41 0.798 

66 1.018 66 1.019 

54 1.091 54 1.123 

43 1.156 43 1.196 

69 1.262 69 1.217 

36 1.316 36 1.367 

51 1.468 51 1.497 

37 1.573 37 1.625 

63 1.72 71 1.7 

71 1.724 63 1.738 

57 1.732 70 1.745 

70 1.76 57 1.76 

55 2.113 55 2.14 

67 2.272 67 2.241 

60 2.275 60 2.28 

56 2.325 56 2.351 

64 2.471 64 2.498 

53 2.8 53 2.82 

65 2.947 65 2.939 

45 3.902 45 3.925 

68 4.61 68 4.648 
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This suggests that the order of the items still reflects the hierarchy of development so 

we can justify the use of this order to proceed with the analysis to remove the effects of 

guessing.  

2. Splitting of Items 

 All three items showing DIF were split according to Year. 

 That produced 9 more items 

Mean person locations in the different analyses 

 

Year Original analysis  

With all three items 

showing DIF 

Original analysis with 

Items 26, 27 and 30 

split by year group 

No DIF 

Tailored-origin anchored 

analysis (no split, no item 

removal) 

DIF for all these items PLUS 

Item 36 

 mean Std.dev mean Std.dev mean Std.dev 

7 0.363 1.33 0.397 1.34 0.428 1.4 

8 1.072 1.48 1.021 1.5 1.177 1.6 

9 1.295 1.21 1.422 1.19 1.455 1.3 

10 1.058 1.18 1.226 1.15 1.202 1.33 

 

How are the item estimates affected by the split 

 

 Most item estimates went up (items more difficult) 

Mean change in location 0.073176 

Max change in location 0.167 

Min change in location -0.016 

 

From the table, there appears to be little change in the relative order of the items. What 

change there is would be unlikely to be significant. So splitting is not necessary to 

determine relative location for the discussion of the hierarchy. 
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Item location estimates after splitting compared to before splitting. 

 

  

Item 
location 
after 
splitting   

Original 
item 
location Change 

1 -4.525 1 -4.509 -0.016 

4 -4.45 4 -4.434 -0.016 

9 -3.552 9 -3.566 0.014 

11 -2.616 11 -2.623 0.007 

2 -2.59 2 -2.596 0.006 

5 -2.559 5 -2.563 0.004 

8 -2.161 8 -2.181 0.02 

7 -2.131 7 -2.151 0.02 

6 -2.107 6 -2.123 0.016 

10 -2.027 10 -2.046 0.019 

18 -1.612 18 -1.666 0.054 

3 -1.596 3 -1.611 0.015 

22 -1.422 22 -1.477 0.055 

31 -1.35 46 -1.426 0.076 

46 -1.338 31 -1.408 0.07 

14 -1.311 14 -1.336 0.025 

12 -1.252 12 -1.279 0.027 

50 -1.094 50 -1.182 0.088 

16 -0.957 16 -1.015 0.058 

47 -0.804 61 -0.893 0.089 

61 -0.754 47 -0.886 0.132 

48 -0.656 48 -0.745 0.089 

20 -0.619 20 -0.677 0.058 

62 -0.374 62 -0.503 0.129 

13 -0.331 13 -0.369 0.038 

49 -0.271 49 -0.365 0.094 

32 -0.11 32 -0.178 0.068 

28 -0.039 28 -0.107 0.068 

39 -0.028 39 -0.097 0.069 

34 0.061 34 -0.004 0.065 

44 0.11 29 0.04 0.07 

29 0.112 44 0.043 0.069 

15 0.146 15 0.106 0.04 

38 0.197 38 0.127 0.07 

35 0.239 35 0.171 0.068 

19 0.279 19 0.215 0.064 

24 0.317 33 0.25 0.067 

33 0.323 24 0.252 0.071 

40 0.443 40 0.37 0.073 

17 0.482 17 0.417 0.065 

52 0.618 52 0.524 0.094 
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58 0.656 58 0.566 0.09 

42 0.67 42 0.595 0.075 

25 0.709 25 0.639 0.07 

23 0.753 23 0.685 0.068 

21 0.806 21 0.738 0.068 

59 0.865 59 0.771 0.094 

41 0.874 41 0.798 0.076 

66 1.149 66 1.019 0.13 

54 1.213 54 1.123 0.09 

43 1.27 43 1.196 0.074 

69 1.384 69 1.217 0.167 

36 1.442 36 1.367 0.075 

51 1.589 51 1.497 0.092 

37 1.7 37 1.625 0.075 

57 1.85 71 1.7 0.15 

71 1.85 63 1.738 0.112 

63 1.86 70 1.745 0.115 

70 1.9 57 1.76 0.14 

55 2.234 55 2.14 0.094 

67 2.39 67 2.241 0.149 

60 2.403 60 2.28 0.123 

56 2.443 56 2.351 0.092 

64 2.616 64 2.498 0.118 

53 2.914 53 2.82 0.094 

65 3.061 65 2.939 0.122 

45 4.018 45 3.925 0.093 

68 4.786 68 4.648 0.138 
 

 

3. Removing responses of all Year 10 students 

There were only 22 Year 10s so the data for all Year 10 students was removed to 

determine the effect on DIF. It was still present for items 26, 27, 30 and 36.  

 

Future investigation to determine the extent to which DIF in link items influences 

estimates would be useful before items are discarded or split. 
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Appendix 5.1  Item Map Showing Arbitrary Cut-Offs for Levels 

 
Location 

 

Level 

      

    
A1 A2 A3 A4 A5 

5.0 

          

   
68 45       

  

   
          

  

   
          

  

   
          

4.0 

   
          

  

   
          

  

 
LEVEL 6 

 
65         

  

   
          

  

   
          

3.0 

   
53         

  

   
64 60       

  

 

  
67         

  

  
71 56       

  

  

55 70       

         2.0 

   
          

  

   
63 57       

  

 
LEVEL 5 

 
51 36 37     

  

   
          

  

   
43 21 66 54   

1.0 

   
59         

  

   
41 69       

  

   
25 23 42 52 58 

  

 
LEVEL 4 

 
17 33 40     

  

   
15 38 24 35 19 

0.0 

   
34 29 44     

  

 
LEVEL 3 

 
28 39 32 

 

  

  

   
13 49 30 27   

  

   
62         

  

   
48 20       

-1.0 

   
61 47 16     

  

   
50         

  

 
LEVEL 2 

 
14 12 46 31   

  

   
22 3       

  

   
18         

-2.0 

   
10         

  

   
8 7 6     

  

   
26         

  

   
5         

  

   
2 11       

-3.0 

   
          

  

 
LEVEL 1 

 
          

  

   
          

  

   
9         

  

   
          

-4.0 

   
          

  

   
          

  

   
          

  

   
1 4       

          

 




