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ABSTRACT

Warm dark matter (WDM) models offer an attractive alternative to the current cold dark matter (CDM)
cosmological model. We present a novel method to differentiate between WDM and CDM cosmologies, namely,
using weak lensing; this provides a unique probe as it is sensitive to all of the “matter in the beam,” not just dark
matter haloes and the galaxies that reside in them, but also the diffuse material between haloes. We compare the
weak lensing maps of CDM clusters to those in a WDM model corresponding to a thermally produced 0.5keV
dark matter particle. Our analysis clearly shows that the weak lensing magnification, convergence, and shear
distributions can be used to distinguish between CDM and WDM models. WDM models increase the probability
of weak magnifications, with the differences being significant to 5σ, while leaving no significant imprint on the
shear distribution. WDM clusters analyzed in this work are more homogeneous than CDM ones, and the fractional
decrease in the amount of material in haloes is proportional to the average increase in the magnification. This
difference arises from matter that would be bound in compact haloes in CDM being smoothly distributed over
much larger volumes at lower densities in WDM. Moreover, the signature does not solely lie in the probability
distribution function but in the full spatial distribution of the convergence field.
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1. INTRODUCTION

Tensions between observations and predictions from the cold
dark matter (CDM) cosmological model has renewed interest in
other types of dark matter (e.g., Finkbeiner et al. 2011; Baldi
2012; Lovell et al. 2012; Vogelsberger et al. 2012; Libeskind
et al. 2013; Macciò et al. 2013; Vogelsberger & Zavala 2013;
Carlesi et al. 2014a, 2014b). One particular flavor of great
interest is warm dark matter (WDM), where the fundamental
DM particle has an appreciable velocity at early times. One of
the best-known examples is a sterile neutrino, which could
explain observed neutrino oscillation rates and baryogenesis
(νMS; e.g., Asaka et al. 2006). WDM models are not only
attractive due to their ability to address issues in particle
physics, but also for their effect on cosmological structure
formation. The non-negligible motions leave a specific feature
in the initial density perturbations from which dark matter
haloes arise, namely, a suppression of power in the density field
below the so-called free-streaming scale.

As a consequence, WDM models predict negligible numbers
of haloes below the free-streaming scale (Boylan-Kolchin
et al. 2012; Schneider et al. 2012; Libeskind et al. 2013; Lovell
et al. 2014). This suppression may reconcile the difference
between the observed and predicted number of low-mass dwarf
galaxies around large galaxies such as our own Milky Way,
solving the so-called missing satellites problem (e.g., Klypin
et al. 1999; Moore et al. 1999). For instance, Lovell et al.
(2012) showed that the resonantly produced sterile neutrino
WDM models, with particle masses of ∼2keV compatible with
the Lyα bounds (Boyarsky et al. 2009a, 2009b), decrease the
number of substructures residing in a MW-size halo,
significantly alleviating the missing satellite problem. Although
the simple suppression of power cannot alone account for all of
the small-scale discrepancies (e.g., Schneider et al. 2014), this

family of models has the advantage of possibly explaining
several other observational anomalies, such as the 3.5keV
X-ray line seen in clusters (e.g., Bulbul et al. 2014).
Although most studies have focused on the effect of WDM

on small-scale cosmic structures, the absence of small-scale
power leaves its fingerprints on scales much larger than the
free-streaming scale (e.g., Obreschkow et al. 2013). Signatures
of WDM at larger scales have generally been neglected since
one of the desired features of WDM models is that they have
the same large-scale matter distribution as CDM models while
possibly resolving discrepancies on small scales.
Gravitational lensing is one such probe as it is sensitive to

the entire underlying matter distribution (e.g., Bartelmann &
Schneider 2001; Schneider 2003; Ellis 2010). In Mahdi et al.
(2014) and Elahi et al. (2014), we showed that strong lensing
by galaxy clusters can differentiate between WDM and CDM
models. WDM clusters have larger Einstein radii and lensing
cross-sections. This result is contrary to the naive expectation
that WDM clusters should have smaller strong lensing cross-
sections than their CDM counterparts as CDM clusters contain
more subhaloes, and subhaloes increase the lensing cross-
section (Xu et al. 2009). This unexpected signature reduces the
tension between observations and theory: observed clusters
produce more lensed giant arcs than predicted by ΛCDM, that
is, the so-called arc statistics problem (Bartelmann et al. 1998;
see Meneghetti et al. 2013 for a review). WDM decreases this
tension, although it does not fully resolve it.
In this paper, we continue exploring novel approaches for

probing signatures of WDM, specifically one that does not rely
on rare alignments between galaxies required for strong
lensing, namely, weak lensing. Weak lensing is a powerful
tool for probing our cosmology as it is sensitive not just to the
density peaks corresponding to haloes but to all of the matter in
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the beam. Historically, it has been measured using the shear of
background galaxies through the statistical correlation of
observed galaxy ellipticities (e.g., Sheldon et al. 2009; Umetsu
et al. 2014; and see Bartelmann & Schneider 2001 for a
review). The small weak lensing magnification has primarily
been detected through its effect on the number density of a
flux-limited sample (e.g., Hildebrandt et al. 2009), although
more recent observations have made use of the effect on the
observed magnitudes and sizes of background galaxies around
lensing clusters (e.g., Schmidt et al. 2012), and the distortion in
the shape of background galaxies (e.g., Heymans et al. 2012;
Gruen et al. 2014). Gillis & Taylor (2016) showed that the
weak magnification signal can be estimated by comparing the
number density of galaxies in a patch of sky with the expected
unlensed number density.

Several techniques of cosmic shear measurements have been
investigated by the Shear TEsting Program (STEP; Heymans
et al. 2006; Massey et al. 2007) and GRavitational lEnsing
Accuracy Testing (GREAT; Bridle et al. 2010). These studies
highlight observational problems such as blurring, pixelization,
and noise uncertainty, which must be taken into account in
order to measure the shear with high accuracy. The problems
are somewhat alleviated by stacking images, which increases
the signal-to-noise ratio (Lewis 2009).

Furthermore, due to the small distortion caused by weak
lensing, detecting the weak lensing signal with high signal to
noise requires a large number of background galaxies. The
Dark Energy Survey (DES) aims to reconstruct the cosmic
shear using approximately 300 million galaxies by surveying
an area 30 times larger than previous weak lensing surveys
(Flaugher 2005). This will eventually be supplanted by LSST,
which will use billions of galaxies (LSST Science Collabora-
tion et al. 2009).

Here, we demonstrate how the weak lensing magnification
distribution provides a novel probe to measure the “temper-
ature” of dark matter. First, we present our methods in
Section 2, and then our results in Section 3. We conclude in
Section 4.

2. SYNTHETIC WEAK LENSING MEASUREMENTS

We study the weak lensing signature around galaxy clusters
from a suite of cosmological zoom simulations using a ray
tracing method. We stack the weak lensing from our clusters
along multiple lines of sight and compare the magnifications in
our two models.

2.1. Simulations

We use 10 pairs of clusters extracted from zoom simulations
of ΛWDM and ΛCDM cosmologies. Here, we briefly discuss
our simulations; for further details see Elahi et al. (2014). The
cosmological parameters used were h=0.7, Ωm=0.3,
ΩΛ=0.7, and σ8=0.9. The WDM model used is a 0.5keV
thermally produced dark matter particle (Bode et al. 2001;
Power 2013) which results in a suppression of the growth for a
halo with MMhm=2.1×1011 M , i.e., the so-called half-
mode mass scale where the WDM power spectrum is 1/4 that
of the CDM one (Schneider et al. 2012). Based on phase-space
considerations, Shao et al. (2013) estimated the mass of the
WDM particle to be ∼0.5keV. WDM cosmologies with a dark
matter mass of 0.5 keV have been explored by various studies
(e.g., Schneider et al. 2012; Viel et al. 2012; Kang et al. 2013).

We note that the WDM initial conditions do not include non-
gravitational velocities, and thus, technically, the WDM
simulations are CDM simulations with a smooth truncation in
the initial density perturbation power spectrum at a scale
corresponding to 0.75 -h Mpc1 . All of the simulations were
run with GADGET2, a TreePM code (Springel 2005), and each
pair of zoom simulations used the same gravitational softening
length based on Power et al. (2003), i.e.,  = R N4opt vir vir ,
using Rvir from the parent CDM simulation. Clusters and their
subhaloes are identified using VELOCIRAPTOR (also known as
STF; Elahi et al. 2011).

2.2. Weak Lensing

Gravitational lensing probes the surface mass density of the
lens Σ, specifically through the lensing potential ψ along a line
of sight (los):
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The convergence gives the isotropic (de)magnification of an
image due to the contribution of mass inside a bundle of light
from a background source and the shear is responsible for the
anisotropic distortion of images due to contribution of matter
outside the bundle of light.
The total magnification of an image is given by

m k g= = - - -1 det 1 2 2 1∣ ∣ [( ) ] , where g g g= + i1 2 is
the total shear. Note that for a simple azithumally symmetric
lens, the equations simplify and one can show that
g = S < - S Sr r cr[ ¯ ( ) ( )] , that is, the shear probes the
difference of the surface mass density. The weak lensing
regime of a galaxy cluster takes place at a large distance from
the center where (k  1 and g  1).
The weak lensing shear has a direct impact on the observed

ellipticity of background sources. The observed ellipticity of a
source (eobs) is a combination of the source galaxy’s intrinsic
ellipticity (es) and the effect of shear,

*
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where g is the reduced shear, g k= -g 1( ), and g∗ is its
complex conjugate.
We briefly outline our method for constructing weak lensing

maps here; for a detailed description, see Mahdi et al. (2014).
We place our lensing clusters at zL=0.3 and project all of the
particles within a radius of 4 Mpc of the cluster center onto a
two-dimensional grid for 48 los to overcome the magnification
bias. The projected density field is smoothed by a truncated
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Gaussian kernel with a smoothing scale of 5 -h kpc1 in order
to overcome the numerical noise due to the discreteness of N-
body simulation. We use a 81922 grid, resulting in an angular
resolution of 0.22arcsec per pixel.

The convergence produced by five pairs of clusters along a
single los as well as the difference dk k kº -WDM CDM is
shown in Figure 1. To emphasize the differences in the weak
lensing regime, we mask out the strong lensing region (1Mpc
in diameter). We see that in both cosmologies, the clusters
contain small regions of high convergence, corresponding to
the large subhaloes. As both the WDM and CDM simulations
used the same phases in the initial conditions, every large
subhalo in a CDM cluster has a counterpart in the WDM
analog. This is why large, compact red regions (δκ>0) are
paired with a blue region (δκ<0) in the difference map. The
key feature is that more pixels with δκ>0 are smoothly
distributed about the clusters. We find that 53% of the surface
area has δκ>0 for all clusters in our sample. We will discuss
this feature in the following sections.

For each projection, we distribute 30,000 elliptical sources
(galaxies) of random orientation and ellipticity on the source
plane at zS=2 (i.e., ∼30 galaxies per square arcmin, which is
the effective number density practicable for weak lensing
surveys; see, e.g., LSST Science Collaboration et al. 2009). We
use the lens equation b q a q= - ( ) to trace light rays of
every single source from the source plane to the lens plane,
identify the corresponding image(s) by means of a component-
labeling algorithm that was proposed by Chang et al. (2004).
The convergence and shear of an identified image are
calculated by averaging over all of the pixels that correspond
to the image and the magnification is calculated
from m k g= - -1 1 2 2∣( ) ∣.

3. RESULTS AND ANALYSIS

We characterize the images of a multitude of sources
produced by gravitational lenses, like those in Figure 1.
Naturally, outside the cluster center there is little mass above
the normal background density along a given los and
background galaxies are not strongly magnified. We focus on
the areas where the magnification is non-negligible and we
have ignored those areas where m- -1 10 3. We note that
the form of the probability distribution function (PDF) is the
same for all of the clusters.
The very outskirts of our clusters typically contain under-

dense regions. These void-like regions are poorly sampled even
in our simulations, resulting in areas with fewer than one
particle per pixel. The convergence in these areas cannot be
accurately measured and our method typically returns con-
vergences of 10−5. As WDM haloes are more extended
(Elahi et al. 2014) and the voids in WDM cosmologies are not
as underdense as those in CDM cosmologies (Yang
et al. 2015), the number of pixels with very low magnifications
in our CDM simulations is artificially high. However, this does
not affect our results.
To quantify the feature present in the convergence difference

map seen in Figure 1, we look at the differences in the
distribution of the convergence, magnification, and shear of the
identified images in the weak lensing regime (i.e., images with
κ, γ�0.05). We calculate the distribution of each quantity for
each cluster separately and estimate the variation in the PDFs
by bootstrap re-sampling using 100 sub-samples containing 1/
5 of the total number of the identified images (Press
et al. 2007). Figure 2 shows the significance in the difference
between the PDFs.4 This figure shows that the convergence and
magnification PDFs of WDM have an excess relative to CDM
significant to 5σ for almost all clusters up to κ∼0.01 and

m ~log 0.01. The one outlier is cluster 9, which shows a much
larger excess in the WDM cosmology for large magnifications.5

The difference in the shear distribution shows no significant
features and the WDM and CDM PDFs are within 2σ. Again,
cluster 9 appears to be an outlier from the rest of the clusters.

Figure 1. Convergence maps of five WDM clusters (left column) and their
CDM counterparts (middle column) as well as the difference between WDM
and CDM, dk k kº -WDM CDM (right column). The side length of each map is
4 Mpc and the strong lensing regions (i.e., within 1 Mpc in diameter) are
excluded. Here, pixels with δκ>0 (<0) are red (blue).

4 The first bin in this figure is affected by poorly sampled underdense regions
where the convergence cannot be accurately measured, and hence the
difference in it is not meaningful. Here, it happens that there are more pixels
with low convergence which are poorly measured in the CDM cosmology than
that in the WDM one.
5 This cluster does not appear to be very disturbed or to have a particularly
unusual accretion history. However, there is a large group mass halo at the edge
of the region used to calculate the weak lensing, which is closer to the main
cluster in the WDM simulation. Additionally, the filamentary material bridging
these objects is denser in the WDM simulation.
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Where does this excess in the probability of weak lensing
magnifications in WDM arise from? Figure 1 appeared to show
a larger number of pixels with a positive δκ between WDM and
CDM, and Figure 2 also shows that the excess magnification
arises solely from a higher convergence. As κ is sensitive to the
surface density and γ probes the changes in the surface density,
the difference in the models is not due to differences in the
density profiles of subhaloes or necessarily the subhaloes
themselves. This higher convergence is quite simply due to
there being more “matter in the beam” in regions giving rise to
weak lensing. On the other hand, the fewer number of
subhaloes in the WDM simulation results in fewer pixels with
high shear when considering the whole shear field. However, as
we focus on images in the weak lensing regime (i.e., with κ,
γ�0.05), the shear distribution shown in the lower panel of
Figure 2 is not affected.

The matter is distributed differently in WDM than it is in
CDM, specifically, the material that would be bound up in
compact, low-mass subhaloes is smoothly distributed over

much larger volumes at lower densities. Put simply, WDM
cosmologies are more homogeneous than CDM ones.
One of the first discussions of how differences in the overall

matter distribution affect observations was presented by Dyer
& Roeder (1972, 1973), but this subject has been considered in
a number of subsequent publications (e.g., Weinberg 1976;
Nottale 1982a, 1982b, 1983; Watanabe & Tomita 1990;
Kantowski et al. 1995; Kantowski 1998; Tomita et al. 1999;
Kantowski & Thomas 2001; Brouzakis et al. 2008; Grenon &
Lake 2010; Clarkson et al. 2012; Meures & Bruni 2012; Fleury
et al. 2013). The focus of these studies was to understand how
the angular diameter distance depends on the inhomogeneity of
the universe, specifically on the fraction of material bound up
in point masses along a los in comparison to a homogeneous
background. The key finding from these studies is that
inhomogeneities in the beam can provide additional (de)
focusing, and hence distorting the observed relationship
between redshift and the cosmological distance measures.
Such inhomogeneities can have a significant influence and can
even mimic the effects of dark energy on luminosity distances
(for a review see Bolejko et al. 2011).
A similar effect is at play here. Consider a simple toy model

for a cluster in WDM and CDM: in the WDM model, a volume
contains a single large overdensity (halo), plus several less
massive subhaloes randomly distributed within the volume and
some smooth background; in the CDM model, the volume
contains the same large halo along with a greater number of
subhaloes randomly distributed within the volume. Here, we
treat haloes as truncated isothermal spheres, with the halo and
subhaloes having truncation radii of L0.125 box and L0.0125 box,
respectively, where Lbox is the size of the volume. For
simplicity, we assume that subhaloes have the same mass.
We place down Nsub,cdm and Nsub,wdm subhaloes in the CDM
and WDM volumes and set the total mass in subhaloes to be

=M f Msub,tot,cdm sub,cdm tot, =M f Msub,tot,wdm sub,wdm tot, some frac-
tion of the total mass in the CDM and WDM, respectively. As
the mass within the volume is fixed and fewer subhaloes are
present in the WDM, the background density in the CDM
analog is lower than that in the WDM analog by

dr = -

= -

M M L

f f M L . 4

bg sub,tot,cdm sub,tot,wdm box
3

sub,cdm sub,wdm tot box
3

( )

( ) ( )

The change in the background density manifests as a change in
the convergence. This is seen in the δκ panel of the toy model
where most of the volume has δκ>0, although the regions
where δκ<0 have large absolute changes in the convergence.
We illustrate these effects in Figure 3 where we plot the

convergence and shear of the two toy models in the two upper
rows and the difference in the bottom row. We have set

=N 125sub,cdm and =f 0.125sub,cdm in the CDM analog and
=N 25sub,wdm and =f 0.025sub,wdm in the WDM analog.

Despite the fact that there are many more overdensities in the
CDM volume, most of the area has a higher convergence in the
WDM toy model (δκ>0). However, it is difficult to see if any
bias is present in δγ. For this particular set of parameters, we
find that 89% of the surface area has δκ>0 compared to 6%
with δκ<0. The shear map is more evenly split, 42% and
58% with δγ>0 and δγ<0, respectively. Naturally, the exact
numbers depend not only on fsub and Nsub but the size and
distribution of subhaloes. Nevertheless, this model clearly
shows that the higher fraction of material bound up in compact,

Figure 2. Significance in the difference between WDM and CDM PDFs of
magnification (top), convergence (middle), and shear (bottom) for each cluster.
The gray line represents the median distribution.
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high-density regions in CDM cosmologies will produce smaller
areas with non-negligible magnification compared to WDM
cosmology. WDM leaves the shear unchanged but increases the
convergence.

4. DISCUSSION AND CONCLUSIONS

The removal of small-scale power in WDM models has far
reaching effects. It is well known that it gives rise to fewer low-
mass dark matter haloes. However, the messy business of
galaxy formation and evolution and the difficulty in finding
small galaxies means that the galaxy luminosity function is a
less than ideal probe for WDM. In this paper, we show that
weak lensing offers another test for the absence of small-scale
power. WDM models increase the average convergence (and
magnification) in the weak lensing regime or, more specifically,
the PDF distribution is shifted toward larger κ for κ 0.01.
Moreover, the signal is not only in the PDF from the entire
lensing field. The key is the fact that the spatial distributions of
the convergences differ in the WDM and CDM cosmologies. It
is visually apparent from the convergence maps (Figure 1) that

the matter in the WDM cosmology is more homogeneously
distributed than that in the CDM one.
The WDM model studied in this work assumes that the mass

of WDM particles is 0.5 keV. However, several other probes
prefer higher values of WDM mass particles. Nevertheless, the
key finding in this paper is that the matter is distributed
differently in WDM models and in turn results in a difference
in the weak lensing signature. Based on the results presented in
this work, one would expect the difference between the PDFs
of the convergence and magnification to be smaller for WDM
models with higher masses of WDM particles. A further work
will consider studying the lensing characteristics of simulated
clusters in WDM cosmologies with higher masses of WDM
particles. This study will provide accurate statistical estimates
of the difference between the CDM model and WDM
cosmologies with different masses of WDM particles.
The component-labeling algorithm used in this work exactly

determines how the source has been distorted by the lens. The
real world, however, is not so simple as we do not know the
exact shape and intensity of the source, and so these lensing
quantities are hidden. Real weak lensing observations probe the
reduced shear by examining the shape of the flux distribution of
a galaxy (e.g., Sheldon et al. 2009; Umetsu et al. 2014) or the
magnification through the number density effect (e.g.,
Hildebrandt et al. 2009; Ishigaki et al. 2015). A future study
will explore the detectability of WDM using mock weak
lensing observations of galaxy shapes and the number density
of galaxies for our sample of simulated clusters. Comparing
these synthetic observations with measurements from ongoing
surveys such as DES and LSST would maximize the scientific
impact of these measurements.
In conclusion, this study highlights the power of weak

lensing as a precise cosmological probe. Weak lensing not only
probes haloes but can also measure the clumpiness of the
intercluster medium. Therefore, in principle, it can be used to
differentiate between CDM and WDM.
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