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ON 2-ARC-TRANSITIVE GRAPHS OF ORDER kpn

LUKE MORGAN, ERIC SWARTZ, GABRIEL VERRET

Abstract. We show that there exist functions c and g such that, if k, n and d are positive integers
with d > g(n) and Γ is a d-valent 2-arc-transitive graph of order kpn with p a prime, then p 6 kc(d).
In other words, there are only finitely many d-valent 2-arc-transitive graphs of order kpn with d > g(n)
and p prime. This generalises a recent result of Conder, Li and Potočnik.

1. Introduction

All graphs considered in this paper are finite, connected and simple (they are undirected and do
not have loops or multiple edges). A 2-arc of a graph is a triple (u, v, w) of pairwise distinct vertices
such that v is adjacent to both u and w. We say that a graph is 2-arc-transitive if its automorphism
group acts transitively on its 2-arcs.

The class of 2-arc-transitive graphs has attracted a lot of interest. Although many partial classi-
fication results have been obtained, a full classification might be out of reach. A nice survey of some
of the main results in this area can be found in [15]. Recently, Conder, Li and Potočnik have proved
the following.

Theorem ([2, Theorem 1]). Let k be a positive integer.

(1) If d > 3, then there exist only finitely many d-valent 2-arc-transitive graphs of order kp with p
a prime.

(2) If d > 4, then there exist only finitely many d-valent 2-arc-transitive graphs of order kp2 with

p a prime.

Inspired by this result, we are naturally led to ask whether an analogous statement holds for graphs
of order kp3, kp4, etc. This is exactly the content of our main theorem:

Theorem 1.1. There exist functions c : N → N and g : N → N such that, if k, n and d are positive

integers with d > g(n) and there exists a d-valent 2-arc-transitive graph of order kpn with p a prime,

then p 6 kc(d).

In other words, if k, n and d are fixed with d large enough, then there are only finitely many
d-valent 2-arc-transitive graphs of order kpn with p a prime. In some sense, this shows that, for
classifying 2-arc-transitive graphs along these lines, the most interesting case is when the valency is
small. Indeed, there has been much activity in classifying such graphs, especially with n and k small.
(For example, an overview of the case (n, d) = (1, 3) can be found in [2, Section 6].)

The proof of Theorem 1.1, which can be found in Section 3, divides naturally into the affine and
non-affine cases. Preparatory work for these cases is done in Sections 2.2 and 2.3, culminating in
Theorems 2.4 and 2.9. (In fact, Theorem 2.4 is stronger than required.) To complete the proof of
Theorem 1.1, we also require a result of Trofimov and Weiss that depends upon the Classification of
the Finite Simple Groups (CFSG) [6]. On the other hand, all of the results in Section 2 are CFSG-free.
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2. Preliminaries

We begin with some preliminaries that set the stage for the proof of Theorem 1.1. We denote the
cyclic group of order n by Cn and, for a prime power d, the elementary abelian group of order d by
Ed. The soluble radical of a group is its largest normal soluble subgroup.

We write H . G if H is isomorphic to a subgroup of G. We will say that a group H is involved in a
group G if there are subgroups K and N of G such that N is a normal subgroup of K and K/N ∼= H.

A permutation group is called quasiprimitive if each of its non-trivial normal subgroups is transitive.
A transitive permutation group is called 2-transitive if a point-stabiliser is transitive on the remaining
points. It is easy to see that a 2-transitive group is quasiprimitive.

A graph is G-vertex-transitive if G is a group of automorphisms of the graph acting transitively
on its vertices. Let Γ be a G-vertex-transitive graph and let v be a vertex of Γ. We denote the set of

neighbours of v in Γ by Γ(v). We write G
Γ(v)
v for the permutation group induced by the action of Gv

on Γ(v) and G
[1]
v for the kernel of this action. Given a permutation group L, the pair (Γ, G) is said

to be locally-L if G
Γ(v)
v is permutation isomorphic to L. Note that a graph Γ is 2-arc-transitive if and

only if the pair (Γ,Aut(Γ)) is locally-L with L a 2-transitive group.

2.1. Graph-restrictive groups and a key lemma. Following [19], we say that a transitive group
L is graph-restrictive if there exists a constant c(L) such that, for every locally-L pair (Γ, G) and v a
vertex of Γ, the inequality |Gv| 6 c(L) holds.

The following lemma, which is inspired by [2, Theorem 2], is the crucial first step in our proof of
Theorem 1.1.

Lemma 2.1. Let L be a quasiprimitive graph-restrictive permutation group with corresponding con-

stant c(L), let k and n be positive integers and let p be a prime with p > kc(L). If (Γ, G) is a locally-L
pair such that Γ has order kpn and v is a vertex of Γ, then the following hold:

(1) |Gv | is coprime to p;
(2) Gv is isomorphic to a subgroup of GL(n, p).

Proof. Let P be a Sylow p-subgroup of G. By vertex-transitivity we have |G| = kpn|Gv |. Since L
is graph-restrictive, we have k|Gv | 6 kc(L) < p hence |P | = pn, |Gv| is coprime to p and Pv = 1.
Moreover, since |G : P | < p, it follows from Sylow’s Theorem that P is normal in G.

Let C be the centraliser of P in G and let Z(P ) be the centre of P . Note that C is normal in G and
Z(P ) = P ∩ C. Since P is normal in G, Z(P ) is a Sylow p-subgroup of C and the Schur-Zassenhaus
Theorem [5, 6.2.1] yields C = Z(P ) × J for some characteristic subgroup J of C. Since Pv = 1, it
follows that Cv = Jv.

Suppose that Jv 6= 1. In particular, since G
Γ(v)
v is quasiprimitive, J has at most two orbits on the

vertices of Γ. (See for example [2, Lemma 4].) Since J is characteristic in C, it is normal in G, and
thus these orbits have the same size. Since p > 2, it follows that p divides the size of these orbits,
contradicting the fact that |J | is coprime to p.

It follows that Cv = Jv = 1, and thus Gv is isomorphic to a subgroup X of Aut(P ). By [5, 5.3.5],
we have that X acts faithfully on the Frattini quotient P/Φ(P ), which is elementary abelian of rank
at most n. Thus X is isomorphic to a subgroup of GL(n, p). �

In view of Lemma 2.1, we are led to consider the following definition. For a finite group X, let

λ(X) := min{n | X is involved in a finite subgroup of GL(n,F), F a field with char(F) ∤ |X|}.

Note that, if Y is involved in X, then λ(Y ) 6 λ(X). The next lemma shows that, when considering
λ(X), it suffices to work over the field of complex numbers.

Lemma 2.2. If X is a finite group, then there exists a finite subgroup G of GL(λ(X),C) such that

X is involved in G and every prime divisor of |G| divides |X|.
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Proof. By definition, there is a field F with char(F) ∤ |X| and a finite subgroup G of GL(λ(X),F) such
that, for some normal subgroup K of G, we have G/K ∼= X. Choose G such that |G| is minimal.
Without loss of generality, we may assume that F is algebraically closed.

We claim that K is nilpotent. (The argument used to prove this claim is taken from the proof of
[3, Lemma 5.5A(ii)]). Let p be a prime and let P be a Sylow p-subgroup of K. The Frattini Argument
yields G = NG(P )K and hence NG(P )/NK(P ) ∼= NG(P )K/K ∼= G/K ∼= X. The minimality of |G|
implies that G = NG(P ). In particular, P is normal in K and hence K is nilpotent.

We now show that every prime divisor of |K| divides |X|. Let p be a prime dividing |K| and let
P be a Sylow p-subgroup of K. Since K is nilpotent, we have K = P × Q for some characteristic
subgroup Q of K. If p does not divide |X|, then the Schur-Zassenhaus Theorem [5, 6.2.1] yields
G/Q ∼= P ⋊X, and thus G has a proper subgroup involving X, contradicting the minimality of |G|.

In particular, every prime divisor of |G| divides |X| and thus char(F) does not divide |G|. Since
F is algebraically closed, this implies that the degrees of representations of G over F are the same as
the degrees of representations of G over C, see for instance [11, Chapter 15] and, in particular, [11,
Theorem 15.13]. We thus obtain a representation of G over C of dimension λ(X), completing the
proof. �

2.2. Locally non-affine pairs. The finite quasiprimitive groups are classified (see [13]). If G is such
a group, then its socle has the form T ℓ for some finite simple group T . If T is abelian, then G is called
affine; otherwise, we say that G is non-affine. In this section, we consider the locally non-affine case
of Theorem 1.1 (and, in fact, we prove a stronger result).

For n > 1, let

(2.2.1) J(n) = (n!) · 12n(π(n+1)+1)

where π(k) denotes the number of primes less than or equal to k.

Lemma 2.3. If X is a finite group with trivial soluble radical, then |X| 6 J(λ(X)).

Proof. By Lemma 2.2, there exists a finite subgroup G of GL(λ(X),C) such that G has a normal
subgroup K with G/K ∼= X. By a theorem of Jordan [11, Theorem 14.12], there exists an abelian
normal subgroup A of G such that |G : A| 6 J(λ(X)). Since G/K has trivial soluble radical, we have
A 6 K and hence |X| = |G : K| 6 |G : A| 6 J(λ(X)), as desired. �

Theorem 2.4. Let k, n and d be positive integers with d > J(n). Let (Γ, G) be a locally-L pair such

that Γ has order kpn for some prime p, L has degree d and is graph-restrictive and quasiprimitive. If

L is non-affine, then p 6 kc(L).

Proof. We assume for a contradiction that p > kc(L). Let v be a vertex of Γ. By Lemma 2.1, |Gv | is
coprime to p and Gv is isomorphic to a subgroup of GL(n, p). In particular, λ(L) 6 λ(Gv) 6 n.

Let S be the socle of L. Since L is quasiprimitive, S is transitive. Since L is non-affine, S is
a direct product of non-abelian simple groups and thus has trivial soluble radical. Lemma 2.3 then
implies that d 6 |S| 6 J(λ(S)) 6 J(λ(L)) 6 J(n), contradicting the fact that d > J(n). �

Remark 2.5. It was conjectured by Praeger [14] that finite quasiprimitive groups are graph-restrictive.
The validity of this conjecture would render the graph-restrictive assumption in the hypothesis of
Theorem 2.4 superfluous. The conjecture remains open but has been shown to hold in certain cases
[12, 16, 17, 18].

2.3. Locally affine pairs. In this section we consider locally-L pairs where L is a 2-transitive affine
group. We first consider the case when L is soluble. The finite soluble 2-transitive groups were
classified by Huppert [8]. A consequence of this classification is that, up to finitely many exceptions,
all such groups are subgroups of the one-dimensional affine semilinear group, which we now define.

Let d = rf be a power of a prime r. We denote the field of order d by Fd and the Galois group

of the field extension Frf /Fr by Gal(Frf /Fr). The group AΓL(1, d) is 〈Tu,α,σ | u ∈ Fd, α ∈ F#
d , σ ∈
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Gal(Frf /Fr)〉 where Tu,α,σ is the permutation of Fd defined by

Tu,α,σ : x 7→ α(xσ) + u, x ∈ Fd.

The permutation group AΓL(1, d) is 2-transitive with a regular normal subgroup

Vd = 〈Tu,1,1 | u ∈ Fd〉 ∼= Ed

and point-stabiliser conjugate to

ΓL(1, d) := 〈T0,α,σ | α ∈ F#
d , σ ∈ Gal(Frf /Fr)〉 ∼= Cd−1 ⋊ Cf .

The point-stabiliser ΓL(1, d) contains the normal subgroup

GL(1, d) := 〈T0,α,1 | α ∈ F#
d 〉

∼= Cd−1,

while

AGL(1, d) := 〈Tu,α,1 | u ∈ Fd, α ∈ F#
d 〉 = Vd ⋊GL(1, d) ∼= Ed ⋊ Cd−1,

is a 2-transitive normal subgroup of AΓL(1, d).
In the following omnibus proposition, we collect a few results concerning 2-transitive subgroups of

AΓL(1, d).

Proposition 2.6. Let d = rf be a power of a prime r, let L be a 2-transitive subgroup of AΓL(1, d)
and let X = L ∩AGL(1, d). The following hold:

(1) X = Vd ⋊X0;

(2) X0 is a subgroup of GL(1, d) of index at most f ;
(3) every element of ΓL(1, d) \GL(1, d) has order at most d−1

f unless r = 2 and 2 6 f 6 6;

(4) every element of L0 has order at most |X0|;
(5) if F is a field with char(F) ∤ |X| and n is a positive integer such that X . GL(n,F) then

n > |X0|.

Moreover, if (Γ, G) is a locally L-pair, r and f are coprime and v is a vertex of Γ then

(6) Gv contains a subgroup isomorphic to X.

Proof. We prove each claim in order.

(1) The claim is clearly true if d = 4 and thus we assume that d 6= 4. Since L is soluble and
2-transitive, its socle soc(L) is elementary abelian and transitive, and thus regular with order
rf . We first show that soc(L) = Vd. Suppose for a contradiction that soc(L) 6= Vd.

Note that soc(L)/(soc(L) ∩ Vd) ∼= soc(L)Vd/Vd 6 AΓL(1, d)/Vd
∼= ΓL(1, d). Since the

Sylow r-subgroups of ΓL(1, d) are cyclic, we have |soc(L) ∩ Vd| = rf−1. On the other hand,
there exists vt ∈ soc(L) with v ∈ Vd and 1 6= t ∈ ΓL(1, d). Since vt has order r, t must
have order r and therefore a conjugate t′ of t in ΓL(1, d) lies in Gal(Frf /Fr). Now both Vd

and soc(L) are abelian hence soc(L)∩Vd is a subgroup of the centraliser CVd
(t) and we have

|CVd
(t)| = |CVd

(t′)|. By the Galois correspondence, CVd
(t′) is the subfield Frf/r of Frf . This

yields rf−1 6 rf/r, which is a contradiction since d 6= 4. We have shown that soc(L) = Vd.
This implies that Vd 6 X and the result follows.

(2) By (1), Vd 6 L and thus L0 6 ΓL(1, d) andX0 = L0∩GL(1, d). Since |ΓL(1, d) : GL(1, d)| = f ,
we have |L0 : X0| 6 f . Moreover, L is 2-transitive hence |L0| > d − 1 = |GL(1, d)| and thus
|GL(1, d) : X0| 6 f .

(3) Let x be a generator of GL(1, d), let σ be a generator of Gal(Fd/Fr) and let y = T0,1,σ. Now
ΓL(1, d) = 〈x〉 ⋊ 〈y〉 where the action of 〈y〉 on 〈x〉 is the action of the Galois group of the

field extension Frf/Fr on F#
d . We will show that any element of ΓL(1, d) \ 〈x〉 has order at

most d−1
f . Let z be such an element and write z = x′y′ with x′ ∈ 〈x〉 and y′ ∈ 〈y〉. Note that

〈z〉 ∩ 〈x〉 is centralised by z and x′ and thus by y′. Let e = |y′| and k = f
e . By the Galois
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correspondence, the elements of Fd that are fixed by y′ are precisely those in the subfield Frk .
It follows that |〈z〉 ∩ 〈x〉| divides rk − 1 and hence

|z| = |〈z〉 : 〈z〉 ∩ 〈x〉||〈z〉 ∩ 〈x〉| = |y′||〈z〉 ∩ 〈x〉| 6 e(rk − 1).

Since f = ek and e > 2, it is an easy exercise to show that e(rk − 1) 6 rf−1
f = d−1

f unless

r = 2 and f 6 6.
(4) By (2), |X0| 6

d−1
f and thus the claim follows by (3) unless r = 2 and 2 6 f 6 6. In the latter

case, the claim can be checked by computer (for example, with the help of Magma [1]).
(5) Let U be the natural GL(n,F)-module considered as an X-module. Note that X is a Frobenius

group with kernel Vd and complement X0. Since the characteristic of F does not divide |X|,
Maschke’s Theorem [11, Theorem 1.9] implies that U is a completely reducible X-module.
Moreover, since Vd acts non-trivially on U , we have U = CU(Vd) ⊕W , where CU (Vd) is the
submodule of U fixed by every element of Vd and W is a non-zero submodule W of U . Now
CW (Vd) = 0 and hence we may apply [11, Theorem 15.16], which shows that the dimension
of W is divisible by |X0|. The result follows.

(6) Let u be a neighbour of v in Γ and let G
[1]
uv = G

[1]
u ∩G

[1]
v . Note that L ∼= Gv/G

[1]
v . In particular,

if G
[1]
v = 1, then the result is immediate. We therefore assume that G

[1]
v 6= 1 and thus d > 3. If

d = 3 then AΓL(1, d) = AGL(1, d) ∼= Sym(3) and thus L = X ∼= Sym(3) and the result follows
from [4].

Since r and f are coprime, we may thus assume that d > 5. By [20, Theorem (ii)], we have

G
[1]
uv = 1. In particular, G

[1]
v is isomorphic to a subgroup of Guv/G

[1]
u , and the latter group is

itself isomorphic to a subgroup of ΓL(1, d) ∼= Cd−1 ⋊ Cf . Now f and d − 1 are coprime to r,

hence |G
[1]
v | is coprime to r. Let R be a Sylow r-subgroup of Gv . Since the order of G

[1]
v is

coprime to r, we see that RG
[1]
v /G

[1]
v is a Sylow r-subgroup of Gv/G

[1]
v . Thus RG

[1]
v is a normal

subgroup of Gv. We claim that R is normal in Gv.

Since G
[1]
u and G

[1]
v are normal subgroups of Guv , it follows that [G

[1]
v , G

[1]
u ] 6 G

[1]
uv = 1. Let T

be the normal closure in Gv of G
[1]
u and observe that [T,G

[1]
v ] = 1. Since T is normal in Gv and

T 
 G
[1]
v (for otherwise G

[1]
u 6 G

[1]
v and this yields G

[1]
v = 1), by the quasiprimitivity of L, we

have RG
[1]
v 6 TG

[1]
v . Since |TG

[1]
v : T | divides |G

[1]
v |, which is coprime to r, T contains a Sylow

r-subgroup of TG
[1]
v . The normality of T in Gv implies T contains every Sylow r-subgroup

of TG
[1]
v . It follows that R 6 T and thus R centralises G

[1]
v . Now RG

[1]
v = R × G

[1]
v , thus R

is characteristic in RG
[1]
v , and therefore R is normal in Gv. Moreover Gv = R ⋊ Guv since

|Guv| = |Guv : G
[1]
v ||G

[1]
v | is coprime to r.

Since G
[1]
uv = 1 we see that Guv is isomorphic to a subgroup of Guv/G

[1]
v ×Guv/G

[1]
u where

Guv/G
[1]
v

∼= Guv/G
[1]
u

∼= L0.

Note that Guv projects onto L0 in both coordinates of the direct product. Let π : Guv 7→ L0

be the projection onto the first coordinate and let g be an element of Guv of minimal order
such that π(g) generates X0. Write g = (x, g2) with g2 ∈ L0. By (4), g2 has order at most
|X0| and thus g has order |X0|. It follows that 〈R, g〉 = R⋊ 〈g〉 ∼= Vd ⋊X0 = X. �

To complete the case when L is soluble, we will also need the following.

Lemma 2.7. If rf is a power of a prime r, then λ(Erf ) >
2f
3 .

Proof. By Lemma 2.2, Erf is involved in a finite r-subgroup R of GL(λ(Erf ),C). In particular, there
is an integer f ′ such that f 6 f ′ and R/Φ(R) ∼= Erf ′ . It then follows by [10, Theorem A] that

f 6 f ′ 6 3n
2 , as required. �

For the insoluble case, we prove the following result.
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Lemma 2.8. There exists an increasing function I : N → N such that, if H is a finite insoluble affine

2-transitive group then |H| 6 I(λ(H)).

Proof. Let n ∈ N. We will show that there is an upper bound on |H| as H runs over the finite insoluble
affine 2-transitive groups with λ(H) 6 n. This will allow us to define

I(n) = max{|H| : H finite insoluble affine 2-transitive, λ(H) 6 n}

with the required properties.
Let H be such a group, let R(H) be the soluble radical of H and let T (H) be the socle of H/R(H).

By [7, Theorem 6.1], T (H) is a non-abelian simple group. We have λ(T (H)) 6 λ(H) 6 n, and it
follows by Lemma 2.3 that |T (H)| 6 J(n). By [7, Corollary 6.3], for a given finite non-abelian simple
group T , there are only finitely many finite 2-transitive groups H with T (H) ∼= T . This concludes the
proof. �

For a positive integer n, let

(2.3.1) h(n) = max{I(n), 232, (3n/2)3n/2}.

It was shown in [20] that affine 2-transitive groups are graph-restrictive. Hence, in the hypothesis of
the following theorem, c(L) is well-defined.

Theorem 2.9. Let k, n and d be positive integers with d > h(n). Let (Γ, G) be a locally-L pair

such that Γ has order kpn for some prime p, L has degree d and is 2-transitive. If L is affine, then

p 6 kc(L).

Proof. Since L is affine, d is a prime power, say d = rf for some prime r. We assume for a contradiction
that p > kc(L). Let v be a vertex of Γ. By Lemma 2.1, |Gv | is coprime to p and Gv is isomorphic to
a subgroup of GL(n, p). In particular, λ(L) 6 λ(Gv) 6 n.

We first assume that L is soluble. Since d > 232, it follows by [9, XII, 7.3] that L 6 AΓL(1, d).
Let X = L ∩AGL(1, d).

If r > f then, by Proposition 2.6(6), Gv contains a subgroup isomorphic to X and thus so does
GL(n, p). By Proposition 2.6(5), this implies n > |X0|. Finally, Proposition 2.6(2) yields |X0| >

d−1
f

and thus n > d−1
f > d−1

log2(d)
, contradicting the fact that d > max{232, (3n/2)3n/2}.

We may thus assume that r 6 f . Since the group Ed = Erf is involved in L, it is involved in
GL(n, p) and hence Lemma 2.7 gives f 6 3n/2 and thus d = rf 6 f f 6 (3n/2)3n/2, contradicting the
fact that d > h(n).

We may thus assume that L is insoluble. Lemma 2.8 implies that d 6 |L| 6 I(λ(L)) 6 I(n),
contradicting the fact that d > h(n) > I(n). This final contradiction yields that p 6 kc(L). �

3. Proof of Theorem 1.1

By [17, Theorem 1.4] 2-transitive groups are graph-restrictive. Hence we may define c(d) to be the
maximum of c(L) as L runs over the 2-transitive groups of degree d. Let J and h be as in (2.2.1) and
(2.3.1), respectively, and, for a positive integer n, let g(n) = max{J(n), h(n)}. The proof now follows
by applying Theorems 2.4 and 2.9. �

Remark 3.1. By consulting the references, it is possible to explicitly compute the functions c and g
defined above. Although one can find better bounds than the ones given, we choose not to attempt
to optimise these functions, being satisfied merely with their existence.

Acknowledgements. We are grateful to Michael Giudici for pointing out a mistake in an earlier
version of this paper.
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[12] P. Potočnik, P. Spiga and G. Verret, On graph-restrictive permutation groups, J. Comb. Theory, Ser. B 102 (2012),

820–831.
[13] C. E. Praeger, Finite quasiprimitive graphs. Surveys in combinatorics, 1997 (London), 65–85, London Math. Soc.

Lecture Note Ser., 241, Cambridge Univ. Press, Cambridge, 1997.
[14] C. E. Praeger, Finite quasiprimitive group actions on graphs and designs, in: Young Gheel Baik, David L. Johnson,

Ann Chi Kim (Eds.), Groups – Korea, de Gruyter, Berlin, New York, (2000), pp. 319–331.
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