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Abstract

This thesis characterizes equilibrium in multiproduct firms to discuss investment in

variety and the impact of variety on welfare. Profit functions are not quasi-concave

when firms provide multiple products, hindering the mere existence of equilibrium.

The first article introduces the conditions for which such an equilibrium exists and

is unique, finding that firms engage in Bertrand competition when the number of

products in each firm is large, provided that consumers have valuations that follow

a distribution with an unbounded hazard rate. The second article examines firms’

investments in new products over time. If the hazard rate is unbounded, then firms

play a series of games of chicken and avoid introducing new products simultaneously.

In contrast, if the distribution is a double exponential, the hazard rate is bounded,

and firms become involved in a series of prisoner’s dilemmas. In that case, investing

is a dominant strategy, so firms add new products simultaneously. The third article

discusses the impact of variety on welfare, finding a condition that guarantees welfare

improvements, regardless of valuation distribution. The hazard rate determines how

the surplus is transferred. If the hazard rate is unbounded, then the transfer of

surplus is undetermined; otherwise, welfare increases to the benefit of consumers

and to the detriment of firms.
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1.1 Motivation

1.1.1 Predominance of multiproduct firms

This thesis finds motivation in a simple observation: firms sell a variety of products.

Examples of such firms are numerous, ranging from clothing factories that make T-

shirts of different colors to ice cream sellers who offer many ice cream flavors. More

generally, Bernard et al. (2011) show that in 1997, 40% of firms were multiproduct

firms and represented 90% of products in the US. They use the Standard Industrial

Classification that classifies female retail clothing into one category, placing dresses

and T-shirts in the same product category. This only strengthens the point that

multiproduct firms are prominent because at a microeconomic level, two slightly

different white shirts could be two different products.

Economists explain the emergence of multiproduct firms with economies of scope.

Economies of scope relate to the lower costs incurred by a firm when it makes

products that share certain inputs. Therefore, producing similar products comes

at a lower cost than producing a set of different products, and hence, there is

an incentive to make very close substitutes that are horizontally differentiated. For

instance, a clothing factory that focuses on white shirts would rather offer new shirts

with different cuts than start a production line for pants. In addition, new entrants

have little experience making such products and, therefore, face substantial costs to

produce their first product. High entry costs limit the number of firms, suggesting

the oligopolistic nature of markets.

However, economies of scope must align with the incentives engendered by de-

mand. Economies of scope alone provide no rationale for a firm to expand the

variety of its products. A new product brings about more demand from competi-

tors, but such a new variant comes at a cost. Therefore, after introducing a new

variant, profit must increase to a level that is higher than the cost of the new vari-

ant. Firms expand their variety to increase their market share and strengthen their
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market power, which emphasizes the importance of firms’ product variety.

1.1.2 Challenge of characterizing equilibrium

More than a lack of interest from economists, mathematical difficulties arise with

multiproduct firms. One issue is how to distinguish the interactions between firms

and those within firms. Interactions between firms denote the competitive outcomes

familiar to economists: a lower price attracts more consumers away from the com-

petition. Conversely, interactions within firms describe the synergy between each

product of a firm. Decreasing the price of one product induces some consumers of

that firm to switch to that product. There are two opposite effects, depending on

the product that consumers were preciously buying. If consumers switch from a less

expensive product, then the firm makes an extra profit, thus leading to a positive

effect. In contrast, if most consumers switch from a more expensive product to a

less expensive product, then profit must decline, thus leading to a negative effect.

These interactions between and within firms translate into profit functions that are

not quasi-concave. Since quasi-concavity is often a condition to guarantee the exis-

tence of equilibrium, this thesis deals with the problems in which equilibrium may

not exist a priori.

Nested approaches, as illustrated by Figure 1.1, circumvent these issues. In the

nest controlled by a firm, the valuations a consumer has are all correlated. However,

the products from different firms have independent valuations. As a consequence,

each firm solves its maximization problem in two steps, separating the interactions

within firms from those between firms. A firm first chooses its relative prices to

maximize profit given its share of consumers, accounting for interaction within the

firm. Then, it chooses its price level, keeping the relative prices similar, to determine

the optimal market share. Thus, the firm is able to account for price interactions

between firms.
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Consumers

Firm 1

Product 1 Product 2

Firm 2

Product 3 Product 4 Product 5

Figure 1.1: A nested approach

Little work has been conducted on situations when demand is not nested. In a

nonnested approach, as illustrated by Figure 1.2, consumers directly observe every

single product available in the market. For example, in a flower market, florists

may sell multiple bouquets, and consumers can browse all available bouquets. Con-

sumers observe all the products and can tell which one is the best for them. As a

result, interactions between and within firms operate simultaneously. These price

interactions are a source of the mathematical issues that prevent the generaliza-

tion of existing results on single-product firm oligopolies, like the one featured in

Caplin and Nalebuff (1991). Caplin and Nalebuff (1991) provide conditions for the

existence and uniqueness of equilibrium in an oligopoly with single-product firms.

Attempts to generalize Caplin and Nalebuff (1991)’s result have looked exclusively

into a special case in which for each product, there are consumers with extreme val-

uations. These consumers are willing to pay a high price, and firms may set prices

that are above their marginal cost. Firms enjoy market power for each product they

sell, regardless of the number of firms and the number of products provided, which

is a significant result but fails to capture the idea that more products per firm may

intensify competition, thus driving prices down.
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Consumers

Product 1 Product 2 Product 3 Product 4 Product 5

Firm 1 Firm 2

Figure 1.2: A non-nested approach

1.2 Aims

This thesis aims to generalize an existence and uniqueness results of Caplin and

Nalebuff (1991). The uniqueness of an equilibrium builds foundations for consistent

comparative statics. One can compare the equilibrium for any number of prod-

ucts per firm and observe the price as the number of products per firm increases.

Therefore, comparing equilibria helps firms compare profits if they invest in new

products. These investments orient the discussion toward the impact of product

variety on welfare and whether firms or consumers benefit from more product vari-

ety per firm. Therefore, this thesis focuses on three themes: equilibrium, investing

in variety, and welfare. These themes are treated in three articles that answer the

following questions:

1. Are there sufficient conditions for a unique Bertrand-Nash equilibrium to arise

when firms provide multiple varieties of the same product?

2. How do firms introduce new varieties over time?

3. How do these new varieties impact welfare?

1.2.1 Ensuring the existence and uniqueness of equilibrium

Question 1 asks about the sufficient conditions for the existence and uniqueness

of a Bertrand-Nash equilibrium. The idea is to generalize one of the results of
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Figure 1.3: A typical profit function

Caplin and Nalebuff (1991) to multiproduct firms, which is not trivial. According

to Nocke and Schutz (2018), existence and uniqueness arise in simple cases like

that studied by Konovalov and Sándor (2010). For Konovalov and Sándor (2010),

how much a consumer is willing to pay for a product follows a double exponential

distribution. Even in such a case, the profit functions are not quasi-concave, as

Figure 1.3 illustrates. This means that the existence of equilibrium in the first

place is not guaranteed. Konovalov and Sándor (2010) show the unimodality of the

profit functions and use a fixed-point argument to show that equilibrium is unique.

However, it is unclear whether their argument applies to any other distribution.

Therefore, Chapter 4 takes another path, identifying a global property of profit

functions to demonstrate the existence and uniqueness of equilibrium.

1.2.2 Identifying investment dynamics

Answering Question 1 helps answer Question 2 regarding how firms invest in new

product variants over time. With a unique equilibrium, comparative statics indicate

how a firm is doing when it introduces a new product to the market. Being the

sole investor improves a firm’s position if investing generates gains that exceed
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the investment cost. However, what happens when firms invest simultaneously

is unclear. Will the price decrease, increase, or stay the same? To answer this

question, there are two forces to disentangle. With more products on the market,

consumers have more choices. There is a likelihood that they find a product they

like very much in each firm. Firms compete more intensely, driving prices down.

Conversely, consumers are also willing to pay more for a product they like the most,

and firms might want to raise their prices. However, which effect dominates the

other is uncertain. Chapter 5 sheds some light on this matter and finds firms’

optimal investment policies.

1.2.3 Determining the impact of variety on welfare

Question 3 asks about whether these new products entail welfare improvements.

Importantly, Question 3 relates to the transfer of surplus. Are consumers better off

to the detriment of producers? Are firms extracting a consumer surplus when they

introduce new products on the market? The impact of more product variety on

welfare is not trivial, even when firms may only introduce one additional product

variant on the market. If a duopolist invests in one new variant but its competitor

does not, then it increases its profit to the detriment of its competitor. Is the

overall producer surplus increasing or decreasing? This question is addressed in

Chapter 6. Likewise, the change in consumer surplus is undetermined. A new

product variant provides consumers with more choice, which is positive. However,

if the firm increases its price, are consumers still better off? Chapter 6 sheds some

light on this matter.
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1.3 Results

1.3.1 A model with a unique equilibrium

Chapter 4 derives the sufficient conditions for the existence and uniqueness of equi-

librium. Firms provide many products, and consumers have unit demand; they

pick one unit of a product available on the market. Consumers all have different

valuations of a product, supposing a distribution of valuations for each product. In

Chapter 4, the valuations for the items sold by a firm are independent and iden-

tically distributed, but two firms may be characterized by different distributions.

Throughout the thesis, these distributions are considered log-concave. The profit

functions are generally not quasi-concave in such a context. However, still, the

profit functions have some structure that the article exploits to establish both the

existence and uniqueness of equilibrium. A firm’s best response is to set the same

price for its products. If a firm sells each of its variants at the same price, then a

consumer only looks for the variant that she values the most from that firm. The

valuations consumer have for their favorite product follow a distribution that is log-

concave. Therefore, the problem reduces to the choice of one price for a product

with valuations that follow a log-concave distribution, a scenario for which Caplin

and Nalebuff (1991) proves that a unique equilibrium exists. Hence, we have the

existence and uniqueness of equilibrium.

Then, Chapter 4 determines whether the price increases or decreases when firms

provide more products simultaneously. Chapter 4 points out that the hazard rate of

the distribution of valuations is important. As the valuation of a product increases,

an unbounded hazard rate reduces the likelihood to zero that a new product would

yield an even greater valuation. As a result, for a consumer, all the best products

are close in valuation to one another. Consumers are likely to find highly valued

products in each firm, so firms can thus lower their prices. Competition intensifies,

increasingly resembling Bertrand competition. In contrast, the price remains un-
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changed when the valuations of a product follow a double exponential distribution,

which has a bounded hazard rate: there is always a likelihood that a new product

will yield a greater valuation than the best alternative currently available. If it does,

then it is therefore significantly better than the other ones for a particular consumer.

Therefore, consumers are willing to pay a premium for their favorite product, and

as a result, firms can always set a price above their marginal cost.

1.3.2 Identical firms make different investments

Chapter 4 points out the difficulties in analyzing a firm’s incentives to invest to

provide new product variants. The benefits of being the sole investor are clear

but, depending on the hazard rate of the distribution of valuations, investing is

not always the best response. If the hazard rate is unbounded, then profits decrease

when all firms introduce new products on the market. Chapter 5 examines a duopoly

and demonstrates that firms, in essence, play a game of chicken. If a firm invests,

then another firm will not. Conversely, if one refrains from investing, then the best

response is for the competitor to invest. In the end, even if firms are identical ex

ante, one may end up dominating the market ex post, providing more products than

its competitor.

In an intertemporal setting, when firms can invest multiple times, there might

be inconsistencies. For instance, the dominated firm could start investing to take

over the market or at least deter its competitor from investing further. However,

Chapter 5 shows that this threat is not credible, as in such a case, the dominated

firm does not invest. If firms are identical in their number of products, then they

would start playing a series of games of chicken. There is a likelihood that a firm

becomes dominant, in which case it conserves its dominant position. The dominant

firm continues to invest, while the other firms stops. Therefore, two identical firms

ex ante may end up providing a different number of products ex post.

In contrast, the double exponential distribution tells a different story. This
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distribution has a bounded hazard rate, making some consumers willing to pay a

premium for their favorite product. Firms play a series of prisoner’s dilemma, in

which investing in new products is always the dominant strategy. Firms introduce

new variants simultaneously until the benefit of an additional variant is not worth

the investment cost. Firms see no improvement over time and incur investment

costs, so firms are worse off. However, firms know their situation would be even

worse if they were to refrain from adding new products to the market.

1.3.3 A condition for welfare improvement

Building on Chapter 5, Chapter 6 provides a condition for which variety is welfare

improving, regardless of the hazard rate of the distribution. This condition states

that consumers’ highest valuation rises by a larger margin on average than does

the investment cost. The interesting feature of this condition is that prices, profit,

and producer surplus are irrelevant. Moreover, Chapter 6 shows that the transfer

of surplus depends on the hazard rate of the distribution of valuations. If the

distribution has an unbounded hazard rate, then the transfer is undetermined a

priori. If the distribution is double exponential, then welfare increases to the benefit

of consumers and to the detriment of firms, provided that on average, consumers

value a product more than its marginal cost.
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2.1 Discrete choice: From Psychophysics to

Economics

Discrete choice theory finds its roots in psychophysics: the field of psychology that

aims to measure an organism’s response to stimuli. Psychologists reject the idea

that given the same stimulus twice, an organism would give the same answer with

certainty. Following this idea, Thurstone (1927b) assumes that a response to a stim-

ulus corresponds to a random variable. Consider two boxes and an individual who

tries to identify which one is heavier. Seeing or lifting one box is a stimulus that

gives an imperfect measure of its weight. To determine which box is heavier, the

individual compares both measures. If the difference is above some threshold, then

the first box is heavier; otherwise, the second box is heavier. This process, which

Thurstone (1927a) calls the discriminal process, empowers psychologists with a con-

sistent method to compare the choices an individual makes given different stimuli.

Moreover, Thurstone (1927b) indicates that the discriminal process allows for com-

parisons of the same stimulus across a population, which is a central component in

discrete choice theory in economics.

An economist would argue that two individuals make different choices because

they are characterized by different attributes. Given an option, an individual can

measure her utility. Analogous to psychophysics, the option is a stimulus, and utility

is the response to that stimulus. Individuals’ utilities are different and unobservable

for the modeler. Manski (1977) qualifies these utilities as ”observationally random,”

a phrase that captures that the choice an individual makes seems random from a

modeler’s viewpoint, which is why discrete choice theory uses random utility models

to characterize a person’s decisions. The interest in random utility models follows

the work of McFadden (1973), who shows that Thurstone (1927a)’s process is con-

sistent with utility maximization. When choosing an option, an individual obtains

some utility that is the sum of a deterministic component and a random variable.
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This random variable captures the unknown characteristics that the modeler cannot

observe, and it is now a matter of determining an appropriate distribution for the

random component.

Psychophysicists are after random distributions that allow them to run experi-

ments. For Thurstone (1927b), an individual compares stimuli two by two, reducing

the problem to the difference between two random variables. She advocates for nor-

mal random distributions because it is a testable hypothesis although intractable.

However, another testable and tractable model of choice exists. Luce (1959) define

axioms to represent how an individual chooses an option from an array of alter-

natives. His axioms imply that the probability of selecting an alternative has a

multinomial logit form. A priori, the models of Thurstone (1927a) and Luce (1959)

have little in common. Moreover, Thurstone (1927a) investigates responses to a

stimulus, while Luce (1959) axiomatizes an individual’s choice. However, if the

responses to stimuli are independent and follow the same double exponential dis-

tribution, then both models are equivalent.1 Additionally, Luce and Suppes (1965)

attribute to Eric Holman and Anthony A. J. Marley the demonstration that the

discriminal process implies multinomial logit choice probability. Then, Yellott Jr

(1977) and, independently, McFadden (1973) establish the opposite. Therefore, the

random component of an individual’s utility function follows a double exponential

distribution if and only if the probability of choice has a multinomial logit form.

The multinomial logit model is central in discrete choice theory but entails the

independence of irrelevant alternatives, which may be an undesirable property. In-

deed, Debreu (1960) reviews Luce (1959)’s choice axioms and points out inconsisten-

cies with an example that is paraphrased in the famous blue bus/red bus paradox.

Assume that an individual may only choose between a car and a blue bus to com-

mute. The probability that the individual chooses a car is 1/2, and therefore, she

1To put this result in perspective, Fisher and Tippett (1928) found the double exponen-
tial as a limit of extreme value during the same decade that Thurstone (1927a) developed the
discriminal process. Gumbel (1935) characterized the double exponential distribution in the fol-
lowing decade.
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takes the blue bus with a probability 1/2. Consider, now, that there is another bus,

a red bus. A multinomial logit model implies that the individual picks the car, the

red bus, and the blue bus with equal probability 1/3. However, one could argue that

the color of a bus does is not important in transportation decisions. An individual

should pick either a car or bus with probability 1/2; if she takes a bus, then she

picks the red one with probability 1/2. Therefore, Debreu (1960) shows that the

type of new option may have adverse consequences. If the additional alternative

were a bicycle, then there would be no paradox. Likewise, if there were only buses,

then the paradox would not exist. However, when there are many categories (buses

and cars), duplicates within the same category are irrelevant alternatives that lead

to inconsistencies.

Ben-Akiva (1973) proposes a nested approach to address Debreu (1960)’s para-

dox. The decision is split into two stages: the choice of a nest that contains multi-

ple options and then the choice of an option in that nest. The idea is that a nest

represents a relevant category of options. For example, in the blue bus/red bus

paradox, the decision-maker chooses to take either a car or a bus, with a probability

1/2; then, she chooses the corresponding means of transportation, for example, the

blue bus with a probability 1/2. Adding an alternative in the corresponding nest

means adding a relevant alternative in that nest, and it has no impact on choices

that occur in other nests. Therefore, the independence of irrelevant alternatives

is avoided. Originally, the choice of a nest follows a multinomial logit model, and

the choice within the nest follows independently another multinomial logit model.

Subsequently, the choice of the terminal product is a multiplication of multinomial

logit expressions. McFadden (1978) shows that such a nested approach is consistent

with utility maximization. Furthermore, he demonstrates that a nested multinomial

logit belongs to a larger class of models: the general extreme value model, which is

also compatible with utility maximization.
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2.2 Discrete choice in multiproduct firm

oligopolies

In oligopoly theory, authors use a discrete choice model to portray a population of

consumers with unit demand, and the choice probability coincides with the demand

for a product. For example, Anderson et al. (1987) find a representative consumer

with CES preferences out of a discrete choice model, which supports approaches

based on Dixit and Stiglitz (1977)’s CES consumer in an international trade and

economic geography scenario. Later, Anderson et al. (1988) characterize the util-

ity of a representative consumer who has a multinomial logit demand. However,

Deneckere and Rothschild (1992) argue that demand functions fail to represent ag-

gregate decisions in general. They recommend starting from purchase decisions

to determine the demand, as in the models developed by Hotelling (1929), Salop

(1979) or Perloff and Salop (1985). Perloff and Salop (1985) remarkably create a

link between discrete choice and the uniqueness of price equilibrium. They study

distributions for which the equilibrium is unique, provided that it exists. Caplin

and Nalebuff (1991) identify a large class of distributions for which equilibrium ex-

ists, and they also investigate the conditions under which the equilibrium is unique.

Their assumption that the marginal costs of production are constant is relaxed by

Mizuno (2003). These results are significant because the existence and uniqueness of

equilibrium empower economists with comparative statics in oligopolies with single-

product firms. Unfortunately, a direct generalization to multiproduct firms fails to

hold, and equilibrium might not even exist. If it does exist, then it might not be

unique, which is a concern addressed by this thesis.

This thesis contributes to the literature on multiproduct firms, which is relatively

old because providing multiple products seems to be the norm, not the exception.

Clemens (1951) observes that a firm produces a secondary product with inputs at its

disposal while waiting for new orders in its primary market. Therefore, producing
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many products responds to the inefficiency in the firm’s market. In an earlier version

of their article, Panzar and Willig (1977) coin the term economies of scope to suggest

that it is less expensive for a firm to simultaneously produce two products that

share some inputs. Then, Panzar and Willig (1981) demonstrate the emergence of

multiproduct firms in perfect competition as a result of economies of scope. However,

modeling multiproduct firms remains a challenging task because a firm now has

to account for the price interactions within firms: a change in price affects the

sales of the other products sold by that firm. Accounting for the price interaction

within firms implies modeling complications, which is why new developments in the

literature seem irregular and scattered by topics including regulation and welfare

maximization (Mirman and Sibley, 1980; Armstrong, 1996; Sibley and Srinagesh,

1997; Armstrong and Vickers, 2018), bundling (Adams and Yellen, 1976; McAfee

et al., 1989; Armstrong and Vickers, 2010; Zhou, 2017), and product quality Mussa

and Rosen (1978); Maskin and Riley (1984); Johnson and Myatt (2006).

Most of the literature interested in a price equilibrium has adopted a nested

approach. Each firm solves its profit maximization problem in two steps, separating

the price interactions within firms from the those between firms. First, the firm sets

the relative prices for its products when it acts as a monopolist for its consumers.

These relative prices solve for the price interactions within the firm. Then, the

firm chooses a level of prices, keeping its relative prices in the same proportion, to

determine its share of consumers. Firms compete on price levels, accounting for

the interactions between firms. Anderson and De Palma (1992) demonstrate the

existence and uniqueness of equilibrium when the random component of the con-

sumers’ utility follows a double exponential distribution. Anderson and De Palma

(2006) show that existence and uniqueness hold for any log-concave distribution.

Building upon Anderson and De Palma (1992)’s work, the management literature

considers a similar nested structure in which consumers choose a firm, then a cate-

gory of the product, and finally a product from that category. These models usually
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depict a monopolist that maximizes profit, selling products in multiple categories,

like different types of clothing (T-shirts, pants, hats, and jackets). In this context,

Cachon and Kök (2007) discuss profit maximization in which there is a manager

who maximizes profit in each nest. Managers compete against each other to max-

imize profit in their nest the same way firms compete in an oligopoly. It is Jiang

et al. (2017) who show that the price equilibrium is unique in the most complex

nested structure: consumers start by choosing a firm; then, there might be many

categories and subcategories. For Jiang et al. (2017), valuations for a product follow

a double exponential distribution, and whether uniqueness holds for any log-concave

distribution remains an open question.

In a regular discrete choice approach, firms cannot separate the price interactions

between firms from those within firms. Therefore, the literature using nonnested

demand approaches makes further assumptions on the distribution of valuations, the

number of firms, or the number of products per firm. For example, Moraga-González

and Petrikaitė (2013) focus on uniform distributions of valuations. They consider

single-product firms that may merge. The merged entities sell multiple products,

while the others remain single-product firms. Rhodes (2015) studies a multiproduct

monopolist. Consumers incur a search cost to learn firms’ prices, and their valua-

tions follow a log-concave distribution. For Zhou (2017), firms offer bundles of two

products, and the consumers’ choice of either one product or both follows a dis-

crete choice model. Finally, Nocke and Schutz (2018) propose a discrete/continuous

choice model. Consumers choose a product and, then, the quantity of that product

they want to purchase. Nocke and Schutz (2018) provide conditions that guaran-

tee the uniqueness of equilibrium when firms may sell many of these products, and

their model encompasses a multinomial logit demand and the constant elasticity

of substitution utility. However, the assumption that consumers choose a quantity

rules out most of the discrete choice models with unit demand: a gap addressed

by this thesis. However, Nocke and Schutz (2018) argue that extending Caplin and
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Nalebuff (1991)’s results of existence and uniqueness of equilibrium restricts simple

cases. They illustrate what they mean by a simple case with an article of Konovalov

and Sándor (2010), who demonstrate the existence and uniqueness of equilibrium

with the double exponential distribution. They do not discuss any other distribu-

tion. As the thesis argues, the existence and uniqueness of equilibrium extends to

any log-concave distribution of valuations.

Uniqueness allows for comparative statics that help firms decide when to intro-

duce new products over time. Time is a difficult parameter to consider, even for

a monopolist. Fishman and Rob (2000) propose that the monopolist waits for the

optimal time to replace its product for a better one. Therefore, the firm provides

different products over a certain time span. Caminal (2016) argues that consumers

may repeat purchases even when the new products are not improving upon the pre-

vious ones. The firm could replace its product with another one that is horizontally

instead of vertically differentiated. Moreover, Caminal (2016)’s framework extends

to a duopoly. Caminal (2019) shows that firms take turns to replace their respective

product to avoid direct competition. The major difference between Chapter 5 in the

thesis and the model developed by Caminal (2019) lies in the fact that products stay

in the market. There are no replacements. Firms provide multiple products at the

same time, and consumers can repeatedly purchase the same product. In essence,

the intentions of Chapter 5 and Caminal (2019) are different. For instance, Caminal

(2019) depicts the replacement of movies in cinemas. In contrast, this thesis tackles

the repeated purchases of chocolate bars for a snack every day, explaining how firms

increase their range of snacking products over time.
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3.1 Introduction

This section presents the methodology at the core of the thesis’s results: the ex-

istence and uniqueness of equilibrium for a class of payoff functions that are not

quasi-concave. Bertrand-Nash equilibrium might not exist because existence the-

orems that rely on the quasi-concavity of profit functions are not applicable. To

introduce the main result, this chapter reviews the basics of profit maximization.

For a single-product firm, a typical profit function takes the following form:

profit = (price−marginal cost) × demand + fixed costs

Throughout the thesis, the convenient assumption that demand is concave does

not hold. Instead, the demand function is strictly log-concave, which ensures that

the profit function is strictly log-concave. Although maximizing strictly log-concave

profit is possible and well known, there is a struggle to generalize it to a multiproduct

monopolist. If the firm sells k products, then the profit becomes

profit =
k∑
i

(pricei −marginal costi) × demandi + fixed costs

where i indexes the firm’s products from 1 to k. The profit is the sum of strictly

log-concave functions, which is not log-concave in general. Nevertheless, the profit-

maximizing price is unique if that demand stems from discrete choice. This result,

which is novel in the literature, can help prove that there is only one equilibrium

when many firms sell many products.

This chapter demonstrates the existence and uniqueness of the Bertrand-Nash

equilibrium with multiproduct firms. Section 3.2 studies how a single-product mo-

nopolist maximizes profit and then generalizes to a multiproduct monopolist. Sec-

tion 3.3 reviews Caplin and Nalebuff (1991)’s result about the existence and unique-

ness of the equilibrium result and then extends it to multiproduct firms. Proofs are

available in the Section 3.3.2, page 29.
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3.2 Monopolistic pricing

3.2.1 Profit maximization for a single-product monopolist

There is a unit mass of consumers with unit demand. Let a consumer’s utility take

the following linear form:

a+ v − p

where a denotes a fixed benefit each consumer receives from the product, v is the

valuation she has for that product, and p is the price. An outside option provides

utility equal to zero, so a consumer purchases the product if a + v − p > 0. Con-

sumers’ valuations v follow a probability distribution, with f denoting its density

and F denoting its cumulative distribution function. Therefore, F (p− a) denotes

the probability a consumer has a valuation smaller than p− a; therefore, v < p− a.

Conversely, the probability 1− F (p− a) that v > p− a denotes demand D (p) for

the product. It follows that the monopolist maximizes profit as follows:

π (p) = (p− c)D (p) = (p− c) (1− F (p− a))

where c ≥ 0 is the marginal cost of production. Note that the firm must set p > c

to obtain a positive profit.

In general, demand D (p) is not concave. As a result, the profit function π (p)

might not be concave in general. However, there is still a weaker notion of concavity:

log-concavity. The goal is to ensure that the probability 1−F (p− a) is log-concave1

to guarantee that the profit function has only one maximum.

Definition 3.2.1: Strictly log-concave function.

A function g is strictly log-concave if

ln (g (x))′′ < 0

1Bagnoli and Bergstrom (2005) offer an overview of the applications of log-concavity in eco-
nomics beyond the scope of this thesis.
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Definition 3.2.2: Strictly log-concave distribution.

A distribution is strictly log-concave if its density f is a strictly log-concave function.

Proposition 3.2.1: Unique profit-maximizing price.

If the distribution of valuations is strictly log-concave, then the monopolist’s profit

π (p) has only one maximum.

Although the profit π (p) has no closed form in general, Proposition 3.2.1 states

that there is a unique maximum when demand is strictly log-concave. Therefore,

a strictly log-concave distribution of valuation is enough to guarantee both the

existence and uniqueness of a profit-maximizing price. This result can be extended

to a multiproduct monopolist, as developed below.

3.2.2 Profit maximization for a multiproduct monopolist

Let a monopolist sell k variants of the same good at price p1, ..., pk. Consumers have

unit demand. If a consumer picks a variant, e.g., variant i, then she obtains some

utility measured by

a+ vi − pi.

The parameter a denotes a deterministic benefit provided by a product, vi is the

consumer’s private valuation of product i, and pi is the price of that product. There

is an outside option that provides a utility equal to 0. Therefore, a consumer picks

a variant if maxi=1,...,k a + vi − pi > 0. Each consumer has different valuations for

each variant: the valuation vi a consumer has for product i is drawn independently

from the same distribution. Therefore, the demand for the ith product is a measure

of probability:

Di (p1, ..., pk) = Pr

(
vi − pi = max

j=1,..,k
vj − pj, vi − pi > 0

)
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Figure 3.1: The profit function is not quasi-concave for multiproduct firms.

and the monopolist maximizes profit as follows:

π (p1, ..., pk) =
k∑
i=1

(pi − c)Di (p1, ..., pk)

The monopolist’s profit π (p1, ..., pk) is not strictly log-concave in general and

might not even be quasi-concave. For example, Figure 3.1 illustrates a profit function

and its contour plot for a firm that sells two variants only. The profit function is

not quasi-concave, yet it has a certain structure. It has only one maximum, and the

contour plot indicates that the maximum lies on the line p1 = p2. This is a global



24 CHAPTER 3. METHOD

property named diagonal maximality.

Definition 3.2.3: Diagonally maximal functions.

A function g : Rk → R is diagonal maximal if for any x = (x1, ..., xk) ∈ Rk with

at least two distinct elements xq 6= xl, there exists y = (y1, ..., yk) ∈ Rk so that

y1 = ... = yk for which g (y) > g (x).

Proposition 3.2.2: Diagonally maximal profit.

Let the valuations vi be independent and identically distributed and their distribu-

tion be strictly log-concave. Then, the monopolist’s profit π (p1, ..., pk) is diagonally

maximal.

A diagonally maximal profit function means that any pricing in which two prod-

ucts are sold at a different price is dominant. The firm should set the same price

for each of its variants: the firm has to engage in symmetric pricing.

Definition 3.2.4: Symmetric pricing.

A firm’s pricing is symmetric if p1 = p2 = ... = pk = p.

Under symmetric pricing, profit π (p1, ..., pk) becomes

π (p) = k (p− c)
(

1− F (p− a)k
)

Therefore, the profit-maximization problem reduces to the choice of one price. Note

that F k corresponds to the cumulative distribution of maxi=1,...,k vi, which is strictly

log-concave. Therefore, the profit-maximization problem reduces to one of a single-

product firm oligopoly, and Proposition 3.2.1 applies.

Proposition 3.2.3: The multiproduct monopolists’ maximizing price is

unique.

If the distribution of valuations is strictly log-concave, then π (p1, ..., pk) has only

one maximum. The profit-maximizing pricing is symmetric.
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Therefore, strict log-concavity is enough for the monopolist’s profit to have a

unique maximum. It remains to be proven that the profit functions are diagonally

maximal in markets where many firms sell many products, which would mean that

the firms’ best response is unique. Still, many equilibria may exist. To guarantee the

uniqueness of the equilibrium with multiproduct firms, it is essential to understand

the conditions under which equilibrium is unique when firms sell only one product.

3.3 Oligopolistic Bertrand-Nash equilibrium

3.3.1 Single-product firms

This section reviews an essential result of Caplin and Nalebuff (1991), who demon-

strate the existence and uniqueness of equilibrium in an oligopoly with single-

product firms. They demonstrate the existence and uniqueness of equilibrium in

an oligopoly with single-product firms. There are N firms in their model, each of

which sells a differentiated product at price p1, ..., pN . Each consumer may purchase

at most one unit of one of these products. Conditional on picking the product from

firm n, a consumer obtains the following utility:

an + vn − pn

The parameter an denotes an exogenous benefit she obtains after consuming the

product from firm n. vn denotes the consumers’ valuation of the product sold by

firm n. These valuations are private and follow a distribution specific to firm n.

Let Fn, n = 1, ..., N be its cumulative distribution function. The valuations are

independently distributed and possibly ruled by different distributions from one

firm to another: Fn 6= Fm, n,m = 1, ..., N . It follows that a consumer picks the

variant from firm n if an + vn − pn = maxm=1,...,N am + vm − pm. The demand for



26 CHAPTER 3. METHOD

firm n is the following probability:

Dn (p1, ..., pN)

= Pr

(
an + vn − pn = max

m=1,...,N
am + vm − pm, an + vn − pn > 0

)
and firm n maximizes profit

πn (p1, ..., pN) = (pn − cn)Dn (p1, ..., pN)

The equilibrium concept is Bertrand-Nash equilibrium: a set of prices p∗1, ..., p
∗
N so

that for each firm n,

πn (p∗1, ..., p
∗
n, ..., p

∗
N) ≥ πn (p∗1, ..., pn, ..., p

∗
N)

for all pn 6= p∗n. Caplin and Nalebuff (1991) prove that equilibrium exists and is

unique.

Proposition 3.3.1: Uniqueness of equilibrium.

If the distributions of valuations are strictly log-concave, then Bertrand-Nash equi-

librium exists and is unique.

This powerful result relies on the fact that for each firm n, the demand function

Dn (p1, ..., pN) is strictly log-concave in pn. However, the demand functions are not

strictly log-concave for multiproduct firms, so Caplin and Nalebuff (1991)’s result

fails to generalize directly.

3.3.2 Multiproduct firms

Let N be the number of firms, and let k1, ..., kN be the number of products provided

by these firms. The valuations vni that a consumer has for a product are indepen-

dently distributed. The cumulative distribution function Fn associated with firm n

could be different from the one associated with firm m: Fn 6= Fm. In this context,

firms set their prices for each of their variants. Let pn = (pn1, ..., pnkn) denote the

vector of firm n’s prices, and let p−n denote the vector of prices for all the variants,



3.3. OLIGOPOLISTIC BERTRAND-NASH EQUILIBRIUM 27

except those sold by firm n. A consumer picks the variant ni that yields the highest

valuation:

an + vni − pni

as long as it is greater than 0, the utility of the outside option. Consequently, the

demand for variant ni is the following probability:

Dni (pn; p−n,k)

= Pr

an + vni − pni = max
m=1,...,N
j=1,...,km

am + vmj − pmj, an + vni − pni > 0


Therefore, firms maximize

πn (pn; p−n,k) =
kn∑
i=1

(pni − cn)Dni (pn; p−n,k)

Firms reach Bertrand-Nash equilibrium if their prices p∗1, ...,p
∗
N are such that for

all firm n,

πn
(
p∗n; p∗−n,k

)
≥ πn (pn; p−n,k)

for any pn 6= p∗n. If competitors’ prices are fixed, a firm’s profit πn (pn; p−n,k)

is diagonally maximal in its own prices pn: firms’ best responses are diagonally

maximal.

Proposition 3.3.2: Diagonal maximality.

Best responses πn (pn; p−n,k) are diagonally maximal, pn1 = ... = pnkn, n = 1, ..., N .

Best responses indicate that a firm sets the same price for each of its variants:

pricing is symmetric in equilibrium.

Definition 3.3.1: Symmetric equilibrium.

An equilibrium is symmetric if all firms engage in symmetric pricing.

The problem reduces to the diagonal, where p11 = ... = p1k1 , ..., pN1 = ... = pNkN ,

on which only one equilibrium may exist.
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Theorem 3.3.1: Existence and uniqueness of equilibrium.

If the distributions of valuations are strictly log-concave, then Bertrand-Nash equi-

librium exists and is unique. This equilibrium is symmetric.

There are two possible approaches to proving this theorem. The first shows that

for each firm, a firm’s profit function is strictly log-concave when restricted to setting

the same price for its products: pn1 = ... = pnkn . Then, Gabay and Moulin (1980)’s

argument applies that equilibrium exists and is unique. This argument mimics

the proof of Proposition 3.3.1 and involves pages of calculus that can be avoided.

Indeed, the second approach is more elegant because it reframes the problem into an

oligopoly studied by Caplin and Nalebuff (1991). With diagonal maximality, a firm

chooses the same price for its products. The price is now irrelevant for a consumer

when she compares the products of the same firm. She would identify the firm’s

product that yields for her the highest valuation. The highest valuation in a firm

follows some distribution that happens to be strictly log-concave, and firms choose

one price. Therefore, the problem reduces to an oligopoly with single-product firms,

the same model for which Caplin and Nalebuff (1991) shows that equilibrium exists

and is unique.

Uniqueness allows for consistent comparative statics with different numbers of

products per firm. These comparative statics support the result in Chapter 4 that

revealed that Bertrand competition may arise as the number of products per firm

increases. Chapter 5 relies on the uniqueness of equilibrium to determine the firms’

investment policies, whose impact on welfare is developed in Chapter 6.
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Appendix to Chapter 3

Proof of Proposition 3.2.1

The firm maximizes π (p) = (p− c) (1− F (p− a)). Note that p > c ensures that

π (p) > 0. The first-order condition gives

1

p− c
=

f (p− a)

1− F (p− a)

The left-hand side is strictly decreasing with p, and the right-hand side is increasing

in p because the distribution has a strictly log-concave density (cf. Bagnoli and

Bergstrom (2005)). Therefore, there is only one critical point.

Note that π (p) = (p− c) (1− F (p− a)) is equal to zero when p = c: π (c) = 0.

Let the range of F and f be (v, v̄). If v̄ < +∞, π (v̄ + a) = 0. Otherwise, when the

valuations are unbounded, log-concavity gives that limp→+∞ π (p) = 0. In any case,

π (p) > 0 for p ∈ (c, v̄ + a). Therefore, that critical point is a maximum.

Proof of Proposition 3.2.2

Without loss of generality, let p1 ≥ p2 ≥ ... ≥ pk be profit maximizing prices. At

least one of these inequalities is strict. Then, one of the following cases occurs:

∃i > j so that piDi (p1, ..., pk) < pjDj (p1, ..., pk) or

∀i > 1 pkDk (p1, ..., pk) ≥ ... ≥ p1D1 (p1, ..., pk) .

The following lemmas show that in either case, p1, ..., pk cannot be profit maximizing.

Lemma 3..1:

If there is an i > j so that piDi (p1, ..., pk) < pjDj (p1, ..., pk), then setting pi = pj

provides a higher profit.

Proof. Without loss of generality, let p2D2 (p1, ..., pk) < p1D1 (p1, ..., pk). For the
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inequality to be strict, it must be that p1 > p2. Then,

p1D1 (p1, p2, ..., pk) + p2D2 (p1, p2, ..., pk)

< 2p1D1 (p1, p2, ..., pk)

< 2p1D1 (p1, p1, p3, ..., pk) because p1 > p2

= p1D1 (p1, p1, p3, ..., pk) + p1D2 (p1, p1, p3, ..., pk)

As a result, π (p1, p2, ..., pk) < π (p1, p1, ..., pk).

Lemma 3..2:

If piDi (p1, ..., pk) ≥ p1D1 (p1, ..., pk) for all i, then p1, ..., pk cannot be profit maxi-

mizing prices.

Proof. If p1, ..., pk are profit maximizing prices, then the monopolist satisfies the

first-order condition:

D1 (p1, ..., pk) +
k∑
i=1

pi
dDi (p1, ..., pk)

dp1

= 0 (3.1)

...

Dk (p1, ..., pk) +
k∑
i=1

pi
dDi (p1, ..., pk)

dpk
= 0 (3.2)

Let us focus on Equation (3.1). First note that for any product j = 1, ..., k,

k∑
i=1

pi
dDi (p1, ..., pk)

dpj
= −Dj (p1, ..., pk) < 0 (3.3)

Second, Equation (3.1) gives

D1 (p1, ..., pk)

p1D1 (p1, ..., pk)
+

∑k
i=1 pi

dDi(p1,...,pk)
dp1

p1D1 (p1, ..., pk)
= 0

Since piDi (p1, ..., pk) ≥ p1D1 (p1, ..., pk),

D1 (p1, ..., pk)

p1D1 (p1, ..., pk)
+

∑k
i=1 pi

dDi(p1,...,pk)
dp1

p1D1 (p1, ..., pk)
<

D1 (p1, ..., pk)

p1D1 (p1, ..., pk)
+

k∑
i=1

pi
dDi(p1,...,pk)

dp1

piDi (p1, ..., pk)

because Equation (3.3) gives that
∑k

i=1 pi
dDi(p1,...,pk)

dp1
< 0. However, note that

Di (p1, ..., pk) is strictly log-concave in each variable. It is in particular log-concave in
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p1. Therefore, the ratio
dDi(p1,...,pk)

dp1

Di(p1,...,pk)
is strictly decreasing in p1 and strictly increasing

in pk. As a result,

k∑
i=1

pi
dDi(p1,...,pk)

dp1

piDi (p1, ..., pk)
<

k∑
i=1

pi
dDi(pk,...,p1)

dp1

piDi (pk, ..., p1)

and by symmetry,

k∑
i=1

pi
dDi(p1,...,pk)

dp1

piDi (p1, ..., pk)
<

k∑
i=1

pi
dDi(p1,...,pk)

dpk

piDi (p1, ..., pk)

Using pkDk (p1, ..., pk) ≥ piDi (p1, ..., pk) and Equation (3.3) again gives

k∑
i=1

pi
dDi(p1,...,pk)

dp1

piDi (p1, ..., pk)
<

k∑
i=1

pi
dDi(p1,...,pk)

dpk

pkDk (p1, ..., pk)

Now, let us turn to D1(p1,...,pk)
p1D1(p1,...,pk)

and note that

D1 (p1, ..., pk)

p1D1 (p1, ..., pk)
<

Dk (p1, ..., pk)

pkDk (p1, ..., pk)

because p1 > pk.

Putting everything together,

D1 (p1, ..., pk)

p1D1 (p1, ..., pk)
+

∑k
i=1 pi

dDi(p1,...,pk)
dp1

p1D1 (p1, ..., pk)
= 0

<
Dk (p1, ..., pk)

pkDk (p1, ..., pk)
+

k∑
i=1

pi
dDi(p1,...,pk)

dpk

pkDk (p1, ..., pk)
= 0

because of Equation (3.2), which is a contradiction. Therefore, p1, ...., pk are not

profit maximizing.

Proof of Proposition 3.2.3

The monopolist engages in symmetric pricing. Therefore, the maximization problem

reduces to maximizing

π (p) = k (p− c)
(

1− F (p− a)k
)

where F (p)k is the cumulative distribution function of maxi=1,...,k vi. Let fk be the

density of maxi=1,...,k vi, and note that

fk (p) =
dF (p)k

dp
= kf (p)F k−1 (p)
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is strictly log-concave. Indeed, ln (fk (p)) = ln (k) + ln (f (p)) + (k − 1) ln (F (p)),

the second derivative of which is negative:

ln (fk (p))′′ = ln (f (p))′′ + (k − 1) ln (F (p))′′ < 0

because f and F are strictly log-concave functions. Consequently, Proposition 3.2.1

applies, and there is only one profit-maximizing price.

Proof of Proposition 3.3.1

Let us first show that a firm’s demand is strictly log-concave, regardless of what its

competitor does. The demand

Dn (p1, ..., pN) = Pr

(
an + vn − pn = max

m=1,...,N
am + vm − pm, an + vn − pn > 0

)
is a multivariate integral,

Dn (p1, ...pn, ..., pN) =

∫
A0

dF1 (v1) ...dFN (vN)

where

A0 =



an + vn − pn > 0,

an + vn − pn ≥ a1 + v1 − p1,

...

an + vn − pn ≥ aN + vN − pN .

If firm n were to set a price p′n > pn instead of pn, then it would reach consumers

in the set A1, where

A1 =



an + vn − p′n > 0,

an + vn − p′n ≥ a1 + v1 − p1,

...

an + vn − p′n ≥ aN + vN − pN .
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We are interested in the demand at price pλ = λpn + (1− λ) p′n. It is easy to show

that consumers who purchase a good from firm n are those in

Aλ =



an + vn − pλ > 0,

an + vn − pλ ≥ a1 + v1 − p1,

...

an + vn − pλ ≥ aN + vN − pN .

The demand at that price is

Dn (p1, ...pλ, ..., pN) =

∫
Aλ

dF1 (v1) ...dFN (vN)

The densities dF1 (v1) , ..., dFN (vN) are strictly log-concave by assumption. By

Prékopa (1973)’s inequality, we have that

Dn (p1, ...pλ, ..., pN) =

∫
Aλ

dF1 (v1) ...dFN (vN)

≥
(∫

A0

dF1 (v1) ...dFN (vN)

)λ(∫
A1

dF1 (v1) ...dFN (vN)

)1−λ

= Dn (p1, ...pn, ..., pN)λDn (p1, ...p
′
n, ..., pN)

1−λ

Therefore, the demand for firm n is strictly log-concave in its own price pn. As a

result, its profit is quasi-concave in its own price, and equilibria exist.

Then, the uniqueness of the equilibrium results from a diagonal dominance argu-

ment, as in Gabay and Moulin (1980). Consider the change in variable un = an−pn.

A consumer who chooses un is un ≥ 0, un − u1 ≥ 0,..., un − uN ≥ 0. Then, define

Dn (un − u1, ..., un − uN) as the demand for firm n and its log-profit

ln πn (u1, ..., uN) = ln (an − un − cn) + lnDn (un − u1, ..., un − uN)

Because lnπn is concave, it remains to be shown that the following diagonal domi-

nance argument holds:∣∣∣∣d2 ln πn (u1, ..., uN)

dun dun

∣∣∣∣−
∣∣∣∣∣∑
m 6=n

d2 ln πn (u1, ..., uN)

dun dum

∣∣∣∣∣ > 0
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Here,

d2 lnπn (u1, ..., uN)

dun dun
= − 1

(an − un − cn)2 +
d2 lnDn (un − u1, ..., un − uN)

dun dun
< 0

because Dn (un − u1, ..., un − uN) is strictly log-concave in un. Note also that

d2 ln πn (u1, ..., uN)

dun dum
=

N∑
m 6=n

d2 lnDn (un − u1, ..., un − uN)

dun dum
> 0

However, the change in variable gives

d2 lnDn (un − u1, ..., un − uN)

dun dun
=

N∑
m 6=n

d lnDn (un − u1, ..., un − uN)

dun dum

Therefore,∣∣∣∣d2 ln πn (u1, ..., uN)

dun dun

∣∣∣∣−
∣∣∣∣∣∑
m 6=n

d2 ln πn (u1, ..., uN)

dun dum

∣∣∣∣∣ =
1

(an − un − cn)2 > 0

Proof of Proposition 3.3.2

It is sufficient to mimic the proof of Proposition 3.2.2, p. 29 for πn (pn; p−n,k),

keeping p−n and k fixed.

Proof of Theorem 3.3.1

Proposition 3.3.2 shows that firms engage in symmetric pricing. Equilibrium prices

are such that p∗n1 = p∗n2 = ... = p∗nkn = p∗n. Now, turn back to the consumer problem.

A consumer chooses the product that provides the following utility:

max
n=1,...,N
i=1,...,kn

an + vni − pni = max
n=1,...,N

an − pn + max
i=1,...,kn

vni

= max
n=1,...,N

an − pn + v̂n

The problem is analogous to the oligopoly with N single-product firms and in which

a consumer’s valuations are given by the random variables v̂n = maxi=1,...,kn vni.

These distributions are strictly log-concave (cf. proof of Proposition 3.2.3, page 31).

Therefore, Proposition 3.3.1 gives the existence of an equilibrium and it is unique.



Chapter 4

MULTIPRODUCT FIRMS AND

DISCRETE CHOICE MODELS

OF DEMAND: EXISTENCE

AND UNIQUENESS OF

BERTRAND-NASH

EQUILIBRIUM

35



36 CHAPTER 4. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

4.1 Introduction

Multiproduct firms are an important component of the economy. For instance, Pep-

siCo and Coca-Cola produce many products in the soft drink market. However,

technical complications arise in modeling the profit-maximizing behavior of multi-

product firms. The fundamental barrier is that a firm’s product also competes with

other products provided by that firm. A firm faces two effects when it lowers the

price of one of its products. First, the firm attracts consumers from competitors.

This effect, the between-firms effect, is the competitive effect of a reduction in price.

The second effect, the within-firms effect, makes consumers switch to a relatively

less expensive product that the firm provides. As a result, the firm misses out on

the extra profits it could have made from those consumers.

Armstrong and Vickers (2018) circumvent these issues for exogenous homoth-

etic demand functions. Their model includes a multinomial logit (MNL) demand

and a demand corresponding to a constant elasticity of substitution (CES) prefer-

ences. They find the existence of an equilibrium for monopolistic pricing, Bertrand

competition, and Cournot competition. Another recent development, that of Nocke

and Schutz (2018), proposes an aggregate game. Consumers pick a product as a

discrete decision in their model, and then, they choose a quantity depending on the

price firms have set. Nocke and Schutz (2018) find the existence and uniqueness of

equilibrium as a result of the profit functions being quasilinear integrable, a prop-

erty defined by Nocke and Schutz (2017). Although both Armstrong and Vickers

(2018) and Nocke and Schutz (2018) encompass some demand functions tied to dis-

crete choice theory, it is unclear whether these papers generalize all discrete choice

models in which consumers have unit demand.

A significant strand of the literature accounts for unit demand with a nested

demand approach: consumers choose a firm and then a product from that firm. This

approach, originally adopted by Anderson and De Palma (1992), guarantees a unique

equilibrium for a strictly log-concave distribution of the consumers’ valuations. The
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result is driven by the monopolistic power a firm has over consumers who have

chosen it, reducing the competition effect between firms. Firms solve their profit

maximization problem sequentially. First, they maximize profit given their share of

consumers in their own nest. The profit-maximizing price for a given market share

accounts for the effect within firms. Then, firms address the competition between

firms by choosing a market share, implicitly determined by prices.

Nevertheless, consumers often simultaneously observe products from multiple

firms. For instance, in Amsterdam’s flower market, consumers do not commit to

one seller but browse different options before making a decision. This example

highlights the importance of developing a nonnested approach. To that aim, it is of

interest to extend the result of Caplin and Nalebuff (1991), who provide conditions

for the existence and uniqueness of equilibrium for firms that sell one product each.

However, Hanson and Martin (1996) point out that generalizing Caplin and Nalebuff

(1991)’s model to multiproduct firms may not guarantee an equilibrium because

the profit functions are generally not quasi-concave. The reason for this is that

firms have to simultaneously take into account the competition between and within

firms. However, Konovalov and Sándor (2010) use a fixed point theorem to prove

that a unique equilibrium exists for valuations that follow a double exponential

distribution. Consequently, multiproduct firms with an MNL and a CES demand

play a pricing game with a unique Bertrand-Nash equilibrium.

This paper extends the result of Caplin and Nalebuff (1991) to multiproduct

firms. As in Caplin and Nalebuff (1991), a Bertrand-Nash equilibrium exists and

is unique when the consumers’ valuations for a product follow any strictly log-

concave distribution, which encompasses the models studied by Konovalov and

Sándor (2010). Keeping the competitors’ prices constant, a firm’s profit function

is generally not quasi-concave. Nevertheless, there is a global maximum, which

requires the firm to set the same price for its products. Consequently, the firms’

choice can be reframed as the choice of one price, reducing the problem to the study



38 CHAPTER 4. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

of an oligopoly by Caplin and Nalebuff (1991), hence confirming the existence and

uniqueness of equilibrium.

Comparative statics help characterize the market when the number of products

per firm is large. It has been shown that the asymptotic nature of competition

depends on the distribution of the consumers’ willingness to pay for a product.

More specifically, it depends on the hazard rate. The class of strictly log-concave

distributions is large enough to include distributions with an unbounded hazard rate,

like the uniform distribution, and distributions with a bounded hazard rate, like the

double exponential. For distributions like the uniform distribution, this paper shows

that the second-best product for a consumer has a valuation relatively close to the

highest valuation. This forces firms to engage in intense price competition, with

Bertrand competition as a limit case. However, this is not the case for a double

exponential distribution. The price remains constant as the number of products

per firm increases. This invariance suggests that the properties of oligopolies with

single-product firms are conserved. The paper demonstrates that the quality choice

developed by Anderson et al. (1992) is invariant with the number of products per

firm.

The paper is organized as follows. Section 4.2 characterizes an equilibrium with

multiproduct firms and finds Bertrand competition when the number of products

per firm is large. Then, Section 4.3 studies the case of the double exponential

distribution and endogenizes the quality of firms’ products. Section 4.4 concludes

the paper.

4.2 Model

There are N firms. Firms provide the market with a good that comes with K

different variants. A variant cannot be produced by two firms, and each firm may

provide many variants. The number of variants offered by firm n is equal to kn, and

therefore, K =
∑N

n=1 kn. Variant ni corresponds to variant i, i = 1, ..., kn, provided
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by firm n. A firm’s objective is to find prices for each of its variants that maximize

profit. Let pn = (pn1, ..., pnkn) denote the vector of prices for the kn variants sold by

firm n, and let p−n be the vector of size K−kn that represents the prices for all the

variants, except those offered by firm n. In the following, the vector p = (p1, ...,pN)

denotes the K prices, and k = (k1, ..., kN) denotes the number of variants provided

by each firm.

Consumers’ behavior follows the discrete choice literature. There is a unit mass

of consumers with unit demand. Consumers have an idiosyncratic valuation vni for

variant ni, n = 1, ..., N , i = 1, ..., kn. The conditional utility upon picking variant

ni is measured by an− pni + vni, where an denotes a firm-n-specific product benefit

that is exogenous from the consumers’ taste. For example, an can represent the

quality of firm n’s products. Put together, each consumer picks a variant ni that

satisfies

an − pni + vni = max
m=1,...,N
l=1,...,km

am − pml + vml (4.1)

and that variant could be different from one consumer to another.

The valuations vni that consumers have for firm n’s i’s product are randomly dis-

tributed. The assumptions below on the valuation vni prove sufficient to guarantee

the existence and uniqueness of the equilibrium:

Assumption 4.2.1:

The valuations vni satisfy the following:

A Independence:

For each variant ni, the valuations vni are independently distributed.

B Identical distribution within firms:

For a particular firm, firm n, the valuations for its products, vn1, ..., vnkn,

are drawn from the same distribution. Let Fn be its cumulative distribution

function (cdf) and fn be its density, which are defined on support [xn, x̄n]. It

is possible that xn = −∞ or x̄n = +∞.
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C Log-concavity and continuity:

The densities fn are continuous and strictly log-concave.

Assumption 4.2.1 generalizes the common assumptions made in oligopolistic

competition with single-product firms to multiproduct firms. In particular, those as-

sumptions are close to those Quint (2014) makes. Assumption 4.2.1.A ensures that

a consumer’s valuation of a variant has no influence on her valuation of another al-

ternative. With Assumption 4.2.1.B, the variants a firm provides are identical from

the firm’s point of view but also from its competitors’ viewpoint. This relatively

strong assumption helps create a direct link between the multiproduct firm setting

and the oligopolies of Caplin and Nalebuff (1991). Nonetheless, note that from

one firm to another, the distribution can be different. In Assumption 4.2.1.C, log-

concavity imposes some restrictions on the tail of the distribution. More specifically,

the valuations are relatively slim-tailed, making consumers with higher valuations

rare. This rules out strategies with high prices and low demand and forces firms

to compete on prices. This is the assumption that guarantees the uniqueness of

equilibrium. Finally, continuity guarantees smooth demand and profit functions.

With regard to Equation (4.1), there is a probability that a consumer picks a

particular variant ni. Because there is a unit mass of consumers, that probability

characterizes the demand as follows:

Dni (p; k) = Pr

an − pni + vni = max
m=1,...,N
l=1,...,km

am − pml + vml


Therefore, firms maximize profit as follows:

πn (p; k) =
kn∑
i=1

(pni − cn)Dni (p; k) (4.2)

where cn denotes firm n’s marginal cost of production for each unit it sells.

Firms engage in a price competition. Given price vectors p1, ...,pN, firms play

a pricing game with payoffs defined by Equation (4.2). The equilibrium concept

adopted throughout the paper is Bertrand-Nash equilibrium.
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Definition 4.2.1: Bertrand-Nash Equilibrium.

An equilibrium is an array of prices (p∗1, ...,p
∗
N) such that for every firm n, n =

1, ..., N , and

πn
(
p∗n,p

∗
−n; k

)
≥ πn

(
pn,p

∗
−n; k

)
for any other vector of prices pn.

In general, Equation (4.2) is not quasi-concave; That is what Hanson and Martin

(1996) demonstrates when Fn denotes double exponential distributions. However,

Assumption 4.2.1 imposes a fundamental structure on Equation (4.2) that guaran-

tees not only the existence but also the uniqueness of a Bertrand-Nash equilibrium.

Definition 4.2.2: Strict diagonal maximality.

Let g be a function on a domain Rm, m > 1, and range R be a strictly diagonal

maximal if for any (x1, ..., xm) ∈ Rm such that xq 6= xl for some q, l, there is a vector

(y, ..., y) ∈ Rm so that

g (x1, ..., xm) < g (y, ..., y)

.

Proposition 4.2.1: Best responses are strictly diagonal maximal.

Under Assumption 4.2.1, πn (p; k) is strictly diagonal maximal in pn1, ..., pnkn for

any p−n and any k.

Proposition 4.2.1 states that a firm can always make a higher profit by assigning

the same price to each of its variants. Therefore, firms engage in symmetric pricing.

Definition 4.2.3: Symmetric pricing.

A firm adopts symmetric pricing if it sells all its variants at the same price; i.e.,

pn1 = ... = pnkn for all n = 1, ..., N .

Then, the definition of symmetric pricing follows the definition of a symmetric

equilibrium.
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Definition 4.2.4: Symmetric equilibrium.

An equilibrium is symmetric if all firms adopt symmetric pricing.

In a symmetric equilibrium, each firm engages in symmetric pricing. A firm sets

the same price for its variants, but two firms may set a different price. Proposi-

tion 4.2.1 shows that best responses are symmetric, so equilibria also have to be

symmetric.

Proposition 4.2.2: Equilibria are symmetric.

Under Assumption 4.2.1, if an equilibrium exists, then it has to be symmetric.

Now, the problem focuses on the choice of one price for each firm, which simplifies

the analysis of consumers’ behavior. Take a consumer who purchases one variant

from firm n. This consumer picks the variant vn1, vn2,... or vnkn that yields the

highest valuation v̂n = maxi=1,...,kn vni. Indeed, maxi=1,...,kn an − pni + vni = an −

pn + maxi=1,...,kn {vni}. As the valuations vni are random, the maxi=1,...,kn {vni} also

has to follow a random distribution.

Lemma 4.2.1: Best valuations follow strictly log-concave distributions.

Under Assumption 4.2.1, the distribution of maxi=1,...,kn {vni} is continuous and

strictly log-concave for all n = 1, ..., N .

Lemma 4.2.1 and Proposition 4.2.2 reduce the dimensionality of the problem to a

single-product firm oligopoly, where each firm chooses its price, and the valuations

for its product are a random variable maxi=1,...,kn vni that follows a strictly log-

concave distribution. This leads to the main result of this paper.

Theorem 4.2.1: Existence and uniqueness of the equilibrium.

Under Assumption 4.2.1, there exists a unique Bertrand-Nash equilibrium, which is

symmetric.

Theorem 4.2.1 is an extension of the result of Caplin and Nalebuff (1991). Propo-

sition 4.2.2 states that firms choose one price and ensure the symmetry of equilib-
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rium. From a consumer’s viewpoint, the products a particular firm sells are sold at

the same price. For a consumer, it is a matter of comparing the best product of

each firm. As Lemma 4.2.1 points out, the valuation of the best product of a firm

follows a strictly log-concave distribution. Consequently, the problem can be viewed

as a single-product firm oligopoly in which the product valuations follow strictly log-

concave distributions. Caplin and Nalebuff (1991) demonstrate the existence and

uniqueness of Bertrand-Nash equilibrium in that case.

The uniqueness of equilibrium facilitates the comparisons of equilibria for a dif-

ferent number of variants per firm k = (k1, ..., kN). It is now assumed that firms are

involved in symmetric equilibrium. Let Dn (k) be firm n’s demand at symmetric

equilibrium and πn (k) be its profit. Because each firm engages in symmetric pric-

ing at equilibrium, a firm sets the same price for its variant. Let p∗n be that price

for firm n, n = 1, ..., N . Then, Theorem 4.2.1 gives interesting comparative statics

when firms are identical.

Definition 4.2.5: Identical firms.

Firms are identical if

k1 = k2 = ... = kN = k

a1 = a2 = ... = aN = a

c1 = c2 = ... = cN = c

F1 = F2 = ... = FN = F

Corollary 4.2.1: Identical firms: same price, same demand, same profit.

Let firms be identical. Under Assumption 4.2.1,

p∗1 = ... = p∗N = p∗

D1 (k) = ... = DN (k) =
1

N

π1 (k) = ... = πN (k) =
p∗ − c
N
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In Corollary 4.2.1, the comparison of profit reduces to the comparison of the

equilibrium price. Whether profit increases when each firm adds a new variant

depends on how the price p∗ varies. This is not a trivial problem. The price could

increase because consumers have higher valuations for the variant they like the most

now that the set of choices is large. Firms could focus on these consumers who are

willing to pay a high price. Conversely, as the number of variants per firm increases,

consumers find a highly valued alternative in each firm. To ensure sufficient demand,

firms engage in intense price competition. It turns out that an exploding hazard

rate is a sufficient condition for prices to plummet and for Bertrand competition to

arise as firms introduce an increasing number of products.

Definition 4.2.6: Exploding hazard rate.

A distribution with cdf F and density f has an exploding hazard rate if

lim
x→x̄

f (x)

1− F (x)
= +∞.

Theorem 4.2.2: The market tends to a Bertrand competition.

Let firms be identical, and let their distribution have an exploding hazard rate. Con-

sider the case where each firm sells k variants, and let k = (k, ..., k). Likewise,

define k + 1 = (k + 1, ..., k + 1) when each firm sells k + 1 variants. Under As-

sumption 4.2.1, lim
k→+∞

p∗n− c = 0 for all n = 1, ..., N . The profits, p∗n−c
N

, tend toward

zero as k grows.

Theorem 4.2.2 borrows the following argument from Zhou (2017). If the dis-

tribution of tastes has an exploding hazard rate, then the second-highest valuation

approaches the highest valuation as the number of variants per firm increases. There-

fore, the second-best alternative is close to the best alternative, which is itself close

to the upper bound. Consumers find products they like in each firm, so firms com-

pete against one another. Firms look increasingly alike as the number of variants

per firm increases and firms have to lower their prices. As a limit case, the market

converges toward Bertrand competition.
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In contrast, the literature is often interested in the number of firms instead of

the number of products per firm. For example, for Perloff and Salop (1985), firms

sell one product, k = 1, and find lim
N→+∞

p∗n − cn = 0. Prices tend towards marginal

costs but for a different reason. For a consumer, some firms provide a variant

she values highly as the number of firms increases, explaining why competition

intensifies. However, another consumer may find valuable products from a different

set of firms. Therefore, for a particular consumer, firms do not know against which

competitors they are competing.

4.3 Application: double exponential

distributions

This section features the double exponential distribution, which gives Equation (4.2)

a closed-form solution. The double exponential distribution has a hazard rate that

does not explode, providing a counterexample to Theorem 2. Prices remain un-

changed as the number of products per firm goes to infinity. The equilibrium prices

are identical to those in a single-product firm oligopoly, conserving interesting prop-

erties of the classic oligopoly model with a MNL demand. In particular, the re-

mainder of the section finds that there is a unique equilibrium when firms may also

choose a level of quality before their price.

For all n = 1, ..., N , let Fn = F , where F denotes the cumulative distribution

function of a double exponential; i.e., for all x ∈ R,

F (x) = e−e
−( xµ−γ)

The density, therefore, is

f (x) = e−( xµ−γ)e−e
−( xµ−γ)

Here, γ is Euler’s constant, a technical parameter to ensure that the density f

integrates into 1. The parameter µ measures the substitutability of the products
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available on the market: the smaller the µ value is, the closer substitutes the variants

are.

Let consumers’ conditional utility upon choosing variant ni take the following

form:

an − pn + vni

where vni follows a double exponential distribution. The parameter an represents

the quality of firm n’s products. Alternatively, an can relate to firm n’s brand image

and reflects the extra utility a consumer obtains after buying one of its products.

In equilibrium, a firm chooses the same price for each of its variants: firm 1

chooses a price p1, firm 2 chooses a price p2, and so on. Equilibrium prices, demands,

and profits have a closed-form solution.

Proposition 4.3.1: MNL demand.

A Bertrand-Nash equilibrium exists, is unique, and is symmetric. Firm n’s demand

is measured by

Dn (k) =
kne

an−p∗n
µ∑N

m=1 kme
an−p∗m

µ

Firm n’s price at equilibrium is implicitly determined by

p∗n = cn +

∑N
m=1 kme

an−p∗m
µ∑N

m 6=n kme
am−p∗m

µ

Firm n’s profit is

πn (k) =
kne

an−p∗n
µ∑N

m 6=n kme
am−p∗m

µ

Note that k1 = ... = kN = k implies Dn (k) = e
an−p∗n
µ∑N

m=1 e
am−p∗m

µ

: firm n’s demand if

the firms were selling only one product each. In that case, prices have a closed-form

solution.

Corollary 4.3.1: Product variety per firm is irrelevant for identical firms.

Let firms be identical, and let consumers’ valuation of a product follow a double



4.3. APPLICATION: DOUBLE EXPONENTIAL DISTRIBUTIONS 47

exponential distribution. Then, the equilibrium price p∗ is independent of the number

of products per firm k.

p∗ = c+ µ
N

N − 1

Corollary 4.3.1 contrasts with Theorem 4.2.2 as lim
k→+∞

p∗n − c = µ N
N−1
6= c. This

is not surprising because the hazard rate of double exponential distributions is not

exploding. Corollary 4.3.1 also points out that the number of products per firm has

no influence on the equilibrium price, conserving the nature of the competition of

a single-product firm oligopoly. For example, the results on the quality of products

are conserved.

In the remainder of this section, let the quality parameter an be endogenous.

Following the literature, an = θqn, where θ > 0 measures the overall taste for qual-

ity in the economy and qn measures firm n’s quality. The higher an is, the more

costly it is for firm n to produce a variant. This setup is standard in the literature.

The model below finds its roots with Mussa and Rosen (1978), who find the opti-

mal price and quality for a monopolist. Furth (2011) demonstrates the existence of

a quality/price equilibrium for duopolies. The equilibria are tractable for specific

distributions: uniform (Champsaur and Rochet, 1989) and double-exponential (An-

derson et al., 1992, p. 238). In contrast to the above models, the one below deals

with multiproduct firms, restricting the distribution of taste for quality to a double

exponential distribution.

Consider a two-stage game. First, firms choose the quality of their products.

Then, they compete on price. Their terminal payoff is

πn (pn; p−n,k,q) =
kn∑
i=1

(pni − cn (qn))Dni (pn; p−n,k,q)

where q = (q1, ..., qn) and cn (q) is the cost firm n incurs when it sets quality q for

its products. The marginal cost functions cn (q) are strictly increasing—dcn(q)
dq

> 0—

and strictly convex—d2cn(q)
dq2

> 0. Given the qualities q1, ..., qN , Theorem 4.2.1 gives

a unique equilibrium, and this equilibrium is symmetric. Moreover, a firm with

high-quality products sets a higher price than a firm that chooses a lower quality.
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Proposition 4.3.2: Greater quality, greater price.

If qn > qm, then at equilibrium, pn > pm.

Now, assume firms set their quality an in the first stage and their prices pni in

the second stage.

Proposition 4.3.3: Unique equilibrium with endogenous quality.

There is a unique symmetric equilibrium in which firms set their level of quality

q∗n = (c′n)−1 (θ), independent of the number of products per firm k1, ..., kn.

Furthermore, if k1 = ... = kN and c1 = ... = cN = c, then firms set the same

quality and the same price at equilibrium, namely, p∗ = c (q∗) + µ N
N−1

.

The level of quality follows from Anderson et al. (1992). The quality of a firm’s

product only depends on how much consumers care about quality, measured by θ,

and the marginal cost of quality. The number of variants a firm has does not affect

the result. Finally, the last part of Proposition 4.3.3 is the equivalence outlined by

Corollary 4.3.1. The number of products per firm is irrelevant; i.e., the firms could

be single-product firms.

4.4 Concluding remarks

This paper has elicited conditions for the existence and uniqueness of Bertrand-Nash

equilibrium when each firm produces multiple variants of the same good. The argu-

ments of symmetry induce each firm to set the same price for its products, and two

firms may set a different price. The problem then reduces to an oligopoly described

by Caplin and Nalebuff (1991), who guarantee the existence and uniqueness of equi-

librium when the consumers’ valuations follow strictly log-concave distributions.

The distribution of consumers’ valuations also determines the nature of the com-

petition when the number of products per firm becomes arbitrarily large. For distri-

butions with an exploding hazard rate, firms compete more intensely as the number

of products per firm increases, with Bertrand competition as a limit case. The
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channel is the following: as firms increase their range of products, consumers are

more likely to find a valuable product in each firm. In contrast, previous studies

find a similar result through another channel: the number of firms. As the num-

ber of firms increases, a consumer is likely to find highly valuable products from

some firms, and these firms might be different from one consumer to another. The

equilibrium prices also converge towards the firms’ marginal costs but for different

reasons. These different reasons justify the need to classify these asymptotic results

into different types.

Finally, the double exponential distribution does not have an exploding hazard

rate, and this paper has shown that firms conserve significant monopolistic power,

regardless of the number of products each firm provides. Even when the number

of products per firm is arbitrarily large, prices do not tend toward marginal costs,

which is a concern for the extension of models based on Dixit and Stiglitz (1977) to

multiproduct firms if such monopolistic power is undesirable.
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Appendix to Chapter 4

Proof of Proposition 4.2.1

Let all prices be fixed, except those of firm n. Without loss of generality, let pn1 ≥

pn2 ≥ ... ≥ pnkn be profit maximizing prices. At least one of these inequalities is

strict. Then, one of the following two cases occurs:

∃i > j so that pniDni (pn1, ..., pnkn ,p−n; k) < pnjDnj (pn1, ..., pnkn ,p−n; k) or

∀i > 1 pnknDk (pn1, ..., pnkn ,p−n; k) ≥ ... ≥ pn1Dn1 (pn1, ..., pnkn ,p−n; k)

The following lemmas show that in either case, pn1, ..., pnkn cannot be profit maxi-

mizing.

Lemma 4..1:

If there is an i > j so that

pniDni (pn1, ..., pnkn ,p−n; k) < pnjDnj (pn1, ..., pnkn ,p−n; k)

, then setting pni = pnj provides a higher profit.

Proof. Without loss of generality, let

pn2Dn2 (pn1, ..., pnkn ,p−n; k) < pn1Dn1 (pn1, ..., pnkn ,p−n; k)

. For the inequality to be strict, it must be that pn1 > pn2. Then,

pn1Dn1 (pn1, pn2, ..., pnkn ,p−n; k) + pn2Dn2 (pn1, pn2, ..., pnkn ,p−n; k)

< 2pn1Dn1 (pn1, pn2, ..., pnkn ,p−n; k)

< 2pn1Dn1 (pn1, pn1, pn3, ..., pnkn ,p−n; k) because pn1 > pn2

= pn1Dn1 (pn1, pn1, pn3, ..., pnkn ,p−n; k) + pn1Dn2 (pn1, pn1, pn3, ..., pnkn ,p−n; k)

As a result, π (pn1, pn2, ..., pnkn ; k) < π (pn1, pn1, ..., pnkn ,p−n; k)
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Lemma 4..2:

If for all i,

pniDni (pn1, ..., pnkn ,p−n; k) ≥ pn1Dn1 (pn1, ..., pnkn ,p−n; k)

, then pn1, ..., pnkn cannot denote profit maximizing prices.

Proof. If pn1, ..., pnkn are profit maximizing prices, then the monopolist satisfies the

first-order condition:

Dn1 (pn1, ..., pnkn ,p−n; k) +
kn∑
i=1

pni
dDni (pn1, ..., pnkn ,p−n; k)

dpn1

= 0 (4.3)

...

Dk (pn1, ..., pnkn ,p−n; k) +
kn∑
i=1

pni
dDni (pn1, ..., pnkn ,p−n; k)

dpnkn
= 0 (4.4)

Let us focus on Equation (4.3). First, note that for any product j = 1, ..., k,

kn∑
i=1

pni
dDni (pn1, ..., pnkn ,p−n; k)

dpnj
= −Dnj (pn1, ..., pnkn ,p−n; k) < 0 (4.5)

Second, Equation (4.3) gives

Dn1 (pn1, ..., pnkn ,p−n; k)

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ,p−n;k)

dpn1

pn1Dn1 (pn1, ..., pnkn ,p−n; andk)
= 0

Since pniDni (pn1, ..., pnkn ,p−n; k) ≥ pn1Dn1 (pn1, ..., pnkn ,p−n; k)

Dn1 (pn1, ..., pnkn ,p−n; k)

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ,p−n;k)

dpn1

pn1Dn1 (pn1, ..., pnkn ,p−n; k)

<
Dn1 (pn1, ..., pnkn ,p−n; k)

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
+

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpn1

pniDni (pn1, ..., pnkn ,p−n; k)

because Equation (4.5) gives that
∑kn

i=1 pni
dDni(pn1,...,pnkn ,p−n;k)

dpn1
< 0. However, note

that Dni (pn1, ..., pnkn ,p−n; k) is strictly log-concave in each variable. It is in particu-

lar log-concave in pn1. Therefore, the ratio

dDni(pn1,...,pnkn ,p−n;k)
dpn1

Dni(pn1,...,pnkn ,p−n;k)
is strictly decreasing

in pn1 and strictly increasing in pnkn . As a result,

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpn1

pniDni (pn1, ..., pnkn ,p−n; k)
<

kn∑
i=1

pni
dDni(pnkn ,...,pn1,p−n;k)

dpn1

pniDni (pnkn , ..., pn1,p−n; k)
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and by symmetry,

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpn1

pniDni (pn1, ..., pnkn ,p−n; k)
<

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpnkn

pniDni (pn1, ..., pnkn ,p−n; k)

Using pnknDk (pn1, ..., pnkn ,p−n; k) ≥ pniDni (pn1, ..., pnkn ,p−n; k) and Equation (4.5)

again gives

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpn1

pniDni (pn1, ..., pnkn ,p−n; k)
<

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpnkn

pnknDk (pn1, ..., pnkn ,p−n; k)

Now, turn to
Dn1(pn1,...,pnkn ,p−n;k)

pn1Dn1(pn1,...,pnkn ,p−n;k)
, and note that

Dn1 (pn1, ..., pnkn ,p−n; k)

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
<

Dk (pn1, ..., pnkn ,p−n; k)

pnknDk (pn1, ..., pnkn ,p−n; k)

because pn1 > pnkn .

Putting everything together,

Dn1 (pn1, ..., pnkn ,p−n; k)

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ,p−n;k)

dpn1

pn1Dn1 (pn1, ..., pnkn ,p−n; k)
= 0

<
Dk (pn1, ..., pnkn ,p−n; k)

pnknDk (pn1, ..., pnkn ,p−n; k)
+

kn∑
i=1

pni
dDni(pn1,...,pnkn ,p−n;k)

dpnkn

pnknDk (pn1, ..., pnkn ,p−n; k)
= 0

because of Equation (4.4), which is a contradiction. Thus, pn1, ...., pnkn are not profit

maximizing.

Proof of Proposition 4.2.2

Assume there is an asymmetric equilibrium. Therefore, a firm, firm n, is not setting

symmetric prices. According to Proposition 4.2.1, firm n is not playing a best

response: a contradiction. Therefore, equilibria, if any, must be symmetric.

Proof of Lemma 4.2.1

Focus on firm n. vni follows a distribution in which the density fn (x) is continuous

and strictly log-concave. The cumulative distribution function of vni is noted as

Fn (x). It is therefore continuous and strictly log-concave.
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Then, maxi=1,...,kn vni is randomly distributed. It has the cumulative distribution

function F kn (x), and therefore, its density is

dF kn (x)

dx
= knfn (x)F kn−1

n (x)

Moreover, it is continuous since fn (x) and Fn (x).

The log of the density is

ln
(
knfn (x)F kn−1

n (x)
)

= ln (kn) + ln (fn (x)) + (kn − 1) ln (Fn (x))

The second derivative with regard to x is

d2 ln
(
knfnF

kn−1
n

)
dx2

=
d2 ln (fn (x))

dx2
+ (kn − 1)

d2 ln (Fn)

dx2
< 0

It is negative because fn (x) and Fn (x) are strictly log-concave.

Therefore, maxi=1,...,kn vni follows a distribution that has a continuous and strictly

log-concave density.

Proof of Theorem 4.2.1

Under Assumption 4.2.1, equilibria, if any, are symmetric thanks to Proposition 4.2.2.

As firms engage in symmetric pricing, the problem reduces to a situation where firms

sell one product. Given Lemma 4.2.1, valuations follow log-concave distributions.

Caplin and Nalebuff (1991) show that there is only one equilibrium.

Proof of Corollary 4.2.1

Corollary 4.2.1 is a consequence of Theorem 4.2.1. With Theorem 4.2.1, there is

only one equilibrium.

Two firms, firms 1 and 2, cannot set different prices. However, let us assume

that they do. Without loss of generality, set p∗1 > p∗2. Then, there would be another

equilibrium in which firms swap prices: firm 1 sets the price p∗2, and firm 2 sets the

price p∗1. In that case, the equilibrium would not be unique: a contradiction. Hence,

p∗1 = p∗2 = ... = p∗N = p∗.
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If firms are identical and set the same price, then they share the market equally.

Therefore, D1 (k) = ... = DN (k) = 1
N

.

The profits are the markups p∗ − c times the demand 1
N

. Hence, π1 (k) = ... =

πN (k) = p∗−c
N

.

Proof of Theorem 4.2.2

Symmetry and the fact that firms are identical reduces the problem to a simple

oligopoly. Each firm sells one differentiated product. Consumers have unit demand

and observe that their valuations follow the random variable maxi=1,...,k vni. Let fk

denote the density of maxi=1,...,k vni. Therefore, fk (x) = kfk (x)F k−1 (x).

Firms maximize

k (pn − c)Dn (pn; p−n,k)

The first-order conditions give

pn − c = −Dn (pn; p−n,k)
dDn(pn;p−n,k)

dpn

Demand is rewritten

Dn (pn; p−n,k)

= Pr

(
max
i=1,...,k

vni − pn ≥ max
i=1,...,k

v1i − p1, ..., max
i=1,...,k

vni − pn ≥ max
i=1,...,k

vNi − pN
)

=

∫
fk (x) Πm 6=nF

k (pm − pn + x) dx

Consequently,

dDn (pn; p−n,k)

dpn
= −

∑
m 6=n

∫
fk (x) fk (pm − pn + x) Πl 6=n,mF

k (pl − pn + x) dx

= − (N − 1)

∫
f 2
k (x)F k(N−2) (x) dx

where the last inequality follows from the fact that at equilibrium, prices are equal.
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Then,

pn − c =
Dn (pn; p−n,k)

(N − 1)
∫
f 2
k (x)F k(N−2) (x) dx

=
1

N (N − 1)
∫
f 2
k (x)F k(N−2) (x) dx

because Dn (pn; p−n,k) =
1

N

Therefore,

1

pn − c
= N (N − 1)

∫
f 2
k (x)F k(N−2) (x) dx

Now, note that

f(2) (x) = N (N − 1) fk (x)
(
1− F k (x)

)
F k(N−2) (x)

is the density of the second-highest valuation of the kN variants on the market.

Therefore,

N (N − 1) f 2
k (x)F k(N−2) (x) =

fk (x)

1− F k (x)
f(2) (x)

and as a result,

1

pn − c
=

∫
fk (x)

1− F k (x)
f(2) (x) dx

=

∫
kf (x)F k−1 (x)

(1− F (x))
(∑k−1

j=0 F
j (x)

)f(2) (x) dx

Note that limx→x̄ F (x) = 1, limx→x̄ F
k−1 (x) = 1 and limx→x̄

∑k−1
j=0 F

j (x) = k.

Therefore,

lim
x→x̄

fk (x)

1− F k (x)
f(2) (x) = lim

x→x̄

f (x)

1− F (x)
= +∞

The second-highest valuation is increasing in k, giving weight only to high valuations

close to the upper bound x̄. It follows that 1
pn−c becomes arbitrarily large as k grows;

therefore, pn converges to c for all n = 1, ..., N .



56 CHAPTER 4. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

Proof of Proposition 4.3.1

In equilibrium, consumers observe that

u1 = a1 − p1 + max
i=1,...,k1

v1i

u2 = a2 − p2 + max
i=1,...,k2

v2i

...

uN = aN − pN + max
i=1,...,kN

vNi

Moreover, a consumer will prefer firm n over firm m if

un = an − pn + max
i=1,...,kn

vni > um = am − pm + max
j=1,...,km

vmj

If maxi=1,...,kn vni is known, then this would occur with probability

Pr

(
max

i=1,...,km
vmj < an − pn − am + pm + max

i=1,...,kn
vni

)
= F km

(
an − pn − am + pm + max

i=1,...,kn
vni

)
Therefore,

Pr

(
max

i=1,...,km
vmj < an − pn − am + pm + max

i=1,...,kn
vni

)
= e−kne

−
(
an−pn−am+pm+maxi=1,...,kn

vni
µ −γ

) (4.6)

Let f̂n (x; kn) be the density of the best valuation consumers find in firm n, given

that firm n provides kn products. It is the density of the maximum of kn’s double

exponential distribution. Letting pn be firm n’s price and p−n be all prices except

firm n’s, then, firm n’s demand is

Dn (pn; p−n,k) = Pr (un > u1, un > u2, ..., un > uN)

=

∫ +∞

−∞
f̂n (x; kn)Pr (x+ an − pn > u1, ..., x+ an − pn > uN) dx
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By independence,

=

∫ +∞

−∞
f̂n (x; kn)Pr (x+ an − pn > u1) ...P r (x+ an − pn > uN) dx

=

∫ +∞

−∞
f̂n (x; kn) Πm6=nPr (x+ an − pn > um) dx

=

∫ +∞

−∞
f̂n (x; kn) Πm6=nPr

(
x+ an − pn − am + pm > max

i=1,...,km
vmi

)
dx

because um = am − pm + maxi=1,...,km vmi. It follows with Equation (4.6) that

Dn (pn; p−n,k) = Pr (un > u1, un > u2, ..., un > uN)

=

∫ +∞

−∞

kn
µ
e−( xµ−γ)e−kne

−( xµ−γ)
Πm6=ne

−kme
−(x+an−pn−am+pm

µ −γ)
dx

Let yn = e
an−pn
µ . With the change in variable ξ = e−( xµ+γ), demand becomes

Dn (pn; p−n,k) =

∫ +∞

0

kne
−knξΠm 6=ne

−kmξ ymyn dξ

=

∫ +∞

0

kne
−knξe−

∑N
m 6=n kmξ

ym
yn dξ

=

∫ +∞

0

kne
−knξ−

∑N
m 6=n kmξ

ym
yn dξ

=

∫ +∞

0

kne
−ξ
∑N
m=1 km

ym
yn dξ noting that knξ = knξ

yn
yn

=

∫ +∞

0

kne
−ξ

∑N
m=1 kmym

yn dξ

=

[
− knyn∑N

m=1 kmym
e−ξ

∑N
m=1 kmym

yn

]+∞

0

=
knyn∑N

m=1 kmym

=
kne

an−pn
µ∑N

m=1 kme
am−pm

µ

Therefore,

Dn (pn; p−n,k) =
kne

an−pn
µ∑N

m=1 kme
am−pm

µ

(4.7)
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Differentiating with regards to pn gives

dDn (pn; p−n,k)

dpn
=
−kn

µ
e
an−pn
µ
∑N

m=1 kme
am−pm

µ +
(
kn
µ
e
an−pn
µ

)2

(∑N
m=1 kme

am−pm
µ

)2

=

kn
µ
e
an−pn
µ

(
kn
µ
e
an−pn
µ − 1

µ

∑N
m=1 kme

am−pm
µ

)
(∑N

m=1 kme
am−pm

µ

)2

= −
kn
µ
e
an−pn
µ∑N

m=1 kme
am−pm

µ

×
1
µ

∑N
m=1 kme

am−pm
µ − kn

µ
e
an−pn
µ∑N

m=1 kme
am−pm

µ

= − 1

µ

kne
an−pn
µ∑N

m=1 kme
am−pm

µ

×
∑N

m=1 kme
am−pm

µ − kne
an−pn
µ∑N

m=1 kme
am−pm

µ

= −Dn (pn, p−n; k) (1−Dn (pn, p−n; k))

µ

When maximizing profit πn (pn, p−n; k) = (pn − cn)Dn (pn, p−n; k), the first-order

condition gives

pn − cn = −Dn (pn, p−n; k)
dDn(pn,p−n;k)

dpn

= µ
Dn (pn, p−n; k)

Dn (pn, p−n; k) (1−Dn (pn, p−n; k))

Therefore, a useful formula for the markup in equilibrium is

pn − cn = µ
1

1−Dn (pn, p−n; k)
(4.8)

Using Equation (4.7),

pn − cn = µ

∑N
m=1 kme

am−pm
µ∑N

m=1 kme
am−pm

µ − kn
µ
e
an−pn
µ

which gives the following closed-form solution:

pn − cn = µ

∑N
m=1 kme

am−pm
µ∑N

m6=n kme
am−pm

µ

(4.9)

Consequently, firm n’s profit is

πn (pn; p−n,k) = (pn − cn)Dn (pn; p−n,k)

= µ
kne

an−pn
µ∑N

m6=n kme
am−pm

µ
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Proof of Corollary 4.3.1

As firms are identical, a1 = ... = aN = a, k1 = ... = kN = k, and in equilibrium,

p1 = ... = pN = p. Using Equation (4.9) from the proof of Proposition 4.3.1,

p∗ − c = µ

∑N
m=1 ke

a−p
µ∑N

m6=n ke
a−p
µ

= µ
Nke

a−p
µ

(N − 1) ke
a−p
µ

= µ
N

N − 1

Therefore, p∗ = c+ µ N
N−1

.

Proof of Proposition 4.3.2

Let pn be firm n’s price, and let p−n be all prices, except those of firm n. When firm

n maximizes profit πn (pn; p−n,k) = (pn − c)Dn (pn; p−n,k), the price pn satisfies

the first-order condition:

dπn (pn; p−n,k)

dpn
= Dn (pn; p−n,k) + (pn − c)

dDn (pn; p−n,k)

dpn

= Dn (pn; p−n,k) +
pn − c
µ

Dn (pn; p−n,k) (Dn (pn; p−n,k)− 1)

= 0

Let Dn = Dn (pn; p−n,k), where

Dn (pn; p−n,k) =
e
θqn−pn

µ∑N
m=1 e

θqm−pm
µ

(4.10)

and note that dDn
dqn

= θ
µ
Dn (1−Dn) and dDn

dpn
= 1

µ
Dn (Dn − 1). The implicit function

theorem gives

dpn
dqn

= −A
B
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where

A =
ddπn(pn;p−n,k)

dpn

dqn

=
dDn

dqn
+
pn − c
µ

dDn (Dn − 1)

dqn

=
θ

µ
Dn (1−Dn) +

pn − c
µ

(
θ

µ
Dn (1−Dn) (Dn − 1) +

θ

µ
D2
n (1−Dn)

)
=
θ

µ
(1−Dn)

(
Dn +

pn − c
µ

(
Dn (Dn − 1) +D2

n

))
> 0

and

B =
ddπn(pn;p−n,k)

dpn

dpn

= 2
dDn

dpn
+
pn − c
µ

dDn (Dn − 1)

dpn

=
2

µ
Dn (Dn − 1) +

pn − c
µ

(
1

µ
Dn (Dn − 1) (Dn − 1) +

1

µ
D2
n (Dn − 1)

)
=

1

µ
(Dn − 1)

(
2Dn +

pn − c
µ

(
Dn (Dn − 1) +D2

n

))
< 0

Therefore, dqn
dpn

> 0.

Proof of Proposition 4.3.3

Consider the second stage of the game. Firms have chosen their quality q1, ..., qN .

Let pn be firm n’s price, and let p−n denote all prices except firm n’s. Therefore,

there is a unique price equilibrium (p1, ..., pN) thanks to Theorem 4.2.1. Building

upon Equation (4.8), the price equilibrium gives

pn − cn (qn) =
1

µ (1−Dn (pn; p−n,k))

where Dn (pn; p−n,k) is defined as in Equation (4.10).

This equilibrium satisfies dπn
dqn

= 0, where πn = (pn − cn (qn))Dn (pn; p−n,k). Let

Dn = Dn (pn; p−n,k). On the one hand,

dπn
dqn

=
d (pn − cn (qn))Dn

dqn
= 0
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and therefore,(
dpn
dqn
− dcn (qn)

dqn

)
Dn +

pn − cn (qn)

µ

(
θ − dpn

dqn

)
Dn (1−Dn) = 0 (4.11)

On the other hand, at equilibrium,

dπn
dqn

=
dµ Dn

(1−Dn)

dqn

= µkne
θqn−pn

µ

(
θ − dpn

dqn

)(
Dn +

D2
n

1−Dn

)
= 0

That forces dpn
dqn

= θ. Looking back at Equation (4.11),
(

dpn
dqn
− dcn(qn)

dqn

)
Dn = 0.

Therefore, dcn(qn)
dqn

= dpn
dqn

= θ. Thus, q∗n at equilibrium does not depend on k or p,

and q∗n = (c′n)−1 (θ).

Now, assume that k1 = ... = kN = k and c1 (.) = ... = cN (.) = c (.). Then,

Dn = 1
N

. As a result, pn − c (qn) = N
µ(N−1)

, which does not depend on k. Finally,

q∗ = (c′)−1 (θ), which is independent of k.
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5.1 Introduction

Economic theory often considers firms that sell only one product, yet firms com-

monly sell many variants of the same good. Some examples include clothing firms

that supply many T-shirts of different colors and cuts, ice cream sellers who pro-

vide different ice cream flavors, and car manufacturers who produce cars of different

styles. It follows that the variety on the market is a matter of the number of firms

and the number of variants per firm.

This paper deals duopolists’ incentives increase their product variety over time.

Variety focuses on very close substitutes, like formal white shirts as opposed to

T-shirts of different colors. A reason for firms to introduce new variants lies in

economies of scope. It is easier for existing firms to produce a new variant, while

entrants have to incur capital costs to do so. For instance, ice cream sellers can

already store new ice cream flavors, while a business that is just starting up has to

purchase a freezer, etc. Although it might be too expensive for a new firm to enter

the market, existing firms may still invest in new variants. With more variants,

consumers split into smaller partitions on which the corresponding firm exercises

monopolistic power. Each new variant appeals to a fraction of consumers who value

the variant a great deal and may be willing to pay a relatively high price for it. By

enlarging its range of products, a firm expands its market share and sells at a higher

price, increasing its profit.

However, if many firms introduce new variants, then their profit might diminish.

Indeed, consumers may find valuable products in each firm. If a variant is too

expensive, then consumers switch to a variant provided by another firm. Firms thus

engage in intense price competition that converges to Bertrand competition as the

number of variants per firm increases. In summary, firms are worse off if they invest

simultaneously, but each firm wants to be the sole investor. Over time, such tensions

translate into complex dynamics of the provision of variety over time, which have

received little attention in the literature.
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The discussion of the variety of products originates from Chamberlin (1949)’s

concept of monopolistic competition, later revived by Spence (1976) and Dixit and

Stiglitz (1977). They study variety with linear and constant elasticity of substitution

(CES) demand functions. Instead of using specific demand functions, Deneckere and

Rothschild (1992) advocate for the aggregation of consumers’ purchase decisions in

the spirit of Hotelling (1929) and Salop (1979). Going a step further, Anderson et al.

(1995) and Anderson and Renault (1999) aggregate discrete purchase decisions to

measure the demand for each firm.

As Anderson and De Palma (1992) point out, in all these papers, variety is

equivalent to the number of firms because one firm may only sell one variant. They

propose a nested logit discrete choice model, generalized by Anderson and De Palma

(2006), to account for the number of products per firm. An advantage of the ap-

proach developed by Anderson and De Palma (2006) is the uniqueness of the equilib-

rium for any given number of variants per firm. Unfortunately, nothing guarantees

the existence and uniqueness of equilibrium when consumers follow a nonnested dis-

crete choice model. The result of the existence and uniqueness developed by Caplin

and Nalebuff (1991) when firms may sell one product fails to generalize to mul-

tiproduct firms. Indeed, best-response functions are not quasi-concave in general,

so the treatment of multiproduct firms requires further tools. Although not quasi-

concave, this paper exploits a specific structure for the best response to derive that

a unique equilibrium exists and is unique. It is a global property that contrasts with

the approach based on first-order conditions and fixed points that Konovalov and

Sándor (2010) employ to demonstrate the existence and uniqueness of equilibrium

for multinomial logit (MNL) demand and CES preference.

Moreover, the literature pay little attention to firms’ ability to invest in new

variants of a product. Exceptions are Caminal (2016) and Caminal (2019). Firms—a

monopolist for Caminal (2016) and duopolists for Caminal (2019)—may introduce

new variants over time that replace the former, as is the case for movies in cinemas.
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In contrast, this paper investigates a duopoly in which firms may broaden their range

of products over time. The previous variants remain on the market, and consumers

purchase a product, possibly the same product, in each period. Instead of fitting

movie releases, this model better suits the expansion of the variety of T-shirts in the

clothing market. It follows that firms potentially sell multiple products, but unlike

Anderson and De Palma (2006)’s model, firms face a nonnested demand.

This paper explains how a firm establishes a dominant position by proposing a

larger variety of products than its competitor. In the first part, this paper char-

acterizes the stage game: prices and profits for any number of products per firm.

Consumers have unit demand, and their valuations for a particular product follow

a distribution that is strictly log-concave. The products of a firm yield valuations

that follow the same distributions. That assumption of symmetry implies unique

pricing, so firms foresee their profit as they introduce new variants on the market.

There is no outside option. Although equilibrium pricing would be unique with

an outside option, investment dynamics would be much more difficult to address.

Indeed, the outside option provides an opportunity, at least at the start, to attract

new consumers who were not buying the product before. There might be opportu-

nities to increase profit for both firms when a new variant is brought to the market

because they attract more consumers out of the outside option than from the com-

petition. Later, when both firms have many variants, additional variants attract

more consumers away from the competitor. One can expect similar results to those

developed when firms have many variants. However, this remains to be proven.

The second part describes the optimal investment policy. It starts with the addi-

tion of one variant as a one-shot game and then generalizes to a dynamic framework.

The paper distinguishes distributions with a bounded hazard rate from those with

an unbounded hazard rate. The hazard rate determines the relative likelihood of a

consumer choosing one firm over another. An exploding hazard rate implies that

with many products per firm, there are highly valuable options in each firm. Con-
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sequently, prices and profit decline as firms introduce new variants simultaneously.

As a result, firms, in essence, play a game of chicken. In a dynamic setting, firms

with the same number of variants play a series of games of chicken. They stop when

it is no longer profitable for any firm to be the sole investor. In one of these games,

one of the firms may become dominant, implying that two identical firms ex ante

may sell a different number of variants ex post.

In contrast, a double exponential distribution has a bounded hazard rate and has

different investment dynamics. Prices and profit do not change if firms introduce

new products on the market. The potential benefit of being the sole investor implies

that a firm invests simultaneously until the cost of investing exceeds the benefits of

being the sole investor.

In the following, Section 5.2 investigates the investment dynamics for two com-

peting firms. The treatment of reinforcing duopolists with a multinomial logit de-

mand is found in Section 5.4. Section 5.5 provides some concluding remarks. All

the propositions are demonstrated in Section 5.5.

5.2 Uniqueness of equilibrium

There is a unit mass of consumers who purchase one unit of a good that comes

with many differentiated variants. Two firms supply these variants: firm 1 and

firm 2, which, respectively, provide k and l variants at prices p1 = (p11, ..., p1k) and

p2 = (p21, ..., p2l). Each consumer has her own valuations v1,1, ..., v1,k and v2,1, ..., v2,l,

and picks the variant that maximizes

u (v, p) = v − p

where v is the valuation the consumer obtains from the variant she picks, and p is the

variant’s price. In the case of ties, consumers pick a utility-maximizing variant with

equal probability. A consumer chooses a particular variant with some probability,

which also measures the demand for that variant. Let Dnm (p1,p2; k, l) denote the
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demand for the variant m from firm n. Consequently, firms maximize

π1 (p1,p2; k, l) =
k∑
i=1

p1iD1i (p1,p2; k, l)

π2 (p1,p2; k, l) =
l∑

j=1

p2jD2j (p1,p2; k, l)

Both firms have to pick a price for each of their respective variants. These prices

should balance not only the competitor’s pricing scheme but also substitutability

within the firm. A series of assumptions on the distribution of these valuations are

imposed to simplify the analysis.

Assumption 5.2.1:

The valuations satisfy the following:

A Independence and identical distribution:

Valuations v1,1, ..., v1,k and v2,1, ..., v2,l are independent and identically dis-

tributed, with cumulative distribution function F and density function f .

B Continuity:

f is continuous.

C Strict log-concavity:

f is strictly log-concave.

Assumption 5.2.1.A allows for the direct comparison of variants. Independence

is not necessary to derive the existence of an equilibrium, but it will prove use-

ful to derive the uniqueness of the equilibrium. From Assumption 5.2.1.B, all ties

v1,i − p1i = v2,j − p2j occur with a probability of zero, and as a result, the demand

and profit functions are continuous. Assumption 5.2.1.C requires the distribution

of valuations to be strictly log-concave. It might seem to be a strong assumption

that the same distribution rules every single product, however this provides a direct

link with a regular oligopoly studied by Caplin and Nalebuff (1991) and also com-

parability when a firm adds new products. Note also that there are many eligible
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distributions, including uniform distributions, normal distributions, and exponential

distributions. These distributions are relatively slim. At the tail of the distributions,

few consumers have high valuations, ruling out strategies relying on high prices and

low demand, that is, the mechanism at the heart of the uniqueness of equilibrium.

Definition 5.2.1: Strict Diagonal Maximality.

Let g (x1, ..., xm) be a function from Rm 7→ R. The function g is strictly diagonal

maximality if for all (x1, ..., xm) ∈ Rm so that for some i and j xi 6= xj, there is a

point y, ..., y so that g (y, ..., y) > g (x1, ..., xm).

The main argument for a unique equilibrium to exist is that the profit functions

are strictly diagonal maximal.

Proposition 5.2.1: Strictly Diagonal Maximal Profit.

Under Assumption 5.2.1, π1 (p1,p2; k, l) and π2 (p1,p2; k, l) are strictly diagonal

maximal.

Proposition 5.2.2: Existence and uniqueness of equilibrium.

Under Assumption 5.2.1.A to Assumption 5.2.1.C, there is only one equilibrium.

This equilibrium is symmetric; i.e., p11 = ... = p1k, and p21 = ... = p2l.

A formal proof is available in the appendix, but the main argument is below.

Proposition 5.2.1 suggests that firm 1’s best response is to set the same price p1 for

its variants. Likewise, firm 2 sets the same price p2 for its variants. Consumers now

face the same price p1 for each variant provided by firm 1 and the same price p2

for each variant provided by firm 2. Consequently, consumers compare the variant

with the highest value in both firms: maxi=1,...,k v1,i from firm 1 at price p1 and the

variant that yields the valuation maxj=1,...,l v2,j from firm 2 at price p2. Under As-

sumption 5.2.1.C, maxi=1,...,k v1,i and maxj=1,...,l v2,j are strictly log-concave random

variables. It is as if firms were selling one product, with a distribution of willingness

to pay that is strictly log-concave. The problem reduces to a duopoly described by

Caplin and Nalebuff (1991), who prove the existence and uniqueness of equilibrium.
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From now on, firms play the equilibrium. Symmetry, i.e., when firm 1 sets

the same price p1 for its variants and firm 2 chooses a price p2, allows for a

convenient characterization of firms’ profit functions. Let v̂k = maxi=1,...,k v1,i,

v̂l = maxj=1,...,l v2,j, and note that

v̂k = max
i=1,...,k

v1,i ∼ F k

v̂l = max
i=1,...,l

v2,i ∼ F l

A consumer chooses a variant from firm 1 if v̂k− p1 ≥ v̂l− p2; otherwise, she selects

the best variant from firm 2. Consequently, for a pair of prices, p1 and p2, firms face

the following demands:

D1 (p1, p2; k, l) = P (v̂k − p1 ≥ v̂l − p2)

D2 (p1, p2; k, l) = P (v̂l − p2 ≥ v̂k − p1)

Profit functions π1 (p1,p2; k, l) and π2 (p1,p2; k, l) become

π1 (p1, p2; k, l) = p1P (v̂k − p1 ≥ v̂l − p2)

π2 (p1, p2; k, l) = p2P (v̂l − p2 ≥ v̂k − p1)

With Proposition 5.2.2, the equilibrium prices are uniquely defined and implicitly

depend on the number of products provided by firms. Let p1 (k, l) and p2 (k, l) denote

the equilibrium price given k and l. The demands and profits therefore are functions

of k and l. Let π1 (k, l) and π2 (k, l) denote firms’ profit at equilibrium when firm

1 and firm 2 provide the market with k and l alternatives, respectively. Because

profits π1 (k, l) and π2 (k, l) are uniquely defined for any k and l, it is possible to

analyze firms’ incentives to provide more variants.

It is useful to identify which firm dominates, i.e., to determine which firm pro-

vides more variants than does its competitor. Without loss of generality, assume

that k ≥ l; i.e., firm 1 provides at least as many variants as does firm 2.
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Proposition 5.2.3: The dominant firm asks a higher price.

If k > l, then p1 (k, l) > p2 (k, l).

Proposition 5.2.3 establishes that the firm that provides the most variants asks

a higher price. A greater variety increases the likelihood that one of the proposed

products is highly valued. The firm exercises stronger monopolistic power over its

share of consumers and extracts a more significant surplus. However, the demand for

firm 1 faces two contradictory forces. On the one hand, the increase in price should

drive the demand down. On the other hand, the demand may rise, as consumers

are more likely to prefer a variant from firm 1. Proposition 5.2.4 shows that at

equilibrium, the second effect dominates the first. The price and demand both rise,

as does the profit.

Proposition 5.2.4: The dominant firm satisfies a higher demand.

If k > l, then

D1 (k, l) > D2 (k, l)

Corollary 5.2.1: The dominant firm makes a higher profit.

When k > l,

π1 (k, l) > π2 (k, l)

Corollary 5.2.1 indicates an incentive to dominate the market to earn a higher

profit. Both firms may be willing to dominate and end up adding products at the

same time. It is therefore of interest to compare equilibria when firms sell the same

number of variants and simultaneously add new variants.

Proposition 5.2.5: Symmetric firms make the same profit.

If both firms supply the market with the same number of alternatives k, then we have
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the following:

D1 (k, k) = D2 (k, k) =
1

2

p1 (k, k) = p2 (k, k)

π1 (k, k) = π2 (k, k)

Proposition 5.2.5 says that with an equal number of alternatives, firms ask the

same price, share the market, and earn the same profit. However, as both firms

introduce new variants on the market, it is unclear whether the price and profit

increase or decrease without further assumptions. The following proposition gives

a sufficient condition for prices to fall; therefore, price competition intensifies, as

firms simultaneously introduce new variants on the market.

Proposition 5.2.6: Exploding hazard rate intensifies competition.

If lim
x→x̄

f(x)
1−F (x)

= +∞, then

D1 (k + 1, k + 1) = D2 (k + 1, k + 1) =
1

2

p1 (k + 1, k + 1) = p2 (k + 1, k + 1) < p1 (k, k) = p2 (k, k)

π1 (k + 1, k + 1) = π2 (k + 1, k + 1) < π1 (k, k) = π2 (k, k)

Additionally, p1 (k, k) and π1 (k, k) tend to 0 as k approaches infinity.

The property lim
x→x̄

f(x)
1−F (x)

= +∞, which holds for uniform and normal distribu-

tions, guarantees a relatively slim distribution of valuations. This highlights the

importance of the hazard rate to generate consistent predictions of the change in

price as firms introduce new variants simultaneously. With an exploding hazard

rate, few consumers have extreme valuations of products, making them likely to

find a variant that they like in both firms. If a firm asks a higher price, then a sig-

nificant portion of consumers would switch to a competitor. Therefore, firms have

to engage in intense price competition, which is a situation that firms try to avoid

when investing in new variants over time.
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5.3 Investments and exploding hazard rates

The properties observed in Section 5.2 shed some light on firms’ investment dynam-

ics. Corollary 5.2.1 demonstrates the incentives for a firm to dominate the market,

but Proposition 5.2.6 shows that they earn less profit if both firms invest simulta-

neously. This section first deals with a one-shot game in which firms may only add

one variant. The insights from this one-shot game can help analyze the dynamic

game of firms’ investment in new variants over time.

5.3.1 One-shot game

Assume that firms sell the same number of variants, k. Then, firms play a game, as

depicted in Game 5.1.

Do not invest Invest

Do not invest π1 (k, k), π2 (k, k) π1 (k, k + 1), π2 (k, k + 1)

Invest π1 (k + 1, k), π2 (k + 1, k) π1 (k + 1, k + 1), π2 (k + 1, k + 1)

Game 5.1: A normal-form game of chicken.

If firms have the opportunity to invest, then there may be a maximum number

of products after which adding an additional variant lowers profit.

Moreover, π1 (k + 1, k + 1) < π1 (k, k) < π1 (k + 1, k). The following also occurs:

if the distribution’s hazard rate is exploding, then firms play a game of chicken; i.e.,

π1 (k + 1, k + 1) < π1 (k, k + 1).

Proposition 5.3.1: Game of chicken when the distribution is slim.

Let the distribution of valuations be relatively slim; i.e., lim
x→x̄

f(x)
1−F (x)

= +∞.

If π1 (k + 1, k)−π1 (k, k) > c, then π1 (k + 1, k + 1)−π1 (k, k + 1) < c, and therefore,

Game 5.1 is a game of chicken.
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The next question to be answered is whether firms play such a game of chicken

at time t < T . Firms could potentially play many games of chicken sequentially,

even with an asymmetric number of variants per firm, giving the dominated firm a

chance to take over the market.

5.3.2 Dynamic game

Let firms start with k0 = l0 variants. They aim to maximize their intertemporal

profit:

Πi =
T∑
t=1

(πi (kt, lt)− cmi,t) ,

where c > 0 is the cost of introducing a variant, and mi,t is the number of variants

firm i adds to the market at time t. At any time t, a firm can only reinvest the

profit it has accumulated; therefore, mi,t cannot exceed the following:

m̃i,t = b
∑t−1

τ=1 πi (kτ , lτ )− cmi,t

c
c.

Firms choose their sequences (m1,1, ...,m1,T ) and (m2,1, ...,m2,T ), which record the

number of products they have added. The following proposition highlights a char-

acterization of the mi,t that constitutes a Nash equilibrium:

Proposition 5.3.2: Exploding hazard rate entails ex post asymmetry.

Let the distribution of valuations be relatively slim; i.e., lim
x→x̄

f(x)
1−F (x)

= +∞.

Then, firms play a series of games of chicken until a dominant firm arises.

Therefore, there is a time τ before which either mi,t = m̃i,t or mi,t = 0, t < τ . After

τ , a firm dominates the market. Assume that firm 1 dominates the market.

1. m2,t = 0

2. The firm with more variants continues to invest as long as it adding new

variants is profitable: m2,t = min
{
m̃i,t,m

∗
1,t

}
, where m∗1,t maximizes m →

(T − t) π1 (kt +m, lt)− cm .
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Proposition 5.3.2 uses the fact that an exploding hazard rate discourages di-

rect confrontation in terms of the number of variants, in accordance with Proposi-

tion 5.2.6. Therefore, firms play a series of games of chicken. Thus, a dominant firm

may arise. The dominant firm reinforces its domination, while the dominated firm

stops investing. A consequence is that a firm may end up dominating the market,

even though other firms provide the same number of products ex ante.

5.4 Investment dynamics with MNL demand

Proposition 5.2.6 requires an exploding hazard rate; not all the distributions satisfy

this property and Assumption 5.2.1 at the same time. A counterexample is the

double-exponential distribution, which provides closed-form solutions. The demand

has a multinomial structure that is exploited in this section to derive the duopolists’

investment policies. This time, the investment dynamics show a whole different

picture: firms invest simultaneously as much as they can until the investment cost

is larger than the marginal gains of being the sole investor.

Let F be the CDF of a double-exponential distribution:

F (x) = e−e
−( xµ−γ)

where γ is Euler’s constant, a technical parameter to ensure that the density is well

defined, and µ is a scale parameter. The smaller µ is, the more closely it acts as a

substitute for the product.

Lemma 5.4.1:

Given k and l, the equilibrium profits are

π1 = µ
ke

p2−p1
µ

l
π2 = µ

le
p1−p2
µ

k

where the equilibrium prices are

p1 = µ
ke
−p1
µ + le

−p2
µ

le
−p2
µ

p2 = µ
ke
−p1
µ + le

−p2
µ

ke
−p1
µ



76 CHAPTER 5. VARIETY PER FIRM: INVESTMENT DYNAMICS

and the demand functions are

D1 =
ke
−p1
µ

ke
−p1
µ + le

−p2
µ

D2 =
le
−p2
µ

ke
−p1
µ + le

−p2
µ

5.4.1 One-shot game

As a quick application of Proposition 5.2.5, if k = l, then π1 = π2 = µ. Therefore,

a simultaneous investment conserves profits π1 = π2 = µ, but firms have to pay a

cost c. In short, they play a game like Game 5.2.

Do not invest Invest

Do not invest µ, µ π1 (k, k + 1), π2 (k, k + 1)− c

Invest π1 (k + 1, k)− c, π2 (k + 1, k) µ− c, µ− c

Game 5.2: A stage game with MNL demand

Proposition 5.4.1:

Game 5.2 is a prisoner’s dilemma.

Now that Game 5.2 is a prisoner’s dilemma, it is in firms’ best interest to add

new variants.

5.4.2 Dynamic game

Again, firms start with the same number of products k0 = l0 and maximize their

intertemporal profit:

Πi =
T∑
t=1

(πi (kt, lt)− cmi,t)

where c > 0 is the cost of introducing a variant, and mi,t is the number of variants

firm i adds to the market at time t. Firms may reinvest the profit accumulated so

far: mi,t must not be greater than

m̃i,t = b
∑t−1

τ=1 πi (kτ , lτ )− cmi,t

c
c
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Firms choose their sequences (m1,1, ...,m1,T ) and (m2,1, ...,m2,T ), which record the

number of products they have added. In equilibrium, the insight of Game 5.2 still

holds. Firms invest simultaneously at time t if they are profitable over the remaining

time periods.

Proposition 5.4.2:

Let firm 1 and firm 2 start with k0 = l0 variants. Firms invest simultaneously until

time τ , where τ satisfies

(T − τ) π (kτ , kτ ) > (T − τ) π (kτ + 1, kτ )− c

. After τ , firms stop investing.

Proving Proposition 5.4.2 reduces to showing that investing is a dominant strat-

egy at all times t. At each time t, firms play a prisoner’s dilemma game, as in

Game 5.2. The dynamics are therefore as follows: firms invest when it is worth

being the sole investor and stop as soon as being the dominant investor is no longer

worth it. Then, firms keep the number of products constant. The profit in each

period is µ, and the price remains unchanged: 2µ. In contrast to Proposition 5.3.2,

both firms are willing to introduce and do not rely on chance. The explanation lies

in consumer valuations being possibly high. Consumers are better off as a result of

having more choices at the same price.

5.5 Concluding remarks

This paper has explored firms’ willingness to introduce new variants of a good in a

duopoly. The analysis focuses on the willingness to pay that follows a distribution

with an exploding hazard rate. When both firms have more products, prices decline,

ruling out any incentive for firms to invest simultaneously. Which firm invests is

determined by a game of chicken. Therefore, even if both firms start with the same

number of products, they might be different after their investments. As a result,
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two ex ante identical firms provide a different number of variants ex post, showing

how a dominant firm may arise. These conclusions are in contrast to those of the

case of the double-exponential distribution that leads to MNL demand. Instead,

investing is always a dominant strategy as long as being the sole investor generates

extra profit. It turns out that both firms would invest as a result of a series of

prisoner’s dilemma games.

Therefore, the dynamics differ depending on whether or not the hazard rate is

unbounded. An exploding hazard rate suggests that the underlying distribution is

relatively slim. Therefore, the likelihood a consumer has an extreme valuation of

a new product is low. This is what explains why firms compete for each consumer

when the number of products per firm is large. This comes with an increase in

price for the dominant firm. In contrast, for the double exponential distribution,

the likelihood that a consumer has an extreme valuation of a new product is high.

For some consumers, the new product is much better, and they are willing to pay

much more. Firms would invest simultaneously to lock in more consumers. As the

number of products per firm increases, the price remains the same, but consumers

have more choices. In conclusion, a policy on multiproduct firms needs to account

for the distribution of taste to measure its efficiency.

There is no outside option. The pricing would be unique with an outside option.

However, the investment dynamics would be much more difficult to address. Indeed,

the outside option provides an opportunity, at least at the start, to bring new

consumers who were not buying the product before. There might be opportunities

to increase profit for both firms when a new variant is brought to the market because

they obtain more consumers out of the outside option than from the competition.

Later, when both firms have many variants, additional variants steal more consumers

away from the competitor. One can expect similar results to those developed when

firms have many variants. However, this remains to be proven.

A natural extension would be to investigate similar problems in an oligopoly.
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A similar model of taste guarantees the existence and uniqueness of the symmetric

Bertrand-Nash equilibrium at each period. Firms’ investment plans are, however,

more complicated to determine. The market may well sort firms by the number of

variants. A firm would produce more alternatives than another firm, which would

provide more than a third firm, and so on. This feature is of particular interest to

motivate an ordered search when consumers are unsure about their valuations of

the variants offered by a firm. In addition, the impact of new products on welfare

remains to be examined.

Another extension could categorize the products available on the market. Take

ice cream as an example. It can be argued that the valuations for chocolate ice cream

are higher on average than for another flavor, e.g., vanilla. Moreover, consumers

may prefer chocolate and vanilla ice cream so much that there is an incentive for

all ice cream sellers to provide both chocolate- and vanilla-flavored ice cream and

differentiate regarding the less popular flavors. However, this is an area left for

future research.
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Appendix to Chapter 5

Proof of Proposition 5.2.1

Let all prices be fixed, except those of firm 1. Without loss of generality, let p11 ≥

p12 ≥ ... ≥ p1k be profit maximizing prices. At least one of these inequalities is

strict. Then, one of the following two cases occur:

∃i > j so that p1iD1i (p11, ..., p1k; p2, k, l) < p1jD1j (p11, ..., p1k; p2, k, l) or

∀i > 1 p1kD1k (p11, ..., p1k; p2, k, l) ≥ ... ≥ p11D11 (p11, ..., p1k; p2, k, l)

The following lemmas show that in either case, p11, ..., p1k cannot be profit maxi-

mizing.

Lemma 5..1:

If there is an i > j so that p1iD1i (p11, ..., p1k; p2, k, l) < p1jD1j (p11, ..., p1k; p2, k, l),

then setting p1i = p1j provides a higher profit.

Proof. Without loss of generality, let

p12D12 (p11, ..., p1k; p2, k, l) < p11D11 (p11, ..., p1k; p2, k, l)

. For the inequality to be strict, it must be that p11 > p12. Then,

p11D11 (p11, p12, ..., p1k; p2, k, l) + p12D12 (p11, p12, ..., p1k; p2, k, l)

< 2p11D11 (p11, p12, ..., p1k; p2, k, l)

< 2p11D11 (p11, p11, p13, ..., p1k; p2, k, l) because p11 > p12

= p11D11 (p11, p11, p13, ..., p1k; p2, k, l) + p11D12 (p11, p11, p13, ..., p1k; p2, k, l)

As a result, π (p11, p12, ..., p1k; p2, k, l) < π (p11, p11, ..., p1k; p2, k, l).

Lemma 5..2:

If p1iD1i (p11, ..., p1k; p2, k, l) ≥ p11D11 (p11, ..., p1k; p2, k, l) for all i, then p11, ..., p1k

cannot be profit maximizing prices.
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Proof. If p11, ..., p1k are profit maximizing prices, then the monopolist satisfies the

following first-order condition:

D11 (p11, ..., p1k; p2, k, l) +
k∑
i=1

p1i
dD1i (p11, ..., p1k; p2, k, l)

dp11

= 0 (5.1)

...

D1k (p11, ..., p1k; p2, k, l) +
k∑
i=1

p1i
dD1i (p11, ..., p1k; p2, k, l)

dp1k

= 0 (5.2)

Let us focus on Equation (5.1). First, note that for any product j = 1, ..., k,

k∑
i=1

p1i
dD1i (p11, ..., p1k; p2, k, l)

dp1j

= −D1j (p11, ..., p1k; p2, k, l) < 0 (5.3)

Second, Equation (5.1) gives

D11 (p11, ..., p1k; p2, k, l)

p11D11 (p11, ..., p1k; p2, k, l)
+

∑k
i=1 p1i

dD1i(p11,...,p1k;p2,k,l)
dp11

p11D11 (p11, ..., p1k; p2, k, l)
= 0

Since p1iD1i (p11, ..., p1k; p2, k, l) ≥ p11D11 (p11, ..., p1k; p2, k, l),

D11 (p11, ..., p1k; p2, k, l)

p11D11 (p11, ..., p1k; p2, k, l)
+

∑k
i=1 p1i

dD1i(p11,...,p1k;p2,k,l)
dp11

p11D11 (p11, ..., p1k; p2, k, l)

<
D11 (p11, ..., p1k; p2, k, l)

p11D11 (p11, ..., p1k; p2, k, l)
+

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp11

p1iD1i (p11, ..., p1k; p2, k, l)

because Equation (5.3) gives that
∑k

i=1 p1i
dD1i(p11,...,p1k;p2,k,l)

dp11
< 0. However, note

that D1i (p11, ..., p1k; p2, k, l) is strictly log-concave in each variable. It is particularly

log-concave in p11. Therefore, the ratio
dD1i(p11,...,p1k;p2,k,l)

dp11

D1i(p11,...,p1k;p2,k,l)
is strictly decreasing in p11

and strictly increasing in p1k. As a result,

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp11

p1iD1i (p11, ..., p1k; p2, k, l)
<

k∑
i=1

p1i
dD1i(p1k,...,p11;p2,k,l)

dp11

p1iD1i (p1k, ..., p11; p2, k, l)

and by symmetry,

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp11

p1iD1i (p11, ..., p1k; p2, k, l)
<

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp1k

p1iD1i (p11, ..., p1k; p2, k, l)

Using p1kD1k (p11, ..., p1k; p2, k, l) ≥ p1iD1i (p11, ..., p1k; p2, k, l) and Equation (5.3)

again gives

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp11

p1iD1i (p11, ..., p1k; p2, k, l)
<

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp1k

p1kD1k (p11, ..., p1k; p2, k, l)
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Now, let us turn to D11(p11,...,p1k;p2,k,l)
p11D11(p11,...,p1k;p2,k,l)

, and note that

D11 (p11, ..., p1k; p2, k, l)

p11D11 (p11, ..., p1k; p2, k, l)
<

D1k (p11, ..., p1k; p2, k, l)

p1kD1k (p11, ..., p1k; p2, k, l)

because p11 > p1k.

Putting everything together,

D11 (p11, ..., p1k; p2, k, l)

p11D11 (p11, ..., p1k; p2, k, l)
+

∑k
i=1 p1i

dD1i(p11,...,p1k;p2,k,l)
dp11

p11D11 (p11, ..., p1k; p2, k, l)
= 0

<
D1k (p11, ..., p1k; p2, k, l)

p1kD1k (p11, ..., p1k; p2, k, l)
+

k∑
i=1

p1i
dD1i(p11,...,p1k;p2,k,l)

dp1k

p1kD1k (p11, ..., p1k; p2, k, l)
= 0

because of Equation (5.2), which is a contradiction. Therefore, p11, ...., p1k are not

profit maximizing.

Proof of Proposition 5.2.2

Define

v̂k = max
i=1,...,k

v1,i ∼ F k

and

v̂l = max
j=1,...,l

v2,j ∼ F l

Both cumulative distribution functions F k and F l are log-concave distributions be-

cause their respective densities, i.e., fk (x) = kf (x)F k−1 (x) and fl (x) = lf (x)F l−1 (x),

are log concave.

Let p1 = p11 = ... = p1k and p2 = p21 = ... = p2l. Noting that each consumer

chooses whatever is the highest between v̂k − p1 and v̂l − p2, it is as if the market

is a duopoly. The existence and uniqueness of equilibrium is given by Caplin and

Nalebuff (1991) in Proposition 6.

Proof of Proposition 5.2.3

This proof borrows from the proof of Moraga-González and Petrikaitė (2013)’s

Proposition 1.
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Note that firm 1 maximizes π1 (p1, p2; k, l) = p1P (v̂l − v̂k ≤ p2 − p1). Let F̃ be

the CDF of the random variable v̂l − v̂k, and let f̃ denote its density.

Given p2, π1 (p1, p2; k, l) = p1F̃ (p2 − p1) is maximized when the following holds:

G (p1, p2) =
dπ1 (p1, p2; k, l)

dp1

= F̃ (p2 − p1)− p1f̃ (p2 − p1) = 0 (5.4)

The implicit function theorem states that there is a function η1 so that p1 =

η1 (p2) guarantees that G (η1 (p2) , p2) = 0, and

dη1 (p2)

dp2

= −dG (p1, p2) /dp2

dG (p1, p2) /dp1

= − f̃ (p2 − p1)− p1f̃
′ (p2 − p1)

−2f̃ (p2 − p1) + p1f̃ ′ (p2 − p1)
> 0

To identify whether dη1(p2)
dp2

is positive, first note that from Equation (5.4),

p1f̃
′ (p2 − p1) =

F̃ (p2 − p1) f̃ ′ (p2 − p1)

f̃ (p2 − p1)
<
f̃ (p2 − p1)2

f̃ (p2 − p1)
= f̃ (p2 − p1)

The inequality follows from the fact that f̃ is strictly log-concave. Indeed, v̂l and

v̂k have strictly log-concave densities, and v̂l− v̂k has to have a log-concave density,

as convolution conserves log-concavity. It follows that f̃ (p2 − p1)− p1f̃
′ (p2 − p1) is

positive, while −2f̃ (p2 − p1) + p1f̃
′ (p2 − p1) is negative. Therefore, dη1(p2)

dp2
> 0.

Moreover, dη1(p2)
dp2

< 1. Otherwise, f̃ (p2 − p1) − p1f̃
′ (p2 − p1) > 2f̃ (p2 − p1) −

p1f̃
′ (p2 − p1), and f̃ (p2 − p1) < 0, which is impossible because f̃ > 0, as it is a

density.

Finally, η1 (0) > 0. The reason for this is that G (0, 0) = F̃ (0) > 0 and

G (p1, 0) = F̃ (−p1)− p1f̃ (−p1) < G (0, 0)

Therefore, p1 7→ G (p1, 0) is decreasing in the neighborhood of 0. Therefore, a posi-

tive p1 drives G (p1, 0) closer to 0; hence, η1 (0) > 0.

Let us present a similar reasoning from firm 2’s point of view. Firm 2 maximizes

π2 (p1, p2; k, l) = p2

(
1− F̃ (p2 − p1)

)
. The first-order condition is as follows:

H (p1, p2) =
dπ2 (p1, p2; k, l)

dp2

=
(

1− F̃ (p2 − p1)
)
− p2f̃ (p2 − p1) = 0
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There is another implicit function η2 (p2) that gives p1 as a function of p2 so that

H (p1, p2) = 0. In this case,

dη2 (p2)

dp2

= −dH (p1, p2) /dp2

dH (p1, p2) /dp1

= −−2f̃ (p2 − p1)− p2f̃
′ (p2 − p1)

f̃ (p2 − p1) + p2f̃ ′ (p2 − p1)
> 0 (5.5)

To prove that dη2(p2)
dp2

> 0, note that Equation (5.5) implies that

p2f̃
′ (p2 − p1) =

(
1− F̃ (p2 − p1)

)
f̃ ′ (p2 − p1)

f̃ (p2 − p1)
>

1

f̃ (p2 − p1)
− f̃ (p2 − p1)

Therefore, adding 2f̃ (p2 − p1) to both sides gives the numerator of Equation (5.5):

−2f̃ (p2 − p1)− p2f̃
′ (p2 − p1) < 0

Adding f̃ (p2 − p1) on both sides gives the denominator of Equation (5.5):

f̃ (p2 − p1) + p2f̃
′ (p2 − p1) > 0

Therefore, dη2(p2)
dp2

> 0.

This time, dη2(p2)
dp2

> 1. Otherwise,

2f̃ (p2 − p1) + p2f̃
′ (p2 − p1) < f̃ (p2 − p1) + p2f̃

′ (p2 − p1)

and f̃ (p2 − p1) < 0, which is impossible.

Finally, η2 (0) < 0 because H (0, 0) = 1− F̃ (0) > 0 and H (p1, 0) = 1− F̃ (−p1)

is increasing with p1. To ensure that H (p1, 0) = 0, p1 has to be negative. Hence,

η2 (0) < 0.

To show that p1 > p2, Moraga-González and Petrikaitė (2013) demonstrate that

it is sufficient to prove that the fixed point of η1 is greater than that of η2 when

consumers’ valuations follow a uniform distribution. The same argument applies

here.

Let p̂1 = η1 (p̂1) and p̂2 = η2 (p̂2) be the fixed points of η1 and η2, respectively.

The first-order conditions give, on the one hand,

0 = G (η1 (p̂1) , p̂1) = F̃ (0)− p̂1f̃ (0)
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Therefore, p̂1 = F̃ (0)

f̃(0)
> 1

2f̃(0)
because F̃ (0) = P (v1

k > v2
l ) >

1
2

since k > l.

On the other hand,

0 = H (η2 (p̂2) , p̂2) = 1− F̃ (0)− p̂2f̃ (0)

Therefore, p̂2 = 1−F̃ (0)
f(0)

< 1
2f(0)

.

Thus, p̂1 > p̂2 and p1 > p2.

There is an equality when k = l as p̂1 = p̂2 = 1
2f̃(0)

.

Proof of Proposition 5.2.4

Recall that

π1 (p1, p2; k, l) = p1P (v̂l − v̂k ≤ p2 − p1)

and

π2 (p1, p2; k, l) = p1P (v̂l − v̂k ≥ p2 − p1)

Let F̃ be the cumulative distribution function of the random variable v̂l − v̂k. Note

that D1 (p1, p2; k, l) = F̃ (p2 − p1) and D2 (p1, p2; k, l) = 1 − F̃ (p2 − p1). The first-

order conditions give the following:

F̃ (p2 − p1) = p1f̃ (p2 − p1)

1− F̃ (p2 − p1) = p2f̃ (p2 − p1)

with f̃ (p2 − p1) the density associated with v̂l − v̂k. Then,

p1 + p2 =
F̃ (p2 − p1) + 1− F̃ (p2 − p1)

f̃ (p2 − p1)
=

1

f̃ (p2 − p1)

and therefore, D1 (p1, p2; k, l) = p1
p1+p2

and D2 (p1, p2; k, l) = p2
p1+p2

. It follows that

1

D1 (k, l)
= 1 +

p2 (k, l)

p1 (k, l)

Proposition 5.2.3 states that p2 (k, l) < p1 (k, l). Therefore, p2(k,l)
p1(k,l)

< 1 < p1(k,l)
p2(k,l)

and

1

D1 (k, l)
< 1 +

p1 (k, l)

p2 (k, l)
=

1

D2 (k, l)

Thus, D1 (k, l) > D2 (k, l).
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Proof of Corollary 5.2.1

Proving π1 (k, l) > π2 (k, l) is trivial now that p1 (k, l) > p2 (k, l) (Proposition 5.2.3)

and D1 (k, l) > D2 (k, l) (Proposition 5.2.4).

Proof of Proposition 5.2.5

Recall the proof of Proposition 5.2.3, p. 82. The best responses are those where

p1 = p2 = 1
2f(0)

. Then,

D1 (k, k) =
p1

p1 + p2

=
1

2
= D2 (k, k) =

p2

p1 + p2

It follows that

π1 (k, k) = π2 (k, k) = p1D1 (k, k) =
1

2f (0)
× 1

2
=

1

4f (0)

Proof of Proposition 5.2.6

The cumulative distribution function of v̂1 = maxi=1,...,k vi is F k, and fk denotes its

density, where fk (p) = kf (p)F k−1 (p).

Note that

D1 (p1, p2; k, k) = P (v̂1 − p1 ≥ v̂2 − p2)

=

∫
F k (x+ p2 − p1) dF k (x)

=

∫
F k (x+ p2 − p1) fk (x) dx

and therefore,

dD1 (p1, p2; k, k)

dp1

= −
∫
fk (x+ p2 − p1) fk (x) dx

Maximizing profit π1 (p1, p2; k, k) = p1D1 (p1, p2; k, k), the first-order condition

gives

dpi1 (p1, p2; k, k)

dp1

= D1 (p1, p2; k, k) + p1
dD1 (p1, p2; k, k)

dp1
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It follows that

p1 (k, k) = −D1 (p1, p2; k, k)
dD1(p1,p2;k,k)

dp1

=

∫
F k (x+ p2 − p1) fk (x) dx∫
fk (x+ p2 − p1) fk (x) dx

Because, in equilibrium, p1 = p2,

p1 (k, k) =
1

2
∫
fk (x) fk (x) dx

Now, consider the second-best variant sold by firm 1. Its valuation has a density as

follows:

dF(2)k (x) = k (k − 1) (1− F (x))F k−2 (x) f (x)

= (k − 1)
1− F (x)

F (x)
fk (x)

As a result, ∫
fk (x) fk (x) dx =

1

k − 1

∫
F (x)

1− F (x)
fk (x) dF(2)k (x)

=
k

k − 1

∫
f (x)

1− F (x)
F k (x) dF(2)k (x)

where the last line follows from fk (x) = kf (x)F k−1 (x).

Therefore, p1 (k, k) decreases toward 0 as a consequence of lim
x→x̄

f(x)
1−F (x)

= +∞

and because F k (x) dF(2)k gives weight to values closer to the upper bound. Finally,

π1 (k, k) decreases and tends to 0 as well since π1 (k, k) = p1(k,k)
2

.

Proof of Proposition 5.3.1

Since π1 (k, k) > π1 (k + 1, k + 1), it must be that π1 (k + 1, k + 1) > π1 (k + 1, k).

Therefore, π1 (k, k) > π1 (k + 1, k), which contradicts π1 (k + 1, k)− π1 (k, k) > c >

0.

Therefore, π (k + 1, k + 1) ≤ π (k + 1, k) and π (k + 1, k + 1) − π (k + 1, k) > c

is impossible.

Thus, not investing is the best response when the other firm invests. Adding

that by assumption, investing is the best response if the competitor does not invest,

it follows that the Game 5.1 is a game of chicken.
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Proof of Proposition 5.3.2

Recall that m̃i,t = b
∑t−1
τ=1 πi(kτ ,lτ )−cmi,t

c
c. Let m̂1,t maximize the following:

(T − t) π1 (kt +m, lt)− cm (5.6)

and let m̂2,t maximize the following:

(T − t) π2 (kt, lt +m)− cm (5.7)

Finally, let m∗i,t = min {m̃i,t, m̂i,t}.

Without loss of generality, if a firm dominates the market, then assume that it

is firm 1: therefore, kt ≥ lt.

Let Vi,t (kt +m1,t, lt +m2,t) denote the value functions for firm i, i = 1, 2 at time

t when firm 1 invests in m1,t new variants and firm 2 invests in m2,t.

Vi,t (kt +m1,t, lt +m2,t) = πi (kt +m1,t, lt +m2,t)− cmi,t

+Vi,t+1 (kt +m1,t +m1,t+1, lt +m2,t+1)

Lemma 5..3:

For m > 0,

V1,t (kt, lt) > V1,t (kt +m, lt +m)

V2,t (kt, lt) > V2,t (kt +m, lt +m)

Proof. With a similar argument as in the proof for Proposition 5.2.6, p. 87

1

p1 (k, l)
=

∫
fl (x+ p2 (k, l)− p1 (k, l)) fk (x) dx

≥ 1

k − 1

∫
fl (x+ p2 (k, l)− p1 (k, l))

F (x)

1− F (x)
dF(2)k (x)

Because p2 (k, l) < p1 (k, l), it follows that F (x) > F (x+ p2 (k, l)− p1 (k, l)). As a

result,

1

1− F (x)
>

1

1− F (x+ p2 (k, l)− p1 (k, l))
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Therefore,

1

p1 (k, l)

≥ 1

k − 1

∫
F (x+ p2 (k, l)− p1 (k, l))

1− F (x+ p2 (k, l)− p1 (k, l))
fl (x+ p2 (k, l)− p1 (k, l)) dF(2)k (x)

≥ l

k − 1

∫
f (x+ p2 (k, l)− p1 (k, l))

1− F (x+ p2 (k, l)− p1 (k, l))
F l (x+ p2 (k, l)− p1 (k, l)) dF(2)k (x)

As k and l grow simultaneously, l
k−1
→ 1. The integral gives weight to the tail of

the distribution, where f(x)
1−F (x)

is arbitrarily large. Therefore, p1 (k, l) decreases, and

so does π1 (kt, lt). Since π1 (kt, lt) > π2 (kt, lt), both firm 1 and firm 2 are worse off.

Therefore, firms are more competitive, lowering profits for the remaining time.

The values V1,t and V2,t for the remaining time have to be lower when both firms

invest in new products.

Lemma 5..4:

The optimal value for mi,t is either 0 or m∗i,t.

Proof. First, assume that the firm invests. If m∗i,t = m̂i,t, adding m > m∗i,t is

counterproductive by definition of m̂i,t. If m∗i,t = m̃i,t, then the firm cannot add more

than m∗i,t. Adding less than m∗i,t means missing out on the return on investments.

Lemma 5..3 indicates that simultaneous investments negatively affect both firms,

which leads us to study firms’ best responses. For example, assume that firm 1 knows

m2,t′ , ∀t′ ≥ t, i.e., the number of variants firm 2 introduces at the remaining times.

As argued above, if it generates more profit over time to invest, then mi,t = m∗i,t.

Otherwise, if investing is not worth it given m2,t′ , then it is better for firm 1 to avoid

investing. The best response is to add 0 variants.

A consequence of Lemma 5..4 is that if for firm 1, m1,t is a dominant strategy,

then firm 2 would not invest in new products, which proves that if π1 (k + 1, k) −

π1 (k, k) > c, then π1 (k + 1, k + 1)− π1 (k, k + 1) < c.

Lemma 5..5 shows that firms plays a series of games of chicken.
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Lemma 5..5:

As long as, for firm 2, m∗2,t is best response to 0, firms play a series of games of

chicken.

Proof. Consider a first scenario where firm 1 stops investing and firm 2 catches up

at time t. Therefore, lt = kt = kt−1. Let Ṽ1,t (kt−1, kt−1) and Ṽ2,t (kt−1, kt−1) denote

the values for this scenario.

Ṽ1,t (kt−1, kt−1) = π1 (kt−1, kt−1) + Ṽ1,t+1 (kt−1, kt−1)

Ṽ2,t (kt−1, kt−1) = π2 (kt−1, kt−1)− cm∗2,t + V̂2,t+1 (kt−1, kt−1)

Consider a second scenario where firm 1 continues to invest and firm 2 catches

up. Let V̂1,t (kt−1, kt−1) and V̂2,t (kt−1, kt−1) denote the value for this scenario.

V̂1,t (kt−1, kt−1) = π1

(
kt−1 +m∗1,t, kt−1

)
− cm∗1,t + V̂1,t+1

(
kt−1 +m∗1,t, kt−1

)
V̂2,t (kt−1, kt−1) = π2

(
kt−1 +m∗1,t, kt−1

)
− cm∗2,t + V̂2,t+1

(
kt−1 +m∗1,t, kt−1

)
Note that firm 2 always prefers the first scenario, as

π2 (kt−1, kt−1) + Ṽ2,t+1 (kt−1, kt−1) ≥ π2

(
kt−1 +m∗1,t, kt−1

)
+ V̂2,t+1 (kt−1, kt−1)

In the event that firm 2 takes over the market, it cannot provide more products

than kt−1 + m∗1,t. Firm 2 ends up in a situation where being the sole investor is

profitable if

cm∗2,t ≤ π2

(
kt−1, kt−1 +m∗2,t

)
− π1 (kt−1, kt−1) + V̂2,t+1 − Ṽ2,t+1

In such a case, firm 1, who needs less than m∗2,t to reach kt−1 +m∗2,t, would consider

investing. Lemma 5..3 implies that firms play a game of chicken. Therefore, firms

play a series of games of chicken.
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Proof of Lemma 5.4.1

A consumer purchases the product from firm 1 if

max
i=1,...,k

v1i − p1 > max
j=1,...,l

v2j − p2

If maxi=1,...,k v1i is known, then the consumer purchases the product from firm 1

with the following probability:

Pr

(
max
i=1,...,k

v1i − p1 + p2

)
=F l

(
max
i=1,...,k

v1i − p1 + p2

)
=e−le

−
(
p2−p1+maxi=1,...,k v1i

µ −γ
)

Firm n’s demand is

D1 (p1, p2, k, l) =

∫ +∞

−∞
f̂1 (x; k)× Pr

(
x− p1 + p2 > max

j=1,...,l
v2j

)
dx

where f̂1 (x; k) is the density of maxi=1,...,k v1i. The v1i follow a double exponential

distribution:

f̂1 (x; k) =
(
F k (x)

)′
=
k

µ
e−( xµ−γ)e−ke

−( xµ−γ)

Therefore,

D1 (p1, p2, k, l) =

∫ +∞

−∞

k

µ
e−( xµ−γ)e−ke

−( xµ−γ)
e−le

−(x−p1+p2µ −γ)

Let yn = e
−pn
µ , n = 1, 2. With the change in variable ξ = e−( xµ+γ), the demand

becomes

D1 (p1, p2, k, l) =

∫ +∞

0

ke−kξe
−lξ y2

y1 dξ

=

∫ +∞

0

ke
−kξ y1

y1 e
−lξ y2

y1 dξ

=

∫ +∞

0

ke
−ξ
(
k
y1
y1

+l
y2
y1

)
dξ

=

∫ +∞

0

ke
−ξ ky1+ly2

y1 dξ

=

[
− ky1

ky1 + ly2

e
−ξ
(
k
y1
y1

+l
y2
y1

)]+∞

0

=
ky1

ky1 + ly2
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Therefore, the demand is

D1 (p1, p2, k, l) =
ke
−p1
µ

ke
−p1
µ + le

−p2
µ

(5.8)

In addition,

dD1 (p1, p2, k, l)

dp1

=
1

µ

−ke
−p1
µ

(
ke
−p1
µ + le

−p2
µ

)
+ ke

−p1
µ ke

−p1
µ

ke
−p1
µ + le

−p2
µ

=
1

µ

ke
−p1
µ

(
ke
−p1
µ − ke

−p1
µ − le

−p2
µ

)
(
ke
−p1
µ + le

−p2
µ

)2

=
1

µ

ke
−p1
µ

ke
−p1
µ + le

−p2
µ

× −le
−p2
µ

ke
−p1
µ + le

−p2
µ

=
1

µ
D1 (p1, p2, k, l) (D1 (p1, p2, k, l)− 1)

The first-order conditions give the following:

p1 = −D1 (p1, p2, k, l)
dD1(p1,p2,k,l)

dp1

= −µ D1 (p1, p2, k, l)

D1 (p1, p2, k, l) (D1 (p1, p2, k, l)− 1)

= µ
1

1−D1 (p1, p2, k, l)

= µ
ke
−p1
µ + le

−p2
µ

le
−p2
µ

Therefore,

p1 = µ
ke
−p1
µ + le

−p2
µ

le
−p2
µ

(5.9)

The expression of the profit combines Equation (5.8) and Equation (5.9):

π1 (p1, p2, k, l) = p1D1 (p1, p2, k, l)

= µ
ke
−p1
µ + le

−p2
µ

le
−p2
µ

× ke
−p1
µ

ke
−p1
µ + le

−p2
µ

= µ
ke
−p1
µ

le
−p2
µ
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Proof of Proposition 5.4.2

By assumption, it is a best response for firm 1 to invest in m additional variants

when firm 2 continues to provide k variants. Therefore, π1 (k +m, k)−π1 (k, k) > c,

which would imply that

µ
k +m

k
expp2−p1 −µ > c (5.10)

Assume that it is not best response for firm 2 to catch up. Therefore, π2 (k +m, k +m)−

π2 (k +m, k) ≤ c is equivalent to

µ− µ k

k +m
expp1−p2 ≤ c (5.11)

Let x = k+m
k

expp2−p1 . On the one hand, Equation (5.10) says that µx− µ > c,

and on the other hand, Equation (5.11) says that µ− µ 1
x
≤ c. Then, the following

inequality has to be true: x + 1
x
> 2, which is impossible for x > 1. Here, x > 1

because the profit for firm 1 has to be greater than that for firm 2, or equivalently,

x > 1
x
.

Therefore, π1 (k +m, k)− π1 (k, k) ≤ c leads to a contradiction.

Therefore, it must be that π1 (k +m, k)− π1 (k, k) > c. Therefore, at all times,

investing is a dominant strategy if being the sole investor generates extra profits.

Firms invest simultaneously as long as being dominant constitutes a profitable in-

vestment. Hence, τ is the stopping time.
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6.1 Introduction

Economic theory often considers firms that sell only one product and that the variety

of products is equivalent to the number of firms. This paper acknowledges that firms

commonly sell many variants of the same good, making the number of products

per firm an essential component of the overall product variety. Each new option

appeals to a fraction of consumers who are willing to pay a relatively high price.

Consequently, a firm increases its variety to expand its market share, ask a higher

price, and increase profit.

However, there are two ambiguous effects if all firms enlarge their range of prod-

ucts. First, some consumers are willing to pay more for the product they prefer.

Firms could raise their prices to exploit these consumers and make higher profits.

Second, consumers may find valuable products in each firm as the number of prod-

ucts per firm increases. Firms then begin to engage in intense price competition.

The market may well tend to a Bertrand competition that firms would prefer to

avoid because their profit would decline otherwise. Each firm would like to be the

sole investor, but firms may be worse off if all of them invest simultaneously. Such

tensions translate into an ambiguous determination of variety, whose implications

in terms of welfare have received little attention in the literature.

The discussion of the variety of products traces back to the debut of monopolistic

competition of Chamberlin (1949), later revived by Spence (1976) and Dixit and

Stiglitz (1977). These seminal papers pioneered the study of market variety in

monopolistic competition, focusing on linear demand and demand that stems from

utility functions with a constant elasticity of substitution. Deneckere and Rothschild

(1992) argue against the use of specific demand functions and instead advocate for

the aggregation of the consumers’ purchase decisions in the spirit of Hotelling (1929)

and Salop (1979).

Under these circumstances, Anderson and De Palma (1992) point out that vari-

ety is equivalent to the number of firms because one firm may only sell one variant.
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They propose a nested logit discrete choice model, generalized by Anderson and

De Palma (2006), to account for the number of products per firm. They empha-

size that at equilibrium, compared to the number of products per firm, the number

of firms has opposite effects on welfare, guiding the discussion of variety toward

multiproduct firms.

Multiproduct firms engage in a complex pricing competition. A firm chooses

prices for its products to balance demand within its products and across firms.

Armstrong and Vickers (2018) study equilibria in such a setting with homothetic

demand. Their approach stands out for its generality, as it encompasses the demand

system that Anderson and De Palma (2006) have developed. However, in Armstrong

and Vickers (2018), the number of products and demand functions are exogenous,

hindering the analysis in terms of product variety per firm.

An advantage of Anderson and De Palma (2006)’s model is the uniqueness of the

equilibrium for any given number of variants per firm, which allows for comparative

statics. Nocke and Schutz (2018) develop an exciting extension in that direction,

considering that consumers pick a product, but the quantity purchased is contin-

uous and decreasing in price. They establish the existence and uniqueness of the

equilibrium for a class of demand functions that includes the MNL and CES de-

mand. Although MNL and CES demand functions represent consumers who follow

a discrete choice model, their model cannot cover all nonnested approaches.

Therefore, it is of interest to study the uniqueness of the equilibrium in the classic

nonnested approach with unit demand. When each firm sells one differentiated

product, Caplin and Nalebuff (1991) demonstrate that a unique equilibrium exists

provided that consumers’ willingness to pay for a product is strictly log-concave.

However, their result fails to generalize to multiproduct firms directly. Konovalov

and Sándor (2010) make a step toward this goal, demonstrating the uniqueness of the

equilibrium when the willingness to pay for a product follows a double-exponential

distribution. Consequently, their paper encompasses the cases of a multinomial
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logit demand and a demand that stems from preferences with a constant elasticity

of substitution. However, the welfare implications of the number of products per

firm remain unexplained.

To this aim, this paper generalizes Caplin and Nalebuff (1991)’s result on the

uniqueness of equilibrium for any number of products per firm. The result is valid

for any strictly log-concave distribution and includes a double-exponential distri-

bution as a special case. Uniqueness allows for comparative statics and, therefore,

consistent welfare comparisons when firms may invest in new variants. The main

insight of this paper is the following: if the average valuation for the best product

increases more than the investment costs incurred by firms, then welfare increases

regardless of equilibrium prices and the producer surplus. The paper also finds

that the hazard rate of the distribution of willingness to pay determines who, i.e.,

consumers or firms, benefit from an additional variant. With an exploding hazard

rate, duopolists play a game of chicken. A firm invests in an additional variant if

the competitor does not; it would not invest in any new variant if the competitor

did. In this case, the transfer of surplus is undetermined. In contrast, the double-

exponential distribution has a bounded hazard rate. Some consumers have extreme

valuations for each product. If it is profitable for a firm to be the sole investor,

then it is a dominant strategy to invest regardless of the competitors. Firms play a

prisoner’s dilemma game instead, and both firms invest. The improved welfare and

the surplus is transferred from firms to consumers.

In the following, Section 6.2 demonstrates the uniqueness of the symmetric price

equilibrium and provides comparative statics. Section 6.3 shows that for distribu-

tions of taste with an exploding hazard rate, duopolists play a game of chicken when

they invest in new variants, which generates welfare improvements. The case of the

double-exponential distribution is analyzed in Section 6.4. Section 6.5 concludes the

paper.
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6.2 Existence and uniqueness of equilibrium

There is a unit mass of consumers with unit demand, and there are N firms that

provide k1, ..., kN variants of the same good. Each consumer picks the variant that

maximizes vni − pni, where vni is the consumer’s valuation for the ith variant sold

by firm n, and pni is its price. Valuations vni are randomly distributed, so two

consumers may value the same variant differently. The distributions of valuations

vni, for n = 1, ..., N and i = 1, ..., kn, are assumed to be continuous to avoid ties;

therefore, a consumer observes vni − pni = vmj − pmj with a probability of zero for

(n, i) 6= (m, j). From the firms’ perspective, the demand for the ith variant provided

by firm n is the share of consumers for which vni−pni provides the highest valuation:

Dni (pn; p−n,k) = Pr (vni − pni > vml − pml,m = 1, ..., N, l = 1, ..., km)

Here, pn = (pn1, ..., pnkn), p−n = (p1, ...,pn−1,pn+1, ...,pN), k = (k1, ..., kN), and

Pr denotes a probability measure. It follows that firm n solves the following profit-

maximization problem max πn (pn; p−n,k), where

πn (pn; p−n,k) =
kn∑
i=1

pniDni (pn; p−n,k)

Given k, firms are after a pricing scheme (p∗1, ...,p
∗
N) that constitutes a Bertrand-

Nash equilibrium; i.e., for each firm n = 1, ..., N ,

πn
(
p∗n; p∗−n,k

)
≥ πn

(
pn; p∗−n,k

)
where p∗−n =

(
p∗1, ...,p

∗
n−1,p

∗
n+1, ...,p

∗
N

)
for any p∗n 6= p∗n.

Unfortunately, this problem is not tractable in general. Profit functions πn are

not quasi-concave, making the mere existence of an equilibrium uncertain. Further

assumptions are necessary to pursue the analysis.

Assumption 6.2.1:

The distributions of the valuations vni satisfy

A The valuations vni are independently distributed.
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B Variants of a particular firm have the same distribution of valuations; i.e., for

firm n, vni, i = 1, ..., kn follows a distribution with cumulative distribution Fn

and density fn.

C The distributions are strictly log-concave; i.e., fn are strictly log-concave func-

tions on support (x, x̄).

These assumptions are a direct extension of the literature assumptions that

account for the fact that firms sell multiple products. Assumption 6.2.1.A allows

for direct comparisons of product variants across firms. Under Assumption 6.2.1.B,

consumers have, on average, the same valuation for each variant proposed by a firm.

From a firm’s point of view, a firm makes no distinction between the variants it sells.

This assumption, with log concavity, creates a link with oligopolies studied by Caplin

and Nalebuff (1991). Assumption 6.2.1.C controls the tail of the distribution. Note

that strictly log-concave distributions are relatively slim, so high valuations are rare.

Firms rule out strategies that rely on high prices and low volume. As a result, a

firm has the incentive to ask relatively low prices for its variants.

Assumption 6.2.1 imposes some sense of symmetry on equilibria.

Definition 6.2.1: Symmetric pricing.

Firm n engages in symmetric pricing if pni = pnj for all i, j = 1, ..., kn.

Definition 6.2.2: Symmetric equilibrium.

A symmetric equilibrium is an equilibrium where all firms engage in symmetric

pricing.

By symmetric equilibrium, it is meant that firm n asks the same price pn for

each of its variants, but two firms may ask a different price pn 6= pm for i 6= j. It

turns out that there exists only one equilibrium, which is symmetric.

Proposition 6.2.1: Existence and uniqueness of equilibrium.

Under Assumption 6.2.1, the equilibrium exists and is unique. This equilibrium is

symmetric.
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The proof, available in the appendix, shows that there is always a symmetric

pricing scheme that outperforms an asymmetric pricing scheme. Consequently, if

firm n provides the utility-maximizing variant for a consumer, that variant has to

yield the highest valuation among the variants firm n sells. Therefore, for each firm

n, each consumer identifies v̂n = maxi=1,...,kn vni: the variant firm n sells with the

highest valuation vni. Because the valuations vni follow strictly log-concave distri-

butions, v̂n and n = 1, ..., N also follow distributions that are strictly log-concave. It

is as if firms were selling one product each, for which the willingness to pay of con-

sumers follows a strictly log-concave distribution. This model is equivalent to that

studied by Caplin and Nalebuff (1991). Therefore, there is a unique equilibrium.

In the remainder of the paper, it is assumed that firms play the symmetric

equilibrium game, i.e., that symmetric equilibrium uniquely determines firms’ profit

as a function of the number of variants per firm k = (k1, ..., kN). Let p∗n denote firm

n’s equilibrium price, n = 1, ..., N . Let Dn (k) be firm n’s demand at the symmetric

equilibrium, and let πn (k) denote firm n’s profit.

Corollary 6.2.1: More variants is better.

Let F1 = ... = FN and k1 > k2 = ... = kN . Then, p∗1 > p∗n, D1 (k) > Dn (k), and

π1 (k) > πn (k) for n > 1.

Although Corollary 6.2.1 seems intuitive, the proof is not straightforward. The

argument relies on an extension of a result featured in the paper written by Moraga-

González and Petrikaitė (2013) to show that a firm with more variants asks a higher

price. Then, first-order conditions show that the dominant firm satisfies a higher

demand and makes a higher profit. Note that Corollary 6.2.1 relies on an identical

distribution of valuations for the two firms considered. To compare firms as they

introduce new variants, the rest of the paper will make the following assumption.

Assumption 6.2.2: Independent and identical distribution valuations.

Valuations vni are independent and identically distributed. Let F be the cumulative
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distribution function and f be the density. Let f be continuous and strictly log-

concave on its support (x, x̄).

As a direct consequence of Proposition 6.2.1, the following result also arises.

Corollary 6.2.2: Comparative statics: same number of products.

Let k1 = ... = kN . Under Assumption 6.2.2, p∗1 = ... = p∗N = p∗, Dn (k) = Dm (k) =

1
N

, and πn (k) = πm (k) for all n,m = 1, ..., N .

Corollary 6.2.2 indicates that the comparison of profit reduces to the comparison

of prices. Indeed, πn (pn; p−n,k) = pnDn (pn; p−n,k), where Dn (pn; p−n,k) = 1
N

for all i = 1, ..., N . This permits a consistent comparison of profit and producer

surplus as firms invest simultaneously. Whether the profit increases when each

firm adds a new variant depends on how price p∗ varies. There are two effects.

On the one hand, the best product for some consumers yields a higher valuation.

Consumers are willing to pay more, so firms have incentives to increase their prices.

On the other hand, consumers find products with high valuations in each firm.

As a result, price competition intensifies. This second effect dominates when the

following assumptions are satisfied.

Assumption 6.2.3: Exploding hazard rate.

lim
x→x̄

f(x)
1−F (x)

= +∞.

Assumption 6.2.3 requires the hazard rate to become arbitrarily large when it

approaches x̄. A consequence is that as the number of products increases, the

best option and the second-best option for a consumer become increasingly closer,

intensifying price competition.

Proposition 6.2.2: Simultaneous investments decrease profit.

Consider a case where each firm sells k variants, and let k = (k, ..., k). Likewise,

define k + 1 = (k + 1, ..., k + 1) when each firm sells k+1 variants. Under Assump-

tion 6.2.2 and 6.2.3, πn (k + 1) < πn (k) for all n = 1, ..., N , and lim
k→+∞

p∗ = 0.



6.3. WELFARE AND EXPLODING HAZARD RATE 103

Proposition 6.2.2 is analogous to the limit case as the number of firms increases

in a monopolistic competition setting. Here, it is the number of products per firm

that grows. The proof follows Zhou (2017). This author notes that under Assump-

tion 6.2.3, the second-highest valuation rises with k and moves increasingly closer to

the highest valuation. A competitor may well sell that second-best option, so firms

have to compete intensely in price. Therefore, Assumption 6.2.3 is sufficient for the

market to tend to a Bertrand equilibrium as the variety per firm tends to infinity.

6.3 Welfare and exploding hazard rate

Corollary 6.2.1 and Proposition 6.2.2 have opposite effects when a firm introduces a

costly variant. It is not always in firms’ best interest to add products simultaneously,

and a firm may avoid adding new variants in the market. To simplify the analysis,

consider two firms, N = 2, who provide k1 = k2 = k products, and let c be the cost

of introducing a new variant in the market. If firm 1 knows that firm 2 will proceed

with its k products, then firm 1 will invest in a variant if π1 (k + 1, k)−c > π1 (k, k).

Both firms would like to enlarge their range, but Proposition 6.2.2 indicates that

firms may make a smaller profit if they invest simultaneously. More concisely, firms

play the game described in Game 6.1.

Do not invest Invest

Do not invest π1 (k, k), π2 (k, k) π1 (k, k + 1), π2 (k, k + 1)

Invest π1 (k + 1, k), π2 (k + 1, k) π1 (k + 1, k + 1), π2 (k + 1, k + 1)

Game 6.1: A normal-form game of chicken.

Proposition 6.3.1: Exploding hazard rates entails a game of chicken.

Under Assumption 6.2.3, if π1 (k + 1, k) − c > π1 (k, k), then Game 6.1 is a game

of chicken.
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The intuition is as follows. A firm with more products charges a higher price;

the other firm charges a lower price. If the dominated firm matches the number

of products with the dominant firm, the price is even lower because the firms have

to compete more for consumers. This is because of the exploding hazard rate: the

best products in firm 1 and firm 2 have relatively close valuations for a consumer.

Therefore, they compete even more in price, and the increase in demand does not

compensate for the loss due to a lower price.

Corollary 6.3.1: Pure strategy equilibria of Game 6.1.

Under Assumption 6.2.3, Game 6.1 has two pure strategy Nash equilibria: (invest,

do not invest) and (do not invest, invest).

By virtue of Corollary 6.2.1, investing is a best response when the competitor

does not. Corollary 6.3.1 confirms that not investing is a best response if the com-

petitor adds a variant. These two pure strategy Nash equilibria suggest the existence

of a mixed strategy equilibrium.

Corollary 6.3.2: Mixed strategy equilibrium of Game 6.1.

Under Assumption 6.2.3, Game 6.1 has a mixed strategy equilibrium. A firm invests

with probability 1− q, where

q =
π2 (k + 1, k) + c− π2 (k + 1, k + 1)

π2 (k + 1, k) + π2 (k, k + 1)− π2 (k, k)− π2 (k + 1, k + 1)

This mixed strategy equilibrium yields the same payoff for both firms:

π = q2π2 (k, k) + (1− q)2 (π2 (k + 1, k + 1)− c)

+ q (1− q) (π2 (k, k + 1)− c+ π2 (k + 1, k))

The probability that a firm invests decreases with the investment cost c. The

cut-off value for firm 1 to play a mixed strategy requires q < 1; therefore, c <

π2 (k, k + 1) − π2 (k, k). A firm randomizes its strategy if the investment cost is

relatively small for the other firm. Relatively small here means that the competitor

would make a greater profit if it were the sole investor in the market. Note also
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that with c = 0, a mixed strategy equilibrium still exists, as q > 0. Therefore, firms

would still avoid investing simultaneously even if introducing new variants on the

market is free.

The impact of additional variety has a complex entanglement with welfare. Pure

strategy equilibria have an ambiguous effect on both the producer surplus and the

consumer surplus. A new variant increases a firm’s profit but decreases a competi-

tor’s profit, so the direction of the overall change in producer surplus is undeter-

mined. It is undetermined for the consumer surplus as well. The investing firm,

firm 1, satisfies a greater demand. Consumers who switch from firm 2 to firm 1

experience a utility boost. Those who still buy a product from firm 2 are better

off because p2 has decreased. However, firm 1’s products are more expensive. The

consumers who are buying the same variant from firm 1 before and after firm 1’s

investment are now worse off because p∗1 has risen.

To calculate the net impact, let welfare be measured by

W (k1, k2) = CS (k1, k2) + PS (k1, k2)

where

CS (k1, k2) = E
[
max

{
max

i=1,...,k1
{v1i − p∗1} , max

i=1,...,k2
{v2i − p∗2}

}]
PS (k1, k2) = π1 (k1, k2) + π2 (k1, k2)

When k1 = k2 = k,

CS (k, k) = E
[

max
i=1,...,2k

vi

]
− p∗

PS (k, k) = p∗

With the producer surplus and consumer surplus defined, it is now possible to

state the main result of the paper.

Proposition 6.3.2:

Under Assumption 6.2.3, if E [maxi=1,...,2k+1 vi] − E [maxi=1,...,2k vi] > c, then wel-

fare is increasing in Game 6.1’s pure strategy equilibria. If E
[
maxi=1,...,2(k+1) vi

]
−
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E [maxi=1,...,2k vi] > 2c, then welfare is increasing in Game 6.1’s mixed strategy equi-

librium.

Proposition 6.3.2 shows that welfare increases when Game 6.1 is a game of

chicken if consumers’ highest valuations increase on average more than the invest-

ment costs incurred by firms.

6.4 Welfare and Multinomial Logit demand

This section features the double exponential distribution: F (x) = e−e
−( xµ−γ)

. The

parameter γ is an integration constant, and µ denotes the degree of substitutability

of the products. When µ is small, the variants are close substitutes. In the context

of this paper, note that F does not satisfy Assumption 6.2.3. Therefore, the analysis

below develops a study of welfare for multiproduct firms with a specific distribution

that is also a counterexample to Proposition 6.3.1 when Assumption 6.2.3 does not

hold.

The double exponential distribution is useful because it provides closed-form

solutions with the multinomial logit (MNL) demand.

Proposition 6.4.1: Equilibrium with MNL demand.

When F (x) = e−e
−( xµ−γ)

, the equilibrium prices, demands, and profits are

p∗n (k) =

∑N
m=1 kme

−p∗m
µ∑N

m6=n kme
−p∗m
µ

Dni (k) =
e
−p∗n
µ∑N

m=1 kme
−p∗m
µ

π∗n (k) =
kne

−p∗n
µ∑N

m6=n kme
−p∗m
µ
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Corollary 6.4.1: Equilibrium with identical firms.

If k1 = ... = kN = k, then

p∗1 = ... = p∗N = p∗ = µ
N

N − 1

Dn (k) =
1

N

πn (k) = µ
1

N − 1

To pursue the investment and welfare analysis, consider first a duopoly, N = 2.

Proposition 6.4.2:

If π1 (k + 1, k + 1) − π1 (k, k + 1) > c, then Game 6.1 is a prisoner’s’ dilemma.

Investing is a dominant strategy and (invest, invest) is the only equilibrium.

Proposition 6.4.2 states that if it is profitable for a firm to catch up on variety,

then it is best response to invest anyway. In opposition to Proposition 6.3.1, if a firm

invests, then the other firm will not chicken out. This time, the game has features

of a prisoner’s dilemma, and investing is a dominant strategy.

The welfare impacts of variety are again ambiguous. To define a relevant measure

of welfare, let CSk and PSk denote the consumer surplus and the producer surplus

when both firms sell k products. The consumer surplus is measured by

CS (k, k) = E
(

max
n=1,2

max
i=1,...,k

vni

)
− p∗ = E

(
max

i=1,...,2k
vi

)
− p∗,

where vi follows a double exponential distribution. Then, the producer surplus is

PS (k, k) = π1 (k) + π2 (k) = p∗ = 2µ.

The welfare is

W (k, k) = CS (k, k) + PS (k, k) = E
(

max
i=1,...,2k

vi

)
.

Note how welfare is tied to the valuation of the best variant available on the market.

It is enough to compute the average willingness to pay for the variant consumers

like the most: E (maxn=1,2 maxi=1,...,k vni), which is strictly increasing with k. The
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random variable maxi=1,...,2k vni is the maximum of the double exponential distribu-

tions, so it is itself double exponentially distributed with parameter 2kµ. Its mean

is 2kµ. Consequently, there are welfare improvements if

W (k + 1, k + 1)−W (k, k) > 2c

2 (k + 1)µ− 2kµ > 2c

µ > c

Proposition 6.4.3: Variety increases welfare.

Let

π1 (k + 1, k + 1)− π1 (k, k + 1) > c

and

µ > c

Then, firms invest in additional varieties. Moreover, welfare increases to the benefit

of consumers but to the detriment of firms.

According to Proposition 6.4.2, each firm introduces new variants because it is a

dominant strategy to do so. Then, Corollary 6.4.1 indicates that firms earn the same

profit before and after investing. However, both have to incur an investment cost, so

the producer surplus declines. The consumers are necessarily better off because they

have more choices for the same price. Their surplus exceeds the cost of investment

if µ, the degree of substitutability, is larger than the cost of investment.

6.5 Concluding remarks

This paper demonstrates a positive impact on welfare as the number of products

per firm increases. The analysis focuses on the unique symmetric price equilibrium

where a firm asks the same price for each variant in its range, but another firm may

set a different price. Such a result allows for the study of welfare when firms may
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invest in more product variety. The paper establishes that welfare increases when-

ever the consumers’ valuation increases more on average than the firms’ investment

costs. Then, the transfer of surplus depends on the distribution of valuations. If the

distribution has an exploding hazard rate, then firms engage in a game of chicken.

However, who benefits from more variety, firms or consumers, is undetermined. In

contrast, if the distribution is double exponential, firms play a prisoner’s dilemma.

As a result, firms invest simultaneously. Consumers are better off because they have

more choices for the same price. Firms are worse off because they make the same

level of profit but have to incur investment costs.
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Appendix to Chapter 6

Proof of Proposition 6.2.1

Let all prices be fixed, except for those of firm n. Without loss of generality, let

pn1 ≥ pn2 ≥ ... ≥ pnkn be profit maximizing prices for firm n. At least one of these

inequalities is strict. Then, one of two cases occurs:

∃i > j so that pniDni (pn1, ..., pnkn ; p−n,k) < pnjDnj (pn1, ..., pnkn ; p−n,k) or

∀i > 1 pnknDk (pn1, ..., pnkn ; p−n,k) ≥ ... ≥ pn1Dn1 (pn1, ..., pnkn ; p−n,k)

The following lemmas show that in either case, pn1, ..., pnkn cannot be profit maxi-

mizing.

Lemma 6..1:

If there is an i > j so that

pniDni (pn1, ..., pnkn ; p−n,k) < pnjDnj (pn1, ..., pnkn ; p−n,k)

, then setting pni = pnj provides a higher profit.

Proof. Without loss of generality, let

pn2Dn2 (pn1, ..., pnkn ; p−n,k) < pn1Dn1 (pn1, ..., pnkn ; p−n,k)

. For the inequality to be strict, it must be that pn1 > pn2. Then,

pn1Dn1 (pn1, pn2, ..., pnkn ; p−n,k) + pn2Dn2 (pn1, pn2, ..., pnkn ; p−n,k)

< 2pn1Dn1 (pn1, pn2, ..., pnkn ; p−n,k)

< 2pn1Dn1 (pn1, pn1, pn3, ..., pnkn ; k) because pn1 > pn2

= pn1Dn1 (pn1, pn1, pn3, ..., pnkn ; k) + pn1Dn2 (pn1, pn1, pn3, ..., pnkn ; k)

As a result, π (pn1, pn2, ..., pnkn ; k) < π (pn1, pn1, ..., pnkn ; p−n,k)
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Lemma 6..2:

If for all i,

pniDni (pn1, ..., pnkn ; p−n,k) ≥ pn1Dn1 (pn1, ..., pnkn ; p−n,k)

, then pn1, ..., pnkn cannot be profit maximizing prices.

Proof. If pn1, ..., pnkn were profit maximizing prices, then the monopolist satisfies

the following first-order condition:

Dn1 (pn1, ..., pnkn ; p−n,k) +
kn∑
i=1

pni
dDni (pn1, ..., pnkn ; p−n,k)

dpn1

= 0 (6.1)

...

Dk (pn1, ..., pnkn ; p−n,k) +
kn∑
i=1

pni
dDni (pn1, ..., pnkn ; p−n,k)

dpnkn
= 0 (6.2)

Let us focus on Equation (6.1). First note that for any product j = 1, ..., k,

kn∑
i=1

pni
dDni (pn1, ..., pnkn ; p−n,k)

dpnj
= −Dnj (pn1, ..., pnkn ; p−n,k) < 0 (6.3)

Second, Equation (6.1) gives

Dn1 (pn1, ..., pnkn ; p−n,k)

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ;p−n,k)

dpn1

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
= 0

Since pniDni (pn1, ..., pnkn ; p−n,k) ≥ pn1Dn1 (pn1, ..., pnkn ; p−n,k)

Dn1 (pn1, ..., pnkn ; p−n,k)

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ;p−n,k)

dpn1

pn1Dn1 (pn1, ..., pnkn ; p−n,k)

<
Dn1 (pn1, ..., pnkn ; p−n,k)

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
+

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpn1

pniDni (pn1, ..., pnkn ; p−n,k)

because Equation (6.3) gives that
∑kn

i=1 pni
dDni(pn1,...,pnkn ;p−n,k)

dpn1
< 0. However, note

that Dni (pn1, ..., pnkn ; p−n,k) is strictly log-concave in each variable. It is particu-

larly log-concave in pn1. Therefore, the ratio

dDni(pn1,...,pnkn ;p−n,k)
dpn1

Dni(pn1,...,pnkn ;p−n,k)
is strictly decreas-

ing in pn1 and strictly increasing in pnkn . As a result,

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpn1

pniDni (pn1, ..., pnkn ; p−n,k)
<

kn∑
i=1

pni
dDni(pnkn ,...,pn1;p−n,k)

dpn1

pniDni (pnkn , ..., pn1; p−n,k)
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and by symmetry,

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpn1

pniDni (pn1, ..., pnkn ; p−n,k)
<

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpnkn

pniDni (pn1, ..., pnkn ; p−n,k)

Using pnknDk (pn1, ..., pnkn ; p−n,k) ≥ pniDni (pn1, ..., pnkn ; p−n,k) and Equation (6.3)

again gives

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpn1

pniDni (pn1, ..., pnkn ; p−n,k)
<

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpnkn

pnknDk (pn1, ..., pnkn ; p−n,k)

Now, turn to
Dn1(pn1,...,pnkn ;p−n,k)

pn1Dn1(pn1,...,pnkn ;p−n,k)
, and note that

Dn1 (pn1, ..., pnkn ; p−n,k)

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
<

Dk (pn1, ..., pnkn ; p−n,k)

pnknDk (pn1, ..., pnkn ; p−n,k)

because pn1 > pnkn .

Putting everything together,

Dn1 (pn1, ..., pnkn ; p−n,k)

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
+

∑kn
i=1 pni

dDni(pn1,...,pnkn ;p−n,k)

dpn1

pn1Dn1 (pn1, ..., pnkn ; p−n,k)
= 0

<
Dk (pn1, ..., pnkn ; p−n,k)

pnknDk (pn1, ..., pnkn ; p−n,k)
+

kn∑
i=1

pni
dDni(pn1,...,pnkn ;p−n,k)

dpnkn

pnknDk (pn1, ..., pnkn ; p−n,k)
= 0

because of Equation (6.2), which is a contradiction. Therefore, pn1, ...., pnkn are not

profit maximizing.

Thus, any pricing with two different prices cannot maximize firm n’s profit.

Lemma 6..3:

v̂n = maxj=1,...,kn vi,j follows a log-concave distribution.

Proof. Consumers identify in each firm the variant that yields the highest value v̂n.

Let v̂n = maxj=1,...,kn vi,j denote the random variable associated to a consumer’s

preferred variant in firm n. The cumulative distribution function of v̂n is F kn
i . Its

density is fi,kn (x) = kf (x)F kn−1
i (x), looking at

ln (fi,kn (x)) = ln (k) + ln (f (x)) + (kn − 1) ln (Fi (x))

ln (fi,kn (x))′′ = ln (f (x))′′ + (kn − 1) ln (Fi (x))′′

< 0
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Consumers want to purchase one unit of a good from one of n firms. They

buy the product that yields the highest value v̂n − pi, i = 1, ..., n, where v̂n is

log-concave. Caplin and Nalebuff (1991) conclude as follows: there is a unique

symmetric Bertrand-Nash equilibrium.

Proof of Corollary 6.2.1

Claim 6..1:

p∗2 = ... = p∗N

Proof. Without loss of generality, assume that firms 2 and 3 choose different prices

in equilibrium. Assume that a = p∗2 6= p∗3 = b. Then, p∗1, a, b, p
∗
4, ..., p

∗
N and

p∗1, b, a, p
∗
4, ..., p

∗
N are two equilibria. However, there can be only one according to

Proposition 6.2.1, which is a contradiction.

Claim 6..2:

p∗1 > p∗2 = ... = p∗N

Proof. Claim 6..1 gives that in equilibrium p∗2 = ... = p∗N = p. It follows that firm n

satisfies a demand

D1 (p∗1, ..., p
∗
N ; k) = Pr

(
max

j=2,...,N
v̂j − v̂1 ≤ p− p∗1

)
Note that the random variable maxj=2,...,N v̂j − v̂1 has a log-concave density. Let F̃

denote its cumulative distribution function and f̃ its density. Therefore,

D1 (p∗1, ..., p
∗
N ; k) = F̃ (p− p1)

Given p, firm 1 maximizes profit π1 (p1, ..., pN ; k) = p1F̃ (p− p1) when

G (p1, p) =
dπ1 (p1, ..., pN ; k)

dp1

= F̃ (p− p1)− p1f̃ (p− p1) = 0 (6.4)

The implicit function theorem states that there is a function η1 so that p1 = η1 (p)

to guarantee that G (p1, p) = 0, and
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dη1 (p)

dp
= − dG (p1, p) /dp

dG (p1, p) /dp1

= − f̃ (p− p1)− p1f̃
′ (p− p1)

−2f̃ (p− p1) + p1f̃ ′ (p− p1)
> 0

To see that
dη1(pj)

dpj
is positive, first note that

p1f̃
′ (p− p1) =

F̃ (p− p1) f̃ ′ (p− p1)

f̃ (p− p1)
<
f̃ (p− p1)2

f̃ (p− p1)
= f̃ (p− p1)

The inequality follows from the fact that f̃ is strictly log-concave; therefore, F̃ f̃ ′ <

f̃ 2. The density f̃ is indeed strictly log-concave because maxj=2,...,N v̂j − v̂1 the sum

of log-concave distributions. It follows that

f̃ (p− p1)− p1f̃
′ (p− p1) > 0

while

−2f̃ (p− p1) + p1f̃
′ (p− p1) < 0

Therefore, dη1(p)
dp

> 0.

Moreover, dη1(p)
dp

< 1. Otherwise,

f̃ (p− p1)− p1f̃
′ (p− p1) > 2f̃ (p− p1)− p1f̃

′ (p− p1)

0 > f̃ (p− p1)

and f̃ (p− p1) < 0, which is impossible because it is the density of a probability

distribution.

Finally, η1 (0) > 0. The reason for this is that

G (0, 0) = F̃ (0) > 0

and

G (p1, 0) = F̃ (−p1)− p1f̃ (−p1)

are decreasing in the neighborhood of 0. Setting a positive price p1 drives G (p1, 0)

closer to 0; hence, η1 (0) > 0.
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Using a similar reasoning, from the point of view of the other firms that maximize

p
(1−F̃ (p−p1))

N−1
, price p has to satisfy the first-order condition:

H (p1, p) =
(

1− F̃ (p− p1)
)
− pf̃ (p− p1) = 0. (6.5)

There is another implicit function η2 (p) that gives p1 as a function of p so that

H (p1, p) = 0. In this case, the implicit function theorem gives

dη2 (p)

dp
= − dH (p1, p) /dp

dH (p1, p) /dp1

= −−2f̃ (p− p1)− pf̃ ′ (p− p1)

f̃ (p− p1) + pf̃ ′ (p− p1)
> 0

To prove that dη2(p)
dp

> 0, a similar remark applies:

pf̃ ′ (p− p1) =

(
1− F̃ (p− p1)

)
f̃ ′ (p− p1)

f̃ (p− p1)
>

1

f̃ (p− p1)
− f̃ (p− p1)

Therefore, −2f̃ (p− p1)− pf̃ ′ (p− p1) < 0, and f̃ (p− p1) + pf̃ ′ (p− p1) > 0.

This time, dη2(p)
dp

> 1. Otherwise,

2f̃ (p− p1) + pf̃ ′ (p− p1) < f̃ (p− p1) + pf̃ ′ (p− p1)

and f̃ (p− p1) < 0, which is impossible.

Finally, η2 (0) < 0. This is because H (0, 0) = 1− F̃ (0) > 0 and

H (p1, 0) = 1− F̃ (−p1)

is increasing with p1. To ensure that H (p1, 0) = 0, p1 has to be negative. Therefore,

η2 (0) < 0.

To show that p∗1 > p, the proof borrows from Moraga-González and Petrikaitė

(2013). When these authors demonstrate their Proposition 1, they show that it is

sufficient to prove that the fixed point of η1 is greater than the fixed point of η2.

Let p̂1 = η1 (p̂1), p̂2 = η2 (p̂2) be the fixed points of η1 and η2, respectively.

Equation (6.4):

0 = G (η1 (p̂1) , p̂1) = F̃ (0)− p̂1f̃ (0)
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Therefore, p̂1 = F̃ (0)

f̃(0)
> 1

2f̃(0)
because F̃ (0) = P (v1

k > v2
l ) >

1
2
.

Moreover, Equation (6.5) gives

0 = H (η2 (p̂2) , p̂2) = 1− F̃ (0)− p̂2f̃ (0)

Therefore, p̂2 = 1−F̃ (0)
f(0)

< 1
2f(0)

.

Thus, p̂1 > p̂2, and p∗1 > p.

Claim 6..3:

D1 (k) > Dn (k)

Proof. Let p∗2 = ... = p∗N = p.

Proving Claim 6..2 gave Equation (6.4) and Equation (6.5):

F̃ (p− p∗1)− p∗1f̃ (p− p∗1) = 0

1− F̃ (p− p∗1)− pf̃ (p− p∗1) = 0

Therefore, p∗1 + p = 1

f̃(p−p∗1)
. It follows that

D1 (k) = F̃ (p− p∗1) =
p∗1

p∗1 + p
(6.6)

and

Dn (k) =
p

p∗1 + p

for n = 2, ..., N . Therefore, since p∗1 > p according to Claim 6..2, it follows that

D1 (k) > Dn (k).

Claim 6..4:

π1 (k) > πn (k) for all n = 2, ..., N .

Proof. Claim 6..2 gives p∗1 > p∗n, and Claim 6..3 gives D1 (k) > Dn (k). Therefore,

π1 (k) > πn (k).
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Proof of Corollary 6.2.2

Let firm 1 and firm 2 choose different prices in equilibrium: a = p∗1 6= p∗2 = b. Then,

a, b, p∗3, ..., p
∗
N and b, a, p∗3, ..., p

∗
N are two equilibria. However, Proposition 6.2.1 claims

that the equilibrium must be unique, which is a contradiction.

Proof of Proposition 6.2.2

Each consumer can order firms from best to worse by comparing v̂n. Recall that the

density of v̂n is denoted fk and that its cumulative distribution is F k. Looking into

the order statistics v̂(1), ..., v̂(N), let f(2) denote the density of the second highest-

order statistic.

f(2) (x) = N (N − 1) fk (x)
(
1− F k (x)

)
F (x)k(N−2)

When firm n maximizes profit π (k) = pnD (k), the first-order condition gives

p∗n = −Dn (k)
dDn(k)

dpn

where

Dn (k) = Pr (v̂n − pn > v̂m − pm,∀m) =

∫ ∏
m 6=n

F k (x− pn + pm) fk (x) dx

and

dDn (k)

dpn
=

∫ ∑
m 6=n

∏
l 6=n
l 6=m

F k (x− pn + pl) fk (x− pn + pm) fk (x) dx

Since, in equilibrium, p1 = ... = pN ,

dDn (k)

dpn
=

1

N

dDn (k)

dpn
= − (N − 1)

∫
F k(N−2) (x) fk (x) fk (x) dx

it follows that

1

p∗n
=

∫
fk (x)

1− F k (x)
f(2) (x) dx >

∫
kf (x)F k−1 (x)

1− F (x)
f(2) (x) dx

As k increases, p decreases and tends to 0 because the integral give increasingly more

weight to the upper bound of the distribution, where f(x)
1−F (x)

is arbitrarily large.
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Proof of Proposition 6.3.1

Using Equation (6.6) p. 116,

D1 (k + 1, k + 1) =
p1 (k + 1, k + 1)

p1 (k + 1, k + 1) + p2 (k + 1, k + 1)
=

1

2

D1 (k + 1, k) =
p1 (k + 1, k)

p1 (k + 1, k) + p2 (k + 1, k)

By assumption, π1 (k + 1, k + 1) > π1 (k + 1, k); therefore,

p1 (k + 1, k + 1)

2
>

p2
1 (k + 1, k)

p1 (k + 1, k) + p2 (k + 1, k)

>
p2

1 (k, k)

p1 (k + 1, k) + p2 (k + 1, k)

Since Proposition 6.2.2 gives that p1 (k, k) > p1 (k + 1, k + 1), it follows that

p1 (k + 1, k) + p2 (k + 1, k) > 2p1 (k, k)

Then,

π1 (k, k) =
p2

1 (k, k)

2p1 (k, k)

>
p2

1 (k, k)

p1 (k + 1, k) + p2 (k + 1, k)

>
p2

1 (k + 1, k)

p2 (k + 1, k) + p2 (k + 1, k)

= π1 (k + 1, k)

This is a contradiction because π1 (k + 1, k)− π1 (k, k) > c > 0.

Therefore,

π (k + 1, k + 1) ≤ π (k + 1, k)

and it is impossible to have π (k + 1, k + 1)− π (k + 1, k) > c.

Thus, π (k + 1, k + 1) − c < π (k + 1, k) and π1 (k + 1, k) − π1 (k, k) > c > 0.

Therefore, Game 5.1 is a game of chicken.

Proof of Corollary 6.3.1

This result follows from Proposition 6.3.1.
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Proof of Corollary 6.3.2

This result follows from Proposition 6.3.1.

Proof of Proposition 6.3.2

Let p1 and p2 be the prices in equilibrium of firm 1 and firm 2, respectively.

To prove Proposition 6.3.2, the following lemma is used.

Lemma 6..4:

CS (k1, k2) = E
[
max

{
max

i=1,...,k1
{v1i − p1} , max

i=1,...,k2
{v2i − p2}

}]
=

∫
afmax (a) da

where fmax (a) = k1f (a+ p1)F k1 (a+ p2) + k2f (a+ p2)F k2 (a+ p1).

Proof. Let fmax (a) be the density of the random variable:

max

{
max

i=1,...,k1
{v1i − p1} , max

i=1,...,k2
{v2i − p2}

}
where

Pr

(
max

{
max

i=1,...,k1
{v1i − p1} , max

i=1,...,k2
{v2i − p2}

}
≤ a

)
= Pr

(
max

i=1,...,k1
{v1i − p1} ≤ a

)
Pr

(
max

i=1,...,k2
{v2i − p2} ≤ a

)
= F k1 (a+ p1)F k2 (a+ p2)

Taking the derivative with regards to a gives

fmax (a) = k1f (a+ p1)F k1−1 (a+ p1)F k2 (a+ p2)

+ k2f (a+ p2)F k2−1 (a+ p2)F k1 (a+ p1)

Hence,

fmax (a) = fk1 (a+ p1)F k2 (a+ p2) + fk2 (a+ p2)F k1 (a+ p1)
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At (invest, invest), there is no change in welfare.

At (invest, do not invest), Lemma 6..4 gives

CS (k + 1, k) = E
[
max

{
max

i=1,...,k+1
{v1i − p1} , max

i=1,...,k
{v2i − p2}

}]
=

∫
afk+1 (a+ p1)F k (a+ p2) da+

∫
afk (a+ p2)F k+1 (a+ p1) da

Substituting u for a− p1,

CS (k + 1, k) =

∫
(a− p1) fk+1 (a)F k (a+ p2 − p1) da

+

∫
(a− p2) fk (a)F k+1 (a+ p1 − p2) da

which can be rewritten

CS (k + 1, k)

= E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

∫
(a− p2) fk (a)F k+1 (a+ p1 − p2) da

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

∫
(a− p2) fk (a)F k+1 (a) da

since p1 > p2. Now, because fk (a) = kf (a)F k−1,

CS (k + 1, k)

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

∫
(a− p2) kf (a)F 2k (a) da

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

∫
akf (a)F 2k (a) da

−
∫
p2kf (a)F 2k (a) da

= E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

∫
2k + 1

2k + 1
akf (a)F 2k (a) da

−
∫

2k + 1

2k + 1
p2kf (a)F 2k (a) da

= E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

k

2k + 1

∫
a (2k + 1) f (a)F 2k (a) da

− p2
k

2k + 1

∫
(2k + 1) f (a)F 2k (a) da

Note that (2k + 1) f (a)F 2k (a) corresponds to the density of the random variable
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maxi=1,...,2k vi.

CS (k + 1, k)

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

k

2k + 1
E
[

max
i=1,...,2k

vi

]
− p2

k

2k + 1

In addition, since p1 > p2 according to Corollary 6.2.1,

E
[

max
i=1,...,2k+1

vi

]
− p2 > E

[
max

{
max

i=1,...,k+1
{v1i − p1} , max

i=1,...,k
{v2i − p2}

}]
and it follows that

E
[

max
i=1,...,2k+1

vi

]
> E

[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

k

k + 1
E
[

max
i=1,...,2k

vi

]
+ p2

k + 1

2k + 1

Welfare increases by

W (k + 1, k)−W (k, k) = CS (k + 1, k) + PS (k + 1, k)− CS (k, k)− PS (k, k)

where

CS (k + 1, k)− CS (k, k)

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
+

k

2k + 1
E
[

max
i=1,...,2k

vi

]
− p2

k

2k + 1
− E

[
max

i=1,...,2k
vi

]
which implies

CS (k + 1, k)− CS (k, k)

≥ E
[
(v̂1 − p1)F k (v̂1 − p1 + p2)

]
− k + 1

2k + 1
E
[

max
i=1,...,2k

vi

]
− p2

k

2k + 1

and

PS (k + 1, k)− PS (k, k)

≥ p1D1 (k + 1, k) + p2D2 (k, k)− c− p∗

≥ p1D1 (k + 1, k)− p∗

2
− c+ p2D2 (k + 1, k)− p∗

2

> p2D2 (k, k)− p∗

2

because p1D1 (k + 1, k) − p∗

2
− c > 0 is the condition for a firm to invest. Note

now that D2 (k + 1, k) > k
2k+1

. This is because k
2k+1

is the demand for firm 2 when

p1 = p2. However, p1 > p2; therefore, D2 (k + 1, k) > k
2k+1

.
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Proof of Proposition 6.4.1

Let v̂n = maxi=1,...,kn vni for n = 1, ..., N . A consumer prefers firm n over firm m if

v̂n − pn > v̂m − pm

If v̂n is known, then this would occur with probability

Pr (v̂m < pm − pn + v̂n) = F km (pm − pn + v̂n)

Since the vni values are double-exponentially distributed,

Pr (v̂m < pm − pn + v̂n) = e−kne
−( pm−pn+v̂n

µ −γ)
(6.7)

Then, firm n’s demand is

Dn (pn,p−n; k) =

∫ +∞

−∞
f̂n (x; kn)×

Pr (x− pn > v̂1 − p1, ..., x− pn > v̂N − pN) dx

where the last inequality follows from Equation (6.7). By independence,

Dn (pn,p−n; k) =

∫ +∞

−∞
f̂n (x; kn)

∏
m6=n

Pr

(
x− pn > max

j=1,...,km
vmj − pm

)
dx

=

∫ +∞

−∞
f̂n (x; kn)

∏
m6=n

Pr

(
x− pn + pm > max

i=1,...,kn
vmi

)
dx

=

∫ +∞

−∞

kn
µ
e−( xµ−γ)e−kne

−( xµ−γ) ∏
m6=n

e−kme
−(x−pn+pm

µ −γ)
dx
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Let yn = e
−pn
µ . With the change in variable ξ = e−( xµ+γ), the demand becomes

Dn (pn,p−n; k) =

∫ +∞

0

kne
−knξ

∏
m6=n

e−kmξ
ym
yn dξ

=

∫ +∞

0

kne
−knξe−

∑N
m 6=n kmξ

ym
yn dξ

=

∫ +∞

0

kne
−knξ ynyn−

∑N
m 6=n kmξ

ym
yn dξ

=

∫ +∞

0

kne
−ξ
∑N
m=1 km

ym
yn dξ

=

∫ +∞

0

kne
−ξ

∑N
m=1 kmym

yn dξ

=

[
− knyn∑N

m=1 kmym
e−ξ

∑N
m=1 km

ym
yn

]+∞

0

=
knyn∑N

m=1 kmym

=
kne

−pn
µ∑N

m=1 kme
−pm
µ

In addition,

dDn (pn,p−n; k)

dpn
=

1

µ

−kne
−pn
µ
∑N

m=1 kme
−pm
µ + kne

−pn
µ kne

−pn
µ∑N

m=1 kme
−pm
µ

=
1

µ

kne
−pn
µ

(
kne

−pn
µ −

∑N
m=1 kme

−pm
µ

)
(∑N

m=1 kme
−pm
µ

)2

=
1

µ

kne
−pn
µ∑N

m=1 kme
−pm
µ

kne
−pn
µ −

∑N
m=1 kme

−pm
µ∑N

m=1 kme
−pm
µ

=
1

µ
Dn (pn,p−n; k) (Dn (pn,p−n; k)− 1)

Finally, when maximizing π (pn,p−n; k) = pnDn (pn,p−n; k), the first-order con-

dition gives
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p∗ − c = −Dn (pn,p−n; k)
dDn(pn,p−n;k)

dpn

= −µ Dn (pn,p−n; k)

Dn (pn,p−n; k) (Dn (pn,p−n; k)− 1)

= µ
1

1−Dn (pn,p−n; k)

= µ
N

N − 1

where the last equality uses the fact that when p1 = p2 = ... = pN , Dn (pn,p−n; k) =

1
N

.

Proof of Proposition 6.4.2

By assumption, π1 (k + 1, k + 1)− π1 (k + 1, k) > c, which means that

µ
k + 1

k
expp2−p1 −µ > c (6.8)

Assume that π2 (k + 1, k)− π2 (k, k) ≤ c, which would imply that

µ− µ k

k + 1
expp1−p2 ≤ c (6.9)

Let x = k+1
k

expp2−p1 . On the one hand, Equation (6.8) gives µx−µ > c, and on the

other hand, Equation (6.9) gives µ−µ 1
x
≤ c. However, then, the following inequality

has to be true: x+ 1
x
> 2, which is impossible for x > 1. In addition, x > 1 because

the profit for firm 1 has to be greater than the profit for firm 2, or equivalently,

x > 1
x
. Therefore, π1 (k + 1, k) − π1 (k, k) ≤ c leads to a contradiction. Therefore,

it must be that π1 (k + 1, k)− π1 (k, k) > c. Thus, investing is a dominant strategy,

and the equilibrium is (invest, invest).
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Proof of Proposition 6.4.3

Accounting for investment costs, the differential in welfare is

W (k + 1, k + 1)− 2c−W (k, k)

= E
[
maxi=1,...,2(k+1)vni

]
− E [maxi=1,...,2kvni]− 2c

= 2 (2k + 1)µ− 2kµ− 2c

= 2µ− 2c > 0

Hence, welfare improvements occur if µ > c.

Consumers are better off because

E
(
maxi=1,...,2(k+1)vni

)
− E (maxi=1,...,2kvni) > 0

and firms are worse off because they make the same profit; however, both incur cost

c.
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7.1 Achievements

Chapter 4 demonstrates the existence and uniqueness of Bertrand-Nash equilibrium

in an oligopoly with multiproduct firms. Each firm provides a variety of substitute

products and chooses its prices to maximize profit. Consumers have unit demand:

they pick one unit of one of the products available on the market. Their valuations

for a particular product follow a distribution. If that distribution is log-concave,

then the equilibrium is unique. The uniqueness of equilibrium allows for compara-

tive statics for any number of products per firm. Article 1 uses these comparative

statics to characterize the nature of competition when each firm has a large number

of products. The key insight is that the hazard rate of the distribution is important.

With a bounded hazard rate, like that in a double exponential distribution, many

consumers have extreme valuations for the product they like the most. They are

willing to pay much more for their favorite product than for their second-favorite.

Consequently, firms set prices above their marginal costs and conserve market power.

For a distribution with an unbounded hazard rate, the second-favorite option pro-

vides a valuation arbitrarily close to the best option for most consumers. There-

fore, consumers find products they value very much in each firm. Firms respond

with lower prices that tend toward their respective marginal cost as the number of

products per firm increases. Therefore, the market increasingly resembles Bertrand

competition when the number of products per firm is large.

Chapter 5 deals with investment policies in variety. Firms may introduce a new

product, if their profit accumulated over time exceeds an investment cost. A firm

considers investing if being the sole investor generates more profit for the remaining

times than does not investing at all. However, as Chapter 4 points out, if the distri-

bution of valuations has an unbounded hazard rate, then firms are worse off when

all invest simultaneously. Firms look increasingly alike in the eyes of consumers, so

more products per firm leads to smaller profits. If firms provide the same number of

products, then they play a series of games of chicken until a dominant firm arises.
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The dominated firm stops investing in new products. Therefore, two identical firms

ex ante may provide a different number of products ex post to avoid direct com-

petition. In contrast, the double exponential distribution has a fat tail. Chapter 5

shows that firms invest simultaneously in new variants and that their profits remain

unchanged over time. However, firms incur an investment cost. Firms would be

better off if none of them were investing, but each firm has incentives to deviate and

be the sole investor. In essence, firms play a prisoner’s dilemma game, and investing

is a dominant strategy. Firms introduce an increasing number of variants over time

simultaneously until it becomes unprofitable to be the sole investor.

Finally, Chapter 6 discusses the welfare impact when firms introduce one new

substitute product. The difficulty lies in the undeterminacy of the consumer surplus

and the producer surplus after the introduction of a new product on the market. If

only one firm invests, then that firm is better off, but the other firm is worse off.

The effect is also ambiguous for consumers because the additional variant raises the

firm’s price, but the competitor decreases its prices. Chapter 6 sheds some light

on the total welfare effect. With more products, consumers have more choices, and

the highest valuation a consumer observes is nondecreasing. Chapter 6 states the

following: if the highest valuations increase on average more than the investment

cost, then welfare increases. This property is independent of the producer surplus

and the distribution of valuations. The hazard rate of the distribution is important

to determine whether consumers or producers benefit from firms’ investment in

new products. If the hazard rate is unbounded, then the transfer of surplus is

undetermined. Conversely, if the valuations follow a double exponential distribution,

then consumer surplus increases, and producer surplus declines.
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7.2 Future developments

7.2.1 Monopolistic pricing

A similar method applies to the maximization of profit for a multiproduct monop-

olist. The Method section notes that the monopolist chooses the same price for its

products and that the profit-maximizing price is unique. Uniqueness allows for com-

parative statics that could support the study of investment in variety and welfare.

This is a novel result that deserves attention for future research. This paragraph

summarizes the preliminary results when the distribution of valuations is uniform.

The details are available in the appendix. The profit function is concave in the

number of products. The monopolist invests in an additional product if it generates

more profit over time than the cost of investment. There is a specific number of

products that maximizes profit if the firm stops investing afterward. If the monop-

olist can reach that value, then it is optimal for it to do so and to stop investing

for the remaining time. If the monopolist cannot add enough products, then it will

introduce as many products as possible. The producer surplus increases by design

because the monopolist will not make unprofitable investments. However, its price

increases, and the consumer surplus faces two opposite effects: a positive effect due

to more choices and a negative effect because of price increases.

7.2.2 Star concavity

This thesis exploits diagonal maximality to check that the best responses are uni-

modal. However, these best responses seem to exhibit a more restrictive structure:

star concavity. Consider Figure 7.1 the contour plot of a typical profit function. The

line MP connects the profit-maximizing prices M and another point P. Any point

on MP yields a lower profit than M. The property is true for any point other than

P, so the level sets are star-shaped, centered around M. These level sets correspond

to a star-concave function that resembles a profit function studied in the thesis. For
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Figure 7.1: Indifference curves with star-concave preferences

firms, a star-concave profit function indicates that setting the price of a product to

zero is suboptimal. Indeed, firms would earn no profit from that product. There-

fore, a positive price, even small, is better because it generates at least a tiny bit of

profit.

Star concavity has application in consumer theory. Star-concave utility functions

correspond to star-convex preferences, which could replace the axiom of convexity.

Such preferences indicate that the consumer prefers a basket full of good 1 rather

than a large amount of good 1 and a tiny bit of good 2. For example, one may

prefer 500 g of potato and 0 g of rice over 499 g of potato and 1 g of rice because

there is not much one can do with only 1 g of rice. With linear budget constraints,

consumers would either mix their basket or opt for a corner solution.

7.2.3 Market segmentation

Firms provide many products in many market segments. The valuations for the

products of a firm may follow different distributions. For example, ice cream sellers

provide chocolate and vanilla ice cream. Moreover, chocolate ice cream comes in

different flavors, like 50% cocoa vs. 60% cocoa, which most consumers cannot
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Consumers

Category 1

Product 1 Product 2 Product 3

Category 2

Product 4 Product 5 Product 6

Firm 1 Firm 2

Figure 7.2: A nested approach with two categories of products

distinguish. A sensible assumption would state that chocolate-flavored ice cream

follows the same distribution, but vanilla ice cream does not. This assumption

contradicts an assumption in the thesis, but the thesis can still shed some light on

the matter. Figure 7.2 illustrates a solution with a nested approach. Instead of

picking a firm and then a product, as in the literature, consumers select a type of

product and then a product. The product they pick happens to be sold by one

of many firms, and one firm may sell multiple products in each nest. In this case,

diagonal maximality implies that a firm sets the same price for its products in a

nest, and two firms may set a different price in this nest. A full characterization of

equilibrium and the study of variety are left for future research.



References

Adams, W. J. and J. L. Yellen (1976). Commodity bundling and the burden of

monopoly. The quarterly journal of economics , 475–498.

Anderson, S. P. and A. De Palma (1992). Multiproduct firms: a nested logit ap-

proach. The Journal of Industrial Economics 40 (3), 261–276.

Anderson, S. P. and A. De Palma (2006). Market performance with multiproduct

firms. The Journal of Industrial Economics 54 (1), 95–124.

Anderson, S. P., A. De Palma, and Y. Nesterov (1995). Oligopolistic competition

and the optimal provision of products. Econometrica: Journal of the Econometric

Society , 1281–1301.

Anderson, S. P., A. De Palma, and J.-F. Thisse (1987). The ces is a discrete choice

model? Economics Letters 24 (2), 139–140.

Anderson, S. P., A. De Palma, and J.-F. Thisse (1988). A representative consumer

theory of the logit model. International Economic Review , 461–466.

Anderson, S. P., A. De Palma, and J.-F. Thisse (1992). Discrete choice theory of

product differentiation. MIT press.

Anderson, S. P. and R. Renault (1999). Pricing, product diversity, and search costs:

A bertrand-chamberlin-diamond model. The RAND Journal of Economics , 719–

735.

133



134 REFERENCES

Armstrong, M. (1996). Multiproduct nonlinear pricing. Econometrica: Journal of

the Econometric Society , 51–75.

Armstrong, M. and J. Vickers (2010). Competitive non-linear pricing and bundling.

The Review of Economic Studies 77 (1), 30–60.

Armstrong, M. and J. Vickers (2018). Multiproduct pricing made simple. Journal

of Political Economy 126 (4), 1444–1471.

Bagnoli, M. and T. Bergstrom (2005). Log-concave probability and its applications.

Economic theory 26 (2), 445–469.

Ben-Akiva, M. E. (1973). Structure of passenger travel demand models. Ph. D.

thesis, Massachusetts Institute of Technology.

Bernard, A. B., S. J. Redding, and P. K. Schott (2011). Multiproduct firms and

trade liberalization. The Quarterly journal of economics 126 (3), 1271–1318.

Cachon, G. P. and A. G. Kök (2007). Category management and coordination in

retail assortment planning in the presence of basket shopping consumers. Man-

agement Science 53 (6), 934–951.

Caminal, R. (2016). Dynamic product diversity. The Journal of Industrial Eco-

nomics 64 (1), 1–26.

Caminal, R. (2019). The dynamic provision of product diversity under duopoly.

International Journal of Industrial Organization 65, 248–276.

Caplin, A. and B. Nalebuff (1991). Aggregation and imperfect competition: On the

existence of equilibrium. Econometrica 59 (1), 25–59.

Chamberlin, E. H. (1949). Theory of monopolistic competition: A re-orientation of

the theory of value. Oxford University Press, London.

Champsaur, P. and J.-C. Rochet (1989). Multiproduct duopolists. Econometrica:

Journal of the Econometric Society , 533–557.



REFERENCES 135

Clemens, E. W. (1951). Price discrimination and the multiple-product firm. The

Review of Economic Studies 19 (1), 1–11.

Debreu, G. (1960). Review of RD luce, individual choice behavior: A theoretical

analysis. American Economic Review 50 (1), 186–188.

Deneckere, R. and M. Rothschild (1992). Monopolistic competition and preference

diversity. The Review of Economic Studies 59 (2), 361–373.

Dixit, A. K. and J. E. Stiglitz (1977). Monopolistic competition and optimum

product diversity. The American economic review 67 (3), 297–308.

Fisher, R. A. and L. H. C. Tippett (1928). Limiting forms of the frequency distribu-

tion of the largest or smallest member of a sample. In Mathematical Proceedings

of the Cambridge Philosophical Society, Volume 24, pp. 180–190. Cambridge Uni-

versity Press.

Fishman, A. and R. Rob (2000). Product innovation by a durable-good monopoly.

The RAND journal of Economics , 237–252.

Furth, D. (2011). Duopoly models with vertical product differentiation. Interna-

tional Game Theory Review 13 (02), 121–140.

Gabay, D. and H. Moulin (1980). On the uniqueness and stability of nash-equilibria

in noncooperative games. In A. Bensoussan, P. Kleindorfer, and C. Tapiero (Eds.),

Applied stochastic control in econometrics and management science, Number 130

in Contributions to economic analysis, Chapter 9, pp. 271–293. North-Holland

Pub. Co.
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