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Impedance Expressions for Unloaded
and Loaded Power Ground Planes

Joe Trinkle and Antonio Cantoni, Fellow, IEEE

Abstract—New, computationally efficient expressions are devel-
oped for input and transfer impedance for cylindrical ports on rect-
angular power ground planes. The expressions show directly the
low-frequency characteristics of the planes. This low-frequency be-
havior is exploited to obtain computationally efficient expressions
for impedance parameters of the capacitor-loaded planes that show
directly the characteristics of poles caused by the interactions of
the loading capacitors and the planes.

Index Terms—Decoupling capacitor location, ground plane,
impedance, power bus, power plane, printed circuit board (PCB).

I. INTRODUCTION

THE MANAGEMENT of power supply impedance is an
important aspect in the design of high-speed printed cir-

cuit boards (PCBs). The magnitude of the impedance at the
ports where the components are connected to the supply system
determines the amount of supply noise caused by their switch-
ing currents. The control of such noise is important for signal
integrity, signal referencing, and electromagnetic compatibil-
ity. As such, expressions that quantify supply impedance are a
useful tool in the design stage of a power distribution system.

In the literature, the power bus is often modeled as a rectangu-
lar cavity, and the impedance parameters for the unloaded planes
are obtained as an expression involving infinite summations over
the cavity modes [1]–[10]. The major contribution of this paper
is the derivation of new formulas for the impedance parameters.
These new equations offer the following advantages.

1) They use a cylindrical port structure that resembles more
closely a via port structure than the rectangular ports used
in [1]–[10].

2) The expressions are computationally efficient, involving
only one single, rapidly converging, summation. This is
achieved without needing to collapse the port into a 1-D
structure as is done in [11], and thus, no ad hoc induc-
tance adjustment term is needed. Further, the accelera-
tion technique does not require assumptions regarding the
port size as was necessary in [12] to enable the removal
of the “sinc” factor. Unlike the traditional summations,
the convergence of the new summation is not influenced
by the port size and it has a calculable truncation error
bound.
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3) The impedance expressions are conveniently broken
into low- and high-frequency characteristics. The low-
frequency characteristics comprise a static capacitance
and an equivalent series inductance. The high-frequency
component contains the resonance behavior associated
with the propagating modes.

4) The low-frequency characteristics can be directly used
with the eigenmode decomposition technique outlined
in [13] to predict the interactions of many capacitors with
the supply planes for frequencies below the first parallel
resonance of the planes. These expressions show directly
the characteristics of the poles caused by the interactions
of the capacitors with the planes. The expressions are also
computationally efficient, as they do not require infinite
summations to be evaluated, nor do they require the inver-
sion of an impedance matrix for every frequency point as
is required in [14].

This paper is organized as follows. In Section II, a new cylin-
drical port for impedance parameters is defined. In Section III,
the impedance parameters are transformed into equivalent ex-
pressions that are in terms of line current sources and electric
field responses at the center of the ports. In Section IV, this
transformation is used in conjunction with the single infinite
modal summation of [15]. A convenient separation of the low-
and high-frequency components of the impedance parameters
is observed. In Section V, the low-frequency components of the
impedance parameters are used with the eigen decomposition
method [13] to predict the interaction of many loading capacitors
with the planes. In Sections VI–VIII, the eigen decomposition
method is applied to a typical PCB power bus that is loaded
with many capacitors. Observations regarding the location and
damping of the poles are made and the computational speed of
this method is shown to be far superior to that of doing a matrix
inversion for every frequency point.

II. DEFINITION OF IMPEDANCE PARAMETERS

Consider the rectangular power ground plane shown in Fig. 1
with x-dimension a, y-dimension b, plane spacing d, a dielectric
of permittivity ε, and permeability µ. Two ports p and q are
shown on the power bus with exaggerated dimensions to allow
the port details to be displayed on the same figure. Fig. 1(a)
shows the traditional rectangular ports of size ∆x × ∆y and
Fig. 1(b) shows the new cylindrical ports of radius rv .

A global Cartesian coordinate system is defined with its ori-
gin at the bottom left-hand corner of the planes. The location of
ports p and q, referenced to this coordinate system, are (xp, yp)
and (xq , yq ), respectively. Each port has a local cylindrical co-
ordinate system, as shown in Fig. 1(b). To distinguish between
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Fig. 1. Geometry of power bus. (a) Top view of the traditional rectangular
ports. (b) Top view of the new, cylindrical port definitions. (c) Side view of the
ports.

the different coordinate systems, the first argument of the pa-
rameter list of Ez is used to indicate the coordinate system to
which the parameters are referenced. For example, Ez (0, x, y)
indicates that x and y are referenced to the global coordinate
system, while Ez (p, ρ, φ) indicates that ρ and φ are referenced
to the local coordinate system of port p.

Fig. 1(b) shows an injected current distribution of Jz between
the planes at port p with port q left open. For a source current Ip

injected symmetrically and cylindrically around the periphery
of port p such that

Jz (p, ρ, φ) =
Ip

2πρ
δ (ρ − rv ) (1)

with δ (ρ) being the Dirac delta function, the impedance param-
eters are defined in terms of the potential difference at the ports,
which is assumed to be related to the total electric field Ez as

Zqp =
−d

2πIp

∫ 2π

0
Ez (q, rv , φ) dφ (2)

Zpp =
−d

2πIp

∫ 2π

0
Ez (p, rv , φ) dφ. (3)

These impedance parameters can be used for N -port analysis
as described in classical microwave theory texts such as [24]
and [25]. The following assumptions are made.

A1) The supply planes are perfect electric conductors (PEC)
and the open edge walls are perfect magnetic conductors
(PMCs).

A2) The metallic vias can be removed, and at the source port,
replaced by a uniform impressed cylindrical current Jz ,
as shown in Fig. 1(b).

A3) The potential difference (power pane with respect to
ground plane) at a port can be obtained by averaging the
total electric field Ez around a cylinder centered on the
port with radius rv and multiplying the result by −d.

These assumptions result in a model that has 2-D fields with
the electric field being only in the z-direction and the mag-
netic fields only in the x- and y- (or ρ- and φ-) directions.
Assumption A1) is true if the planes are good conductors and
sufficiently close together so that radiation and fringing effects
can be ignored. The effect of finite conductivity can be approxi-
mated by allowing a small tangential electric field parallel to the
copper planes [20]. Assumptions A2) and A3) require further
that the ports be sufficiently small, a sufficient distance apart,
and a sufficient distance form the edges of the PCB. If these
conditions are not met, coupling effects will disturb the sym-
metry of the surface currents at the source port, giving rise to
errors in the voltages at the ports, and hence, in the impedance
values.

III. INFINITE PLANE SOLUTION

The electric field between a pair of infinite planes Ez at a
distance ρ from the center of a cylindrical shell current source
of radius rv is [18]1

Ez (p, ρ, φ, rv ) =
ωµIp

−4

{
H

(2)
0 (krv )J0(p, kρ) ρ < rv

J0(krv )H(2)
0 (p, kρ) ρ ≥ rv

(4)

where Ip is the total injected current, and

k = ω
√

µε (1 − j (tan δ + r/d)) (5)

is the wavenumber [20] with r =
√

2/ (ωµσ) being the skin
depth of the electric field in the copper planes and tan δ the loss
tangent of the dielectric separating them.

If the infinite planes in (4) are truncated to finite rectangular
planes of dimensions a × b with PMC boundaries, the total
field produced by a cylindrical source at p can be obtained as
an equivalent field using a 2-D grid of image sources on the
infinite planes, as shown in Fig. 2. It is shown in [16] that these
images are located at (xn (xp), ym (yp)) in relation to the global
coordinate system, where

xn = an −
{

xp

a − xp

}
,

{
n = ±0, 2, 4, 6 . . .
n = ±1, 3, 5, 7 . . .

}

ym = bm −
{

yp

b − yp

}
,

{
m = ±0, 2, 4, 6 . . .
m = ±1, 3, 5, 7 . . .

}
. (6)

1This solution can be obtained by solving the wave equation in cylindrical
coordinates subject to the source condition (1) and the radiation boundary
condition at infinity. Examples are given in [19] and [22].
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Fig. 2. Location of source and image sources on an infinite pair of planes to
account for PMC boundaries. The distances between source points and obser-
vation point is denoted as rn ,m .

The total field between the rectangular planes, referenced to
the local coordinate system of a port q, is obtained by summing
the contributions of the images and the source using (4) as

Ez (q, ρ, φ, rv ) =
ωµIpJ0(krv )

−4

×
{I}∑

{m,n}
H

(2)
0

(
krmn

(
xq + ρ cos φ,
yq + ρ sin φ

))
(7)

where {I} = {n,m : n ∈ Z,m ∈ Z} and Z is the set of all
positive and negative integers including zero and rmn (x, y)
is the distance between the sources and the observation point
(x, y), defined as

rm,n (x, y) =
√

(xn − x)2 + (ym − y)2 . (8)

In a similar way, the electric field referenced to the source
port p is

Ez (p, ρ, φ, rv ) =
ωµIp

−4
J0(krv )

{I}∑
{m,n}

H
(2)
0

× (krmn (xp+ρ cos φ, yp+ρ sin φ)) (9)

Impedance parameters can now be obtained by substituting
the electric field expressions of (7) and (9) into (2) and (3), re-
spectively. The averaging integrations may be done analytically
using the addition theorem for Hankel functions [19], [22]. This
gives

Zqp =
−dJ0(krv )2

Ip
Ez (q, 0, φ, 0) (10)

and

Zpp =
ωµdJ0(krv )2

4


−jY0(krv )

J0(krv )
+ lim

ρ→0




j2
π

ln (kργ)−

4Ez (p, ρ, φ, 0)
ωµIp






(11)
where γ = 0.890522 . . .. Note that Ez in (10) and (11) is the
electric field produced by a line source (rv = 0). This is conve-
nient as the modal summation for Ez for a line source excitation
does not require any “sinc” factors inside the summation [15].
In the following section, it will be demonstrated that (11) can be
used to obtain expressions for impedance parameters that do not
have the traditional “sinc” factors, and therefore, do not have
their convergence affected by the port size.

IV. MODAL SUMMATION

With reference to the global coordinate system, the electric
field at (x, y) for a line source at (xp, yp) is [15]

EM
z (0, x, y) =

ωµIp

−j2b

×
(

u(x, k)+

2
∞∑

n=1
u(x,

√
k2 − k2

n ) cos kny cos knyp

)
(12)

with kn = nπ/b and

u(x, k) = U (xp + x − a, k) + U (|xp − x| − a, k) (13)

with

U (x, k) =
cos kx

k sin ka
. (14)

The Maclaurin series expansion of u(x, k) for low frequencies
(i.e., about k = 0) is2

ũ(x, k) =
2

ak2 +
a

3
− (xp + x − a)2 + (|xp − x| − a)2

2a
.

(15)
For reasons that will become clear in the following sections,

it is convenient to rearrange (12) as

EM
z (0, x, y) =

ωµIp

−j2b

×




ũ(x, k) + 2
∞∑

n=1

u (x, jkn ) cos (kny) cos (knyp)

+ u(x, k) − ũ(x, k)+

2
∞∑

n=1

(
u
(
x,

√
k2 − k2

n

)
−u (x, jkn )

)
cos (kny) cos (knyp)




.

(16)

By noting that

Ez (q, 0, φ, 0) = EM
z (0, xq , yq ) (17)

2This expansion can be obtained from a long division of the cosine and sine
Maclaurin series and retaining the first two terms.
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Fig. 3. Power ground plane with N = 20.

Fig. 4. Different component of the input impedance Zpp expression (20).

and

lim
ρ→0

Ez (p, ρ, φ, 0) = lim
ρ→0

EM
z (0, xp + ρ cos φ, yp + ρ sinφ)

(18)
it is possible to use (16) in (10) and (11) to give new expressions
for the impedance parameters as

Zqp = J0(krv )2
(

1
jωCb

+ jωLqp + Mqp(ω)
)

(19)

Zpp = J0(krv )2
(

1
jωCb

+ jωLpp (rv ) + Mpp (ω, rv )
)

. (20)

In Fig. 4, the input impedance Zpp according to (20) is
shown for the PCB of Fig. 3 with parameters as given in
Table I. The N = 20 capacitor ports are defined for later con-
nection of decoupling capacitors. For the results in Fig. 4,
these ports are left open circuit and can be ignored. The
factor J0(krv )2 ≈ 0.999996 ≈ 1 at the highest frequency of
350 MHz and so can be set to 1 with negligible error. Fig. 4
shows that, for frequencies below 100 MHz, the first two terms,
namely the static capacitance and the series inductance are a

good approximation for the complete expression. The third term
Mpp contributes an insignificant amount for frequencies below
100 MHz, but has a significant influence at higher frequen-
cies and contributes the resonance behavior associated with the
propagating modes.

Equations (19) and (20) give the impedance parameters con-
veniently broken up into the static capacitance, the series in-
ductance, and the resonance effects caused by the propagating
modes. The following sections describe the different parts of the
expressions.

A. Static Capacitance Term

The first terms in the brackets of (19) and (20) represent the
static capacitance of the parallel planes, defined as

Cb =
abε

d
. (21)

This part of the impedance is dominates at very low frequen-
cies. It is obtained from the first term of ũ(x, xp , k).

B. Series Inductance Term

The second terms in the brackets of (19) and (20) correspond
to equivalent series inductances

Lqp = L1 (xq ) + L2 (xq , yq )

Lpp (rv ) = L1 (xp) + lim
ρ→0


L2 (xp + ρ cos φ, yp + ρ sin φ)

+
µd

2π
ln

(
ρ

rv

) 


(22)

where L1 represents an inductance term that is obtained from
ũ(x, xp , k) as

L1(x) = µd

(
(xp + x − a)2 + (|xp − x| − a)2

4ab
− a

6b

)
. (23)

The inductance L1 corresponds to the series inductance seen
looking into the parallel combination of two transmission lines,
one of length xp and the other of length a − xp . This inductance
term is not a function of the port radius. The term L2 (x, y) is
obtained from the second term in the brackets of (16) as

L2(x, y) =
µd

−b

∞∑
n=1

u (x, jkn ) cos (kny) cos (knyp) . (24)

These terms involve summations of evanescent modes and
correspond to the extra inductance due to the fact that the port
is cylindrical and does not only excite propagating modes but
also evanescent modes.

It is shown in the Appendix that these summations yield
a closed-form solution for inductance (with error <0.2% for
a > b) as

Lqp ≈ L1 (xq ) −
µd

2π
ln (Fqp (xp, xq , yp , yq ))

Lpp (rv ) ≈ L1 (xp) −
µd

2π
ln (Fpp (xp, yp , rv )) (25)
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where the functions Fqp and Fpp are defined in Appendix A. It
is clear from (25) that the transinductance Lqp is not a function
of the via radius but the input inductance Lpp is a function of
the via radius.

C. Propagating Term

The final terms in the bracketed part of the impedance ex-
pressions in (19) and (20) represent the impedance due to the
propagating modes

Mqp = M1(ω, xq ) + M2(ω, xq , yq )

Mpp = M1(ω, xp) + M2(ω, xp , yp) + M3 (ω, rv ) . (26)

The first term M1 represents the propagating modes associ-
ated with a transmission line in the x-dimension and the final
terms M2 and M3 represent the propagating modes that have
additional y or rv dependence. They are obtained from the third
and fourth terms in the brackets of (16) as

M1(ω, x) =
jωµd

−2b
(u (x, k) − ũ (x, k)) (27)

M2(ω, x, y) =
jωµd

−b

∞∑
n=1

(
u
(
x,

√
k2 − k2

n

)
−u (x, jkn )

)

× cos (kny) cos (knyp) (28)

M3 (ω, rv ) =
jωµd

4

(
2
π

ln (krvγ) − Y0(krv )
J0(krv )

)
. (29)

The M2 term involves an infinite summation. The summation
can be truncated after few terms as it converges rapidly. The
convergence of the summation is not affected by the port size,
as is the case for the double summation formulas [1]–[10]. It
is shown in the Appendix B that its rate of convergence for
M terms is O [1/M 2 ] or better and that the truncation error is
bounded approximately by (51).

In Fig. 5 the input impedance Zpp according to (19) is com-
pared with the input impedance for the double summation tech-
nique [see (52)] for the geometry of Fig. 3 and Table I without
capacitors and with a port size of rv = 1 mm.

For the double summation, a small square port as in Fig. 1(a)
with sides ∆x = ∆y = πrv/2 so as to have the same circum-
ference as the cylindrical port is used. For the evaluation of (19),
only ten terms are used for the summation. For the double sum,
at least 80 × 80 = 1600 terms are required to give the same
result.

The PCB should be oriented with the longest dimension in
the x-axis (i.e., a ≥ b) so that the 0.2% error bound for the
inductance (42) and the truncation error bound (51) as shown in
the Appendix are valid.

Finally, it is interesting to note that, with the exception of the
(J0(krv ))2 term, the transfer impedance is not a function of the
port size rv .

V. LOADED PLANES

The addition of decoupling capacitors to the power ground
planes can be modeled by adding impedance loads to the ap-

Fig. 5. Comparison of new input impedance formula (20) with traditional
double summation formula (52).

TABLE I
PCB PARAMETERS

propriate ports. Assume that N capacitors are added to ports 1
to N defined by their locations (x1 , y1),(x2 , y2) to (xN , yN ).
Assume further that all capacitors are of the same value and
that their loading impedance at the ports can be modeled as a
lumped inductor–capacitor–resistance (LCR) series circuit as

Zd(ω) =
1

jωCd
+ jωLd + Rd (30)

where Cd is the capacitance of each of the added capacitors,
Ld is the combination of the capacitors equivalent series induc-
tance (ESL) and mounting inductance, and Rd is the capacitors
equivalent series resistance (ESR).

Using N -Port circuit theory as in [13] and [14] the loaded
input and transfer impedance for ports p and q (in terms of their
unloaded impedances) are

[ �
Zpp

�
Zpq

�
Zqp

�
Zqq

]
=

[
Zpp Zpq

Zqp Zqq

]
−

[
Z∆

pp Z∆
pq

Z∆
qp Z∆

qq

]
(31)

where the superscript “�“ is used to denote the loaded
impedance parameters. The second matrix on the right-hand
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side of (31) requires the inversion of an N × N matrix[
Z∆

pp Z∆
pq

Z∆
qp Z∆

qq

]
= [ZqpN ]T [[ZN N ] + Zd [I]]−1 [ZqpN ] (32)

where [ZN N ] is the N × N impedance matrix corresponding
to the capacitor ports, [ZqpN ] is a 2 × N impedance matrix
and corresponds to the transfer impedances between ports q, p
and the N capacitor ports. For low-frequency analysis, these
matrices can be approximated as

[ZqpN ] ≈ 1
jωCb

[
ôN

ôN

]
+ jω

[
l̂p
l̂q

]

[ZN N ] ≈ 1
jωCb

ôT
N · ôN + jω [LN N ] (33)

where l̂p and l̂q are 1 × N vectors containing the series induc-
tance associated with transfer impedances from ports p and q to
the N capacitor ports, respectively. The N × N matrix [LN N ]
contains the inductances associated with the N capacitor ports.
The vector ôN is of length N and contains all 1 s. All these
inductance parameters can be obtained using (22). If the eigen
vectors and eigen values of [LN N ] are v̂i and λi , respectively,
then, with the following definitions:

αi = ôN · v̂i βp
i = l̂p · v̂i βq

i = l̂q · v̂i (34)

yi(ω) =
1

Zd(ω) + jωλi
(35)

α(ω) =
N∑

i=1

yi(ω)α2
i (36)

βp(ω) =
N∑

i=1

yi(ω)αiβ
p
i (37)

βq (ω) =
N∑

i=1

yi(ω)αiβ
q
i (38)

f (ω, α, βp , βq ) =
(

α

jωCb
+ jωβp

)(
α

jωCb
+ jωβq

)
(39)

the Z∆
qp , element in (32), is [13]

Z∆
qp (ω) ≈

N∑
i=1

yi(ω)f (ω, αi, β
p
i , βq

i )

− f (ω, α(ω), βp(ω), βq (ω))
jωCb + α(ω)

. (40)

The remaining parameters Z∆
pp , Z∆

qq , and Z∆
pq can be obtained

from (40) by interchanging p and q.

VI. CASE STUDY

The use of (31) with (40) for analyzing the loading effect of
multiple capacitors can be demonstrated by considering, as an
example, the power ground planes shown in Fig. 3 with the pa-
rameters of Table I. Twenty capacitors (N = 20) are connected
to the ports indicated. Ports p and q are located as shown and

Fig. 6. Transfer impedance between ports p and q for Cd = 10 and 100 nF
with εr = 4.24 such that Cb = 11.7 nF.

Fig. 7. Input impedance between ports p and q for Cd = 10 and 100 nF with
εr = 4.24 such that Cb = 11.7 nF.

are used to observe the behavior of the loaded planes. The de-
coupling capacitors are all of equal value Cd , and have parasitic
values Ld = 0.5 nH and Rd = 30 mΩ.

The loaded transfer impedances are first calculated using the
full cavity solution of (19) and (20) in (32) and (31) to give
impedance values that are correct for a wide range of frequen-
cies. This method is referred to as the “full cavity” method. The
loaded low-frequency parameters are then calculated according
to (31) but by using the low-frequency approximations (40) for
Z∆

qp , Z∆
pp , Z∆

qq , and Z∆
pq . This method is referred to the “LC

method.” The calculations are done up to 350 MHz so as to
include the first two cavity resonances of the structure.

The loaded parameters
�
Zqp and

�
Zpp are shown in Figs. 6 and

7 respectively for Cd = 10 and 100 nF.
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VII. DISCUSSION OF RESULTS

The results presented in Figs. 6 and 7 will be discussed by
considering three frequency regions indicated as A, B, and C.

A. Low-Frequency Region

In the low-frequency region, all the impedances are governed
by the combined effect of the capacitance of the planes Cb and
the total added decoupling N × Cd . In this region, the agree-
ment between the full cavity and LC methods is very good.

B. Capacitor Interaction Region

The next frequency region contains the interaction of the
decoupling capacitors Cd with each other by means of the
planes. These interactions are a consequence of the poles of
yi(ω) in (35). The poles occur at fi = 1/(2π

√
Cd(Ld + λi))

where i = 1, 2, 3, . . . , N . Thus, there is one pole for every ca-
pacitor. The spread of the poles with frequency is determined by
the spread of the eigen values λi , which, in turn, depends on the
location of the ports. The larger the value of Cd , the lower these
poles occur in the frequency spectrum. This is demonstrated in
Figs. 6 and 7.

The damping of the poles3 ζi = (Rd/2)
√

Cd/(Ld + λi) is
proportional to

√
Cd for constant Ld + λ and Rd . The influence

of varying Cd on the damping of these poles is seen in Figs. 6.
and 7. The individual poles are not visible as they are closely
spaced and Rd = 30 mΩ provides too much damping for them
to appear distinct. For this region, there is a very good agreement
between the full cavity and LC methods.

C. Capacitor–Plane Interaction Region

The next frequency region consists of a single, well-defined
pole that is easy to distinguish from the capacitor interaction
region. This pole corresponds to the frequency for which the
denominator of the second term in (40) is minimized. For ω �
ωi’s, the denominator can be approximated as

jωCb +
N∑

i=1

yi(ω)α2
i ≈ jωCb +

1
jω

N∑
i=1

α2
i

Ld + λi

= jωCb +
1

jωLD
(41)

where LD is a combination of all the Ld + λi terms. This LD

interacts with the board capacitance Cb in this frequency region
to produce another resonance. The location of this pole, as sug-
gested by (41), is approximately independent of Cd . Agreement
in this frequency range is still acceptable, although as shown,
this final pole may appear at frequencies that are even beyond
the second cavity resonance of the unloaded planes.

For still higher frequencies, the full cavity and the LC methods
begin to diverge.

3The denominator of (35) is a second-order system in terms of ω so the
damping of the poles can be obtained from second-order analysis.

TABLE II
COMPUTATIONAL SPEED COMPARISONS

VIII. COMPUTATIONAL ASPECTS

The computation of input and transfer impedances according
to LC method requires the evaluation of (40). This requires an
initial eigen mode decomposition of the [LN N ] matrix to obtain
the eigen values λi and eigen vectors vi . The summations in
(36) and are over the N load elements for every frequency point
and the algorithm is, therefore, O [N ]. If there is a change in the
placement of only one capacitor, a recalculation of a row or a
column in the [LN N ] matrix is required, and thus, a new eigen
decomposition is also required. A change in the location of the
impedance observation ports p and q does not effect [LN N ], and
therefore, no new decomposition needs to be done.

Table II shows the computational advantage gained by using
the LC method in contrast with using the full cavity method.
The calculations were performed on a 2-GHz Pentium personal
computer.

IX. CONCLUSION

Computationally efficient expressions for the impedance pa-
rameters of rectangular power bus structures have been devel-
oped. These expressions are valid over a wide frequency range
but show specifically the behavior of the supply system at low
frequencies. A cylindrical definition of the port has made it pos-
sible to identify the low-frequency characteristics of impedance
without having to make approximations concerning the geom-
etry of the port, such as it being rectangular or transforming it
to a 1-D port. Furthermore, the separation of the low-frequency
behavior from an infinite summation of impedance terms has
given rise to a fast converging summation that has a quantifiable
truncation error and is not influenced by the port size.

The low-frequency components of the impedance expressions
were used to develop a method for studying the interactions
between loading capacitors and the power ground planes. The
low-frequency approach, as expected, gives good results for fre-
quencies below the first cavity mode of the system. However,
from the case study presented, it is shown to give good results
for frequencies, that are even above the second cavity reso-
nance. This is somewhat surprising as for these frequencies,
the unloaded parameters exhibit cavity resonances that are not
predicted by the LC impedance. It is possible that the number
of capacitors and the regularity of their distribution will affect
the upper frequency to which the algorithm can be used. An
understanding of the factors would be beneficial.
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As the low-frequency model uses an LC representation for
the characteristics of the planes, it only accounts for 1/ω and
ω frequency trends of the unloaded parameters. This makes it
difficult to include copper loss due to skin effect, as this has a√

ω trend. Dielectric losses, however, can be incorporated as a
loss tangent in the dielectric of the “C” component of the model.

APPENDIX

A. Inductance Calculation

Since

j sin (jkna) =
−1
2

exp
(nπa

b

)(
1 − exp

(
−2nπa

b

))

≈ −1
2

exp
(nπa

b

)
(42)

it follows that L2(x, y) of (24) is approximately

L2 ≈ µd

π
2

∞∑
n=1

[
cosh kn (xp + x − a)

+ cosh kn (|xp − x| − a)
n exp (kna)

]

×1
2

[
cos kn (yp + y)

+ cos kn (yp − y)

]
The total error made in the approximation in (42) is less than

0.2% (i.e., the largest error is exp(−2π) for a = b and N = 1).
Since

cosh (a) cos (b)
exp (c)

=
1
4

×
(

exp(−a − c − jb) + exp(−a − c + jb)
+ exp(a − c − jb) + exp(a − c + jb)

)

and
∑∞

n=1 zn/n = − ln |1 − z| (see [10]), it is possible to write
expressions (25) as (24) with functions Fqp and Fpp defined as

Fqp (xp, yp , xq , yq )

=
(

T1 (xp + xq , yp + yq ) · T1 (xp + xq , yp − yq ) ·
T1 (|xp − xq | , yp + yq ) · T1 (|xp − xq | , yp − yq )

)
(43)

Fpp (xp, yp) = T2 (xp, yp) · T2 (xp, 0) · T2 (0, yp) · T3 (rv )
(44)

with

T1 (x, y) =
∣∣∣∣1 − exp

(
π

x − 2a + jy

b

)∣∣∣∣
×

∣∣∣∣1 − exp
(

π
−x + jy

b

)∣∣∣∣ (45)

T2 (x, y) =
∣∣∣∣1 − exp

(
2π

(x − a) + jy

b

)∣∣∣∣
×

∣∣∣∣1 − exp
(

2π
−x + jy

b

)∣∣∣∣ (46)

T3 (rv ) =
∣∣∣∣1 − exp

(
π
−2a

b

)∣∣∣∣ ∣∣∣πrv

b

∣∣∣ . (47)

B. Approximate Error Bound

An approximate truncation error bound for M terms in the
summation on M2 in (28) is

|E| ≤
∞∑

n=M +1

∣∣∣u(x,
√

k2 − k2
n ) − u(x, j kn )

∣∣∣. (48)

Substituting for u(x, k) from (13) and (14) and rearranging
gives

|E| ≤
∞∑

n=M +1




∣∣∣∣U (
xp + xq − a,

√
k2 − k2

n

)
−U (xp + xq − a, jkn )

∣∣∣∣∣∣∣∣U (
|xp − xq | − a,

√
k2 − k2

n

)
−U (|xp − xq | − a, jkn )

∣∣∣∣




.

Since
∂

∂x

∂

∂k
U (k, x) =

(a coth (ak) sinh (kx) − x cosh (kx))
sinh (ka)

= 0

for x = a and as the second derivative ∂2/∂2U (x, k) < 0 for
x = a, it follows that the maximum error occurs when x = a,
which is when xq = xp = a in the first term. Since the error in
the second term is always less than this, the upper bound is

|E| ≤ 2
∞∑

n=M +1

U
(
a,

√
k2 − k2

n

)
− U (a, j kn ) (49)

Now √
k2 − k2

n ≈ jkn

(
1 − 1

2

(
k

kn

)2
)

.

Let ∆n =
1
2

(
k

kn

)2

.

Then

|E|≺
∞∑

n=M +1

2
kn

[
cosh (akn (1−∆n ))

(1−∆n ) sinh (kna(1−∆n ))a
−cosh (akn )

sinh (kna)

]
.

(50)
Since cosh (kna) ≈ 1 (with error less than 0.37% for worst case
when a = b and N = 0). The ≺ sign is used to indicate an
approximate bound

|E| ≺ 2
∞∑

n=M +1

(
1

kn (1 − ∆n )
− 1

kn

)


 k2

1 − ∆N

∞∑
n=M +1

(
1
k3

n

)

≺ k2

1 − ∆M

(
b

π

)3 ∞∑
n=M +1

1
n3

≺ k2

1 − ∆M

(
b

π

)3 ∫ ∞

M

1
n3 dn

≈ k2b3

2M 2π3

(
1 +

1
2

(
bk

Mπ

)2
)

. (51)
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Thus, the upper approximate error bound is O
[
1/M 2

]
.

C. Double Summation

From [1]–[10]

Zqp =
jωµd

ab

∞∑
m=0

∞∑
n=0

Cm Cn sinc2 (kxm ∆) sinc2 (kyn∆)(
mπ
a

)2 +
(

nπ
b

)2 − k2

× cos (kxm xp) cos (kxm xq ) cos (kynyp) cos (kynyq )

(52)

where kxm = mπ/a, kyn = nπ/b and Cn = 1 for n = 1 and
Cn = 2 for n �= 1.
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