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Abstract 

 

Steady incoming flow past a long circular cylinder has been the topic of extensive 

studies due to its fundamental and practical significance. Three-dimensional (3D) 

direct numerical simulations (DNS) have been used in the present study to investigate 

the wake transition for flow past a circular cylinder under a few scenarios, i.e. an 

isolated circular cylinder (Chapters 2 and 3), a circular cylinder with a near-wake wire 

disturbance (Chapter 4), and a circular cylinder placed near to a moving wall (or 

equally that the body is moved in still fluid parallel to a stationary boundary) 

(Chapters 5 and 6), over a range of Reynolds number (Re) within 400. 

For flow past an isolated circular cylinder, the gradual wake transition process 

from Mode A* (i.e. Mode A with large-scale vortex dislocations, where Mode A is the 

first 3D instability mode which will evolve into Mode A*) to Mode B (the second 3D 

instability mode) is well captured over a range of Re from 230 to 260. The mode 

swapping process is investigated in detail with the aid of numerical flow visualization. 

With the increase of Re, there is a continuous decrease in the probability of 

occurrence of Mode A* and a continuous increase in the probability of occurrence of 

Mode B. A critical condition is confirmed at approximately Re = 265 – 270 where the 

weakest flow three-dimensionality is observed, marking a transition from the 

disappearance of Mode A* to the emergence of increasingly disordered Mode B 

structures. 

At Re in a small range below the critical Re for Mode A* instability, a stable 3D 

wake structure, called the stable state of Mode A, has been discovered. Compared 

with the conventional Mode A structure, the stable state of Mode A structure has a 

much weaker amplitude and does not evolve into vortex dislocations. The stable state 

of Mode A structure is triggered by small-scale spanwise disturbance introduced 

upstream of the cylinder, due to energy amplification through convective instability of 

the flow. The emergence of stable state of Mode A structure is correlated with both Re 

and the disturbance level. 
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The evolutions of Mode C wake characteristics with time and Re is examined 

based on the configuration of flow past a circular cylinder with a near-wake wire 

disturbance. Three evolution regimes are identified for the saturated Mode C flow, i.e. 

the well-defined regime, the non-uniform regime, and the chaotic regime. The 

intrinsic links between the Mode C flow structure and the vortex shedding frequency 

and force coefficients are also revealed. 

For flow past a circular cylinder placed near to a moving wall, the “near-wall 

effect” on the wake instabilities is investigated. The physical mechanisms responsible 

for the variations of the 2D hydrodynamic forces and onset point of vortex shedding 

with gap ratio G* and Re are revealed. In terms of 3D instability, the wake transition 

sequence of “2D steady → 3D steady → 3D unsteady” for low G* is analysed at G* = 

0.2. It is found that the 3D steady and 3D unsteady flows are triggered by Mode C 

instability due to wall proximity. However, the Mode C structure is not sustained 

indefinitely due to the interference with the wall shear layer. For G* ≥ 0.3, the wake 

undergoes a transition sequence of “2D unsteady → Mode A → mode swapping → 

Mode B”. In particular, vortex dislocation is suppressed at G* smaller than 

approximately 1.0, due to the confinement of the Mode A streamwise vortices by the 

plane wall. Detailed wake transition process and corresponding variations in the 

vortex shedding frequency and hydrodynamic forces are examined at G* = 0.4 where 

vortex dislocation is suppressed.  
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Chapter 1  

 

Introduction 

 

1.1. Background and motivations 

1.1.1. Flow past an isolated circular cylinder 

Steady incoming flow past a long circular cylinder at relatively low values of the 

Reynolds number (Re) has been the topic of extensive studies due to its fundamental 

and practical significance. It is well known that the flow is governed by a single 

dimensionless parameter Re (= UD/ν), where U is the approaching flow velocity, D is 

the cylinder diameter, and ν is the kinematic viscosity of the fluid. Methods of 

investigation have included physical model testing, direct numerical simulation 

(DNS), linear and non-linear stability analysis, transient growth analysis, etc. 

Comprehensive reviews on investigations of flow with different methodologies can be 

found, for example, in Williamson (1996a, 1996b) and Posdziech and Grundmann 

(2001). 

Based on these investigations, it has been shown (e.g. Williamson, 1996a) that 

with increasing Re the flow structure in the cylinder wake undergoes a transition 

sequence of: 

(1) emergence of two-dimensional (2D) primary wake instability at Re ~ 47, 

(2) onset of Mode A (the first three-dimensional (3D) instability mode, with a 

spanwise wavelength of approximately 4D and an out-of-phase sequence between 

the neighbouring braids, see, e.g., Fig. 2.3(a,c)) instability with large-scale vortex 

dislocations (denoted as Mode A*, see, e.g., Fig. 2.3(b,d), where the ordered Mode 

A vortex structures break down) at Re ~ 190, 



2 

(3) gradual transition from Mode A* to Mode B (the second 3D instability mode, with 

a spanwise wavelength of approximately 0.82D and an in-phase sequence between 

the neighbouring braids, see, e.g., Fig. 2.4) over a range of Re from 230 to 250, 

and 

(4) development of increasingly disordered Mode B structure for Re beyond 260. 

The above transition sequence of 2D→A*→B (Williamson, 1996b) is routinely 

referred to in the literature. However, Williamson (1996b) inferred that “there exists a 

very small range of Re for which the flow is unstable to small scales of Mode A, but 

whose amplitude is too weak to trigger intermittent vortex dislocations”. Based on this, 

Williamson (1996b) suggested a possible flow transition sequence of 

2D→A→A*→B, where mode “A” is free from vortex dislocations. This transition 

sequence is not widely adopted in the literature mainly because the stable state of 

Mode A has not been confirmed either experimentally or numerically. 

Many previous studies have focused on identifying the critical Reynolds number 

Recr at which Mode A* wake instability emerges. The Recr values identified by some 

experimental studies are: 150 by Roshko (1954) and Tritton (1959), 165 by Norberg 

(1994), 178 by Williamson (1988, 1989), 194 by Williamson (1996b), and 205 by 

Miller and Williamson (1994). It was discovered (Williamson, 1996b) that the low 

values of Recr identified by early experimental studies were largely due to the “end 

effect”. Williamson (1996b) extended the Recr value to 194 by eliminating end effects 

using non-mechanical end conditions. This value is very close to the Recr values of 

188.5 (±1.0), 190.2 (±0.02) and 190.5 predicted through linear stability analysis by 

Barkley and Henderson (1996), Posdziech and Grundmann (2001), and Rao et al. 

(2013a), respectively. 

In contrast to linear stability analysis, many previous non-linear 3D DNS studies 

reported higher Recr values of ~ 200 (e.g. Karniadakis and Triantafyllou, 1992; Behara 

and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014). Jiang et al. (2017) showed that 

the over-prediction of Recr reported in the literature using 3D DNS is mainly due to 

insufficient computational mesh resolution in the plane perpendicular to the cylinder 

axis. Based on an optimized computational mesh, Jiang et al. (2017) managed to 



3 

lower the Recr value to 190.74. 

In previous 3D DNS studies, the Recr was normally identified by observing a 

corresponding sudden drop of the Strouhal number St in the St–Re relationship (e.g. 

Behara and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014) or by analysing the 

growing/decaying trend of the time-history of spanwise velocity (e.g. Karniadakis and 

Triantafyllou, 1992). However, less attention has been paid to the wake flow structure 

at Re < Recr, although the wake structure for Re > Recr has been studied extensively. 

Hence the stable state of Mode A structure at Re < Recr inferred by Williamson (1996b) 

has neither been confirmed nor been proven non-existent by previous 3D DNS studies 

reported in the literature. 

Therefore, the first aim of this study is to examine and explain the existence of 

the stable state of Mode A structure at Re < Recr by using 3D DNS. 

According to the experimental study by Williamson (1996b), Mode B wake 

instability first emerges at Re ~ 230, which is much lower than the critical Re of 259 

and 261 (±0.2) for Mode B instability predicted through linear stability analysis by 

Barkley and Henderson (1996) and Posdziech and Grundmann (2001), respectively. 

According to Henderson (1997), this is because the existence of Mode A* instability 

would destabilize Mode B in the non-linear interaction between the two modes. In 

contrast, the linear stability analyses by Barkley and Henderson (1996) and Posdziech 

and Grundmann (2001) were performed based on a 2D base flow. Based on non-linear 

stability analyses, Barkley et al. (2000) and Sheard et al. (2003a) predicted Re ranges 

for the transition from Mode A* to Mode B of 230 – 265 and 230 – 260, respectively, 

which are in good agreement with the transition range of Re = 230 – 250 observed by 

Williamson (1996a) through experiments. 

The experimental study by Williamson (1996b) has revealed that the wake 

transition from Mode A* to Mode B is a gradual process with intermittent swapping 

between the two modes. In this transition regime, two distinct vortex shedding 

frequencies corresponding to each of the two modes can be observed (Williamson, 

1996b). 

Investigations of the wake transitions of flow past a circular cylinder have also 
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been attempted using 3D DNS to account for the non-linear behaviours of the flow. 

Williamson (1996a, 1996b) and Posdziech and Grundmann (2001) provided extensive 

reviews of DNS studies on the flow and these will not be reviewed again in this study. 

In brief, two approaches have been employed to investigate the flow. One is the 

spectral element approach which employs Fourier expansion to model spanwise 

variations in pressure and velocity, on the assumption of spanwise periodicity in the 

flow structure. The second is based on the conventional finite volume method (FVM) 

and finite element method (FEM) formulations which are routinely applied to flows 

involving complex geometries. Henderson (1997) and Braza et al. (2001) confirmed 

the existence of natural vortex dislocations at Re = 220 using a spectral element 

method and FVM, respectively, with relatively large span lengths of more than 12D. 

Henderson (1997) also examined the vorticity field and found mixed modes A* and B 

at Re of 220 and 265. On the other hand, Behara and Mittal (2010) studied the energy 

transfer from Mode A* to Mode B by analysing the power spectra of the velocity 

signal in the near wake, and found the transition occurred at Re ~ 270 (while only 

Mode A* appeared at Re = 250), which was higher than the transition range of Re = 

230 – 250 reported by Williamson (1996a). 

In light of these earlier works, the second aim of this study is to investigate the 

wake transition from Mode A* to Mode B. This aim has been pursued because 

although the fundamental mechanisms of the wake transition from Mode A* to Mode 

B are well understood, the actual transition process has not been studied in a great 

detail. Since the focus of the study is on the wake transition and mode interaction 

beyond the Recr point, non-linear 3D DNS are adopted. Due to a rapid increase of 

computing power in recent years, it has become possible to use a high computational 

mesh resolution within a large domain size to run simulations for a sufficiently long 

flow time for the investigation of the fully developed flow. 

 

1.1.2. Flow past a circular cylinder with a near-wake wire disturbance 

As mentioned in § 1.1.1, for the case of flow past a circular cylinder, two 3D 
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wake instabilities modes (i.e. Modes A and B, note Mode A* is originated from Mode 

A) occur with increase of Re. Based on different numerical and experimental 

approaches, a similar transition sequence has also been observed for flow past a 

square cylinder (Robichaux et al., 1999; Sohankar et al., 1999; Luo et al., 2003, 2007). 

For other bluff body flows, e.g. an elliptic cylinder (Leontini et al., 2015), a circular 

ring (Sheard et al., 2003b), a rotating circular cylinder (Rao et al., 2013b), two 

circular cylinders in staggered arrangements (Carmo et al., 2008), etc., several wake 

instability modes including Modes A and B were observed. The additional wake 

instability modes are due to the movement or a different geometric configuration of 

the bluff body, or the interference of other nearby bluff bodies or boundaries. 

Apart from Modes A and B, one of the commonly observed wake instability 

modes in bluff body flows is Mode C. The most striking feature of Mode C is that it is 

subharmonic and 2T-periodic (T being the vortex shedding period) (Sheard et al., 

2005a). The Mode C instability is often observed when the Z2 spatiotemporal 

symmetry of the wake is broken by a perturbation imposed on the bluff body 

(Blackburn and Sheard, 2010) which can normally be a geometric configuration or a 

movement that is asymmetric about the wake centreline, e.g. a circular cylinder with a 

trip-wire in the near-wake but offset from the wake centreline (Zhang et al., 1995; 

Yildirim et al., 2013a, 2013b), a circular ring (Sheard et al., 2003b, 2004, 2005b), a 

rotated square cylinder (Sheard et al., 2009), two circular cylinders in staggered 

arrangements (Carmo et al., 2008), a rotating circular cylinder (Rao et al., 2013b), a 

rotating circular cylinder near a moving wall (Rao et al., 2015a), etc. 

Linear stability analysis has been widely adopted in the prediction of the 

characteristics of the wake instability modes, including the critical Re (denoted as 

Recr), the spanwise wavelength, and the spatiotemporal symmetry of the mode. For 

example, the Mode C instability reported in a number of scenarios were predicted 

using linear stability analysis (e.g. Sheard et al., 2003b; Carmo et al., 2008; Sheard et 

al., 2009; Rao et al., 2013b, 2015a). However, the temporal evolution of the Mode C 

structure and the non-linear wake transition process with increase of Re are relatively 

rarely explored. 
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The Mode C wake instability was first observed both experimentally (with Dw/D 

= 0.006, where Dw is the diameter of the wire) and numerically (with Dw/D = 0.05) by 

Zhang et al. (1995) by placing a trip-wire at (x/D, y/D) = (0.75, 0.75) in the near-wake 

of a main circular cylinder. The Mode C structure was observed in their flow 

visualization experiments over a range of Re from 170 to 270, with a spanwise 

wavelength of ~ 2D. The Mode C flow was periodic for 170 < Re < 200 and 

quasi-periodic for 200 < Re < 270. Based on their numerical study, the spanwise 

wavelength of Mode C was 1.8D at Re = 210. A recent experimental study by Yildirim 

et al. (2013a), where a trip-wire of Dw/D = 0.01 was placed at the same near-wake 

location to that in Zhang et al. (1995), observed the Mode C structure over a range of 

Re from the onset point of 165 – 180 to the largest Re of 300 considered in their study. 

The Mode C structure became more disordered with increase of Re, whereas no 

drastic changes were observed in the vortex structure. The spanwise wavelength of 

Mode C was around 2D according to Yildirim et al. (2013a) and was found to be 

scattered between 1.8D and 2.4D in Yildirim et al. (2013b) after further analysis. 

Yildirim et al. (2013a) also suggested that the feedback of streamwise vortices 

between two consecutive primary vortices on the wire side is the reason for the 

self-sustaining of the Mode C structure at the same spanwise locations. In addition, 

Rao et al. (2015b) examined the influence of a small upstream wire on the emergence 

of Mode C in the wake of a rotating circular cylinder, and found that the emergence of 

Mode C was influenced by the location and diameter of the wire. 

In light of the earlier works, the third aim of this study is to investigate the 

evolutions of Mode C wake characteristics with time and Re, based on the 

configuration of a circular cylinder with a near-wake wire disturbance as used 

previously in Zhang et al. (1995) and Yildirim et al. (2013a, 2013b). The present DNS 

results are expected to complement the findings by Zhang et al. (1995) and Yildirim et 

al. (2013a, 2013b) with quantitative descriptions of the Mode C wake flow structure 

and hydrodynamic forces on the cylinder. 
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1.1.3. Flow past a circular cylinder placed near to a moving wall 

For the case of an isolated circular cylinder, the flow is governed solely by the 

Reynolds number. However, in any practical scenario additional parameters will 

influence flow separation, vortex shedding and transition to turbulence. One example 

is the presence of a plane boundary, located so that the long axis of the cylinder is at 

some perpendicular distance G + D/2 from the wall, where G is the gap between the 

cylinder and plane boundary. In this arrangement the plane boundary may be 

representative, for example, of the “seabed” or “ground” in practical applications 

involving bluff bodies such as pipelines. 

Because of its practical relevance the problem of flow past a circular cylinder 

near a stationary wall has been investigated extensively. An important feature of this 

problem is that a boundary layer is developed near the stationary wall, which 

complicates the local flow around the cylinder. Consequently the flow near the 

cylinder is dependent on not only the Reynolds number and the non-dimensional gap 

ratio G* (= G/D), but also the properties of the boundary layer. 

For different boundary layer profiles, extensive experimental studies have 

revealed that vortex shedding is suppressed at G* < ~0.3 for Re in the sub-critical 

regime ranging from 1.2×10
3
 to 2.5×10

4
 (e.g. Bearman and Zdravkovich, 1978; Grass 

et al., 1984; Lei et al., 1999; Price et al., 2002; Wang and Tan, 2008). Based on a 2D 

DNS which employed the Blasius boundary layer profile at the inlet, Lei et al. (2000) 

found that at lower Re the critical G* for vortex shedding suppression was 0.2 at Re ≥ 

800 (with a boundary layer thickness δ/D at the location of the cylinder of 

approximately 0.5), but increased to 0.6 at Re = 200 (δ/D = 0.9) and 1.0 at Re = 100 

(δ/D = 1.2). In each of these scenarios the boundary layer varied with Re. Thapa et al. 

(2014) studied the 3D flow structure at Re = 500 and both G* = 0.4 and 0.8 by 

adopting the logarithmic law of wall for the inlet flow profile, and found that the 

streamwise vortices (a representation of the flow three-dimensionality) were much 

weaker than those for an isolated cylinder. However, it is worth noting that even by 

adopting a prescribed boundary layer profile (e.g. Blasius or logarithmic profile) at 
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the inlet, the boundary layer profile may still develop with distance from the inlet, 

which complicates further the flow around the cylinder. 

Because of the dependence of these earlier results to the boundary layer profile, in 

addition to Re and G*, the parameter space for numerical simulations is large. 

Consequently, in the present work it is assumed that the boundary moves at the same 

speed as the upstream flow (or equally that the body is moved in still fluid parallel to 

a stationary boundary). This arrangement avoids any upstream boundary layer, such 

that the flow is only dependent on Re and G*. This allows for a more systematic study 

focussing on the “near-wall effect”. 

Several different studies have focused on the flow around a circular cylinder near 

a moving wall. For example, by towing a circular cylinder close to a stationary wall at 

Re = 170 (Taneda, 1965) and Re = 3550 (Zdravkovich, 1983), Taneda (1965) and 

Zdravkovich (1983) observed alternate vortex shedding at G* = 0.6, whereas only a 

single row of vortices was developed at G* = 0.1. Huang and Sung (2007) performed 

2D DNS for a circular cylinder near a moving wall for G* ≥ 0.1 and Re = 200 – 500, 

and reported variations of the pressure and force coefficients with G* and Re. They 

also reported that at Re = 300 alternate vortex shedding was suppressed at G* ≤ 0.28, 

and a single vortex row at the upper side of the cylinder dominated the flow for G* ≤ 

0.28. Yoon et al. (2010) carried out 2D DNS for G* ≥ 0.1 and Re = 60 – 200, and 

investigated variations of the pressure and force coefficients with G* and Re. Rao et al. 

(2013a) showed that while the 2D unsteady wake at larger G* is characterised by the 

formation of the classical Kármán vortex streets, vortex shedding at smaller G* (e.g. 

G* = 0.1 or 0.01) is characterised by the pairing of the negatively signed separating 

shear layer from the top of the cylinder and the positively signed vortex from the 

boundary layer at the wall. It has been revealed from the above studies that without 

the upstream boundary layer effect vortex shedding can at least be observed at a G* of 

as low as 0.1. However, the physical mechanisms responsible for the variations of the 

hydrodynamic forces and onset point of vortex shedding, on the basis of the flow 

characteristics at different G* and Re, have not been addressed in detail. This forms 

the fourth aim of the present study. 
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Stewart et al. (2010), through a linear stability analysis, observed a wake 

transition sequence of “2D steady → 3D steady → 3D unsteady” for flow past a 

circular cylinder near a moving wall with G* = 0.005, rather than the sequence of “2D 

steady → 2D unsteady → 3D unsteady” for the case of an isolated cylinder 

(Williamson, 1996b). By adopting a similar linear stability analysis, Rao et al. (2013a, 

2015b) obtained critical Re for 2D and 3D wake transitions (denoted as Recr2D and 

Recr3D, respectively) for flow past a circular cylinder near a moving wall for G* ≥ 

0.005. Rao et al. (2013a) also observed the transition sequence of “2D steady → 3D 

steady → 3D unsteady” in the range of G* ≤ 0.22. However, the distinctive transition 

sequence for G* ≤ 0.22 has not been studied in a great detail in terms of the transition 

mechanism and the actual non-linear 3D steady and 3D unsteady flow structures 

(which may be different from the well-known Mode A and Mode B flow structures 

observed by Williamson (1996b) for the case of an isolated cylinder). This forms the 

fifth aim of the present study. 

For G* ≥ 0.3, the flow undergoes a transition sequence of “2D steady → 2D 

unsteady → 3D unsteady” (Rao et al., 2013a, 2015b), in line with the transition 

sequence for an isolated cylinder (Williamson, 1996b). Rao et al. (2015b), through a 

linear stability analysis, found a Mode A instability at Recr3D, followed by a Mode B 

instability at a higher Re level. However, the unstable 3D modes discovered from 

linear stability analysis are based on a 2D base flow, without taking into account the 

non-linear interactions between the unstable modes (Henderson, 1997). For example, 

for the case of an isolated cylinder, the onset point for Mode B instability obtained by 

Barkley and Henderson (1996) through linear stability analysis was Re = 259, 

whereas the actual Mode B structure was observed in physical experiments at a Re of 

as low as 230 (Williamson, 1996b). 

Therefore, the sixth aim of the present study is to examine the 3D wake 

transition and interactions of the 3D wake modes for flow past a circular cylinder near 

a moving wall at G* ≥ 0.3. This is achieved using 3D DNS. The wake flow is 

compared with the wake transition process and the characteristics of the well-known 

Mode A and Mode B structures observed for an isolated cylinder. 
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1.2. Thesis outline 

This thesis comprises 7 chapters. The remainder of the thesis is organized in the 

following manner. 

Chapter 2 investigates detailed wake transition process from Mode A* to Mode B 

for flow past an isolated circular cylinder (the second aim raised in § 1.1). 

Chapter 3 examines the existence of the stable state of Mode A structure at Re 

below the critical Re for Mode A* instability (the first aim). 

Chapter 4 investigates the evolutions of Mode C wake characteristics with time 

and Re, based on the configuration of flow past a circular cylinder with a near-wake 

wire disturbance (the third aim). 

Chapters 5 and 6 focus on the “near-wall effect” of flow past a circular cylinder 

placed near to a moving wall. 

Chapter 5 investigates the physical mechanisms responsible for the variations of 

the 2D hydrodynamic forces and onset point of vortex shedding with G* and Re (the 

fourth aim), and the mechanisms for the wake transition of “2D steady → 3D steady 

→ 3D unsteady” at a low G* of 0.2 (the fifth aim). 

Chapter 6 examines the wake transition process and interactions of the 3D wake 

modes for G* ≥ 0.3, with comparison to the wake transition process for an isolated 

cylinder (the sixth aim). 

Chapter 7 summarizes the main outcomes of this study, along with some 

recommendations for future studies. 
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Chapter 2  

 

Three-dimensional wake transition of an isolated 

circular cylinder† 

 

Abstract: This paper presents three-dimensional (3D) direct numerical simulations 

(DNS) of flow past a circular cylinder over a range of Reynolds number (Re) up to 

300. The gradual wake transition process from Mode A* (i.e. Mode A with large-scale 

vortex dislocations) to Mode B is well captured over a range of Re from 230 to 260. 

The mode swapping process is investigated in detail with the aid of numerical flow 

visualization. It is found that the Mode B structures in the transition process are 

developed based on the streamwise vortices of Mode A or A* which destabilize the 

braid shear layer region. For each case within the transition range, the transient mode 

swapping process consists of dislocation and non-dislocation cycles. With the increase 

of Re, it becomes more difficult to trigger dislocations from the pure Mode A structure 

and form a dislocation cycle, and each dislocation stage becomes shorter in duration, 

resulting in a continuous decrease in the probability of occurrence of Mode A* and a 

continuous increase in the probability of occurrence of Mode B. The occurrence of 

Mode A* results in a relatively strong flow three-dimensionality. A critical condition 

is confirmed at approximately Re = 265 – 270 where the weakest flow 

three-dimensionality is observed, marking a transition from the disappearance of 

Mode A* to the emergence of increasingly disordered Mode B structures. 

 

                                                        
†
 This chapter is presented as a paper which has been published as “Jiang, H., Cheng, L., Draper, 

S., An, H., Tong, F., 2016. Three-dimensional direct numerical simulation of wake transitions of a 

circular cylinder. Journal of Fluid Mechanics 801, 353–391.” 
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2.1. Introduction 

Steady incoming flow past a long circular cylinder at relatively low values of the 

Reynolds number (Re) has been the topic of extensive studies due to its fundamental 

and practical significance. It is well known that the flow is governed by a single 

dimensionless parameter Re, which is defined based on the approaching flow velocity 

U, the cylinder diameter D and the kinematic viscosity of the fluid ν. Methods of 

investigation have included physical model testing, direct numerical simulation (DNS) 

and linear (and non-linear) stability analysis. Comprehensive reviews on 

investigations of flow with different methodologies can be found, for example, in 

Williamson (1996a, 1996b) and Posdziech and Grundmann (2001). Based on these 

investigations, it has been shown (e.g. Williamson, 1996a) that for flow past a circular 

cylinder the flow structure in the wake will undergo a transition sequence of: (1) 

emergence of primary wake instability at Re ~ 47, (2) onset of Mode A instability with 

large-scale vortex dislocations (i.e. Mode A*) at Re ~ 190, (3) the gradual transition 

from Mode A* to Mode B over a range of Re from 230 to 250, and (4) development of 

increasingly disordered Mode B structure beyond Re = 260. 

Many previous studies have focused on identifying the critical Reynolds number 

Recr at which Mode A* wake instability emerges. The Recr values identified by some 

experimental studies are: 150 by Roshko (1954) and Tritton (1959), 165 by Norberg 

(1994), 178 by Williamson (1988, 1989), 194 by Williamson (1996b), and 205 by 

Miller and Williamson (1994). It was discovered that the low values of Recr identified 

by early experimental studies were largely due to the “end effect” (Williamson, 

1996b). Williamson (1996b) extended the Recr value to 194 by eliminating end effects 

using non-mechanical end conditions. This value is very close to the Recr values of 

188.5 (±1.0), 190.2 (±0.02) and 190.5 predicted through linear stability analysis by 

Barkley and Henderson (1996), Posdziech and Grundmann (2001), and Rao et al. 

(2013), respectively. 

According to the experimental study by Williamson (1996b), Mode B wake 

instability first emerges at Re ~ 230, which is much lower than the critical Re of 259 
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and 261 (±0.2) for Mode B instability predicted through linear stability analysis by 

Barkley and Henderson (1996) and Posdziech and Grundmann (2001), respectively. 

According to Henderson (1997), this is because the existence of Mode A* instability 

would destabilize Mode B in the non-linear interaction between the two modes. In 

contrast, the linear stability analyses by Barkley and Henderson (1996) and Posdziech 

and Grundmann (2001) were performed based on a two-dimensional (2D) base flow. 

Based on non-linear stability analyses, Barkley et al. (2000) and Sheard et al. (2003) 

predicted Re ranges for the transition from Mode A* to Mode B of 230 – 265 and 230 

– 260, respectively, which are in good agreement with the transition range of Re = 230 

– 250 observed by Williamson (1996a) through experiments. 

The experimental study by Williamson (1996b) has revealed that the wake 

transition from Mode A* to Mode B is a gradual process with intermittent swapping 

between the two modes. In this transition regime, two distinct vortex shedding 

frequencies corresponding to each of the two modes can be observed (Williamson, 

1996b). 

Investigations of the wake transitions of flow past a circular cylinder have also 

been attempted using three-dimensional (3D) DNS to account for the non-linear 

behaviours of the flow. Williamson (1996a, 1996b) and Posdziech and Grundmann 

(2001) provided extensive reviews of DNS studies on the flow and these will not be 

reviewed again in this study. In brief, two approaches have been employed to 

investigate the flow. One is the spectral element approach which employs Fourier 

expansion to model spanwise variations in pressure and velocity, on the assumption of 

spanwise periodicity in the flow structure. The second is based on the conventional 

finite volume method (FVM) and finite element method (FEM) formulations which 

are routinely applied to flows involving complex geometries. Henderson (1997) and 

Braza et al. (2001) confirmed the existence of natural vortex dislocations at Re = 220 

using a spectral element method and FVM, respectively, with relatively large span 

lengths of more than 12D. Henderson (1997) also examined the vorticity field and 

found mixed modes A* and B at Re of 220 and 265. On the other hand, Behara and 

Mittal (2010) studied the energy transfer from Mode A* to Mode B by analysing the 
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power spectra of the velocity signal in the near wake, and found the transition 

occurred at Re ~ 270 (while only Mode A* appeared at Re = 250), which was higher 

than the transition range of Re = 230 – 250 reported by Williamson (1996a). 

In light of these earlier works, the primary aim of this study is to investigate the 

wake transition from Mode A* to Mode B. This aim has been pursued because 

although the fundamental mechanisms of the wake transition from Mode A* to Mode 

B are well understood, the actual transition process has not been studied in great detail. 

Due to the rapid increase of computing power in recent years, it has become possible 

to use a high computational mesh resolution within a large domain size to run 

simulations for a sufficiently long flow time for the investigation of the fully 

developed flow. The rest of this paper is organized in the following manner. In § 2.2, 

the governing equations, numerical model and model validation are presented. The 

Mode A* and Mode B vortex structures are discussed in § 2.3.1. The gradual wake 

transition from Mode A* to Mode B and a critical condition at Re = 265 – 270 are 

discussed in § 2.3.2 and § 2.3.3, respectively. Finally, major conclusions are drawn in 

§ 2.4. 

 

2.2. Numerical model 

2.2.1. Numerical method 

Numerical simulations have been carried out with OpenFOAM 

(www.openfoam.org) to solve the continuity and incompressible Navier-Stokes 

equations: 
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where 1 2 3( , , ) ( , , )x x x x y z  are the Cartesian coordinates, ui is the velocity 

component in the direction of xi, t is time, ρ is fluid density, p is pressure, and ν is the 

kinematic viscosity of the fluid. Equations (2.1) and (2.2) are solved with the FVM 

http://www.openfoam.org/
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approach and the PISO (Pressure Implicit with Splitting of Operators) algorithm (Issa, 

1986). The convection term is discretized using the fourth-order cubic scheme, while 

the diffusion term is discretized using a second-order linear scheme. A blended 

scheme consisting of the second-order Crank-Nicolson scheme and first-order Euler 

implicit scheme is used to integrate the equations in time. 

 

2.2.2. Boundary conditions 

A hexahedral computational domain of 50D×40D×12D, as shown in Fig. 2.1(a), 

is adopted for the FVM simulations. At the inlet boundary, a uniform flow velocity U 

is specified in the x-direction. At the outlet, the Neumann boundary condition (i.e. 

zero normal gradient) is applied for the velocity, and the pressure is specified as a 

reference value of zero. A symmetry boundary condition is applied at the top and 

bottom boundaries, whereas a periodic boundary condition is employed at the two 

lateral boundaries perpendicular to the spanwise direction. A non-slip boundary 

condition is applied on the cylinder surface. 

 

  

(a)                                    (b) 

Fig. 2.1. (a) Schematic model of the computational domain, and (b) Close-up view of 

the reference mesh near the cylinder. 
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2.2.3. Computational mesh and domain 

The computational mesh and domain size have been chosen based on a thorough 

parameter dependence check, which is reported separately in Appendix A. The 

selected 2D mesh and the resulting 3D mesh are referred to as the standard meshes 

and are used throughout the present study unless otherwise stated. The numerical 

results obtained with the standard meshes have been demonstrated to be generally 

converged and consistent with independent numerical results reported by Posdziech 

and Grundmann (2001) based on a mesh dependence check. 

 

2.2.4. Model validation 

The numerical model used in this study was further validated with the simulation 

results of flow past a circular cylinder over a range of Re from 40 to 300. Based on the 

standard 2D and 3D meshes, the predicted St–Re (St being the Strouhal number, see 

equation (2.10)) relationship over the laminar and 3D wake transition regimes is 

shown in Fig. 2.2, together with previous independent experimental and numerical 

results reported in the literature. The present 2D results agree well with the 2D results 

reported by Barkley and Henderson (1996). The unsteady 2D flow appears at Re = 47, 

which is consistent with the numerical results by Henderson (1997) and Posdziech 

and Grundmann (2001), and very close to the experimental result of Re = 49 by 

Williamson (1996a). The present 3D results are also in good agreement with the 

experimental results reported in the literature (Fig. 2.2). It is noticed that the predicted 

sudden drop of St occurs at a considerably higher Re (~ 194) than the Re (~ 178) 

reported by Williamson (1996a). The Re corresponding to the sudden drop of St in the 

St–Re relationship is often identified as Recr in the literature. As stated by Williamson 

(1996b), the earlier transition point in Williamson (1996a) is largely due to end 

contamination in the experiments. By eliminating the end contaminations, Williamson 

(1996b) obtained an Recr of 194. The Recr from the present DNS study based on the 

standard 3D mesh is also 194. This value is also close to the Recr values of 188.5 

(±1.0), 190.2 (±0.02) and 190.5 predicted through linear stability analysis by Barkley 
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and Henderson (1996), Posdziech and Grundmann (2001), and Rao et al. (2013), 

respectively. 
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Fig. 2.2. The St–Re relationship over the laminar and 3D wake transition regimes. 

 

2.3. Numerical results 

Numerical simulations have been carried out for Re up to 300 in order to predict 

the wake transitions beyond Recr, including the interactions of Mode A* and Mode B 

structures, and the disappearance of Mode A* and transition to pure Mode B states. 

The wake transitions are identified qualitatively through numerical flow visualizations 

and quantitatively through examining the dependence of various flow properties on Re, 

e.g. Strouhal number, drag and lift force coefficients (equations (2.8–9)), base 

pressure coefficient (equation (2.11)), streamwise vorticity, streamwise enstrophy, 

spanwise flow velocity, and spanwise disturbance energy. The normalized streamwise 

vorticity ωx is defined as: 

yz
x
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The streamwise enstrophy εx and spanwise disturbance energy Ez are defined as: 

21
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where V is the volume of the flow field of interest. 

 

2.3.1. Vortex structures of Modes A* and B 

Before the examination of the complicated transition process from Mode A* to 

Mode B which involves a mixture of the two modes and a mode swapping process, 

the vortex structures of the two modes are examined separately at Re = 220 and Re = 

300, respectively, through numerical flow visualizations. The vortex cores are 

captured by the second negative eigenvalue λ2 of the tensor Ψ
2
 + Ω

2
, where Ψ and Ω 

are the symmetric and antisymmetric parts of the velocity gradient tensor, respectively 

(Jeong and Hussain, 1995). Fig. 2.3 and Fig. 2.4 show the iso-surfaces of λ2 = –0.05 

(coloured by ωx) at Re = 220 (Mode A) and Re = 300 (Mode B), respectively. From 

the visualization of the vortex structures, some particular features of the two modes, 

which are consistent with the experimental results reported in the literature (e.g. 

Williamson, 1996b), are summarized as follows: 

1. The 3D wake patterns are characterized by the development of a pure Mode A 

structure (Fig. 2.3(a)) and a pure Mode B structure (Fig. 2.4(a)) at the early stages. 

However, the pure Mode A structure only lasts for a short period of time before it 

evolves into a more stable pattern with large-scale dislocations, i.e. Mode A* (Fig. 

2.3(b)), as observed by Williamson (1996b) and confirmed by numerical studies 

with different mathematical formulations (e.g. Henderson, 1997; Braza et al., 2001; 

Behara and Mittal, 2010). After the evolution of dislocations, the primary vortices 

and streamwise vortex pairs become less regular and exhibit phase differences in 

the spanwise direction (Fig. 2.3(b)). The dislocations can also be observed from 

the comparison of the Kármán vortex streets in the z-normal view (Fig. 2.3(c,d)). 

In contrast, the Mode B structure does not contain large-scale dislocations 

(Williamson, 1996b). For instance, for the Re = 300 case, only pure Mode B 
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structure is observed for the whole simulation process (t* = Ut/D = 0 – 2440 with 

an output interval of 10) (see, e.g., the vortex structures at two distant steps shown 

in Fig. 2.4). 

2. It has been demonstrated in Williamson (1996b), Leweke and Williamson (1998), 

and Thompson et al. (2001) that the occurrence of Mode A is due to an elliptic 

instability of the primary vortex cores and the formation of streamwise vortex 

pairs through Biot-Savart induction, whereas the occurrence of Mode B is due to a 

hyperbolic instability of the braid shear layer region. In Fig. 2.3(a) (Mode A), the 

wavy pattern of the primary vortex cores (labelled from 1 to 9) can be observed, 

and the streamwise vortex pairs are originated from the primary vortex cores. In 

Fig. 2.4(a) (Mode B), the primary vortices (labelled from 1 to 10) are more stable, 

without large-scale spanwise waviness. It is also seen from the z-normal view that 

for Mode A, the primary vortex cores have stretched projections due to spanwise 

waviness (Fig. 2.3(c)), while for Mode B, the projections of the primary vortices 

are in the shape of hollow circles, and the primary and streamwise vortices are 

largely independent of one another. 

3. At Re = 220 (Mode A), three streamwise vortex pairs are observed within the 12D 

spanwise range (Fig. 2.3(a)), indicating a spanwise wavelength of approximately 

4D. As pointed out by Williamson (1996b), the spanwise wavelength of the wavy 

primary vortex cores is naturally equal to the wavelength of the streamwise vortex 

pairs. In contrast, at Re = 300 (Mode B), 14 streamwise vortex pairs are observed, 

resulting in a spanwise wavelength of approximately 0.86D (Fig. 2.4(a,b)). It is 

found that the vortex pairs can be better visualized and counted from the 

iso-surfaces of ωx 
shown in Fig. 2.5. 

4. The streamwise vortices of Mode A exhibit an out-of-phase sequence between the 

neighbouring braids (Fig. 2.3(a)), whereas an in-phase pattern is found in Mode B 

(Fig. 2.5). This is consistent with the experimental findings reported by 

Williamson (1996a, 1996b). 

5. Mode B can only be observed in the near wake (e.g. less than x = 10D in Fig. 

2.4(a)), whereas Mode A is sustainable for a much longer distance than Mode B in 
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the downstream direction (e.g. more than x = 20D in Fig. 2.3(a)). This is also 

consistent with the experimental findings reported by Williamson (1996a, 1996b). 

 

  

(a)                                            (b) 

 

  

(c)                                            (d) 

Fig. 2.3. Iso-surfaces of λ2 = –0.05 (coloured by ωx) 
at Re = 220: (a) ordered Mode A 

flow at t* = 200 (with high mesh resolution for the entire wake), (b) Mode A* at t* = 

2600, and (c) and (d) are the z-normal views. The flow is from the left to the right past 

the cylinder on the left. 
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(a)                                            (b) 

 

  

(c)                                            (d) 

Fig. 2.4. Iso-surfaces of λ2 = –0.05 (coloured by ωx) 
at Re = 300: (a) Mode B at t* = 

160 (with high mesh resolution for the entire wake), (b) Mode B at t* = 1820, and (c) 

and (d) are the z-normal views. The flow is from the left to the right past the cylinder 

on the left. 
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 (a)                                           (b) 

Fig. 2.5. Iso-surfaces of ωx = ±0.5 at Re = 300: (a) Mode B at t* = 160 (with high 

mesh resolution for the entire wake), and (b) Mode B at t* = 1820. Dark and light 

grey denote positive and negative values, respectively. The flow is from the left to the 

right past the cylinder on the left. 

 

The iso-surfaces of the pressure for Re = 220 (Mode A) and Re = 300 (Mode B) 

are shown in Fig. 2.6. It is seen that for both cases the high positive pressures occur at 

the front of the cylinder, while the negative values dominate the cylinder wake. The 

largest negative pressures mainly occur at the locations of the primary vortex cores. 

For Mode A, the same wavy pattern for the primary vortex cores (Fig. 2.3(a)) can be 

observed for the iso-surfaces of the pressure (Fig. 2.6(a)), and the same locations 

where three streamwise pairs develop along cores 2–4 in Fig. 2.6(a) are the locations 

of the streamwise vortex pairs in Fig. 2.3(a). For Mode B, compared with Mode A, the 

negative pressure is more concentrated at the primary vortex cores, and the 

streamwise pairs are less obvious. 

Williamson (1996b) demonstrated with 2D DNS results at Re = 200 that the 

tearing of the primary vortex cores for Mode A (see Fig. 2.3(a)) is associated with the 

location of the saddle point observed in the flow. The saddle point indicates the 

location where strong straining occurs, causing part of the primary vortex downstream 

of the saddle point to be pulled back upstream (Williamson, 1996b). Williamson 

(1996b) stated that in the case of Mode A, this primary vortex deformation occurs at 
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particular spanwise locations where vortex loops are forming. 

 

(a)    

(b)    

Fig. 2.6. Iso-surfaces of pressure p (with high mesh resolution for the entire wake): (a) 

p = ±0.11 at Re = 220 and t* = 200, and (b) p = ±0.20 at Re = 300 and t* = 160. Dark 

and light grey denote positive and negative values, respectively. The flow is from the 

left to the right past the cylinder on the left. 

 

The above findings are confirmed in the present study using 3D DNS. Fig. 2.7 

shows the instantaneous locations of the saddle point and vortex centre identified 

from various x-y cross-sections (some are shown in Fig. 2.8) along with the 

iso-surfaces of vortex cores determined by λ2, for the case of Mode A at Re = 220. On 

combining the two perspectives shown in Fig. 2.7, it is seen that the locations of the 
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saddle point along the span are regular periodic and have a spanwise periodicity of the 

same value (4D) as for the wavy primary vortex cores and streamwise vortex pairs. 

When the saddle point gradually moves towards the cylinder, the primary vortex cores 

are also pulled back towards the cylinder, and the streamwise vortex pairs are 

developed at such spanwise locations (Fig. 2.7(b)), which is consistent with the 

findings by Williamson (1996b). Fig. 2.8 shows four instantaneous 2D cross-sectional 

flow fields within half of a spanwise wavelength (z/D = 2.7 – 4.7), overlaid with 

contours of spanwise vorticity which is defined as: 

y x
z

u u D

x y U


 
  

  

 (2.6) 

At z/D = 4.7, the saddle point is furthest away from the cylinder. As the saddle point 

moves back towards the cylinder for z/D from 4.7 to 3.3, part of the negative spanwise 

vortex as shown in Fig. 2.8 is pulled back towards the cylinder. The positive spanwise 

vortex also moves towards the cylinder, as well as being pushed downwards by the 

backward movement of the negative vortex. The tearing of the spanwise vortex was 

also observed by Williamson (1996b) with 2D DNS results. For z/D from 3.3 to 2.7, 

the saddle point is not observed in the flow. The negative spanwise vortex moves 

further back towards the cylinder. As the vortex centre within the positive vortex is 

already very close to the cylinder, a more drastic downward movement is observed 

(see Fig. 2.7(a)). 
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(a)   

(b)   

Fig. 2.7. Locations of the saddle point and vortex centre identified from various x-y 

cross-sections at Re = 220 and t* = 200: (a) projections in the x-y plane (with 

iso-surfaces of λ2 = –2.0), and (b) projections in the x-z plane (with iso-surfaces of λ2 

= –1.0). 

 



30 

 

 

 



31 

 

Fig. 2.8. Cross-sectional flow field (with arrows indicating the flow direction) and 

spanwise vorticity contours at different spanwise locations for Re = 220 and t* = 200. 

The spanwise vorticity contours are shown at |ωz| = 2.0 – 3.0 (illustrated in figure (a)) 

with an interval of 0.1. The saddle point is marked by a cross in the figure. 

 

In the case of Mode B, a regular Mode B structure within z/D = 2.0 – 7.8 at Re = 

270 and t* = 3140 (Fig. 2.9) is used for identifying the location pattern of the saddle 

point along the span. It will be shown in § 2.3.3 that Mode B is most regular at 

approximately Re = 270. Fig. 2.10 shows the instantaneous locations of the saddle 

point and vortex centre identified from various x-y cross-sections along with the 

iso-surfaces of vortex cores determined by λ2. From the close-up view of the x-z plane 

(Fig. 2.10(c)), seven cycles of the variations of the saddle point and second vortex 

centre are observed within z/D = 2.0 – 7.8 along the span, which is consistent with the 

seven streamwise vortex pairs shown in Fig. 2.9. Although the periodic cycles for 

Mode B are not as regular as for Mode A, it is still evident that the tearing of the 

primary vortex cores is associated with the location of the saddle point in very similar 

phase variations (Fig. 2.10(c)). It is observed from the projections in the x-y plane that 

the variation range of the location of the saddle point for Mode B (Fig. 2.10(a)) is 

much smaller than that for Mode A (Fig. 2.7(a)). As a result, the primary vortex cores 

of Mode B display much smaller spanwise waviness amplitudes. 
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Fig. 2.9. Iso-surfaces of ωx = ±0.5 at Re = 270 and t* = 3140. Dark and light grey 

denote positive and negative values, respectively. The flow is from the left to the right 

past the cylinder on the left. 

 

 

(a)   
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(b)   

(c) 
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Fig. 2.10. Locations of the saddle point and vortex centre identified from various x-y 

cross-sections at Re = 270 and t* = 3140: (a) projections in the x-y plane (with 

iso-surfaces of λ2 = –2.0), (b) projections in the x-z plane (with iso-surfaces of λ2 = 

–1.5), and (c) close-up view of the x-z plane with the locations of the saddle point and 

vortex centre. 
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2.3.2. Transition from Mode A* to Mode B 

2.3.2.1. Transition range 

The second discontinuous change in the St–Re curve (Fig. 2.2), i.e. the transition 

from Mode A* to Mode B, occurs at approximately Re = 230 – 260. The frequency 

spectra of CL over the transition range are shown in Fig. 2.11. For Re ≤ 220, a distinct 

peak which corresponds to Mode A* exists in the spectrum. With the increase of Re, a 

second peak with higher frequency which corresponds to Mode B starts to grow. 

Meanwhile, the amplitude of the first peak decreases. The two peaks have similar 

amplitudes at approximately Re = 250. At Re = 260, the second peak becomes 

dominant, whereas the first peak decays further. Beyond Re = 265, the peak 

corresponding to Mode A* vanishes almost completely and the one corresponding to 

Mode B dominates the spectrum. The gradual energy transfer process from Mode A* 

to Mode B with the increase of Re observed here confirms the experimental finding 

by Williamson (1988). A similar process was also observed in a recent numerical 

study by Behara and Mittal (2010). The numerical results shown in Fig. 2.11 indicate 

that the transition process from Mode A* to Mode B occurs in the range of Re from 

230 to 260, which is quite close to the range of Re = 230 – 250 reported by 

Williamson (1996a) through experiments and the ranges of 230 – 265 (Barkley et al., 

2000) and 230 – 260 (Sheard et al., 2003) based on non-linear stability analysis. 

It is also seen from Fig. 2.11 that the frequency peaks are accompanied by small 

fluctuations for Re ≤ 260. According to Henderson (1997), this is due to the 

occurrence of vortex dislocations associated with Mode A* which leads to a 

broad-band frequency spectrum. In particular, in the mode swapping regime, small 

fluctuations are observed around the two frequency peaks. At the beginning and end 

of the transition process (i.e. at Re = 230 and 260), the secondary shedding mode is 

rather weak. Therefore, only the primary peak frequency is identified and plotted in 

the St–Re curve shown in Fig. 2.2. For the three cases in between, both peak 

frequencies can be captured and are thus plotted in the St–Re curve (see the close-up 

view in Fig. 2.2). 
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Fig. 2.11. Frequency spectra of CL for Re in the range of 200 to 300. 
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It is worth noting that an accurate determination of the relative importance 

(probability of occurrence) of Mode A* and Mode B is difficult to achieve based on 

the frequency spectra shown in Fig. 2.11. This is because the broad-band frequency 

spectra due to Mode A* (Henderson, 1997) may interfere with the frequency peak of 

Mode B. For example, the frequency spectra of Re = 200 and 220 (Fig. 2.11) are due 

to Mode A* only, but contain small fluctuations spanning a range of St from ~ 0.16 to 

0.21, covering the St range for Mode B. Therefore, it is difficult to decouple the 

frequency peaks contributed by the two modes and to divide the range of St for the 

two modes precisely. Alternatively, the probability of occurrence of Mode A* and 

Mode B may be determined through numerical flow visualization, which will be 

examined later on in this section. 

Nevertheless, since the Mode A* frequency peak becomes relatively weak at Re ≥ 

250, the Mode B frequency peak becomes less contaminated by Mode A* and better 

distinguished, and thus the concentration of the energy in the Mode B peak can be 

roughly quantified. Fig. 2.12 shows the variation of the energy concentration ratio for 

Mode B with Re. The energy concentration ratio is defined as the ratio of the area 

under the Mode B peak to the area under the entire frequency spectrum of St between 

0.16 and 0.24 shown in Fig. 2.11. The width of the area under the Mode B peak is 

chosen as ΔSt = 0.01 (so that the Mode A* peak is not incorporated), with the centre 

located at the peak frequency point. It is seen in Fig. 2.12 that the energy 

concentration ratio for Mode B generally increases linearly with Re for Re = 250 – 

270 but decreases slightly with further increase of Re (as the Mode B structure 

becomes increasingly disordered at Re > 270, which will be shown later on in § 

2.3.2.3). 

As Re increases from 200 up to 280, the frequencies corresponding to both peaks 

increase gradually. The frequency corresponding to Mode B experiences a slight drop 

as Re increases from 280 to 300 (see Fig. 2.2 and Fig. 2.11). It is also noticed that the 

St values predicted by the 2D and 3D simulations are closest to each other at Re = 270 

after the onset of Mode A* instability (see Fig. 2.2). The physical reasons behind this 

feature will be discussed in § 2.3.3. 
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Fig. 2.12. Variation of the energy concentration ratio for Mode B with Re. 

 

The transient vortex structures in the transition from Mode A* to Mode B are 

examined visually. Fig. 2.13 shows the variations of the probability of occurrence of 

two vortex patterns with Re: (a) Mode A* (with large-scale dislocations, not pure 

Mode A), and (b) Mode B structures. The probability of occurrence of Mode A* or 

Mode B structures is defined as the ratio of the accumulated time of appearance of the 

mode to the total sampling time. The statistics for the probability of occurrence 

normally starts at t* = 1000 (with an output interval of 10) where the flow is fully 

developed. For the cases in the transition regime, normally 175 – 355 snapshots of the 

ωx field are examined for each case to achieve meaningful (sample-independent) 

statistics. For each case, the statistics is carried out by visually examining the 

existence of the above vortex patterns in each snapshot. The large-scale dislocations 

are spotted easily as they appear in the form of continuous periods and normally take 

up the entire span width. The Mode B pattern, on the other hand, is largely scattered 

around across the span width and is less obvious. It should be noted that the Mode B 

pattern is only counted when there exist at least two successive Mode B streamwise 

vortex pairs along the span width. For further clarity, a few examples are given in 

Table 2.1 to illustrate the identification of Mode A* and Mode B with reference to the 

wake patterns shown in Fig. 2.14 and Fig. 2.20. 
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Fig. 2.13. Probability of occurrence of Mode A* and Mode B structures. 

 

Table 2.1. Examples of the classification of wake patterns based on the streamwise 

vorticity field. 

Figure Mode A* structure Mode B structure 

Fig. 2.14(a,d) No No 

Fig. 2.14(b) No Yes 

Fig. 2.14(c) No Yes 

Fig. 2.14(e) No Yes 

Fig. 2.14(f) Yes No 

Fig. 2.20(a,b) No Yes 

 

It is found that for Re ≤ 220, only dislocation patterns exist in the domain and 

there is no sign of Mode B (see, e.g., Fig. 2.3(b)). For Re ≥ 270, vortex dislocations do 

not occur, whereas only Mode B (and sometimes together with scattered pure Mode A) 

can be observed in all of the snapshots examined (see, e.g., Fig. 2.4). During the 

transition process of Re between 230 and 265, however, both vortex patterns can be 

detected in the simulations. The two patterns usually occur at different time instants as 

the dislocations can normally occupy the whole span width. Occasionally, they may 

coexist in the same domain (but at different spanwise locations). With the increase of 
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Re, the probabilities of occurrence of Mode A* and Mode B exhibit monotonic drop 

and growth, respectively. The two probability curves intersect at approximately Re = 

253 with the probability of occurrence of either mode of approximately 50% (Fig. 

2.13). This point is thus considered as the separation point beyond which Mode B 

becomes dominant. 

Based on the observation of a sharp decrease of the statistical width of wake 

structure at Re ~ 250 when Mode B appears, Williamson (1996b) suggested that this 

“possibly corresponds with a decrease in the presence of dislocations”. Through 

numerical visualization of the transient vortex structures, the present study confirms 

clearly the decrease of probability of occurrence of dislocations (i.e. Mode A*) with 

increase of Re. However, unlike the indication of a discontinuous decrease of the 

wake width as shown in Williamson (1996b), the decrease of the probability of 

occurrence of dislocations observed in Fig. 2.13 is a continuous process. Considering 

that the decreasing trend mainly occurs in a narrow Re range of 240 – 265 (Fig. 2.13), 

the experiments carried out in Williamson (1996b) with an Re interval of ~ 15 may be 

the reason why a continuous decreasing trend was not identified. 

The transition process observed visually (Fig. 2.13) shows some similarities with 

that observed through examining the frequency spectra of CL (Fig. 2.11) in terms of 

the transition range and relative importance of the two modes. At Re = 265, the 

frequency spectra of CL cannot capture the Mode A* peak, whereas based on 

visualization, the Mode A* pattern has a very small probability of occurrence of 3.5%. 

It should be noted that in this case the dislocations only occur during t* = 1540 – 1630, 

and cannot be observed during the remaining simulation period of more than 2000 

non-dimensional time units. Based on the present simulation results, it is reasonable to 

say that Re = 265 is just within or beyond the range of the transition process from 

Mode A* to Mode B. 
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2.3.2.2. Mode swapping cycles in the transition range 

In the transition process from Mode A* to Mode B, mode swapping occurs 

cyclically in each case. Each mode cycle begins with the emergence of a nearly pure 

Mode A structure along the entire span width. The pure Mode A structure develops in 

strength for a short period of time, followed by one of the following two routes: 

1. Dislocation cycle: The pure Mode A structure evolves into a continuous stage of 

Mode A* (i.e. with large-scale dislocations). The dislocation stage may last for 

some time before it is replaced by the pure Mode B structure or a mixture of 

Modes B and A (without dislocations). It should be noted that in the mixture of 

Modes B and A, Mode A emerges intermittently at random spanwise locations, but 

cannot fill up the whole span width, and will be replaced by Mode B shortly. 

2. Non-dislocation cycle: The pure Mode A structure is replaced by Mode B directly, 

followed by the persistence of the pure Mode B structure or a mixture of Modes B 

and A (without dislocations). It should be noted that for a non-dislocation cycle, 

there are no dislocations throughout the whole cycle. 

At the end of each cycle, all of the Mode B structures die off. If the cycle ends with 

the pure Mode B structure spanning the entire span width, the wake will become 

almost 2D. If the cycle ends with a mixture of Modes B and A (without dislocations), 

the Mode B structure in the mixture will die off while the Mode A structure in the 

mixture will form part of the pure Mode A structure in the next cycle. Eventually, a 

new cycle with the development of a pure Mode A structure along the entire span 

width begins. 

Fig. 2.14 shows a typical short sequence of the development of ωx field extracted 

from the case of Re = 240. In the first cycle (Fig. 2.14(a–c)), after the formation of a 

pure Mode A structure with three streamwise vortex pairs (Fig. 2.14(a)), Mode B 

starts to develop within the three vortex loops (Fig. 2.14(b)) and gradually fills up the 

whole span width (Fig. 2.14(c)). In the second cycle (Fig. 2.14(d–f)), after the 

emergence of the same Mode A structure as that in the first cycle (Fig. 2.14(d)), 

vortex dislocation starts to occur in the middle loop (as marked by a solid rectangle 
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frame in Fig. 2.14(e)) and propagates towards both ends of the span until the whole 

span is occupied by large-scale dislocations (Fig. 2.14(f)). It is seen that although the 

upper loop is fully occupied by Mode B structures in Fig. 2.14(e), which is similar to 

the process observed in the first cycle, the dislocation originated from the middle loop 

eventually engulfs all Mode B structures, leading to a dislocation structure across the 

entire span area. 

 

 

 

Fig. 2.14. A short sequence of the iso-surfaces of ωx = ±0.5
 
at Re = 240: (a–c) a 

non-dislocation cycle with the development from Mode A to Mode B, and (d–f) a 

dislocation cycle with the development from Mode A to Mode A*. Dark and light grey 

denote positive and negative values, respectively. The flow is from the left to the right 

past the cylinder on the left. 
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The two cycles described in the previous paragraph actually take two different 

routes despite the similar initial conditions shown in Fig. 2.14(a,d). As long as 

dislocations occur within any of the three Mode A vortex loops, the mode swapping 

cycle will follow the dislocation cycle, no matter what happens to the rest of the loops. 

A non-dislocation cycle can only occur when all of the loops are filled with Mode B 

structures, either simultaneously or successively. The above conclusions are found to 

be valid in the entire transition process from Mode A* to Mode B, and all of the 

large-scale dislocations observed in the transition process from Mode A* to Mode B 

are initialized with the local dislocation (spanwise modulation) of a specific vortex 

loop in the domain (after the pure Mode A structure develops in strength for a short 

period of time). 

As stated in Henderson (1997), the Mode B structures observed during the 

transition process from Mode A* to Mode B (Re = 230 – 260), prior to the onset point 

of Mode B instability predicted through linear stability analysis (e.g. Re = 259 by 

Barkley and Henderson (1996)), are due to the fact that the existence of Mode A* 

instability would destabilize Mode B in the non-linear interaction between the two 

modes. Through numerical flow visualization of the whole transition process from 

Mode A* to Mode B, it is found that all of the Mode B structures are developed based 

on the streamwise vortex pairs of Mode A (see, e.g., Fig. 2.14) or streamwise vortices 

of Mode A*. Since the physical mechanism for Mode B instability is a hyperbolic 

instability of the braid shear layer region (Williamson, 1996b; Leweke and 

Williamson, 1998; Thompson et al., 2001), it is believed that the streamwise vortices 

of Modes A and A* developed in the braid shear layer region are the destabilization 

factors for an early development of the Mode B structures. After the replacement of 

the streamwise vortices of Mode A or A* by Mode B, the Mode B structures may 

decay in time, as the source for the destabilization of Mode B disappears. However, 

due to the intermittent emergence of the Mode A streamwise vortex pairs which fill up 

the locations where Mode B disappears, a mixture of Modes B and A is sustained 

before the end of a cycle. 

Fig. 2.15 shows the mode swapping process as a function of time for the cases in 
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the transition process from Mode A* to Mode B. The starting point of each dislocation 

and non-dislocation cycle is denoted by a solid dot and open circle, respectively. For 

each dislocation cycle beginning with a solid dot, a shaded dislocation period is 

followed (Fig. 2.15). For Re ranging from 230 to 245, the non-dislocation cycles are 

very short in duration while the dislocation periods persist for at least 400 

non-dimensional time units. As a result, the probability of occurrence of the 

large-scale dislocations is larger than 80%, whereas for the Mode B structures which 

largely occur in the non-dislocation segments, the probability of occurrence is smaller 

than 30% (see Fig. 2.13). At Re = 250, the average duration of the dislocation periods 

drops sharply to 284 non-dimensional time units, and more dislocation cycles can be 

observed. The cyclic mode swapping process becomes more frequent. With decrease 

of the lengths of the dislocation cycles, the probability of occurrence of dislocations 

decreases and the probability of occurrence of Mode B structures increases (Fig. 

2.13). 

For Re ranging from 230 to 250, the dislocation cycles can be triggered easily 

from the pure Mode A structure within one to four cycles. For Re ranging from 255 to 

265, it becomes relatively difficult to trigger dislocations from the pure Mode A 

structure, as it is seen in Fig. 2.15 that there are many more non-dislocation cycles 

than dislocation cycles. In addition, compared with the average duration of the 

dislocation periods at Re = 250 (of 284 non-dimensional time units), the average 

durations of the dislocation periods at Re = 255, 260, and 265 are further reduced to 

248, 167, and 100 non-dimensional time units, respectively. For Re ≥ 260, the 

non-dislocation cycles have similar durations to the dislocation cycles. As a result, for 

Re ≥ 260, the probability of occurrence of large-scale dislocations is smaller than 25%, 

while the probability of occurrence of Mode B structures is larger than 75%. 

Beyond Re = 270, there are no mode swapping cycles. The only case with the 

occurrence of Mode A (without dislocations) is the Re = 270 case, in which a mixture 

of Modes B and A (without dislocations) is observed. 
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Fig. 2.15. Time-histories of the occurrence of dislocations for the cases in the 

transition process from Mode A* to Mode B. 

 

2.3.2.3. Time-histories of the force coefficients and vorticity 

Fig. 2.16 plots the time-histories of the drag and lift force coefficients for a few 

cases that contain Mode B. The horizontal dashed lines in each figure mark the 

fluctuation ranges of the corresponding 2D force coefficients. For the cases in the 

transition process from Mode A* to Mode B (Fig. 2.16(a–c)), it is seen that the 

periods over which large amplitudes of CL take place match the non-dislocation 

periods shown in Fig. 2.15. The amplitudes of CD and CL observed during the 

non-dislocation periods are close to their 2D counterparts, indicating that the flow 

three-dimensionality is weak when dislocations do not occur. During the dislocation 
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periods, the CD values and the amplitudes of CL decrease, indicating that energy is 

transferred to the third direction. In particular, oblique vortex shedding occurs 

spontaneously along the entire span at t* = 3710 – 3820 for the Re = 250 case (e.g. 

Fig. 2.17(a), in comparison with an example of parallel vortex shedding shown in Fig. 

2.17(b)). Due to the remarkable phase differences along the span, the integrated lift 

coefficient is largely cancelled out, resulting in the smallest fluctuation amplitudes in 

the time-history (Fig. 2.16(b)). 
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Fig. 2.16. Time-histories of the drag and lift coefficients for some cases containing 

Mode B. 

 

The relationship between dislocation and the degree of flow three-dimensionality 

is further examined with both the largest |ωx| value in the domain and the streamwise 

enstrophy εx integrated over the near-wake region of x/D = 0 – 10. At Re = 240, for 

each of the three non-dislocation periods shown in Fig. 2.15, there is a sudden drop in 

the time-histories, as highlighted with a circle in the left column of Fig. 2.18. At Re = 

260, each of the four dislocation periods corresponds to a rapid increase of |ωx|max and 

εx, as circled in the middle column of Fig. 2.18. The non-dislocation and dislocation 

parts can be roughly divided by the horizontal line of |ωx|max = 4.5 as shown in Fig. 

2.18(a). For the Re = 265 case, the entire time-histories beyond the only dislocation 
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period of t* = 1540 – 1630 are generally below the division line, as shown in the right 

column of Fig. 2.18. 

 

(a)          (b)  

Fig. 2.17. Iso-surfaces of ωx = ±0.5
 
at Re = 250: (a) oblique vortex shedding at t* = 

3750, and (b) parallel vortex shedding at t* = 3850. Dark and light grey denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 

 

During the transition process from Mode A* to Mode B, the Mode B structure, 

which is largely observed in the non-dislocation segments with large-amplitude force 

coefficients, usually takes up part of the span and the streamwise vortices are quite 

ordered (e.g. Fig. 2.14(c,e)). At Re of 265 (beyond the only dislocation period) and 

270, the large-amplitude force coefficients resemble the 2D results for the entire fully 

developed stage (Fig. 2.16(d,e)). The Mode B structure is also in an ordered pattern, 

and can normally occupy the majority of the span. Beyond Re = 270, Mode B 

becomes increasingly disordered with increase of Re. Correspondingly, the force 

coefficients deviate more and more from their 2D counterparts and become 

increasingly disordered (Fig. 2.16(f,g)). 
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Fig. 2.18. Time-histories of (a) the largest |ωx| value in the domain, and (b) the 

streamwise enstrophy εx integrated over the near-wake region of x/D = 0 – 10, for 

some cases in the transition process from Mode A* to Mode B. 

 

As Mode B becomes increasingly disordered beyond Re = 270, the largest |ωx| 

value and integrated εx in the domain, which represent the degree of flow 

three-dimensionality, also increase with increase of Re (Fig. 2.19). Generally speaking, 

the streamwise vortices are found to be more disordered when |ωx|max > 5.5. It is seen 

from Fig. 2.19 that disordered Mode B can sometimes occur at Re = 280 (when 

|ωx|max > 5.5). Fig. 2.20 gives some examples of typical ordered and relatively 

disordered Mode B patterns at Re = 280. The corresponding |ωx|max values of the two 

time instants are pointed out in Fig. 2.19. For the ordered one shown in Fig. 2.20(a), 

the streamwise vortices are all parallel to each other in the streamwise direction and 

have similar spanwise wavelengths. In contrast, the disordered Mode B as shown in 

Fig. 2.20(b) contains slightly oblique streamwise vortices and their spanwise 

wavelengths are rather different. At Re = 300, disordered Mode B similar to the 
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pattern shown in Fig. 2.20(b) occurs more frequently, whereas relatively ordered 

Mode B structures (e.g. Fig. 2.5) only occur occasionally. In this case, the majority 

part of the time-history of |ωx|max shown in Fig. 2.19(a) is above the horizontal line of 

|ωx|max = 5.5. 
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Fig. 2.19. Time-histories of (a) the largest |ωx| value in the domain, and (b) the 

streamwise enstrophy εx integrated over the near-wake region of x/D = 0 – 10, for 

some cases beyond the transition process from Mode A* to Mode B. 
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(a)         (b)  

Fig. 2.20. Iso-surfaces of ωx = ±0.5
 
at Re = 280: (a) ordered Mode B at t* = 1550, and 

(b) relatively disordered Mode B at t* = 2750. Dark and light grey denote positive and 

negative values, respectively. The location of the largest |ωx| value in the domain is 

denoted by a circle. The flow is from the left to the right past the cylinder on the left. 

 

2.3.3. Critical condition at Re = 265 – 270 

Williamson (1996b) reported a critical condition at Re = 260 where maximum 

values of the base pressure coefficient and root-mean-square flow velocity were 

observed. The critical condition is confirmed in the present study at approximately Re 

= 265 – 270 in terms of various quantities including flow velocity, vorticity, and 

hydrodynamic forces. 

Fig. 2.21(a) shows the variation of the time-averaged |ωx|max calculated from the 

time-histories (e.g. Fig. 2.18(a) and Fig. 2.19(a)) with Re. For Re ≤ 250, as mentioned 

previously, the relatively large |ωx|max values (i.e. strong flow three-dimensionality) 

are due to large-scale dislocations. A sharp drop of the |ωx|max is observed at Re = 250 

– 265, in line with a sharp decrease of the probability of occurrence of dislocations as 

shown in Fig. 2.13. The averaged |ωx|max values obtained from a dislocation period 

and two non-dislocation periods (as shaded in Fig. 2.18) are further plotted in Fig. 

2.21 to clarify the sharp drop. The non-dislocation periods that consist of either 

ordered Mode B or Mode A induce the lowest averaged |ωx|max values which are close 

to the one observed at Re = 270. In contrast, the averaged |ωx|max value observed 
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during the dislocation period is much larger and is similar to the value observed in the 

dislocation period of Re = 240 (as indicated by the shaded rectangle in the left column 

of Fig. 2.18). However, because the probabilities of occurrence of dislocations for Re 

= 260 and Re = 240 have a drastic difference (21.2% and 88.0%, respectively), the 

overall averaged |ωx|max is very close to the dislocation value for Re = 240, but much 

closer to the non-dislocation values for Re = 260. At Re = 265, dislocations only have 

a very small probability of occurrence of 3.5% and thus only have a very small effect 

on the overall performance. Beyond Re = 270, there is no dislocation in the domain, 

whereas the increasingly disordered Mode B becomes the reason why the averaged 

|ωx|max starts to grow again. Fig. 2.21(b,c) shows the variations of the time-averaged εx 

and Ez within x/D = 0 – 10 of the wake with Re. It is seen that all of the three 

quantities share similar trends in terms of predicting the three-dimensionality of the 

flow. 

Fig. 2.22 shows the time-averaged drag coefficient and root-mean-square lift 

coefficient for a wide range of Re. The statistics is taken after the flow becomes fully 

developed. For the time-histories shown in Fig. 2.16, the statistics starts at t* = 1000. 

The results calculated from the second half of the sampling period are also plotted in 

Fig. 2.22 to demonstrate the sufficiency of the statistical data. At Re = 194, the 

deviations of the 3D DC  and 
LC   results from the 2D curves mark the onset of 

Mode A* instability. It is seen in Fig. 2.22 that the flow three-dimensionality becomes 

weakest at Re of 265 and 270, in line with the variation trends of the time-averaged 

|ωx|max, εx, and Ez (Fig. 2.21). The DC  and 
LC   values at Re = 260 can also be 

separated into the dislocation and non-dislocation parts (Fig. 2.22), in the same way as 

the separation of the time-averaged |ωx|max, εx and Ez values. 
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Fig. 2.21. Time-averaged quantities for the 3D cases: (a) the largest |ωx| value in the 

domain, (b) the integrated streamwise enstrophy within x/D = 0 – 10, and (c) the 

integrated spanwise kinetic energy within x/D = 0 – 10. 
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Fig. 2.22. Time-averaged drag coefficient and root-mean-square lift coefficient. 

 

Fig. 2.23 shows the root-mean-square spanwise velocity recorded at three 

sampling points in the near wake. As the DC  and 
LC   values drop from their 2D 

counterparts after the onset of Mode A* instability (Fig. 2.22), the fluctuations of the 

spanwise velocity grow accordingly. The same sharp drop at Re of 265 and 270 is 

observed in Fig. 2.23 due to a weaker flow three-dimensionality, which is consistent 

with the variations observed in Fig. 2.21 and Fig. 2.22. 
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Fig. 2.23. Root-mean-square spanwise velocity recorded at three sampling points in 

the near wake. 

 

The same variation trends can also be observed in the St–Re (Fig. 2.2) and Cpb–Re 

(Fig. 2.24) relationships, where the 2D and 3D values are closest to each other at 

approximately Re = 265 – 270. It should be noted that in the Cpb–Re curve, the sudden 

drop observed at the transition to Mode A* instability is different from the 

experimental result by Williamson and Roshko (1990), in terms of both the critical 

point and the shape of the curve near the critical point. As reported by Williamson 

(1996b), the critical transition point should be at approximately Re = 194 if the end 

contamination effect is well controlled. Regarding the shape of the curve, since the 

St–Re curve (Fig. 2.2) also exhibits a sudden drop rather than a mild decrease at the 

transition to Mode A* instability, it is believed that a sudden drop may take place for 

the base pressure coefficient as well. 

The critical condition at approximately Re = 265 – 270 as discussed above has 

also been pointed out by Williamson (1996b), in which the critical point was reported 

to be at Re = 260. For example, the experimental study by Williamson and Roshko 

(1990) found that the peak in the base pressure curve was at approximately Re = 260 

(Fig. 2.24). Two possible causes were proposed by Williamson (1996b). One is due to 

the resonance between the shear layer oscillations and the wake oscillations at 
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approximately Re = 262. The other is that the whole span becomes unstable to Mode 

B at this point, rather than the presence of patches of Mode B together with Mode A 

and dislocations. On the other hand, the numerical study by Henderson (1997) related 

this phenomenon solely to the non-linear stability of Mode B. 

According to the discussion in this section, we suggest that the critical condition 

at approximately Re = 265 – 270 marks a transition from the disappearance of the 

large-scale dislocations associated with Mode A* to the emergence of increasingly 

disordered Mode B structures, leading to the weakest flow three-dimensionality in this 

region. The present numerical results show that the flow structure at the critical 

condition of Re = 265 – 270 is characterized by a mixture of ordered Mode B and 

Mode A structures, rather than only pure Mode B structures. Similar mixed ordered 

flow structures and weakest flow three-dimensionality are also found in the 

non-dislocation periods at Re = 260. It is the additional dislocation periods that divert 

the overall time-averaged quantities in Fig. 2.21 to Fig. 2.24 away from the critical 

condition. 
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Fig. 2.24. Variation of the base pressure coefficient with the Reynolds number over 

the laminar and 3D wake transition regimes. 
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2.4. Conclusions 

This paper presents detailed 3D DNS of flow past a circular cylinder over a range 

of Re up to 300. The high-resolution vortex structures of Mode A, Mode A* and Mode 

B have been reproduced by DNS. It is demonstrated with 3D DNS that the periodic 

tearing of the primary vortex cores is associated with the spanwise periodicity of the 

location of the saddle point in the flow. It is found that the variation range of the 

location of the saddle point for Mode B is much smaller than that for Mode A, which 

is responsible for much smaller spanwise waviness amplitudes of the primary vortex 

cores of Mode B in comparison with Mode A. 

The gradual wake transition process from Mode A* to Mode B (Williamson, 

1996b) is well captured over a range of Re from 230 to 260. With the increase of Re, 

the probabilities of occurrence of Mode A* and Mode B exhibit continuous and 

monotonic drop and growth, respectively. Mode B becomes the dominant mode 

beyond Re ~ 253. For each case within the transition range, the transient mode 

swapping process consists of dislocation and non-dislocation cycles. Each cycle 

begins with a nearly pure Mode A structure, followed by a stage of Mode A* and then 

a stage of Mode B or a mixture of Modes B and A (without dislocations) for a 

dislocation cycle, or a stage of Mode B or a mixture of Modes B and A (without 

dislocations) directly for a non-dislocation cycle. With increase of Re, it becomes 

more difficult to trigger dislocations from the pure Mode A structure and form a 

dislocation cycle, and each dislocation stage becomes shorter in duration, resulting in 

a continuous reduction in the probability of occurrence of Mode A* and thus an 

opposite effect for Mode B. The occurrence of large-scale dislocations results in a 

decrease of the drag coefficient, a decrease of the amplitude of the lift coefficient, and 

an increase of the largest streamwise vorticity and integrated streamwise enstrophy in 

the domain, indicating strong flow three-dimensionality. 

The Mode B structures in the transition process are developed based on the 

streamwise vortices of Mode A or A* which destabilize the braid shear layer region. 

After the replacement of the streamwise vortices of Mode A or A* by Mode B, the 
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Mode B structures may decay in time, as the source for the destabilization of Mode B 

disappears. However, due to the intermittent emergence of the Mode A streamwise 

vortex pairs which fill up the locations where Mode B disappears, a mixture of Modes 

B and A is sustained before the end of a cycle. 

A critical condition (Williamson, 1996b) is confirmed by the present DNS at 

approximately Re = 265 – 270 where the weakest flow three-dimensionality is 

observed. The weakest flow three-dimensionality at this point is reflected by the 

smallest time-averaged |ωx|max, εx, and Ez values in the domain, the smallest 

root-mean-square spanwise velocity in the near wake, and the closest 2D and 3D 

results of the mean drag coefficient, root-mean-square lift coefficient, Strouhal 

number, and base pressure coefficient. A transition from the disappearance of Mode 

A* to the emergence of increasingly disordered Mode B structure is responsible for 

this critical condition. 

 

Appendix A. Mesh convergence 

The computational mesh and domain size were chosen based on a parameter 

dependence check, which was carried out in two steps: (i) First, the adequacy of mesh 

resolution and domain size in the x-y plane (i.e. the plane perpendicular to the cylinder 

span) was examined by a number of 2D simulations. (ii) A 3D mesh was generated by 

replicating an adequate 2D mesh along the z-axis, resulting in an identical mesh 

resolution in all planes perpendicular to the cylinder span. A mesh dependence study 

on this mesh was then undertaken. The selected 2D mesh and the resulting 3D mesh 

are referred to as the standard meshes throughout this paper. 

A reference 2D mesh was constructed first based on a preliminary parameter 

dependence study, which is not detailed here. The domain size for the reference mesh 

is 50D×40D. The cylinder perimeter is equally discretized with 132 nodes. The radial 

size of the first layer of mesh next to the cylinder is 0.001D. The cell expansion ratio 

in the whole domain is kept below 1.1. A close-up view of the reference mesh near the 

cylinder is shown in Fig. 2.1(b). 



59 

The reference mesh was used to simulate flow at Re = 300 (Case 1 in Table 2.2), 

which is representative of the highest Re adopted in this study. A total of six variations 

to the reference mesh were also used to simulate flow at Re = 300 (Case 2 to Case 7 in 

Table 2.2) so as to properly assess the adequacy of the mesh and domain size. Test 

cases 2–4 were designed to examine the adequacy of the computational domain size 

while test cases 6–7 were designed to examine the effect of mesh resolution in the 

wake region. The variation of cell length with x-coordinate along y = 0 is shown in 

Fig. 2.25. Case 5 doubles the number of cells of Case 1 in both directions, which 

results in the finest overall mesh resolution among the cases considered. Specifically, 

the number of cells around the cylinder is doubled, while the radial size of the first 

layer of mesh next to the cylinder is halved. 
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Fig. 2.25. Variation of cell length with x-coordinate along y = 0. 

 

The time step ∆t adopted for each case is based on the criterion that the Courant 

number Co is kept below 0.5 in the entire computational domain, where Co is defined 

as: 

/Co u t l    (2.7) 

where |u| is the magnitude of the velocity through a cell, and ∆l is the cell size in the 

direction of the velocity. This results in a non-dimensional time step (defined as ∆t* = 
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U∆t/D) of 6.42×10
-3

 at Re = 300. 

The mesh and domain size dependence was examined by quantifying the 

influence of domain size and mesh resolution on the drag and lift force coefficients 

( DC  and LC ), Strouhal number St , and base pressure coefficient 
pbC  on the 

cylinder, which are defined as follows: 

2/ ( / 2)D D zC F DU L  (2.8) 

2/ ( / 2)L L zC F DU L  (2.9) 

/LSt f D U  (2.10) 

2( ) / ( / 2)pb bC p p U   (2.11) 

where DF  and LF  are the integrated drag force and lift force, respectively,   is 

the fluid density, 
zL  is the spanwise cylinder length, Lf  is the frequency of the 

fluctuating lift force, bp  is the time-averaged pressure at the rear stagnation point of 

the cylinder, and p  is the reference pressure at the inlet of the domain. The 

time-averaged drag and lift coefficients are denoted as 
DC  and 

LC , respectively. 

The root-mean-square lift coefficient 
LC   is defined as: 

 
2

,

1

1 N

L L i L

i

C C C
N 

    (2.12) 

where N is the number of values in the time-history of CL. 

The simulation results are listed in Table 2.2. The relative errors in the brackets 

are calculated by using the results from Case 1 as reference values. Apart from Case 5, 

the relative errors of the four quantities for each case are well within 1%, which 

demonstrates that further increase of the domain size and wake resolution has 

negligible effect on the results. Among all the cases, Case 5 recorded the largest 

discrepancies of the four quantities with respect to Case 1 (still within 1.7%). In 

consideration of the four times increase of the total cell number in Case 5, the mesh 

resolution of Case 1 is still considered as sufficient in the prediction of forces on the 



61 

cylinder. Since high mesh resolution in the cylinder wake region is anticipated to 

result in high-quality wake structures, Mesh 6 is chosen as the standard mesh and used 

for 3D mesh dependence study. Mesh 7 is adopted occasionally in 3D simulations 

when more detailed visualization results are required. 
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Table 2.2. Results of the 2D mesh dependence study at Re = 300. The relative errors in the brackets are calculated by using the results from Case 

1 as reference values. 

Case Description Number of cells DC  
LC   pbC  St 

1 Reference mesh 18,488 1.3768 0.6407 1.1940 0.21068 

2 Double the domain length from inlet to cylinder 

centre (from 20D to 40D) 

19,251 1.3719 

(-0.36%) 

0.6376 

(-0.48%) 

1.1883 

(-0.48%) 

0.21021 

(-0.22%) 

3 Double the domain length from cylinder centre to 

outlet (from 30D to 60D) 

19,251 1.3767 

(-0.01%) 

0.6392 

(-0.23%) 

1.1939 

(-0.01%) 

0.21093 

(+0.12%) 

4 Double the domain length in the y-direction (from 

40D to 80D) 

20,070 1.3717 

(-0.37%) 

0.6371 

(-0.56%) 

1.1862 

(-0.65%) 

0.21031 

(-0.18%) 

5 Double the amount of cells in both directions 

(nodes around cylinder from 132 to 264) 

73,952 1.3837 

(+0.50%) 

0.6511 

(+1.62%) 

1.2073 

(+1.11%) 

0.21160 

(+0.44%) 

6 No cell expansion in the x-direction within 5.5D 

of wake (see Fig. 2.25) (Standard mesh) 

26,445 1.3775 

(+0.05%) 

0.6423 

(+0.25%) 

1.1949 

(+0.07%) 

0.21049 

(-0.09%) 

7 No cell expansion in the x-direction for the entire 

wake (see Fig. 2.25) 

73,969 1.3737 

(-0.23%) 

0.6420 

(+0.20%) 

1.1899 

(-0.34%) 

0.20993 

(-0.36%) 
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Table 2.3. Results of the 3D mesh dependence study. The relative errors in the brackets are calculated by using the results obtained from the 

standard mesh as reference values. 

Re Mesh type Number of 

cells 

St St from the second 

half of data 

DC  
DC  from the 

second half of data
 

220 Standard mesh (Lz/D = 12, ∆z/D = 0.1) 3,173,400 0.1861 0.1869 1.2525 1.2608 

 Extended (Lz/D from 12 to 24) 6,346,800 0.1856 (-0.27%) 0.1856 1.2539 (+0.11%) 1.2509 

 Refined in z-direction (∆z/D from 0.1 

to 0.05) 

6,346,800 0.1855 (-0.32%) 0.1855 1.2621 (+0.77%) 1.2616 

 Refined in x-y plane (nodes around 

cylinder from 132 to 198) 

7,202,400 0.1878 (+0.91%) 0.1877 1.2633 (+0.86%) 1.2637 

 Posdziech and Grundmann (2001)  0.1859 (-0.11%)  1.2511 (-0.11%)  

300 Standard mesh 3,173,400 0.2038 0.2041 1.2960 1.2985 

 Extended 6,346,800 0.2039 (+0.05%) 0.2043 1.2993 (+0.25%) 1.3019 

 Refined in z-direction 6,346,800 0.2040 (+0.10%) 0.2037 1.2907 (-0.41%) 1.2877 

 Refined in x-y plane 7,202,400 0.2035 (-0.15%) 0.2026 1.2871 (-0.69%) 1.2786 
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The 3D mesh dependence study focused mainly on the mesh resolution and 

domain size in the spanwise direction. The 3D mesh formed using Mesh 6 in Table 

2.2 is referred to as the standard 3D mesh in Table 2.3. For the standard 3D mesh, the 

cell size in the spanwise direction (∆z) is 0.1D and the spanwise domain length is 12D. 

Compared with the standard mesh, the mesh that is refined in the z-direction has a 

spanwise cell size of 0.05D, while the extended mesh has a spanwise domain length 

of 24D. It should be noted that the spanwise domain length is specified to be an 

integer multiple of 4D. The value 4D is very close to the most unstable spanwise 

wavelength for Mode A structure at Recr obtained from linear stability analysis, e.g. 

3.96D by Barkley and Henderson (1996), and 3.966D by Posdziech and Grundmann 

(2001). This is necessary for the accurate determination of the Recr value in this paper. 

Furthermore, 3D simulations were also carried out with a mesh that was refined in the 

x-y plane. This mesh has the number of cells in both x- and y-directions 1.5 times that 

for the standard 3D mesh. Specifically, the number of cells around the cylinder is 

increased by 1.5 times, while the radial size of the first layer of mesh next to the 

cylinder is reduced by 1.5 times. 

The 3D mesh dependence study was carried out for Re in both Mode A (Re = 220) 

and Mode B (Re = 300) regimes. It is found that a relatively long non-dimensional 

flow time (defined as t* = Ut/D) is required to achieve a fully developed 3D flow. 

After that, the calculation is continued for at least 1000 non-dimensional time units to 

obtain results that are in statistical equilibrium where St and 
DC  calculated from the 

second half of the sampling data are close enough to those determined from the whole 

sampling data sets (see Table 2.3). For the 3D analysis, St is determined using the 

peak frequency derived from the fast Fourier transform (FFT) of the time-history of 

the lift force coefficient. It is seen from Table 2.3 that the two quantities obtained from 

the refined and extended meshes are very close to the ones obtained with the standard 

mesh (relative errors are within 1%). In addition, Fig. 2.26 shows the streamwise and 

transverse velocity profiles at a few streamwise locations in the near wake (x/D = 1, 2, 

3, and 5) calculated with the four meshes listed in Table 2.3 for Re = 300. The velocity 
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profiles are averaged over the same period of flow time (of more than 1000 

non-dimensional time units) and over the cylinder span. It is seen in Fig. 2.26 that the 

differences of the averaged velocity profiles calculated with the four meshes listed in 

Table 2.3 are negligibly small. The above results demonstrate that the standard mesh 

listed in Table 2.3 is precise enough for the numerical simulations of the present study. 

Hence the standard mesh is used in the 3D simulations in this study unless otherwise 

stated. 
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Fig. 2.26. Averaged velocity profiles at a few streamwise locations in the near wake 

(x/D = 1, 2, 3, and 5) calculated with the four meshes listed in Table 2.3 for Re = 300: 

(a) streamwise velocity profiles, and (b) transverse velocity profiles. 
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The present 3D DNS results have also been compared with independent spectral 

element method results reported in the literature. In the numerical study by Posdziech 

and Grundmann (2001) based on the spectral element method, a mesh dependence 

study was performed for flow past a circular cylinder at Re = 220, and converged St 

and 
DC  values (Table 2.3) were obtained when the polynomial order was larger than 

10 and the number of Fourier modes was larger than 8. It is seen in Table 2.3 that the 

results reported by Posdziech and Grundmann (2001) are extremely close to the 

present results based on the standard mesh. 

It is worth noting that flow three-dimensionality in 3D DNS is normally triggered 

by small-scale numerical disturbance in the computational domain (e.g. by skewed 

mesh elements), in a similar way to the introduction of small-scale spanwise 

disturbance to the initial flow field (e.g. Henderson, 1997; Thompson et al., 2001) for 

the spectral element method to trigger flow three-dimensionality. In the present 3D 

DNS, the spanwise disturbance level observed in the computational domain is 

approximately 5×10
-4

U for all of the 3D cases considered in this study (with Re 

ranging from 100 to 300). Since the spanwise velocity beyond the secondary 

instability will grow to a much larger level (close to U) after the flow is fully 

developed, the disturbance level introduced in the present study will not influence the 

simulation results noticeably. 

The present DNS has been carried out with a Cray XC40 system supercomputer. 

For a typical 3D case with approximately 3.2 million cells, 360 processors have been 

used for parallel computation based on a scalability analysis. This leads to ~ 120 

hours of wall-clock time for the numerical simulation of up to ~ 4000 

non-dimensional time units. 

 

Appendix B. Further details on the numerical model 

This appendix is designed to complement the thesis with more details on the 

numerical model than those presented in the journal paper. 
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1. The Finite Volume Method 

The finite volume method (FVM) is a method for representing and evaluating 

partial differential equations in the form of algebraic equations (Randall, 2002). In 

OpenFOAM, the Navier-Stokes equations are solved with FVM. For a meshed 

computational domain, the velocity and pressure properties of the flow field within 

the domain are calculated at each descrete cell centre. Each cell is regarded as a 

“finite volume”. The FVM ensures that the flux exchange between the finite volumes 

is conservative. 

 

2. The PISO algorithm 

The PISO (Pressure Implicit with Splitting of Operators) algorithm was originally 

proposed by Issa (1986). It is an extension of the SIMPLE (Semi-Implicit Method for 

Pressure-Linked Equations) algorithm. Both PISO and SIMPLE algorithms can be 

used to solve the Navier-Stokes equations through iterative procedures. Compared 

with the SIMPLE algorithm, the PISO algorithm contains more than one momentum 

corrector iteration (usually three iterations for the cases reported in this thesis), while 

under-relaxation is not applied. The PISO algorithm can be summed up as follows 

(https://en.wikipedia.org/wiki/PISO_algorithm): 

Step 1: Set the boundary conditions. 

Step 2: Solve the discretized momentum equation to compute an intermediate 

velocity field. 

Step 3: Compute the mass fluxes at the cells faces. 

Step 4: Solve the pressure equation. 

Step 5: Correct the mass fluxes at the cell faces. 

Step 6: Correct the velocities on the basis of the new pressure field. 

Step 7: Update the boundary conditions. 

Step 8: Repeat from Step 3 for the prescribed number of times. 

Step 9: Increase the time step and repeat from Step 1. 

Note that Steps 4 and 5 can be repeated for a prescribed number of times to correct for 

non-orthogonality of the computational mesh (usually once correction for the cases 
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reported in this thesis). 

 

3. The numerical schemes 

The time integration scheme is a blended scheme consisting of the second-order 

Crank-Nicolson scheme and first-order Euler implicit scheme. The Crank-Nicolson 

scheme is more accurate, while the Euler scheme is more stable. The Euler scheme 

also results in a lower computational cost. For the present study, the blended scheme 

is selected as a compromise between the merits of the two schemes. 

The divergence term is discretized with the Gauss scheme, along with the 

fourth-order cubic scheme for the interpolation of the dependent velocity field. The 

fourth-order cubic scheme is more accurate than the second-order linear scheme. 

Therefore, by using the same computational mesh, the results by using the cubic 

scheme are less mesh dependent. 

The Laplacian term is discretized with the Gauss scheme, along with the 

second-order linear scheme for the interpolation of the diffusion coefficient, and the 

second-order explicit non-orthogonal correction scheme for the surface normal 

gradient. 

 

4. Parameter sensitivity analysis 

The sensitivity of the DNS results on the numerical parameters is checked based 

on the 2D DNS results at Re = 300. The standard 2D mesh is used, so that the 

reference case for the parameter sensitivity analysis is Case 6 in Table 2.2. Five 

variation cases with respect to the reference case are examined: 

(1) Reduce the non-dimensional time step size from 6.42×10
-3

 to 3.21×10
-3

. 

(2) Increase the number of momentum corrector iteration from 3 to 4. 

(3) Increase the number of non-orthogonality correction from 1 to 2. 

(4) Reduce the tolerance for the pressure from 10
-9

 to 10
-10

, and the tolerance for the 

velocity from 10
-8

 to 10
-9

. 

(5) Change the velocity boundary condition for the upper and lower boundaries from 

the “slip” condition (∂ux/∂n = ∂uz/∂n = uy = 0, where ∂/∂n = 0 denotes a zero 
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normal gradient condition) to the Dirichlet condition (ux = U and uy = uz = 0). 

 

Table 2.4. Parameter sensitivity analysis results at Re = 300. The results of the 

variation cases are given by the relative errors with respect to the reference case. 

Case DC  
LC   pbC  St 

Reference case 1.3775 0.6423 1.1949 0.21049 

Decrease in time step size +0.03% -0.19% +0.01% +0.34% 

Increase in momentum corrector iteration +0.02% +0.07% +0.07% -0.004% 

Increase in non-orthogonality correction +0.01% +0.03% +0.06% +0.002% 

Decrease in tolerance +0.04% +0.24% +0.08% -0.04% 

Change of velocity boundary condition +0.02% +0.03% +0.05% +0.004% 

 

The results of the parameter sensitivity analysis are listed in Table 2.4. For the 

first variation case where the time step size is reduced by half, the variations of the 

flow properties listed in Table 2.4 are well within 1%, although it is noted that a 

halved time step would result in a doubled computational cost. Hence the Courant 

number limit of 0.5 is sufficient for the present study. 

For the other four variation cases listed in Table 2.4, the variations of the flow 

properties are almost negligible. In particular, the use of the slip or the Dirichlet 

velocity boundary condition for the upper and lower boundaries would not influence 

the numerical results noticeably, since the use of a computational domain length of 

40D in the y-direction would result in a negligible blockage effect (as shown in Table 

2.2, after doubling the domain length in the y-direction from 40D to 80D, the 

variations of the flow properties are all well within 1%). 

 

5. Effect of the spanwise domain length and lateral boundary condition 

The effects of the spanwise domain length (Lz) and the boundary condition (BC) 

at the two lateral boundaries perpendicular to the cylinder span on the 3D DNS results 

of flow past a circular cylinder are reported in “Jiang, H., Cheng, L., An, H., 2017. On 
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numerical aspects of simulating flow past a circular cylinder. International Journal 

for Numerical Methods in Fluids (accepted).” Major conclusions are outlined below. 

It is found that an over-prediction of Recr may be attributed to the discrepancy 

between the simulated wavelength (λ) and the most unstable spanwise wavelength of 

Mode A (λA), rather than an Lz that is not sufficiently long. For the purpose of 

minimizing the computational cost while maintaining the accuracy of the prediction of 

Recr, the use of the symmetry BC and Lz = λA/2 (if λA is known a priori) is 

recommended. If λA is not known a priori, a resolution of 3 pairs of Mode A under the 

symmetry BC generally indicates a relative error of less than 1% in the prediction of 

Recr. The maximum relative error one can expect by using the symmetry BC is less 

than a half of that from using the periodic BC at the same Lz value. 

The predicted vortex structures and hydrodynamic forces in the first 3D wake 

transition regime of Mode A with vortex dislocations is studied at Re = 200 with both 

lateral BCs. For Lz within the limit of ~ 1.1λA, due to the confinement of Lz to the 

intrinsic wavelength λA, sustained Mode A vortex structure is observed while vortex 

dislocation is completely suppressed. For 1.1λA < Lz ≤ 9D, although vortex 

dislocations can be observed, the vortices distributed along the span width are still 

strongly affected by the insufficiency of Lz. For both lateral BCs, randomly distributed 

dislocations and converged hydrodynamic forces can only be achieved with Lz > 10D 

(~ 3λA). However, when the symmetry BC is applied, the streamwise and transverse 

vorticities are both forced to be zero at the two lateral boundaries. This restricts the 

development of the flow three-dimensionality and vorticity for at least 0.5D from each 

end of the span. The periodic BC is free from this restriction. 

For the wake transition regimes above Recr, including Mode A with vortex 

dislocations, the mode swapping process, and the relatively ordered and disordered 

Mode B structures, the simulation results with Lz > 10D are not strongly dependent on 

the simulated λ (based on the lateral BC and Lz) with respect to λA and λB. This is 

because the dislocations and Mode B structures are not strongly correlated with the 

exact wavelengths of λA and λB, and the simulated wavelengths are not strongly 

influenced by Lz. This suggests that for the simulations of the wake transitions above 
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Recr, the Lz value does not have to be an integer multiple of λA or λB. 

The above findings justfy the use of a fixed Lz of 12D and the periodic lateral BC 

for the present study. 

 

6. Pridiction of Recr based on 3D DNS 

A systematic investigation on the prediction of the Recr value of flow past a 

circular cylinder based on 3D DNS is reported in “Jiang, H., Cheng, L., Draper, S., An, 

H., 2017. Prediction of the secondary wake instability of a circular cylinder with 

direct numerical simulation. Submitted to Computers & Fluids.” Major conclusions 

are outlined below. 

It is found that the predicted Recr value is sensitive to numerical mesh resolution 

and computational domain size. Insufficient mesh resolution either along the cylinder 

axis or in the plane perpendicular to the cylinder axis (the x-y plane) leads to an 

over-prediction of Recr, which is mainly due to numerical diffusion associated with 

insufficient mesh resolutions. On the other hand, insufficient domain size from the 

cylinder centre to either side of the outer boundary leads to an under-prediction of 

Recr, which is attributed to the blockage effect of the flow which results in a higher 

effective Re and thus a lower Recr. It is found that insufficient mesh resolution in the 

x-y plane is a major cause for the over-prediction of Recr (~ 200) reported in the 

literature using 3D DNS. 

It is also demonstrated that the use of an optimized computational domain and 

mesh resolution (10 spanwise mesh layers to resolve only a half of a pair of the 3D 

mode) can reduce the computational cost significantly and yet retain adequate 

accuracy. The most accurate Recr predicted by 3D DNS reduces to 190.74, which is 

consistent with independent linear stability analysis results of Recr ~ 190. 

It is also demonstrated for the first time that the neutral curve for the secondary 

wake instability can be predicted through 3D DNS with a reasonable computational 

cost, and the results are in close agreement with the neutral curves determined by 

previous linear stability analysis. Furthermore, it is important to note that the DNS 

approach actually predicts the onset points for an unforced secondary instability (with 
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spontaneously generated wake structures) under different span lengths, which are in 

line with the neutral curves forced to one or more pairs of wake structures but 

truncated at their first intersection. 
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Chapter 3  

 

Stable state of Mode A for flow past a circular 

cylinder† 

 

Abstract: A stable three-dimensional (3D) wake structure for flow past a circular 

cylinder has been discovered through 3D direct numerical simulations (DNS). The 

stable 3D wake structure occurs over a small range of Reynolds number (Re) below 

the critical Re for Mode A* (i.e. Mode A with large-scale vortex dislocations, where 

Mode A is the first 3D instability mode which will evolve into Mode A*) instability. It 

is believed that the stable 3D wake structure discovered in this study is the stable state 

of Mode A wake structure inferred by Williamson (J. Fluid Mech. vol. 328, 1996, pp. 

345–407). This confirms the wake transition sequence of 2D→A→A*→B suggested 

by Williamson (1996b). Compared with conventional Mode A structure, the stable 

state of Mode A structure has much weaker amplitude and does not evolve into 

large-scale vortex dislocations. The stable state of Mode A structure is triggered by 

small-scale spanwise disturbance introduced upstream of the cylinder, due to energy 

amplification through convective instability of the flow. The stable state of Mode A is 

transient and is damped out eventually under a transient initial disturbance condition, 

but is sustained throughout under a persistent disturbance condition. The emergence 

of stable state of Mode A structure is correlated with both Re and the disturbance level. 

With the decrease of Re, the stable state of Mode A structure gradually becomes less 

well-defined and eventually disappears. With the decrease of the disturbance level, the 

stable state of Mode A structure emerges at a higher Re. 

                                                        
†
 This chapter is presented as a paper which has been published as “Jiang, H., Cheng, L., Tong, F., 

Draper, S., An, H., 2016. Stable state of Mode A for flow past a circular cylinder. Physics of 

Fluids 28, 104103.” 
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3.1. Introduction 

Flow past a long circular cylinder at relatively low values of the Reynolds 

number (Re) has been the topic of extensive studies due to its fundamental and 

practical significance. It is well known that the flow is governed by a single 

dimensionless parameter Re, which is defined based on the approaching flow velocity 

U, the cylinder diameter D and the kinematic viscosity of the fluid ν. Methods of 

investigation of flow past cylinders include physical model testing, direct numerical 

simulation (DNS) and linear (and non-linear) stability analysis. Comprehensive 

reviews on investigation of flow past a circular cylinder with different methodologies 

can be found, for example, in Williamson (1996a, 1996b) and Posdziech and 

Grundmann (2001). It has been well understood (e.g. Williamson, 1996a) that with 

increasing Re the flow structure in the cylinder wake undergoes a transition sequence 

of: (1) emergence of two-dimensional (2D) primary wake instability at Re ~ 47, (2) 

onset of (conventional) Mode A (the first three-dimensional (3D) instability mode, 

with a spanwise wavelength of approximately 4D and an out-of-phase sequence 

between the neighbouring braids) instability with large-scale vortex dislocations 

(denoted as Mode A*) at Re ~ 190, (3) gradual transition from Mode A* to Mode B 

(the second 3D instability mode, with a spanwise wavelength of approximately 0.82D 

and an in-phase sequence between the neighbouring braids) over a range of Re from 

230 to 250, and (4) development of increasingly disordered Mode B structure for Re 

beyond 260. The above transition sequence of 2D→A*→B (Williamson, 1996b) is 

routinely referred to in the literature. However, Williamson (1996b) inferred that 

“there exists a very small range of Re for which the flow is unstable to small scales of 

Mode A, but whose amplitude is too weak to trigger intermittent vortex dislocations”. 

Based on this, Williamson (1996b) suggested a possible flow transition sequence of 

2D→A→A*→B, where mode “A” is free from vortex dislocations. This transition 

sequence is not widely adopted in the literature mainly because the stable state of 

Mode A has not been confirmed either experimentally or numerically. 

Many previous studies have focused on identifying the critical Reynolds number 
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Recr at which point Mode A* wake instability develops. The Recr values identified by 

some of experimental studies are: 150 by Roshko (1954) and Tritton (1959), 165 by 

Norberg (1994), 178 by Williamson (1988, 1989), 194 by Williamson (1996b), and 

205 by Miller and Williamson (1994). It was discovered by Williamson (1996b) that 

the low values of Recr identified by early experimental studies were largely due to the 

“end effect”. Williamson (1996b) extended the Recr value to 194 by eliminating end 

effects using non-mechanical end conditions. This value is very close to the Recr 

values of 188.5 (±1.0), 190.2 (±0.02), and 190.5, predicted through linear stability 

analysis by Barkley and Henderson (1996), Posdziech and Grundmann (2001), and 

Rao et al. (2013), respectively. In contrast to linear stability analysis, many previous 

non-linear 3D DNS studies reported higher Recr values of ~ 200 (e.g. Karniadakis and 

Triantafyllou, 1992; Behara and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014). 

However, based on a further refined computational mesh, the Recr predicted by Jiang 

et al. (2016) was reduced to 193 – 194. 

In previous 3D DNS studies, the Recr was normally identified by observing a 

corresponding sudden drop of the Strouhal number St in the St–Re relationship (e.g. 

Behara and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014; Jiang et al., 2016) or by 

analysing the growing/decaying trend of the time-history of spanwise velocity (e.g. 

Karniadakis and Triantafyllou, 1992). However, less attention has been paid to the 

wake flow structure at Re < Recr, although the wake structure for Re > Recr has been 

studied extensively. Hence to the best knowledge of the authors, the stable state of 

Mode A structure at Re < Recr inferred by Williamson (1996b) has neither been 

confirmed nor been proven non-existent by previous 3D DNS studies reported in the 

literature. 

The primary aim of this study is therefore to examine and explain the existence of 

the stable state of Mode A structure at Re < Recr by using 3D DNS. To work towards 

this aim, the rest of this paper is organized in the following manner. In § 3.2, the 

governing equations and numerical model are presented. The numerical results are 

then discussed in § 3.3. Finally, major conclusions are drawn in § 3.4. 
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3.2. Numerical model 

3.2.1. Numerical method 

The DNS have been carried out with OpenFOAM (www.openfoam.org) through 

solution of the continuity equation and the incompressible Navier-Stokes equations: 
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where 1 2 3( , , ) ( , , )x x x x y z  are Cartesian coordinates, ui is the velocity component in 

the direction xi, t is time and p is pressure. Equations (3.1) and (3.2) are solved with 

the finite volume method (FVM) and the PISO (Pressure Implicit with Splitting of 

Operators) algorithm (Issa, 1986). The convection term is discretized using the 

fourth-order cubic scheme, while the diffusion term is discretized using a 

second-order linear scheme. A blended scheme consisting of the second-order 

Crank-Nicolson scheme and a first-order Euler implicit scheme is used to integrate the 

equations in time. 

 

3.2.2. Computational domain and mesh 

The computational domain and mesh are determined based on a domain size and 

mesh resolution dependence study for the simulation of flow past a circular cylinder at 

Re = 300 reported separately in Jiang et al. (2016). The standard 3D mesh reported in 

Jiang et al. (2016) is adopted in this study, where the Re values are less than 200. 

Based on the standard 3D mesh, Jiang et al. (2016) obtained DNS results of the wake 

transition of flow past a circular cylinder which are in good agreement with the 

experimental results reported by Williamson (1996a, 1996b). 

For the standard 3D mesh (Jiang et al., 2016), a hexahedral computational domain 

of 50D×40D×12D as shown in Fig. 3.1(a) is adopted. In the plane perpendicular to the 

cylinder span (i.e. the x-y plane), the cylinder perimeter is equally discretized with 

http://www.openfoam.org/
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132 nodes, and the radial size of the first layer of mesh next to the cylinder is 0.001D. 

The cell expansion ratio in the whole domain is kept below 1.1. For the sake of wake 

flow visualization, a higher mesh resolution in the near wake is used by specifying a 

constant cell size along the x-direction for x/D ranges from approximately 1.0 to 5.5. 

A close-up view of the standard mesh in the x-y plane near the cylinder is shown in 

Fig. 3.1(b). The standard 3D mesh is formed by replicating the 2D mesh along the 

z-axis, resulting in an identical mesh resolution in all planes perpendicular to the 

cylinder span. The cell size in the spanwise direction is 0.1D, which results in a total 

of 120 identical layers of mesh along the cylinder span. 

For DNS with high accuracy schemes such as spectral element method, flow 

three-dimensionality is normally initiated by introducing small-scale disturbances to 

the inlet velocity or the entire flow field at the beginning of the simulation (e.g. 

Henderson, 1997; Thompson et al., 2001). The amplitudes of the initial disturbance in 

Henderson (1997) and Thompson et al. (2001) by using the spectral element method 

were 5×10
-3

U and 1×10
-4

U, respectively. In contrast, for conventional DNS based on 

FVM or finite element method (FEM) formulations, additional artificial disturbances 

are not normally required because numerical disturbances embedded in the 

computational domain (e.g. by skewed mesh elements) can automatically trigger flow 

three-dimensionality. Our previous DNS study (Jiang et al., 2016) based on the same 

FVM formulation showed that for the standard 3D mesh the amplitude of the 

spanwise disturbance velocity in the computational domain is approximately 5×10
-4

U 

(which is mainly concentrated at the locations where mesh skewness takes place). The 

Recr value predicted based on the standard 3D mesh is 193 – 194 (Jiang et al., 2016), 

which is very close to the experimental result of Recr = 194 by Williamson (1996b) 

but slightly (~ 2%) larger than the linear stability analysis results of 188.5 (±1.0), 

190.2 (±0.02), and 190.5 predicted by Barkley and Henderson (1996), Posdziech and 

Grundmann (2001), and Rao et al. (2013), respectively, due to the slight influence of 

the mesh resolution. Nevertheless, the standard 3D mesh is still employed in the 

present study as a compromise between the computational cost and numerical 

accuracy. 



80 

In addition to the standard 3D mesh, a modified 3D mesh with a reduced 

disturbance level is also employed in the present study. As shown in Fig. 3.1(c), the 

modified mesh adopts an enlarged concentric circle of 12D around the cylinder in the 

x-y plane (compared with a concentric circle of 1.25D for the standard mesh), while 

the node number and mesh size next to the cylinder and the size of the computational 

domain remain unchanged. By using the modified mesh, the amplitude of the 

spanwise disturbance velocity due to the skewed mesh elements reduces to around 

2×10
-5

U, which is approximately 1/25 of that induced by the standard 3D mesh. 

Through examining the growing/decaying trend of the time-histories of spanwise 

velocity in the near wake, the Recr based on the modified 3D mesh is found to be 

192.0, which is quite close to the result of 193.3 obtained with the standard 3D mesh. 

The slight difference is attributed to the slight change of the mesh resolution close to 

the cylinder in the x-y plane due to the use of a different mesh topology (Fig. 3.1(b) 

versus Fig. 3.1(c)), rather than the introduction of different disturbance levels. This 

point will be demonstrated later on in § 3.3.5. 

For Re > Recr, since the spanwise velocity will grow into a much larger level (of 

the order of U) after the flow is fully developed, the disturbance amplitude of 5×10
-4

U 

or 2×10
-5

U introduced in the present study will not influence the simulation results 

noticeably. For example, at Re = 194 which is just above the Recr, less than 1% 

difference of the Strouhal number, mean drag force coefficient, and root-mean-square 

lift force coefficient for the saturated flow (for a statistical range of 800 

non-dimensional time units) is obtained by using the standard and modified 3D 

meshes. 
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(a)  

(b)  

(c)  

Fig. 3.1. (a) Schematic model of the computational domain, (b) Close-up view of the 

standard mesh in the x-y plane near the cylinder, and (c) the modified mesh in the x-y 

plane. 
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3.2.3. Boundary conditions 

The boundary conditions adopted in the present study are the same as those used 

in Jiang et al. (2016). At the inlet boundary, a uniform flow velocity U is specified in 

the x-direction. At the outlet, the Neumann boundary condition (i.e. zero normal 

gradient) is applied for the velocity, and the pressure is specified as a reference value 

of zero. A symmetry boundary condition is applied at the top and bottom boundaries, 

whereas a periodic boundary condition is employed at the two lateral boundaries 

perpendicular to the spanwise direction. A non-slip boundary condition is applied on 

the cylinder surface. 

 

3.3. Numerical results 

3.3.1. Level of flow three-dimensionality 

The flow three-dimensionality for Re < Recr is quantified by the spanwise 

disturbance energy Ez integrated over the near wake region of x/D = 0 – 5 (with the 

whole lengths in y- and z-directions), where Ez is defined as: 

 
21

/ d
2

z z
V

E u U V   (3.3) 

and V is the volume of the flow field of interest. Fig. 3.2(a) shows the time evolution 

of Ez for a few cases calculated with the standard 3D mesh, where t* (= Ut/D) denotes 

the non-dimensional flow time. Each case is calculated to the state where the flow is 

fully developed. For Re < Recr, the fully developed state is reached when the 

time-history of the spanwise velocity sampled at a near-wake point becomes periodic 

with a constant amplitude for every vortex shedding period. For example, according 

to the time-history of the spanwise velocity sampled at (x/D, y/D, z/D) = (3, 0.5, 6) for 

Re = 175 shown in Fig. 3.2(b), the flow saturates at t* ~ 250. 
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Fig. 3.2. (a) Time evolution of Ez for a few cases calculated with the standard 3D 

mesh, (b) Time-history of the spanwise velocity sampled at (x/D, y/D, z/D) = (3, 0.5, 6) 

for Re = 175 with the standard 3D mesh, and (c) Variations of the statistical stationary 

Ez in the saturated flow with Re by using the standard and modified 3D meshes. 
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Fig. 3.2(c) shows the variations of the statistical stationary Ez in the saturated 

flow with Re by using the standard and modified 3D meshes. Due to the existence of 

small-scale disturbances, non-zero values of Ez are detected at Re well below the Recr. 

The statistical stationary Ez, although very small in magnitude, increases with Re 

gradually for Re < Recr and suddenly increases by a few orders of magnitude when Re 

reaches Recr. For Re > Recr and up to at least Re = 300, the statistical stationary Ez is 

saturated at a similar order of magnitude (of 10
0
) due to the occurrence of Mode A* or 

Mode B instability of flow (Jiang et al., 2016). 

Since the disturbance level in the modified mesh is significantly lower than that 

in the standard mesh, the magnitude of the integrated Ez for Re < Recr by using the 

modified mesh is approximately two orders of magnitude smaller than that based on 

the standard mesh (Fig. 3.2(c)). For Re > Recr, however, the statistical stationary Ez 

values obtained using the two meshes reach similar saturated levels. Consequently, as 

Re approaches to Recr, the increase rate of Ez predicted with the modified mesh is 

higher than that predicted with the standard mesh (Fig. 3.2(c)). Based on linear 

stability theory, the flow three-dimensionality developed at Re < Recr would be 

damped out completely if the disturbances due to the skewed mesh elements could 

have been switched off completely, which would result in an infinite increase rate of 

Ez at Re = Recr. This is unlikely to be achieved with the present FVM model but will 

be investigated further with a spectral element method in § 3.3.3. 

 

3.3.2. 3D flow structure for Re < Recr 

The wake flow structures associated with the non-zero Ez values shown in Fig. 

3.2(c) are examined by the iso-surfaces of the normalized streamwise vorticity ωx, 

where ωx is defined as: 

yz
x

uu D

y z U


 
  

  

 (3.4) 

The iso-surfaces of ωx obtained with the standard and modified meshes are shown in 

Fig. 3.3 and Fig. 3.4, respectively. The results for Re < Recr are obtained from the end 
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of each calculation, at which point the flow is fully developed (see Fig. 3.2(a)). 
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Fig. 3.3. Iso-surfaces of |ωx| for various Re values obtained with the standard 3D mesh. 

The iso-surfaces are shown in different |ωx| values for different Re so as to display the 

main features of the wake structures. Dark grey and light yellow denote positive and 

negative values, respectively. The flow is from the left to the right past the cylinder on 

the left. 

 

    

Fig. 3.4. Iso-surfaces of |ωx| for various Re values obtained with the modified 3D 

mesh. The iso-surfaces are shown in different |ωx| values for different Re so as to 

display the main features of the wake structures. Dark grey and light yellow denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 
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As shown in Fig. 3.3, for Re = 194 (> Recr), the wake flow is initialized with the 

formation of a well-defined Mode A structure with a spanwise wavelength of around 

4D (Fig. 3.3(a)), followed by the natural development of a more stable pattern with 

large-scale vortex dislocations, i.e. Mode A* structure (Fig. 3.3(b)). This phenomenon 

has been observed by Williamson (1992, 1996b) through physical experiments and 

confirmed by numerical studies based on different mathematical formulations (e.g. 

Henderson, 1997; Braza et al., 2001; Behara and Mittal, 2010; Jiang et al., 2016). 

For Re < Recr, the iso-surfaces of ωx are much weaker, and the magnitude of ωx 

reduces with decrease of Re (Fig. 3.3), which is consistent with the trend in Ez shown 

in Fig. 3.2(c). The well-defined wake structures for Re of 193 down to 180, which 

have a spanwise periodicity of 4D and an out-of-phase sequence between the 

neighbouring braids, appear to be consistent with the Mode A structure (without 

dislocations) for Re > Recr (e.g. Fig. 3.3(a)). As shown in Fig. 3.3, the wake structures 

for Re < Recr gradually become less regular as Re is decreased. The wake structures 

observed for Re ≤ 175 do show some 3D features that are similar to Mode A structure, 

although they are not as well-defined as those observed for Re ≥ 180. 

Overall, the DNS results indicate that a fully developed wake structure for Re < 

Recr reaches a small-amplitude stable state without large-scale vortex dislocations, 

whereas a regular Mode A structure for Re > Recr will evolve into vortex dislocations 

spontaneously. The characteristics of the stable wake structure for Re < Recr appear to 

fit with the stable state of Mode A inferred by Williamson (1996b). For this reason, we 

refer this wake structure as stable state of Mode A structure. 

The fully developed wake structures obtained with the modified mesh are 

visualized by the iso-surfaces of ωx shown in Fig. 3.4. At Re = 191, which is just 

below the Recr, well-defined stable state of Mode A structure similar to that observed 

in Fig. 3.3 is observed in Fig. 3.4(a). Due to the decrease of the disturbance level by 

using the modified mesh with respect to the standard mesh, the magnitude of ωx is 1 

to 2 orders smaller than that observed with the standard mesh, which is consistent 

with the results of the integrated Ez value shown in Fig. 3.2(c). For Re ≤ 185, the 

well-defined stable state of Mode A structure as shown in Fig. 3.4(a) is not developed 
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(Fig. 3.4(b)). This is attributed to the significant reduction of the disturbance level in 

the modified mesh. 

By comparing the results shown in Fig. 3.3 and Fig. 3.4, it is found that the 

emergence of stable state of Mode A structure is correlated with the amplitude of the 

persistent disturbance introduced in the computational domain. When the disturbance 

level is increased, a stable state of Mode A structure will emerge at a lower Re. This is 

further confirmed by simulations with the modified 3D mesh where additional 

artificial disturbance is deliberately introduced in a small region at the front of the 

cylinder. The disturbance region, as shown schematically in Fig. 3.5 in the x-y plane, 

is expressed as 0.5 < r/D ≤ 0.6, -9.5° ≤ θ ≤ 9.5°, and 0 ≤ z/D ≤ 12 (where r is the 

radial distance from the cylinder centre and θ is the polar angle from the front point of 

the cylinder). A random spanwise disturbance with an amplitude of A0 = 5×10
-3

U is 

maintained in this region through switching on the disturbance in the region whenever 

the averaged spanwise velocity in the region falls below 0.25A0, such that the 

disturbance level in the neighbourhood of the region will not accumulate with time. 

The spanwise disturbance applied to each of the cells in the disturbance region is 

expressed as: 

0 0
/ d 0.25

2(rand(0,1) 0.5) when
z

Vz

i

u U VA Au

U U V U

 
   

 


 (3.5) 

where rand(0,1) each time generates a random number between 0 and 1. 

Fig. 3.6 shows the iso-surfaces of ωx obtained with the modified mesh with 

additional artificial disturbance introduced at the front of the cylinder. Compared with 

the wake structures shown in Fig. 3.4, additional artificial disturbance indeed triggers 

stable state of Mode A structure at Re values lower than that for the case without such 

disturbance. It is also seen in Fig. 3.6 that the stable state of Mode A structure 

gradually becomes less well-defined as Re is decreased, which is similar to the trend 

shown in Fig. 3.3. 
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Fig. 3.5. Schematic model showing the region at the front of the cylinder for the 

introduction of additional spanwise disturbance. 

 

    

    

Fig. 3.6. Iso-surfaces of |ωx| for various Re values obtained with the modified 3D 

mesh with additional artificial disturbance introduced in a small region at the front of 

the cylinder. The iso-surfaces are shown in different |ωx| values for different Re so as 

to display the main features of the wake structures. Dark grey and light yellow denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 

Disturbance region 

Cylinder 
U 
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3.3.3. Confirmation with spectral element method 

To confirm and investigate the stable state of Mode A structure further, 3D DNS 

has also been carried out using a spectral element method at various Re values ranging 

from 150 to 200. The spectral element model used in this study is based on the 

framework of Cantwell et al. (2015) and will not be further detailed here. The 

computational domain is discretized by spectral/hp elements in the x-y plane and a 

Galerkin Fourier expansion in the spanwise direction. It has been checked that the 

simulation results are relatively independent of the computational domain size 

(50D×40D×12D), order of the polynomial (= 9), and the number of modes in the 

Fourier expansion (= 64). A random disturbance equal to 1% of the incoming flow 

velocity in all three directions is applied at the inlet of computational domain in the 

first time step of the simulation and is switched off immediately after the first time 

step. The 3D DNS results obtained using the spectral element method are summarized 

below: 

(1) The Recr predicted by the spectral element method is approximately 189, which is 

consistent with the prediction results using linear stability analysis (e.g. Barkley 

and Henderson, 1996). 

(2) At initial stages of the simulations for 175 ≤ Re < Recr, a well-defined stable state 

of Mode A structure which is similar to that observed in Fig. 3.3(c) and Fig. 3.4(a) 

is observed by using the spectral element method (Fig. 3.7). For Re ≤ 170, 

however, the wake structure during the initial stages of simulations (e.g. Fig. 

3.7(g)) is similar to that shown in Fig. 3.4(b), for which the regular stable state of 

Mode A structure is not well-developed. 

(3) As shown in Fig. 3.7, the flow three-dimensionality (represented by the stable 

state of Mode A structure) observed at Re < Recr is transient and will be damped 

out eventually when the simulation is run for a sufficiently long time. For example, 

the maximum value of |ωx| for Re = 175 decays from 5.0×10
-3

 at t* = 200 to 

1.7×10
-6

 at t* = 500. 
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Fig. 3.7. Iso-surfaces of |ωx| for various Re values obtained using the spectral element 

method. The iso-surfaces are shown in different |ωx| values for different Re so as to 

display the main features of the wake structures. Dark grey and light yellow denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 

 

3.3.4. Physical mechanism for stable state of Mode A 

The physical mechanism responsible for the stable state of Mode A wake 

structure observed at Re < Recr is believed to be due to the convective instability of 

the flow, which amplifies the small-scale spanwise disturbance introduced in the 

computational domain upstream of the cylinder. The transient stability analysis of 

flow past a circular cylinder by Abdessemed et al. (2009) suggests that the energy 

amplification of spanwise disturbance due to convective instability could be as high as 

10
3
 at Re = 200 over a few vortex shedding cycles. Abdessemed et al. (2009) also 

found that the transient growth of initial disturbance occurs at Re values much smaller 

than Recr and that the energy amplification generally increases with increase of Re. 

When disturbance is introduced as an initial condition at Re < Recr, the transient flow 

structure formed due to the initial disturbance is expected to be eventually damped out 

at a rate dictated by the eigenmode (Abdessemed et al. 2009). 

In the present study, the stable state of Mode A structure at Re < Recr observed by 
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the spectral element method follows the characteristics of convective instability of 

flow addressed by Abdessemed et al. (2009). For instance, the stable state of Mode A 

structure is damped out eventually in the spectral element method simulations because 

the disturbance is only introduced as an initial condition. In contrast, since the 

disturbance introduced by the FVM model (mainly due to the skewed mesh elements) 

is persistent throughout the simulation, it leads to a persistent energy amplification of 

the disturbance through convective instability of the flow, and is thus responsible for 

sustained stable state of Mode A structure observed at Re < Recr. 

The present numerical results show that small-scale transient or persistent 

disturbance in the immediate neighbourhood of the cylinder is able to trigger the 

formation of well-defined stable state of Mode A structure in the near wake region at 

Re < Recr. Such a condition could occur in real life situations where small-scale 

disturbance exists throughout (e.g. through cylinder roughness or disturbance in the 

approaching flow). However, it is admitted that the stable state of Mode A structure 

discovered in this study is difficult to be captured through physical experiments due to 

its small amplitude. It is seen from Fig. 3.2(c) that the spanwise energy remains at 

extremely small levels until Re approaches to Recr. Such small values of spanwise 

velocity may be within the range of experimental noise in most velocity measurement 

devices. 

 

3.3.5. Influence of disturbance level on Recr 

Since the bifurcation to the secondary instability is subcritical, the bifurcation 

point Recr may be affected by the disturbance level introduced in the flow field 

(Barkley and Henderson, 1996). Based on the linear stability analysis results reported 

in the literature (e.g. Posdziech and Grundmann, 2001), the bifurcation would occur at 

Recr ~ 190 if the disturbance introduced in the flow is infinitesimal. In contrast, if the 

disturbance level is in the order of the free-stream velocity, the Mode A* flow would 

occur and persist at an Re at the lower end of the hysteresis range. According to the 

3D DNS studies by Behara and Mittal (2010) and Akbar et al. (2011), the hysteresis 
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range is about ∆Re = 3 – 5 below the Recr of ~ 190 predicted by linear stability 

analysis. Within the hysteresis range, the secondary instability can only be triggered 

when the disturbance is beyond a certain level, and the onset point Recr decreases with 

increase of the disturbance level (Schmid and Henningson, 2000). 

Based on this, the Recr for the standard and modified 3D meshes are calculated 

with different levels of additional artificial spanwise disturbance introduced at the 

front of the cylinder (the shadow region shown in Fig. 3.5), and the results are shown 

in Fig. 3.8. As expected, the Recr decreases slightly with increase of the disturbance 

level due to the subcritical nature of the secondary instability. When the disturbance 

level is smaller than 5×10
-3

U, the influence of disturbance level on the Recr is 

negligible. 

However, with the decrease of disturbance level, the Recr for the standard and 

modified 3D meshes converge at different values (Fig. 3.8). Excluding the influence 

of disturbance level, the slight difference of Recr for the two meshes is believed to be 

attributed to the slight change of the computational mesh resolution (which would 

affect numerical diffusion) close to the cylinder in the x-y plane due to the use of 

different mesh topologies (Fig. 3.1(b) versus Fig. 3.1(c)). 
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Fig. 3.8. Variation of the predicted Recr with the level of additional artificial spanwise 

disturbance at the front of the cylinder. 
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3.4. Conclusions 

This paper demonstrates the existence of a stable state of Mode A wake structure 

for flow past a circular cylinder as inferred by Williamson (1996b), based on 

three-dimensional (3D) direct numerical simulations (DNS) using both finite volume 

and spectral element methods. The stable state of Mode A wake structure is observed 

at the Reynolds number (Re) in a range below the critical Re for Mode A* instability 

(Recr), and this leads to a wake transition sequence of 2D→A→A*→B as suggested 

by Williamson (1996b). Similar to the conventional Mode A structure observed for 

Re > Recr, the stable state of Mode A structure also has a spanwise periodicity of 

approximately 4 cylinder diameters and an out-of-phase sequence between the 

neighbouring braids. However, the stable state of Mode A structure has much weaker 

amplitude and does not evolve into large-scale vortex dislocations. This may be the 

reason why it could not be captured easily through physical experiments. 

It is believed that the stable state of Mode A wake structure formed immediately 

downstream of the cylinder at Re < Recr is triggered by small-scale spanwise 

disturbance introduced upstream of the cylinder, due to energy amplification through 

convective instability of the flow. Under a transient initial disturbance condition (as 

may be implemented using a well-refined spectral element method), the stable state of 

Mode A structure is transient and is damped out eventually. Under a persistent 

disturbance condition (as is likely to be the case using the finite volume method due to 

unavoidable numerical disturbance associated with a 3D mesh, or in real life 

situations where small-scale disturbance exists throughout), the stable state of Mode A 

structure is sustained throughout. 

It is also found that the emergence of a stable state of Mode A structure is 

correlated with both Re and the disturbance level. With the decrease of Re, the stable 

state of Mode A structure gradually becomes less well-defined and eventually 

disappears. With the decrease of the disturbance level, the stable state of Mode A 

structure emerges at a higher Re. 
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Chapter 4  

 

Mode C wake characteristics for flow past a circular 

cylinder with a near-wake wire disturbance† 

 

Abstract: The evolutions of Mode C wake characteristics with time and the Reynolds 

number (Re) for flow past a circular cylinder is investigated through 

three-dimensional (3D) direct numerical simulations (DNS). The Mode C wake 

instability is deliberately triggered by placing a small wire in the near-wake of the 

cylinder. Three evolution regimes are identified for the saturated Mode C flow as Re 

exceeds a critical value Recr (= 166.4, weakly dependent on the wire diameter). In the 

well-defined regime (Recr < Re ≤ 210), the saturated Mode C flow structure is highly 

repeatable along the cylinder span. The spanwise wavelength of Mode C increases 

slightly with Re. The flow structure is 2T-periodic (T being the vortex shedding period) 

but retains a spatiotemporal symmetry for every 1T. In the non-uniform regime (220 ≤ 

Re ≤ 260), the saturated Mode C flow structure is less repeatable along the cylinder 

span but still appears in pairs along the entire cylinder span width. At Re = 220 and 

230, the well-defined Mode C only persists for a short period of time before it evolves 

spontaneously into a more stable pattern of non-uniform Mode C with 2T- and 

4T-periodicity, respectively. The Mode C structure loses strict periodicity at Re ≥ 240. 

In the chaotic regime (Re ≥ 270), the flow structure becomes increasingly disordered, 

and it becomes increasingly difficult to identify the pairing of the streamwise vortices. 

The intrinsic links between the Mode C flow structure and the vortex shedding 

frequency and force coefficients are also revealed. 

                                                        
†
 This chapter is presented as a paper which has been submitted as “Jiang, H., Cheng, L., An, H., 

2017. Evolution of Mode C wake characteristics with the Reynolds number. Submitted to Physics 

of Fluids” 
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4.1. Introduction 

Three-dimensional (3D) instabilities in the wake of a long bluff body have been 

the topic of extensive experimental and numerical studies in the past few decades. 

One of the most classical fluid mechanics problems is steady incoming flow past a 

circular cylinder, for which the flow is governed by a single dimensionless parameter 

Re (= UD/ν), where U is the approaching flow velocity, D is the cylinder diameter, 

and ν is the fluid viscosity. It is now well known (e.g. Williamson, 1996a, 1996b; 

Henderson, 1997; Barkley et al., 2000; Jiang et al., 2016a) that for flow past a circular 

cylinder the flow structure in the cylinder wake will undergo a transition sequence of: 

(1) emergence of primary wake instability at Re ~ 47, (2) onset of Mode A instability 

with large-scale vortex dislocations (i.e. Mode A*) at Re ~ 190, (3) gradual transition 

from Mode A* to Mode B for Re over a range of 230 to 260, and (4) development of 

increasingly disordered Mode B structure for Re beyond approximately 270. Based on 

different numerical and experimental approaches, a similar transition sequence has 

also been observed for flow past a square cylinder (Robichaux et al., 1999; Sohankar 

et al., 1999; Luo et al., 2003, 2007). For other bluff body flows, e.g. an elliptic 

cylinder (Leontini et al., 2015), a circular ring (Sheard et al., 2003), a rotating circular 

cylinder (Rao et al., 2013), two circular cylinders in staggered arrangements (Carmo 

et al., 2008), etc., several wake instability modes including Modes A and B were 

observed. The additional wake instability modes are due to the movement or a 

different geometric configuration of the bluff body, or the interference of other nearby 

bluff bodies or boundaries. 

Apart from Modes A and B, one of the commonly observed wake instability 

modes in bluff body flows is Mode C. The most striking feature of Mode C is that it is 

subharmonic and 2T-periodic (T being the vortex shedding period) (Sheard et al., 

2005a). The Mode C instability is often observed when the Z2 spatiotemporal 

symmetry (spatial reflection of the flow about the wake centreline after every T/2 time 

evolution) of the wake is broken by a perturbation imposed on the bluff body 

(Blackburn and Sheard, 2010) which can normally be a geometric configuration or a 
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movement that is asymmetric about the wake centreline, e.g. a circular cylinder with a 

trip-wire in the near-wake but offset from the wake centreline (Zhang et al., 1995; 

Yildirim et al., 2013a, 2013b), a circular ring (Sheard et al., 2003, 2004, 2005b), a 

rotated square cylinder (Sheard et al., 2009), two circular cylinders in staggered 

arrangements (Carmo et al., 2008), a rotating circular cylinder (Rao et al., 2013), a 

rotating circular cylinder near a moving wall (Rao et al., 2015a), etc. 

Linear stability analysis has been widely adopted in the prediction of the 

characteristics of the wake instability modes, including the critical Re (denoted as 

Recr), the spanwise wavelength, and the spatiotemporal symmetry of the mode. For 

example, the Mode C instability reported in a number of scenarios were predicted 

using linear stability analysis (e.g. Sheard et al., 2003; Carmo et al., 2008; Sheard et 

al., 2009; Rao et al., 2013, 2015a). However, the temporal evolution of the Mode C 

structure and the non-linear wake transition process with increase of Re are relatively 

rarely explored. 

The Mode C wake instability was first observed both experimentally (with Dw/D 

= 0.006, where Dw is the diameter of the wire) and numerically (with Dw/D = 0.05) by 

Zhang et al. (1995) by placing a trip-wire at (x/D, y/D) = (0.75, 0.75) in the near-wake 

of a main circular cylinder. The Mode C structure was observed in their flow 

visualization experiments over a range of Re from 170 to 270, with a spanwise 

wavelength of ~ 2D. The Mode C flow was periodic for 170 < Re < 200 and 

quasi-periodic for 200 < Re < 270. Based on their numerical study, the spanwise 

wavelength of Mode C was 1.8D at Re = 210. A recent experimental study by Yildirim 

et al. (2013a), where a trip-wire of Dw/D = 0.01 was placed at the same near-wake 

location to that in Zhang et al. (1995), observed the Mode C structure over a range of 

Re from the onset point of 165 – 180 to the largest Re of 300 considered in their study. 

The Mode C structure became more disordered with increase of Re, whereas no 

drastic changes were observed in the vortex structure. The spanwise wavelength of 

Mode C was around 2D according to Yildirim et al. (2013a) and was found to be 

scattered between 1.8D and 2.4D in Yildirim et al. (2013b) after further analysis. 

Yildirim et al. (2013a) also suggested that the feedback of streamwise vortices 
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between two consecutive primary vortices on the wire side is the reason for the 

self-sustaining of the Mode C structure at the same spanwise locations. In addition, 

Rao et al. (2015b) examined the influence of a small upstream wire on the emergence 

of Mode C in the wake of a rotating circular cylinder, and found that the emergence of 

Mode C was influenced by the location and diameter of the wire. 

In light of the earlier works, the primary aim of this study is to investigate the 

evolutions of Mode C wake characteristics with time and Re, based on the 

configuration of a circular cylinder with a near-wake wire disturbance as used 

previously in Zhang et al. (1995) and Yildirim et al. (2013a, 2013b). The present 

direct numerical simulation (DNS) results are expected to complement the findings by 

Zhang et al. (1995) and Yildirim et al. (2013a, 2013b) with quantitative descriptions 

of the Mode C wake flow structure and hydrodynamic forces on the cylinder. 

 

4.2. Numerical model 

4.2.1. Numerical method 

OpenFOAM (www.openfoam.org) has been adopted in solving the continuity and 

incompressible Navier-Stokes equations: 

0i
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u

x





 (4.1) 
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u u up
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t x x x x




  
   

    
 (4.2) 

where 1 2 3( , , ) ( , , )x x x x y z  are Cartesian coordinates, ui is the velocity component in 

the direction xi, t is time and p is pressure. The Finite Volume Method (FVM) and the 

Pressure Implicit with Splitting of Operators (PISO) algorithm (Issa, 1986) are used to 

solve the equations. The convection, diffusion and time derivative terms are 

discretized, respectively, using a fourth-order cubic scheme, a second-order linear 

scheme, and a blended scheme consisting of the second-order Crank-Nicolson scheme 

and a first-order Euler implicit scheme, respectively. By using the same numerical 

formulation, Jiang et al. (2016a) predicted wake transitions of flow past an isolated 

http://www.openfoam.org/
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circular cylinder (45 ≤ Re ≤ 300) which are in good agreement with the experimental 

results reported by Williamson (1996a, 1996b). 

 

4.2.2. Geometrical configuration and boundary conditions 

A hexahedral computational domain of 50D×40D×12D, as shown in Fig. 4.1(a), 

is adopted for the present DNS. A circular wire is placed in the near-wake of the main 

circular cylinder at (x/D, y/D) = (0.75, 0.75), to be consistent with the experimental 

and numerical setups in Zhang et al. (1995) and Yildirim et al. (2013a, 2013b). For the 

majority of the present study, the diameter of the wire, Dw, is chosen as 0.05D, which 

is the same as that employed in the numerical study by Zhang et al. (1995) but larger 

than those used in the experiments: Dw = 0.006D in Zhang et al. (1995) and Dw = 

0.01D in Yildirim et al. (2013a, 2013b). This is because a finer-scale wire results in a 

much higher computational cost due to the requirement of resolving the flow near the 

wire. For example, it is found that the computational cost is increased by 2 to 3 times 

when Dw is reduced from 0.05D to 0.01D. Nevertheless, a Dw of 0.01D is also adopted 

for some cases in § 4.3.1 to investigate the influence of Dw on the onset of Mode C 

wake instability. 

  

(a)                                    (b) 

Fig. 4.1. (a) Schematic model of the computational domain (not to scale), and (b) 

Close-up view of the 2D standard mesh near the main cylinder and wire. 
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The boundary conditions are specified as follows. At the inlet boundary, a 

uniform flow velocity U is specified in the x-direction. At the outlet, the Neumann 

boundary condition (i.e. zero normal gradient) is applied for the velocity, and the 

pressure is specified as a reference value of zero. Symmetry boundary conditions are 

applied at the top and bottom boundaries, while periodic boundary conditions are 

employed at the two lateral boundaries perpendicular to the cylinder axis. A non-slip 

boundary condition is applied on the surfaces of the main cylinder and near-wake 

wire. 

 

4.2.3. Computational domain and mesh 

The computational domain size and mesh resolution have been chosen based on a 

parameter dependence check, which has been carried out in two steps (similar to the 

procedures in Jiang et al. (2016a)): (i) First, the adequacy of mesh resolution and 

domain size in the x-y plane (i.e. the plane perpendicular to the cylinder span) was 

examined by a number of two-dimensional (2D) simulations. (ii) A 3D mesh was then 

generated by replicating the chosen 2D mesh along the z-axis, resulting in an identical 

mesh resolution in all planes perpendicular to the cylinder span. A parameter 

dependence study on this 3D mesh was then undertaken. The selected 2D mesh and 

the resulting 3D mesh are referred to as the standard meshes throughout this paper. 

The standard 2D mesh (Fig. 4.1(b)) is detailed as follows. The computational 

domain size in the x-y plane is 50D×40D. For the main cylinder, the cylinder 

perimeter is discretized with 142 nodes, and the radial size of the first layer of mesh 

next to the cylinder is 0.001D. For the near-wake wire with a diameter Dw of 0.05D or 

0.01D, the wire perimeter is discretized with 42 nodes, and the radial size of the first 

layer of mesh next to the wire is 0.0054Dw. The non-dimensional wall distance y
+
 on 

the main cylinder and wire surfaces is less than 0.1 for all of the cases considered in 

this study (up to Re = 400). To capture detailed wake flow structures, a relatively high 

mesh resolution is used in the near-wake by specifying a streamwise mesh size 

varying linearly from 0.04D at x/D = 1 to 0.09D at x/D = 10. 
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The adequacy of mesh resolution and domain size of the standard 2D mesh was 

checked at Re = 400 (the largest Re used in this study). This was achieved by 

calculating a total of four cases (Cases 2 to 5 in Table 4.1) with variations to the 

standard 2D mesh (Case 1 in Table 4.1). Cases 2 to 4 examined the adequacy of 

domain size from the cylinder centre to either side of the outer boundaries, whilst 

Case 5 examined the overall mesh resolution. In Case 5, the mesh in the entire 

computational domain is refined by doubling the amount of cells in both x- and 

y-directions. Specifically, at both the main cylinder and wire surfaces, the number of 

cells around the perimeter is doubled, whilst the radial size of the first layer of mesh 

next to the body is halved. 

The time step ∆t for each case is based on the criterion that the Courant number 

Co is kept below 0.5 in the entire computational domain, where Co is defined as: 

/Co u t l    (4.3) 

where |u| is the magnitude of the velocity through a cell, and ∆l is the cell size in the 

direction of the velocity. Based on this criterion, the non-dimensional time step 

(defined as ∆t* = U∆t/D) for Case 1 in Table 4.1 (at Re = 400) is 1.21×10
-3

. 

 



106 

Table 4.1. Results of the 2D mesh dependence study at Re = 400. The results of Cases 2 to 5 are shown by the relative differences with respect to 

Case 1. 

Case Description Main cylinder Near-wake wire 

St DC  
LC   St DC  

LC   

1 Standard 2D mesh 0.2045 1.3178 0.6649 0.01023 2.4422 0.2116 

2 Double the domain length from inlet to cylinder 

centre (from 20D to 40D) 

-0.30% -0.45% -0.94% -0.30% -0.30% -0.37% 

3 Double the domain length from cylinder centre to 

outlet (from 30D to 60D) 

+0.13% +0.12% +0.08% +0.13% +0.17% +0.06% 

4 Double the domain length in the y-direction (from 

40D to 80D) 

-0.88% -1.06% -0.97% -0.88% -0.98% -0.46% 

5 Double the amount of cells in both directions 

(nodes around main cylinder from 142 to 284) 

-0.32% -0.23% +0.57% -0.32% -0.91% -1.37% 
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The influence of the mesh resolution and domain size is quantified by calculating 

the hydrodynamic forces on the main cylinder and wire, including the Strouhal 

number St, and the drag and lift force coefficients CD and CL, which are defined as: 

/LSt f D U  (4.4) 

2/ ( / 2)D D zC F DU L  (4.5) 

2/ ( / 2)L L zC F DU L  (4.6) 

where fL is the frequency of the fluctuating lift force, FD and FL are the integrated drag 

force and lift force on the cylinder, respectively, ρ is fluid density, and Lz is the 

cylinder span length. The time-averaged drag and lift coefficients are denoted as 
DC  

and 
LC , respectively. The root-mean-square lift coefficient 

LC   is defined as: 

 
2

,

1

1 N

L L i L

i

C C C
N 

    (4.7) 

where N is the number of values in the time-history of CL. It is worth noting that the 

frequency of the fluctuating forces on the main cylinder and near-wake wire are 

naturally identical. This is because for Re ≤ 400 the Reynolds number based on the 

wire diameter Rew (= UDw/ν) is smaller than 20, much less than the threshold of 

natural vortex shedding of ~ 47. 

The results of the 2D mesh dependence study are listed in Table 4.1. It is seen that 

the relative differences of Cases 2 to 5 with respect to Case 1 are generally within 1%, 

which suggests that the numerical results predicted by the standard 2D mesh are 

generally converged. 

The 3D mesh dependence study focused on the mesh resolution and domain size 

in the spanwise direction. For the standard 3D mesh, the spanwise domain length (Lz) 

is 12D and the cell size in the spanwise direction (∆z) is 0.1D, which are in 

accordance with Jiang et al. (2016a) for the case of flow past an isolated circular 

cylinder. In order to examine the influence of Lz and ∆z, an extended mesh (Lz is 

increased from 12D to 24D) and a refined mesh (∆z is decreased from 0.1D to 0.05D) 

were tested at Re = 400. It is noted that the fully developed 3D flow may not be 



108 

regular periodic. Therefore, at least 800 non-dimensional time units (defined as t* = 

Ut/D) of the fully developed flow were used to calculate the statistical stationary St 

and 
DC  for which the results calculated from the second half of the sampling data 

are within 0.5% of those determined from the whole sampling data sets. For the 3D 

analysis, St is determined using the peak frequency derived from the fast Fourier 

transform (FFT) of the time-history of the lift force coefficient. As shown in Table 4.2, 

the numerical results obtained with the extended and refined meshes are very close to 

those obtained with the standard 3D mesh (relative differences are within 0.3%). With 

regard to the flow field in the near-wake, Fig. 4.2 shows the streamwise and 

transverse velocity profiles at a few streamwise locations (x/D = 1, 2, 3, and 5) 

calculated with the three meshes listed in Table 4.2 at Re = 400. The velocity profiles 

are averaged over the same period of flow time (of more than 800 non-dimensional 

flow time) and over the cylinder span. Very good agreements are observed in Fig. 4.2 

for the averaged velocity profiles, including at around (x/D, y/D) = (1, 0.75) where 

fluctuations of the velocity profiles are observed (Fig. 4.2) due to the influence of the 

wire. 

Based on the mesh dependence study reported above, the standard 3D mesh is 

considered to be adequate for the numerical simulations of the present study, given the 

available computational resources. Hence the 3D simulations in the present study are 

carried out with the standard 3D mesh. 

 

Table 4.2. Results of the 3D mesh dependence study at Re = 400. The results of Cases 

2 and 3 are shown by the relative differences with respect to Case 1. 

Case Mesh type Lz/D ∆z/D Main cylinder Near-wake wire
 

St 
DC  St 

DC  

1 Standard 12 0.1 0.1785 1.0522 0.008928 2.5883 

2 Extended 24 0.1 +0.17% +0.23% +0.17% +0.21% 

3 Refined 12 0.05 +0.08% -0.01% +0.08% -0.13% 
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Fig. 4.2. Averaged velocity profiles at a few streamwise locations in the near-wake 

(x/D = 1, 2, 3, and 5) calculated with the three meshes listed in Table 4.2 at Re = 400: 

(a) streamwise velocity profiles, and (b) transverse velocity profiles. 

 

4.3. Numerical results 

4.3.1. Onset of Mode C instability 

As evidenced in Zhang et al. (1995) and Yildirim et al. (2013a, 2013b), the 

secondary wake instability of flow past a circular cylinder with a near-wake wire 

disturbance is represented by a Mode C wake instability. In this study, the critical Re 

for the secondary wake instability (Recr) and the corresponding spanwise wavelength 
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of Mode C (λ) are calculated using DNS. 

Fig. 4.3 shows the neutral instability curves for Mode C instability based on two 

different wire diameters. The flow is globally unstable to 3D perturbations if the 

combination of Re and λ falls into the area enclosed by the neutral curve. The points 

on the neutral curve correspond to the neutral state of the flow where perturbations 

neither grow nor decay. Each point on the neutral curve is obtained by specifying a 

fixed Lz (i.e. a fixed λ) and varying Re so that the critical Re corresponding to the 

prescribed λ can be determined. Each critical Re is determined by analysing the 

transient growth/decay rates of spanwise velocity amplitudes sampled at a near-wake 

point ((x, y, z) = (3D, 1D, Lz/2) in the present study) for a few Re values just above the 

critical Re. The point at the left tip of the neutral curve is the Recr for the onset of 

Mode C instability. It has been checked that based on the reference case with Dw/D = 

0.05 and λ/D = 1.5 which is located at the left tip of the neutral curve shown in Fig. 

4.3, the variations of Recr after doubling the domain size in the x-y plane (to 

100D×80D), doubling the mesh numbers in both x- and y-directions, or doubling the 

mesh layers in the spanwise direction (use 20 layers of mesh rather than 10 layers to 

resolve a pair of Mode C structure) are all within 0.7%. 
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Fig. 4.3. Neutral instability curves for the Mode C instability based on two different 

wire diameters. 
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As shown in Fig. 4.3, the neutral curve for Mode C instability varies with the 

variation of Dw. This is because the near-wake wire is a constant disturbance source 

for the alteration of the shear layer separated from the upper side of the main cylinder, 

and such disturbance magnifies with increase of Dw. The Mode C structure resulted 

from the alteration of the shear layer is the signature of flow behind both the main 

cylinder and wire, rather than the property of flow behind the main cylinder only. 

It is also seen from Fig. 4.3 that the Recr at the left tip of the neutral curve and the 

corresponding λ for Mode C vary slightly from (Recr, λ) = (166.4, 1.5) for Dw/D = 0.05 

to (Recr, λ) = (169.1, 1.3) for Dw/D = 0.01. The Recr values are in good agreement with 

the experimental results reported in the literature, e.g. Recr = 170 by Zhang et al. 

(1995) with Dw/D = 0.006, and Recr = 165 – 180 by Yildirim et al. (2013a) with Dw/D 

= 0.01. 

 

4.3.2. 3D wake transition 

The detailed Mode C vortex structure in the wake transition process is examined 

with the disturbance of a near-wake wire of Dw/D = 0.05. The standard 3D mesh is 

adopted so that about 7 to 8 Mode C streamwise vortex pairs are included in the 

spanwise extent of Lz/D = 12. (As will be shown later on in § 4.3.3, the spanwise 

wavelength of Mode C varies with Re.) 

As a first overview, the time-histories of the drag and lift force coefficients for Re 

ranging between 166 (just below Recr) and 400 are shown in Fig. 4.4. The entire 

ranges of the time-histories are shown in the left column of Fig. 4.4, while the 

time-histories of 50 non-dimensional time units of the fully developed flow close to 

the end of each simulation are further shown in the right column of Fig. 4.4. The 

horizontal dashed lines in the left column of Fig. 4.4 mark the fluctuation ranges of 

the corresponding 2D force coefficients. 

The time-histories of the spanwise velocity uz sampled at (x/D, y/D, z/D) = (3, 1, 

6) in the near-wake for Re = 166 (< Recr) and 167 (> Recr) are also included in Fig. 

4.4(a) and Fig. 4.4(b), respectively. For Re = 166 (and below), the oscillation 
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amplitude of uz converges to a negligibly small range, and the fluctuation ranges of 

the 3D force coefficients are identical to their 2D counterparts. For Re = 167 (and 

above), a gradual development of oscillation amplitude of uz is observed at the very 

beginning of the time-history (e.g. Stage 1 in Fig. 4.4(b)), followed by a saturated 

oscillation state of the time-history (e.g. Stage 2 in Fig. 4.4(b)), marking the 

development of 3D wake instability. Consistently, the drag coefficient and the 

fluctuation amplitude of the lift coefficient decrease from their 2D counterparts. The 

deviations of the 2D and 3D results are relatively small at Re = 167 (Stage 2 in Fig. 

4.4(b)), due to a rather weak flow three-dimensionality. With the increase of Re, a 

larger deviation of the 2D and 3D results is observed after a short Stage 1 within 

which the 2D and 3D fluctuation amplitudes are similar. 
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Fig. 4.4. Time-histories of the drag and lift force coefficients for Re ranging between 

166 and 400. The horizontal dashed lines in the left column of figures mark the 

fluctuation ranges of the corresponding 2D force coefficients. 

 

The 3D vortex structures in the wake transition process are examined through 

numerical flow visualization. The vortex structures are identified by the iso-surfaces 

of the streamwise vorticity ωx, defined in a non-dimensional form of: 

yz
x

uu D

y z U


 
  

  
 (4.8) 

The iso-surfaces of ωx for Re ranging between 167 and 240 are shown in Fig. 4.5. The 

vortex structures are shown at the time instants that the lift force coefficient on the 
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main cylinder reaches its maximum. 
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Fig. 4.5. Iso-surfaces of ωx of the fully developed flow for Re ranging between 167 

and 240. Dark grey and light yellow denote positive and negative values, respectively. 

The flow is from the left to the right past the cylinder on the left. The vortex structures 

are shown at the time instants that the lift force coefficient on the main cylinder 

reaches its maximum. In the expression of t*, n denotes an integer number. 
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For Re ranging between 167 and 210, the fully developed wake flow structure is 

represented by a well-defined Mode C structure with a uniform spanwise wavelength 

(Fig. 4.5(a–d)). The z-normal projections of ωx shown in Fig. 4.5(a–d) suggest that the 

Mode C structure is highly repeatable along the cylinder span. As shown in Fig. 

4.5(a,b) for Re = 167, and Fig. 4.5(c,d) for Re = 210, the streamwise vortices change 

sign after each shedding period, but repeat themselves after two shedding periods, 

revealing the 2T-periodic nature of Mode C. Carmo et al. (2008) and Yildirim et al. 

(2013a) suggested that the spatiotemporal symmetry of the Mode C structure can be 

described as: 

( , , , ) ( , , , )x xx y z t x y z t T     (4.9) 

However, as ωx grows stronger with increase of Re, it becomes clear that the 

streamwise vortices of Mode C appear in pairs (e.g. Fig. 4.5(c,d)), in a similar pattern 

to the streamwise vortex pairs of Mode A (see, e.g., Williamson, 1996b). The pairing 

of the Mode C streamwise vortices at lower Re values (e.g. at Re = 167) is not easily 

identified in Fig. 4.5(a,b) but can be better visualized by the contours of ωx in the 

plane of y = -1.5 (the dashed lines in Fig. 4.5(a,b)) shown in Fig. 4.6. As can be seen 

in Fig. 4.6 for Re = 167 and also Fig. 4.5(c,d) for Re = 210, equation (4.9) is not 

strictly satisfied. The Mode C flow structure can be better represented by a new 

spatiotemporal symmetry: 

( , , , ) ( , , / 2, )x xx y z t x y z t T      (4.10) 

As shown in Fig. 4.4(b–d), the time-histories of CD and CL for Re = 167 – 210 are 

T-periodic rather than 2T-periodic. This is because the force coefficients are the 

quantities integrated over the entire cylinder span. For example, for both Fig. 4.5(c) 

and Fig. 4.5(d), 7 pairs of Mode C structure are observed along the cylinder span, 

although their spanwise locations are different. Therefore, the force coefficients which 

are averaged over the 7 pairs of Mode C should be repeatable between two 

consecutive vortex shedding periods. 
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Fig. 4.6. Contours of ωx in the plane of y = -1.5 for Re = 167. The flow is from the left 

to the right past the cylinder on the left. The vortex structures are shown at the time 

instants that the lift force coefficient on the main cylinder reaches its maximum. In the 

expression of t*, n denotes an integer number. 

 

To uncover the 2T-periodic nature of Mode C that is not revealed by the 

integrated force coefficients, the time-histories of the flow velocity components 

sampled at a near-wake point (x/D, y/D, z/D) = (3, 1, 6) are examined. It is seen from 

Fig. 4.7(a,b) that as Re increases from 166 (< Recr) to 167 (> Recr), the time-history of 

CL remains T-periodic whereas the time-histories of uy and uz become 2T-periodic (the 

horizontal dashed lines in Fig. 4.7 are used to facilitate determination of the 

periodicity of the time-histories). With the increase of Re from 167 to 210, the flow 

three-dimensionality becomes stronger, and the 2T-periodicity of the time-history of 

uy becomes more apparent (e.g. Fig. 4.7(c)). It should be noted that the pattern of the 

time-history of ux is very similar to that of uy and is therefore omitted in Fig. 4.7. The 

“high-peak-low-peak” pattern of the time-history of uy for Mode C, as reported in the 

experimental study by Yildirim et al. (2013a), is also observed in Fig. 4.7(b–d) for the 

time-history of uy (and also for the time-history of ux). 
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Fig. 4.7. Time-histories of the integrated lift force coefficient and the flow velocity 

components sampled at (x/D, y/D, z/D) = (3, 1, 6) for Re ranging between 166 and 240. 

The horizontal dashed lines are used to facilitate determination of the periodicity of 

the time-histories. 

 

As Re increases to 220, the Mode C structure becomes non-uniform but still 

remains 2T-periodic (Fig. 4.5(e,f)). It is seen from the time-histories of CD and CL 

shown in Fig. 4.4(e) that Stage 2 is not yet a stable stage. Eventually, the flow will 

evolve into Stage 3 and reach a saturated state where the time-histories of CD and CL 

are 2T-periodic. Based on flow visualization, it is found that the Mode C structure in 

Stage 2 is well-defined with a uniform spanwise wavelength, similar to those shown 

in Fig. 4.5(a–d). In contrast, the Mode C structure in Stage 3 as shown in Fig. 4.5(e,f) 

is non-uniform. The spanwise wavelength of Mode C shown in the x-z plane of Fig. 

4.5(e,f) is slightly varied, and the z-normal projections of the vortices suggest that the 

Mode C structure is less repeatable along the cylinder span compared with those 

shown in Fig. 4.5(a–d). However, the fully developed Mode C structure in Stage 3 is 

still 2T-periodic, i.e. the wake flow structure is still highly repeatable in every two 
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vortex shedding periods. 

The evolution from Stage 2 to Stage 3 at Re = 220 resembles the evolution from 

Mode A to Mode A* for an isolated circular cylinder. With the increase of Re to 220, 

the well-defined Mode C in Stage 2 is no longer a stable state. The well-defined Mode 

C only persists for a short period of time before it evolves spontaneously into a more 

stable pattern of non-uniform Mode C in Stage 3. 

For the non-uniform Mode C structure at Re = 220, although the non-uniform 

streamwise vortices at their respective spanwise locations still change sign after each 

shedding period (Fig. 4.5(e,f)), equation (4.10) is no longer valid. Consequently, the 

time-histories of CD and CL for Re = 220 become 2T-periodic (Fig. 4.4(e)). In addition, 

the time-histories of the flow velocity components are also 2T-periodic (Fig. 4.7(d)). 

At Re = 230, the non-uniform Mode C becomes 4T-periodic (Fig. 4.5(g–j)). 

Similar to Re = 220, the time-histories of CD and CL for Re = 230 also consist of a 

short initial Stage 1, an unstable Stage 2 and a saturated Stage 3 (Fig. 4.4(f)). The 

Mode C structure in Stage 2 is largely well-defined with a uniform spanwise 

wavelength, whereas the Mode C structure in Stage 3 is non-uniform (Fig. 4.5(g–j)). 

Although the wake structure still consists of 7 non-uniform Mode C streamwise 

vortex pairs along the span width, the Mode C structure becomes more disordered at 

Re = 230 (Fig. 4.5(g–j)) with respect to that at Re = 220 (Fig. 4.5(e,f)). It is seen from 

Fig. 4.5(g–j) and Fig. 4.7(e) that the flow at Re = 230 is 4T-periodic. At respective 

spanwise locations, the streamwise vortices still change sign after each shedding 

period. However, after 2T within which the sign of the streamwise vortices has been 

changed twice, the flow structure does not repeat itself (e.g. Fig. 4.5(g) versus Fig. 

4.5(i), and Fig. 4.5(h) versus Fig. 4.5(j)). Rather, it looks as if the whole flow field is 

shifted upwards along the cylinder span by one wavelength from Fig. 4.5(g) to Fig. 

4.5(i) as well as from Fig. 4.5(h) to Fig. 4.5(j), and is shifted downwards by one 

wavelength from Fig. 4.5(i) to Fig. 4.5(g) as well as from Fig. 4.5(j) to Fig. 4.5(h). 

Hence the flow structure is 4T-periodic. Apart from the spanwise translation, the flow 

structures of 2T apart resemble each other whereas the flow structures of 1T apart are 

much more different (Fig. 4.5(g–j)). Therefore, the time-histories of the integrated 
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quantities CD and CL shown in Fig. 4.4(f) are 2T-periodic, whereas the time-histories 

of the flow velocity components at one point in the near-wake as shown in Fig. 4.7(e) 

are 4T-periodic. The “high-peak-low-peak” pattern of the time-histories of ux and uy is 

no longer observed at Re = 230. 

For Re ≥ 240, there is no strict periodicity of the time-histories of force 

coefficients (Fig. 4.4(g,h)) and flow velocity components (Fig. 4.7(f)), which suggests 

that the flow structure is no longer highly repeatable in a number of vortex shedding 

cycles. In addition, the number of Mode C streamwise vortex pairs along the cylinder 

span width is no longer fixed in each case. For example, the number of streamwise 

vortex pairs varies between 7 and 8 for the saturated flow at Re = 240, in comparison 

with a fixed number of 7 at Re = 230 (Fig. 4.5(g–j)). However, for the flow periods 

that the number of streamwise vortex pairs does not vary, the streamwise vortices at 

their respective spanwise locations still change sign after each shedding period (e.g. 

Fig. 4.5(k,l)). 

For Re = 240 – 260, the non-uniform Mode C structure still appears in pairs along 

the entire cylinder span width. As Re increases to 270, the flow structure becomes 

more chaotic (e.g. Fig. 4.8(a,b)). At Re = 270, the Mode C structure is usually in pairs 

along the entire cylinder span width (e.g. 8 pairs in Fig. 4.8(b)). However, the pairing 

of the streamwise vortices can sometimes be less obvious (e.g. Fig. 4.8(a)). With the 

increase of Re from 270 to 400 (the highest Re considered in this study), the flow 

structure becomes increasingly disordered (Fig. 4.8), and gradually it becomes more 

difficult to identify the pairing of the streamwise vortices from the ωx field. The left 

column of Fig. 4.8 shows some snapshots that the flow is more chaotic and the pairing 

of the streamwise vortices is less obvious, while the right column of Fig. 4.8 shows 

some snapshots that the Mode C streamwise vortices are generally in pairs along the 

entire span width. 
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Fig. 4.8. Iso-surfaces of ωx of the fully developed flow for Re ranging between 270 

and 400. Dark grey and light yellow denote positive and negative values, respectively. 

The flow is from the left to the right past the cylinder on the left. 

 

In addition, the wake flow structure at Re < Recr (= 166.4) is examined. As shown 

in Fig. 4.9(a), the fully developed flow at Re = 166 (just below Recr) only exhibits 

very small degrees of three-dimensionality, without any features of Mode C. Note that 

the weak 3D structure for Re = 166 is triggered by small-scale disturbances 

introduced upstream of the cylinders (largely by skewed mesh elements), due to 

energy amplification through convective instability of the flow (Jiang et al., 2016b). 

In contrast, the fully developed flow at Re = 166.5 (just above Recr) as shown in Fig. 

4.9(b) is represented by a well-defined Mode C flow. 
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Fig. 4.9. Iso-surfaces of ωx for Re below Recr. Dark grey and light yellow denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 
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The hysteresis of Mode C is then checked by adopting the fully developed Mode 

C flow at Re = 166.5 (Fig. 4.9(b)) as the initial condition and reducing Re by a small 

interval each time until the Mode C structure disappears naturally. The first attempt is 

to reduce Re from 166.5 to 165.5 (i.e. with an Re interval of 1, since the flow decays 

extremely slowly at Re very close to Recr). With the evolution of time, it is seen in Fig. 

4.9(b–d) that the Mode C structure becomes less well-defined at t* ~ 900 (Fig. 4.9(c)) 

and disappears completely eventually (Fig. 4.9(d)). The above case demonstrates that 

there is no hysteresis effect for the present Mode C instability and thus the transition 

is supercritical. 

 

4.3.3. Spanwise wavelength of Mode C 

As indicated by the neutral instability curve for Mode C shown in Fig. 4.3, for 

each particular Re above Recr, the Mode C instability may occur under a range of 

spanwise wavelengths enclosed in the neutral curve. Therefore, the spanwise 

wavelength λ of Mode C predicted by DNS can be influenced by the spanwise domain 

length Lz as well as the periodic boundary conditions applied at the two lateral 

boundaries perpendicular to the cylinder axis. Only an integer number (denoted as m) 

of pairs of the Mode C structure is allowed by the periodic boundary conditions. 

When the Mode C structure is well-defined (at Re = 167 – 210), the wavelength of 

Mode C is restricted to λ = Lz/m. With the increase of Lz, such restriction is weakened, 

and the λ predicted by DNS converges towards the most unstable λ. 

Based on a Lz of 12D in the present study, 8 well-defined Mode C streamwise 

vortex pairs are observed for Re = 167 and 168 (e.g. Fig. 4.5(a,b)), whilst 7 

well-defined Mode C streamwise vortex pairs are observed for Re = 170 – 210 (e.g. 

Fig. 4.5(c,d)). This suggests that the most unstable λ/D for Re = 167 and 168 is 

approximately 1.50 and should be within 1.33 – 1.71, while the most unstable λ/D for 

Re = 170 – 210 is approximately 1.71 and should be within 1.50 – 2.00, as shown by 

the area coloured in light grey in Fig. 4.10. 
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Fig. 4.10. Spanwise wavelength of the well-defined Mode C with Dw/D = 0.05. 

 

To obtain a narrower range of the most unstable λ of Mode C, further simulations 

are carried out at Re = 175, 190, and 210 with larger Lz/D of 24, 30, and 36, 

respectively. Similarly, based on the number of Mode C streamwise vortex pairs 

observed in the fully developed flow, the most unstable λ/D values and possible 

ranges of λ/D (the hatched area in Fig. 4.10) are also calculated and shown in Fig. 

4.10. Compared with the area coloured in light grey obtained based on Lz = 12D, it is 

seen that the hatched area obtained based on larger Lz is reduced. 

It is also noticed that with the increase of Lz, it takes a longer time for the flow to 

reach a fully developed state. This is illustrated by the time-histories of the force 

coefficients for Re = 210 with Lz/D = 12 (Fig. 4.4(d)) and Lz/D = 36 (Fig. 4.11(a)). 

With Lz/D = 36, 23 Mode C streamwise vortex pairs are observed at the beginning of 

Stage 2 (Fig. 4.11(a,b)). The Mode C structures shown in Fig. 4.11(b) are not 

regularly distributed along the cylinder span width. For example, a much shorter 

spanwise wavelength is observed at z/D ~ 15. With the evolution of time, the Mode C 

structures are redistributed along the span towards the aim of reaching the most 

unstable λ. This is achieved through the disappearance of some Mode C streamwise 

vortex pairs with the shortest wavelengths, which results in the decrease of the total 

number of streamwise vortex pairs along the span (Fig. 4.11(a)) and thus an increase 
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of the wavelength towards the most unstable λ. Eventually, 19 Mode C streamwise 

vortex pairs are observed in the fully developed flow (Fig. 4.11(a,c)). It is seen that 

even with a relatively large Lz/D of 36, the fully developed Mode C structure shown in 

Fig. 4.11(c) is still regularly distributed along the cylinder span width. 

 

(a) 

0 500 1000 1500 2000
1.11

1.12

1.13

1.14

1.15

1.16

1.17

1.18

19 pairs of Mode C
2122

Stage 2

 

 

C
D

t*

23

Stage 1

20

2100 2120

  

 

t*

 

(b)  

(c)  

Fig. 4.11. DNS results for Re = 210 with Lz/D = 36: (a) Time-history of the drag force 

coefficient, (b) Iso-surfaces of ωx at t* = 200, and (c) Iso-surfaces of ωx at t* = 2120. 

Dark grey and light yellow denote positive and negative values, respectively. The flow 

is from the bottom to the top past the cylinder at the bottom. 
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It now becomes apparent (Fig. 4.10) that the spanwise wavelength of Mode C 

increases with increase of Re (before the Mode C structure becomes non-uniform at 

Re ≥ 220). It is also seen in Fig. 4.10 that the numerical result of λ/D = 1.8 at Re = 210 

predicted by Zhang et al. (1995) with Dw/D = 0.05 agrees well with the present 

numerical results. On the other hand, the experimental results of λ/D ~ 2 reported by 

Zhang et al. (1995) (Dw/D = 0.006) for Re = 170 – 270 and by Yildirim et al. (2013a) 

(Dw/D = 0.01) for Re = 180 – 300 match well with some non-uniform Mode C 

structures shown in Fig. 4.5(k,l) and Fig. 4.8(a–d), but are slightly larger than the 

wavelengths of the well-defined Mode C at lower Re values (Fig. 4.10). 

 

4.3.4. Flow three-dimensionality and hydrodynamic forces 

The three-dimensionality of the flow is quantified by the statistically stationary 

largest |ωx| value in the domain (|ωx|max) as well as the statistically stationary spanwise 

kinetic energy Ez and streamwise enstrophy εx integrated over a near-wake region (x/D 

= 0 – 10 and the entire lengths in y- and z-directions for the present study), where Ez 

and εx are defined as: 

 
21

/ d
2

z z
V

E u U V   (4.11) 

21
d

2
x x

V
V    (4.12) 

where V is the volume of the flow field of interest. 

The variation of the time-averaged |ωx|max with Re is shown in Fig. 4.12(a). It is 

seen that the |ωx|max value is negligibly small at Re < Recr, but reaches to 0.3 (with 

uz,max/U ~ 0.03) at Re = 167 and increases gradually with further increase of Re. Fig. 

4.12(b) shows the variations of the time-averaged |ωx|max, Ez, and εx with Re in a 

semi-log coordinate system. It is seen that all three quantities share very similar trends 

in terms of predicting the flow three-dimensionality. It is noticed from Fig. 4.12 that 

there is no sudden change of the flow three-dimensionality with increase of Re, 

particularly when the Mode C structure becomes non-uniform at Re ≥ 220, when the 

Mode C structure loses strict periodicity at Re ≥ 240, or when the pairing of the 

streamwise vortices becomes less obvious at Re ≥ 270. 
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Fig. 4.12. (a) Variation of the statistically stationary |ωx|max with Re, and (b) Variations 

of the statistically stationary |ωx|max, Ez, and εx with Re. 

 

At Re in a small range above Recr, the flow three-dimensionality is relatively 

weak. Fig. 4.13 shows the primary and streamwise vortex cores captured by the 

second negative eigenvalue λ2 of the tensor Ψ
2
 + Ω

2
, where Ψ and Ω are the 

symmetric and antisymmetric parts of the velocity gradient tensor, respectively (Jeong 

and Hussain, 1995). It is seen that the streamwise vortices of Mode C are barely 

captured by the iso-surfaces of λ2 at Re = 175 (Fig. 4.13(a)) but become apparent at Re 

= 210 (Fig. 4.13(b)). It is also noticed from Fig. 4.13 that the Mode C instability is 

originated from the braid shear layer region. The primary vortex cores and streamwise 

vortex pairs are largely independent of one another, with the primary vortex cores 

being generally 2D. 
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   (a)                                   (b) 

Fig. 4.13. Iso-surfaces of λ2 = –0.05 (coloured by ωx) of the fully developed flow for 

(a) Re = 175, and (b) Re = 210. The flow is from the left to the right past the cylinder 

on the left. The vortex structures are shown at the time instants that the lift force 

coefficient on the main cylinder reaches its maximum. The primary vortex cores shed 

from the main cylinder are labelled in each figure. 

 

The St–Re relationships for an isolated circular cylinder and a circular cylinder 

with a near-wake wire of either Dw/D = 0.01 or Dw/D = 0.05 are shown in Fig. 4.14. 

Based on 2D DNS, it is found that St decreases gradually with increase of Dw/D, 

which is attributed to the decrease of the flow rate around the cylinder (due to the 

placement of wire) and correspondingly the increase of shear layer thickness. The 

critical Re for vortex shedding, i.e. the left tip of the St–Re relationship shown in Fig. 

4.14, increases from 47 for an isolated cylinder to 52 for Dw/D = 0.01 and 55 for Dw/D 

= 0.05. The suppression of vortex shedding by the placement of a near-wake wire is 

because the shear layer on the wire side of the main cylinder is weakened by the wire 
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(Strykowski and Sreenivasan, 1990), and also because the flow rate around the 

cylinder is decreased. 
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Fig. 4.14. St–Re relationship over the laminar and 3D wake transition regimes. 

 

In terms of 3D results, it is well known (e.g. Williamson, 1996b) that for an 

isolated circular cylinder, a sudden drop of St takes place when the flow transitions 

from 2D to Mode A* (Fig. 4.14), which is in line with the sudden increase of flow 

three-dimensionality (to uz,max/U ~ 0.5) at this point. However, for Dw/D = 0.05, the 

3D instability (Mode C) takes place at Recr = 166.4 but a sudden variation of St is not 

observed (Fig. 4.14), as the flow three-dimensionality grows gradually with Re (Fig. 

4.12). It is seen in Fig. 4.14 that for Mode C the St values calculated by 2D and 3D 

DNS are relatively close for Re up to 230. For Re ≥ 240, the St values calculated with 

3D DNS decrease from their 2D counterparts, and the deviation increases with 

increase of Re. 

Based on experimental and numerical studies with relatively large spanwise 

domain extents, Zhang et al. (1995) and Yildirim et al. (2013a) both reported that the 

vortex shedding frequency of the Mode C instability is lower than that of the Mode 

A* instability (see, e.g., Fig. 4.14). According to the present numerical results shown 

in Fig. 4.14, it is found that the reduction of St of Mode C is actually, to a great extent, 
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attributed to the geometric configuration in the x-y plane, namely the placement of the 

near-wake wire. For example, in comparison with the 2D vortex shedding frequency 

for an isolated cylinder (Fig. 4.14), it is found that the placement of a near-wake wire 

of Dw/D = 0.01 (based on 2D DNS) would result in a reduction of St of the same 

degree as for the emergence of the Mode A* instability (based on 3D DNS). The 

reduction of St is more significant when Dw/D is increased from 0.01 to 0.05. For the 

Mode C instability generated with a near-wake wire, the reduction of St (in 

comparison with the 2D shedding frequency for an isolated cylinder) is contributed by 

both the 2D geometric configuration and the emergence of Mode C. The latter factor 

is almost negligible at Re ≤ 230, but becomes increasingly influential with further 

increase of Re (Fig. 4.14). 

Fig. 4.15 shows some of the frequency spectra of CL for different wake instability 

modes (which are used to determine St). The amplitude of CL is normalized with 

1/ ( 2 )LC   so that the normalized amplitude becomes 1 if the time-history of CL is 

sinusoidal with an arbitrary amplitude. The vertical lines under each frequency 

spectrum represent the discrete frequency points after the FFT analysis. For Mode C 

with strict periodicity at Re ≤ 230, the frequency spectrum is represented by a single 

frequency value with the normalized amplitude of 1. As the Mode C structure loses 

strict periodicity and becomes increasingly disordered at Re ≥ 240, the frequency 

spectrum of Mode C becomes increasingly broad-band (a sharp peak accompanied by 

small-scale fluctuations), and the peak amplitude is reduced. 

To facilitate comparison, some typical frequency spectra of Modes A* and B (for 

an isolated circular cylinder) are also shown in Fig. 4.15. The broad-band Mode A* 

spectrum is due to the occurrence of large-scale vortex dislocations (Henderson, 

1997). On the other hand, the Mode B spectra share some common features with the 

Mode C spectra. At Re = 270 the Mode B structure is relatively ordered and the 

frequency spectrum is sharp-peaked with a normalized amplitude very close to 1. As 

the Mode B structure becomes increasingly disordered at Re = 300, the frequency 

spectrum becomes broad-band and the peak amplitude is reduced. 
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Fig. 4.15. Frequency spectra of CL for different wake instability modes. 

 

Besides the vortex shedding frequency, the variations of the hydrodynamic forces 

on the main cylinder with Re (Fig. 4.16) are also examined. The variation trends of 

the force coefficients for the case of an isolated cylinder and two wired cases are first 

investigated in 2D. As shown in Fig. 4.16(a), the 
DC  value for an isolated cylinder 

displays a monotonic decrease up to Re ~ 140, followed by a monotonic increase with 

further increase of Re. This variation trend has been explained in Henderson (1995) 

by separating the drag force into the viscous and pressure components. Since the 

variation trends of 
DC  for the two wired cases are similar to that of an isolated 

cylinder (Fig. 4.16(a)), it is believed that the same physical mechanism as addressed 

in Henderson (1995) is still applicable. 
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Fig. 4.16. Variations of the statistically stationary force coefficients with Re: (a) 

time-averaged drag coefficient 
DC , (b) time-averaged lift coefficient 

LC , and (c) 

root-mean-square lift coefficient LC  . 
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On the other hand, different variation trends of the 
LC  value are observed for 

the three 2D cases shown in Fig. 4.16(b). Since the wake flow of an isolated circular 

cylinder possesses a Z2 spatiotemporal symmetry, the time-averaged lift coefficient is 

expected to be zero. However, when a small wire is placed in the near-wake of the 

main cylinder but offset from the wake centreline, the Z2 spatiotemporal symmetry is 

broken and a net lift may exist. Since the variations of the 2D flow structure and 2D 

force coefficients are not the main focus of the present study, further analysis of the 

detailed 2D characteristics are not reported. 

The 3D results are mainly examined with Dw/D = 0.05. It is seen in Fig. 4.16 that 

the 3D force coefficients start to gradually deviate from their 2D counterparts at Recr 

(= 166.4). Compared with the St, 
DC , and 

LC   results of Mode C with Dw/D = 0.05 

calculated by Zhang et al. (1995) through DNS (Fig. 4.14 and Fig. 4.16), it is found 

that although the exact values reported by Zhang et al. (1995) deviate from the present 

DNS results to a small degree, the general variation trends of the quantities with Re 

are consistent with the present results. The deviation may be due to not only the 

overall computational mesh quality, but also the use of U = 0 at a grid located at (x/D, 

y/D) = (0.75, 0.75) in Zhang et al. (1995) to represent the near-wake wire. Under such 

circumstance, the flow in the immediate neighbourhood of the wire may not be fully 

resolved and the effective size of the wire may be smaller. 

 

4.4. Conclusions 

This paper presents three-dimensional (3D) direct numerical simulations (DNS) 

of flow past a circular cylinder with a near-wake wire disturbance over a range of the 

Reynolds number (Re) up to 400. The predicted critical Re and the corresponding 

spanwise wavelength at the onset of Mode C (Recr, λ), i.e. (166.4, 1.5) for Dw/D = 

0.05 and (169.1, 1.3) for Dw/D = 0.01, agree well with those reported in the literature. 

The evolutions of the Mode C vortex structure with time and Re are examined 

and discussed based on the results obtained with Dw/D = 0.05. With the increase of Re, 

the saturated Mode C flow undergoes an evolution sequence of: (a) well-defined 
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regime for Recr < Re ≤ 210, (b) non-uniform regime for 220 ≤ Re ≤ 260, and (c) 

chaotic regime for Re ≥ 270. 

In the well-defined regime (Recr < Re ≤ 210), the fully developed Mode C wake 

flow structure is highly repeatable along the cylinder span. The spanwise wavelength 

of Mode C increases slightly with increase of Re. The flow structure and the 

time-histories of the flow velocity components are 2T-periodic (T being the vortex 

shedding period). However, since the flow retains a spatiotemporal symmetry 

( , , , ) ( , , / 2, )x xx y z t x y z t T      in every 1T, the time-histories of the integrated 

drag and lift force coefficients are T-periodic. 

In the non-uniform regime (220 ≤ Re ≤ 260), the fully developed Mode C wake 

flow structure is less repeatable along the cylinder span but still appears in pairs along 

the entire cylinder span width. The spanwise wavelength is slightly varied. The 

spatiotemporal symmetry between the flow structures of 1T apart disappears. At Re of 

220 and 230, the well-defined Mode C structure only persists for a short period of 

time before it evolves spontaneously into a more stable pattern of non-uniform Mode 

C. At Re = 220, the non-uniform Mode C structure and the time-histories of the flow 

velocity components and force coefficients are still 2T-periodic. At Re = 230, the 

non-uniform Mode C becomes 4T-periodic. For Re ≥ 240, the Mode C structure is no 

longer highly repeatable in a number of vortex shedding cycles. 

In the chaotic regime (Re ≥ 270), the flow structure becomes increasingly 

disordered, and it becomes increasingly difficult to identify the pairing of the 

streamwise vortices. 

The intrinsic links between the Mode C flow structure and the hydrodynamic 

forces on the cylinder are also revealed. For the entire range of Re beyond Recr, the 

three-dimensionality of the Mode C flow grows gradually with increase of Re. The 

gradually increased flow three-dimensionality leads to gradually increased deviations 

of the 3D force coefficients from their 2D counterparts. It is also found that the 

decrease of vortex shedding frequency for Mode C with respect to the 2D shedding 

frequency for an isolated cylinder is due to not only the emergence of Mode C but 
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also the 2D wired geometric configuration. The frequency spectrum of Mode C 

contains only a single frequency value for Mode C with strict periodicity at Re ≤ 230, 

but becomes increasingly broad-band as the Mode C structure loses periodicity and 

becomes increasingly disordered at Re ≥ 240. 
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Chapter 5  

 

Two- and three-dimensional instabilities in the wake 

of a circular cylinder near a moving wall† 

 

Abstract: Two-dimensional (2D) and three-dimensional (3D) instabilities in the wake 

of a circular cylinder placed near to a moving wall are investigated using direct 

numerical simulation (DNS). The study covers a parameter space spanning a 

non-dimensional gap ratio (G*) between 0.1 to 19.5 and the Reynolds number (Re) up 

to 300. Variations in the flow characteristics with Re and G* are studied, and their 

correlations with the hydrodynamic forces on the cylinder are investigated. It is also 

found that the monotonic increase of the critical Re for 2D instability (Recr2D) with 

decreasing G* is influenced by variations in the mean flow rate around the cylinder, 

the confinement of the near-wake flow by the plane wall, and the characteristics of the 

shear layer formed above the moving wall directly below the cylinder. The first factor 

destabilizes the wake flow at a moderate G* while the latter two factors stabilize the 

wake flow with decreasing G*. In terms of 3D instability, the flow transition sequence 

of “2D steady → 3D steady → 3D unsteady” for small gap ratios is analysed at G* = 

0.2. It is found that the 3D steady and 3D unsteady flows are triggered by Mode C 

instability due to wall proximity. However, the Mode C structure is not sustained 

indefinitely, since interference with the shear layer leads to other 3D steady and 

unsteady flow structures. 

 

                                                        
†
 This chapter is presented as a paper which has been published as “Jiang, H., Cheng, L., Draper, 

S., An, H., 2017. Two- and three-dimensional instabilities in the wake of a circular cylinder near a 

moving wall. Journal of Fluid Mechanics 812, 435–462.” 
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5.1. Introduction 

Steady, uniform flow incident on a circular cylinder at low Reynolds number is a 

classical problem in fluid mechanics, having both fundamental and practical 

significance because it demonstrates the phenomena of separation, vortex shedding 

and transition to turbulence. Of these phenomena vortex shedding and transition to 

turbulence are of particular interest because they can lead to changes in the forces on 

the cylinder, as well as mixing and momentum transfer in the wake. 

For an isolated cylinder, the occurrence of each of these phenomena depends 

solely on the Reynolds number Re (= UD/ν), where U is the approaching flow velocity, 

D is the cylinder diameter, and ν is the fluid viscosity. However, in any practical 

scenario additional parameters will influence separation, vortex shedding and 

transition to turbulence. One example is the presence of a plane boundary, located so 

that the long axis of the cylinder is at some perpendicular distance G + D/2 from the 

wall, where G is the gap between the cylinder and plane boundary. In this 

arrangement the plane boundary may be representative, for example, of the “seabed” 

or “ground” in practical applications involving bluff bodies such as pipelines. 

Because of its practical relevance the problem of flow past a circular cylinder 

near a stationary wall has been investigated extensively. An important feature of this 

problem is that a boundary layer is developed near the stationary wall, which 

complicates the local flow around the cylinder. Consequently the flow near the 

cylinder is dependent on not only the Reynolds number Re and non-dimensional gap 

ratio G* (= G/D), but also the properties of the boundary layer. Based on a 

two-dimensional (2D) direct numerical simulations (DNS) which employed the 

Blasius boundary layer profile at the inlet, Lei et al. (2000) found that the critical G* 

for vortex shedding suppression was 0.2 at Re ≥ 800 (with a boundary layer thickness 

δ/D at the location of the cylinder of approximately 0.5), but increased to 0.6 at Re = 

200 (δ/D = 0.9) and 1.0 at Re = 100 (δ/D = 1.2). Thapa et al. (2014) studied the 

three-dimensional (3D) flow structure at Re = 500 and both G* = 0.4 and 0.8 by 

adopting the logarithmic law of wall for the inlet flow profile, and found that the 
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streamwise vortices (a representation of the flow three-dimensionality) were much 

weaker than those for an isolated cylinder. However, it is worth noting that even by 

adopting a prescribed boundary layer profile (e.g. Blasius or logarithmic profile) at 

the inlet, the boundary layer profile may still develop with distance from the inlet, 

which complicates further the flow around the cylinder. 

Because of the dependence of these earlier results to the boundary layer profile, in 

addition to Re and G*, the parameter space for numerical simulations is large. 

Consequently, in the present work it is assumed that the boundary moves at the same 

speed as the upstream flow (or equally that the body is moved in still fluid parallel to 

a stationary boundary). This arrangement avoids any upstream boundary layer, such 

that the flow is only dependent on Re and G*. This allows for a more systematic study 

focussing on the “near-wall effect”. 

Several different studies have focused on the flow around a circular cylinder near 

a moving wall. For example, by towing a circular cylinder close to a stationary wall at 

Re = 170 (Taneda, 1965) and Re = 3550 (Zdravkovich, 1983), Taneda (1965) and 

Zdravkovich (1983) observed alternate vortex shedding at G* = 0.6, whereas only a 

single row of vortices was developed at G* = 0.1. Huang and Sung (2007) performed 

2D DNS for a circular cylinder near a moving wall for G* ≥ 0.1 and Re = 200 – 500, 

and reported variations of the pressure and force coefficients with G* and Re. They 

also reported that at Re = 300 alternate vortex shedding was suppressed at G* ≤ 0.28, 

and a single vortex row at the upper side of the cylinder dominated the flow for G* ≤ 

0.28. Yoon et al. (2010) carried out 2D DNS for G* ≥ 0.1 and Re = 60 – 200, and 

investigated variations of the pressure and force coefficients with G* and Re. Rao et al. 

(2013a) showed that while the 2D unsteady wake at larger G* is characterised by the 

formation of the classical Kármán vortex streets, vortex shedding at smaller G* (e.g. 

G* = 0.1 or 0.01) is characterised by the pairing of the negatively signed separating 

shear layer from the top of the cylinder and the positively signed vortex from the 

boundary layer at the wall. It has been revealed from the above studies that without 

the upstream boundary layer effect vortex shedding can at least be observed at a G* of 

as low as 0.1. However, the physical mechanisms responsible for the variations of the 
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hydrodynamic forces and onset point of vortex shedding, on the basis of the flow 

characteristics at different G* and Re, have not been addressed in detail. 

Stewart et al. (2010), through a linear stability analysis, observed a wake 

transition sequence of “2D steady → 3D steady → 3D unsteady” for flow past a 

circular cylinder near a moving wall with G* = 0.005, rather than the sequence of “2D 

steady → 2D unsteady → 3D unsteady” for the case of an isolated cylinder 

(Williamson, 1996). By adopting a similar linear stability analysis, Rao et al. (2013a, 

2015) obtained critical Re for 2D and 3D wake transitions (denoted as Recr2D and 

Recr3D, respectively) for flow past a circular cylinder near a moving wall for G* ≥ 

0.005. Rao et al. (2013a) also observed the transition sequence of “2D steady → 3D 

steady → 3D unsteady” in the range of G* ≤ 0.22, and the transition sequence of “2D 

steady → 2D unsteady → 3D unsteady” for larger gap ratios. However, the distinctive 

transition sequence for G* ≤ 0.22 has not been studied in a great detail in terms of the 

transition mechanism and the actual non-linear 3D steady and 3D unsteady flow 

structures (which may be different from the well-known Mode A and Mode B flow 

structures observed by Williamson (1996) for the case of an isolated cylinder). 

In light of the earlier works, this paper investigates further the flow structure and 

wake transition for flow past a circular cylinder near a moving wall by using 2D and 

3D DNS. Based on the analysis of the 2D flow characteristics at various G* and Re (§ 

5.3.2.1), the physical mechanisms for the variations of the hydrodynamic forces and 

Recr2D are discussed in § 5.3.2.2 and § 5.3.2.3, respectively. The distinctive 3D steady 

and 3D unsteady flow structures for G* ≤ 0.22 and the transition mechanisms are 

studied in § 5.3.3. 

 

5.2. Numerical model 

5.2.1. Numerical method 

Numerical simulations have been carried out with OpenFOAM 

(www.openfoam.org) to solve the continuity and incompressible Navier-Stokes 

equations: 

http://www.openfoam.org/
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where 1 2 3( , , ) ( , , )x x x x y z  are Cartesian coordinates, ui is the velocity component in 

the direction xi, t is time and p is pressure. The same numerical approach used in Jiang 

et al. (2016a) is adopted here. Specifically, the Finite Volume Method (FVM) and the 

Pressure Implicit with Splitting of Operators (PISO) algorithm (Issa, 1986) are used to 

solve the equations. The convection, diffusion and time derivative terms are 

discretized using the fourth-order cubic scheme, the second-order linear scheme, and a 

blended scheme consisting of the second-order Crank-Nicolson scheme and a 

first-order Euler implicit scheme, respectively. 

 

5.2.2. Boundary and initial conditions 

As shown in Fig. 5.1(a), a hexahedral computational domain of (Lx, Ly, Lz) = (50D, 

G + 20.5D, 12D), with Lx, Ly, and Lz being the domain sizes in the x-, y-, and 

z-directions, respectively, is adopted for the simulations. This domain size is 

determined based on both 2D and 3D domain size dependence studies for an isolated 

cylinder presented in Jiang et al. (2016a). 

The boundary conditions are specified as follows. At the inlet boundary and the 

bottom moving wall, a uniform flow velocity U is specified in the x-direction. At the 

outlet, the Neumann boundary condition (i.e. zero normal gradient) is applied for the 

velocity, and the pressure is specified as a reference value of zero. A symmetry 

boundary condition is applied at the top boundary, while a periodic boundary 

condition is employed at the two lateral boundaries perpendicular to the cylinder span. 

A non-slip boundary condition is applied on the cylinder surface. 

At the start of each simulation, the internal flow is stationary. The flow 

three-dimensionality in the FVM simulations is triggered by small-scale numerical 

disturbances in the computational domain (mainly due to skewed mesh elements; see 
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also Jiang et al. (2016b)) in a similar way to the introduction of small-scale spanwise 

disturbances to the initial flow field for the spectral element method (e.g. Henderson, 

1997; Thompson et al., 2001). For the present 3D DNS, the amplitude of the spanwise 

disturbance observed in the computational domain is of the order of 10
-4

U, which 

would not influence the simulation results noticeably. 

 

(a)  

(b)  

Fig. 5.1. (a) Schematic model of the computational domain, and (b) Close-up view of 

the 2D mesh near a cylinder with G* = 0.4. 

 

5.2.3. Mesh dependence study 

The mesh topology for the present study is modified from the “standard mesh” 

for flow past an isolated cylinder reported in Jiang et al. (2016a). However, the mesh 

pattern on the wall side of the cylinder is slightly different from the mesh for an 

isolated cylinder. Therefore, the dependence of the numerical results on the 
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computational mesh resolution in the plane perpendicular to the cylinder span (the x-y 

plane) is re-visited. 

For the standard 2D meshes adopted here, the cylinder perimeter is discretized 

with 132 nodes for G* ≥ 1.5 and 160 nodes for G* < 1.5 (due to a slight change of the 

mesh topology at smaller gap ratios). The height of the first layer of mesh next to the 

moving wall and next to the cylinder surface is approximately 0.001D. The cell 

expansion ratio in the whole domain is kept below 1.1. To capture detailed wake flow 

structures, a relatively high mesh resolution is used in the cylinder wake by specifying 

a constant mesh size along the x-direction for x/D > 0.7. Fig. 5.1(b) shows a close-up 

view of the mesh near a cylinder with a gap ratio of G* = 0.4. 

The adequacy of the standard 2D mesh resolution for each case is examined by 

doubling the amount of cells in both directions. The total number of cells after mesh 

refinement is four times of that employed in the standard mesh. Specifically, the 

number of cells around the cylinder is doubled, while the height of the first layer of 

mesh next to the moving wall and the radial size of the first layer of mesh next to the 

cylinder surface are halved. The mesh resolution dependence is quantified by 

examining the influence of the mesh refinement on the drag and lift force coefficients 

( DC  and LC ) and Strouhal number St , which are defined as follows: 

2/ ( / 2)D D zC F DU L  (5.3) 

2/ ( / 2)L L zC F DU L  (5.4) 

/LSt f D U  (5.5) 

where DF  and LF  are the integrated drag force and lift force on the cylinder, 

respectively,   is fluid density, and Lf  is the frequency of the fluctuating lift force. 

The time-averaged drag and lift coefficients are denoted as 
DC  and 

LC , respectively. 

The root-mean-square lift coefficient LC   is defined as: 
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where N is the number of values in the time-history of CL. 

The 2D mesh resolution dependence study is carried out at Re = 300 (the highest 

Re adopted in this study) for various gap ratios. For each case, the relative differences 

in St, 
DC , and 

LC   using the refined and standard meshes are shown in Fig. 5.2. The 

variations of St, 
DC , and 

LC   after mesh refinement are, respectively, within 0.6%, 

0.6%, and 2.5% for all of the cases. Because of this close agreement the standard 2D 

meshes are adopted hereafter. 
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Fig. 5.2. Relative differences of hydrodynamic forces at Re = 300 by using the refined 

and standard 2D meshes. 

 

The standard 3D mesh is formed by replicating the standard 2D mesh along the 

z-axis, resulting in an identical mesh resolution in all planes perpendicular to the 

cylinder. According to the 3D mesh dependence study for an isolated cylinder 

presented in Jiang et al. (2016a), the spanwise cell and domain lengths are chosen as 

0.1D and 12D, respectively. Based on the standard 3D mesh for an isolated cylinder 

and a refined 3D mesh with four times the cell number in the x-y plane, the Recr3D are 

193.2 and 190.0, respectively. The latter value is extremely close to the linear stability 

analysis result of 190.2 (±0.02) by Posdziech and Grundmann (2001) for an isolated 

cylinder. However, such mesh refinement would increase the computational cost by a 
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factor of larger than eight, which is impractical considering the large amount of cases 

to be simulated in this study. Therefore, the standard 3D mesh is used in the present 

study. 

 

5.3. Numerical results 

5.3.1. Critical Re for wake instability 

The present numerical model has been validated in Jiang et al. (2016a) by 

comparing numerical results of wake transition in flow past an isolated circular 

cylinder with the experimental results reported in Williamson (1996). For the work 

undertaken in this paper, further validation is performed for the case of flow past a 

circular cylinder close to a moving wall. Fig. 5.3 shows the predicted Recr2D and 

Recr3D values for various gap ratios (refer to Fig. 5.11(a) and Fig. 5.11(b) for examples 

of the 2D steady and unsteady flows at Re just below and above Recr2D, respectively, 

and Fig. 5.20 for examples of the 3D flows at Re > Recr3D). 
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Fig. 5.3. Critical Re for 2D and 3D wake instabilities for various gap ratios. 
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In Fig. 5.3 the Recr2D for each gap ratio is calculated to a resolution of ΔRe = 1. 

The time-history of the lift coefficient is used to determine Recr2D. For example, at G* 

= 0.4 the lift coefficient converges to a constant value at Re = 88 whereas regular 

periodic fluctuations of the lift coefficient are observed at Re = 89, which suggests 

that the 2D instability occurs at Recr2D = 88.5 (±0.5). As shown in Fig. 5.3, the Recr2D 

values predicted by the present DNS are in good agreement with the numerical results 

by Rao et al. (2013a, 2015). 

The Recr3D for each gap ratio in Fig. 5.3 is obtained by analysing the transient 

growth/decay rates of the spanwise velocity amplitude at a sampling point in the near 

wake of the cylinder. This is illustrated for G* = 0.4 in Fig. 5.4, which shows the 

time-histories of the spanwise velocity recorded at (x/D, y/D, z/D) = (3.0, 0.5, 6.0) for 

Re from 140 to 160 (with t* (= Ut/D) being the non-dimensional flow time). The 

upper and lower envelopes of the transient uz curves are then fitted with an 

exponential function: 

/ exp( *)zu U A Bt C   (5.7) 

where A, B and C are curve fitting coefficients. It is seen in Fig. 5.4 that after 

discarding the initial oscillations as well as the further 3D instabilities for Re > Recr3D, 

the coefficient of determination (denoted as R
2
) for the fitted curves is very close to 1. 

It is evident from the growth/decay rate B shown in Fig. 5.4 that B < 0 and B > 0 

correspond to exponential decay and growth, respectively. A linear relationship 

between B and Re is obtained in Fig. 5.5, and Recr3D = 149.2 is interpolated at B = 0. 

For each gap ratio the simulations are carried out for 3 to 4 Re values to ensure that a 

good correlation between B and Re is achieved. 
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Fig. 5.4. Time-histories of the spanwise velocity sampled at (x/D, y/D, z/D) = (3.0, 0.5, 

6.0) and exponential fitting of the upper and lower envelopes. 
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Fig. 5.5. Relationship between the growth/decay rate B and the Reynolds number. 

 

As shown in Fig. 5.3, the Recr3D values predicted by the present DNS are in good 

agreement with the linear stability analysis results by Rao et al. (2015). The results by 

Rao et al. (2015) are believed to be improved from those in Rao et al. (2013a) (also 

shown in Fig. 5.3) since it was noted in Rao et al. (2013a) that the use of a relatively 

small computational domain size in that study could affect the accuracy of Recr3D by ~ 

15%. 
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According to the linear stability analysis results by Rao et al. (2013a), the most 

unstable spanwise wavelength for the secondary instability is very close to 4.0D at G* 

= 0.32 – 0.35 and G* ≥ 2.0, but reduces to a minimum value of approximately 3.65D 

at G* = 0.5 – 0.75. The constant spanwise domain length of 12D used in the present 

numerical model is not always an integer multiple of the most unstable spanwise 

wavelength at some particular gap ratios, which may restrict the development of the 

secondary instability to some extent and result in an over-prediction of Recr3D. 

However, a test run at G* = 0.5 by adopting a spanwise domain length of 11D 

(approximately 3 times of the most unstable spanwise wavelength) confirms only a 

slight drop of Recr3D from 159.2 to 157.7. Since the influence of the spanwise 

wavelength (based on the choice of the spanwise domain length) on the prediction of 

Recr3D is less than 1%, a constant spanwise domain length of 12D is still adopted in 

this study. 

The present 3D DNS results for G* < 0.22 are not presented in Fig. 5.3. This is 

because a different wake transition sequence of “2D steady → 3D steady → 3D 

unsteady” is observed in the range of G* ≤ 0.22 (Rao et al., 2013a). For G* ≤ 0.22 the 

stability analysis by Rao et al. (2013a) was performed on a steady base flow and the 

Recr3D appeared to be lower than the Recr2D (through 2D calculations) as shown in Fig. 

5.3. Since the Recr2D values for G* ≤ 0.22 are calculated with 2D DNS, they may not 

be reliable in representing the onset of unsteady flow because the flow is already in a 

3D state at Re < Recr2D. The present DNS results for G* ≤ 0.22 will be studied 

separately in § 5.3.3. 

 

5.3.2. 2D near-wall effect 

As can be seen in Fig. 5.3, for G* ≥ 3.0 the Recr2D and Recr3D values are almost 

independent of G*. The moving wall in proximity to the cylinder starts to influence 

Recr2D and Recr3D at G* ≤ 1.5. Three principal physical mechanisms are responsible for 

the variation of flow around the cylinder with wall proximity. One mechanism 

involves the blockage or restriction to the flow around the cylinder due to the 
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proximity of the wall. The confinement of the near-wake flow by the plane wall forms 

another mechanism. The third mechanism involves shear layers formed just above the 

moving wall due to the local acceleration or deceleration of flow near the cylinder. 

The above three mechanisms will be explained based on the 2D flow characteristics, 

and the corresponding variation of Recr2D with G* will be investigated. 

 

5.3.2.1. Flow characteristics 

Firstly, the blockage effect is quantified by examining the variation of the flow 

rate around the cylinder at different G*. Fig. 5.6 shows the mean (averaged over the 

time and sampling length) streamwise velocity along the y-direction at x = 0 for 

various Re and G*. As G* reduces from 19.5 (representing an isolated cylinder) to 1.0, 

an obvious increase in the mean streamwise velocity within 1.0D below the cylinder 

is observed (Fig. 5.6(a)), while the increase in the mean streamwise velocity within 

1.0D above the cylinder (Fig. 5.6(b)) is smaller. In particular, at approximately the 

onset of 2D instability of Re ~ 50 the mean streamwise velocities within 1.0D above 

the cylinder for G* = 3.0 – 1.0 are almost unchanged. Overall, for G* ≥ 1.0, the total 

flow rate passing within the vicinity of the cylinder increases with decreasing G*, 

with a large percentage of the increase taking place in the gap. 

For G* ≤ 1.0, the flow rate passing within the vicinity of the cylinder generally 

decreases with decreasing G*. At the onset point for 2D instability Recr2D, there exists 

a sharp increase in the mean streamwise velocity within the gap as well as within 

1.0D above the cylinder (Fig. 5.6(c,d)). For Re close to Recr2D, the flow rate in the gap 

generally decreases with decreasing G* (Fig. 5.6(c)). For the mean flow within 1.0D 

above the cylinder, a decrease of the flow rate with decreasing G* is observed for Re 

in a range above Recr2D (Fig. 5.6(d)). For Re < Recr2D, however, the mean flow rate 

remains in a similar level (a monotonic decreasing trend is not observed). This is 

mainly attributed to the shear layer developed above the moving wall which leads to a 

redistribution of the velocity profile. 
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Fig. 5.6. Mean streamwise velocity along the y-direction at x = 0: (a) within 1.0D 

below the cylinder for G* ≥ 1.0, (b) within 1.0D above the cylinder for G* ≥ 1.0, (c) 

over the entire gap length for G* ≤ 1.0, and (d) within 1.0D above the cylinder for G* 

≤ 1.0. 

 

As discussed above, with the decrease of the gap ratio, the total flow rate around 

the cylinder first increases and then decreases. However, the gap flow ratio, defined as 

the ratio between the total gap flow rate and the total free-stream flow rate below the 

cylinder centreline y = 0 (Fig. 5.7(a)), decreases monotonically with decrease of the 

gap ratio. Fig. 5.7(b) shows the variation of the gap flow ratio with Re and G*. The 

results are determined from the mean flow field. It is apparent that for an isolated 

cylinder, the gap flow ratio is always equal to 1.0. With the decrease of the gap ratio, 

the incoming flow below the cylinder centreline is partly deflected to the upper side of 

the cylinder, leading to a gap flow ratio of less than 1.0 (Fig. 5.7(b)). With the 

decrease of the gap ratio or Re, a larger percentage of the flow is deflected from below 

the cylinder centreline to the upper side of the cylinder. This is because when G* or 

Re is reduced, the shear layer in the gap becomes more vital in restricting the flow 

through the gap, and it is easier for the flow to pass through the upper side of the 

cylinder where less restriction is present. 
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Fig. 5.7. (a) Sketch of the definition of the gap flow ratio, and (b) variation of the gap 

flow ratio with Re and G*. 

 

The redistribution of the approaching flow in the vicinity of the cylinder leads to 

a downward movement of the front stagnation point and an upward shift of the 

recirculation zone behind the cylinder. Fig. 5.8 shows the angular position of the front 

stagnation point θf with respect to the front point of the cylinder. The front stagnation 

point is determined from the mean flow field. It should be noted that for an isolated 

cylinder, the front stagnation point based on the symmetrical mean flow field is 

always at the front point of the cylinder. As the gap ratio is reduced and the flow 

becomes more asymmetrical, the front stagnation point moves towards the plane wall, 

and this phenomenon is more pronounced with decrease of Re (Fig. 5.8). It is seen 

that Fig. 5.8 and Fig. 5.7(b) share similar features. With the decrease of Re or G*, a 

larger percentage of the flow is deflected from below the cylinder centreline to the 

Gap flow ratio = R2/R1 

Cylinder centreline 

(y = 0) 

Total flow 

rate R1 

Total flow 

rate R2 
G + 0.5D 

G 

D 
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upper side of the cylinder, and the front stagnation point exhibits a downward 

movement accordingly. 
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Fig. 5.8. Angular position of the front stagnation point with respect to the front point 

of the cylinder. 

 

The upward shift of the recirculation zone is examined through the variations of 

the separation angles with Re and G* (Fig. 5.9). The mean flow field is used as before 

to determine the separation points. In Fig. 5.9 the logarithmic coordinate is used for 

the x-axis for a better view of the variation trends at lower Re values. As shown in Fig. 

5.9, for the case of an isolated cylinder, the separation angles predicted by the present 

DNS agree well with the empirical formula given by Wu et al. (2004). It is well 

known that for an isolated cylinder, boundary layer separation points move upstream 

with increase of Re. This is also generally valid as the cylinder approaches the moving 

wall (Fig. 5.9). On the other hand, with the decrease of G*, the upper separation point 

moves upstream while the lower one moves downstream (Fig. 5.9), which indicates 

that the recirculation zone is shifted upwards. 
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Fig. 5.9. Variations of the separation angles with Re and G*: (a) upper separation 

point, and (b) lower separation point. 
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5.3.2.2. Hydrodynamic forces 

The variations of the Strouhal number and force coefficients with Re and G* are 

examined. Fig. 5.10(a) shows the St–Re relationships for different gap ratios. For each 

gap ratio, an increase of Re leads to an increase of St, which is consistent with the 

increase of the non-dimensional mean flow rates just above and below the cylinder for 

Re > Recr2D (Fig. 5.6). On the other hand, St generally increases as G* decreases from 

19.5 to 1.0 – 0.8, and decreases as G* decreases further. This is also consistent with 

the variation of the mean flow rate around the cylinder with G*, where the maximum 

flow rate is observed at G* = 1.0 – 0.8 (Fig. 5.6). 

Fig. 5.10(b) shows the variation of the mean drag coefficient with Re and G*. For 

an isolated cylinder, Henderson (1995) obtained a power law 
DC Re  relationship 

for Re < Recr2D, which is well reproduced by the present DNS as shown in Fig. 5.10(b). 

Similar trends are also observed for the case of a cylinder near a moving wall, as 

shown by the linear decreasing trend of the 
DC Re  curve in the log-log space (Fig. 

5.10(b)). The same trend was also observed by Rao et al. (2013a) from a separate 

study. Beyond the onset of 2D instability, different trends are observed for different 

gap ratios. This is explained by separating the drag force into the viscous and pressure 

components. Beyond the point of Recr2D, the viscous drag continues to decrease while 

the pressure drag starts to increase (refer to Henderson (1995) for the case of an 

isolated cylinder). For G* ≥ 1.5, the drag coefficient continues to decrease beyond 

Recr2D until Re ~ 150, as the decrease of the viscous drag dominates the increase of the 

pressure drag in this range. For G* ≤ 1.0, a local minimum is observed at the point of 

Recr2D. The local minimum becomes more obvious as G* decreases. This is because at 

a higher Recr2D (under a smaller G*), the influence from the viscous force becomes 

smaller, and the total drag force is dominated by the pressure drag, starting from the 

sudden increase of the pressure drag at Recr2D. Beyond the local minimum of the drag 

coefficient at Recr2D, a slight decrease of the drag coefficient is observed in a small 

range below Re ~ 150 for G* ≥ 0.6, whereas a continuous increase of the drag 

coefficient is observed for G* ≤ 0.5. This is also due to the combined behaviour of the 
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viscous drag and pressure drag. For all the gap ratios considered here, the drag 

coefficient increases with increase of Re beyond Re ~ 150, as the viscous drag 

becomes too small to affect the general trend set by the pressure drag. 
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Fig. 5.10. Variation of the 2D hydrodynamic forces with Re and G*: (a) Strouhal 

number, (b) mean drag coefficient, and (c) mean lift coefficient. 

 

The variation of the mean lift coefficient with Re and G* is shown in Fig. 5.10(c). 

The variation trend is similar to that of the gap flow ratio (Fig. 5.7(b)) and θf (Fig. 5.8), 

since the mean lift force is generated by the asymmetric flow distribution between the 

upper and lower sides of the cylinder. However, an obvious difference is observed at 

the Recr2D point at G* = 0.2, where a local increase is observed for the mean lift 

coefficient whereas a local drop is observed for the gap flow ratio and θf. This is 

because a significant local minimum of the mean drag coefficient occurs at the Recr2D 

of G* = 0.2 (Fig. 5.10(b)). By examining the force vector angle arctan( / )L DC C  

instead of 
LC , it is found that a local drop is observed at this point (omitted for 

conciseness). 

 

5.3.2.3. Variation of Recr2D with G* 

The influence of the flow characteristics on the variation of Recr2D with G* is now 

analysed. It is seen in Fig. 5.3 that the Recr2D value increases monotonically as G* is 

reduced from 3.0. Judging from the variation of the mean flow rate around the 

cylinder (Fig. 5.6), it is believed that one of the main causes for the increase in Recr2D 
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for G* ≤ 1.0 (Fig. 5.3) is due to the reduction of the mean flow rate around the 

cylinder with decreasing G*. However, for G* ≥ 1.0 the increase of the mean flow 

rate around the cylinder due to the decrease of G* (Fig. 5.6(a,b)) does not manifest a 

decrease in Recr2D in Fig. 5.3. This is because the variation of Recr2D with G* is also 

affected by other contributing factors which may stabilize the flow and delay the 

Recr2D at all of the gap ratios. 

A second contributing factor involves the shear layers developed on the moving 

wall. Due to the presence of the moving wall, the streamwise velocity at the moving 

wall is constrained to a fixed value equal to the free-stream velocity U. Due to the 

local acceleration or deceleration of flow near the cylinder, there exists a deviation 

between the internal flow velocity and the velocity at the moving wall (= U), and this 

results in the development of shear layers on the moving wall. This is further 

examined with two typical cases with (G*, Re) = (0.4, 88) and (G*, Re) = (0.4, 90), 

where the former one is in the 2D steady regime while the latter one is in the 2D 

unsteady regime with periodic vortex shedding. Fig. 5.11(a,b) shows the vorticity 

contours of the above two cases, where the vorticity ωz is defined in a 

non-dimensional form: 

y x
z

u u D

x y U


 
  

  
 (5.8) 

For the 2D unsteady case at (G*, Re) = (0.4, 90), the vorticity contours of the 

time-averaged flow field are also shown in Fig. 5.11(c), which are found to be quite 

similar to the vorticity contours of the 2D steady flow at (G*, Re) = (0.4, 88) shown in 

Fig. 5.11(a). 
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(a)  

(b)  

(c)  

Fig. 5.11. (a) Vorticity contours of the 2D steady flow at (G*, Re) = (0.4, 88), (b) 

vorticity contours of the instantaneous 2D unsteady flow at (G*, Re) = (0.4, 90), and 

(c) vorticity contours of the time-averaged 2D flow at (G*, Re) = (0.4, 90). 

 

For the time-averaged vorticity contours shown in Fig. 5.11(a,c), it is found that 

three additional shear layers are generated just above the moving wall. The shear layer 

in the gap flow region (with negative vorticity) is believed to be more associated with 

the increase of Recr2D shown in Fig. 5.3. Through close interaction of the two shear 

layers in the gap, the shear layer on the lower side of the cylinder (with positive 

vorticity) is weakened by the shear layer on the moving wall with opposite sign of 

vorticity. This is evidenced in Fig. 5.11(a,c) as the shear layer generated on the lower 

side of the cylinder (with positive vorticity) is not as well-developed as the shear layer 
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generated on the upper side of the cylinder (with negative vorticity). As the shear 

layer on one side of the cylinder is weakened, the vortex structure formed in the 

cylinder wake is more stable, and the onset point of wake instability (i.e. Recr2D) is 

delayed. This phenomenon was also observed for the case of a circular cylinder near a 

stationary wall (Lei et al., 2000). In that case, due to a much stronger confinement by 

the stationary wall with respect to the moving wall, a much stronger shear layer was 

formed on the stationary wall, which contributed to a much higher Recr2D or even a 

complete suppression of vortex shedding at G* ≤ 0.2 (Lei et al., 2000). Similarly, in 

the experimental study by Strykowski and Sreenivasan (1990), the shear layer on one 

side of the cylinder was weakened by the placement of a much smaller control 

cylinder in the near wake of the main cylinder, and the Recr2D was also delayed to 

higher values. 

Fig. 5.12 shows the variation of the minimum vorticity on the moving wall 

(which is within the negatively signed shear layer in the gap flow region) with Re and 

G*. For 2D unsteady flows, the vorticity field calculated based on the time-averaged 

2D flow is used to determine the minimum vorticity on the moving wall. As shown in 

Fig. 5.12, it is apparent that for a fixed G* the absolute value of the minimum 

vorticity increases with increase of Re. It is also seen in Fig. 5.12 that for a fixed Re 

the absolute value of the minimum vorticity increases with decrease of G*. This 

suggests that with decrease of G* the influence of the wall shear layer in the gap flow 

region becomes stronger in weakening the shear layer on the lower side of the 

cylinder and stabilizing the wake flow, leading to a higher Recr2D. 
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Fig. 5.12. Variation of the minimum vorticity on the moving wall (which is within the 

negatively signed shear layer in the gap flow region) with Re and G*. 

 

The confinement of the near-wake flow by the plane wall represents a third 

contributing factor for the increase of Recr2D with decreasing G*. This is evidenced 

with separate 2D DNS of flow past a circular cylinder confined by two parallel slip 

walls (i.e. with symmetry boundary conditions) as shown by the schematic model in 

Fig. 5.13(a). The gap ratio is still defined as G* = G/D for consistency. In the case of 

flow past a circular cylinder confined by two parallel slip walls, the flow rate through 

the gaps increases monotonically with decreasing G* due to blockage, the vorticity on 

the slip walls is zero (i.e. without the influence of shear layers on the plane walls), and 

the mean flow field is always symmetrical about the wake centreline (i.e. the front 

stagnation point and the recirculation zone are not shifted upward or downward). This 

allows the influence of the wall confinement on vortex shedding to be isolated from 

other contributing factors. 
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Fig. 5.13. Case study of flow past a circular cylinder confined by two parallel slip 

walls: (a) schematic model of the computational domain, (b) variation of the Recr2D 

value with G*, and (c) streamwise velocity profiles along the y-direction at x = 0 for 

various G* at Re just below the respective Recr2D. 
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The variation of Recr2D with G* for the case of two parallel slip walls is shown in 

Fig. 5.13(b). A local minimum of Recr2D is observed at G* = 1.5 (Fig. 5.13(b)), at 

which point the influence of the increase in the flow rate around the cylinder 

dominates the effect of wall confinement. With a further decrease of the gap ratio, 

although the flow rate around the cylinder continues to increase in this case, the wall 

confinement also becomes much stronger and results in an increase in Recr2D (Fig. 

5.13(b)). 

In order to remove the blockage effect on the variation of Recr2D with G*, the 

Recr2D value for each G* is normalized by considering the maximum streamwise 

velocity at x = 0 (in the gap region). Fig. 5.13(c) shows the streamwise velocity 

profiles along the y-direction at x = 0 for various G* at Re just below the respective 

Recr2D. It is seen that due to the blockage effect the maximum streamwise velocity at x 

= 0 increases with decreasing G*. The normalized Recr2D is calculated as: 

2D 2D

maximumstreamwise velocityof thiscase

maximumstreamwise velocityof thecase with * =19.5
cr crRe Re

G
   (5.9) 

In other words, the Reynolds number is now defined based on the maximum 

streamwise velocity at x = 0 rather than the free-stream velocity. As shown in Fig. 

5.13(b), the normalized Recr2D increases monotonically with decreasing G*, which 

suggests that without the blockage effect the wall confinement gradually stabilizes the 

wake flow with decrease of G*. 

It is also noted that Juniper (2006), Biancofiore et al. (2011) and Biancofiore and 

Gallaire (2012) reported a destabilization due to a moderate confinement for a 

confined synthetic wake where a uniform flow with a smaller streamwise velocity U1 

is sandwiched between two identical uniform flows with a larger streamwise velocity 

U2 (with two parallel slip walls as the outer boundaries). The destabilization for a 

moderate confinement in the above scenario is represented by the onset of flow 

instability at a relatively small negative velocity ratio, where the velocity ratio is 

defined as Λ = (U1 – U2)/ (U1 + U2). However, for the bluff body flow scenario shown 

in Fig. 5.13(a), Λ is always close to -1 since U1 in the immediate near-wake is in the 

order of 0.01U. Hence based on the stability diagram in Biancofiore et al. (2011) it is 
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likely that for Λ = -1 the flow would stay in the unstable regime as long as the 

confinement is weaker than a critical point. This is consistent with the variation trend 

of the normalized Recr2D with G* shown in Fig. 5.13(b). 

 

5.3.3. 3D results at G* = 0.2 

According to the linear stability analysis results of flow past a circular cylinder 

close to a moving wall by Rao et al. (2013a), there exists a discontinuity in the 

relationship between Recr3D and G* at G* = 0.22 – 0.3 (Fig. 5.3). 

For G* ≥ 0.3, the flow undergoes a transition sequence of “2D steady → 2D 

unsteady → 3D unsteady” (Rao et al., 2013a), in line with the transition sequence 

observed for an isolated cylinder (Williamson, 1996). Our 3D DNS study found that 

the “3D unsteady” stage further consists of a transition sequence of “Mode A → Mode 

B” which is similar to the 3D wake transition for an isolated cylinder reported by 

Williamson (1996). However, an interesting phenomenon is that a local minimum of 

the Recr3D value is observed at G* = 0.4 (Fig. 5.14). Since the variation of Recr3D is a 

result of the decrease of G*, the sudden increase of Recr3D as G* decreases from 0.4 to 

0.3 (Fig. 5.14) is possibly related to the variation of the gap flow characteristics. Fig. 

5.15 shows some mean streamwise velocity profiles of the gap flow at x = 0 (referred 

to as the 
, 0x xu 

 profile) for different Re with G* = 0.4. For Re ≥ 150, two local peaks 

as well as two inflection points are observed in each 
, 0x xu 

 profile. For Re ≤ 145, 

however, a single peak is observed in each 
, 0x xu 

 profile and there are no inflection 

points. The critical Re for the emergence of inflection points in the 
, 0x xu 

 profile 

(RecrIP) for each G* (e.g. RecrIP = 145 – 150 for G* = 0.4) is shown in Fig. 5.14. It is 

seen in Fig. 5.14 that the RecrIP value increases monotonically with decrease of G*. 

The RecrIP and Recr3D curves intersect at approximately G* = 0.4 at which point a local 

minimum of the Recr3D takes place. To the left of the RecrIP curve, there are no 

inflection points in the 
, 0x xu 

 profiles, and an increase in Recr3D is observed. 

According to Rayleigh‟s condition, (for an inviscid fluid) “the occurrence of an 
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inflection point in the basic velocity profile is a necessary condition for instability” 

(see Drazin, 2002), and it was suggested in Drazin (2002) that “to each unstable 

three-dimensional mode there corresponds a more unstable two-dimensional one”. 

Hence for the present case, the absence of inflection points in the 
, 0x xu 

 profile may 

result in a more stabilized gap flow, and a stabilized 2D flow may also contribute to 

the suppression of a 3D instability, leading to an increase in Recr3D for G* < 0.4. 
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Fig. 5.14. Variations of the Recr3D and RecrIP values with G*. 
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Fig. 5.15. Mean streamwise velocity profiles of the gap flow at x = 0 for different Re 

with G* = 0.4. 
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For G* ≤ 0.22, the Recr3D appears to be lower than the Recr2D (through 2D 

calculations), and the flow undergoes a different transition sequence of “2D steady → 

3D steady → 3D unsteady” (Stewart et al., 2010; Rao et al., 2013a). In the present 

study, 3D DNS is performed at G* = 0.2 to examine the wake transition and wake 

structures in detail. The simulations are performed for Re up to 200, covering the 

above transition sequence. 

 

5.3.3.1. Wake transition 

Fig. 5.16 shows the time-histories of the spanwise velocity at a sampling point of 

(x/D, y/D, z/D) = (3.0, 0.5, 6.0) for G* = 0.2. After an initial transient fluctuation 

period, the time-history of the spanwise velocity displays an exponential decay trend 

for Re = 125 and an exponential growth trend for Re = 130 – 140. Through analysing 

the exponential growth/decay rates of the spanwise velocity of the steady flow, in a 

similar way as illustrated in § 5.3.1 for the unsteady flow, the Recr3D is found at 126.78, 

which is very close to the value of 127.20 obtained by Rao et al. (2013a) through 

stability analysis. At Recr3D = 126.78, the flow undergoes a transition from the 2D 

steady state to the 3D steady state. In the 3D steady regime of 126.78 ≤ Re ≤ 140, the 

fully developed flow field does not vary in time. For example, the sampled spanwise 

velocity shown in Fig. 5.16(b,c) reaches to a constant non-zero value after the flow is 

fully developed. As Re increases from 140 to 145, irregular fluctuations are observed 

for the time-history of the spanwise velocity (Fig. 5.16(d)), which marks another wake 

transition from the 3D steady state to the 3D unsteady state. The critical Re for this 

transition is coincidently close to the Recr2D (= 143.5 (±0.5)) obtained through 2D 

DNS. 
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Fig. 5.16. Time-histories of the spanwise velocity sampled at (x/D, y/D, z/D) = (3.0, 

0.5, 6.0) for flow past a circular cylinder close to a moving wall with G* = 0.2. 

 

Fig. 5.17(a) shows the time-histories of the spanwise kinetic energy Ez integrated 

over the near wake region of x/D = 0 – 5 for G* = 0.2, where Ez is defined as: 

2
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d
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z

V

u
E V
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  (5.10) 

where V is the volume of the flow field of interest. As the flow undergoes a transition 

from 2D steady to 3D steady at Re from 125 to 130, a sharp increase of Ez of 

approximately five orders of magnitude is observed. Beyond that, the increase of Ez 

with Re is a gradual process. Particularly, there is no abrupt change in the magnitude 

of Ez at the second transition from 3D steady to 3D unsteady. However, the 

time-history of Ez is steady when the flow is in the 3D steady state, whereas 

small-amplitude fluctuations are observed when the flow is in the 3D unsteady state. 
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Fig. 5.17. Time-histories of the integrated spanwise kinetic energy within x/D = 0 – 5 

for (a) G* = 0.2, and (b) G* = 0.1. 

 

A few more calculations are carried out at G* = 0.1. 3D steady flow is observed 

at Re = 100 while 3D unsteady flow is observed at Re = 125 and 150. Similar trends 

of the time-histories of Ez as discussed earlier on for G* = 0.2 are also observed for 

G* = 0.1 (Fig. 5.17(b)). However, the critical Re for the transition from 3D steady to 

3D unsteady (between 100 and 125) does not match the Recr2D (= 158.5 (±0.5)) 

obtained from 2D DNS. This indicates that the Recr2D predicted by 2D DNS is not 

reliable for the onset of unsteady flow for G* ≤ 0.22, as the flow is already in a 3D 

state. 
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5.3.3.2. Wake structure and transition mechanism 

Based on the speculation that the shear layers developed on the moving wall 

might play an important role at small gap ratios, further 3D DNS are carried out with 

the slip wall boundary condition (i.e. with symmetry boundary condition) at the 

bottom wall to eliminate the influence of the shear layers developed on the moving 

wall. Based on 2D DNS, the Recr2D for flow past a circular cylinder close to a slip wall 

at G* = 0.2 is 128.5 (±0.5). This case is also simulated with 3D DNS at a few discrete 

Re values of 120, 127, 131, 135, 140, 145, 150, 175, and 200. 2D steady flow is 

observed at Re ≤ 127, while 3D unsteady flow is observed at Re ≥ 135. However, it is 

found that when Re is very close to the critical transition point (e.g. at Re = 131), it 

takes much longer time for the flow to reach a fully developed state. The case of Re = 

131 has been simulated for 2500 non-dimensional time units, yet a clear trend of the 

development of the time-history of the spanwise velocity is still unavailable. Since the 

critical wake transition point for the slip wall case is not the main focus of the present 

study, further calculation of the Re = 131 case is not attempted, and more emphasis is 

put on the 3D unsteady flow at Re ≥ 135. 

For Re in the range of 135 to 150, a subharmonic Mode C structure is observed in 

the fully developed flow. The Mode C instability is often observed when the Z2 

spatiotemporal symmetry of the wake is broken by a perturbation imposed on the 

bluff body (Blackburn and Sheard, 2010) which can normally be a geometric 

configuration or a movement that is asymmetric about the wake centreline, e.g. a 

circular cylinder with a trip-wire in the near wake (Zhang et al., 1995; Yildirim et al., 

2013a), a circular ring (Sheard et al., 2003), a rotated square cylinder (Sheard et al., 

2009), two circular cylinders in staggered arrangements (Carmo et al., 2008), a 

rotating circular cylinder (Rao et al., 2013b), a rotating circular cylinder near a 

moving wall (Rao et al., 2015), etc. In the present study, the slip wall close to the 

circular cylinder (with G* = 0.2) serves as the perturbation to trigger the breaking of 

the Z2 spatiotemporal symmetry of the wake and to form Mode C instability. Note that 

for G* ≥ 0.3, the 3D flow is still triggered by Mode A instability. 
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The Mode C structure observed in the present study is illustrated with the fully 

developed flow at (Re, G*) = (140, 0.2). Fig. 5.18 shows the time-histories of the flow 

velocity components sampled at (x/D, y/D, z/D) = (3.0, 0.5, 6.0), together with the 

time-history of the span-averaged lift force coefficient. The non-dimensional flow 

time t* is normalized with the vortex shedding period T (discarding the previous flow 

time for simplicity). It is seen that while the time-history of the lift coefficient is 

T-periodic, the time-histories of the velocity components are 2T-periodic, which 

reveal the period doubling character of the subharmonic Mode C (Blackburn and 

Sheard, 2010). In particular, a “high-peak-low-peak” feature of the time-history of uy 

for Mode C, as observed in the experimental study by Yildirim et al. (2013a), is also 

observed in Fig. 5.18(b). 
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Fig. 5.18. Time-histories of the flow velocity components sampled at (x/D, y/D, z/D) = 

(3.0, 0.5, 6.0) and the span-averaged lift force coefficient for flow past a circular 

cylinder close to a slip wall at (Re, G*) = (140, 0.2). 

 

Fig. 5.19(a,b) shows the fully developed Mode C wake structures at (Re, G*) = 

(140, 0.2) with 1T apart. The wake structures are captured by the iso-surfaces of 

streamwise vorticity ωx, which is defined in a non-dimensional form as: 
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 (5.11) 

It is seen that the Mode C structure is well-defined but asymmetric about the wake 
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centreline. The streamwise vortices change sign after each shedding period (Fig. 

5.19(a) versus Fig. 5.19(b)), and repeat themselves after two shedding periods, which 

confirms the 2T-periodic nature of Mode C. 

 

 

     

Fig. 5.19. Iso-surfaces of ωx for flow past a circular cylinder close to a slip wall at G* 

= 0.2. The slip wall is at the back of the structure. Dark grey and light yellow denote 

positive and negative values, respectively. The flow is from the left to the right past 

the cylinder on the left. 

 

Along the cylinder span of 12D in length, 6 pairs of Mode C structure are 

observed for Re = 135 – 145 (e.g. Fig. 5.19(a,b)), and 5 pairs of Mode C structure are 

observed for Re = 150. This suggests that the spanwise wavelength of Mode C (λC) is 
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approximately 2.0 – 2.4D for Re in the range of 135 to 150, and λC increases slightly 

with increase of Re. The λC values obtained in the present case are similar to those 

reported in the literature, e.g. λC = 1.8D and 2.2D for flow past a circular cylinder with 

a trip-wire in the near wake by Zhang et al. (1995) and Yildirim et al. (2013b), 

respectively, and λC ~ 1.7D for flow past a circular ring (Sheard et al., 2003). 

As Re increases to 175 and 200, a different wake structure is observed. At the 

early stage of wake development, 4 pairs of Mode C structure are observed for Re = 

175 and 200 (e.g. Fig. 5.19(c)). It should be noted that all of the Mode C structures 

reported in the present study have been confirmed to be 2T-periodic. However, the 

Mode C structure in these two cases cannot persist and will be replaced by a more 

chaotic structure shortly (e.g. Fig. 5.19(d)). 

Due to the shear layer effect, the wake structure for flow past a circular cylinder 

close to a moving wall is different from that obtained with a slip wall. In the 3D 

steady regime of Re = 130 and 140, the flow is initialized with a small-amplitude 

Mode C structure with λC = 1.5D (e.g. Fig. 5.20(a)), followed by the formation of a 

3D steady structure with two pairs of ordered vortex structures along the span width 

(e.g. Fig. 5.20(b)). This suggests that the spanwise wavelength of the 3D steady 

structure is approximately 6D, which is close to the value of 6.34D at Recr3D predicted 

by Rao et al. (2013a) through stability analysis. Further numerical simulations are 

carried out with reduced span lengths of 3.0 and 1.5. Since the span lengths are much 

shorter than the wavelength of the 3D steady structure, the flow decays to a 2D steady 

state after the initialization of a small-amplitude Mode C structure. 
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Fig. 5.20. Iso-surfaces of ωx for flow past a circular cylinder close to a moving wall at 

G* = 0.2. The moving wall is at the back of the structure. Dark grey and light yellow 

denote positive and negative values, respectively. The flow is from the left to the right 

past the cylinder on the left. 
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The transition mechanism for the 3D steady state of flow can be explained by 

comparing the wake structures obtained with the moving wall and slip wall conditions 

at (Re, G*) = (140, 0.2). Under the slip wall condition, the 3D flow is triggered by 

Mode C instability (due to a small gap ratio) and a well-defined persistent Mode C 

structure is observed for the fully developed flow. This suggests that the 3D flow 

triggered by Mode C instability (e.g. Fig. 5.20(a)) under the moving wall condition is 

also due to a small gap ratio. However, the Mode C structure under the moving wall 

condition cannot persist due to the interference of the shear layer caused by the 

moving wall and will evolve into a 3D steady state under a sufficiently long span 

length or decay to a 2D steady state when the span length is restricted. 

In the 3D unsteady regime with Re ranging from 145 to 200, the flow is also 

initialized with the Mode C instability (e.g. Fig. 5.20(c,e)) but will evolve into other 

3D flow structures. At Re = 145 and 150 which are just beyond the onset of 3D 

unsteady state, the Mode C structure will be replaced by a pair of disordered structure 

after the flow is fully developed (e.g. Fig. 5.20(d)). This is also due to the interference 

of the shear layer by the moving wall, in comparison with the persistent Mode C 

structure at Re = 145 and 150 for the slip wall condition. Since only one pair of the 

vortex structure is observed in Fig. 5.20(d) within a Lz of 12D, further simulation is 

carried out with a Lz of 36D to confirm the pairing of the streamwise vortices. It is 

found that for Lz = 36D, three pairs of the vortex structure shown in Fig. 5.20(d) are 

regularly distributed along the cylinder span width, which suggests that the fully 

developed flow structure is actually in pairs, with a spanwise wavelength of 

approximately 12D. 

As Re increases further to 175 and 200, the Mode C structure will evolve into 

small-scale disordered structures for the fully developed flow (e.g. Fig. 5.20(f)). This 

wake structure is similar to the structure observed with the slip wall condition at same 

Re values (Fig. 5.19(d)), since the Mode C structure under the slip wall condition also 

cannot persist and will become chaotic. 

It is also found that when the cylinder span length is restricted to 3.0 or 1.5, the 

shear layer effect under the moving wall condition would not be able to generate 
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chaotic vortex structures from Mode C for Re in the 3D unsteady regime from 145 to 

200, and the Mode C structure can persist in the fully developed flow. 

Fig. 5.21 shows the vortex cores captured by the second negative eigenvalue λ2 of 

the tensor Ψ
2
 + Ω

2
, where Ψ and Ω are the symmetric and antisymmetric parts of the 

velocity gradient tensor, respectively (Jeong and Hussain, 1995). In the 3D steady 

regime, the iso-surfaces of λ2 shown in Fig. 5.21(a) do not vary with time. In the 3D 

unsteady regime, primary vortex cores are alternately shed from the upper and lower 

sides of the cylinder and propagating downstream (Fig. 5.21(b,c)), which suggests that 

the onset of unsteady flow is due to the emergence of vortex shedding. It is seen that 

the primary vortex cores are not in parallel with the cylinder span. At Re = 200, 

small-scale streamwise vortex cores are also observed (Fig. 5.21(c)), which is 

consistent with the stronger streamwise vorticity as shown in Fig. 5.20(f). 

 

5.4. Conclusions 

This paper presents two-dimensional (2D) and three-dimensional (3D) direct 

numerical simulations (DNS) of flow past a circular cylinder near a moving wall. The 

simulations are carried out in a parameter space spanning a non-dimensional gap ratio 

(G* = G/D) between 0.1 and 19.5 and the Reynolds number (Re) up to 300. 

Due to blockage effects, the total flow rate around the cylinder increases as G* 

decreases from 19.5 to 1.0 – 0.8, and decreases as G* decreases further. However, the 

gap flow ratio (the ratio between the total gap flow rate and the total free-stream flow 

rate below the cylinder centreline) decreases monotonically with decrease of G*, 

which results in a downward movement of the front stagnation point and an upward 

shift of the recirculation zone behind the cylinder. The variation of the Strouhal 

number with Re and G* is closely related to the variation of the mean flow rate 

around the cylinder, while the variation of the mean lift force coefficient is closely 

related to the variation of the gap flow ratio. 
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Fig. 5.21. Iso-surfaces of λ2 for flow past a circular cylinder close to a moving wall at 

G* = 0.2. The moving wall is at the back of the structure. The flow is from the left to 

the right past the cylinder on the left. 

 

The monotonic increase of the critical Re for 2D instability (Recr2D) as G* is 

reduced from 3.0 is influenced by variations in the mean flow rate around the cylinder, 

the confinement of the near-wake flow by the plane wall, and the characteristics of the 

shear layer formed above the moving wall directly below the cylinder. The first factor 

destabilizes the wake flow at a moderate G* while the latter two factors stabilize the 

wake flow with decreasing G*. 

In terms of 3D instability, the flow transition sequence of “2D steady → 3D 

steady → 3D unsteady” taking place at small gap ratios is analysed at G* = 0.2. It is 
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found that the 3D steady and 3D unsteady flows are triggered by Mode C instability, 

where Mode C instability is triggered by the breaking of the Z2 spatiotemporal 

symmetry of the wake due to a small gap ratio. However, the Mode C structure is not 

sustained due to interference from the shear layer caused by the moving wall, leading 

to the evolution of other 3D structures. In the 3D steady regime of 126.78 ≤ Re ≤ 140, 

the flow will evolve into an ordered 3D steady state with a specific spanwise 

wavelength. In the 3D unsteady regime of Re ≥ 145, alternate vortex shedding and 

disordered transient structures are observed. 
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Chapter 6  

 

Three-dimensional wake transition for a circular 

cylinder near a moving wall† 

 

Abstract: Three-dimensional (3D) wake transition for a circular cylinder placed near 

to a moving wall is investigated using direct numerical simulation (DNS). The study 

covers a parameter space spanning a gap ratio (G/D) ≥ 0.3 and Reynolds number (Re) 

up to 325. The wake transition regimes in the parameter space are mapped out. It is 

found that vortex dislocation associated with Mode A is completely suppressed at G/D 

smaller than approximately 1.0. The suppression of vortex dislocation is believed to 

be due to the confinement of the Mode A streamwise vortices by the plane wall, which 

suppresses the excess growth and local dislocation of any Mode A vortex loop. 

Detailed wake transition is examined at G/D = 0.4 where the wake transition sequence 

is “two-dimensional (2D) → ordered Mode A → mode swapping (without 

dislocations) → Mode B”. Relatively strong three-dimensionality is found at Re = 160 

– 220 as the wake is dominated by large-scale structure of ordered Mode A, and also 

at Re ≥ 285 where Mode B becomes increasingly disordered. A local reduction in 

three-dimensionality is observed at Re = 225 – 275 where the wake is dominated by 

finer-scale structure of a mixture of ordered Modes A and B. Corresponding variations 

in the vortex shedding frequency and hydrodynamic forces are also investigated. 

 

 

                                                        
†
 This chapter is presented as a paper which has been published as “Jiang, H., Cheng, L., Draper, 

S., An, H., 2017. Three-dimensional wake transition for a circular cylinder near a moving wall. 

Journal of Fluid Mechanics (accepted).” 
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6.1. Introduction 

Steady incoming flow past a circular cylinder in close proximity to a plane 

boundary has been studied extensively due to its fundamental and practical 

significance. For example, in practical scenarios the plane boundary may be 

representative of the “seabed” or “ground” involving bluff bodies such as pipelines. In 

this arrangement, the flow is governed by two dimensionless parameters, i.e. the 

Reynolds number and the gap-to-diameter ratio (referred to as the gap ratio hereafter). 

The Reynolds number Re (= UD/ν) is defined based on the approaching flow velocity 

U, the cylinder diameter D and the kinematic viscosity of the fluid ν. The gap ratio is 

defined as G/D, where G is the gap height between the cylinder and plane boundary. 

In addition to the dependence on Re and G/D, the flow in the neighbourhood of 

the cylinder is complicated further by the development of the boundary layer near the 

plane boundary. For different boundary layer profiles, extensive experimental studies 

have revealed that vortex shedding is suppressed at G/D < ~0.3 for Re in the 

sub-critical regime ranging from 1.2×10
3
 to 2.5×10

4
 (e.g. Bearman and Zdravkovich, 

1978; Grass et al., 1984; Lei et al., 1999; Price et al., 2002; Wang and Tan, 2008). 

Based on a two-dimensional (2D) direct numerical simulation (DNS) which employed 

the Blasius boundary layer profile at the inlet, Lei et al. (2000) found that at lower Re 

the critical G/D for vortex shedding suppression was 0.2 at Re ≥ 800 (with a boundary 

layer thickness δ/D at the location of the cylinder of approximately 0.5), but increased 

to 0.6 at Re = 200 (δ/D = 0.9) and 1.0 at Re = 100 (δ/D = 1.2). In each of these 

scenarios the boundary layer varied with Re. Thapa et al. (2014) studied the 

three-dimensional (3D) flow structure at Re = 500 and both G/D = 0.4 and 0.8 by 

adopting the logarithmic law of wall for the inlet flow profile, and found that the 

streamwise vortices (a representation of the flow three-dimensionality) were much 

weaker than those for an isolated cylinder. However, it is worth noting that even by 

adopting the Blasius profile or logarithmic profile at the inlet, the boundary layer 

profile may still develop with distance from the inlet (even with the cylinder removed 

from the flow field). In other words, the boundary layer profile at the location of the 
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cylinder is dependent on the streamwise location of the cylinder. 

Since the above results of flow past a circular cylinder near a plane boundary are 

dependent on not only Re and G/D, but also the boundary layer profile at the location 

of the cylinder, the parameter space for numerical simulations is large. To isolate the 

“near-wall effect” (which is dependent on Re and G/D only) from the additional 

influence of the upstream boundary layer, the present study focuses on the case that 

the plane boundary moves at the same speed as the upstream flow (or equally that the 

body is moved in still fluid parallel to a stationary boundary). 

Several past studies have focused on the flow past a circular cylinder near a 

moving wall (or equally that the cylinder is moved in still fluid near a stationary wall). 

For example, by towing a circular cylinder close to a stationary wall at Re = 170 

(Taneda, 1965) and Re = 3550 (Zdravkovich, 1985), Taneda (1965) and Zdravkovich 

(1985) observed alternate vortex shedding at G/D = 0.6, whereas only a single row of 

vortices was developed at G/D = 0.1. Huang and Sung (2007) performed 2D DNS for 

a circular cylinder near a moving wall for G/D ≥ 0.1 and Re = 200 – 500, and reported 

variations of the pressure and force coefficients with G/D and Re. They also reported 

that at Re = 300 alternate vortex shedding was suppressed for G/D ≤ 0.28, and a single 

vortex row at the upper side of the cylinder dominated the flow for G/D ≤ 0.28. Yoon 

et al. (2010) carried out 2D DNS for G/D ≥ 0.1 and Re = 60 – 200, and investigated 

variations of the pressure and force coefficients with G/D and Re. Rao et al. (2013) 

showed that while the 2D unsteady wake at larger G/D is characterised by the 

formation of the classical Kármán vortex streets, vortex shedding at smaller G/D (e.g. 

G/D = 0.1 or 0.01) is characterised by the pairing of the negatively signed separating 

shear layer from the top of the cylinder and the positively signed vortex from the 

boundary layer at the wall. It has been revealed from the above studies that without 

the boundary layer effect vortex shedding can be observed at a G/D of as low as 0.1. 

Rao et al. (2013, 2015) and Jiang et al. (2017) found that the onset point of vortex 

shedding (denoted as Recr2D) increases monotonically as G/D decreases from ∞ to 0.1. 

Jiang et al. (2017) also investigated the physical mechanisms responsible for the 

variations of the Recr2D and hydrodynamic forces, on the basis of the flow 
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characteristics at different G/D and Re. 

The variation of the critical Re for 3D wake instability (denoted as Recr3D) with 

G/D has been predicted by Rao et al. (2013, 2015) and Jiang et al. (2017) through 

linear stability analysis and 3D DNS, respectively. For G/D ≤ 0.22, the flow 

undergoes a transition sequence of “2D steady → 3D steady → 3D unsteady” 

(Stewart et al., 2010; Rao et al., 2013, 2015; Jiang et al., 2017), and the 3D flow 

structures have been analysed by Stewart et al. (2010) and Rao et al. (2013) at G/D = 

0.005 and by Jiang et al. (2017) at G/D = 0.2. Jiang et al. (2017) found that the 3D 

steady and 3D unsteady flows at G/D = 0.2 and Re up to at least 200 are triggered by 

Mode C instability due to a small gap ratio. However, the Mode C structure is not 

sustained indefinitely, since interference with the shear layer caused by the moving 

wall leads to other 3D flow structures (Jiang et al., 2017). 

On the other hand, for G/D ≥ 0.3, the flow undergoes a transition sequence of 

“2D steady → 2D unsteady → 3D unsteady” (Rao et al., 2013, 2015), in line with the 

transition sequence for an isolated cylinder reported by Williamson (1996). Rao et al. 

(2015), through a linear stability analysis, found a Mode A instability at Recr3D, 

followed by a Mode B instability at a higher Re level. However, the unstable 3D 

modes discovered from linear stability analysis are based on a 2D base flow, without 

taking into account the non-linear interactions between the unstable modes 

(Henderson, 1997). For example, for the case of an isolated cylinder, the onset point 

for Mode B instability obtained by Barkley and Henderson (1996) through linear 

stability analysis was Re = 259, whereas the actual Mode B structure was observed in 

physical experiments at an Re of as low as 230 (Williamson, 1996). 

In light of the previous works, the primary aim of the present study is to examine 

the 3D wake transition and interactions of the 3D wake modes for flow past a circular 

cylinder near a moving wall with G/D ≥ 0.3. This is achieved using 3D DNS. The 

wake flow is compared with the wake transition process and the characteristics of the 

well-known Mode A and Mode B structures observed for an isolated cylinder. 

The rest of this paper is organized in the following manner. In § 6.2, the 

governing equations and the numerical model are presented. The wake transition 
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regimes in the parameter space of G/D ≥ 0.3 and Re ≤ 300 are presented in § 6.3.1. 

The flow structures and wake transition at G/D = 0.4 (where vortex dislocation is 

suppressed) with varying Re are examined in § 6.3.2, and the flow structures at Re = 

200 with varying G/D are examined in § 6.3.3. Finally, major conclusions are drawn 

in § 6.4. 

 

6.2. Numerical model 

6.2.1. Numerical method 

Numerical simulations have been carried out with OpenFOAM 

(www.openfoam.org) to solve the continuity and incompressible Navier-Stokes 

equations: 
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where 1 2 3( , , ) ( , , )x x x x y z  are Cartesian coordinates, ui is the velocity component in 

the direction xi, t is time, ρ is fluid density, and p is pressure. The same numerical 

approach used in Jiang et al. (2016, 2017) is adopted here. Specifically, the Finite 

Volume Method (FVM) and the Pressure Implicit with Splitting of Operators (PISO) 

algorithm (Issa, 1986) are used to solve the equations. The convection, diffusion and 

time derivative terms are discretized, respectively, using a fourth-order cubic scheme, 

a second-order linear scheme, and a blended scheme consisting of the second-order 

Crank-Nicolson scheme and a first-order Euler implicit scheme. 

 

6.2.2. Computational domain and mesh 

The computational domain and mesh are determined based on a domain size 

dependence study carried out in Jiang et al. (2016) and a mesh resolution dependence 

study carried out in Jiang et al. (2017). The standard 3D mesh reported in Jiang et al. 

http://www.openfoam.org/
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(2017) is adopted in this study. 

The details of the standard 3D mesh are as follows. As shown in Fig. 6.1(a), a 

hexahedral computational domain of (Lx, Ly, Lz) = (50D, G + 20.5D, 12D), with Lx, Ly, 

and Lz being the domain sizes in the x-, y-, and z-directions, respectively, is 

constructed. The gap height G is varied in this study. In the x-y plane (the plane 

perpendicular to the cylinder axis), the cylinder perimeter is discretized with 132 

nodes for G/D ≥ 1.5 and 160 nodes for G/D < 1.5 (due to the slight change of the 

mesh topology at smaller gap ratios). The height of the first layer of mesh next to the 

moving wall and next to the cylinder surface is approximately 0.001D. The cell 

expansion ratio in the whole domain is kept below 1.1. This results in at least 30 

layers of mesh in the cylinder boundary layer for all of the cases considered in this 

study. To capture detailed wake flow structures, a relatively high mesh resolution is 

used in the cylinder wake by specifying a constant mesh size along the x-direction for 

x/D > 0.7. Fig. 6.1(b) shows a close-up view of the 2D mesh near the cylinder with a 

gap ratio of 0.4. 

The 3D mesh is formed by replicating the 2D mesh along the z-axis, resulting in 

an identical mesh resolution in all planes perpendicular to the cylinder. Based on the 

3D mesh dependence study for an isolated cylinder performed in Jiang et al. (2016), 

the spanwise cell and domain lengths are chosen as 0.1D and 12D, respectively. 

According to the linear stability analysis results by Rao et al. (2013) of flow past a 

circular cylinder near a moving wall with various gap ratios, the spanwise domain 

length of 12D is not always an integer multiple of the most unstable spanwise 

wavelength of the wake structure. This may restrict the development of 3D instability 

to some extent and result in an over-prediction of Recr3D. However, it has been 

demonstrated in Jiang et al. (2017) that the use of a spanwise domain length of 12D 

would only affect the accuracy of the predicted Recr3D value by less than 1%. Hence a 

uniform domain length of 12D is still adopted in the present study. 

The boundary conditions for the 3D computational domain are listed in Table 6.1, 

where ∂/∂n = 0 denotes a zero normal gradient condition. In particular, a uniform flow 

velocity U is specified in the x-direction for the inlet and bottom boundaries. 
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Symmetry boundary conditions are applied at the top boundary, while periodic 

boundary conditions are employed at the two lateral boundaries perpendicular to the 

cylinder span. 

The time step ∆t adopted for each case is based on the criterion that the Courant 

number (Co) of all the cells in the computational domain is kept below 0.5, where Co 

is defined as: 

/Co u t l    (6.3) 

where |u| is the magnitude of the velocity through a cell, and ∆l is the cell size in the 

direction of the velocity. 

 

(a)  

(b)  

Fig. 6.1. (a) Schematic model of the computational domain, and (b) Close-up view of 

the 2D mesh near the cylinder for G/D = 0.4. 
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Table 6.1. Boundary conditions for the 3D computational domain. 

Boundary Velocity Pressure 

Inlet ux = U, uy = uz = 0 ∂p/∂n = 0 

Outlet ∂ui/∂n = 0 p = 0 

Top ∂ux/∂n = ∂uz/∂n = 0, uy = 0 ∂p/∂n = 0 

Bottom ux = U, uy = uz = 0 ∂p/∂n = 0 

Front and back ui(x, y, z = 0, t) = ui(x, y, z = Lz, t), 

∂ui/∂n(x, y, z = 0, t) = ∂ui/∂n(x, y, 

z = Lz, t) 

p(x, y, z = 0, t) = p(x, y, z = Lz, t), 

∂p/∂n(x, y, z = 0, t) = ∂p/∂n(x, y, z 

= Lz, t) 

Cylinder surface ui = 0 ∂p/∂n = 0 

 

6.2.3. Mesh convergence 

For the case of flow past an isolated circular cylinder, Jiang et al. (2016) reported 

a mesh convergence study on the standard 3D mesh, and obtained DNS results of 

wake transition of flow past an isolated circular cylinder which are in good agreement 

with the experimental results reported by Williamson (1996). 

For the case of flow past a circular cylinder near a moving wall, the Recr2D and 

Recr3D values under various gap ratios predicted with DNS by using the standard 3D 

mesh (Jiang et al., 2017) are in close agreement with the linear stability analysis 

results by Rao et al. (2015) (Fig. 5.3). The results by Rao et al. (2015) are believed to 

be improved from those in Rao et al. (2013) (see Fig. 5.3) since it was noted in Rao et 

al. (2013) that the use of a relatively small computational domain size in that study 

could affect the accuracy of Recr3D by ~ 15%. 

In the present study, mesh convergence is further checked at G/D = 0.4 with Re = 

325 (the largest Re adopted in this study). The resolution of the standard 3D mesh is 

examined by using a refined 3D mesh with the number of cells in both x- and 

y-directions 1.5 times that for the standard 3D mesh. In particular, the number of cells 

around the cylinder is increased by 1.5 times (from 160 to 240), the height of the first 

layer of mesh next to the moving wall and next to the cylinder surface is reduced by 
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1.5 times (from 0.001D to 0.00067D), and the number of mesh layers in the cylinder 

boundary layer is increased by 1.5 times (from 31 to 47). In addition, the influence of 

the time step on the numerical results is examined with a case which uses the standard 

3D mesh but with a halved time step size (i.e. Co is kept below 0.25). 

The mesh convergence is firstly checked via the drag and lift force coefficients 

(CD and CL) and Strouhal number (St) on the cylinder, which are defined as follows: 

2/ ( / 2)D D zC F DU L  (6.4) 

2/ ( / 2)L L zC F DU L  (6.5) 

/LSt f D U  (6.6) 

where FD and FL are the integrated drag force and lift force on the cylinder, 

respectively, and fL is the frequency of the fluctuating lift force. For the 3D cases 

where the time-history of CL may not be regular periodic, St is determined using the 

peak frequency derived from the fast Fourier transform (FFT) of the time-history of 

CL. The time-averaged drag and lift coefficients are denoted as 
DC  and 

LC , 

respectively. The root-mean-square lift coefficient 
LC   is defined as: 
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where N is the number of values in the time-history of CL. At least 800 

non-dimensional time units (defined as t* = Ut/D) of the fully developed flow are 

used to calculate the statistical stationary hydrodynamic forces on the cylinder. As 

shown in Table 6.2, the hydrodynamic forces calculated with the two variation cases 

are quite close to those calculated with the standard mesh (relative differences are 

within 0.7% for St and 
DC , within 1.6% for 

LC , and within 4% for 
LC  ). 

In addition, Fig. 6.2 shows the time- and span-averaged streamwise and 

transverse velocity profiles at a few streamwise locations in the near wake (x/D = 0, 1, 

1.5, and 5) for the three cases listed in Table 6.2. Very good agreements of the mean 

velocity profiles are observed in Fig. 6.2 for the three cases. The above results 

demonstrate that the standard 3D mesh is sufficient for the numerical simulations of 
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this study. 

 

Table 6.2. Mesh convergence results for the case of (G/D, Re) = (0.4, 325). 

Case St DC  
LC  

LC   

Standard 3D mesh (reference case) 0.2073 1.5174 0.2233 0.6403 

Refined 3D mesh 0.2069 1.5129 0.2268 0.6219 

Time step reduced by half 0.2060 1.5069 0.2258 0.6153 

 

(a)

-0.4 0.0 0.4 0.8 1.2 1.6
-1

0

1

2

3

Increase of x/D

Increase of x/D
x/D = 5

 

 

y/
D

u
x
 /U

 Standard mesh

 Refined mesh

 Time step reduced by half

x/D = 0

x/D = 1.5

x/D = 1

 

(b)

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4
-1

0

1

2

3

 

 

y/
D

u
y
 /U

 Standard mesh

 Refined mesh

 Time step

           reduced by half

x/D = 0

x/D = 1.5

x/D = 1

x/D = 5

 

Fig. 6.2. Time- and span-averaged velocity profiles at a few streamwise locations (x/D 

= 0, 1, 1.5, and 5) for the three cases listed in Table 6.2: (a) streamwise velocity 

profiles, and (b) transverse velocity profiles. 
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6.3. Numerical results 

For flow past a circular cylinder near a moving wall at G/D ≥ 0.3, the wake 

transition sequence of “2D steady → 2D unsteady → 3D unsteady” has been observed 

by Rao et al. (2013, 2015) and Jiang et al. (2017) through linear stability analysis and 

3D DNS, respectively. In the present study, flow past a circular cylinder near a 

moving wall is investigated in the range of G/D ≥ 0.3 with the focus on the 3D flow 

structures and wake transition beyond the onset of 3D instability , i.e. in the “3D 

unsteady” state. 

 

6.3.1. Wake transition regimes 

The 3D wake transition sequence for flow past a circular cylinder near a moving 

wall is studied in the parameter space of G/D ≥ 0.3 and Re up to 300. Based on a 

number of cases with discrete combinations of G/D and Re, the approximate wake 

transition regimes are mapped out in Fig. 6.3. With increase of Re, the flow undergoes 

a transition sequence of “2D →Mode A → mode swapping → Mode B” for all of the 

gap ratios considered. For G/D ≥ 1.5, the critical Re values for the wake transition 

regimes are almost unchanged, which suggests that the effect of the plane boundary is 

still weak. With further decrease of G/D, the mode swapping and Mode B regimes are 

gradually delayed to slightly higher Re values. 

For the case of an isolated circular cylinder, the Mode A structure will evolve 

spontaneously into a more stable pattern with large-scale vortex dislocations 

(Williamson, 1996). Hence the transition sequence can be further specified as “2D → 

Mode A with dislocations → mode swapping (with dislocations) → Mode B”. The 

evolvement of vortex dislocations (with the evolution of the non-dimensional flow 

time t*) for the case of Re = 200 is illustrated in Fig. 6.4. The vortex structures are 

identified by the iso-surfaces of the streamwise vorticity ωx, which is defined in a 

non-dimensional form of: 

yz
x

uu D

y z U


 
  

  
 (6.8) 



198 

1 10
140

160

180

200

220

240

260

280

300

2D

19.50.3

Mode swapping

(without dislocations)

Mode swapping

(with dislocations)

Mode B

Mode A with dislocations

Ordered Mode A

 

 
R

e

G/D

 Present DNS

 3D instability (Jiang et al., 2017)

 Mode B instability (Rao et al., 2015)
2D

 

Fig. 6.3. Wake transition regimes for flow past a circular cylinder near a moving wall. 

The wake structures are initialized with 4 pairs of Mode A structure along the span 

width for the cases within the shadow area, and 3 pairs of Mode A for the rest of the 

cases within the Mode A and mode swapping regimes. 

 

   

    (a)                                (b) 

Fig. 6.4. Iso-surfaces of ωx = ±0.5 for flow past an isolated circular cylinder at Re = 

200: (a) ordered Mode A structure at t* = 400, and (b) Mode A with large-scale vortex 

dislocations at t* = 1000. Dark grey and light yellow denote positive and negative 

values, respectively. The flow is from the left to the right past the cylinder on the left. 
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However, it is found that for flow past a circular cylinder near a moving wall, 

vortex dislocation is suppressed at small gap ratios, and consequently the flow 

undergoes a transition sequence of “2D → ordered Mode A → mode swapping 

(without dislocations) → Mode B”. According to the occurrence or suppression of 

vortex dislocations associated with Mode A, the Mode A and mode swapping regimes 

shown in Fig. 6.3 are further separated by the dashed line at G/D ~ 1.0. The dashed 

separation line ends at the lower boundary of the Mode B regime, since beyond which 

point Mode A disappears and Mode B is naturally free of dislocation. 

It is seen in Fig. 6.3 that the ordered Mode A regime occupies a considerable area 

in the parameter space. To further validate the suppression of vortex dislocation in the 

ordered Mode A regime, another DNS case with (G/D, Re) = (1.0, 210) is calculated 

with a doubled spanwise domain length of 24D. In this case, vortex dislocation is still 

completely suppressed. For the fully developed flow, six Mode A vortex pairs are 

observed along the span width, and their spanwise locations do not vary along the 

span in time (although the Mode A vortex pairs have slightly varied wavelengths). 

It is also found that for the cases within the shadow area shown in Fig. 6.3, the 

wake structures are initialized with 4 pairs of Mode A structure along the span width. 

In contrast, for the rest of the cases within the Mode A and mode swapping regimes, 3 

pairs of Mode A structure are observed at the beginning of the simulations. This is due 

to the variation of the most unstable spanwise wavelength of the Mode A structure. As 

reported by Rao et al. (2013) with linear stability analysis, the most unstable spanwise 

wavelength at Recr3D for G/D = 0.4 and 1.0 are 3.85D and 3.73D, respectively, but 

reduces to ~ 3.65D at G/D = 0.5 – 0.75. In addition, it is expected that the most 

unstable wavelength decreases with increase of Re, similar to the case of an isolated 

cylinder as reported in Williamson (1996) and Barkley and Henderson (1996). Hence 

it is expected that smallest most unstable wavelengths may be observed for the cases 

within the shadow area, and for these cases the wavelength of 3D (i.e. 4 pairs of Mode 

A) is more unstable than 4D (i.e. 3 pairs of Mode A). 

It is worth noting that while the onset points for 3D instability obtained by Rao et 

al. (2015) and Jiang et al. (2017) agree well with each other (Fig. 5.3), it is apparent 
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that the regime for Mode B instability obtained by Rao et al. (2015) through linear 

stability analysis does not coincide with either the mode swapping regime or the 

Mode B regime determined by the present DNS (Fig. 6.3), since the existence of 

Mode A instability would destabilize Mode B in the non-linear interaction between 

the two modes (Henderson, 1997). Hence a non-linear DNS study is required for the 

simulation of the actual wake transition process at Re > Recr3D. 

 

6.3.2. Results at G/D = 0.4 with varying Re 

Based on the standard 3D mesh, a series of 3D cases is simulated at a fixed gap 

ratio of G/D = 0.4 where vortex dislocation is suppressed (Fig. 6.3). As shown in Fig. 

5.3, the 2D and 3D wake instabilities occur at Recr2D = 88.5 (±0.5) and Recr3D = 149.2, 

respectively. In this section, the wake structures and transition for G/D = 0.4 are 

examined with Re ranging from 80 to 325, covering the laminar and 3D wake 

transition regimes. The general conclusions drawn through G/D = 0.4 are expected to 

be applicable to a range of gap ratios from 0.3 to 0.8 where the flow undergoes a 

transition sequence of “2D → ordered Mode A → mode swapping (without 

dislocations) → Mode B” (Fig. 6.3). On the other hand, the transition sequence of 

“2D → Mode A with dislocations → mode swapping (with dislocations) → Mode B” 

for G/D ≥ 1.5 (Fig. 6.3) is expected to be similar to that of an isolated cylinder and 

therefore will not be elaborated in this study. 

 

6.3.2.1. 3D wake transition 

Fig. 6.5 shows the time-histories of the span-averaged drag and lift coefficients, 

as well as the point spanwise velocity sampled at (x/D, y/D, z/D) = (3.0, 0.5, 6.0) for 

G/D = 0.4 with various Re. In Fig. 6.5, the left column shows the entire ranges of the 

time-histories, while the right column shows the time-histories of 40 non-dimensional 

time units of the fully developed flow close to the end of each simulation. 
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Fig. 6.5. Time-histories of the span-averaged drag and lift coefficients, as well as the 

point spanwise velocity sampled at (x/D, y/D, z/D) = (3.0, 0.5, 6.0) for G/D = 0.4 with 

various Re. The horizontal dashed lines mark the fluctuation range of the 

corresponding 2D lift coefficient. 

 

For Re > Recr3D (= 149.2), an exponential growth of the spanwise velocity 

amplitude is observed at the very beginning of each time-history shown in Fig. 6.5, 

marking the development of 3D wake instability. As illustrated in Jiang et al. (2017), 

the Recr3D value can be obtained from the linear relationship between the exponential 

growth rate and Re, through interpolation at the zero growth rate point. For Re > 

Recr3D, the growth rate of the spanwise velocity amplitude increases with increasing 

Re, and therefore the growing period becomes shorter and the flow saturates more 

quickly (Fig. 6.5). 

At the beginning of each simulation, the flow three-dimensionality in the 

computational domain is zero. Hence the time-history of the spanwise velocity shown 

in Fig. 6.5 grows from uz = 0, and the fluctuation ranges of the drag and lift 

coefficients calculated by 3D DNS are identical to their 2D counterparts (the 

fluctuation ranges of the 2D lift coefficient are marked by the horizontal dashed lines 

in Fig. 6.5). With growth of the flow three-dimensionality, the spanwise velocity 

amplitude increases, and the 3D drag coefficient and fluctuation amplitude of the 3D 
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lift coefficient drop from their 2D counterparts. The drops in the drag coefficient and 

fluctuation amplitude of lift coefficient are barely visible when the spanwise velocity 

amplitude is within the order of magnitude of 0.01U, but become apparent when the 

spanwise velocity amplitude grows beyond ~ 0.1U (Fig. 6.5). 

The vortex structures during the 3D wake transition process are examined 

through numerical flow visualization. At a small gap ratio of 0.4, a major difference 

compared with the case of an isolated cylinder is that vortex dislocation is completely 

suppressed. This also results in relatively regular time-histories of the force 

coefficients and point velocity signals (whereas irregular and large-amplitude 

fluctuations of the time-histories are observed when vortex dislocations are present). 

Table 6.3 summarizes the observed patterns of the time-histories of the force 

coefficients and point velocity signals (some are shown in Fig. 6.5) and saturated 

vortex structures represented by the iso-surfaces of the streamwise vorticity ωx (some 

are shown in Fig. 6.6). 

 

Table 6.3. Patterns of the time-histories and saturated vortex structures for G/D = 0.4 

with Re > Recr3D. 

Re Time-histories Saturated vortex structure 

150 – 180 extremely regular Three pairs of ordered Mode A (without Mode B) 

200 

relatively regular 

Three pairs of 

ordered Mode 

A with 

loops occasionally occupied by Mode B 

220 one particular loop filled with Mode B 

225 – 240 all of the three loops filled with Mode B 

250 – 275 irregular Swapping between ordered Mode A and Mode B 

300 – 325 more irregular Mostly disordered Mode B 
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Fig. 6.6. Iso-surfaces of ωx for the cases with G/D = 0.4 and Re > Recr3D. Dark grey 

and light yellow denote positive and negative values, respectively. The flow is from 

the left to the right past the cylinder on the left. The moving wall is at the back of the 

structure. 

 

For Re between 150 and 180, three ordered Mode A streamwise vortex pairs (e.g. 

Fig. 6.6(a)) are observed along the cylinder span for the entire simulations. The basic 

features of the Mode A structure for the near wall case, e.g. the waviness of the 

primary vortex cores, an out-of-phase pattern for the streamwise vortices, and a 

spanwise wavelength of approximately 4D, are similar to those for an isolated 
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cylinder, which suggests that the physical mechanism for the formation of Mode A 

instability for the near wall case is similar to that for an isolated cylinder, i.e. an 

elliptic instability of the primary vortex cores and the formation of streamwise vortex 

pairs through the Biot-Savart induction (Williamson, 1996; Leweke and Williamson, 

1998; Thompson et al., 2001). In this Re range, even the time-history of the point 

spanwise velocity (e.g. Fig. 6.5(a)) is extremely regular, which suggests that the wake 

structure is highly repeatable in time. In particular, with the absence of vortex 

dislocation, the Mode A vortices do not vary along the cylinder span in time, since the 

formation of Mode A is self-sustaining through the Biot-Savart induction (Williamson, 

1996). 

As Re exceeds 200, the ordered Mode A structure remains unchanged while 

ordered Mode B structure starts to develop within the Mode A vortex loops. For Re = 

220, one of the three loops (the loop at z/D ~ 7.5 in Fig. 6.6(b)) is persistently filled 

with the ordered Mode B structure. For Re = 225 – 240, all of the three Mode A vortex 

loops are filled with ordered Mode B structure throughout (e.g. Fig. 6.6(c)). Since all 

of the Mode A structures are still persistent with the evolution in time, they still do not 

vary along the span width. The persistent existence of three ordered Mode A 

streamwise vortex pairs for Re = 200 – 240 is responsible for the relatively regular 

periodic time-histories of the force coefficients and spanwise velocity (e.g. Fig. 

6.5(b)), while the additional co-existed Mode B structure may add some irregularities 

to the time-histories. 

Due to the existence of Mode A instability which destabilizes Mode B in the 

non-linear interaction between the two modes (Henderson, 1997), the present DNS 

results show that the Mode B structure starts to emerge at Re of as low as 200, much 

lower than the lower boundary of the Mode B regime obtained by Rao et al. (2015) 

through linear stability analysis (Fig. 6.3). Through numerical flow visualization of 

the evolution of the wake structure, it is found that the Mode B structure is always 

initialized within the Mode A vortex loops. Since the physical mechanism for Mode B 

instability is a hyperbolic instability of the braid shear layer region (Williamson, 1996; 

Leweke and Williamson, 1998; Thompson et al., 2001), the streamwise vortices of 
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Mode A that develop in the braid shear layer region are believed to be the reason for 

the destabilization of Mode B. 

A gradual transition from the ordered Mode A structure to relatively ordered 

Mode B structure is observed at Re = 250 – 275. It should be noted that vortex 

dislocation is still suppressed, and only ordered Mode A and Mode B structures are 

observed. In this regime, the Mode B structure fills up not only the areas within the 

Mode A vortex loops, but can sometimes also replace some or all of the ordered Mode 

A vortex pairs (e.g. Fig. 6.6(d)). In Fig. 6.6(d), 15 pairs of the Mode B structure are 

observed along the span width at Re = 275, which indicates a spanwise wavelength of 

Mode B of approximately 0.8D, similar to the wavelength of Mode B for an isolated 

cylinder of 0.82D (Barkley and Henderson, 1996). It is also worth noting that as the 

self-sustaining formation of Mode A is interrupted by the replacement of Mode B, the 

Mode A vortices in the mode swapping regime are no longer fixed at their respective 

initial spanwise locations. As the mode swapping process sets in, the time-histories of 

the force coefficients and spanwise velocity become much more irregular (e.g. Fig. 

6.5(c)). 

Fig. 6.7 shows the time-histories of the mode swapping process focussing on the 

intermittent appearance of the pattern of “all of the three Mode A vortex pairs appear 

along the span width” (the shadow periods in Fig. 6.7). The statistics starts after the 

flow is fully developed and lasts for 1000 to 1150 non-dimensional time units (with an 

output interval of 10) to ensure that the statistical results are not strongly influenced 

by the sampling range. For each case, more than 100 snapshots of the wake structure 

are visually examined. It is seen in Fig. 6.7 that with increase of Re, the durations of 

the shadow periods become shorter while the durations of the clear periods become 

longer. Therefore, as can be seen in Fig. 6.7 and more clearly in Fig. 6.8, the 

probability of occurrence of “all of the three Mode A vortex pairs appear along the 

span width” reduces with increase of Re. The probability of occurrence is defined as 

the ratio of the accumulated time of appearance of the mode being examined to the 

total sampling time. Assuming that this probability reduces linearly with increase of 

Re, the range of Re for the mode swapping process is between 246 and 281 (Fig. 6.8), 
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which is slightly higher than the mode swapping regime of Re = 230 – 260 for an 

isolated cylinder obtained by Jiang et al. (2016) based on the same numerical 

formulation. 

 

Shadow area: appearance of all of the three Mode A

vortex pairs along the span width (similar to figure 6.6(c))
 

Re = 250

 

 

500 700 900 1100 1300 1500 1700

Re = 275

Re = 265

t*  

Fig. 6.7. Time-histories for the appearance of all of the three Mode A vortex pairs 

along the span width for Re in the mode swapping regime. 
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Fig. 6.8. Variation of the probability of occurrence of “all of the three Mode A vortex 

pairs appear along the span width” with Re. 
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For Re ≥ 285, the Mode B structure occupies the entire cylinder span width for 

most of the time. Mode A may sometimes be observed in the form of scattered pairs 

but can no longer occupy the entire span width. With increase of Re, the Mode B 

structure becomes increasingly disordered (e.g. Fig. 6.6(e)), which is consistent with 

the even more irregular time-histories of the force coefficients shown in Fig. 6.5(d). 

 

6.3.2.2. Hydrodynamic forces and flow three-dimensionality 

Fig. 6.9 shows the variations of the statistically stationary force coefficients with 

Re. For the cases of Re ≤ 220 with relatively regular time-histories of spanwise 

velocity and force coefficients, at least 500 non-dimensional time units are used for 

the statistics. As the time-histories become less regular for Re ≥ 225, the statistical 

range is increased to at least 1000 non-dimensional time units. Further confirmation is 

carried out by calculating the 3D force coefficients using only the second half of the 

statistical data. It is seen in Fig. 6.9 that the 3D results calculated using the full length 

and second half of the data are quite close to each other, which suggests that the 

statistical data range is sufficient. 

As shown in Fig. 6.9, the force coefficient quantities start to deviate from their 

2D counterparts at Re = Recr3D. The 3D results are all to the right of the 2D curves, i.e. 

the 2D simulations can achieve the same mean values and fluctuation amplitudes of 

the force coefficients at a lower Re compared with the 3D simulations. This suggests 

that in 3D simulations, part of the energy is transferred to the spanwise direction. The 

magnitude of the flow three-dimensionality is represented by the degree of deviation 

between the 2D and 3D results and will be discussed later on. It should be noted that 

although only the time-averaged drag coefficient and root-mean-square lift coefficient 

are shown in Fig. 6.9, the above findings also apply to the time-averaged lift 

coefficient and root-mean-square drag coefficient (omitted for simplicity). 
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Fig. 6.9. Variations of the statistically stationary force coefficients with Re: (a) 

time-averaged drag coefficient 
DC , and (b) root-mean-square lift coefficient 

LC  . 

 

The variation of the flow three-dimensionality with Re is further examined with 

the statistically stationary streamwise enstrophy εx and spanwise kinetic energy Ez 

integrated over the near wake region of x/D = 0 – 10 (Fig. 6.10), where εx and Ez are 

defined as: 

21
d

2
x x

V
V    (6.9) 

 
21

/ d
2

z z
V

E u U V   (6.10) 

where V is the volume of the flow field of interest. The same statistical data ranges as 
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used for obtaining the statistically stationary force coefficients are adopted here for 

calculating εx and Ez. It is seen in Fig. 6.10 and Fig. 6.9 that the variation trends of εx 

and Ez are consistent with the degree of deviation between the 2D and 3D force 

coefficients. At Re = 150 which is just beyond the Recr3D, the Mode A structure is 

strongly confined and extremely ordered (Fig. 6.6(a)), which results in a very weak 

flow three-dimensionality. A gradual growth of the flow three-dimensionality is 

observed as Re increases from 150 to 200. Within this range, the wake flow is 

dominated by the ordered Mode A structure. The growth rate of the flow 

three-dimensionality reduces at Re = 220 as the finer scale ordered Mode B structure 

is observed within one of the Mode A vortex loops (Fig. 6.6(b)). A local reduction of 

the flow three-dimensionality is observed in Fig. 6.10 and Fig. 6.9 for Re = 225 – 275 

as the finer scale Mode B structure becomes dominant (Fig. 6.6(c,d)). The ordered 

Mode B structure is observed within all of the three Mode A vortex loops, and may 

even occupy the entire span width during the mode swapping process. For Re ≥ 275, 

although the wake structure is almost fully occupied by Mode B, the Mode B structure 

becomes increasingly disordered (Fig. 6.6(e) versus Fig. 6.6(d)), which is the reason 

why the flow three-dimensionality experiences a sharp increase. The emergence of 

increasingly disordered Mode B structure and the corresponding sharp increase of 

flow three-dimensionality have also been observed for an isolated cylinder 

(Williamson, 1996; Jiang et al., 2016). 

The hysteresis of the Mode A instability at Recr3D (= 149.2) is checked by 

adopting a case with the fully developed Mode A flow at Re = 150 as the initial 

condition and a slightly reduced Re of 148.5 for the simulation. Based on the 

examination of the flow three-dimensionality (through εx and Ez) in the fully 

developed flow, hysteresis effect is not detected. In comparison with the case of an 

isolated circular cylinder which shows a hysteresis effect (Williamson, 1996), the 

suppression of vortex structures with large three-dimensionality and the absence of 

convective instability of such large disturbances may be the reasons why hysteresis 

effect is not observed in the present case. 
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Fig. 6.10. Variations of the statistically stationary streamwise enstrophy and spanwise 

kinetic energy integrated over the near wake region of x/D = 0 – 10 with Re. 

 

Fig. 6.11 shows the St–Re relationship for G/D = 0.4, together with the results for 

an isolated cylinder. The sampling data sets are identical to those for obtaining the 

force coefficients. It is seen in Fig. 6.11 that while the deviations between the 2D and 

3D results for the near wall case are consistent with the deviation trends of the force 

coefficients (Fig. 6.9) as well as the streamwise enstrophy and spanwise disturbance 

energy (Fig. 6.10), they are quite different from the characteristics for an isolated 

cylinder. At the onset of 3D wake instability, a gradual deviation of the St values 

predicted from 2D and 3D simulations is observed for the near wall case, whereas a 

sudden drop of St is observed for an isolated cylinder. The gradual and continuous 

drop of St for the near wall case is consistent with the very weak flow 

three-dimensionality and very close 2D and 3D results of the force coefficients for Re 

just above Recr3D, and is attributed to the extremely ordered (strongly confined) Mode 

A structure. In contrast, the sudden drop of St for an isolated cylinder is due to the 

well-developed Mode A structure with large-scale vortex dislocations (Williamson, 

1996). 
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Fig. 6.11. St–Re relationship over the laminar and 3D wake transition regimes. 

 

Another difference in the St–Re relationship shown in Fig. 6.11 is that for the near 

wall case only one single vortex shedding frequency peak is observed at each Re for 

the entire St–Re curve, whereas for the isolated cylinder case two different frequency 

peaks are observed in the mode swapping regime of approximately Re = 230 – 260. 

The lower and higher frequency peaks for the isolated cylinder case correspond to 

Mode A with large-scale dislocations and Mode B, respectively (Williamson, 1996). It 

is speculated in Williamson (1996) that for an isolated cylinder, if vortex dislocations 

do not occur, the St–Re curve would be a single and continuous curve, with each Re 

corresponding to a single St. However, Henderson (1997) suggested that the lower 

frequency peak for the isolated cylinder case is due to the Mode A instability only, 

irrespective of the dislocations. For the present case of a circular cylinder near a 

moving wall, the mode swapping process does not contain relatively large scale 

vortex structures of dislocations or even pure Mode A. The finer scale structure of a 

mixture of ordered Modes A and B share a single frequency peak. It should be noted 

that for the 3D DNS study of an isolated cylinder by Jiang et al. (2016) at Re = 270 
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(just beyond the mode swapping regime), the flow structure is also characterized by a 

mixture of ordered Modes A and B, and only a single frequency peak is present. 

Prior to the mode swapping regime of the near wall case, an obvious increase of 

St is observed when Re increases from 220 to 225, as the wake structure changes from 

large scale dominant (mainly pure Mode A) to small scale dominant (Mode B 

occupies all of the Mode A loops and may even occupy the entire span width). This 

seems to support the argument by Henderson (1997) that a lower frequency peak is 

due to the Mode A structure (large scale structure), whereas vortex dislocation is not a 

necessity. For the near wall case, large scale structures are observed for the entire 

simulations of Re = 150 – 220 and finer scale structures are observed for the entire 

simulations of Re = 225 – 275. Hence a sudden increase of St is observed at Re = 220 

– 225 but only one frequency peak is observed for each case. In contrast, for the mode 

swapping process of the isolated cylinder case, large scale structure (Mode A with 

dislocations) and finer scale structure (a mixture of ordered Modes A and B) occur 

alternately in the same simulation case (see Jiang et al., 2016). As a result, two 

different frequency peaks are observed. 

While it is demonstrated above that the relatively large scale Mode A structure 

may be responsible for a lower frequency peak, further support will be given in § 

6.3.3 to show that vortex dislocation may not be the reason for a lower frequency 

peak. 

Fig. 6.12 shows some of the frequency spectra of CL which are used to determine 

St. The amplitude of CL shown in Fig. 6.12 is normalized with 1/ ( 2 )LC   which is 

calculated from the same sampling data set. In this way, the normalized amplitude of 

CL becomes 1 if the time-history of CL is sinusoidal with an arbitrary amplitude. Each 

vertical line under the frequency spectrum shown in Fig. 6.12 represents a discrete 

point on the spectrum curve. The spacing between the discrete vertical lines is due to 

the use of a finite data range of the time-history of CL for the FFT. 
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Fig. 6.12. Frequency spectra of CL for G/D = 0.4 and Re in the range of 150 to 325. 

 

It is seen in Fig. 6.12 that for Re ≤ 225, since the time-history of the lift 

coefficient is relatively regular (Fig. 6.5), the frequency spectrum is represented by a 
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single frequency value with the normalized amplitude very close to 1. In the mode 

swapping regime of Re = 250 – 275, as the time-history of the lift coefficient becomes 

relatively irregular, the frequency spectrum is represented by a sharp peak together 

with small-scale fluctuations, and the peak amplitude reduces to around 0.9. As the 

Mode B structure becomes increasingly disordered at Re ≥ 285, the frequency 

spectrum becomes increasingly broad-band and the peak amplitude further drops to 

approximately 0.6. 

 

6.3.3. Results at Re = 200 with varying G/D 

A series of cases with Re = 200 and G/D ranging between 0.4 and 19.5 is studied. 

As shown in Fig. 6.3, the wake transition regime changes from “ordered Mode A 

(without dislocations)” to “Mode A with dislocations” when G/D increases from 1.2 to 

1.5. Consequently, the time-histories of the force coefficients and point spanwise 

velocity change from a relatively regular pattern which is similar to the case of (G/D, 

Re) = (0.4, 200) (Fig. 6.5(b)) into a chaotic irregular pattern which is similar to the 

case of an isolated cylinder. Similar to Fig. 6.12, Fig. 6.13 shows the frequency 

spectra of CL for Re = 200 with the amplitude normalized with 1/ ( 2 )LC  . For G/D ≤ 

1.2 (without dislocations), a single frequency value is observed in the frequency 

spectrum and the normalized amplitude is very close to 1. For G/D ≥ 1.5 (with 

dislocations), however, the frequency spectrum is broad-band and the peak amplitude 

reduces to approximately 0.6. 
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Fig. 6.13. Frequency spectra of CL for Re = 200 and G/D in the range of 0.4 to 19.5. 

 

Fig. 6.14 shows the variations of the statistically stationary Strouhal number and 

force coefficients with G/D. It is seen that the 3D results of the Strouhal number and 

force coefficients are decreased from their 2D counterparts to a similar degree for all 

of the gap ratios considered. Particularly, there is no abrupt variation of the quantities 

shown in Fig. 6.14 when G/D increases from 1.2 (without dislocations) to 1.5 (with 

dislocations). This suggests that the Strouhal number and force coefficients are not 

strongly influenced by the occurrence or suppression of vortex dislocation. This 

seems to support the argument by Henderson (1997) that the particular shedding 

frequency is due to the Mode A instability only, rather than the occurrence of 

dislocation, whereas the occurrence of dislocation accounts for a broad-band 

frequency spectrum (see Fig. 6.13). 
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Fig. 6.14. Variations of the statistically stationary quantities with G/D: (a) Strouhal 

number, and (b) time-averaged drag coefficient and root-mean-square lift coefficient. 

 

The confinement of the wake structures at different gap ratios is examined 

through numerical flow visualization. Fig. 6.15 shows the iso-surfaces of ωx for 

various G/D with Re = 200, overlaid with the locations of the positive (P) and 

negative (N) primary vortex cores determined from the iso-surfaces of the second 

negative eigenvalue λ2 of the tensor Ψ
2
 + Ω

2
, where Ψ and Ω are the symmetric and 

antisymmetric parts of the velocity gradient tensor, respectively (Jeong and Hussain, 

1995). For 0.4 ≤ G/D ≤ 1.0 where vortex dislocation is suppressed, the wake structure 

in the saturated state is presented. For G/D ≥ 1.5 where vortex dislocation will evolve 

spontaneously, the pure Mode A structure at the time just before the occurrence of 



219 

dislocation is shown. For each case, three relatively ordered Mode A streamwise 

vortex pairs are observed along the cylinder span width (in the x-z plane), among 

which a half of a vortex pair is shown in Fig. 6.15 (in the x-y plane). 

 

(a)   

(b)   

(c)   

(d)   

(e)   

Fig. 6.15. Iso-surfaces of ωx = ± 0.2 for Re = 200 with various gap ratios. Dark grey 

and light yellow denote positive and negative values, respectively. The flow is from 

the left to the right past the cylinder on the left. 
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The time evolution of the vortex structure has been examined in a full vortex 

shedding cycle (with a shedding period of T). The non-dimensional flow time t* (= 

Ut/D) is normalized with the non-dimensional shedding period T* (= UT/D) so that 

t*/T* ranges from 0 to 1 in this shedding cycle (discarding the previous flow time). 

The shedding cycle starts at the time instant t*/T* = 0 where the lift coefficient on the 

cylinder reaches its maximum, and a negative primary vortex core develops at the 

upper side of the cylinder. Each case in Fig. 6.15 is shown at the phase of its earliest 

confinement (in terms of the streamwise location x/D) of the negative streamwise 

vortices by the plane wall in the shedding cycle. As expected, the earliest confinement 

point moves downstream as the gap ratio increases. 

Fig. 6.15(e) shows the lower envelope of the streamwise vortices for the case of 

an isolated cylinder at Re = 200. It is seen that the earliest confinement points for 0.4 

≤ G/D ≤ 1.5 all fall onto this envelope, which suggests that the confinement of the 

negative streamwise vortices is largely due to the interference of the plane wall with 

the natural development of the streamwise vortices in the cylinder wake. For G/D = 

3.0, there is no intersection point between the envelope of the streamwise vortices and 

the plane wall (Fig. 6.15(e)), and consequently the wake structure is not noticeably 

affected (omitted for simplicity). 

For each case shown in Fig. 6.15, alternate vortex shedding is observed, which is 

represented by a row of negative primary vortex cores shed from the upper side of the 

cylinder and a row of positive primary vortex cores shed from the lower side of the 

cylinder. For the case of an isolated cylinder (Fig. 6.15(e)), the primary vortex cores 

and streamwise vortices with opposite signs developed on the two sides of the 

cylinder possess a Z2 spatiotemporal symmetry (spatial reflection of the flow about the 

wake centreline after every T/2 time evolution) as they propagate downstream. With 

decrease of the gap ratio, both rows of primary vortex cores are deflected upwards. 

The negative streamwise vortices downstream of the earliest confinement point are 

squeezed by the plane wall and the neighbouring positive streamwise vortex. The 

positive streamwise vortices downstream of the earliest confinement point are also 

slightly confined by the plane wall at their lower ends, each displaying a 
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wedge-shaped lower end extending towards the upstream side. The distortions of the 

streamwise vortices become stronger as they propagate downstream (Fig. 6.15(a–d)), 

since for an isolated cylinder the lower envelope of the streamwise vortices reaches 

further lower positions (Fig. 6.15(e)). At small gap ratios, the extended lower ends of 

the positive streamwise vortices may even be strong enough to merge with the 

subsequent positive streamwise vortices (e.g. Fig. 6.15(a)). 

For G/D ≥ 1.5, it is found that any large-scale vortex dislocation is always 

initialized with the local dislocation of a particular Mode A vortex loop after it grows 

to be stronger than other Mode A vortex loops along the span width. Hence the 

suppression of vortex dislocation for G/D ≤ 1.2 is believed to be due to the 

confinement of the Mode A streamwise vortices by the plane wall, which suppresses 

the excess growth and local dislocation of any Mode A vortex loop. 

It is found that vortex dislocation is also suppressed for the case of flow past a 

circular cylinder in proximity to a symmetry boundary (rather than a moving wall) 

with (G/D, Re) = (1.2, 200). This case suggests that the suppression of vortex 

dislocation is not due to the shear layers developed on the plane wall. 

It is worth mentioning that similar suppression of vortex dislocation of the Mode 

A flow is also observed for flow past a circular cylinder with two near-wake wires (of 

an equal diameter of 0.05D) placed at (x/D, y/D) = (0.75, ±0.75). In this case, the 

near-wake wires are the reasons for the confinement of the streamwise vortices (Fig. 

6.16) and consequently the suppression of local dislocation of Mode A vortex loops. 
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Fig. 6.16. Iso-surfaces of ωx = ± 0.1 for flow past a circular cylinder with two 

near-wake wires at Re = 220. Dark grey and light yellow denote positive and negative 

values, respectively. The flow is from the left to the right past the cylinder on the left. 

 

6.4. Conclusions 

This paper presents 3D DNS of flow past a circular cylinder near a moving wall, 

covering a parameter space spanning a gap ratio (G/D) ≥ 0.3 and Reynolds number 

(Re) up to 325. For G/D ≥ 0.3, the flow undergoes a transition sequence of “2D → 

Mode A → mode swapping → Mode B” with increasing Re. The Mode A and mode 

swapping regimes are further separated at G/D ~ 1.0, based on the occurrence or 

suppression of vortex dislocation associated with Mode A. The suppression of vortex 

dislocation is believed to be due to the confinement of the Mode A streamwise 

vortices by the plane wall, which suppresses the excess growth and local dislocation 

of any Mode A vortex loop. 

A series of cases at G/D = 0.4 with varying Re is examined, where vortex 

dislocation is suppressed in the wake transition process. For Recr3D < Re ≤ 180, the 

fully developed flow is represented by ordered Mode A structure only. For 200 ≤ Re < 

225, the ordered Mode A structure remains unchanged while ordered Mode B 
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structure starts to develop within the Mode A vortex loops. For 225 ≤ Re ≤ 240, all of 

the Mode A vortex loops are filled with ordered Mode B structure throughout the 

simulations. The mode swapping process with a gradual transition from the ordered 

Mode A structure to relatively ordered Mode B structure occurs at Re = 246 – 281. 

For Re ≥ 285, the wake is dominated by increasingly disordered Mode B structure. 

Relatively strong flow three-dimensionality is observed at Re = 160 – 220 as the wake 

is dominated by large scale structure of ordered Mode A, and also at Re ≥ 285 where 

Mode B becomes increasingly disordered. A local reduction of the flow 

three-dimensionality is observed at Re = 225 – 275 where the wake is dominated by 

finer scale structure of a mixture of ordered Modes A and B. This leads to a reduction 

of the deviation of the 3D results (Strouhal number and force coefficients) from their 

2D counterparts. Together with the results at Re = 200 with varying G/D, the results 

obtained from the present study support the argument by Henderson (1997) that the 

particular vortex shedding frequency for Mode A is due to the Mode A instability only, 

rather than the occurrence of vortex dislocations, while the occurrence of dislocations 

accounts for a broad-band frequency spectrum. 
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Chapter 7  

 

Conclusions 

 

7.1. Summary of conclusions 

Three-dimensional (3D) direct numerical simulations (DNS) have been used in 

the present study to investigate the wake transition for flow past a circular cylinder 

under a few scenarios, i.e. an isolated circular cylinder, a circular cylinder with a 

near-wake wire disturbance, and a circular cylinder placed near to a moving wall (or 

equally that the body is moved in still fluid parallel to a stationary boundary), over a 

range of Reynolds number (Re) within 400. Major conclusions are summarized below. 

 

7.1.1. An isolated circular cylinder 

For the most classical case of flow past an isolated circular cylinder, the present 

DNS have correctly reproduced the well-known 3D wake structures Mode A (the first 

3D instability mode), Mode A* (Mode A with large-scale vortex dislocations), and 

Mode B (the second 3D instability mode). The gradual wake transition process from 

Mode A* to Mode B identified experimentally by Williamson (1996) has been well 

captured over a range of Re from 230 to 260. The mode swapping process has been 

investigated in detail with the aid of numerical flow visualization. 

For each case within the transition range, the transient mode swapping process 

consists of dislocation and non-dislocation cycles. With the increase of Re, it becomes 

more difficult to trigger dislocations from the pure Mode A structure and form a 

dislocation cycle, and each dislocation stage becomes shorter in duration, resulting in 

a continuous decrease in the probability of occurrence of Mode A* and a continuous 

increase in the probability of occurrence of Mode B. The occurrence of Mode A* 
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results in a relatively strong flow three-dimensionality. 

The Mode B structures in the transition process are developed based on the 

streamwise vortices of Mode A or A* which destabilize the braid shear layer region. 

After the replacement of the streamwise vortices of Mode A or A* by Mode B, the 

Mode B structures may decay in time, as the source for the destabilization of Mode B 

disappears. However, due to the intermittent emergence of the Mode A streamwise 

vortex pairs which fill up the locations where Mode B disappears, a mixture of Modes 

B and A is sustained before the end of a cycle. 

A critical condition as reported in Williamson (1996) has been confirmed by the 

present DNS at approximately Re = 265 – 270 where the weakest flow 

three-dimensionality is observed. It is found that a transition from the disappearance 

of Mode A* to the emergence of increasingly disordered Mode B structure is 

responsible for this critical condition. 

A stable 3D wake structure occurring over a small range of Re below the critical 

Re for Mode A* instability has been discovered. It is believed that the stable 3D wake 

structure discovered in this study is the stable state of Mode A wake structure inferred 

by Williamson (1996), and this leads to a wake transition sequence of 

2D→A→A*→B as suggested by Williamson (1996). Compared with conventional 

Mode A structure, the stable state of Mode A structure has much weaker amplitude 

and does not evolve into large-scale vortex dislocations. This may be the reason why 

it could not be captured easily through physical experiments. 

The stable state of Mode A structure is triggered by small-scale spanwise 

disturbance introduced upstream of the cylinder, due to energy amplification through 

convective instability of the flow. The stable state of Mode A is transient and is 

damped out eventually under a transient initial disturbance condition, but is sustained 

throughout under a persistent disturbance condition. The emergence of stable state of 

Mode A structure is correlated with both Re and the disturbance level. With the 

decrease of Re, the stable state of Mode A structure gradually becomes less 

well-defined and eventually disappears. With the decrease of the disturbance level, the 

stable state of Mode A structure emerges at a higher Re. 
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7.1.2. A circular cylinder with a near-wake wire disturbance 

By placing a small wire at (x/D, y/D) = (0.75, 0.75) in the near-wake of the main 

circular cylinder, the wake flow structures are found to be completely different from 

those of an isolated circular cylinder. The secondary wake instability of the flow is 

represented by a Mode C instability (Zhang et al., 1995; Yildirim et al., 2013), and 

beyond which Mode C is the only wake flow mode for an Re range of at least 100, 

while Modes A, A*, and B (the wake flow modes for an isolated circular cylinder) are 

suppressed. 

The evolutions of Mode C wake characteristics with time and Re have been 

examined based on the results obtained with a wire diameter of 0.05D. For this case, 

the predicted critical Re and the corresponding spanwise wavelength at the onset of 

Mode C are (Recr, λ) = (166.4, 1.5). With the increase of Re, the saturated Mode C 

flow undergoes an evolution sequence of: (a) well-defined regime for Recr < Re ≤ 210, 

(b) non-uniform regime for 220 ≤ Re ≤ 260, and (c) chaotic regime for Re ≥ 270. 

In the well-defined regime (Recr < Re ≤ 210), the saturated Mode C flow structure 

is highly repeatable along the cylinder span. The spanwise wavelength of Mode C 

increases slightly with Re. The flow structure is 2T-periodic (T being the vortex 

shedding period) but retains a spatiotemporal symmetry in every 1T. 

In the non-uniform regime (220 ≤ Re ≤ 260), the saturated Mode C flow structure 

is less repeatable along the cylinder span but still appears in pairs along the entire 

cylinder span width. The spatiotemporal symmetry between the flow structures of 1T 

apart disappears. At Re = 220 and 230, the well-defined Mode C only persists for a 

short period of time before it evolves spontaneously into a more stable pattern of 

non-uniform Mode C with 2T- and 4T-periodicity, respectively. The Mode C structure 

loses strict periodicity at Re ≥ 240. 

In the chaotic regime (Re ≥ 270), the flow structure becomes increasingly 

disordered, and it becomes increasingly difficult to identify the pairing of the 

streamwise vortices. 

The intrinsic links between the Mode C flow structure and the hydrodynamic 
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forces on the cylinder are also revealed. For the entire range of Re beyond Recr, the 

three-dimensionality of the Mode C flow grows gradually with increase of Re. The 

gradually increased flow three-dimensionality leads to gradually increased deviations 

of the 3D force coefficients from their 2D counterparts. It is also found that the 

decrease of vortex shedding frequency for Mode C with respect to the 2D shedding 

frequency for an isolated cylinder is due to not only the emergence of Mode C but 

also the 2D wired geometric configuration. The frequency spectrum of Mode C 

contains only a single frequency value for Mode C with strict periodicity at Re ≤ 230, 

but becomes increasingly broad-band as the Mode C structure loses periodicity and 

becomes increasingly disordered at Re ≥ 240. 

 

7.1.3. A circular cylinder placed near to a moving wall 

2D and 3D instabilities in the wake of a circular cylinder placed near to a moving 

wall have been investigated using DNS, covering a parameter space spanning a 

non-dimensional gap ratio (G* = G/D) between 0.1 to 19.5 and Re up to 325. 

For the simulations in 2D, variations in the flow characteristics with Re and G* 

are studied. Due to blockage effects, the total flow rate around the cylinder increases 

as G* decreases to 1.0 – 0.8, and decreases as G* decreases further. However, the gap 

flow ratio (the ratio between the total gap flow rate and the total free-stream flow rate 

below the cylinder centreline) decreases monotonically with decrease of G*, which 

results in a downward movement of the front stagnation point and an upward shift of 

the recirculation zone behind the cylinder. The variation of the Strouhal number with 

Re and G* is closely related to the variation of the mean flow rate around the cylinder, 

while the variation of the mean lift force coefficient is closely related to the variation 

of the gap flow ratio. 

The monotonic increase of the critical Re for 2D instability (Recr2D) as G* is 

reduced from 3.0 is influenced by variations in the mean flow rate around the cylinder, 

the confinement of the near-wake flow by the plane wall, and the characteristics of the 

shear layer formed above the moving wall directly below the cylinder. The first factor 
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destabilizes the wake flow at a moderate G* while the latter two factors stabilize the 

wake flow with decreasing G*. 

In terms of 3D instability, the flow transition sequence of “2D steady → 3D 

steady → 3D unsteady” taking place at small gap ratios is analysed at G* = 0.2. It is 

found that the 3D steady and 3D unsteady flows are triggered by Mode C instability, 

where Mode C instability is triggered by the breaking of the Z2 spatiotemporal 

symmetry of the wake due to a small gap ratio. However, the Mode C structure is not 

sustained due to interference from the shear layer caused by the moving wall, leading 

to the evolution of other 3D structures. In the 3D steady regime of 126.78 ≤ Re ≤ 140, 

the flow will evolve into an ordered 3D steady state with a specific spanwise 

wavelength. In the 3D unsteady regime of Re ≥ 145, alternate vortex shedding and 

disordered transient structures are observed. 

For G* ≥ 0.3, the flow undergoes a transition sequence of “2D → Mode A → 

mode swapping → Mode B” with increasing Re, which is in line with the transition 

sequence for an isolated circular cylinder where G* = ∞. However, it is found that 

vortex dislocation associated with Mode A is completely suppressed at G* smaller 

than approximately 1.0. Hence specifically, the flow undergoes a transition sequence 

of “2D → ordered Mode A → mode swapping (without dislocations) → Mode B” for 

0.3 ≤ G* ≤ 0.8 and “2D → Mode A with dislocations → mode swapping (with 

dislocations) → Mode B” for G* ≥ 1.5. The suppression of vortex dislocation is 

believed to be due to the confinement of the Mode A streamwise vortices by the plane 

wall, which suppresses the excess growth and local dislocation of any Mode A vortex 

loop. 

Detailed wake transition is examined at G* = 0.4 where vortex dislocation is 

suppressed. For Recr3D < Re ≤ 180, the fully developed flow is represented by ordered 

Mode A structure only. For 200 ≤ Re < 225, the ordered Mode A structure remains 

unchanged while ordered Mode B structure starts to develop within the Mode A 

vortex loops. For 225 ≤ Re ≤ 240, all of the Mode A vortex loops are filled with 

ordered Mode B structure throughout the simulations. The mode swapping process 

with a gradual transition from the ordered Mode A structure to relatively ordered 
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Mode B structure occurs at Re = 246 – 281. For Re ≥ 285, the wake is dominated by 

increasingly disordered Mode B structure. Relatively strong flow three-dimensionality 

is observed at Re = 160 – 220 as the wake is dominated by large scale structure of 

ordered Mode A, and also at Re ≥ 285 where Mode B becomes increasingly 

disordered. A local reduction of the flow three-dimensionality is observed at Re = 225 

– 275 where the wake is dominated by finer scale structure of a mixture of ordered 

Modes A and B. This leads to a reduction of the deviation of the 3D results (Strouhal 

number and force coefficients) from their 2D counterparts. 

 

7.2. Recommendations for future studies 

Due to a rapid increase of computing power in recent years, it has become 

possible to carry out 3D DNS by using a high computational mesh resolution within a 

large domain size to run simulations for a sufficiently long flow time. A better 

understanding of the physical mechanisms of the flow can be achieved by analysing 

the 3D flow through numerical flow visualization of the wake transition and mode 

interactions, and through statistics of the flow properties. 

This technique is applicable to the investigation of a wide range of bluff body 

flows. With respect to the classical case of an isolated stationary circular cylinder, this 

could involve cylinders with different geometric configurations (e.g. a square cylinder, 

a rounded square cylinder, an elliptic cylinder, etc.), cylinders with different spatial 

arrangements (e.g. two cylinders in tandem or in side-by-side arrangement, multiple 

cylinders, etc.), or different cylinder movements (e.g. oscillation, rotation, translation, 

etc.). In addition, a further improved understanding of the classical case of flow past 

an isolated stationary circular cylinder may also be achieved through the comparison 

of the results with these variation cases. 

Furthermore, 3D DNS may be extended for the investigation of the wake 

transition to turbulence, including the formation of the secondary vortex street in the 

far wake. For the case of an isolated stationary circular cylinder the study may be 

focused within the range of Re from the onset of wake turbulence (Re ~ 270) to the 
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onset of shear layer instability (Re ~ 1200). This range of Re is relatively less explored 

in the literature. 

It is also worth noting that although the evolutions of the Mode C wake flow 

structure with time and Re have been reported in detail in Chapter 4, the fundamental 

physical mechanism for the formation of Mode C instability is still an open research 

question. It is somewhat amazing to see that a near-wake wire with a diameter in the 

order of 0.01D would alter the 3D wake flow structure behind the main cylinder 

completely. 

 

References 

Williamson, C.H.K., 1996. Three-dimensional wake transition. Journal of Fluid Mechanics 328, 

345–407. 

Yildirim, I., Rindt, C.C.M., van Steenhoven, A.A., 2013. Mode C flow transition behind a circular 

cylinder with a near-wake wire disturbance. Journal of Fluid Mechanics 727, 30–55. 

Zhang, H.Q., Fey, U., Noack, B.R., König, M., Eckelmann, H., 1995. On the transition of the 

cylinder wake. Physics of Fluids 7, 779. 




