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Weuse computational fluid dynamics (CFD) to simulate blood
flow in intracranial aneurysms (IAs). Despite ongoing im-
provements in the accuracy and efficiency of body-fitted
CFD solvers, generation of a high quality mesh appears as
the bottleneck of the flow simulation and strongly affects
the accuracy of the numerical solution. To overcome this
drawback, we use an Immersed Boundary (IB) method. The
proposed approach solves the incompressibleNavier-Stokes
(N-S) equations on a rectangular (box) domain discretized
using uniformCartesian grid using the finite elementmethod.
The immersed object is represented by a set of points (La-
grangian points) located on the surface of the object. Grid
local refinement is applied using an automated algorithm.
We verify and validate the proposed method by comparing
our numerical findings with published experimental results
and analytical solutions. We demonstrate the applicability
of the proposed scheme on patient-specific blood flow sim-
ulations in intracranial aneurysms.
K E YWORD S

Intracranial aneurysms, Immersed boundary, Finite element
method

1



2 Dimitrios S. Lampropoulos et al.
1 | INTRODUCTION

1.1 | Intracranial Aneurysms

Intracranial aneurysms (IAs) are pathological dilations of the cerebral arteries, which when ruptured can lead to sub-
arachnoid haemorrhage (SAH) and stroke [1]. IAs are often located close to bifurcations, inside or near to the Circle of
Willis. Unruptured IAs are often diagnosed accidentally [2]. Treatment of IAs is well established, and surgical clipping
or endovascular treatment are routinely applied [3, 4]. Nevertheless, surgical treatment carries inherent risks, and
the optimal treatment applies only to aneurysms that are more likely to rupture. The assessment of patient-specific
rupture risk for IAs remains one of the most challenging problems for neuro-radiologists and neurosurgeons, since
the mechanisms for the initiation, progression and rupture of an aneurysm are not yet completely understood.

Computational fluid dynamics (CFD) simulations [5, 6, 7] are frequently used to study the initiation and the pro-
gression of IAs, by calculating the wall shear stress (WSS) on the arterial wall [8]. Most of the CFD models use body-
fitted methods such as finite volume (FV) or finite element (FE) method [5, 9, 10, 7]. In mesh-based methods, the
quality of the mesh affects the accuracy of the numerical solution, and influences the convergence and the efficiency
(speed) of the simulation.

1.2 | Immersed boundary methods

Immersed boundary (IB) methods have been used to model fluid flow in complex geometries, with stationary and/or
moving objects. In contrast to mesh-based methods, IB methods avoid tedious mesh generation (a Cartesian grid is
used in the simulations) and use discrete Lagrangian points to represent the immersed object and to impose boundary
conditions [11].

Originally, the IB method was introduced by Peskin [12] for modeling blood flow through a beating heart. Flow
equations are solved on a uniform Cartesian grid (Eulerian nodes), while the boundary of the solid (immersed object)
is described through a set of points (Lagrangian points) which, in general, do not coincide with the fluid grid points.
Fluid and solid nodes communicate through volume forces, which are used to enforce the velocity boundary condition
and ensure the conservation of linear momentum. Several variants of Peskin’s original immersed boundary method
have been developed and applied to various physical problems [11]. The existing IB methods are divided into two
major groups. In the first group of techniques (widely used in problems involving sharp boundaries and rigid objects),
referred to as “continuous forcing”, body forces are derived prior to the discretization step [13, 14]. The second group,
termed “discrete forcing” methods is based on a set of singular body forces, defined on the Eulerian fluid nodes, to
enforce the desired boundary values [15, 16].

An immersed finite element method was proposed by Zhang et al. [17] using a Lagrangian solid mesh moving on
top of a background Eulerian grid, which represents the fluid domain. The forces were distributed via the reproducing
kernel particle method (RKPM) delta function, while the higher-ordered RKPM delta function allowed the usage of
unstructured meshes for the discretization of the fluid domain. Boffi et al. [18] introduced an interpretation of the
immersed boundary method in the framework of a finite element spatial discretization, and provided an extended
analysis of such method.

IB methods are quite popular for both external flow [19, 11, 20] and internal biological flow simulations [21, 22,
23, 24, 25, 26, 27, 28]. However, IB methods lose their advantageous features (solving flow equations on a Cartesian
grid) when applied to internal flow problems. For internal flows with complex geometries, only a subset of the total
grid points is located inside the fluid domain, while the remaining points fall outside. The external grid points are
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not used in the numerical solution and increase the computational cost. In many cases the external grid points are
a large percentage of the total grid points, which is the most profound cause for their computational inefficiency.
Anupindi et al. [26] proposed a multiblock based IB method for anatomical geometries. They reduced the number of
grid elements in the exterior of the fluid domain while retaining the effectiveness of simple Cartesian grids. Dillard
et al. [29] proposed an alternative framework with an image-to-computation algorithm designed for minimum user
intervention. To further eliminate time-consuming human interventions, Seo et al. [30] proposed a highly automated
computational procedure utilizing the sharp-interface immersed boundary method. Spacing for the Cartesian grid for
the flow simulation was extracted from the voxel spacing of the angiogram data.

1.3 | Contributions of this study

In this study, we propose an Immersed Boundary (IB) method to simulate blood flow in IAs. We employ the high-
fidelity incompressible Navier-Stokes Oasis finite element solver[31], coupled with the boundary-condition enforced
immersed boundary (BCEIB) method. We use Cartesian grids (Eulerian mesh) to numerically solve the flow field and
Lagrangian points to represent the immersed boundary. Wemaximize the efficiency of the present scheme by utilizing
local mesh refinement of the Cartesian grids through the same automated grid generation algorithm which has close
to no cost in terms of computational time. The solution procedure is simple since both Eulerian mesh and Lagrangian
points are generated automatically. We demonstrate the reproducibility and the versatility of the proposed scheme
by simulating blood flow in patient-specific intracranial aneurysms. With the complex aneurysmal geometries, we aim
to demonstrate the ability of the proposed approach to cope with complex geometries from all the possible aneurysm
locations in the circle ofWillis. A naive implementation of the fluid flow solver used in this study is available on GitHub
(https://github.com/DmLabrop/Oasis_IMB).

The remainder of the paper is organized as follows. In Sections 2 and 3, we present the numerical methodology
and the benchmark cases used for verification, respectively. Section 4 is concerned with blood flow simulations in
IAs that demonstrates the accuracy and applicability of the proposed IB scheme. Finally, Sections 5 and 6 contain the
discussion and the conclusions of our study, respectively.

2 | NUMERICAL METHOD

In this section, we briefly describe the finite element boundary condition-enforced immersed boundary (FE-BCEIB)
method for the numerical solution of the incompressible Navier-Stokes equations. In the FE-BCEIB method the flow
domain (Eulerian domain) Ω is a rectangular/box domain, which envelopes the immersed object (defined as a closed
surface ∂ΩL ) (see Fig. (1)). Our IB solver is based on the verified and validated incremental pressure correction scheme
(IPCS) finite element flow solver Oasis [31, 32, 33]. The IPCS scheme is a modified version of Chorin’s method [34],
which is a fractional step algorithm that decouples velocity and pressure terms [31].

We use linear tetrahedral elements (Ð1/Ð1) to discretize the spatial domain. Since the IPCS scheme is a splitting
approach, the Ladyzhenskaya-Babuska-Brezzi (LBB) condition is inherently satisfied [35, 31] (pressure and velocity
are of same order). We use an implicit Adams–Bashforth and a semi-implicit Crank–Nicholson time discretization
scheme for the convective and the viscous term, respectively. Both schemes are second-order accurate in time.
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2.1 | Governing equations

We consider the incompressible flow in a spatial/flow domain Ω, which contains an immersed boundary in the form
of a closed surface ∂S . The immersed boundary is modeled as localized body forces acting on the surrounding fluid.
The incompressible N-S equations—in their primitive variables (velocity u and pressure p) formulation—accounting
for the immersed boundary are written as:

∂u

∂t
+ u · +u = −+p + ν+2u + f , (1)

+ · u = 0, (2)

subject to the boundary condition on ∂S

u(X (s, t ), t ) = UB , (3)
with u being the fluid velocity, UB being the prescribed velocity of the immersed boundary (when UB = 0 the im-
mersed boundary is rigid), and v the kinematic viscosity of the fluid.

F IGURE 1 3D flow domain Ω with an immersed boundary ∂ΩL (blue dots). Inlet (green circle) and outlets (red
circles) are located on the boundaries of the flow domain Ω

The forcing term f = f (x, t ) in the right hand side of the momentum Eq.(1), is added to account for the presence
of the immersed boundary. The forcing term f is the local body force density at the fluid nodes (Eulerian nodes),
and it is distributed on the fluid nodes from the surface force density F (s, t ) (s is a parametrization of the immersed
boundary surface) defined at the immersed boundary points (Lagrangian points). The forcing term f, which represents
the interaction force between the fluid and the immersed object (immersed boundary), is written as:
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f(x, t ) =
∫
∂S

F(s, t ) δ (x − X(s, t )) ds, (4)

withx andX (s, t ) being the Eulerian nodes and Lagrangian point coordinates that discretize the fluid domain and the
immersed boundary, respectively, and δ (x − xi ) the Dirac delta function. Eulerian grid nodes and Lagrangian points
interact through Dirac delta function δ (x −X (s, t )) . Therefore, the velocity U(X(s, t )) on the immersed boundary
points is interpolated from the velocity u(x) on the Eulerian grid nodes as

U(X(s, t )) =
∫
Ω

u(x) δ (x − X(s, t )) dV . (5)

2.2 | Incremental Pressure Correction Scheme (IPCS)

The Incremental Pressure Correction Scheme (IPCS) is an operator splitting method that decouples pressure and
velocity in the N-S equations. IPCS is a modification of the fractional step method proposed by [36] and [37]. In
our description we consider no external forces for the N-S equations, and in Section 2.3 we explain in detail how IB
forces were incorporated. Following Simo and Armero [38], the generic formulation of a fractional step algorithm can
be written as

ũ − un
∆t

+ Bn+
1
2

c = −+p∗ + ν+2ũc (6)

+2φ = − 1

∆t
+ · ũ (7)

un − ũ
∆t

= −+φ (8)

where ∆t is the time-step, un is the velocity vector at time instance t n , φ = pn+
1
2 − p̃ is a pressure correction, p̃ is

a tentative pressure, Bn+ 12c is the nonlinear convection, and ν+2ũc is the viscous term with ũc being a semi-implicit
Crank-Nicholson interpolated velocity (we use this scheme to discretize the viscous term to avoid strict time step
restrictions) given as:

ũc =
1

2

(
ũ − un

) (9)
The IPCS-IB method involves three steps. In the first step, we compute a tentative velocity ũ, by solving the linear
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momentum Eq. (10)

(
1

∆t
− ν
2
+2

)
ũ = 1

∆t
ũ + Bn+

1
2

c − +p̃ + ν+2un (10)

The nonlinear convection term Bn+1/2c is evaluated at the midpoint between time instances n + 1 and n using an
implicit Adams-Bashforth discretization

B
n+ 12
c = ū · +ũc (11)

where ū = 1.5u + 0.5un−1 is the Adams-Bashforth projected convecting velocity.
In the second step, we use the tentative velocity ũ to compute the corrected pressure pn+ 12 (Eq. (7)). To compute

the tentative velocity ũ (Eq. (10)) and the corrected pressure pn+ 12 (Eq. (10)), an iterative procedure applies. The
iterations end when a predefined error threshold is reached. Finally, in the third step the updated velocity field un is
computed by solving Eq. (8)

The algorithmic procedure for our implementation of the IPCS for solving N-S equations is summarized below:
1. Calculate the tentative velocity ũ by solving Eq. (10)
2. Solve the Poisson equation +2pn+ 12 = +2p̃ − 1

∆t + ·Ûu (Eq. (7)) and compute φ = pn+ 12 − p̃
3. Calculate the corrected velocity un+1 = ũ + ∆t+φ

2.3 | Boundary Condition Enforced Immersed Boundary (BCE-IB) method

In this section, we describe the boundary condition enforced immersed boundary (BCE-IB) method for the numerical
solution of the incompressible Navier–Stokes equations.

The immersed boundary method has two steps:
• Predictor step: where we numerically solve the N-S equations to compute a tentative velocity field ũ (x) by

disregarding the body force terms in Eq.(1) (f = 0)

ũ − un
∆t

+ Bn+
1
2

c = −+p∗ + ν+2ũc (12)
• Corrector step: where we account for the body forces and update the tentative velocity ũ to the updated one

un+1, which satisfies the boundary condition u (X (s, t ) , t ) = UB

ρ
un+1 − ũ

∆t
= f n+1 . (13)

where ρ is the density of the fluid.
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The predictor step accounts for the first (a tentative velocity ũ is computed) of the three steps in the IPCSmethod.

In the predictor step, Eq.(12) is used to compute the tentative velocity ũ under the incompressibility constraint (mass
conservation). The corrector step, involves the evaluation of the unknown body force f n+1 and the update of the
predicted velocity ũ to the physical one un+1.

The accurate and efficient computation of the unknown body force f n+1 is an advantage of the Boundary Condi-
tion Enforced Immersed Boundary (BCE-IB) method. In BCE-IBmethod, the body force f n+1 is equivalent to a velocity
correction, which applies implicitly such that the velocity U (X (s, t ) , t ) on the Lagrangian points, interpolated from
the physical velocityu (x, t ) computed on the Eulerian nodes, equals to the prescribed boundary velocityUB (Eq. (3)).
The body force term f n+1 is computed using the equation

Un+1
B

(
Xn+1

)
=

∫
Ω

(
ũ + ∆t

f n+1

ρ

)
δ

(
x −Xn+1

) dV , (14)

derived by substituting Eq.(13) to Eq.(5). The force density f n+1 (x, t ) , is evaluated on the Eulerian nodes, and it is
computed by distributing (‘spreading’) the boundary force F (X (s, t ) , t ) on the Lagrangian points through the Dirac
delta function δ (x−X (s, t ))). Eq.(14) is written as

Un+1
B

(
Xn+1

)
=

∫ ©«ũ + ∆t

∫
F n+1

(
Xn+1

)
δ

(
x −Xn+1

) ds
ρ

ª®®¬ δ
(
x −Xn+1

) dV , (15)

and Un+1
B is no longer correlated with f n+1 but instead with F n+1.

To compute the boundary force F n+1, we rewrite Eq.(15) in a discrete form that results in an algebraic system
of equations. We represent the immersed boundary by a set of Lagrangian points Xi = (Xi ,Yi , Zi ) , i = 1, 2, . . . ,M

and the flow domain by the Eulerian nodes xj = (
xj , yj , z j

)
, j = 1, 2, . . . ,N . In our analysis, the Eulerian mesh in the

vicinity of the immersed object has a uniform Cartesian grid structure with grid spacing h. Furthermore, the Dirac
function δ (x −X (s, t )) is approximated by a continuous kernel distribution D (

xi −X j
) given as

Di j = D
(
xi −X j

)
=

(
1

h
δ

(
xi − X j

h

)) (
1

h
δ

(
yi −Y j
h

)) (
1

h
δ

(
zi − Z j
h

))
, (16)

with the kernel δ (r ) proposed by Lai and Peskin [39]

δ (r ) =



1

8

(
3 − 2 |r | +

√
1 + 4 |r | − 4r 2

)
, |r | ≤ 1

1

8

(
5 − 2 |r | −

√
−7 + 12 |r | − 4r 2

)
, 1 < |r | ≤ 2

0, |r | > 2

(17)

Using Eq.(4) for the force term
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f n+1 (xj ) =
M∑
i=1

F n+1
(
Xn+1
i

)
D
i j
h
∆Si , (18)

where ∆Si is the area of the ith surface element (segment). Eq.(15) is written as

Un+1
B (Xn+1

i ) =
N∑
j=1

ũ(xj )D i jh h
3 +

N∑
j=1

M∑
k=1

F n+1 (Xn+1
i
)∆t

ρ
(19)

Eq.(19) forms a well-defined system of equations for the variables F n+1
i

(i = 1, 2, . . . ,M ) and it can be written in
matrix notation as

AFF = BF , (20)

withAF ,F andBF defined as

AF =
∆t

ρ
h3



D11∆S1 D12∆S1 . . . D1N∆S1

D21∆S2 D22∆S2 . . . D2N∆S2
.
.
.

.

.

.
. . .

.

.

.

DM 1∆SM DM 2∆SM . . . DMN∆SM





D11 D12 . . . D1M

D21 D22 . . . D2M
.
.
.

.

.

.
. . .

.

.

.

DN 1 DN 2 . . . DNM


, (21)

BF = UB − h3DTũ =



U1

U2

.

.

.

UM


− h3



D11 D21 . . . DN 1

D12 D22 . . . DN 2
.
.
.

.

.

.
. . .

.

.

.

D1M D2M . . . DNM





ũ1

ũ2
.
.
.

ũN


, (22)

F =



F1

F2
.
.
.

FM


, (23)

whereUi (i = 1, 2, . . . ,M ,Fi i = 1, 2, . . . ,M and ũj (j = 1, 2, . . . ,M ) are the abbreviations forUn+1
B

(
Xn+1

i

) ,F n+1
(
Xn+1

i

)
and ũ

(
xj

) , respectively. By solving he system of equations (Eq.(20)) using a direct solver, we obtain the unknown
boundary forceF n+1

i
(i = 1, 2, . . . ,M ) at all Lagrangian points. Boundary forcesF n+1

i
are then substituted into Eq.(19)

and Eq.(18) to calculate the body force f n+1 on the Eulerian nodes, and the corrected physical velocity un+1.
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2.4 | Wall shear stress calculation

WSS is frequently used in IAs blood flow simulations, and is related to aneurysm’s initiation, growth, and rupture
[5, 40, 41, 42]. WSS is the force induced by the movement of blood along the surface of the arterial wall. It is defined
as:

tw = t − (t · n) n (24)

where n̂ is the outward pointing unit normal, t = τ · n and τ = 2µD is the shear stress, with Di j = 1
2 (

∂uj
∂xi

+
∂ui
∂xj
) being

the rate of deformation tensor and µ being the viscosity of the fluid.
To calculate the WSS magnitude, we compute the velocity field in the body-fitted mesh (visualization mesh). To

compute the velocity field we interpolate the velocity field computed on the Cartesian flow domain using the IB
method, on a body-fitted mesh. We consider a discretization of the domain of interest (immersed object) using a
finite element mesh (tetrahedral linear elements), and denote the corresponding set of nodes by N ). The nodal subset
(NS ) with points on the surface of the tetrahedral mesh will be used for the calculation of WSS. We compute the
terms ∂ui

∂xj
for i , j = {x , y , z }, of the deformation tensorD on the subset of surface nodes NS of the visualisation mesh,

using the modified moving least squares (MMLS) meshless point collocation method [43].

2.5 | Algorithmic procedure

Our approach combines the IPCS (Section 2.2) with the BCE-IB method (Section 2.3). The velocity field computed
by the IPCS method is corrected to account for the force contribution from the immersed boundary. The proposed
solution procedure can be summarized as follows; to update the solution from time instance n to n + 1:

1. Calculate the tentative velocity ũ using Eq. (12)
2. Compute the matrixAF using Eq. (21)
3. Solve the system (Eq. (20)) to compute the boundary forceF n+1

(
Xn+1
i

)
, i = 1, 2, . . . ,M on the Lagrangian points.

Substitute the computed boundary force F n+1
(
Xn+1
i

) into Eq.(18) to obtain the body force f n+1
(
xn+1
j

)
, j =

1, 2, . . . ,N on the Eulerian points.
4. Use ũ to update the corrected velocity un+1 = ∆t f

n+1

ρ + ũ using Eq.(13)
5. Solve the Poisson equation +2Φn+1 = −+·ũ

∆t for Φn (Eq. (7))
6. Recompute the updated velocity un+1 = un + ∆t+Φn+1

7. Set physical/updated velocity un+1 as un and repeat steps (1) to (6) until the desired solution is achieved.

Steps 1, 5, 6 apply to the IPCS method without the presence of the immersed boundary, while Steps 2, 3, 4
calculate the velocity field (on the Eulerian nodes) due to the presence of the immersed boundary.

2.6 | Solution procedure

The simulation procedure used the setup of the flow problems using the proposed scheme is outlined below:



10 Dimitrios S. Lampropoulos et al.
1. We start with the immersed object geometry (surface mesh).
2. We use the surface mesh (immersed geometry) to generate a body-fitted tetrahedral mesh (visualization mesh).

We use the visualization mesh to post-process the numerical results.
3. We generate a uniform Cartesian grid (Eulerian mesh) with linear tetrahedral elements. The Cartesian grid en-

velopes the immersed geometry and it is locally refined in the interior and in the vicinity of the immersed boundary,
using the FEniCS built-in function Refine [33] (Refine uses the algorithm by Plaza and Carey [44]).

4. We use the surface mesh nodes (Lagrangian points) to compute the area of each surface element ∆Si . We locally
refine the Cartesian grid such that then grid resolution h is approximately equal to h = √∆Smean , with ∆Smean
being the mean area of the surface elements.

5. We numerically solve the flow equations in the rectangular domain (Cartesian grid) with the proposed IB method.
6. We interpolate the velocity and pressure field values from the Eulerian mesh to the visualization mesh. To interpo-

late the computed solution to the visualization mesh we use FeniCS [33] built-in functions. We then post-process
the numerical results to compute e.g. streamlines, pressure contrours and derived quantities such as wall shear
stress.

3 | VERIFICATION

3.1 | Three dimensional Poiseuille flow

To verify the accuracy of the proposed IB scheme, we numerically solve the Poiseuille flow in a straight cylindrical tube.
The tube has length L = 10R and radius R = 0.005m and it is enveloped in a box domain (where the flow equations are
solved) with dimensions −0.005m ≤ y , z ≤ 0.005m and 0m ≤ x ≤ 0.05m. The rectangular domain is discretized with
a high quality tetrahedral mesh. The vertices of the tetrahedral elements (Eulerian points) form a uniform Cartesian
grid.

(a) Flow domain with inlet (green circle), outlet (red
circle) and walls (light gray))

(b) Wireframe of the Cartesian grid and the
Lagrangian points (blue color)

F IGURE 2 The flow domain and the immersed boundary for the Poiseuille flow example

The flow in the tube is driven by the pressure difference that is applied to the inlet and outlet. In our simulationswe
set the density of the fluid to ρ = 1, 050 kgm−3 and the dynamic viscosity to µ = 0.00345 Ns/m2. At the inlet (green
circle in Fig. 2a) and outlet (blue circle in Fig. 2a) we apply pressure boundary conditions, while at the remaining
walls (light blue surface Fig.2b) we apply no-slip velocity boundary conditions (u = 0). The time step was set to
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d t = 2.5 × 10−3. The simulation ends when the normalized root mean square difference LNRMSE =

√√ ∑N
i=1

(
ut+d t
i

−ut
i

)2
N 2(max(u t

i

)
−min(

u t
i

))
between two successive time instances for all three velocity components is less than 10−8 (such that the flow reaches
a steady state). The exact solution for the velocity field components is uy = uz = 0 and ux (r ) = Umax

(
1 −

( r
R

)2) , with
Umax = − R24µ dpdz being the maximum velocity. By setting the pressure difference to dpdz = − 1L (applying p inlet = 1 and
poutlet = 0) the Reynolds number becomes Re = ρUmaxL

µ ≈ 551. The wall shear stress τw that the fluid applies to the
interior surface of the pipe is such that τw =

4µū
R with ū = − dpdL R28µ being the average velocity of the flow. For Re = 551

the wall shear stress is τw = 0.05.
TABLE 1 L2 and L∞ error norms for Re = 551
Minimum Grid sizing (m) Velocity absolute error L∞ Velocity RMSE L2 WSS absolute error L∞ WSS RMSE L2

1 × 10−4 1.47 × 10−2 1.99 × 10−4 1.35 × 10−2 3.28 × 10−3

5 × 10−5 6.62 × 10−3 3.07 × 10−5 7.64 × 10−3 2.91 × 10−3

2.5 × 10−5 2.44 × 10−3 4.15 × 10−6 5.42 × 10−3 1.87 × 10−3

We use successively denser meshes to obtain a grid independent numerical solution. The meshes are described
in Table 1. We apply local grid refinement inside and in the vicinity of the cylinder (immersed object), as shown in
Fig.3.

F IGURE 3 Locally refined (in the interior and in the vicinity of the immersed boundary) Cartesian grid.

In Table 1 we report the maximum absolute error L∞ = max
i
|unumer i cal
i

− uexact
i

| and the Root Mean Square
Error (RMSE) defined as L2 = 1

N

√∑N
i=1

(
unumer i cal
i

− uexact
i

)2 for the velocity components for different mesh res-
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olution. Additionally, we report the absolute error L∞ = max |τw numer i cal − τw exact | and the RMSE error L2 =
1
N

√∑N
i=1

(
τw numer i cal − τw exact

)2 regarding the analytical solution for the WSS. Figure 4 show the contour plot for
the velocity field values for Re = 551.

F IGURE 4 Velocity field values for Re = 551.

3.2 | 3D angle tube bend

In this example, we demonstrate the accuracy of the proposed method by considering the flow in a three-dimensional
90◦ angle tube bend (U-bend) [45], as shown in Fig. 5. We further highlight the ability of the proposed scheme to
accurately capture the local flow dynamics in tubes where secondary flow occurs. For the U-bend flow problem,
experimental flow data are available. Bovendeerd [45] performed laser Doppler velocimetry experiments to obtain
the center-plane axial velocities at a set of different angles around the tube bend.

The U-bend tube is embedded within a box domain with dimensions −0.0064 m ≤ x ≤ 0.032 m , 0 m ≤ y ≤
0.0384 m and −0.0064 m ≤ z ≤ 0.0064 m as shown in Fig. 5. We discretize the flow box domain using a high-
quality tetrahedral mesh, generated using a uniform Cartesian grid. In our numerical simulations, we set the Reynolds
number—computed based on the tube’s inner diameter and the mean inlet velocity U—to Re = 300, to match the ex-
perimental conditions. The inner diameter and the curvature radius of the tube were set to 4 and 24 mm, respectively.

We solve the flow equations on a Cartesian grid of linear elements (Ð1/Ð1) . We apply a parabolic velocity profile
u (r ) = Umax

(
1 −

( r
R

)2) at the inlet (green circle in Fig. 5 - Flow domain), and zero pressure (p = 0) at the outlet
(red circle in Fig. 5 - Flow Domain). At the remaining boundaries of the computational domain we set the no-slip
boundary condition. The Reynolds number is Re = 300. The initial velocity and pressure inside the flow domain are
also set to zero. To reduce flow disturbances due to inflow boundary conditions, we extend the inlet and outlet by
4 mm in length (one tube diameter). The Cartersian grid is locally refined close to and within the enclosed region of
the immersed object, as shown in Fig. 5, increasing the percentage of the elements inside the immersed object up
to 85%. The resulting Cartesian grid consists of 2, 942, 170 tetrahedral elements (Fig. 5) with a minimum grid spacing
settling to h = 2 × 10−4 m.

The numerical solution obtained from the Cartesian grid is interpolated on a tetrahedral visualizationmesh. Figure
6 shows the computed axial velocity plotted along with the experimental data [45], measured at the central cross-
section at the end of the tube’s curved section (tube outlet). The numerical results obtained using the linear (Ð1/Ð1)
elements are in good agreement with the experimental data, highlighting the accuracy of the proposed scheme [46].
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F IGURE 5 The solution workflow for the 90◦ angle tube bend case.

F IGURE 6 Axial velocity (dashed line) using and the experimental data (red dots) at the tube outlet.

4 | SIMULATION OF BLOOD FLOW IN INTRACRANIAL ANEURYSMS

In this section we demonstrate the applicability of the proposed IB method on patient-specific geometries of intracra-
nial aneurysms (IAs). The aneurysms are located in the anterior cerebral artery (ACA), the basilar artery (BA), the
internal carotid artery (ICA) and the middle cerebral artery (MCA), as shown in Fig. 7. We simulate blood flow in the
aneurysmal geometries to extract the flow characteristics.

The IAs geometries were obtained from the Aneurisk Web (http://ecm2.mathcs.emory.edu/aneuriskweb/
index) online dataset repository (publicly available under the ‘Creative Commons Attribution Non-Commercial 3.0
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(a) Middle cerebral artery (MCA) aneurysm (b) Anterior communicating artery (ACA) aneurysm

(c) Internal carotid artery (ICA) aneurysm (d) Basilar artery (BA) aneurysm
F IGURE 7 Original geometries (STL files) obtained from the Aneurisk dataset.
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Unported License’)1. Geometrical characteristics of the aneurysms used, such as the volume of the aneurysmal dome
(mm3), the angle between the neck of the aneurysm and the parent vessel, the size ratio (aneurysm to vessel size
ratio), the aspect ratio (quotient of height to width of the aneurysm neck), the diameter of the arterial lumen (mm)
along with general information for the patient like age and gender, are listed in Table 2.
TABLE 2 Geometrical characteristics of the vascular cases
Aneurisk ID Location Aneurysmal dome volume (mm3) Neck Vessel angle (mm) Size ratio Aspect ratio

C0061 ACA 40.15 20.37 4.169 2.312
C0068 BAS 86.22 5.98 2.576 0.897
C0088a ICA 78.14 90.73 2.755 1.342
C0088b ICA 289.19 56.89 1.922 1.618
C0092 MCA 59.27 18.02 3.196 1.853

In all the examples considered, we apply the scaled (using a power-law estimation for cycle-average flow rates
[47]) velocity waveform shown in Fig. 8 [48]. A fully developedWomersley velocity profile is imposed at the inlet [49],
and zero pressure (p = 0) at the outlets. We note that the’ zero pressure’ boundary condition at the outlets is used in
various models due to its simplicity [50]. However, it should not be used due to its inaccurate simulation results. Using
the zero pressure boundary is as akin to assuming that the vessel is cut and exposed to atmospheric air conditions,
such that it neglects the change in pressure and flow rate by ’wave reflection’ from downstream vessels, resulting in
considerable difference from actual blood flow. Initial velocity and pressure values are set to zero (u = p = 0 at t = 0).
In the examples considered, we simulate three cardiac cycles with a temporal resolution of d t = 2 × 10−4 sec, which
results in 4,425 time-steps per cardiac cycle [51]. We present the numerical results obtained during the third cardiac
cycle, to wash out initial transients. Blood is treated as a Newtonian fluid with dynamic viscosity µ = 0.00345 Ns/m2

and density ρ = 1, 050 kgm−3. The arterial wall (Lagrangian points) is modelled as rigid (such that UB = 0 in Eq.(22))
[52]. The computational time for one cardiac cycle was 12 to 16 CPU hours, depending on the number of tetrahedral
elements used to discretize the flow domain. All simulations were performed on a workstation equipped with Intel
XeonTM E5-2680 v2 processor and 32 GB of RAM.

4.1 | Blood flow in a Middle Cerebral Artery (MCA) aneurysm

4.1.1 | Grid independence study

We simulate blood flow in the MCA aneurysm case C0092 (Fig. 7a). The aneurysm geometry is immersed within the
box/flow domain. In this flow example, we demonstrate the accuracy and applicability of the IB method. We apply
a grid independence study, using five successively denser grids. All grids are locally refined in the interior and in the
vicinity of the immersed boundary (Fig. 9), to increase the number of the elements inside the immersed geometry (the
percentage of elements inside the immersed boundary is 85%).

We calculate themaximumabsolute error L∞ = max
i
|ucoar se
i

−udense
i

| and theRMSE L2 = 1
N

√∑N
i=1

(
ucoar se
i

− udense
i

)2,
where ucoar se

i
and udense

i
are the velocities of the coarse and the dense grids, respectively at the the peak systolic ve-

locity. The errors were obtained by considering the numerical results computed on the grid with the highest resolution
1The use of data in the Aneurisk repository has been authorized by the Ethical Committee of the Ca’ Granda Niguarda Hospital
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F IGURE 8 Pulsatile velocity waveform imposed at the inlet of the IAs.

F IGURE 9 Numerical solution workflow for the MCA aneurysm case.

as the reference solution. We interpolate the velocity values computed on Cartesian grids to the visualization mesh
(see Section 2.6 step 6), to examine the convergence of the method. Table 3 contains the velocity magnitude errors
between the five grid resolutions.

Both error norms show good agreement between the coarser and finer grid. To further demonstrate the con-
vergence rate of the proposed scheme, we consider a line profile in the aneurysmal dome where the major flow
instabilities are generated (Fig. 10a). We compute the velocity (magnitude) profile (Fig. 10b). Minor differences in
the velocity magnitude were computed for the velocity values from the different density Cartesian grids. Both error
norms show a strong convergence for the computed flow field between the five different Cartesian grid resolutions.
Following, for the rest of our simulations and comparisons regarding the vascular case C0092, we use the fourth
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TABLE 3 L2 and L∞ velocity error norms
Minimum Grid sizing (m) Velocity absolute error L∞ Velocity RMSE L2 Number of tetrahedral elements

1.5 × 10−4 8.32 × 10−4 7.33 × 10−3 1, 997, 246

1.25 × 10−4 2.09 × 10−4 1.44 × 10−3 2, 723, 267

1.0 × 10−4 1.37 × 10−5 1.28 × 10−4 3, 804, 084

7.5 × 10−5 5.28 × 10−6 1.37 × 10−5 4, 794, 854

5.0 × 10−5 - - 5, 698, 274

denser grid (nodal spacing h = 7.5 × 10−5 m) which allows to sufficiently address the time-dependent flow and shear
phenomena.

(a) (b)
F IGURE 10 (a) Velocity profile location (red line) inside the aneurysmal dome, and (b) velocity magnitude profiles
for different grid resolution.

To further validate our method, we perform simulations and compare the results against those obtained using
the open source spectral/hp element CFD solver Nektar++ [53]. We generate tetrahedral element meshes with pris-
matic element boundary layers. To ensure the quality of the body-fitted mesh, we checked the element skewness and
orthogonal quality. The spatial discretization for Nektar++ simulations is based on fourth order polynomials. We per-
form all the simulations under the same configuration with the IB solver, which results in a pulsatile velocity specified
at the inlet and zero pressure at the outlets.

Fig. 11 and Fig. 12 show a qualitative comparison of the velocity magnitude at peak systole across the orthogonal
XZ-plane located at the centre of the aneurysm. Fig. 13b shows the velocity (magnitude) profile on a line profile in
the aneurysmal dome (Fig. 13a). Fig. 14a and Fig. 14b show the WSS magnitude computed using the IB and the
body-fitted approach, respectively. The results are in a very good agreement.

Table 4 contains the absolute error from the velocity field at the peak systole at each point on the line illustrated
in Fig. 13a. Table 4 also contains the absolute error from the average WSS calculated on both the aneurysmal dome
and the parent artery also at the peak systole.

Fig. 15 illustrates the streamlines and velocity contours while Fig. 14a illustrates the WSS magnitude contours
at the peak systole pressure for the MCA case aneurysm. Streamlines are smooth along the vessel body and become
more complex inside the aneurysmal dome, where a small impinging jet forms. Low WSS values are located on the
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(a) Immersed boundary method (b) Body-fitted approach through Nektar++
F IGURE 11 Comparison of the velocity magnitude in X-plane slices through the centre of the vascular case
C0092.

(a) Immersed boundary method (b) Body-fitted approach through Nektar++
F IGURE 12 Comparison of the velocity magnitude in Y-plane slices through the centre of the vascular case
C0092.

aneurysmal dome, while high values are located on the aneurysmal neck and on the walls of the parental artery. Low
WSS occurs mainly due to the weak flow inside the aneurysmal dome of the bifurcation aneurysms. That observation
also agrees with the findings of Shojima et al. [10] and Valencia et al. [7].
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(a) Red line located inside the aneurysmal dome (b) Computed velocity magnitude profiles.
F IGURE 13 (a) Velocity profile location (red line) inside the aneurysmal dome, and (b) velocity magnitude profiles
for different grid resolution.

(a) Immersed boundary approach (b) Body-fitted approach through Nektar++
F IGURE 14 WSS magnitude distribution (units in Pa) for the vascular case C0092.

4.2 | Blood flow in anterior cerebral artery (ACA), internal cerebral artery (ICA) and
basilar artery (BA) aneurysms

In this section, we simulate blood flow in the ACA (Fig. 7b). The flow domain is a box, discretized using linear tetra-
hedral elements (3,850,106 tetrahedral elements with minimum grid spacing of resolution of h = 6 × 10−5 m (see Fig.
16), where the aneurysm geometry is immersed. We interpolate the computed results to a visualization mesh and
compute WSS.

Fig. 17a shows the velocity streamlines while Fig. 17c shows theWSS magnitude distribution at the peak systole
pressure [54]. Streamlines in the parent artery align to the centreline, while in the aneurysmal dome a recirculation area
is formed with more complex flow patterns, mainly due the small angle between the parent artery and the aneurysmal
neck. Low WSS occurs on the aneurysmal dome, while high on the aneurysmal neck and at less extent on the walls
of the parental artery which agrees with the findings from previous studies [5, 41].

Next, we simulate blood flow in the ICA having two sidewall aneurysms with different volumes (Fig. 7c). The
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TABLE 4 L∞ error norms for the computed velocities at Peak Systolic Pressure and the average WSS for case
C0092. The body-fitted approach is considered as the reference point.

Maximum absolute error L∞

Velocity at Peak systole 0.03158

Average WSS at Peak systole 0.0876

(a) Streamlines (b) Velocity contours
F IGURE 15 Blood flow in the MCA aneurysm (case C0092).

F IGURE 16 ACA aneurysm case Cartesian grid with four levels of refinement.

flow domain is a box, discretized using linear tetrahedral elements (5,818,970 tetrahedral elements with minimum
grid spacing of resolution of h = 8 × 10−5 m (see Fig. 18), where the aneurysm geometry is immersed within.

Fig. 19a shows the velocity streamlines at the peak systole pressure. We observe that inside the larger aneurysmal
dome a slow recirculation area is generated in the absence of an impinging jet. Inside the smaller aneurysmal dome, a
more disturbed flow is evident leading to swirling flow patterns. The WSS magnitude on the lumen wall at the peak
systolic pressure was computed via the post-processing method described previously. As expected, low WSS occurs
on the aneurysmal dome, while high on the aneurysmal neck and at less extent on the walls of the parental artery (Fig.
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(a) Streamlines (b) Velocity contours (c) WSS magnitude distribution
F IGURE 17 Blood flow in the ACA aneurysm (case C0061).

F IGURE 18 ICA aneurysm case Cartesian grid with four levels of refinement.

19c). The flow pattern occurs due to the high curvature of the parent vessel which does not allow the formation of
strong jets inside the aneurysmal dome. These findings agree with previous computational studies by Valen-Sendstad
et al. [55] and Cebral et. al [56].

(a) Streamlines (b) Velocity contours (c) WSS magnitude distribution
F IGURE 19 Blood flow in the ICA aneurysm (case C0088).

As a final flow example, we model a BA aneurysm (Fig. 7d). We create a Cartesian grid to immerse the BA
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geometry, discretized using linear tetrahedral elements. We apply four levels of local mesh refinement with the re-
sulting Cartesian grid consists of 5,542,170 tetrahedral elements (Fig. 20) and with a minimum grid spacing settling
to h = 7.5 × 10−5 m.

F IGURE 20 BAS aneurysm case Cartesian grid with four levels of refinement.

Fig. 21 shows the velocity streamlines, velocity contours and the WSS magnitude at the peak systole pressure.
Inside the aneurysmal dome, an impinging jet forms mainly due to the small angle between the parent artery and the
aneurysm (Table 1). The WSS magnitude values are high in places where the flow impinges on the aneurysmal wall,
compared to the aneurysm cases where the flow is disturbed, and re-circulations areas appear. Our findings are in
agreement with numerical results reported in Sforza et al. [57] Cebral et al. [58] and Meng et al. [41] demonstrating
the versatility of the present scheme.

5 | DISCUSSION

Simulating blood flow on complex anatomical geometries like in the case of cerebral aneurysms is still a challenging
task. Sophisticated mesh generators produce high-quality body-fitted meshes with relative ease through partially or
fully automated procedures [59]. However, for complex anatomical geometries with multiple branches and arteries

(a) Streamlines (b) Velocity contours (c) WSS magnitude distribution
F IGURE 21 Blood flow in the BAS aneurysm (case C0068).
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with small diameter, body-fitted mesh generation becomes more challenging. Generating a mesh of high quality is
not straightforward (especially for complex geometries) and requires experienced analysts. This limits the use of CFD
tools in everyday clinical workflow. In our study, we use Cartesian grids to generate high quality tetrahedral meshes,
to avoid generating body-fitted meshes, while retaining all the advantages of the Oasis CFD solver [32, 31].

In the proposed scheme, we generate Cartesian grids using a built-in FEniCS function Refine (the algorithm is
described in Section 2.6 Solution procedure). The generated grids require no quality checks. Although grid generation
times are on par with the more established body-fitted mesh generators, in our case the user input is limited to a
single value (Cartesian grid nodal spacing) leading to a more user-friendly pipe-lined procedure.

The present study has some limitations regarding the lack of patient-specific boundary conditions imposed at
the inlet and at the outlet boundary as well as information for the viscosity models. These are important parameters
that should be addressed if we want to use CFD as a reliable clinical tool [60]. However, in this study we aim to
demonstrate the reproducibility and ease of use of the proposed scheme and not make any clinical assessments.

Finally, we would like to notice that including Nektar++ in the verification process is done solely for the quan-
tification of the accuracy of the proposed scheme, as Nektar++ is a trusted state-of-the-art open-source spectral/hp
element framework which is well accepted in the scientific community.

6 | CONCLUSIONS

In this contribution, we developed a finite element boundary condition-enforced immersed boundary (FE-BCEIB)
method for the numerical solution of the incompressible Navier-Stokes equations. Our FE-BCEIB solver is based on
the verified and validated incremental pressure correction scheme (IPCS) finite element flow solver Oasis [31, 32, 33].

We demonstrate the applicability of the immersed boundary N-S solver [46] on internal flow problems with com-
plex geometry. The numerical scheme combines the finite element (FE) method for the numerical solution of Navier-
Stokes equations and the IB method to simulate fluid flow problems. We use the proposed method to simulate blood
flow in intracranial aneurysms. We validate the proposed scheme considering a flow case where experimental data
are available and the analytical solution for the three-dimensional Poiseuille flow in a cylinder. We perform pulsatile
flow computations using patient-specific cases obtained from the publicly available Aneurisk online repository.

In this study we demonstrate that our method is suitable for accurate and fast computation of the local hemody-
namical field in intracranial aneurysms. The proposed scheme is simple and straightforward to apply while it requires
limited to no human intervention. The burden of efficiently scaling up to a large number of patient-specific aneurysm
cases has been eliminated, paving the way for future use in the clinical workflow.

In our future work we will use patient specific outflow boundary conditions and we will model the fluid-structure
interaction (FSI) of the arterial wall. The proposed IB method can accurately and efficiently model FSI without using
material properties for the arterial wall, by tracking the wall motion.
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