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Abstract 

This thesis presents a series of mathematical methods that advance the state of the art of 

robotics and mechanism and machine theory. The focus of this thesis is in developing 

theoretical and mathematical methodologies that allow robots to reassemble in an adaptable 

and intelligent manner. To achieve this, four broad avenues of research into mathematical 

methods and techniques were conducted, namely the development of a comprehensive 

mathematical framework for the characterisation of theoretical reassembling transformations 

in robots, the development of a mathematical framework that explores the relationship between 

a robot’s classical mechanical performance and capabilities and its mechanical design 

characteristics, the development of an advanced artificial intelligence formulation that 

produces computationally efficient, interpretable, robust and accurate learning capabilities for 

an intelligent reassembling robot and the development of an effective and accurate method of 

forecasting time series data that could theoretically be sensed from its environment by such an 

intelligent reassembling robot.  

This thesis presents mathematical and theoretical methods that broadly advance these 

four inter-related categories of robotics. In Chapter 2, mathematical preliminaries and 

definitions are presented. In Chapter 3, the development of a theoretical framework to 

mathematically relate any two robot architectures and their associated design parameters is 

explored, using network theoretic methods and Geometric Algebra. This approach presents the 

overarching theoretical framework for reassembling transformations for robots. In Chapter 4, 

a formulation that employs network theoretic methods and higher dimensional multivectors 

defined in Geometric Algebra is explored. This approach presents a quaternion and Geometric 

Algebra based method that relates the statics and kinematics performance capabilities of serial 

and parallel manipulators with their morphology and architecture. In Chapter 5, a quaternion 

based formulation which allows reassembling transformations in the context of a manipulator’s 

dynamics, to be modelled and analysed is presented. This lays the foundation for the 

development of a generalised framework and methodology that allow a specialist to augment 

robots, mechanisms and machines for new task manoeuvres and parameters through 

reassembling transformations. In Chapter 6, a new methodology is presented for the removal 

and relocation of actuation, constraint and mixed kinematic singularities and near-singularities, 

based on quaternion rotor based Jacobian matrices, in a specified target region of the 

workspace. This approach lays the foundation for designing parallel manipulators with minimal 

singularities and near-singularities within the theoretical workspace by creating a mathematical 
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formulation that bridges the design parameters of manipulators directly with the geometric 

conditions of kinematic singularities. In Chapter 7, the development of a novel, robust, 

streamlined and interpretable five dimensional neural network is explored using Conformal 

Geometric Algebra. This Chapter lays the foundation for the development of an artificial 

intelligence network that allows multiple learning exercises to be conducted in the same 

network simultaneously (referred to as computational multiplicity) and produces an artificial 

learning approach that has relatively reduced sensitivity to adversarial perturbations and small 

training datasets.  The presented five dimensional neural network (referred to as the Hyperfield 

Cognition Network) was found to achieve superior prediction accuracies and improved 

learning plasticity in comparison to traditional neural networks such as Multilayer Perceptrons 

(MLP). This methodological contribution significantly advances the state of the art for general 

artificial intelligence and more specifically autonomous intelligence for reassembling robots. 

In Chapter 8, a novel methodology for the modelling and forecasting of univariate time series 

is explored by representing the univariate time series data as higher-dimensional networks in 

𝐑4,1  conformal space by employing the Geometric Algebra 𝑮𝟒,𝟏 , and subsequently 

characterising them as Geometric Algebraic multivector functions. This approach, referred to 

as the STONs (Spatio-Temporal Ordinality Networks) method was found to be more robust 

and accurate compared to state of the art time series forecasting methods such as Auto 

Regressive Integrated Moving Average (ARIMA), Holt-Winters, MLPs and Long-Short Term 

Memory networks. This lays the foundation for modelling and forecasting of time series data 

from the environment, which is of significant relevance in the context of sensing, interpretation 

and stimuli anticipation for an autonomous intelligent reassembling robot.  

When combined and integrated, the methods in this thesis pave the way for intelligent 

reassembling robots to be designed and implemented in industry and also advances the state of 

the art of Clifford/Geometric Algebra based applied mathematical methods for robotics, 

artificial intelligence and systems modelling.   

  



5 

CHAPTER 1 

Table of Contents  

Thesis Declaration ..................................................................................................................... 2 

Abstract ...................................................................................................................................... 3 

Table of Contents ....................................................................................................................... 5 

Acknowledgements .................................................................................................................... 6 

Authorship Declaration: Co-Authored Publications .................................................................. 7 

Chapter 1: Introduction ............................................................................................................ 12 

 

Chapter 2: Mathematical Preliminaries ..................................................................................  40 

Chapter 3: Reassembling Transformations for Robot Manipulators Characterised Using 

Network Theoretic and Clifford Algebraic Methods ..............................................................  53 

Chapter 4: Characterisation of Morphology and Corresponding Kinematics and Statics 

Performance of Robotic Manipulators using Geometric Algebra. .........................................  85 

Chapter 5: A Generalised Quaternion and Geometric Algebra Based Mathematical 

Methodology to Effect Multi-Stage Reassembling Transformations in Parallel Robots  ..... 135 

Chapter 6: Singularity Relocation and Reduction in Reassembling Robot Workspaces using 

Quaternions ...........................................................................................................................  193 

Chapter 7: Artificial Intelligence Using Hyperfield Cognition Networks for Reassembling 

Robotics ................................................................................................................................  251 

Chapter 8: Reassembling Robots, Forecasting and Spatio-Temporal Ordinality Networks  302 

Chapter 9: Discussion and Conclusion .................................................................................  362 

Bibliography .........................................................................................................................  370 

  



6 

CHAPTER 1 

Acknowledgements 

I wish to thank my supervisor, Professor Karol Miller, for his tutelage and guidance during the 

course of my PhD. I also wish to thank my co-supervisor, Professor Adam Wittek, for his 

advice and consultative insights. I am indebted to Matthew Murphy and my co-author, Tan Jei 

Shian for their efforts towards the various academic publications. I wish to thank my Graduate 

Research Coordinator, Professor Adrian Keating, and my panel members, Professor Gia Parish, 

Professor Andrew Guzzomi, Professor Michael Small and Professor Vincent Wallace for their 

support and insightful feedback that resulted in the amelioration of this work. I am also 

indebted to Dr Sato Juniper, Dr Sudarsan Krishnaswamy, Mr Gavin Fung and the Dean 

Professor Imelda Whelehan of the Graduate Research School for guiding me during trying 

times. Finally, I wish to thank family and friends for their broader support during my 

candidature. This research was supported by an Australian Government Research Training 

Program (RTP) Scholarship.  

 

  



7 

CHAPTER 1 

Authorship Declaration: Co-Authored Publications 
This thesis contains work that has been published and prepared for publication.  

Details of the work: 

Thiruvengadam, S., Tan, J.S. and Miller, K., 2020. Reassembling Transformations for 

Robot Manipulators Characterised Using Network Theoretic and Clifford-Algebraic 

Methods. Robotica. https://doi.org/10.1017/S0263574720000752.  

Location in thesis: 

This paper is contained in Chapter 3 and part of Chapter 2 of this thesis. 

Student contribution to work: 

Sudharsan Thiruvengadam (80%): I was wholly responsible for the ideation, 

conceptualisation/conception and methodological development of this work. I developed the 

mathematical and technical methodology and undertook all investigations, formal analyses, 

calculations, computations, tests and studies. This includes the curation of data, the 

development of pseudo-codes, the writing, validation and testing of all codes and algorithms 

for fidelity and correctness against state of the art comparisons.  I produced all of the results 

and visualisations presented in this work. I wrote the original draft of this manuscript, revised 

and edited it based on peer-review comments up to the point of final publication. 

Jei Shian Tan (10%): Jei Shian Tan assisted with the assembly, optimisation, refinement, 

debugging and editing of the codes I had originally written and assisted with administrative 

work associated with data curation.  

Karol Miller (10%): Karol Miller provided the resources for this work and assisted with the 

project administration and assisted in the reviewing and editing of the draft manuscript. 

Co-author signatures and dates: 

 

 

 

20/02/2021                                             20/02/2021              

 

 

 

 

 

 

 

 

 

 

 



8 

CHAPTER 1 

Details of the work: 

Thiruvengadam, S. and Miller, K., 2020. A Geometric Algebra Based Higher Dimensional 

Approximation Method for Statics and Kinematics of Robotic Manipulators. Advances in 

Applied Clifford Algebras, 30(1), 17. https://doi.org/10.1007/s00006-019-1039-z.  

Location in thesis: 

This paper is contained in Chapter 4 and part of Chapter 2 of this thesis. 

Student contribution to work: 

Sudharsan Thiruvengadam (90%): I was wholly responsible for the ideation, 

conceptualisation/conception and methodological development of this work. I developed the 

mathematical and technical methodology and undertook all investigations, formal analyses, 

calculations, computations, tests and studies. This includes the curation of data, the 

development of pseudo-codes, the writing, validation and testing of all codes and algorithms 

for fidelity and correctness against state of the art comparisons.  I produced all of the results 

and visualisations presented in this work. I wrote the original draft of this manuscript, revised 

and edited it based on peer-review comments up to the point of final publication. 

Karol Miller (10%): Karol Miller provided the resources for this work and assisted with the 

project administration and assisted in the reviewing and editing of the draft manuscript. 

Co-author signatures and dates: 

20/02/2021  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



9 

CHAPTER 1 

Details of the work: 

Thiruvengadam, S., Tan, J.S. and Miller, K., 2020. A Generalised Quaternion and Clifford 

Algebra Based Mathematical Methodology to Effect Multi-Stage Reassembling 

Transformations in Parallel Robots. Submitted to Advances in Applied Clifford Algebras 

and fully accepted for publication on the 8th of October 2020. 

Location in thesis: 

This paper is contained in Chapter 5 and part of Chapter 2 of this thesis. 

Student contribution to work: 

Sudharsan Thiruvengadam (80%): I was wholly responsible for the ideation, 

conceptualisation/conception and methodological development of this work. I developed the 

mathematical and technical methodology and undertook all investigations, formal analyses, 

calculations, computations, tests and studies. This includes the curation of data, the 

development of pseudo-codes, the writing, validation and testing of all codes and algorithms 

for fidelity and correctness against state of the art comparisons.  I produced all of the results 

and visualisations presented in this work. I wrote the original draft of this manuscript, revised 

and edited it based on peer-review comments up to the point of final publication. 

Jei Shian Tan (10%): Jei Shian Tan assisted with the assembly, optimisation, refinement, 

debugging and editing of the codes I had originally written and assisted with administrative 

work associated with data curation. 

 Karol Miller (10%): Karol Miller provided the resources for this work and assisted with the 

project administration and assisted in the reviewing and editing of the draft manuscript. 

Co-author signatures and dates: 

 

 

 

20/02/2021                                             20/02/2021              

 

 

 

 

 

 

 

 

 

 

 

 

 



10 

CHAPTER 1 

Details of the work: 

Thiruvengadam, S., Tan, J.S. and Miller, K., 2020. Artificial Intelligence Using Hyper-

Algebraic Networks. Neurocomputing. 399, 414-448, 

https://doi.org/10.1016/j.neucom.2019.12.116.  

Location in thesis: 

This paper is contained in Chapter 7 and part of Chapter 2 of this thesis. 

Student contribution to work: 

Sudharsan Thiruvengadam (85%): I was wholly responsible for the ideation, 

conceptualisation/conception and methodological development of this work. I developed the 

mathematical and technical methodology and undertook all investigations, formal analyses, 

calculations, computations, tests and studies. This includes the curation of data, the 

development of pseudo-codes, the writing, validation and testing of all codes and algorithms 

for fidelity and correctness against state of the art comparisons.  I produced all of the results 

and visualisations presented in this work. I wrote the original draft of this manuscript, revised 

and edited it based on peer-review comments up to the point of final publication. 

Jei Shian Tan (10%): Jei Shian Tan assisted with the assembly, optimisation, refinement, 

debugging and editing of the codes I had originally written and assisted with administrative 

work associated with data curation. 

Karol Miller (5%): Karol Miller provided the resources for this work and assisted with the 

project administration. 

 

Co-author signatures and dates: 

 

 

 

 

20/02/2021                                             20/02/2021              

 

 

 

 

 

 

 

 

 

 

 

 



11 

CHAPTER 1 

Details of the work: 

Thiruvengadam, S., Tan, J.S., Miller, K. 2020. Time Series, Hidden Variables and Spatio-

Temporal Ordinality Networks. Advances in Applied Clifford Algebra, 30, 37, 

https://doi.org/10.1007/s00006-020-01061-z.  

Location in thesis: 

This paper is contained in Chapter 8 and part of Chapter 2 of this thesis. 

Student contribution to work: 

Sudharsan Thiruvengadam (85%): I was wholly responsible for the ideation, 

conceptualisation/conception and methodological development of this work. I developed the 

mathematical and technical methodology and undertook all investigations, formal analyses, 

calculations, computations, tests and studies. This includes the curation of data, the 

development of pseudo-codes, the writing, validation and testing of all codes and algorithms 

for fidelity and correctness against state of the art comparisons.  I produced all of the results 

and visualisations presented in this work. I wrote the original draft of this manuscript, revised 

and edited it based on peer-review comments up to the point of final publication. 

Jei Shian Tan (10%): Jei Shian Tan assisted with the assembly, optimisation, refinement, 

debugging and editing of the codes I had originally written and assisted with administrative 

work associated with data curation.  

Karol Miller (5%): Karol Miller provided the resources for this work and assisted with the 

project administration. 

Co-author signatures and dates: 

20/02/2021                                             20/02/2021              

 

 

Student signature:  

Date: 20/02/2021 

 

 

 

 

  



12 

CHAPTER 1 

Chapter 1: Introduction 

1.1. Background and Motivation 

Robotic systems are comprised of a mechanical manipulator with an end-effector, controller 

and computer and may include other sensors, such as infrared or vision sensors (Tsai 1999). 

Mechanical manipulators are constituted of a succession of rigid bodies/links connected by 

joints (more accurately referred to as motion generating kinematic pairs) and can be classified 

according to their architectures as serial, parallel or hybrid manipulators (Tsai 1999; Merlet 

2006), where the robot’s ‘architecture’ refers to the structural connectivity of the various 

motion generating kinematic pairs in the manipulator (Merlet 2006). If the kinematic structure 

of a manipulator is in the form of an open-loop chain, then it is classified as a ‘serial’ 

manipulator. If the kinematic structure of a manipulator is in the form of a closed-loop chain, 

it is classified as a ‘parallel’ manipulator, while a manipulator is classified as being a ‘hybrid’ 

manipulator if its kinematic structure is comprised of both open-loop chains and closed-loop 

chains (Tsai 1999). In recent years, serial and parallel manipulators have become ubiquitous in 

the automation and manufacturing industry. As robots become ever more specialised, 

sophisticated and pervasive in modern society, the design and synthesis of these robots have 

become a challenging and rich field of research. In recent years, there has been increasing 

interest in academia and industry in the design, synthesis and implementation of non-standard 

robots with changing architectures, such as foldable and origami mechanisms, metamorphic 

linkages, reconfigurable robots etc. Although an extensive amount of literature exists in this 

specific research area, I will primarily focus on works that share a conceptual similarity with 

or served to directly inspire the approach of this thesis. 

Efforts have been made to hybridise parallel manipulators by introducing hyper 

redundancy (Merlet 1996). For example, in Cheng et al. (2001), the authors demonstrated that 

3RR, 2-DOF parallel manipulators with redundant actuation have reduced actuator 

singularities and improved Cartesian stiffness. The author of Müller (2008) studied several 

parallel manipulators with redundant actuation (such as a 2-DOF, 2RPR/RP manipulator and a 

3-DOF, 4RRR manipulator) and showed that the accuracy, stiffness, dexterity and reliability 

of these manipulators are improved when compared to standard parallel manipulators. 

However, Müller (2008) also demonstrated that controlling redundant parallel manipulators is 

challenging due to model and geometric uncertainties that arise from the redundant actuators. 

In Hammond and Shimada (2009) the authors presented a weighted isotropy measure to 

optimise a 7R, 7-DOF serial redundant manipulator to improve kinematic dexterity while 
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performing pick-and-place tasks within a small enclosed workspace. In Campos et al. (2008), 

the authors presented a methodology to synthesize hybrid robots based on Assur groups that 

possess symmetrical architectures with low inertia (achieved by preferentially fixing actuators 

to the base, instead of the joints). The authors of Harada and Angeles (2014) developed a 

prototype of a parallel Schönflies motion generator that has a 4-DOF, 2-CRRH linkage for fast 

pick-and-place operations. Modular reconfigurable robots change their architecture by 

connecting and disconnecting their component modules. For example, Yim et al. (2000) 

extensively studied an implementation of reconfigurable robotics in the form of the “PolyBot” 

which incorporated two distinct locomotion modes. Castano et al. (2002) introduced “Conro 

modules”, which are modular robots that can reconfigure into different shapes such as snakes 

or hexapods. Additionally, Kamimura et al. (2002b) utilised environmental information as 

inputs to motivate changes in robotic configuration and the authors developed a robot which 

would be both functional and effective in harsh operating theatres. The authors of Kamimura 

et al. (2003) expanded upon the findings of this study by developing a modular robot with ten 

separate reconnectable modules that can reconfigure to produce four distinct locomotion modes 

(compared to two distinct locomotion modes from the work of Kamimura et al. (2002b)). This 

motivation was also reflected in Yim et al. (2003), which investigated the deployment of 

reconfigurable robotics in space applications, such as planetary exploration and servicing 

equipment in space.  In Salemi et al. (2006), the authors presented a novel self-reconfigurable 

robotic system called “SuperBot”, with six prototype modules, to address the challenges of 

building and controlling deployable self-reconfigurable robots, such as efficient locomotion, 

obstacle avoidance and efficient adaptation to the environment. In the highly cited work of Yim 

et al. (2007), the authors described the realisation of application-effective modular self-

configurable robots as one the great challenges that remain in the field of robotics and 

highlighted the complexities of design, manufacture, trajectory planning and control systems 

of such complex robotic systems. The authors of Murata and Kurokawa (2007) investigated 

the advantages of self-reconfigurable robots, such as their scalability, their ability for self-

repair and reproduction, however, the authors note that self-reconfigurable robots are 

expensive, difficult to control and the mechanical or magnetic connections of self-

reconfigurable robots rapidly degrade. The work of Tian et al. (2017) presented a systematic 

method for the structural synthesis of parallel manipulators with coupling sub-chains, while 

the authors of Parrott et al. (2018) developed “HyMod”, a hybrid self-reconfigurable modular 

robot, where each module has three rotational degrees of freedom (DOF) and four connectors. 
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This allows each HyMod module to move and group with other units to form arbitrary cubic 

lattice structures. The authors of Tosun et al. (2018) introduced a design framework for 

modular robots to facilitate the creation, programming and verification of designs. The authors 

of Jing et al. (2018) presented a framework for modular robots that includes a “high-level” 

mission planner, a large design library with various functionalities and a tool for populating 

the library with new configurations and behaviours.  

Prabakaran et al. (2018) developed a reconfigurable floor cleaning robot called “hTetro”, 

which is capable of transforming into any of the seven one-sided “tetrominoes” shapes to 

overcome area coverage issues associated with floor cleaning systems that possess a fixed 

architecture. In Sarabandi et al. (2018), the authors developed a reconfigurable asymmetric 3-

UPU robot, which is able to function as either a translational or a rotational robot. The authors 

of Zarrouk and Yehezkel (2018) developed “Rising STAR” (RSTAR), a novel highly 

reconfigurable robot, which is able to travel either upright or upside-down and change its 

locomotion from the lateral to the sagittal planes. Repeated connecting and disconnecting of 

reconfigurable mechanisms in modular robots, during self-reconfiguration, often introduces 

misalignment problems and to address this issue, Yao et al. (2019) introduced an approach that 

is inspired by origami folding, which circumvents the need for connectivity changes during 

transformation. The authors of Liu et al. (2019) introduced a reconfiguration planning 

algorithm for the “Self-assembly Modular Robot for Extreme Shape-shifting” (SMORES) form 

of modular robots. More recently, Lastinger et al. (2019) developed the “Tree Robot for 

Extended Environments” (TREE), a branching continuum robot, which has two pairs of fully 

retractable continuum branches, allowing it to change its form in order to penetrate narrow 

openings or to expand and adapt to its environment. In Tan et al. (2020), the authors present a 

computational methodology for modelling spatial flexible mechanical systems with stick-slip 

friction in a spherical clearance joint. The works mentioned above (Parrott et al. 2018; Liu et 

al. 2019; Tosun et al. 2018; Jing et al. 2018; Yao et al. 2019) focused extensively on the 

development of modular actuators, reconfigurable links/joints as well as associated control and 

hardware challenges. Academic interest in these types of non-standard, reconfigurable 

manipulators is, in some instances, driven by the interests in biomechanical motion simulation 

and planning, which require muscles and joints to be modelled as articulated linkages (López-

Martínez et al. 2014; Caruntu and Moreno 2019; Kalita and Dwivedy 2020).  

One of the consistent hurdles met by researchers in reconfigurable robotics is that its 

physical realisation necessarily requires new modes of type synthesis and structural design 
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because investigatory design exercises for new reconfiguration modalities in such manipulators 

are not rapidly scalable. In Li et al. (2011), the authors addressed the challenge of analysing 

and synthesising complex metamorphic mechanisms (where the effective number of links and 

joints of a manipulator could be varied while it is in motion) by developing a constraint graph 

representation of metamorphic mechanisms. However, all of the synthesis approaches 

presented in Li et al. (2011), Dai and Rees Jones (1999) and Zou et al. (2019), require pre-

computed and pre-figured design strategies which are not generalised and are limited in their 

scopes of application. Another significant hurdle of the current state of the art is that due to the 

absence of passive, light-weight structures and links in reconfigurable robots, they are, when 

assessed against their ‘standard’ robot manipulator counterparts engaged in single 

task/operational modalities, severely limited  in terms in terms of kinematic, dynamic or 

classical mechanical performance. Given the subject matter of this thesis, it would be 

conceptually useful and economical for me to now adapt and introduce the  term ‘morphology’ 

(borrowed from the biological sciences), as a broad umbrella term to refer to all aspects of the 

design parameters of a robot or mechanism: degrees of freedom, number of limbs, number, 

type and connectivity of kinematic pairs (the architecture), the screw parameters, mass and 

moment of inertia distribution, geometric and dimensional characteristics of the kinematic 

pairs. Much of the literature on reconfigurable robotics focuses on the design of modular 

actuators, control and hardware issues and a generalised theoretical or mathematical 

formulation that models all robots with changing morphologies in a unified manner is arguably 

desirable. A relevant area of research that would inform such a desired formulation can be 

found in methods of type and structural synthesis of robotic manipulators. 

Methods have been developed to solve type synthesis problems through the geometric 

optimisation of link lengths (Gosselin and Guillot 1991) and structural synthesis methods (Fang 

and Tsai 2002). In the work of Huang and Li (2002), the authors studied the type synthesis 

problem of lower mobility parallel manipulators by using reciprocal screws to define the 

mechanism and limb constraint systems. In Miyahara and Chirikjian (2006), the authors 

proposed a general kinematic synthesis method for a discretely actuated robotic manipulator, 

while the author of Gogu (2007) and (2012), presented a systematic methodology for the 

structural synthesis of parallel robots. In Gao et al. (2011), the authors investigated the type 

synthesis of parallel mechanisms, including 2-, 3-, and 4-DOF parallel mechanisms. In Kong 

(2013), the author presented the type synthesis of 3-DOF parallel manipulators which have 

planar or spatial translational operation modes. Besides the type synthesis problems of parallel 
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manipulators mentioned above, type synthesis problems of other types of manipulators were 

studied, such as for hybrid manipulators (Campos et al. 2008) and kinematically redundant 

manipulators (Hammond and Shimada 2009). Despite the effectiveness of these works in 

informing type and structural synthesis/design approaches, these methods do not provide 

significant quantitative and analytical insights into the robot morphology’s corresponding 

classical mechanical performance and motion capabilities. As we know, the motion capabilities 

and classical mechanical performance of a manipulator are based extensively on its 

architectural and morphological parameters and improving our understanding of the 

relationship between morphologies and a manipulator’s classical mechanical performance is 

necessary to advance the state of the art. To tackle this problem, it is necessary to develop a 

systematic framework that examines the variations between robot morphologies and its 

corresponding quantitative effects on the classical mechanical performance of said robot in a 

generalised manner.  

 In this vein, the pioneering works of Mruthyunjaya (1979) and Vucina and Freudenstein 

(1991) laid the foundations for a generalised architectural representation of any mechanical 

assemblage using graph theory to develop novel kinematic structures. In the highly cited work 

of Dai and Rees Jones (1999), metamorphic mechanisms, which change structure when folded 

or erect, such as a lantern or a card box, were analysed as a system of links and joints using 

graph theory. These methods were also echoed in Ding et al. (2010), where graph theory was 

used to develop a novel “bicolor topological graph” for type and structural synthesis problems. 

In Newman (2010), it was shown that complex networked systems with many-agent 

interactions can be effectively modelled using higher-dimensional approximations. The authors 

of Zhu et al. (2018) developed a Geometric Algebra-based hierarchical network representation 

model, where network nodes are divided into several independent components to construct a 

multi-level network which was used in route searching/navigation processes. The authors of 

Alvarado and Castañeda (2018) used graph theory for the structural synthesis of kinematically 

redundant parallel manipulators based on the HEXA parallel robot. In Arakelian et al. (2008), 

robots with variable limb structures were used to produce different types of parallel 

manipulators that produced differing pressure angles on the joints, which is an indication of 

dynamic performance. Arakelian et al. (2008) would probably be the closest piece of literature 

that resonates conceptually with this thesis. However, it still performs structural variations on 

manipulator limbs by employing a permutational technique and does not develop any tools to 

analyse the mathematical and theoretical nature of the reconfiguration transformations and its 
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connection with its morphology. It is necessary to produce a more generalised approach which 

incorporates a methodology that is applicable to the holistic performance augmentation of 

manipulators and also combines the practicality of standard mechanisms. Ruminating on the 

many challenges, deficiencies and triumphs of the aforementioned works and the current state 

of the art, we are now at a sensible juncture to formalise the motivation of this thesis. 

As reflected in the aforementioned works, a robotic manipulator can be more inclusively 

defined to be a networked assemblage of kinematic pairs, mobile platform(s) and/or tool(s) that 

generate motion, forces and torques at its end-effector. This is visualised in Figure [1.1].  

 
Figure 1.1. Left) A networked assemblage of kinematic pairs representing a parallel Delta Manipulator. 

Right) A serial PUMA manipulator, where the symbol ‘𝑀𝑖 ’ refers to morphological parameters 

associated with each node or kinematic pair, the ‘𝑛’ number of white nodes refer to the ‘𝑛’ number of 

kinematic pairs and the red coloured nodes refer to the end-effectors (denoted as 𝑛 + 1). Images adapted 

from Zsombor-Murray (2004) and Ghosal (2015). Throughout this work, composite kinematic pairs 

(universal, spherical, cam-followers etc) are decomposed into non-commutative combinations of single 

degree of freedom prismatic and revolute kinematic pair actions in accordance with Chasle’s theorem.  

A manipulator’s theoretical dynamic, kinematic and workspace capabilities are governed and 

influenced by the design parameters of its kinematic pairs and its architecture. As mentioned 

before, I will use the term ‘morphology’ in this work as a broad umbrella term to refer to all 

aspects of the design parameters of a robot or mechanism: degrees of freedom, number of 

limbs, number, type and connectivity of kinematic pairs (the architecture), the screw 

parameters, mass, moment of inertia distribution, geometric and dimensional characteristics of 

the kinematic pairs.  In other words, two robots that have identical morphologies are, for all 

theoretical modelling and analytical purposes, identical. In the interest of brevity, in this work, 

the phrase ‘classical mechanical space’ will be used as a general term to denote joint dynamic 

inputs and end-effector dynamic outputs (forces, torques and wrenches), kinematic inputs (joint 
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angles, joint velocities and joint accelerations) and end-effector kinematic characteristics 

(position, velocity and acceleration). 

By adjusting or changing the manipulator’s morphological parameters (both architectural and 

kinematic pair-related), either from a design standpoint or physically we may generate desired 

changes in the workspace, kinematic and dynamic capabilities or broadly, the classical 

mechanical space. I will call this a ‘reassembling transformation’:  

‘The physical and/or theoretical change of a kinematic pair’s screw parameter (such 

as link and plate dimensions, axes of rotation or translation, mass, mass distribution, 

degrees of freedom) or the structural connectivity of the kinematic pairs.’ 

In short, a reassembling transformation changes any parameter associated with a robot’s 

morphology and a robot capable of such transformations is a ‘reassembling robot’. This is 

reflected conceptually in Figure [1.2].  

 
Figure 1.2. The nodal weights or morphological parameters, represented by a generic conceptual 

symbol ‘𝑀𝑖’, becomes ‘𝑀𝑖
′’ (𝑀𝑖 → 𝑀𝑖

′) as a consequence of the reassembling transformation. Similarly, 

the structural connectivity matrix of the kinematic pairs denoted as ‘𝐴𝑖𝑗’ becomes ‘𝐴𝑖𝑗
′ ’ (𝐴𝑖𝑗 → 𝐴𝑖𝑗

′ ).  

It should be noted that the practical feasibility of physically realising the design reflected in the 

post-transformed robot representation, as shown in Figure [1.2], is not relevant at this juncture. 

This concept visualisation informs the scope of the abstraction and therefore, no hypothetical 

variation of morphology, including the addition or removal of kinematic pairs or changes to 

the assemblage connectivity that might seem poorly motivated from a physical design 

standpoint, is outside the theoretical bounds of the reassembling robotics framework. In the 

interest of an inclusive and generalised framework, the formulation should not prefigure (or 

pre-empt) design limitations to hypothetical reassembling transformations except when defined 

by specialist on a case-by-case basis.  
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So, the problem statement of a reassembling transformation is defined as follows:  

Given that a robot is required to perform a specific task (by virtue of deficits in its 

classical mechanical performance) that it is not achievable in its present 

morphological state, what reassembling transformations (changes to the original 

morphological state) should it undergo to be able to achieve such a task manoeuvre? 

And 

Can a methodology be developed to explicitly solve for the reassembling 

transformation variables given the classical mechanical space variation desired 

exclusively through a series of deterministic mathematical processes?  

To visualise this, a conceptualisation of a manipulator undergoing a reassembling 

transformation to achieve a desired outcome and its hypothetical associated changes in the 

classical mechanical space is presented Figure [1.3]. 

 

Figure 1.3. A hypothetical concept diagram of a pre-transformed manipulator undergoing a 

reassembling transformation by increasing the lengths of kinematic pairs 1, 4 and 7 (as denoted with 

the symbols ∆𝐻1, ∆𝐻4 and ∆𝐻7), to achieve a desired arbitrary classical mechanical outcome.  



20 

CHAPTER 1 

In this figure, ‘𝑀𝑖’ broadly denotes some morphological parameter of the 𝑖-th kinematic pair, 

‘𝐻𝑖 ’ is the 𝑖-th link vector, ‘∆𝐻𝑖 ’ is the reassembling transformation parameter applied to 

extend the link length of the 𝑖-th kinematic pair and ‘𝑈𝑖’ is the 4-tuple quaternion rotor, which 

incorporates the screw parameters of the 𝑖-th kinematic pair. ‘𝑀𝑖 ’, ‘𝐻𝑖 ’ and ‘𝑈𝑖 ’ are the 

kinematic pair parameters of the pre-transformed manipulator while ‘𝑀𝑖
′’, ‘𝐻𝑖

′’ and ‘𝑈𝑖
′’ are the 

kinematic pair parameters of the post-transformed manipulator that have changed. The symbols 

presented here are elaborated on in Chapters 2, 3 and 5. The reassembling transformations 

taking place in this particular concept example involves the change in link lengths (𝐻𝑖 → 𝐻′𝑖 =

𝐻𝑖 + ∆𝐻𝑖)  and the screw parameters of the base kinematic pairs (𝑈𝑖 → 𝑈′𝑖 = 𝑈𝑖 + ∆𝑈𝑖) where 

𝑖 = 1,4,7 for a 3-RRR planar manipulator. Broadly, this can be written as simply 𝑀𝑖 → 𝑀𝑖
′ =

𝑀𝑖 + ∆𝑀𝑖 for 𝑖 = 1,4,7 as shown in Figure [1.3]. Note that in this illustrative exercise,  𝑀𝑗 →

𝑀𝑗
′ = 𝑀𝑗  for 𝑗 ≠ 1,4,7 which reflects that the morphological parameters of other kinematic 

pairs remain invariant in this hypothetical transformation.  

In this example, we require the proposed reassembling robotics formulation to afford us 

the specialists, systematically solved numerical values for ∆𝑈𝑖 ,  ∆𝐻𝑖  where 𝑖 = 1,4,7  that 

achieves the desired classical mechanical space. More generally, the optimal ∆𝑀𝑖  and 

associated required connectivities (𝐴𝑖𝑗
′ ) post-transformation should be solvable output results 

of the formulation. A methodology that endeavours towards these outcomes is the focus of this 

work.  

The motivation of reassembling robotics can thus be formalised as:  

To develop a theoretical and applied mathematical framework that allows a specialist 

to analyse model and effect in a systematic and deterministic manner, reassembling 

transformations to augment the motion and classical mechanical capabilities and 

performances of robots, mechanisms and machines.  

There are two broad aspects to such a framework:  

1) The aspect of the framework that deals with a robust and generalised, characterisation 

of robot morphologies and relating morphologies, using a system of operators, which 

reflect reassembling transformations. 

2) The aspect of the framework that addresses the dynamics, kinematics, statics, 

workspace and other classical mechanical related effects, that such reassembling 

transformations would have on a robot.  

In Chapter 3 of this thesis, inspired by the methods as presented in the aforementioned works, 

the first aspect of the framework is addressed. I present a novel theoretical framework which 
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uses Geometric Algebraic and network theoretic methods to allow any two robot architectures 

and morphological parameters to be mathematically related to one another through 

combinations of discrete operators or ‘reassembling transformations’. With regards to the 

second aspect of the framework, the state of the art of existing classical mechanical approaches 

to robotics and many-body systems requires significant adaptation and revision to 

accommodate the goals of reassembling robotics. Due to the non-linear systems of equations 

with transcendental functions and multiplicity in solutions that traditionally arise in standard 

many-body dynamics, kinematics and geometry, producing a formulation that allows 𝑀𝑖
′ or 

rather ∆𝑀𝑖 (as shown in Figure [1.3]) to be explicitly solved for, is highly challenging.  

The position and kinematics analysis of standard manipulators has been investigated by 

multiple authors in recent years. For example, the authoritative texts of Tsai (1999) and Merlet 

(2006) present a comprehensive overview of the state of the art for position and kinematics 

analysis using Denavit-Hartenberg parameters, screws and Jacobian matrices for serial and 

parallel manipulators. In Alizade and Tagiyev (1994), the authors analysed the kinematics of a 

6-DOF parallel manipulator with three legs mounted on moving sliders. In the work of Chablat 

et al. (2004), the authors performed an interval analysis based study of the kinematic and statics 

performance for the design and the comparison of three degrees of freedom parallel kinematic 

machines. As previously stated and highlighted in Yim (2007), there remain several challenges 

in the field regarding the design, manufacture, trajectory planning and control systems of 

complex reconfigurable robots due to several fundamental limiting factors of modular robots, 

such as; motor power, motion precision, energetic efficiency of modules and the dexterity of 

individual modules. 

The author of Duffy (1996) detailed the underlying foundations of screws, wrenches and 

twists for kinematics analysis such that screws are naturally incorporated in conventional 

Jacobian matrices as columns and rows. As previously detailed in the work of Dai and Rees 

Jones (1999), the authors used screw system theory, particularly for problems containing 

multiple kinematic loops. Zou et al. (2019) designed single DOF parallel mechanisms with one 

constraint couple by analysing the kinematics of the systems using screws and the results from 

the equivalent screw systems were utilised to study the mobility and kinematics of different 

types of manipulators.  

Screws, being 6-dimensional mathematical elements, naturally pave the way for the use 

of Geometric Algebra, a universal and associative algebra that is well suited for modelling 

systems with many dimensions. In this thesis, I will use the terms ‘Geometric Algebra’ and 
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‘Clifford Algebra’ interchangeably. The authors of Doran and Lasenby (2003), Hestenes and 

Sobczyk (2013), and Bayro-Corrochano (2018) have written authoritative texts on Geometric 

Algebra covering the fields of mathematics, physics and robotics. The intrinsic property of 

Geometric Algebra in representing subspaces as multivectors, which allows for the definition 

of robust and elegant rotation, reflection, projection and translation operators, is found to be 

particularly useful in the context of classical mechanics and robotics (Siciliano and Khatib 

2008; Doran  and Lasenby 2003). Vucina and Freudenstein (1991) and Zhao et al. (2009) 

utilised Geometric Algebraic methods to model complex networked systems with multi-agent 

interactions. 

A solution for inverse kinematics and differential kinematics employing screw theory 

using points, lines, planes and spheres in Conformal Geometric Algebra was presented in 

Bayro-Corrochano and Zamora-Esquivel (2007) and Zamora-Esquivel and Bayro-Corrochano 

(2010). Motor algebra (𝑮𝟑,𝟎,𝟏
+ ) was employed in the works of Bayro-Corrochano and Kähler 

(2000) and Bayro-Corrochano et al. (2000) to solve the kinematics of standard robot 

manipulators. In Bayro-Corrochano et al. (2006) the motor sub-algebra of the conformal model 

was employed to reduce the computational burden associated with visually guided robotics. 

The authors of Schott and Staples (2017) presented a method that uses generalised zeon 

algebras (which are subalgebras of Geometric Algebra) and their associated operator calculus 

approach, to handle routing problems by implicitly pruning the underlying tree structures, 

without requiring explicit tree constructions. The authors of Yu et al. (2018) used Geometric 

Algebra to develop a “multisource multisink optimal evacuation route planning method”, 

which is able to search all possible evacuation routes synchronously, instead of performing the 

search iteratively. By employing Geometric Algebra, Li et al. (2018) presented an algorithm 

which sped up route filtering and solved the “dynamic constrained optimal path” (DMCOP) 

problem. In Gunn (2019), the author presented Projective Geometric Algebra (PGA), which 

includes vectors, quaternions and dual quaternions as sub-algebras, as a modern coordinate-

free framework to represent Euclidean geometry.  

Quaternions are a class of elements of a specific type of Geometric Algebra, which can 

be used to describe rotation, translation and scaling of mathematical vector objects. 

Quaternions are easily manipulable, generalisable and produce expressions that are compact, 

making them a powerful tool in the context of robotics (Pervin and Webb 1982). Additionally, 

quaternion rotor operations do not suffer from gimbal locks or discontinuities at ±π radians 

unlike Euler angle based methods (Parwana and Kothari 2017) and are able to represent any 



23 

CHAPTER 1 

rotation sequence with a continuous quaternion trajectory (Parwana and Kothari 2017). In the 

work of Perez and McCarthy (2004), the authors employed dual quaternions for the kinematic 

synthesis of constrained robotic systems. The authors of Qiao et al. (2010) presented a method 

to form standard kinematics equations for a 6R serial manipulator using Denavit-Hartenberg 

parameters and solved the corresponding inverse kinematics problem using dual quaternions. 

In Gouasmi et al. (2018), the authors employed dual quaternions for the kinematics equations 

of a 3RRR planar manipulator and compared their results found using Denavit-Hartenberg 

parameters, to show that both methods were comparably accurate. Dual quaternions, which 

were derived from the work presented in Clifford (1873), have been employed on numerous 

instances for robotic synthesis and trajectory planning, as shown in McCarthy and Ahlers 

(2000) and Kenwright (2012b). Additionally, the author of Thomas (2014) employed dual 

quaternions to approximate 3D homogeneous transformations with 4D rotation matrices, when 

modelling rigid-body transformations of robotic manipulators.  

As evident in the aforementioned works, one clearly notes the merits of Geometric 

Algebra and quaternions in representing rotations and translation operations and geometry in a 

powerful, general and economical manner. In the context of classical mechanics and robotics, 

these generalising features largely motivate the decision to base the framework of reassembling 

robotics in the language of Geometric Algebra and quaternions. To this end, Geometric Algebra 

is used in every chapter of this work and quaternions are used in Chapters 2, 4, 5, 6. The statics 

and dynamics analysis of standard manipulators are detailed extensively using conventional 

Jacobian matrices (Tsai 1999), the Newton-Euler formulation and Lagrangian formulation 

(Tsai 1999; Merlet 2006). The works of Tsai (1999) and Merlet (2006) are authoritative texts 

that comprehensively detail statics and dynamics modelling of serial and parallel manipulators. 

Additionally, the highly cited work of Spong and Vidyasagar (1989) is a general reference text 

that was used for verification of the results of some aspects of the formulations in statics and 

dynamics. In Asada and Granito (1985), the authors analysed the instantaneous kinematic and 

static characteristics of the RRR wrist joint of a PUMA 600 manipulator and presented methods 

for improving its kinematic and static performances. The authors of Do and Yang (1988) 

presented an algorithm to solve the inverse dynamics of a parallel Gough-Stewart platform-

type manipulator, using Newton-Euler equations of motion, while in Codourey and Burdet 

(1997), the authors employed the virtual work principle to develop a new method to find a 

linear form of the dynamics equation of parallel robots. Later, the authors of Bruyninckx and 

De Schutter (1998) presented a simplified description of the statics and velocity kinematics of 
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serial, parallel and mobile robots, based on the fundamental concepts of twists, wrenches, 

reciprocity and kinematic dualities. The authors of Ben-Horin et al. (1998) analysed the 

kinematics and dynamics performance of a 6-DOF, 3RS parallel robot, which consists of three 

planar actuated links. In 1999, Dasgupta and Choudhury (1999) employed a Newton–Euler 

approach to develop a general strategy for the dynamic formulation of parallel manipulators. 

The authors of Ebert-Uphoff et al. (2000) presented the development of statically balanced 

spatial parallel platform mechanisms, while the authors of Di Gregorio and Parenti-Castelli 

(2002) proposed a method to characterise the dynamic behaviour of 3-DOF parallel 

manipulators using three new dynamics performance indices that measure the dynamic isotropy 

of the manipulator and the manipulator swiftness. In Berger et al. (2004), the authors presented 

static tests conducted on ultra-lightweight and inflatable hexapod structures. The development 

of design optimisation methods for reconfigurable and non-standard robots (Li et al. 2017) and 

associated non-linear dynamics models for unique application theatres, such as for legged 

locomotion robots with multiple frequency modes (Da et al. 2014), planar multi-branch open-

loop robotic manipulators (Shafei and Shafei 2017) and tree-structured, rigid multibody 

systems (Björkenstam et al. 2018), have gained increased attention from academia in recent 

years. The methods presented above for the dynamics analysis of non-standard robots have 

proven to be useful in characterising reconfigurable robots.   

Under-actuated, under-constrained, non-standard manipulators present unique 

computational challenges in motion planning and in the derivation of systems of non-linear 

expressions that model its dynamics (Shammas and Asmar 2015; Zelei et al. 2017). Similarly, 

many challenges are associated with error correction, planning and control of non-standard and 

hyper-constrained robots, as reflected in the methods shown in Douadi et al. (2015), Dalla and 

Pathak (2017) and Lyu and Liu (2019). More sophisticated methods that employ polynomial 

chaos models have been incorporated in the analysis of multi-body dynamics to anticipate 

uncertainty in robotic systems (Ryan et al. 2020).  

As mentioned earlier, screws have also found applications in statics and dynamics 

analysis as they can be used to form conventional Jacobian matrices (Tsai 1999). The 

application of screws, wrenches and twists for statics analysis of manipulators is presented in 

Duffy (1996). Additionally, screw theoretic formulations were also explored in Gallardo et al. 

(2003), Gallardo-Alvarado et al. (2008) and Gallardo-Alvarado and Rico-Martinez (2001), for 

statics and dynamics analysis of serial and parallel manipulators. In a recent book, Bayro-

Corrochano (2019), the author used Lie groups, screw theory, wrenches and twists to 
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reformulate the Euler-Lagrange and the recursive Newton-Euler computations of the local 

dynamics and the Hamiltonians at the robot joints. In the work of Selig and Bayro-Corrochano 

(2010), the authors used Geometric Algebra for the formulation of robot dynamics. 

Additionally, the control of a robot using Conformal Geometric Algebra was presented in 

González-Jiménez et al. (2014) and this further introduced the development of 

localized nonlinear controllers. 

Along similar broad methodological veins as reflected in these aforementioned works, in 

Chapters 2, 3, 4, 5 and 6, the novel formulations of robot geometry and morphology, workspace 

and position, statics, kinematics, dynamics and singularities are defined and treated using 

quaternions and geometric algebraic elements. 

The manipulability of robotic manipulators for the position and orientation of end-

effectors are discussed in the highly cited work of Yoshikawa (1985) where the author 

proposed a manipulability index, which can be used to determine the optimal postures for 

various types of manipulators, such as 2R, 2-DOF serial manipulators, SCARA-type serial 

manipulators with four degrees of freedom and PUMA-type serial manipulators with five or 

six degrees of freedom. The authors of Gosselin and Angeles (1991) presented the ‘Global 

Conditioning Index’ as a measure of the amplification of errors caused by kinematics and 

statics mappings between the joint and Cartesian space. Manipulability ellipsoids (developed 

by Yoshikawa (1985)) have been used to perform task space analysis of the velocities, 

accelerations and forces at the end effector. For example, in Doty et al. (1995), the authors 

demonstrate some of the fundamental issues associated with dexterity measures found 

throughout the robotics literature and they proposed manipulability ellipsoids for correcting 

these problems present in both redundant and non-redundant manipulators. Additionally, the 

author of Chiacchio (2000) employed manipulability ellipsoids to perform task space analysis 

of robotic manipulators for redundant manipulators. In the work of Li and Xu (2007), the 

authors derived kinematic manipulability and global dexterity indices for a 3-PRS manipulator. 

Incidentally, besides traditional classical mechanical approaches, Geometric Algebra has also 

found utility in the study of the manipulability of manipulators. For example, the authors of 

Huo et al. (2017) employed a Geometric Algebra based approach to determine the constraints, 

mobility and manipulability of parallel mechanisms. Along with manipulability and dexterity, 

a truly general and comprehensive new framework of reassembling robotics would be 

incomplete without addressing the problem of singularities.  
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Kinematic singularities are physical configurations of a robot within or on the boundary 

of its theoretical workspace that cause the end-effector to gain or lose a degree of freedom 

(Merlet 2006). The workspace regions of manipulators are sometimes disconnected due to the 

presence of singularities and to circumvent these singularities, some robots move from one 

region to another or are designed to have redundant actuation to reduce the singular regions in 

the workspace, as previously stated in the works of Cheng et al. (2001) and Müller (2008). As 

such, the academic treatment of intelligent reassembling robotics would be incomplete without 

comprehensively addressing singularities. Parallel manipulators, which afford high precision 

and high-speed positioning of heavier payloads, are limited by the volumes of their operational 

workspaces in comparison to serial manipulators (Merlet 2006; Tsai 1999). The workspaces of 

parallel manipulators are heavily limited by the existence of kinematic singularities, whose 

complete characterisation is still an open problem in academia and industry. Singularities of 

serial and parallel manipulators have been identified and studied extensively in the literature. 

For example, the singularities of a 6-DOF, 6R serial manipulator (Hunt 1986; Tourassis and 

Ang 1992), a 6-DOF, 6-3 fully parallel manipulator (Di Gregorio 2001), a 6-DOF, Gough-

Stewart platform-type, 6-UPU parallel manipulator (Di Gregorio 2002; Pendar et al. 2011) and 

a 3-DOF, 3-UPU parallel manipulator (Di Gregorio 2004; Gogu 2008; Binbin et al. 2011) were 

analysed. The authors of Zlatanov et al. (1994) present a method for finding and classifying all 

the singularities of a 3-DOF, 3-UPU manipulator, a 3-DOF, 3RPS manipulator and a 1-DOF, 

4-bar manipulator, while in Zlatanov et al. (2002), the authors studied constraint singularities 

in a parallel mechanism as singular points of the configuration space of a kinematic chain. In 

Simaan and Shoham (2001) the authors analysed the singularities of a family of 14 composite 

hybrid 6-DOF robots and developed prototypes for use in medical applications, such as for 

laparoscopic and knee surgeries. The authors of Kong and Gosselin (2002) presented the 

kinematics and singularity analysis of a novel type of 3-CRR, 3-DOF translational parallel 

manipulator. The authors of Zoppi et al. (2003) studied the singularities relating to the 

constraint force transmission for limited-DOF parallel robots which are not described by 

standard Jacobian matrices, while Liao et al. (2004) studied the singularities of redundant 

parallel manipulators. The authors of Ebrahimi et al. (2007) analysed the singularities of a 6-

DOF, 3-PRRR redundant planar parallel manipulator. The singularities of other parallel robots 

were analysed, such as a 5-DOF, 5-RRR(RR) parallel manipulator (Zhu et al. 2009), 3-DOF, 

3RRR and 3RPR, planar parallel manipulators (Huang and Thebert 2010), a 6-DOF, 3PPPS 

parallel manipulator (Caro et al. 2010) and a 4-DOF, H4 parallel manipulator (Amine et al. 
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2012). The authors of Choi and Ryu (2012) developed new constraint singularities of a 4-DOF 

parallel manipulator and demonstrated that an expanded 6 × 6 Jacobian matrix may be used for 

the singularity analysis of limited-DOF parallel manipulators. In Liu et al. (2012), the authors 

presented a new approach to analyse the singularities of parallel manipulators by taking into 

account motion and force transmissibility. A general approach for the computation of a 

singularity set (for each singularity type), using a numerical technique based on linear 

relaxations, was developed in Bohigas et al. (2013). Additionally, the authors of Drexler and 

Harmati (2013) developed a method that regularises Jacobian matrices by transforming the 

acting points of a serial revolute joint manipulator for the inverse position problem, near the 

regions of singularities. A kinematic constraint map (KCM) was developed by Amirinezhad 

and Donelan (2017) to capture the constraints imposed by parallel mechanisms on its links by 

the joints. The authors employed this method to determine the C-space singularities and 

generalised Grashof conditions on the design parameters under which the singularities occur. 

As discussed earlier, Geometric Algebra is useful in performing kinematics, statics and 

dynamics analysis of manipulators. In the context of singularities, the works of Tanev (2006) 

and (2008), have shown to be useful in rapidly and effectively classifying the singularities of 

parallel manipulators through the employ of Geometric Algebra. 

Expanding upon the quaternion and Geometric Algebra based formulations for position, 

geometry, kinematics and dynamics, as presented in Chapters 2, 4 and 5 and the formal 

characterisation of reassembling transformations as presented in Chapter 3, the relocation or 

reduction of theoretical singularities and improvements to manipulability in the workspaces of 

reassembling robots is explored in this Chapter 6. In this chapter, I explore the effects of 

reassembling transformations in reducing or relocating singularities.  

The intelligent reassembling robotics framework treats all robots as part of a continuum 

and analyses the morphological variations between different robots ‘continuously’ rather than 

as discrete independent objects. In concert with the notion of reassembling robots is the 

requirement of the robot to be intelligent, adaptable and be capable of autonomous 

reassembling transformational behaviours in application theatres and environments. The 

intelligence aspect of reassembling robotics forms the last third of this thesis. The mechanical 

transformation capabilities of a robot by and of itself is noteworthy but needs to be 

substantiated with the robot’s ability to firstly analyse and interpret data from its environment 

and external systems and secondly to predict future evolution of these data streams by learning 

and modelling it using artificial intelligence methods and mathematical forecasting techniques.  
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The physical adaptability of robotic systems for complex and dynamic environmental 

conditions is essential in producing robots that are more applicable for real life use cases 

(Polydoros and Nalpantidis 2017). Artificial intelligence (AI) approaches, such as model based 

reinforcement learning, have been gaining in popularity due to their superior performance in 

producing adaptable robotics systems, when compared to model-free approaches (Polydoros 

and Nalpantidis 2017). Artificial intelligence methods were shown to be effective in the field 

of Human-Robot Interactions. For example, the authors of Qureshi et al. (2016) proposed a 

“Multimodal Deep Q-Network” (MDQN) to enable robots to continuously gather high 

dimensional sensory data and learn human social norms while interacting with humans, without 

relying on pre-programmed behaviours. A multi-robot platform for research on AI, robotics, 

and human–robot interaction for service robots called “BWIBots”, was developed by 

Khandelwal et al. (2017). The BWIBot framework is able to execute action sequences to 

complete user requests, efficiently ask questions to resolve user requests and understand human 

commands given in natural language. In a similar vein, the authors of Umbrico et al. (2018) 

elaborate on the need for integrating various AI techniques to develop personal robotic 

assistants which support older adults. They proposed an AI based cognitive architecture that 

incorporates knowledge representation and automated planning techniques to allow robot 

assistants to have proactive and context-specific abilities.  

In recent years, reinforcement learning has been shown in the literature to be a useful 

artificial intelligence approach to improve the performance of robotic systems. The “Collective 

Robot Reinforcement Learning with Distributed Asynchronous Guided Policy Search” was 

developed by the authors of Yahya et al. (2017) as a means to achieve generalization and 

improved training times on challenging, real-world manipulation tasks. To improve the 

learning of locomotion gaits for tensegrity robots, the authors of Zhang et al. (2017) show how 

AI can be applied for automatic learning of locomotion gaits for Tensegrity robots, using a new 

extension of “Mirror Descent Guided Policy Search” (MDGPS) applied to periodic locomotion 

movements. The authors of Nachum et al. (2018) developed “Hierarchical Reinforcement 

Learning” (HRL) algorithms that are general and efficient for robotics, so that they can be used 

with a small number of interaction samples, making them suitable for real-world problems. The 

authors of Fan et al. (2018) developed an open-source reinforcement learning framework and 

robot manipulation benchmark that supports state-of-the-art distributed reinforcement learning 

algorithms. Additionally, they designed a principle distributed learning formulation that 

accommodates both on-policy and off-policy learning. For a more general application of AI in 
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robotic systems, the authors of Smyth et al. (2018) presented a software system that combines 

a range of artificial intelligence techniques for planning, analysis and decision support for 

investigation of hazardous crime scene. The capabilities of this software system include: 

planning the assessment of the scene, ongoing evaluation and updating of risks, control of 

autonomous vehicles for collecting images and sensor data, reviewing images/videos for items 

of interest, identification of anomalies and retrieval of relevant documentation. 

Adaptive deep learning engines and systems, both supervised and unsupervised, are 

primarily driven by artificial neural networks, which have traditionally relied on real-valued 

weights (Michel et al. 2006). Applications of Geometric Algebra to neural networks was 

initially discussed in the literature in Pearson and Bisset (1994), where the authors explored 

the use of Geometric Algebra as a tool to derive a backpropagation algorithm for networks by 

using Geometric Algebra based complex valued weights and activation values. Later in 1997, 

the authors of Bayro-Corrochano and Buchholz (1997) developed generalised feed-forward 

neural networks within a Geometric Algebraic framework. Additionally, Geometric Algebra 

was used to compute the weight values of a neural structure in order to capture the inter-

dimensional dependencies of multidimensional data (Rahman et al. 2001). In that same year, 

the author of Bayro-Corrochano (2001) designed feed-forward neural networks, using 

Geometric Algebra in a manner that incorporates real numbers, complex numbers and 

quaternions. Geometric Algebra has also been used as the underlying framework for neural 

computation and the coordinate-free mathematical architecture inherent in Geometric Algebra 

was found to be useful in generalising multilayer perceptions (MLP) (Buchholz 2005). Also in 

the same year, Geometric Algebra based support vector machines for processing multivectors 

were studied, where the authors designed kernels involving Geometric products (Bayro-

Corrochano and Arana-Daniel 2010; Bayro-Corrochano et al. 2005). In the following year, the 

authors of Rivera-Rovelo and Bayro-Corrochano (2006) used a set of transformations, 

expressed as versors, in a Conformal Geometric Algebra framework for the purpose of 

extracting features to be applied in medical image segmentation. The authors of Vallejo and 

Bayro-Corrochano (2008) used the properties of Clifford Algebra to generalise complex and 

quaternionic Hopfield neural networks as regular Hopfield neural networks. Additionally, the 

author of Bayro-Corrochano (2010) employed Clifford Algebra to design “Clifford Support 

Vector Machines” (CSVM) for classification and regression problems, where the author 

designed kernels involving Clifford products. Subsequently, the author of Kuroe (2011) 

proposed and analysed three models of fully connected recurrent neural networks based on the 
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Clifford Hopfield neural networks. Additionally, “Hyperbolic Hopfield Neural Networks” 

(HHNNs) were constructed as an analogue to the traditional form of neural networks using 

Clifford Algebra (Kobayashi 2013). Quaternions, were used by Took and Mandic (2010) and 

Vía et al. (2010) to develop a “Quaternion Widely Linear” (QWL) model for nonlinear 

minimum mean-squared error estimation problems. In recent years, highly performing AI 

models have been developed by “DeepMind” and “OpenAI” to achieve superhuman 

performance at the board game “Go” (Silver et al. 2017), defeat top-tier players at the 

videogame “Starcraft II” (Vinyals et al. 2019) and reach unprecedented breakthroughs at 

natural language processing (Radford et al. 2019). In the context of intelligent reassembling 

robotics, it is necessary that AI systems mounted on a robot need to be computationally 

efficient, interpretable, robust and less sensitive to noise, while not requiring a large amount of 

training data to function. To this end, inspired by the generalising power of Geometric Algebra, 

a novel paradigmatic revision of neural networks, which I refer to as ‘Hyperfield Cognition 

Networks’, is presented in Chapter 7 for applications in intelligent reassembling robotics. Many 

of the methodological features and concepts of preceding chapters form the bedrock of and 

resonate with the novel artificial intelligence approach devised in this chapter.  

Knowledge of, followed by analysis and predictive modelling of, the environmental 

stimuli (often manifesting as time series data collected by sensing instrumentation) and 

circumstances a robot finds itself in, forms the impetus for reassembling transformations. The 

literature has shown that by improving on the approaches to interpret and model sensory data 

collected by robots, the efficiency of robots can be maximised. The authors of Hamza and 

Ayanian (2017) presented a framework for forecasting state of charge (SOC) of a robot’s 

battery for a given mission, so that the robot has the ability to predict when power will be 

depleted beyond a certain point and it is necessary for the robot to recharge or return to a base 

station. To improve the reliability of robots, which depends on the minimization of component 

failures and downtime, the authors of Soni et al. (2017) proposed an efficient data driven model 

with a collection of frequent time-stamped data from various components of a telepresence 

robot to predict potential failure warnings. 

Accurate environmental navigation and collision avoidance methods are essential in 

ensuring that robots avoid damaging themselves and other objects in its environment, while 

minimising time required to travel to its destination. To address this issue, the authors of Kamil 

et al. (2017) developed a new predictive method to avoid static and dynamic obstacles in 

planning the path of a mobile robot in unknown dynamic environments (where the obstacles 
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are moving and their speed profiles are not pre-identified) using data from the sensor system 

installed on the robot. A robust human following system, which is applicable for commercial 

service robot platforms, was presented by the authors of Lee et al. (2018). This system is 

equipped with a “Red Green Blue-Depth” (RGB-D) camera and integrates deep learning 

methods for perception and variational Bayesian techniques for trajectory prediction. The 

authors of Long et al. (2018) presented a decentralized sensor-level collision avoidance policy 

for multi-robot systems, which directly maps raw sensor measurements to an agent’s steering 

commands in terms of movement velocity. By employing a sensor–algorithm combination that 

employs state-of-the-art convolutional architectures and event sensors, the authors of Maqueda 

et al. (2018) presented a method to enable event cameras to perform the challenging motion-

estimation task of predicting an autonomous vehicle’s steering angle. To address the need to 

learn complex policies with few samples, the authors of Kahn et al. (2018) proposed a 

generalized computation graph that subsumes value based model-free methods and model 

based methods, with specific instantiation based interpolating between model-free and model 

based, enabling robots to autonomously navigate complex environments. The authors of 

Kaufman et al. (2018) developed techniques for mapping and autonomous exploration, based 

on the probabilistic properties and limitations of robot sensors for occupancy grid mapping and 

motion planning, so that a robot may build a map and explore a target area autonomously in 

real time. The ability to map and predict sensory data from the environment is useful for 

intelligent reassembling robots to maximise efficiency by adapting to future events optimally. 

To discover and track spots or areas where given monitored environmental parameters violate 

defined thresholds, the authors of Ahmed et al. (2018) presented a method of building robotized 

wireless sensor networks (WSNs) as adaptive sensor systems which are able to produce an 

interpretable map of the monitored parameters in its environment. The authors of Kooij et al. 

(2019) developed an autonomous ground robot capable of exploring unknown indoor 

environments by constructing 2D maps by employing a state-of-the-art generative neural 

network to predict unknown regions of a partially explored map and to use these predictions to 

enhance the exploration in an information-theoretic manner. In the literature, several authors 

have chosen to address the challenge of time series forecasting by applying machine learning 

methods, such as multilayer perceptrons (MLP) and long short-term memory (LSTM) 

networks. For example, the authors of Lima et al. (2018) employed MLPs to model and forecast 

hourly solar irradiation data to predict intermittent solar irradiation characteristics, in the 

context of energy production, while the authors of Qing and Niu (2018) used LSTM based 
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networks to predict solar irradiance, instead using weather forecasting data as inputs. In Guo 

et al. (2018), the authors used deep MLP networks to forecast short-term electrical load data, 

to address power system planning problems, while Abdel-Nasser et al. (2019) employed deep 

LSTM based networks to accurately forecast the output power of photovoltaic cells. Recently, 

Khashei and Hajirahimi (2019) developed an ARIMA-MLP series hybrid model to capture the 

linear and nonlinear components of time series data for stock price forecasting. The authors of 

Du et al. (2019) used LSTM networks to predict the price of Apple stocks using single feature 

input variables and multi-feature input variables. The machine learning methods explored by 

these authors are effective as these methods are able to extract complex inter-relations present 

in the data without the need to develop explicit mathematical expressions, such as those 

employed in standard methods (e.g. ARIMA and Holt-Winter methods). 

Despite the recent advancements mentioned above, there are still several additional issues 

inherently associated with time series forecasting. Such issues may include: the weightage of 

the linear class of inputs, which maps the time series inputs to the future output value, may 

evolve nonlinearly and may contain “white noise” (which are caused by uncorrelated error 

processes (Christensen 1991)). Additionally, neural network based methods (e.g. MLP and 

LSTM) are vulnerable to adversarial perturbations due to noisy data (Fawzi et al. 2016). Lastly, 

the ARIMA and Holt-Winter methods are designed for univariate input data, where the time 

series data can only contain one value per time-step and, as a result, these methods are not well 

suited for systems with a large number of variables that are hidden or unknown (Brockwell et 

al. 1991; Chatfield 1978). 

In recent years, numerous advances towards the modelling of time series data have also 

been developed using Geometric Algebra. For example, in Lasenby and Lasenby (1998), a 

Geometric Algebraic framework was used to simplify complex manipulations, in place of 

matrix based methods, in signal processing problems. In Arzi (2005), Geometric Algebra 

constructions were used to quantify the multidimensional geometric characteristics of 

electrocardiogram (ECG) signals to capture and identify ‘P’, ‘QRS’ and ‘T’ ECG wave types. 

Through the use of Clifford Algebra, “Recurrent Clifford Support Vector Machines” (RCSVM) 

were developed as a generalisation of real and complex valued support vector machines 

(Bayro-Corrochano and Arana-Daniel 2007). The authors of Bayro-Corrochano and Rivera-

Rovelo (2009) presented an object segmentation method using growing neural gas and 

generalized gradient vector flow, using a set of transformations expressed as versors in 

Conformal Geometric Algebra. In Yuan et al. (2010), the authors utilised the tools of Clifford 



33 

CHAPTER 1 

Algebra to construct ‘CAUSTA’ (Clifford Algebra based Unified Spatial‐ Temporal 

Analysis), a unified spatio-temporal data model and hierarchical index, through the linking of 

basic data objects within the multivector structure of Clifford Algebra. By utilising Conformal 

Geometric Algebra, the authors of Yuan et al. (2010) developed a unified expressing model for 

spatio-temporal objects, in an effort to overcome some limitations present in spatio-temporal 

topology analysis. The author of Guillemard (2012) proposed a strategy for signal analysis 

(classification, detection and filtering) by combining standard signal processing tools, 

dimensionality reduction and geometric algebra methods. The authors of Hu et al. (2016) 

performed spatio-temporal analysis of multi-layer and multi-temporal geographical simulation 

data using several algorithms, which were constructed using Geometric Algebra operators. The 

authors of Yu et al. (2016) developed a method rooted in Geometric Algebra to analyse passive 

infrared (PIR) based motion detector sensor network data to generate an exhaustive set of 

trajectories from the sensor activation log and the spatio-temporal constraints. One year later, 

the authors of Wang et al. (2017) employed geometric algebra to develop a human motion 

trajectory reconstruction algorithm from PIR sensor network response sequence data.  Finally, 

the authors of Zhao et al. (2017) extracted geometric structures and features from five different 

types of ECG multidimensional time series data by mapping the data into higher-dimensional 

space, using Geometric Algebra. 

Several works have been written where the authors analysed time series data by 

constructing network representations out of the time series data itself. For example, in Zhang 

and Small (2006), the authors constructed complex networks from pseudo-periodic time series 

data and represented each cycle by a node in the network. They found that the statistical 

properties of these networks, for various time series, exhibit distinct topological structures. In 

Small et al. (2009) the authors characterised the dynamics of a time series by transforming time 

series data to the domain of complex networks. In Small (2013), the author developed the 

ordinal partition network transform technique to construct ordinal networks that have statistical 

properties which provide useful and novel characterisations of the underlying time series. 

Network theory, although appearing at face value to be unrelated to time series analysis 

techniques, has multifarious applications in the field. For example, the author of Strogatz 

(2001) reviewed various studies that explored the application of network theory to analyse 

connected assemblages of interacting dynamical systems. The author found useful applications 

of network theory in wide and varying fields such as neurobiology, geophysics, genomics, 

ecology and finance. The authors of Brandes et al. (2013) provided a brief overview of network 
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science, network theory and how network theory can be used to represent multivariate datasets, 

physical systems and abstract systems. In Bassett and Sporns (2017), the authors reviewed the 

trends in network theory applied to neuroscience, called “network neuroscience” and provided 

suggestions for future research endeavours which may increase the understanding of the brain 

as a multi-layered, multi-scaled network.  

Several authors have also applied the study of algebraic topology to various fields, such 

as finance (Boss et al. 2004), genetics (Flavahan et al. 2019) and the structure of crystalline 

solids (Schindler et al. 2018). For example, the authors of Yao et al. (2015) proposed a 

computer-aided diagnosis and analysis framework that uses local and topological features from 

histopathology images, to differentiate between two sub-types of non-small cell lung cancer 

(NSCLC). The authors of Schindler et al. (2018) used a topological-network theoretic 

framework to establish that the electronic structure of bismuth, an element that has been 

described as “bulk topologically trivial”, actually follows a generalised bulk-boundary 

correspondence of higher-order. In Boyle et al. (2018), the authors devised a novel principal 

component analysis based method for correcting genome-wide screening data. Using this 

method, the authors examined the resultant network topology within and across gene 

communities in the cancer cell network, to find 1.5 million pairs of correlated “co-functional” 

genes that provide finer-scale information about cell compartments, biological pathways, and 

protein complexes, when compared to traditional gene sets.  

Similarly, network theory and algebraic topology have been shown to be useful in 

modelling time series data. For example, the authors of Muldoon et al. (1993) presented 

methods to study the topological properties of invariant manifolds of experimental dynamical 

systems. In Sanderson et al. (2017), the authors applied topological data analysis methods to 

characterise time series data obtained from nonlinear and complex dynamical systems.  

Inspired by the methodological merits of the aforementioned works and their conceptual 

resonance with other aspects of the work in preceding Chapters, in Chapter 8, a novel 

methodology using network theory and Geometric Algebra for the modelling and forecasting 

of time series data with a specific focus on advancing reassembling robotics applications in the 

form of robot sensory data is presented.  

The practical application scope of a unified intelligent reassembling robotics framework 

can be broadly classified into four prongs. Employing the methodologies of the framework 

presented in this work, I define these four main types of ‘intelligence driven’ reassemblies and 

their application scopes. I define the broad term ‘intelligence driven’ as using a deterministic 
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and systematic approach that employs the techniques and formalisms to determine and 

motivate robot transformation. The four intelligence driven reassembling transformations are: 

 

1) Stimuli Motivated  

The application of the framework to transform robots with deficiencies in its classical 

mechanical performance that limit its ability to achieve a task that is demanded by the 

environment, payload or operator. In other words, extraneous stimuli that demand 

superior performance of the robot would be the basis for these transformations. In these 

reassembling sequences, the motion and classical mechanical performance limits will 

need to be augmented.  

2) Reverse Engineering  

The application of the framework to deduce unique transformation sequences required 

to transform one robot to another, where the pre- and post-morphologies are already 

known to the human. This forms the basis of a methodological framework that allows 

the performance of capabilities and design association of two robots to be directly 

compared and evaluated.  

3) Separation Merging and Environmental Interaction  

The robot merges or separates with other robots or interacts with static structures in its 

environment. This framework should be designed to generate an open and easily 

manipulable mathematical and theoretical infrastructure that allows instances of 

reassembling transformations to be analysed, modelled and predicted.  

4) Synthesis and Modelling 

The application of the reassembling robotics framework as a unified methodology to 

advance design, type, structural synthesis and classical mechanical modelling 

approaches in the context of traditional robots.  

The above categorisations are certainly not limitative and other types of intelligence driven 

reassemblies could certainly be devised. However, these are the four main categories through 

which the current and immediate utility of the framework, which facilitates the synthesis, 

development and application of such transforming robots in industrial, urban, natural and 

remote environments, extends. A robot or machine with the reassembling transformation 

capabilities described in this thesis would be capable of performing multiple diverse tasks and 

manoeuvres without compromising on the individual utilities of said tasks. It is important to 

note, however, that by virtue of the theoretical and mathematical underpinnings of such an 
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expansive approach, the developed formulation is also able to address and provide insights into 

traditional robotics in terms of design, analysis and modelling. 

 

1.2. Thesis Objectives and Overview  

An itemised summary overview of the Intelligent Reassembling Robotics framework and the 

thesis overview is presented in Figure [1.4].  As mentioned, the requirements of more advanced 

general artificial intelligence approaches and methods in prediction and forecasting of future 

behaviours of external systems is of significant importance to this goal. These methodological 

advances substantiate the goal of intelligent reassembling robots significantly. The demands of 

realising intelligent reassembling robotics can be classified into four main inter-related 

categories or objectives (which correspond to Chapters 3, 4, 5, 6, 7 and 8, as shown in Figure 

[1.4]): 

• Objective 1: A comprehensive and mathematical framework for the characterisation of 

theoretical reassembling transformations of robots that is self-consistent and 

generalised.  

• Objective 2: A unified mathematical formulation that allows classical mechanical 

performance capabilities of a robot to be related to generalised reassembling 

transformations and a methodology that allows necessary reassembling transformation 

parameters to be calculated, derived or solved for, given a desired change in the 

classical mechanical space of the robot. 

• Objective 3: A more advanced artificial intelligence formulation that produces 

computationally efficient, interpretable and accurate learning outcomes/models of a 

robot’s environment.  

• Objective 4: More effective and accurate methods of forecasting time series data sensed 

by a robot from its environment.  
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Figure 1.4. The relationship between the various components of an Intelligent Reassembling Robotics 

framework presented in this work. The four main inter-related categories of thesis objectives, which 

correspond to Chapters 3, 4, 5, 6, 7 and 8. 

As shown in Figure [1.4], this thesis has been structured in such a manner as to advance the 

four objectives of intelligent reassembling robotics organically and sequentially. Chapter 3 

focuses on Objective 1 and Chapters 4-6 focus on Objective 2, while Objectives 3 and 4 are 

reserved for Chapters 7 and 8 respectively. Chapters 3, 4, 5, 7 and 8 contain adapted and 

streamlined versions of five of my published manuscripts. In Chapter 6, a streamlined and 

adapted version of a publishable manuscript is presented. These five publications were weighty 

and lengthy bodies of work and were initially written and published as standalone papers. 

However, the papers have been adapted and edited in this thesis as chapters to make the body 

of work cohesive, consistent and concise. In the interest of an accessible piece of literature that 

adheres to reasonable standards of brevity, repetitions of concepts and definitions have been 

avoided and mathematical notation, referencing styles and formatting choices have been 

homogenised and made consistent between chapters. Due to the cumulatively high number of 

mathematical symbols used in this thesis however, the occasional inter-chapter conflict of 

notational definition has been explicitly flagged and clarified thereby keeping with the 

published formalisms. Whilst preserving the methods, case studies and formulation as was 

published, the adaptation and streamlining of the work has also been performed to enrich the 

various chapters with the broader motivation and context of intelligent reassembling robotics, 

rectify type-setting errors, oversights and reframe exposition that was uniquely tailored to 

placate the specific readerships of the various journals.  

Chapter 2 contains general mathematical formalisms and novel foundational methods 

related to Geometric Algebra, network theory and quaternions that are pertinent to all 

subsequent chapters. Chapter 2 summarises and consolidates novel methodological techniques 
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and advances associated with the preliminaries of the various formulations presented in the 

various published manuscripts in Chapters 3-8. The underlying quaternion based formulations 

of position, kinematics, statics and dynamics presented from Chapters 2-6 are 

methodologically novel in and of itself, independent of the reassembling robotics framework 

as a general approach to the modelling of multi-body mechanics. Chapter 3 contains a 

streamlined version of my manuscript entitled “Reassembling Transformations for Robot 

Manipulators Characterised Using Network Theoretic and Clifford Algebraic Methods” 

published in Robotica (Thiruvengadam et al. 2020c). This chapter presents a novel universal, 

generalised and robust framework for characterising robot morphologies, reassembling 

transformations and relationships between any two theoretical robot morphologies as 

Geometric Algebraic and network theoretic mathematical functions of each other in the context 

of reassembling robotics.  This chapter single-handedly addresses the needs of Objective 1.  

Chapter 4 contains a streamlined and adapted version of my paper entitled “A Geometric 

Algebra based Higher Dimensional Approximation Method for Statics and Kinematics of 

Robotic Manipulators” published in the journal Advances in Applied Clifford Algebras 

(Thiruvengadam and Miller 2020). This chapter presents a novel formulation that employs 

network theoretic methods and Geometric Algebra based higher dimensional multivectors that 

approximates solutions to systems of non-linear closure equations for both inverse and forward 

statics and kinematics problems. This chapter also introduces my novel quaternion based statics 

and kinematics formulations that underpins the reassembling robotic framework.  

Chapter 5 contains a streamlined and adapted version of my paper entitled “A 

Generalised Quaternion and Clifford Algebra Based Mathematical Methodology to Effect 

Multi-Stage Reassembling Transformations in Parallel Robots”, which has been fully accepted 

for publication in the journal Advances in Applied Clifford Algebras (Thiruvengadam et al. 

2020d). This chapter presents a novel methodology that marries quaternion rotors, the 

Lagrangian formulation, Geometric Algebra and associated mathematical apparatus to tackle 

the problem of analysing and modelling the dynamics and kinematics of robotic manipulators 

or mechanisms that undergo reassembling transformations and the effects of these 

transformations. Chapter 6 contains work from a publishable but, as of yet, un-submitted 

manuscript entitled “Singularity Relocation and Reduction in Robot Workspaces using 

Quaternions”. This chapter presents a novel quaternion based method to tackle the relocation 

and reduction of singularities and near-singularities in the theoretical workspaces of parallel 

manipulators by means of reassembling transformations. The work in this chapter extends and 
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develops the methods from Chapters 2-5 to investigate geometry, workspace, singularities and 

manipulability of manipulators and mechanisms with theoretical reassembling capabilities. 

Chapters 2-6 advance Objective 2 of the thesis.   

Chapter 7 contains a streamlined and edited version of my manuscript entitled “Artificial 

Intelligence Using Hyper-Algebraic Networks” published in the journal, Neurocomputing 

(Thiruvengadam et al. 2020a). This chapter presents a novel paradigmatic revision of 

traditional neural networks, using network theoretic methods and Conformal Geometric 

Algebra. In this chapter, I have included an additional case study to the original two case studies 

presented in Thiruvengadam et al. (2020a), where reassembling transformations and their 

effects on the kinematics performance of a robot are studied as an artificial intelligence learning 

problem. This work, advancing Objective 3, produces the groundwork for computationally 

cheap, inexpensive but robust artificial intelligence for reassembling robots which is especially 

useful in remote application theatres. Chapter 8 contains a streamlined and edited version of 

my manuscript entitled “Time Series, Hidden Variables and Spatio-Temporal Ordinality 

Networks” published in the journal Advances in Applied Clifford Algebras (Thiruvengadam 

et al. 2020b). This chapter presents a novel methodology for the accurate and effective 

modelling and forecasting of time series using higher-dimensional networks defined in 𝐑4,1 

conformal space with a focus on sensing and forecasting capabilities of a reassembling robot. 

In this chapter, I have included an additional case study to the work presented in 

Thiruvengadam et al. (2020b), where I predict the future temperature states of a motor based 

on historically sensed and measured time series data. This advances Objective 4 of the thesis. 

All case studies presented in this thesis have been published except for the case studies 

associated with Chapter 6 and the single additional case studies shown in Section [7.3.1] of 

Chapter 7 and Sections [8.3.2-8.3.3] of Chapter 8. The published case studies associated with 

Chapter 4 have been updated with improved clarity and higher resolution images. Finally, 

Chapter 9 presents discussions and conclusions drawn from the preceding chapters in this thesis 

and details potential avenues of future investigation.   

It is my belief that this thesis, as a culmination of works towards the four principal 

objectives, has resulted in the development of a new and emergent field in the discipline of 

robotics, machines and mechanisms theory: ‘Intelligent Reassembling Robotics’. As of yet, a 

framework or systematic theory that develops the scope, functions and utilities of ‘intelligent 

reassembling robotics’ is absent from the state of the art.  
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Chapter 2: Mathematical Preliminaries 

In this chapter, I present mathematical preliminaries, definitions and formalisms that are 

pertinent to and used in Chapters 3-8.  

2.1. Network Theoretic Methods 

Section [2.1] has been adapted from Thiruvengadam et al. (2020a), (2020b), (2020c).  

The definition of the 𝑛 × 𝑛 adjacency matrix (𝐴𝑖𝑗) is given as (Newman 2010)  

 𝐴𝑖𝑗 = [  

𝑎11 𝑎12 . . . 𝑎1𝑛

𝑎21 𝑎22 . . . 𝑎2𝑛

. . . . . . . . . . . .
𝑎𝑛1 . . . . . . 𝑎𝑛𝑛

] (2.1) 

For the undirected form, the element ‘𝑎𝑖𝑗’ is defined as 

 𝑎𝑖𝑗 = { 1
0

 branch between nodes ′𝑖′ and ′𝑗′ does not exist
branch between nodes ′𝑖′ and ′𝑗′ exists

 (2.2) 

For example, a network structure and its corresponding adjacency matrix are shown in Figure 

[2.1]. 

 
Figure 2.1. Left) A hypothetical network structure. Right) The corresponding adjacency matrix of the 

hypothetical network structure. 

In the adjacency matrix presented in Figure [2.1], we have for example, the elements: {𝑎11 =

0, 𝑎12 = 1, . . , 𝑎89 = 1 }. Note that there is a repetition of mathematical information, by virtue 

of the undirected case such that 𝑎𝑖𝑗 = 𝑎𝑗𝑖  (Newman 2010). In the interest of computational 

efficiency, the super diagonal form of the adjacency matrix (𝑎𝑖𝑗
+) possesses more relevance to 

the methods in future chapters. 

 𝑎𝑖𝑗
+ = { 1

0
 branch between nodes ′𝑖′ and ′𝑗′ does not exist and if 𝑖>𝑗
branch between nodes ′𝑖′ and ′𝑗′ exists

 (2.3) 

In Chapters 3, 4, 5, 6, I employ network theoretic methods to construct adjacency matrices to 

represent the kinematic pair connectivity of networked mechanical assemblages such as 

𝐴𝑖𝑗 =

[
 
 
 
 
 
 
 
 
0 1 1 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0
1 0 0 0 0 1 1 0 0
0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1 0]
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mechanisms and robotic manipulators. In Chapter 7 and 8, adjacency matrices are used to 

characterise artificial learning networks and time series data respectively. While the choice of 

node enumeration is usually arbitrarily motivated (as shown in the example Figure [2.1]), this 

is not always the case. In Chapters 3 to 6, when dealing with robot manipulators and networked 

mechanical assemblages of kinematic pairs, I define the general topological form of its network 

structure and associated convention of node enumeration as presented in Figure [2.2]. 

 
Figure 2.2. The network structure’s node enumeration convention employed in this work for robotic 

manipulators and networked mechanical assemblages of kinematic pairs with equal number of 

kinematic pairs in each limb. 

As presented in Figure [2.2], the node representing the base of the manipulator or base 

reference frame, is enumerated as zero (‘0’) and nodes representing kinematic pairs are 

enumerated in ascending order, along a given limb (𝑙 = {1,2, … ,𝑀}), with respect to their 

proximity to the end effector (enumerated as node ‘𝑛 + 1’). For a parallel manipulator with 

‘𝑀’ number of symmetrical limbs and ‘𝑠’ number of kinematic pairs per limb, the total number 

of nodes (𝑛) is given as 𝑛 = 𝑠 × 𝑀. For a serial manipulator 𝑀 = 1 and therefore 𝑛 = 𝑠. Note 

that the characteristic of possessing the same number of kinematic pairs in each limb does not 

automatically qualify the limbs as being symmetrical (Merlet 2006). 

2.2. Geometric Algebra  

Section [2.2] has been adapted from Thiruvengadam and Miller (2020) and Thiruvengadam et 

al. (2020a), (2020b), (2020d). As discussed in Chapter 1, Geometric Algebra has a wealth of 

operators and tools that are well disposed to the incorporation of complicated inter-agent/node 

operator action whist preserving the desired embedding of spatiality. For the sake of brevity, 

the underlying foundations of Geometric Algebra are not extensively detailed in this work and 
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I instead direct readers to Doran and Lasenby (2003), Hestenes and Sobczyk (1984) and Bayro-

Corrochano (2010). Geometric Algebra is fundamentally a ‘graded’ algebra where the elements 

within this algebra are sub-divided into different terms of different grade; the dimension of the 

hyperplane it specifies. In the algebra 𝑮𝒏,𝟎 
 , all elements that exist within can be described as a 

linear combination of the 0 to 𝑛-grade blades. For example, a multivector ‘𝐴’ that is an element 

of the 𝑛-dimensional vector space 𝐑𝒏,𝟎 (𝐴 ∈ 𝐑𝒏,𝟎) is expanded as  

 
𝐴 = 2 + 3𝑒1 + 4𝑒1𝑒2 + 5𝑒1𝑒2𝑒3 + ⋯

= 〈𝐴〉0 + 〈𝐴〉1 + 〈𝐴〉2 + 〈𝐴〉3 + ⋯+ 〈𝐴〉𝑛 
(2.4) 

Where the operation of extracting the 𝑟-th grade of a multivector ‘𝐴’ is defined as ‘〈𝐴〉𝑟’ (Doran 

and Lasenby 2003), such that  

 〈𝐴〉0 = 2 , 〈𝐴〉1 = 3𝑒1, 〈𝐴〉2 = 4𝑒1𝑒2 and 〈𝐴〉3 = 5𝑒1𝑒2𝑒3 (2.5) 

There are three operators unique to Geometric Algebra that are used in this work, they are: the 

scalar product (𝐴 ∙ 𝐵), the outer product (𝐴 ⋀𝐵) and the geometric product (𝐴 ∗ 𝐵) where ‘𝐵’ 

is a multivector. In this work, the symbol ‘*’ denotes a geometric product when used in-line 

and a dual when used as a superscript. Doran and Lasenby (2003), Hestenes and Sobczyk 

(1984) and Hitzer (2013) define a geometric product between multivectors ‘𝐴’ and ‘𝐵’ simply 

as ‘𝐴𝐵’. To adhere to both conventions I will, in this work, denote  

 𝐴 ∗ 𝐵 = 𝐴𝐵 (2.6) 

The geometric product of multivector  𝐴 = 〈𝐴〉0 + 〈𝐴〉1 + ⋯+ 〈𝐴〉𝑛 and 𝐵 = 〈𝐵〉0 + 〈𝐵〉1 +

⋯+ 〈𝐵〉𝑚,  is expressed as (Doran and Lasenby 2003) 

 𝐴 ∗ 𝐵 = 〈𝐴𝐵〉|𝑛−𝑚| + 〈𝐴𝐵〉|𝑛−𝑚|+2 + ⋯+ 〈𝐴𝐵〉𝑛+𝑚 (2.7) 

The outer product (‘⋀’) of two vectors is defined as (Hitzer 2013)   

 𝐴⋀𝐵 = 〈𝐴 ∗ 𝐵〉𝑛+𝑚 (2.8) 

And the scalar product (‘∙’) is defined as (Hitzer 2013)  

 𝐴 ∙ 𝐵 = 〈𝐴 ∗ 𝐵〉0 (2.9) 

We compute the magnitude of a given multivector ‘𝐴’ as (Hestenes and Sobczyk 1984) 

 |𝐴| = √𝐴 ∙ 𝐴 (2.10) 

For example, the geometric product of two vectors 𝐴, 𝐵 ∈ 𝐑𝟐,𝟎  is defined in Doran and 

Lasenby (2003) as 

 

𝐴 ∗ 𝐵 = (𝐴1𝑒1 + 𝐴2𝑒2)(𝐵1𝑒1 + 𝐵2𝑒2)

= 𝐴1𝐵1 + 𝐴2𝐵2 + (𝐴1𝐵2 − 𝐴2𝐵1)𝑒12 

= 𝐴 ∙ 𝐵 + 𝐴⋀𝐵 =
1

2
(𝐴𝐵 + 𝐵𝐴) +

1

2
(𝐴𝐵 − 𝐵𝐴) 

(2.11) 
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Where {𝑒1, 𝑒2}  refer to the basis vectors of 𝐑2,0  space. The Euclidean space 𝐑3,0  and the 

corresponding algebra 𝑮𝟑,𝟎 
 , utilises three basis vectors {𝑒1, 𝑒2, 𝑒3} which have the following 

properties (Doran and Lasenby 2003)  

 𝑒1
2 = 𝑒2

2 = 𝑒3
2 = 1 (2.12a) 

 𝑒1 ∙ 𝑒2 = 𝑒1 ∙ 𝑒3 = 𝑒2 ∙ 𝑒3 = 𝑒2 ∙ 𝑒1 = 0 (2.12b) 

 𝑒2𝑒1 = −𝑒1𝑒2 (2.12c) 

 (𝑒1𝑒2)
2 = −1 (2.12d) 

 𝑒1𝑒2 ≠ 𝑒2𝑒1 (2.12e) 

A Cayley Table is presented in Table [2.1], which describes the resulting vector basis of a 

geometric product between two vector bases in 𝐑3,0 space, using the algebra 𝑮𝟑,𝟎 
 . 

* 𝑒1 𝑒2 𝑒3 .... 𝑒12 .... 𝑒123 .... 

𝑒1 1 𝑒12 −𝑒31 .... 𝑒2 .... 𝑒23 .... 

𝑒2 𝑒21 1 𝑒23 .... −𝑒1 .... −𝑒13 .... 

𝑒3 𝑒31 𝑒32 1 .... 𝑒123 .... 𝑒12 .... 

.... .... .... .... .... .... .... .... .... 

𝑒12 −𝑒2 𝑒1 𝑒123 .... 1 ..... 𝑒3 .... 

.... .... .... .... .... .... .... .... .... 

𝑒123 𝑒23 −𝑒13 𝑒12 .... 𝑒3 .... 1 .... 

.... .... .... .... .... .... .... .... .... 

Table 2.1. An example of a Cayley table for the Geometric Algebra 𝑮𝟑,𝟎 
 . 

The reversion operation in Geometric Algebra (𝑮𝒏,𝟎 
 ) is given by Hestenes and Sobczyk (1984) 

 𝐴
~

= 𝑎𝑘⋀𝑎𝑘−1⋀…⋀𝑎2⋀𝑎1 (2.13) 

where 𝐴 = 𝑎1⋀𝑎2⋀…⋀𝑎𝑘−1⋀𝑎𝑘.  The inverse is given as (Hestenes and Sobczyk 1984) 

 𝐴−1 =
𝐴
~

𝐴𝐴
~ (2.14) 

From Equation [2.14], we find that (𝐴𝑒𝑖)
−1 =

1

𝐴

𝑒𝑖

𝑒𝑖𝑒𝑖
=

1

𝐴
𝑒𝑖 by virtue of the fact that 𝑒𝑖

2 = 1 

and 𝑒𝑖
−1𝑒𝑖 = 1. In Chapter 3, I use the 𝑮𝒏+𝟖,𝟎  algebra to construct morphology trivectors, 

where ‘𝑛’ is the total number of kinematic pairs of a manipulator under study. In Chapters 4, 5 

and 6, I use the 𝑮𝟔,𝟎 algebra and I employ the aforementioned definitions of Geometric Algebra 

in Chapters 7 and 8. 
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2.3. Conformal Geometric Algebra  

Section [2.3] has been adapted from Thiruvengadam et al. (2020a) and (2020b). In Conformal 

Geometric Algebra, if a 𝑘-dimensional vector space has ‘𝑝’ independent unit vectors satisfying 

𝑒𝑖 · 𝑒𝑖 = 1 and ‘𝑞’ independent unit vectors satisfying 𝑒𝑗 · 𝑒𝑗 = −1, the vector signature is 

defined as 𝐑𝑝,𝑞  and the algebra is defined as 𝑮𝒑,𝒒 , where 𝑝 + 𝑞 = 𝑘 . For reference, the 

conformal model of a line is shown in Figure [2.3].  

 
Figure 2.3. The conformal model of lines and ‘null cones’ with three basis vectors in 𝐑2,1 vector space 

and 𝑮2,1 algebra. 

The origin of the conformal model (𝑒0) can be expressed using the basis vectors ‘𝑒
_
’ and ‘𝑒’ 

(Bayro-Corrochano 2018)  

 𝑒0 =
𝑒
_
− 𝑒

2
 (2.15) 

In addition, a point at infinity (𝑒∞) in the conformal model can be represented as  

 𝑒∞ = 𝑒 + 𝑒
_
 (2.16) 

Both 𝑒∞ and 𝑒0 are ‘null vectors’ where a null vector is defined to be a vector whose inner 

product satisfies 𝑋2 = 𝑋 · 𝑋 = 0. We also have the following useful null vector properties 

(Bayro-Corrochano 2018) 

 𝑒∞ ·  𝑒0 = −1  (2.17) 

and  

 𝑒∞⋀ 𝑒0 =  𝑒𝑒
_
  (2.18) 

The standard conformal representation of a vector 𝑥 ∈  𝐑3 (using the algebra 𝑮3,0) mapped as 

a conformal point 𝑋 ∈ 𝐑𝟒,𝟏 (using the algebra 𝑮4,1) is defined as (Bayro-Corrochano 2018) 
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 𝑋 = 𝑥 +
1

2
𝑥2 𝑒∞  + 𝑒𝑜 (2.19) 

The normalisation of a null vector ‘𝑋’ to give ‘�̂�’ is given as (Doran et al. 2002)  

 �̂�=
𝑋

−𝑋 · 𝑒∞
 (2.20) 

In standard form, the null vector satisfies (Doran and Lasenby 2003)  

 −𝑋 · 𝑒∞ = 1 (2.21) 

The inner product of two conformal points is thus defined as 

 

𝑋1 · 𝑋2 = (𝑥1 +
1

2
𝑥1

2 𝑒∞  + 𝑒𝑜) ∙ (𝑥2 +
1

2
𝑥2

2 𝑒∞  + 𝑒𝑜) 

= 𝑥1 ∙ 𝑥2 −
1

2
𝑥1

2 −
1

2
𝑥2

2 = −
1

2
(𝑥2 − 𝑥1)

2 

(2.22) 

In Chapters 7 and 8, we reserve ourselves exclusively to the vector space signature: 𝐑4,1, using 

the Geometric Algebra 𝑮4,1. The basis set for 𝐑4,1 is (𝑒1, 𝑒2, 𝑒3, 𝑒, �̅�). The dual of a multivector 

‘𝐴’ denoted as ‘𝐴∗’, is defined to be (Doran et al. 2002) 

 𝐴∗ = 𝐴𝐼−1 (2.23) 

Where ‘𝐼’ is the pseudoscalar, defined in 𝐑4,1 space using the corresponding algebra 𝑮4,1, 

which is given as  

 𝐼 = 𝑒1𝑒2𝑒3𝑒�̅� (2.24) 

For example, 

 𝑒1
∗ = 𝑒1𝐼

−1 = 𝑒1�̅�𝑒𝑒3𝑒2𝑒1 = 𝑒2𝑒3𝑒�̅� (2.25) 

An example of a basic operation being performed in 𝐑4,1 space, using the algebra 𝑮4,1 is 

 
𝑒1𝑒 ∗ 2𝑒2𝑒 ∗ �̅� =  2(𝑒1𝑒𝑒2𝑒�̅�) =  −2(𝑒1𝑒2𝑒𝑒�̅�) 

=  −2(𝑒1𝑒2𝑒
2�̅�) =  −2(𝑒1𝑒2(1)�̅�) =  −2𝑒1𝑒2�̅� 

(2.26) 

Note that in the 𝐑𝑝,𝑞 vector space (using the algebra 𝑮𝑝,𝑞), all elements that exist within can 

also be described as a linear combination of the zero to 𝑛-grade blades and this is reserved for 

Chapters 7 and 8. In Chapters 7 and 8, I use the 𝑮𝟒,𝟏
  Conformal Geometric Algebra to form 

hyperfields, which are multivectors in the 𝐑4,1 vector space. 

2.4. Quaternion Rotor Methods for Geometry and Classical Mechanics   

Section [2.4] has been adapted from Thiruvengadam et al. (2020d). In this section, I present 

my novel quaternion rotor method for position and kinematics analysis. The Geometric Algebra 

𝑮𝟑,𝟎
+  (or 𝑪𝒍𝟑

𝟎, as per the notational standards of Ablamowicz (2004)), is the even sub-algebra of 

𝑮𝟑,𝟎 
 (𝑮𝟑,𝟎

+ ⊆ 𝑮𝟑,𝟎
 ), with the basis elements {1, 𝑒32, 𝑒13, 𝑒21} and is isomorphic to the division 
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ring of quaternions ‘ℍ’. As such, quaternions (denoted as ‘ℎ’) are grade-2 multivectors or 

bivector elements of  𝑮𝟑,𝟎
+  (ℎ ∈ 𝑮𝟑,𝟎

+ ) which possess the form 

 ℎ = 𝑤 + 𝑥𝑒32 + 𝑦𝑒13 + 𝑧𝑒21 (2.27) 

Where 𝑤, 𝑥, 𝑦, 𝑧 ∈  𝐑𝟏,𝟎 . In this work, I will employ a notation that is more compact and 

familiar with most specialists in the field of engineering, which I will refer to as the ‘bracketed 

tuple notation’ to represent the coefficients (𝑤, 𝑥, 𝑦, 𝑧) of quaternions in the form ‘𝑤 + 𝑥𝑖 +

𝑦𝑗 + 𝑧𝑘’ for the purposes of brevity,  

 ℎ = 𝑤 + 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘 = (𝑤, 𝑥, 𝑦, 𝑧) (2.28) 

Where quaternions would thus have the correspondences shown in Equations [2.29a-c] 

(Ablamowicz 2004). 

 𝑖 → 𝑒32 (2.29a) 

 𝑗 → 𝑒13 (2.29b) 

 𝑘 → 𝑒21 (2.29c) 

Although these quaternions are grade-2 multivectors with bivector terms in 𝑮𝟑,𝟎
+ , all quaternion 

terms with a zero value for the scalar element (𝑤 = 0)  are algebraically and computationally 

equivalent to a standard 3-tuple vector in 𝐑𝟑 space. Since 0 + 𝑎𝑒32 + 𝑏𝑒13 + 𝑐𝑒21 = 𝑎𝑒32 +

𝑏𝑒13 + 𝑐𝑒21, (0, 𝑎, 𝑏, 𝑐) → (𝑎, 𝑏, 𝑐), the coefficients (𝑎, 𝑏, 𝑐) are to be interpreted as (𝑥, 𝑦, 𝑧) 

coordinates in 𝐑𝟑  space (Ablamowicz 2004). One notes that although all quaternion based 

position elements are formally defined as four-tuple elements, they reduce to three-tuple 

elements by virtue of the zero valued scalar element throughout this work.  

A kinematic chain is first deconstructed into prismatic and revolute joints, where the 𝑖-

th joint variable (𝑞𝑖) for a prismatic joint is denoted as the ‘link extension’ (𝛿𝐻𝑖) and the joint 

variable (𝑞𝑖) for a revolute joint is denoted as the ‘joint angle’ (𝜃𝑖). I represent a deconstructed 

kinematic chain as a sequence of nodes {0,1,2, … , 𝑛 − 1, 𝑛}, such that node ‘𝑛 + 1’ or ‘𝐸’ is 

the end-effector and node ‘0’ is the origin and the base reference frame (𝛹𝐵) (Figure [2.4]).  

 
Figure 2.4. A concept figure of a kinematic chain, from nodes {0,1,2,… , 𝑛 − 1, 𝑛}, where ‘𝑛 + 1’ is 

the end-effector and node ‘0’ is the origin and the base reference frame. 

In a kinematic chain, each enumerated node is attributed an operator: 𝑈𝑖 ∈ 𝑮𝟑,𝟎
+ , where ‘𝑈𝑖’ is 

a 4-tuple quaternion rotor (associated with a single degree of rotational freedom such as a 
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revolute joint), for the 𝑖-th kinematic pair. 𝑈𝑖 is defined in Altmann (1986) and is represented 

using the bracketed tuple notation (Equation [2.28]) as 

 
𝑈𝑖 = cos (

𝜃𝑖

2
) + sin (

𝜃𝑖

2
) 𝑠𝑥𝑒32 + sin (

𝜃𝑖

2
) 𝑠𝑦𝑒13 + sin (

𝜃𝑖

2
) 𝑠𝑧𝑒21

= (cos (
𝜃𝑖

2
) , sin (

𝜃𝑖

2
) 𝑠𝑖)

= (cos (
𝜃𝑖

2
) , sin (

𝜃𝑖

2
) 𝑠𝑥, sin (

𝜃𝑖

2
) 𝑠𝑦, sin (

𝜃𝑖

2
) 𝑠𝑧) 

(2.30) 

Where 𝑈𝑖 is defined for a specific normalised axis of rotation ‘𝑠𝑖’, where 𝑠𝑖 = (𝑠𝑥, 𝑠𝑦, 𝑠𝑧) (3-

tuple unit vector) with the angle of rotation ‘𝜃𝑖’ about that axis. I denote the link vector of the 

𝑖-th kinematic pair as ‘𝐻𝑖’, where 𝐻𝑖 = (0,𝐻𝑖𝑥, 𝐻𝑖𝑦 , 𝐻𝑖𝑧). Note that I define 𝑠𝑖 and 𝐻𝑖 based on 

the ‘initial home configuration’, when 𝜃𝑖 = 0, for all values of ‘𝑖’. The fixed-point rotation 

operation of a link vector ‘𝐻’ (4-tuple) is defined using the bracketed tuple notation (Equation 

[2.28]) as 

 
  𝑈𝑖𝐻𝑈𝑖

† = 𝑈𝑖𝐻𝑈𝑖
−1 = (cos (

𝜃𝑖

2
) , sin (

𝜃𝑖

2
) 𝑠𝑖)𝐻 (cos (

𝜃𝑖

2
) ,−sin (

𝜃𝑖

2
) 𝑠𝑖) (2.31) 

Where the dagger ‘†’ denotes an adjoint. Note that for quaternions, the adjoint is equivalent to 

the inverse: 𝑈† = 𝑈−1  (Altmann 1986) and where 𝑈 = (𝑎, 𝑏, 𝑐, 𝑑), 𝑈−1 = (𝑎,−𝑏,−𝑐,−𝑑). 

Next, I define the ‘globalising quaternion’ of a kinematic pair ‘𝑖’, given by the subscript ‘𝐺𝑖’ 

with respect to the base reference frame as 

 𝑈𝐺𝑖 = 𝑈0𝑈1𝑈2 …𝑈𝑖−1 (2.32a) 

The globalising quaternion incorporates the rotor action of preceding kinematic pairs in such a 

manner that the orientation of the 𝑖-th frame is corrected to align with respect to the base 

reference frame. In this thesis, unless otherwise stated, we will take 𝑈0 = 𝑈𝐺0 = (1,0,0,0) 

since the frame correcting quaternion relating the base reference frame (node zero) to the first 

kinematic pair (node one) is fixed/invariant. On that note, 𝑈0 will be conveniently dropped 

from Equation [2.32a] for reasons of brevity, henceforth. We may then employ the quaternion 

rotors and globalising quaternions (presented in Equations [2.31] and [2.32a] respectively) to 

define the resultant linear position element associated with the 𝑖-th kinematic pair (𝑋𝑖 𝑖+1
 ) 

which is evaluated with respect to the base reference frame (node zero) to give 

 𝑋𝑖 𝑖+1
 = 𝑈1𝑈2 …𝑈𝑖−1𝑈𝑖𝐻i𝑈𝑖

−1𝑈𝑖−1
−1 …𝑈2

−1𝑈1
−1 = 𝑈𝐺𝑖𝑈𝑖𝐻i𝑈𝑖

−1𝑈𝐺𝑖
−1 (2.32b) 

To this end, in full generality, the element ‘𝑋𝑖 𝑗
 ’ which is the position element between nodes 

‘𝑖’ and ‘𝑗’, defined with respect to the base reference frame is therefore given as  
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 𝑋𝑖 𝑗
 = ∑[𝑈𝐺𝑘𝑈𝑘(𝐻𝑘 + 𝛿𝐻𝑘)𝑈𝑘

−1𝑈𝐺𝑘
−1]

𝑗

𝑘=𝑖

= 𝑋0 𝑗 − 𝑋0 𝑖  (2.33) 

Where ‘𝑋0 𝑖’ and ‘𝑋0 𝑗’ are the linear position elements of nodes ‘𝑖’ and ‘𝑗’ to the base reference 

frame (node zero) respectively and ‘𝛿𝐻𝑖’ is the prismatic joint input for the link in vector form. 

When 𝛿𝐻𝑖 = 0, the 𝑖-th kinematic pair does not have a prismatic element or contribution. Note 

that the position vector ‘𝑋𝑖 𝑗
 ’ may be expressed as a 3-tuple  𝑋𝑖 𝑗

 = (0, 𝑋𝑖 𝑗,𝑥
 , 𝑋𝑖 𝑗,𝑦

 , 𝑋𝑖 𝑗,𝑧
 ) =

(𝑋𝑖 𝑗,𝑥
 , 𝑋𝑖 𝑗,𝑦

 , 𝑋𝑖 𝑗,𝑧
 ) since the first tuple is necessarily zero. As an example, I present some 

visualisations of the linear position elements, using a 4-bar manipulator in Figure [2.5]. 

 
Figure 2.5. An example of the position elements 𝑋1 2, 𝑋1 𝐸 and 𝑋0 4, of a 4-bar manipulator. Image 

edited from Akgün et al. (2013). 

Position elements of the form 𝑋𝑖 𝑗  do not contain the orientation information necessary to 

completely characterise the pose of an end-effector or link. Hence, we require a resultant 

orientation element ‘𝑂𝑖 𝑗
 ’ given by 

 

 𝑂𝑖 𝑗
 = 𝑈𝑖𝑈𝑖+1 …𝑈𝑗−1 = ∏𝑈𝑘

𝑗−1

𝑘=𝑖

 (2.34) 

The resultant orientation element is now expressed as product of a series of quaternion rotors 

(𝑈𝑖) associated with each kinematic pair. One notes the orientation element’s relation with the 

globalising quaternion where  𝑂0 𝑖
 = 𝑈𝐺𝑖 . The mapping from quaternions of the form 

[𝜂0, 𝜂1, 𝜂2, 𝜂3] to traditional Euler angles [𝜙, 𝜃, 𝜓] is as follows (Blanco 2010) 

 

 [
𝜙
𝜃
𝜓

] =

[
 
 
 
 
 arctan (

2(𝜂0𝜂1 + 𝜂2𝜂3)

1 − 2(𝜂1
2 + 𝜂2

2)
)

arcsin(2(𝜂0𝜂2 − 𝜂3𝜂1))

arctan (
2(𝜂0𝜂3 + 𝜂1𝜂2)

1 − 2(𝜂2
2 + 𝜂3

2)
)
]
 
 
 
 
 

 (2.35) 

Where [𝜙, 𝜃, 𝜓] represent a rotation about the 𝑥, 𝑦, and 𝑧-axes, respectively. The Euler angles 

are converted to quaternions, as follows (Henderson 1977) 
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[𝜂0, 𝜂1, 𝜂2, 𝜂3] = [cos (

𝜓

2
) , 0,0, sin (

𝜓

2
)] ∗ [cos (

𝜃

2
) , 0, sin (

𝜃

2
) , 0]

∗ [cos (
𝜙

2
) , sin (

𝜙

2
) , 0,0] 

(2.36a) 

 
[𝜂0, 𝜂1, 𝜂2, 𝜂3] = [cos (

𝜙

2
) cos (

𝜃

2
) cos (

𝜓

2
)

+ sin (
𝜙

2
) sin (

𝜃

2
) sin (

𝜓

2
) , sin (

𝜙

2
) cos (

𝜃

2
) cos (

𝜓

2
)

− cos (
𝜙

2
) sin (

𝜃

2
) sin (

𝜓

2
) , cos (

𝜙

2
) sin (

𝜃

2
) cos (

𝜓

2
)

+ sin (
𝜙

2
) cos (

𝜃

2
) sin (

𝜓

2
) , cos (

𝜙

2
) cos (

𝜃

2
) sin (

𝜓

2
)

− sin (
𝜙

2
) sin (

𝜃

2
) cos (

𝜓

2
)] 

(2.36b) 

For a parallel manipulator with ‘𝑀’ number of limbs, I can now construct the quaternion rotor 

based inverse position equation for each ‘𝑙-th’ limb (by setting 𝑖 = 0 and 𝑗 = 𝑛 + 1 = 𝐸 where 

‘ 𝐸 ’ denotes the end-effector) in Equations [2.33-2.34], such that we form the angular 

components (𝑂0 𝑛+1 = 𝑂0 𝐸  or simply ‘𝑂𝐸 ’) and the linear components (𝑋0 𝑛+1 = 𝑋0 𝐸  or 

simply ‘𝑋𝐸’) of the end-effector pose. 𝑂𝐸 is defined in terms of quaternion angle coordinates 

( [𝜂0, 𝜂1, 𝜂2, 𝜂3] ), while 𝑋𝐸  is defined in terms of spatial coordinates ( [0, 𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸] ) 

respectively, as shown below 

𝑈0
𝑙𝑈1

𝑙 …𝑈𝑛
𝑙 = ∏𝑈𝑘

𝑙

𝑛

𝑘=0

=  𝑂𝐸
 = [𝜂0, 𝜂1, 𝜂2, 𝜂3] (2.37) 

𝑋0 1
𝑙 + 𝑋1 2

𝑙 + ⋯+ 𝑋𝑛 𝑛+1
𝑙 = ∑𝑋𝑖 𝑖+1

𝑙

𝑛

𝑖=0

 = 𝑋𝐸 = [0, 𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸] (2.38) 

Note the superscript ‘𝑙’ to denote the 𝑙-th limb. Where the manipulator possesses a serial 

structure I set 𝑙 = 1. Subsequently, I set 𝑙 = {1,2, … ,𝑀} to get 

∏𝑈𝑘
1

𝑛

𝑘=0

= ∏𝑈𝑘
2

𝑛

𝑘=0

= ⋯ = ∏𝑈𝑘
𝑀

𝑛

𝑘=0

=  𝑂𝐸
  (2.39) 

∑𝑋𝑖 𝑖+1
1

𝑛

𝑖=0

= ∑𝑋𝑖 𝑖+1
2

𝑛

𝑖=0

= ⋯ = ∑𝑋𝑖 𝑖+1
𝑀

𝑛

𝑖=0

=  𝑋𝐸
  (2.40) 

Equations [2.39-2.40] relate the joint variables (𝜃𝑖 and 𝛿𝐻𝑖) and the morphological parameters 

(𝐻𝑖 and 𝑠𝑖) to the end effector pose (𝑂𝐸 and 𝑋𝐸). Equations [2.39-2.40] combined, produce 
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eight sub-equations for each limb (one for every tuple in 𝑂𝐸  and 𝑋𝐸 ). A general 6-DOF 

manipulator produces the familiar constraint equation of the form 

𝑓(𝑋𝐸
 ,  𝑂𝐸

 , 𝒒) = 𝟎 (2.41) 

Where ‘𝟎 = [0,0,0,0,0,0]’ is a 6-tuple vector of zeros, ‘𝒒 = [𝑞1, 𝑞2, … , 𝑞𝑁]’ is the set of all the 

active and passive joint variables (𝜃𝑖 and 𝛿𝐻𝑖) of the manipulator and ‘𝑁’ is the total number 

of both active and passive joint variables for the manipulator. To produce such a system of six 

sub-equations to model the position constraints of a general 6-DOF manipulator, Equations 

[2.39] and [2.40] are rewritten as Equations [2.42] and [2.43] respectively, for each kinematic 

chain with ‘𝑛’ number of kinematic pairs and the ‘𝑙-th’ limb, assuming the number of kinematic 

pairs are the same for each limb. 

∏𝑈𝑘
𝑙

𝑛

𝑘=0

−  𝑂𝐸
 = [0,0,0,0] (2.42) 

∑𝑋𝑖 𝑖+1
𝑙

𝑛

𝑖=0

− 𝑋𝐸 = [0,0,0,0] (2.43) 

Where the first tuple in Equation [2.43] is necessarily zero. Additionally, the three tuple form 

of Equation [2.42] is employed, using the conversion from quaternions to Euler angles as 

shown in Equation [2.35], such that  

 
𝑄 (∏𝑈𝑘

𝑙

𝑛

𝑘=0

) = [𝜙, 𝜃, 𝜓] (2.44) 

Note that in the absence of a subscript ‘𝑖’, the symbols {𝜙, 𝜃, 𝜓} will henceforth be interpreted 

as {𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸} which is the end-effector orientation with the respect to the 𝑥, 𝑦 and 𝑧-axes 

respectively. Where ‘𝑄’ is the conversion function that transforms the quaternion elements to 

Euler angle elements given in Equation [2.35]. Combining Equations [2.42] and [2.43] and 

dropping the necessarily zero tuple associated with Equation [2.43], we obtain the quaternion 

form of the 6-tuple constraint equation.  

For the forward position problem, we are given the active joint variables and we need to 

find the unknown end-effector pose. For the inverse position problem, we are given the end-

effector pose and we need to evaluate unknown joint variables (Tsai 1999). Note that the 

purpose of Equations [2.30-2.40] is to lay the groundwork for characterising transformation 

effects easily using what I refer to as difference maps (defined in Chapter 5) but not necessarily 

to completely reframe position problems that are well researched and studied in industry and 
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academia. Nevertheless, the quaternion based representation is easily manipulable and compact 

and well-suited for modelling reassembling transformations for reasons stated in Section [1.1].  

Having found expressions that relate the joint variables to the end-effector pose, we can now 

form infinitesimal screws. These infinitesimal screws are used to construct Jacobian matrices. 

The author of Moré (1978) presented infinitesimal screws (denoted as ‘𝑿𝒊 𝒋
𝜽 ’ in this thesis), 

which are screws taken with respect to the end-effector and are equivalent to the global screw 

definition when taken from the base reference frame. In this work, I redefine the general 

revolute joint’s, zero pitch infinitesimal screw in my quaternion representation as (𝑿𝒊 𝒋
𝜽 ) 6-

tuple, grade-1 multivectors of 𝑮𝟔,𝟎
  (𝑿𝒊 𝒋

𝜽 ∈ 𝑮𝟔,𝟎
 ) as (Thiruvengadam et al 2020d). 

 𝑿𝒊 𝒋
𝜽 [𝜆𝑖 = 0] = [(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖

−1), (𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1) × 𝑋𝑖 𝑗

 ] (2.45) 

Where ‘×’ is the cross product and the superscript ‘𝜽’ is used to denote that ‘𝑿𝒊 𝒋
𝜽 ’ is the 

infinitesimal screw, to distinguish it from the position element (𝑋𝑖 𝑗
 ) and ‘𝜆𝑖’ is the screw pitch. 

As the scalar value of ‘𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1’ and ‘(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖

−1) × 𝑋𝑖 𝑗
 ’ is always zero, both terms are 

necessarily elements of 𝐑𝟑 space and since  𝑮𝟑,𝟎
 ⊆ 𝑮𝟔,𝟎

 , the 6-tuple 𝑿𝒊 𝒋
𝜽  has been formed by 

concatenating the coefficients of the two 3-tuple elements in 𝐑𝟑  space ( 𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1  and 

(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1) × 𝑋𝑖 𝑗

 ). Hence, 𝑿𝒊 𝒋
𝜽  is a 6-tuple, grade-1 multivector of 𝑮𝟔,𝟎

 , in contrast to terms 

of the form of 𝑋𝑖 𝑗
 ∈ 𝑮𝟑,𝟎

 . To produce the zero pitch screw (𝜆𝑖 = 0) of a single kinematic pair 

action associated with a single revolute joint (Equation [2.45b]), Equation [2.45] is adapted to 

give 

 𝑿𝒊 𝒋=𝒊+𝟏
𝜽 [𝜆𝑖 = 0] = [(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖

−1), (𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1) × 𝑋𝑖 𝑖+1

 ] (2.45b) 

The more general, finite pitch screw associated with a single helicoidal kinematic pair is given 

as 

 𝑿𝒊 𝒋=𝒊+𝟏
𝜽 [𝜆𝑖 ≠ 0, 𝜆𝑖 ≠ ∞]

= [(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1), 𝜆𝑖(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖

−1) + (𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1) × 𝑋𝑖 𝑖+1

 ] 
(2.45c) 

and the special case of the infinite pitch screw (𝜆𝑖 = ∞) associated with the single kinematic 

pair action of a prismatic joint (Equation [2.45d]) is given as 

 𝑿𝒊 𝒋=𝒊+𝟏
𝜽 [𝜆𝑖 = ∞] = 𝑿𝒊 𝒊+𝟏

𝜽 = [0,0,0, 𝑈𝐺𝑖𝑠𝑖
𝑝𝑈𝐺𝑖

−1] (2.45d) 

Where 𝑠𝑖
𝑝 =

𝛿𝐻𝑘

|𝛿𝐻𝑘|
 is the prismatic action directional unit vector distinguished from the revolute 

axis of rotation 𝑠𝑖
  with a superscript ‘𝑝’. Although included for completeness, Equations 

[2.45c-d] are rarely used in this work and in this work, for the sake of brevity, the infinitesimal 

screw is assumed to have zero pitch unless otherwise stated (as shown in Equation [2.45]).  
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Equations [2.45b-c] thereby agree with Gallardo et al. (2003) and a cylindrical pair’s screw can 

be readily composed as the summation of its constituent revolute and prismatic components. 

Most parallel robots have symmetrical limbs and to produce compact generalised expressions 

that are limb independent, it stands to reason that the addition of a superscript gives us greater 

dexterity (pun intended) in defining transformations and their effects on robotic systems. As 

such, the specification of a limb (𝑙) for a three-tuple position element is given as a right hand 

superscript ‘𝑋𝑖 𝑗
𝑙 ’ (as shown in Equation [2.38]) and for the 𝑙-th limb of a 6-tuple infinitesimal 

screw, the left hand superscript is used ‘ 𝑿𝒊 𝒋
𝜽

 
𝒍 ’. For parallel manipulators with ‘𝑀’ number of 

symmetrical limbs and ‘𝑠’ number of kinematic pairs per limb, the following position element 

conversion rule applies for the symmetrical limbs 

 𝑋𝑖 𝑗
𝑙 = 𝑋𝑖+(𝑙−1)𝑠 𝑗+(𝑙−1)𝑠

  (2.46) 

where 𝑙 = {1,2, … ,𝑀}. For example, when referring to the Delta manipulator (𝑀 = 3, 𝑠 = 5), 

𝑋𝑖 𝑗
𝑙 = 𝑋𝑖+(𝑙−1)5 𝑗+(𝑙−1)5

 , such that 𝑋0 1
1 = 𝑋0 1

 , 𝑋1 2
2 = 𝑋6 7

  and 𝑋2 3
3 = 𝑋12 13

 . For parallel 

manipulators with non-symmetrical limbs, the position element conversion rule is defined as 

 𝑋𝑖 𝑗
𝑙 = 𝑋𝑖+𝑐 𝑗+𝑐

  (2.47) 

Where ‘𝑐’ is the total number of kinematic pairs in limbs {1,2, . . 𝑙 − 1}, if 𝑙 > 1. If 𝑙 = 1, then 

𝑐 = 0. Chapters 5 and 6 utilise quaternions and the presented position constraint equations and 

infinitesimal screws are used extensively in Chapters 4, 5 and 6.  

Comments on Notational Styles and Homogeneity 

In this thesis, by virtue of modelling many-body systems, symbols with multiple subscripts are 

separated either by a single space or comma to improve readability. Additionally, square and 

round brackets/parentheses have been used throughout this work to represent multivector 

operators and functions while curly brackets have been used to denote indices and discrete 

parameters and the terms nodes, kinematic pairs and joints are often used interchangeably to 

convey the intended fluidity of these categorisations in the context of the formulation. Due to 

the large number of symbols present in this work and conflicting symbolic notations used in 

prior state of the art, besides definitions explicitly referenced from preceding chapters, all 

notations and symbol definitions are taken to be chapter-specific to avoid confusion.  
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Chapter 3: Reassembling Transformations for Robot 

Manipulators Characterised Using Network Theoretic and 

Clifford Algebraic Methods 

This chapter contains an adapted and streamlined version of the work presented in my paper, 

Thiruvengadam et al. (2020c) 1 , entitled “Reassembling Transformations for Robot 

Manipulators Characterised Using Network Theoretic and Clifford Algebraic Methods”. 

3.1. Introduction 

As stated in the literature review (Section [1.1]), robot morphologies have not yet been 

characterised  or codified in a generalised manner and are instead treated as mathematically 

distinct and independent systems in the current state of the art, which presents a significant 

hurdle for the advancement of intelligent reassembling robotics. As such, the motivation of this 

chapter is to present a methodology that: 

1) Allows the generalised and thorough codification of robot morphologies in a robust 

mathematical form.   

2) Presents and develops a class of useful reassembling transformations through which a 

robot/mechanism and machine may reassemble to engage in and achieve new task 

manoeuvres.  

3) Allows any two robots with non-identical morphologies to be mathematically related 

to one another using said theoretical type reassembling transformations, in a robust and 

generalised manner.  

As mentioned in Chapter 1, to this end, I also desire methods that advance robotics and 

mechanism design and synthesis approaches with minimal human heuristics. This lays the 

foundation for both human specialists and artificial computational engines to autonomously (or 

with minimal human supervision) assess and relate robots, in industry and academia, in an 

abstract and robust mathematical language. Such a systematic characterisation framework is 

both desirable and necessary to advance the state of the art of reassembling robotics and the 

development of such a formulation will advance Objective 1 (Section [1.2]). 

In Sections [3.2.1-3.2.2] of this chapter, the network theoretic and Geometric Algebraic 

methods that underpin the reassembling robotics framework are presented. In Section [3.2.3], 

 
1  Thiruvengadam, S., Tan, J. and Miller, K., 2020. Reassembling Transformations for Robot Manipulators 

Characterised Using Network Theoretic and Clifford-Algebraic Methods. Robotica, 1-26. 

https://doi.org/10.1017/S0263574720000752. 



54 

CHAPTER 3 

reassembling transformation types are defined and their relationships are subsequently 

explored. This chapter is furnished with two case studies in Section [3.3], followed by a 

discussion of the results in Section [3.4].  

3.2. Methods 

3.2.1. Network Theoretic Characterisation of Manipulators 

In this section, I employ the definitions of network theoretic methods from Equations [2.1-2.3] 

in Section [2.1]. The first step in the adaptation of network theoretic methods for reassembling 

robotics is treating the morphological structure of a robot as a sequence of nodes and branches. 

The branches of the network reflect the spatial connectivity of the kinematic pairs and the nodal 

weights reflect the kinematic pair screw parameters and design characteristics of the robot.  

To develop a robust and economical characterisation of a robot’s morphology as a 

networked assemblage of kinematic pairs, five principal nodal weights are defined with the 

requirement that these nodal weights collectively possess all information necessary for the 

theoretical modelling of the robot, in the context of dynamics and kinematics. Additionally, the 

nodal weights are invariant at all end-effector poses in the theoretical workspace. The nodal 

weights are selected (by order) to be: {𝛽𝑖𝑗, |𝐻𝑖𝑗|, 𝑆𝑖0,𝑀𝑖 , 𝐼𝑖}. Where ‘|𝐻𝑖𝑗|’ is the magnitude of 

the relative distance between the 𝑖-th and 𝑗-th joint/node, which equates to the link length of 

the of the 𝑖-th kinematic pair, and the capitalised ‘𝑆𝑖0’ (in contrast to the un-capitalised ‘𝑠𝑖’ in 

Chapter 2) denotes the symbolic representation of the unit axis of actuation of the 𝑖 -th 

kinematic pair with respect to the base or global reference frame (𝛹0), indicated with a zero 

superscript. It is possible to define the 𝑖-th kinematic pair’s axis of actuation with respect to its 

neighbouring 𝑗-th kinematic pair in a relative manner (of the form ‘𝑆𝑖𝑗’), similar to 𝐻𝑖𝑗, but 

such an element would not be invariant in all end-effector poses and for this reason, I avoid 

such a definition. In this chapter, the terms ‘𝑀𝑖’ and ‘𝐼𝑖’ are the mass and moment of inertia 

matrix of the kinematic pair respectively.  Finally, ‘𝛽𝑖𝑗’ describes the state of the 𝑖-th kinematic 

pair with respect to the 𝑗-th kinematic pair, given that both kinematic pairs ‘𝑖’ and ‘𝑗’ are 

necessarily deconstructed to possess only one degree of freedom (DOF). There are five states 

described by 𝛽𝑖𝑗: {𝐴, 𝑃, 𝐿, 𝐺, 0}  for all kinematic pairs such that (1 <  𝑖 , 𝑗 < 𝑛).   
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(3.1) 

The link is ‘grounded’ when the vector 𝐻𝑖𝑗  is invariant in all end-effector poses of the 

workspace. In this work, I use the term ‘to ground’ to denote the process of setting 𝛽𝑖𝑗 from ‘0’ 

to ‘𝐺’ and the term ‘to un-ground’ to represent 𝐺 → 0. Similarly, I use the term ‘to passivate’ 

to denote the process of setting 𝛽𝑖𝑗 from ‘0’ to ‘𝑃’ and the term ‘to un-passivate’ to represent 

𝑃 → 0. The term ‘locked’ indicates that the input joint variable (rotational angle or prismatic 

translation) is fixed in all end-effector poses. The 𝛽𝑖𝑗 terms of a manipulator precisely define 

the connectivity and inter-relationships of an 𝑛-kinematic pair robot’s architecture and can be 

expressed as an  (𝑛 + 1) × (𝑛 + 1) adjacency matrix (adapted from network theoretic methods 

(Newman 2010) where the (𝑛 + 1)-th node is the end-effector and 𝛽𝑛+1𝑗 = 0  at all times). 

The (𝑛 + 1) × (𝑛 + 1) connectivity matrix produced by the 𝛽𝑖𝑗 elements will be denoted by 

the bolded symbol ‘𝜷𝒊𝒋’ or simply ‘𝜷’. The adjacency matrix (denoted by the bolded ‘𝑨𝒊𝒋’ or 

simply ‘𝑨’) is a simplified version of 𝜷𝒊𝒋 defined as an undirected matrix whose elements (𝑎𝑖𝑗) 

satisfy (as shown in Equation [2.2]) 

 𝑎𝑖𝑗 = { 
1
0

 branch between nodes ′𝑖′ and ′𝑗′ does not exist
branch between nodes ′𝑖′ and ′𝑗′ exists

 (3.2a) 

 𝜷𝒊𝒋[𝐴 → 1, 𝑃 → 1, 𝐺 → 1, 𝐿 → 1] = 𝑨𝒊𝒋 (3.2b) 

To produce a more versatile 𝑨𝒊𝒋  matrix that accommodates potential intermediate 

morphological states, operations need to be defined that allow the adjacency matrix to be 

adapted for truncation, merging operations to model hybrid robots/systems or systems that 

might combine or dislocate. Take two general robots with  (𝑛 + 1) × (𝑛 + 1)  and (𝑚 +

1) × (𝑚 + 1) connectivity matrices respectively. Merging (given by the operator symbol ‘⊕’) 

of the two robots (with respective connectivity matrices [𝑨𝟏] and [𝑨𝟐]), where the end-effector 

of the first robot transmits force and motion to the second robot, can be modelled as 

 

[𝑨𝒔](𝑛+𝑚+1)×(𝑛+𝑚+1) = [𝑨𝟏](𝑛+1)×(𝑛+1)⊕ [𝑨𝟐](𝑚+1)×(𝑚+1) 

= [𝑨𝟏](𝑛+1)×(𝑛+1)
{𝑅,𝑚}

+ [𝑨𝟐](𝑚+1)×(𝑚+1)
{𝐿,𝑛}

 
(3.3) 

Where ‘[𝑨𝒔](𝑛+𝑚+1)×(𝑛+𝑚+1)’ is the combined resultant robot’s 𝑨𝒊𝒋 matrix and the {𝐿, 𝑘} and 

{𝑅, 𝑘} superscripts denote matrix transformation operations that add ‘𝑘’ number of columns 
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and rows with zeros to the left and right, respectively. Similarly,  {−𝐿, 𝑘}  and 

{−𝑅, 𝑘} superscripts denote matrix transformation operations that remove ‘𝑘 ’ number of 

columns and rows with zeros to the left and right, respectively. As illustrative examples of 

these {±𝐿, 𝑘} and {±𝑅, 𝑘} operators we have 

 (
0 1 0
1 0 1
0 1 0

)

{𝑅,1}

= (

0 1 0 0
1 0 1 0
0 1 0 0
0 0 0 0

) =   

(

 
 

0 1 0 0 1
1 0 1 0 0
0 1 0 0 1
0 0 0 0 1
1 0 1 0 0)

 
 

{−𝑅,1}

 (3.4) 

and   

 (
0 1
1 0

)
{𝐿,2}

= (

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

)    =   

(

  
 

1 0 0 1 1 0
0 1 0 1 0 0
0 0 0 0 0 0
1 1 0 0 0 0
0 0 0 0 0 1
1 0 0 0 1 0)

  
 

{−𝐿,2}

 (3.5) 

The merging operation symbol ‘⊕’ cannot classically sum matrices with different ranks and 

the two matrices with different ranks need to have equivalent rank for summation to affect the 

merging operation. The {±𝐿, 𝑛} and {±𝑅,𝑚} operations ensure that the enumeration of the 

kinematic pairs for the merging operation have been corrected by displacing the values of the 

second robot’s kinematic pairs by ‘𝑛 + 1’. This requires the original robot’s matrix 𝑨𝟏 to be 

transformed by the addition of ‘𝑛’ rows and columns of zeros to the right and for 𝑨𝟐 to be 

transformed by the addition of ‘𝑚’ rows and columns of zeros to the left (Equation [3.3]). For 

the cases where we might have multiple mergers, the merging operator is given by 

 

[𝑨𝟏](𝑛+1)×(𝑛+1)⊕ [𝑨𝟐](𝑚+1)×(𝑚+1)⊕ [𝑨𝟑](𝑘+1)×(𝑘+1) 

= [𝑨𝟏](𝑛+1)×(𝑛+1)
{𝑅,𝑚+𝑘}

+ [𝑨𝟐](𝑚+1)×(𝑚+1)
{𝐿,𝑛},{𝑅,𝑘}

+ [𝑨𝟑](𝑘+1)×(𝑘+1)
{𝐿,𝑛+𝑚}

  
(3.6) 

Similarly, the truncation operation (𝑇([𝑨𝟏](𝑛+1)×(𝑛+1) ,𝑖 ))  that essentially ‘dismembers’ a 

kinematic chain at the 𝑖-th kinematic pair is defined as  

 𝑇([𝑨𝟏](𝑛+1)×(𝑛+1) ,𝑖 ) = {[𝑨𝟏](𝑛+1)×(𝑛+1)
{−𝑅,𝑛−𝑖}

, [𝑨𝟏](𝑛+1)×(𝑛+1)
{−𝐿,𝑖} } (3.7) 

Consequently, the right and left negation operation (⊖) from the parent ‘𝑨𝒔’ matrix, can be 

given as  

 [𝑨𝒔](𝑘+1)×(𝑘+1)⊖ [𝑨𝒔](𝑘+1)×(𝑘+1)
{−𝐿,𝑖}

= [𝑨𝒔](𝑘+1)×(𝑘+1)
{−𝑅,𝑘−𝑖}

 (3.8) 

 [𝑨𝒔](𝑘+1)×(𝑘+1)⊖ [𝑨𝒔](𝑘+1)×(𝑘+1)
{−𝑅,𝑖}

= [𝑨𝒔](𝑘+1)×(𝑘+1)
{−𝐿,𝑘−𝑖}

 (3.9) 
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Three different types of adjacency matrix operations from a reassembling robotics standpoint 

have thus been defined: 1) The merging operation 2) the truncation operation and 3) the 

negation operation. These mathematical operations allow robots with different degrees of 

freedoms and architectures to merge and truncate with one another for modelling and analytics 

purposes. Examples of these matrix operations and its analyses are presented in Sections [3.3.1-

3.3.2]. 

3.2.2. Morphology Trivector Methods 

In this section, I use the 𝑮𝒏+𝟖,𝟎 algebra to construct morphology trivectors (𝑴), where ‘𝑛’ is 

the total number of kinematic pairs of a manipulator under study. Using the network theoretic 

characterisation shown in Section [3.2.1], I devise a Geometric Algebraic representation of the 

network theoretic expression to produce multivector representations of a robot morphology. In 

this method, I utilise the geometric product operation (as presented in Section [2.2], Equations 

[2.6-2.7]), central to Geometric Algebra, and a non-integer subscript bases that is unique to this 

method. For a full and detailed description of the fundamentals of Geometric Algebra, I refer 

readers to Equations [2.4-2.14] (in Section [2.2]) and the works of Hestenes and Sobczyk 

(1984) and Doran and Lasenby (2003). To produce a multivector representation of robot 

morphology, I define the conversion or incorporation of an adjacency matrix into a morphology 

trivector (𝑴) in Equation [3.10] below 

 𝑴 =∑∑∑𝑎𝑖𝑗
+Ɛ𝑖,𝑗,𝑝𝑒𝑃𝑒𝑖+8,𝑗+8

8

𝑝=4

𝑛

𝑖=1

𝑛

𝑗=1

 (3.10) 

Where the description of each term is defined in Table [3.1].  

Term Description 

𝑎𝑖𝑗
+  The superdiagonal elements of an adjacency matrix (𝑨𝒊𝒋) as defined in Equation [2.3]. 

𝑛 Total number of kinematic pairs 

𝑝 
Represents the 𝑝-th nodal weights respectively:  {4,5,6,7,8} →  {𝜷𝒊𝒋, |𝐻𝑖𝑗|, 𝑆𝑖0,𝑀𝑖, 𝐼𝑖}, for 

𝑒𝑝 and Ɛ𝑖,𝑗,𝑝. 

𝑒𝑝 Basis vectors denoting 𝑝-th nodal weight. 

Ɛ𝑖,𝑗,𝑝 

Numeral or symbolic representation of 𝑝-th nodal weight, which may be a scalar value or 

a vector in 𝐸(3) space containing {𝑒1, 𝑒2, 𝑒3}, for the corresponding ‘𝑖 − 𝑗’ kinematic pair 

system. 

𝑒𝑖+8,𝑗+8 Indicates the ‘𝑖 − 𝑗’ kinematic pair system. 

Table 3.1. The description of the terms in the multivector representation of robot morphology. 

For example, Ɛ1,2,5  gives us the magnitude |𝐻12| since 𝑝 = 5 denotes the nodal weight for 

|𝐻𝑖𝑗|, and {𝑖, 𝑗} = {1,2}. In this chapter, I will represent an unknown value of |𝐻𝑖𝑗| of an 

arbitrary reference robot (denoted symbolically as ‘𝑅’) symbolically as ‘𝐻𝑖𝑗
𝑅 ’. For analytic 



58 

CHAPTER 3 

simplification purposes, the symbolic elements of 𝑆𝑖0 will be denoted with the form ‘𝑆𝑎𝑖’ for 

the rest of this chapter where 𝑆𝑎𝑖 is some 3-tuple unit vector (for example about the 𝑥-axis 

defined in the global reference frame 𝛹0). I denote the symbolic value of the axis of actuation 

of the 𝑖-th kinematic pair for an arbitrary reference robot (𝑅) as ‘𝑆𝑎𝑖
𝑅 ’. 

Having defined the morphology trivector, we are able to compute the ‘difference 

morphology trivector’ ‘ 𝜹𝑴[𝑅’, 𝑅] ’, as defined below in Equation [3.11], which is the 

multivector difference between the morphology trivector of the post-transformed robot 

(denoted symbolically as ‘𝑅′’), given as ‘𝑴[𝑅’]’ and the pre-transformed robot, given as 

‘𝑴[𝑅]’ 

 𝜹𝑴[𝑅’, 𝑅] = 𝑴[𝑅’] − 𝑴[𝑅] (3.11) 

In this chapter, I employ a ‘tuple piecewise multiplication’ and I present an example of a tuple 

piecewise multiplication between multivectors ‘𝑉1’ and ‘𝑉2’ with ‘𝑚’ number of multivector 

elements 

∑(〈𝑉1〉𝑘𝑒[𝑘]
−1 ∗ 〈𝑉2〉𝑘𝑒[𝑘]

−1)𝑒[𝑘]

𝑚

𝑘=1

= 𝑉3 (3.12a) 

Where ‘𝑒[𝑘]’ refers to the unique element of the 𝑘-th term and the grade extraction operator 

〈𝐴〉𝑟  is defined in Section [2.2], Equation [2.5]. An example of a single-tuple piecewise 

multiplication is as follows, given 𝑉1 = 𝑒1 + 2𝑒2 + 3𝑒3 and 𝑉2 = 4𝑒1 + 5𝑒2 + 6𝑒3  

∑(〈𝑉1〉𝑘𝑒[𝑘]
−1 ∗ 〈𝑉2〉𝑘𝑒[𝑘]

−1)𝑒[𝑘]

𝑚

𝑘=1

= (1 ∙ 4 )𝑒1 + (2 ∙ 5)𝑒2 + (3 ∙ 6)𝑒3

= 4𝑒1 + 10𝑒2 + 18𝑒3 = 𝑉3 

(3.12b) 

Incorporating the tuple piecewise multiplication operator and 𝜹𝑴[𝑅’, 𝑅] (or ‘𝜹𝑴’ for short) in 

Equation [3.11], I present the tuple form of the difference morphology trivector (𝒀[𝑅’, 𝑅]), 

which is presented in Equation [3.13]. 

𝒀[𝑅’, 𝑅] = ∑(〈𝜹𝑴〉𝑘𝑒[𝑘]
−1 ∗ 〈

𝑴

𝑴
〉𝑘 𝑒[𝑘]

−1) 𝑒[𝑘]

𝑚

𝑘=1

+ ∑ (〈𝜹𝑴〉𝑘𝑒[𝑘]
−1 ∗ 〈

𝑴

𝑴
〉𝑘 𝑒[𝑘]

−1) 𝑒[𝑘]

𝑚+𝑗

𝑘=𝑚+1

 (3.13) 

Where ‘𝑚’ refers to the total number of elements in ‘𝑅’ and ‘𝑗’ refers to the elements that are 

absent in ‘𝑅’ but present in ‘𝑅′’. The existence of a non-zero ‘𝑗’ indicates a Type 3 or Type 4 

transformation (the transformation types are detailed further in Section [3.2.3]). Subsequently, 

I present ‘𝑌’ as the regressed tuple form of 𝒀 in Equation [3.14] below.  
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𝑌 = ∑ 𝛾 
𝑘

𝑚+𝑗

𝑘=1

 (3.14) 

Where ‘ 𝛾 
𝑘 ’ is ‘𝑚 + 𝑗’ non-zero valued tuples. The regressed tuple form of the difference 

morphology trivector (𝑌) allows the complex and unwieldy multivector form of the difference 

morphology trivector (𝜹𝑴) to be expressed as simple tuples, with the multivector elements that 

reflect the pre- and post-transformed robot. This is analogous to a dimension-reducing 

projection operation in Geometric Algebra. Besides using ‘𝑌’, the difference between the pre- 

and post-transformed robots can be further captured by computing the difference matrix ‘𝜹𝜷𝒊𝒋’, 

as defined in Equation [3.15] 

𝜹𝜷𝒊𝒋[𝑅’, 𝑅] = 𝜷𝒊𝒋[𝑅
′] − 𝜷𝒊𝒋[𝑅] (3.15) 

However, we need to perform an intermediate step when 𝑔 ≠ ℎ (where 𝑔 and ℎ are the rank of 

𝜷𝒊𝒋[𝑅]  and 𝜷𝒊𝒋[𝑅′]  respectively). This step involves merging the smaller 𝜷𝒊𝒋  matrix with 

‘𝑍𝑛×𝑚, ’ which denotes an 𝑛 × 𝑚 matrix of zeroes, so that both 𝜷𝒊𝒋 matrices will have an equal 

rank, as shown in Equations [3.16] and [3.17], where the merge operator (⊕) is resolved using 

Equation [3.3] 

𝜷𝒊𝒋[𝑅]𝑚𝑎𝑥(𝑔,ℎ)×𝑚𝑎𝑥(𝑔,ℎ) = {
 𝜷𝒊𝒋[𝑅](𝑔)×(𝑔)⊕𝑍(ℎ−𝑔)×(ℎ−𝑔), 𝑔 < ℎ

 𝜷𝒊𝒋[𝑅](𝑔)×(𝑔),                  ℎ ≤ 𝑔
 (3.16) 

𝜷𝒊𝒋[𝑅′]𝑚𝑎𝑥(𝑔,ℎ)×𝑚𝑎𝑥(𝑔,ℎ) = {
 𝜷𝒊𝒋[𝑅′](ℎ)×(ℎ),                    𝑔 ≤ ℎ

 𝜷𝒊𝒋[𝑅′](ℎ)×(ℎ)⊕𝑍(𝑔−ℎ)×(𝑔−ℎ), ℎ < 𝑔
 (3.17) 

such that the matrix subtraction operation in Equation [3.15] can be computed as 

𝜹𝜷𝒊𝒋[𝑅’, 𝑅] = 𝜷𝒊𝒋[𝑅
′] − 𝜷′𝒊𝒋[𝑅] (3.18) 

assuming Equations [3.16-3.17] are adhered to. By analysing 𝜹𝜷𝒊𝒋 and ‘𝑌’, we are able to 

evaluate the ‘reassembling transformation types’ that are required to transform any robot ‘𝑅’ 

into ‘𝑅′ ’. These ‘reassembling transformation types’ will be elaborated on in the following 

section. 

3.2.3. Reassembling Transformation Types and their Hierarchical Relations  

All types of reassembling transformations are represented by the operator expression ‘𝑷𝑲’ 

acting on the nodal weights, where ‘𝐾 ’ denotes the type of transformation from a pre-

transformed robot ‘𝑅’ to a post-transformed robot ‘𝑅′’  

 𝑷𝑲𝑅 → 𝑅′ (3.19) 

Using the characterisation defined in Sections [3.2.1], I formalise all reassembling 

transformations as being one of four unique types:  
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1. Changing of nodal weights 

2. Resequencing of kinematic pairs 

3. Addition and negation of kinematic pairs  

4. Modifications to the adjacency matrix 

These transformation types allow us to formally define the detailed transformation steps from 

a robot ‘𝑅’ to robot ‘𝑅′’. The aforementioned four transformation types can be further sub-

divided into nine sub-types, defined in Table [3.2]. 

Transformation 

Type (𝐾) 
Description Mathematical Representation 

Type 1a 
Changing the 𝑖-th kinematic pair’s nodal weight 

(|𝐻𝑖𝑗|). 
𝑷{𝒊}
𝟏𝒂[|𝐻𝑖𝑗| → |𝐻𝑖𝑗|

′
] 

Type 1b1 

Changing the nodal weight (𝑠𝑖) and (|𝐻𝑖𝑗|) 

simultaneously through reorientation, such that the 

angle (𝜓{𝑖,𝑗})  is preserved. 𝜓{𝑖,𝑗} is the angle 

between a link and its axis of rotation.  

𝑷{𝒊}
𝟏𝒃𝟏[|𝐻𝑖𝑗| → |𝐻𝑖𝑗|

′
, 𝑆𝑖0 → 𝑆𝑖0′] 

Type 1b2 

Changing the nodal weight (𝑠𝑖) through 

reorientation, such that the angle (𝜓{𝑖,𝑗})  is not 

necessarily preserved. 

𝑷{𝒊}
𝟏𝒃𝟐[𝑆𝑖0 → 𝑆𝑖0

′] 

Type 1c 
Changing the nodal weight (𝑚𝑖) – changes in 

mass/mass distribution of links. 
𝑷{𝒊}
𝟏𝒄[|𝑀𝑖| → |𝑀𝑖|

′] 

Type 2a 
Resequencing a kinematic pair with its associated 

link. 

𝑷{𝒊,𝒋}
𝟐𝒂 [|𝐻𝑖| → |𝐻𝑗|, |𝐻𝑗| →

|𝐻𝑖|, 𝑆𝑖0 → 𝑆𝑗0, 𝑆𝑗0 → 𝑆𝑖0]  

Type 2b 
Resequencing a kinematic pair without its 

associated link. 
𝑷{𝒊,𝒋}
𝟐𝒃 [𝑆𝑖0 → 𝑆𝑗0, 𝑆𝑗0 → 𝑆𝑖0] 

Type 3 
Merging or truncation of kinematic pairs, as 

presented in Equations [3.3-3.9]. 
⊖ 𝑷{𝒊,𝒋}

𝟑  or ⊕ 𝑷{𝒊,𝒋}
𝟑   

Type 4a 
Setting the states of kinematic pairs in the 𝜷𝒊𝒋 

matrix from ‘𝐺’ to ‘0’ or vice versa. 
𝑷𝟒𝒂[𝜹𝜷𝒊𝒋] 

Type 4b 

Setting the states of kinematic pairs in the 𝜷𝒊𝒋 

matrix from either {𝐴, 𝑃, 𝐿} to ‘0’, from ‘0’ to 

either {𝐴, 𝑃, 𝐿} or from {𝐴, 𝑃, 𝐿} to {𝐴, 𝑃, 𝐿}, with a 

change in states. 

𝑷𝟒𝒃[𝜹𝜷𝒊𝒋] 

Table 3.2. The reassembling transformation types. 

Note that multiple simultaneous Type 1 transformations can be expressed as follows (using a 

Type 1a transformation as an example): 𝑷 {𝟏}
𝟏𝒂 [|𝐻1𝑗| → |𝐻1𝑗|

′
] × 𝑷 {𝟒}

𝟏𝒂 [|𝐻4𝑗| → |𝐻4𝑗|
′
] =

 𝑷 {𝑖}
𝟏𝒂 [|𝐻𝑖𝑗| → |𝐻𝑖𝑗|

′
, 𝑖 = {1, 4}] . The transformations in Table [3.2] are sufficient to 

theoretically generate any possible morphological design and have now been defined within 

the framework of elementary network theory. Hierarchical relations allow the various 

reassembling transformation types to be decomposed and represented as combinations of other 

type transformations. This afford two theoretical utilities:  
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1) The quantitative characterisation (such as morphology trivectors, 𝜷𝒊𝒋  etc.) of 

complicated reassembling transformation types can be simplified, using known 

hierarchical relations. 

2) Qualitative understandings of a certain type transformation can be extended to 

assessments of other transformation types, using said hierarchical relations.  

One such interesting hierarchical relation is the decomposition of a Type 2a transformation 

(executed from right to left), as shown in Equation [3.20] 

 
𝑷{𝒊,𝒋}
𝟐𝒂 = 𝑷{𝒋}

𝟏𝒃𝟐[𝑆𝑗0 → 𝑆𝑖0] × 𝑷{𝒊}
𝟏𝒃𝟐 [𝑆𝑖0 → 𝑆𝑗0] × 𝑷{𝒋}

𝟏𝒂[|𝐻𝑗𝑘|→ |𝐻𝑖𝑗|] 

× 𝑷{𝒊}
𝟏𝒂[|𝐻𝑖𝑗|→ |𝐻𝑗𝑘|] 

(3.20) 

Since  

 𝑷{𝒊,𝒋}
𝟐𝒃 = 𝑷{𝒋}

𝟏𝒃𝟐[𝑆𝑗0 → 𝑆𝑖0] × 𝑷{𝒊}
𝟏𝒃𝟐 [𝑆𝑖0 → 𝑆𝑗0] (3.21) 

we may write 

 𝑷{𝒊,𝒋}
𝟐𝒂 = 𝑷{𝒊,𝒋}

𝟐𝒃 × 𝑷{𝒋}
𝟏𝒂[|𝐻𝑗𝑘|→ |𝐻𝑖𝑗|] × 𝑷{𝒊}

𝟏𝒂[|𝐻𝑖𝑗|→ |𝐻𝑗𝑘|] (3.22) 

We also find that the following hierarchical relations hold true 

 
𝑷{𝒊−𝟏,𝒊}
𝟐𝒂 × …× 𝑷{𝟐,𝟑}

𝟐𝒂 × 𝑷{𝟏,𝟐}
𝟐𝒂 [1,… , 𝑖 − 1, 𝑖, 𝑖 + 1,… , 𝑛]

= [𝑖, 1,2,3, … , 𝑖 − 1, 𝑖 + 1,… , 𝑛] 
(3.23) 

For example 

 𝑷{𝟑,𝟒}
𝟐𝒂 × 𝑷{𝟐,𝟑}

𝟐𝒂 × 𝑷{𝟏,𝟐}
𝟐𝒂 [1,2,3,4,5] = [4,1,2,3,5] (3.24) 

An analogous identity is 

 
𝑷{𝟏,𝒊}
𝟐𝒂 ×. . .× 𝑷{𝒊−𝟑,𝒊}

𝟐𝒂 × 𝑷{𝒊−𝟐,𝒊}
𝟐𝒂 × 𝑷{𝒊−𝟏,𝒊}

𝟐𝒂 [1, … , 𝑖, … , 𝑛]

= [𝑖, 1,2, … , 𝑖 − 1, 𝑖 + 1,… , 𝑛] 
(3.25) 

For example 

 𝑷{𝟐,𝟓}
𝟐𝒂 × 𝑷{𝟑,𝟓}

𝟐𝒂 × 𝑷{𝟒,𝟓}
𝟐𝒂 [1,2,3,4,5] = [1,5,2,3,4] (3.26) 

We may combine Equation [3.25] with Equation [3.23] to give 

 𝑷{𝟏,𝒊}
𝟐𝒂 ×…× 𝑷{𝒊−𝟑,𝒊}

𝟐𝒂 × 𝑷{𝒊−𝟐,𝒊}
𝟐𝒂 × 𝑷{𝒊−𝟏,𝒊}

𝟐𝒂 = 𝑷{𝒊−𝟏,𝒊}
𝟐𝒂 ×. . .× 𝑷{𝟐,𝟑}

𝟐𝒂 × 𝑷{𝟏,𝟐}
𝟐𝒂  (3.27) 

We may define composition and reduction laws for Type 2a and Type 3 transformations, such 

that 

 𝑷{𝒊,𝒋}
𝟐𝒂 = ⊖ 𝑷{𝒊,𝒊}

𝟑 ⊖ 𝑷{𝒋,𝒋}
𝟑 ⊕ 𝑷{𝒊,𝒋}

𝟑 ⊕ 𝑷{𝒋,𝒊}
𝟑  (3.28) 

As demonstrated in Equation [3.28], a Type 2a transformation is expressed as four Type 3 

transformations, two of which negate or remove the existing ‘𝑖’ and ‘𝑗’ pairs. Therefore, by 

removing the two kinematic pairs ‘𝑖’ and ‘𝑗’ at topological locations ‘𝑖’ and ‘𝑗’ and adding two 
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kinematic pairs with nodal weights identical to ‘𝑖’ and ‘𝑗’ at the topological positions of ‘𝑗’ and 

‘𝑖’ respectively, a Type 2a equivalent transformation is produced. Interestingly, one can use 

this existing framework to generate new links 

 𝑷{𝒊,𝒌}
𝟑 = 𝑷{𝒊}

𝟏𝒂 × 𝑷𝟒𝒃(𝜹𝜷𝒊𝒋) (3.29) 

Where the dual subscripts {𝑖, 𝑘} for a Type 3 transformation only refers to kinematic pair ‘𝑖’ at 

topological position ‘𝑘’. In Equation [3.29], a Type 1a transformation, in conjunction with a 

Type 4b transformation, can theoretically generate or include new links. This theoretical 

transformation has no place in reality, but it is, nonetheless, a useful mathematical abstraction. 

3.3. Case Studies 

3.3.1. Serial-Parallel Hybrid Mechanisms in a Walking Robot  

In this first case study, a Klann Linkage (serial-parallel hybrid structure) is analysed and 

transformed, using the methods presented in this chapter, into two different systems using 

simple transformations. The first post-transformed structure is what I call the ‘platypus-hydro 

locomotion robot’ and the second is the ‘rotary locomotion robot’. These transformations are 

driven by the mathematical and theoretical methods developed in this body of work. This case 

study is applicable to subsea drones/robots, or offshore mooring and riser systems in subsea 

environments. This case study demonstrates that a common serial-parallel hybrid structure can 

accommodate numerous motion spaces if it is reassembling transformation-effective. Figure 

[3.1] below illustrates four Klann linkage structures (two on each side of the walking robot).  

 
Figure 3.1. Four Klann linkages on a walking robot (Lokhande and Emche 2013). 

The workspace corresponding to a Klann linkage is presented in Figure [3.2], below.  
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Figure 3.2. The workspace of the example Klann linkage (walking). 

The workspace detailed in Figure [3.2] is that of the first morphological class of the 

manipulator. In this case, it generates a walking gait. This particular locomotive mode is useful 

in subsea environments that are often topographically challenging. I construct the following 

network diagrams for the pre-transformed Klann Linkage robot (System 𝐵) in Figure [3.3] and 

its corresponding 𝜷𝒊𝒋  matrix and adjacency matrix (𝑨𝒊𝒋) in Equations [3.30a] and [3.30b], 

respectively. 

    
Figure 3.3. System 𝐵: Klann linkage robot (pre-transformation). The lengths of each link are: |𝐻12| =

5.62m, |𝐻23| = 7.2m, |𝐻36| = 4.35m, |𝐻38| = 12.78m, |𝐻45| = 1.25m, |𝐻47| = 4.92m, |𝐻56| =

5.45m and |𝐻67| = 2.63m. The unit vector of the 𝑖-th joint axis of each link is 𝑆𝑖0 = [0,0,1], for 𝑖 =

{1,2,… ,7} and for this reason, I will simplify the axes of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐵  = [0,0,1].  

𝜷𝒊𝒋[𝐵]= 

 

 

0 G+P 0 G 0 0 G 0 

 

P 0 P 0 0 0 0 0 

0 P 0 0 0 P 0 P 

G 0 0 0 G+A 0 G 0 

0 0 0 P 0 P 0 0 

0 0 P 0 P 0 P 0 

G 0 0 G 0 G+P 0 0 

0 0 0 0 0 0 0 0 
 

 𝑨𝒊𝒋[𝐵] = 

 

 

0 1 0 1 0 0 1 0 

 

1 0 1 0 0 0 0 0 

0 1 0 0 0 1 0 1 

1 0 0 0 1 0 1 0 

0 0 0 1 0 1 0 0 

0 0 1 0 1 0 1 0 

1 0 0 1 0 1 0 0 

0 0 0 0 0 0 0 0 
 

(3.30a-b) 

The network diagram for the first post-transformed ‘platypus-hydro’ locomotion Klann linkage 

robot (System 𝐵′) is demonstrated in Figure [3.4]. 
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Figure 3.4. System 𝐵′: Platypus-hydro locomotion robot (post-transformation). The unit vector of the 

𝑖-th joint axis of each link is 𝑆𝑖0 = [0,0,1] for 𝑖 = {1,2,… ,7} and for this reason, I will simplify the axes 

of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐵 = 𝑆𝑎1

𝐵′ = [0,0,1]. 

The workspace corresponding to System 𝐵′ (Figure [3.4]) and the corresponding 𝜷𝒊𝒋 and 𝑨𝒊𝒋 

matrices are presented in Figure [3.5]. 

 
Figure 3.5. The workspace of System 𝐵′: Platypus-hydro locomotion robot (post-transformation), with 

the corresponding 𝜷𝒊𝒋 and 𝑨𝒊𝒋 matrices. 

The morphology trivector of System 𝐵 is shown in Equation [3.31]. Since we are dealing with 

non-dynamics related assessments of the systems in this case study, I will set both 𝑀𝑖 and 𝐼𝑖𝑗 

to be zero for all kinematic pairs, for the sake of simplicity and since our analysis is only 

reserved for position and geometry in this chapter.   

 𝑴[𝐵] = (𝐺 +  𝑃)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,12 +  𝐺𝑒4𝑒9,15 +  𝑃𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,14 +

 𝑃𝑒4𝑒11,16 + (𝐴 +  𝐺)𝑒4𝑒12,13 +  𝐺𝑒4𝑒12,15 +  𝑃𝑒4𝑒13,14 +  𝑃𝑒4𝑒14,15 + 𝐻1,2
𝐵 𝑒5𝑒9,10 +

 𝐻1,4
𝐵 𝑒5𝑒9,12 + 𝐻1,7

𝐵 𝑒5𝑒9,15 + 𝐻2,3
𝐵 𝑒5𝑒10,11 + 𝐻3,6

𝐵 𝑒5𝑒11,14 + 𝐻3,8
𝐵 𝑒5𝑒11,16 +

 𝐻4,5
𝐵 𝑒5𝑒12,13 + 𝐻4,7

𝐵 𝑒5𝑒12,15 + 𝐻5,6
𝐵 𝑒5𝑒13,14 + 𝐻6,7

𝐵 𝑒5𝑒14,15 + 𝑆𝑎1
𝐵 𝑒6𝑒9,10 + 𝑆𝑎1

𝐵 𝑒6𝑒9,12 +

 𝑆𝑎1
𝐵 𝑒6𝑒9,15 + 𝑆𝑎1

𝐵 𝑒6𝑒10,11 + 𝑆𝑎1
𝐵 𝑒6𝑒11,14 + 𝑆𝑎1

𝐵 𝑒6𝑒11,16 + 𝑆𝑎1
𝐵 𝑒6𝑒12,13 + 𝑆𝑎1

𝐵 𝑒6𝑒12,15 +

 𝑆𝑎1
𝐵 𝑒6𝑒13,14 + 𝑆𝑎1

𝐵 𝑒6𝑒14,15  

(3.31) 
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The morphology trivector of System 𝐵′ is shown in Equation [3.32] 

𝑴[𝐵′] = (𝐺 +  𝑃)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,12 +  𝐺𝑒4𝑒9,15 +  𝑃𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,14 +

 𝑃𝑒4𝑒11,16 + (𝐴 +  𝐺)𝑒4𝑒12,13 +  𝐺𝑒4𝑒12,15 +  𝑃𝑒4𝑒13,14 +  𝑃𝑒4𝑒14,15 + 𝐻1,2
𝐵′ 𝑒5𝑒9,10 +

 𝐻1,4
𝐵′ 𝑒5𝑒9,12 + 𝐻1,7

𝐵′ 𝑒5𝑒9,15 + 𝐻2,3
𝐵′ 𝑒5𝑒10,11 + 𝐻3,6

𝐵′ 𝑒5𝑒11,14 + 𝐻3,8
𝐵′ 𝑒5𝑒11,16 +

 𝐻4,5
𝐵′ 𝑒5𝑒12,13 + 𝐻4,7

𝐵′ 𝑒5𝑒12,15 + 𝐻5,6
𝐵′ 𝑒5𝑒13,14 + 𝐻6,7

𝐵′ 𝑒5𝑒14,15 + 𝑆𝑎1
𝐵′𝑒6𝑒9,10 + 𝑆𝑎1

𝐵′𝑒6𝑒9,12 +

 𝑆𝑎1
𝐵′𝑒6𝑒9,15 + 𝑆𝑎1

𝐵′𝑒6𝑒10,11 + 𝑆𝑎1
𝐵′𝑒6𝑒11,14 + 𝑆𝑎1

𝐵′𝑒6𝑒11,16 + 𝑆𝑎1
𝐵′𝑒6𝑒12,13 + 𝑆𝑎1

𝐵′𝑒6𝑒12,15 +

 𝑆𝑎1
𝐵′𝑒6𝑒13,14 + 𝑆𝑎1

𝐵′𝑒6𝑒14,15  

(3.32) 

Where 𝑆𝑎1
𝐵  and 𝑆𝑎1

𝐵′ are the symbolic unit vectors of the 𝑖-th joint axis of each link, for Systems 

𝐵  and 𝐵′  respectively (𝑆𝑖0 = [0,0,1]  for 𝑖 = {1,2, … ,7}  and 𝑆𝑖0 = 𝑆𝑎1
𝐵 = 𝑆𝑎1

𝐵′ = [0,0,1] ). 

Using 𝑴[𝐵] and 𝑴[𝐵′] (Equations [3.31-3.32]), I compute 𝑌[𝐵′, 𝐵] according to Equation 

[3.13] and [3.14] to evaluate the transformations that need to be performed to produce System 

𝐵′. The symbolical derivations can be simplified when presented with case-specific numerical 

values, but to demonstrate the generality of the approach it would be instructive to retain 

symbolic representations throughout the case studies while only incorporating minimal 

numerical simplifications that are immediately evident. For example, we recognise that since 

there are no changes in the values of |𝐻𝑖𝑗|  and 𝑆𝑖0  from System 𝐵  to 𝐵′, I substitute the 

numerical value zero for the terms (𝑆𝑎1
𝐵′ − 𝑆𝑎1

𝐵 ) and (𝐻𝑖𝑗
𝐵′ − 𝐻𝑖𝑗

𝐵), for all values of ‘𝑖’ and ‘𝑗’, 

except 𝑖 = {1,4,7} in 𝑌[𝐵′, 𝐵], resulting in Equation [3.33], where 𝑚 =  30.  

𝑌[𝐵′, 𝐵] = { 𝛾 
11 , 𝛾 

12 , 𝛾 
13 , 𝛾 

17 , 𝛾 
18 }   

= {𝐻1,2
𝐵′ − 𝐻1,2

𝐵 , 𝐻1,4
𝐵′ − 𝐻1,4

𝐵 , 𝐻1,7
𝐵′ − 𝐻1,7

𝐵 , 𝐻4,5
𝐵′ − 𝐻4,5

𝐵 , 𝐻4,7
𝐵′ − 𝐻4,7

𝐵 }  
(3.33) 

Table [3.3] contains the values of ‘𝑘’, 𝛾 
𝑘  and 𝑒𝑘 as a summary of 𝑌[𝐵′, 𝐵]. 

𝑘 𝛾 
𝑘  𝑒𝑘 

11 𝐻1,2
𝐵′ − 𝐻1,2

𝐵  𝑒5𝑒9,10 

12 𝐻1,4
𝐵′ − 𝐻1,4

𝐵  𝑒5𝑒9,12 

13 𝐻1,7
𝐵′ − 𝐻1,7

𝐵  𝑒5𝑒9,15 

17 𝐻4,5
𝐵′ − 𝐻4,5

𝐵  𝑒5𝑒12,13 

18 𝐻4,7
𝐵′ − 𝐻4,7

𝐵  𝑒5𝑒12,15 

Table 3.3. The regressed tuple form of the difference morphology trivector 𝑌[𝐵′, 𝐵]. 

Next, I compute 𝜹𝜷𝒊𝒋[𝐵
′, 𝐵] according to Equation [3.18], which gives 

 𝜹𝜷𝒊𝒋[𝐵
′, 𝐵] = 𝑍8×8 (3.34) 

where 𝑍8×8 , denotes an 8 × 8  matrix of zeroes. The fact that 𝜹𝜷𝒊𝒋[𝐵
′, 𝐵] (as presented in 

Equation [3.34]) is zero for all values of ‘𝑖’ and ‘𝑗’ and that the ranks of Systems 𝐵 and 𝐵′ are 
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identical (𝑔 = ℎ ) indicates the absence of Type 3 or Type 4 transformations. Note the 

differences in |𝐻𝑖𝑗| values from Table [3.3], present in 𝑌[𝐵′, 𝐵] for { 𝛾 
11 , 𝛾 

12 , 𝛾 
13 , 𝛾 

17 , 𝛾 
18 } =

{𝐻1,2
𝐵′ − 𝐻1,2

𝐵 , 𝐻1,4
𝐵′ − 𝐻1,4

𝐵 , 𝐻1,7
𝐵′ − 𝐻1,7

𝐵 , 𝐻4,5
𝐵′ − 𝐻4,5

𝐵 , 𝐻4,7
𝐵′ − 𝐻4,7

𝐵 } , correspond to nodes 

{1, 4, 7}. This is reflective of several Type 1a transformations that are performed on System 𝐵 

in order to produce System 𝐵′, which gives us the transformations effected:  

 𝑷 
𝑻(𝐵 → 𝐵′) = 𝑷 {𝑘}

𝟏𝒂 [|𝐻𝑘,𝑗
𝐵 | → |𝐻𝑘,𝑗

𝐵 |
′
, 𝑘 = {1, 4, 7}] (3.35) 

Where ‘𝑗’ is set to be the indices of the nodes that are connected to node ‘𝑘’ and where 𝑷 
𝑻(𝐵 →

𝐵′)  is the final, resolved transformation operator that transforms System 𝐵  to 𝐵′ . This 

transformation sequence is a series of base link Type 1a transformations that cause the 

compression and deformation of the workspace to generate a workspace that emulates that of 

a flapping fin of a platypus/seal etc. In this example, the exact numerical link length changes 

of the Type 1a transformation is not required to be known to ascertain the nature of the 

transformation. Having demonstrated the ease of transformation from the original Klann 

linkage (System 𝐵 ) to the platypus-hydro locomotion robot (System 𝐵′ ), I proceed to 

demonstrate a distinct set of transformations that can be performed to obtain a completely 

different rotary locomotion robot (System 𝐵′′). The network diagram of the rotary locomotion 

robot is detailed in Figure [3.6]. 

 
Figure 3.6. System 𝐵′′: Rotary locomotion Klann linkage robot (post-transformation). The unit vector 

of the 𝑖-th joint axis of each link is 𝑆𝑖0 = [0,0,1] for 𝑖 = {1,2,… ,13} and for this reason, I will simplify 

the axes of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐵′ = 𝑆𝑎1

𝐵′′ = [0,0,1]. 

The workspace corresponding to a Klann linkage (post-transformation) (Figure [3.6]) is 

presented in Figure [3.7], below.  



67 

CHAPTER 3 

 
Figure 3.7. The workspace of rotary locomotion Klann Linkage robot (post-transformation). 

The corresponding 𝜷𝒊𝒋 and the 𝑨𝒊𝒋 matrices are shown in Equations [3.37] and [3.36].  

𝑨𝒊𝒋[𝐵
′′] = 

 

 0 1 0 1 0 0 0 0 0 0 0 0 0  
1 0 1 0 0 0 0 0 0 0 0 0 0 

0 1 0 0 0 1 0 1 0 0 0 0 0 

1 0 0 0 0 0 0 0 1 0 0 0 0 

0 0 0 0 0 1 1 0 0 0 0 1 0 

0 0 1 0 1 0 1 0 0 0 0 0 0 

0 0 0 0 1 1 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 1 0 0 0 

0 0 0 0 0 0 0 0 1 0 1 0 0 

0 0 0 0 0 0 0 0 0 1 0 1 1 

0 0 0 0 1 0 1 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 
 

(3.36) 

 

 
𝜷𝒊𝒋[𝐵

′′] = 

 

 
0 L 0 L 0 0 0 0 0 0 0 0 0  
L 0 L 0 0 0 0 0 0 0 0 0 0 

0 L 0 0 0 L 0 L 0 0 0 0 0 

L 0 0 0 0 0 0 0 L 0 0 0 0 

0 0 0 0 0 L L 0 0 0 0 L 0 

0 0 L 0 L 0 L 0 0 0 0 0 0 

0 0 0 0 G+A G+A 0 0 0 0 0 G+A 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 L 0 0 0 0 0 L 0 0 0 

0 0 0 0 0 0 0 0 L 0 L 0 0 

0 0 0 0 0 0 0 0 0 L 0 L L 

0 0 0 0 L 0 L 0 0 0 L 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 
 

(3.37) 

In order to produce System 𝐵′′, we require two identical sets of System 𝐵, denoted as 2𝐵 with 

the network diagram illustrated in Figure [3.8].  
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Figure 3.8. System 2𝐵 : Klann linkage (pre-transformation), where nodes {1,4,7,9,12,15}  are 

interconnected by 𝛽𝑖𝑗 = 𝐺  but some connections are not shown (eg. 𝛽1,15 = 𝐺 ), for the sake of 

simplicity. 

The 𝜷𝒊𝒋 and 𝑨𝒊𝒋 matrices of System 2𝐵 are shown in Equations [3.39] and [3.38], respectively.  

𝑨𝒊𝒋[2𝐵] = 

 

 0 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0  
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 

1 0 0 0 1 0 1 0 1 0 0 1 0 0 1 0 

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 

0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 

1 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 0 1 0 0 1 0 0 1 0 1 0 0 1 0 

0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 1 

1 0 0 1 0 0 1 0 1 0 0 0 1 0 1 0 

0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 

1 0 0 1 0 0 1 0 1 0 0 1 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 

(3.38) 

 

𝜷𝒊𝒋[2𝐵]= 

 

 0 G+P 0 G 0 0 G 0 G 0 0 G 0 0 G 0  
P 0 P 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 P 0 0 0 P 0 P 0 0 0 0 0 0 0 0 

G 0 0 0 G+A 0 G 0 G 0 0 G 0 0 G 0 

0 0 0 P 0 P 0 0 0 0 0 0 0 0 0 0 

0 0 P 0 P 0 P 0 0 0 0 0 0 0 0 0 

G 0 0 G 0 G+P 0 0 G 0 0 G 0 0 G 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

G 0 0 G 0 0 G 0 0 G+P 0 G 0 0 G 0 

0 0 0 0 0 0 0 0 P 0 P 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 P 0 0 0 P 0 P 

G 0 0 G 0 0 G 0 G 0 0 0 G+A 0 G 0 

0 0 0 0 0 0 0 0 0 0 0 P 0 P 0 0 

0 0 0 0 0 0 0 0 0 0 P 0 P 0 P 0 

G 0 0 G 0 0 G 0 G 0 0 G 0 G+P 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 

(3.39) 

Symbolic simplifications of the nodal weights can be performed in the following equations, 

given that 𝑆𝑎1
𝐵 = 𝑆𝑎1

2𝐵 = 𝑆𝑎1
𝐵′ = 𝑆𝑎1

𝐵′′ = [0,0,1]  and 𝐻𝑖,𝑗
𝐵 = 𝐻𝑖,𝑗

2𝐵  for 𝑖 < 9  and 𝑗 < 9 . 𝐻𝑖,𝑗
𝐵 (𝑖 ≥

9, 𝑗 ≥ 9) is undefined. The morphology trivector of System 𝐵′′ is shown in Equation [3.40]. 
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𝑴[𝐵′′] = 𝐿𝑒4𝑒9,10 +  𝐿𝑒4𝑒9,12 +  𝐿𝑒4𝑒10,11 +  𝐿𝑒4𝑒11,14 +  𝐿𝑒4𝑒11,16 +  𝐿𝑒4𝑒12,17 +  𝐿𝑒4𝑒13,14 +

 𝐿𝑒4𝑒13,15 +  𝐿𝑒4𝑒13,20 +  𝐿𝑒4𝑒14,15 + (𝐺 + 𝐴)𝑒4𝑒15,20 +  𝐿𝑒4𝑒17,18 +  𝐿𝑒4𝑒18,19 +  𝐿𝑒4𝑒19,20 +

 𝐿𝑒4𝑒19,21 + 𝐻1,2
𝐵′′𝑒5𝑒9,10 + 𝐻1,4

𝐵′′𝑒5𝑒9,12 + 𝐻2,3
𝐵′′𝑒5𝑒10,11 + 𝐻3,6

𝐵′′𝑒5𝑒11,14 + 𝐻3,8
𝐵′′𝑒5𝑒11,16 +

 𝐻4,9𝑒5𝑒12,17
𝐵′′ + 𝐻5,6

𝐵′′𝑒5𝑒13,14 + 𝐻5,7
𝐵′′𝑒5𝑒13,15 + 𝐻5,12

𝐵′′ 𝑒5𝑒13,20 + 𝐻6,7
𝐵′′𝑒5𝑒14,15 + 𝐻7,12

𝐵′′ 𝑒5𝑒15,20 +

 𝐻9,10𝑒5𝑒17,18
𝐵′′ + 𝐻10,11

𝐵′′ 𝑒5𝑒18,19 + 𝐻11,12
𝐵′′ 𝑒5𝑒19,20 + 𝐻11,13

𝐵′′ 𝑒5𝑒19,21 + 𝑆𝑎1
𝐵′𝑒6𝑒9,10 + 𝑆𝑎1

𝐵′𝑒6𝑒9,12 +

 𝑆𝑎1
𝐵′𝑒6𝑒10,11 + 𝑆𝑎1

𝐵′𝑒6𝑒11,14 + 𝑆𝑎1
𝐵′𝑒6𝑒11,16 + 𝑆𝑎1

𝐵′𝑒6𝑒12,17 + 𝑆𝑎1
𝐵′𝑒6𝑒13,14 + 𝑆𝑎1

𝐵′𝑒6𝑒13,15 +

 𝑆𝑎1
𝐵′𝑒6𝑒13,20 + 𝑆𝑎1

𝐵′𝑒6𝑒14,15 + 𝑆𝑎1
𝐵′𝑒6𝑒15,20 + 𝑆𝑎1

𝐵′𝑒6𝑒17,18 + 𝑆𝑎1
𝐵′𝑒6𝑒18,19 + 𝑆𝑎1

𝐵′𝑒6𝑒19,20 +

 𝑆𝑎1
𝐵′𝑒6𝑒19,21  

(3.40) 

The morphology trivector of System 2𝐵 is shown in Equation [3.41]. 

𝑴[2𝐵] = (𝐺 +  𝑃)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,12 +  𝐺𝑒4𝑒9,15 +  𝐺𝑒4𝑒9,17 +  𝐺𝑒4𝑒9,20 +  𝐺𝑒4𝑒9,23 +

 𝑃𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,14 +  𝑃𝑒4𝑒11,16 + (𝐴 +  𝐺)𝑒4𝑒12,13 +  𝐺𝑒4𝑒12,15 +  𝐺𝑒4𝑒12,17 +

 𝐺𝑒4𝑒12,20 +  𝐺𝑒4𝑒12,23 +  𝑃𝑒4𝑒13,14 +  𝑃𝑒4𝑒14,15 +  𝐺𝑒4𝑒15,17 +  𝐺𝑒4𝑒15,20 +  𝐺𝑒4𝑒15,23 +

 (𝐺 +  𝑃)𝑒4𝑒17,18 +  𝐺𝑒4𝑒17,20 +  𝐺𝑒4𝑒17,23 +  𝑃𝑒4𝑒18,19 +  𝑃𝑒4𝑒19,22 +  𝑃𝑒4𝑒19,24 +

 (𝐴 +  𝐺)𝑒4𝑒20,21 +  𝐺𝑒4𝑒20,23 +  𝑃𝑒4𝑒21,22 +  𝑃𝑒4𝑒22,23 + 𝐻1,2
𝐵 𝑒5𝑒9,10 + 𝐻1,4

𝐵 𝑒5𝑒9,12 +

 𝐻1,7
𝐵 𝑒5𝑒9,15 + 𝐻1,9𝑒5𝑒9,17

2𝐵 + 𝐻1,12
2𝐵 𝑒5𝑒9,20 + 𝐻1,15

2𝐵 𝑒5𝑒9,23 + 𝐻2,3
𝐵 𝑒5𝑒10,11 + 𝐻3,6

𝐵 𝑒5𝑒11,14 +

 𝐻3,8
𝐵 𝑒5𝑒11,16 + 𝐻4,5

𝐵 𝑒5𝑒12,13 + 𝐻4,7
𝐵 𝑒5𝑒12,15 + 𝐻4,9𝑒5𝑒12,17

2𝐵 + 𝐻4,12
2𝐵 𝑒5𝑒12,20 + 𝐻4,15

2𝐵 𝑒5𝑒12,23 +

 𝐻5,6
𝐵 𝑒5𝑒13,14 + 𝐻6,7

𝐵 𝑒5𝑒14,15 + 𝐻7,9𝑒5𝑒15,17
2𝐵 + 𝐻7,12

2𝐵 𝑒5𝑒15,20 + 𝐻7,15
2𝐵 𝑒5𝑒15,23 + 𝐻9,10𝑒5𝑒17,18

2𝐵 +

 𝐻9,12
2𝐵 𝑒5𝑒17,20 + 𝐻9,15

2𝐵 𝑒5𝑒17,23 + 𝐻10,11
2𝐵 𝑒5𝑒18,19 + 𝐻11,14

2𝐵 𝑒5𝑒19,22 + 𝐻11,16
2𝐵 𝑒5𝑒19,24 +

 𝐻12,13
2𝐵 𝑒5𝑒20,21 + 𝐻12,15

2𝐵 𝑒5𝑒20,23 + 𝐻13,14
2𝐵 𝑒5𝑒21,22 + 𝐻14,15

2𝐵 𝑒5𝑒22,23 + 𝑆𝑎1
𝐵 𝑒6𝑒9,10 +

 𝑆𝑎1
𝐵 𝑒6𝑒9,12 + 𝑆𝑎1

𝐵 𝑒6𝑒9,15 + 𝑆𝑎1
𝐵 𝑒6𝑒9,17 + 𝑆𝑎1

𝐵 𝑒6𝑒9,20 + 𝑆𝑎1
𝐵 𝑒6𝑒9,23 + 𝑆𝑎1

𝐵 𝑒6𝑒10,11 +

 𝑆𝑎1
𝐵 𝑒6𝑒11,14 + 𝑆𝑎1

𝐵 𝑒6𝑒11,16 + 𝑆𝑎1
𝐵 𝑒6𝑒12,13 + 𝑆𝑎1

𝐵 𝑒6𝑒12,15 + 𝑆𝑎1
𝐵 𝑒6𝑒12,17 + 𝑆𝑎1

𝐵 𝑒6𝑒12,20 +

 𝑆𝑎1
𝐵 𝑒6𝑒12,23 + 𝑆𝑎1

𝐵 𝑒6𝑒13,14 + 𝑆𝑎1
𝐵 𝑒6𝑒14,15 + 𝑆𝑎1

𝐵 𝑒6𝑒15,17 + 𝑆𝑎1
𝐵 𝑒6𝑒15,20 + 𝑆𝑎1

𝐵 𝑒6𝑒15,23 +

 𝑆𝑎1
𝐵 𝑒6𝑒17,18 + 𝑆𝑎1

𝐵 𝑒6𝑒17,20 + 𝑆𝑎1
𝐵 𝑒6𝑒17,23 + 𝑆𝑎1

𝐵 𝑒6𝑒18,19 + 𝑆𝑎1
𝐵 𝑒6𝑒19,22 + 𝑆𝑎1

𝐵 𝑒6𝑒19,24 +

 𝑆𝑎1
𝐵 𝑒6𝑒20,21 + 𝑆𝑎1

𝐵 𝑒6𝑒20,23 + 𝑆𝑎1
𝐵 𝑒6𝑒21,22 + 𝑆𝑎1

𝐵 𝑒6𝑒22,23  

(3.41) 

Using 𝑴[𝐵′′]  and 𝑴[2𝐵]  (Equations [3.40-3.41]), I compute 𝑌[𝐵′′, 2𝐵]  according to 

Equations [3.13] and [3.14] in order to evaluate transformations that need to be performed to 

produce System 𝐵′′ from a pre-transformed state of 2𝐵. For 𝑌[𝐵′′, 2𝐵], once again, since there 

are no changes in the values of |𝐻𝑖𝑗| and 𝑆𝑖0 from System 2𝐵 to 𝐵′′, I substitute the numerical 

value zero for (𝑆𝑎1
𝐵′′ − 𝑆𝑎1

2𝐵) and (𝐻𝑖𝑗
𝐵′′ −𝐻𝑖𝑗

2𝐵) for all values of ‘𝑖’ and ‘𝑗’ producing Equation 

[3.42], where 𝑚 =  45.  

𝑌[𝐵′′, 2𝐵] = { 𝛾 
1 , 𝛾 

2 , 𝛾 
3 , 𝛾 

4 , 𝛾 
5 , 𝛾 

6 , 𝛾 
7 , 𝛾 

8 , 𝛾 
9 , 𝛾 

10 , 𝛾 
11 , 𝛾 

12 , 𝛾 
13 , 𝛾 

14 , 𝛾 
15 , 𝛾 

16 , 𝛾 
17 , 𝛾 

18 , 𝛾 
19 , 

𝛾 
20 , 𝛾 

21 , 𝛾 
22 , 𝛾 

23 , 𝛾 
24 , 𝛾 

25 , 𝛾 
26 , 𝛾 

27 , 𝛾 
28 , 𝛾 

29 , 𝛾 
30 , 𝛾 

38 , 𝛾 
39 , 𝛾 

44 , 𝛾 
45 , 𝛾 

46 , 𝛾 
47 , 𝛾 

48 , 𝛾 
49 , 𝛾 

50 , 

𝛾 
51 , 𝛾 

52 , 𝛾 
53 , 𝛾 

54 , 𝛾 
55 , 𝛾 

56 , 𝛾 
57 , 𝛾 

58 , 𝛾 
59 , 𝛾 

60 , 𝛾 
61 , 𝛾 

62 , 𝛾 
63 , 𝛾 

64 , 𝛾 
65 , 𝛾 

66 , 𝛾 
67 , 𝛾 

68 , 𝛾 
69 , 𝛾 

70 , 

𝛾 
71 , 𝛾 

72 , 𝛾 
73 , 𝛾 

74 , 𝛾 
75 , 𝛾 

76 , 𝛾 
77 , 𝛾 

78 , 𝛾 
79 , 𝛾 

80 , 𝛾 
81 , 𝛾 

82 , 𝛾 
83 , 𝛾 

84 , 𝛾 
85 , 𝛾 

86 , 𝛾 
87 , 𝛾 

88 , 𝛾 
89 , 𝛾 

90 ,  

(3.42) 
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𝛾 
91 , 𝛾 

92 , 𝛾 
93 , 𝛾 

94 , 𝛾 
95 , 𝛾 

96 , 𝛾 
97 , 𝛾 

98 , 𝛾 
99 } 

= {𝐿 − 𝐺 −  𝑃, 𝐿 −  𝐺, 𝐿 −  𝑃, 𝐿 −  𝑃, 𝐿 −  𝑃, 𝐿 −  𝐺, 𝐿 −  𝑃, 𝐿, 𝐿, 𝐿 −  𝑃, 𝐴 −  𝐺, 𝐿 −

 𝑃, 𝐿 −  𝑃, 𝐿, 𝐿, 𝐻1,2
𝐵′′ − 𝐻1,2

2𝐵, 𝐻1,4
𝐵′′ − 𝐻1,4

2𝐵, 𝐻2,3
𝐵′′ − 𝐻2,3

2𝐵, 𝐻3,6
𝐵′′ − 𝐻3,6

2𝐵, 𝐻3,8
𝐵′′ − 𝐻3,8

2𝐵 , 𝐻4,9
𝐵′′ −

 𝐻4,9
2𝐵, 𝐻5,6

𝐵′′ − 𝐻5,6
2𝐵, 𝐻5,7

𝐵′′ , 𝐻5,12
𝐵′′ , 𝐻6,7

𝐵′′ − 𝐻6,7
2𝐵, 𝐻7,12

𝐵′′ − 𝐻7,12
2𝐵 , 𝐻9,10

𝐵′′ − 𝐻9,10
2𝐵 , 𝐻10,11

𝐵′′ −

 𝐻10,11
2𝐵 , 𝐻11,12

𝐵′′ , 𝐻11,13
𝐵′′ , 𝑆𝑎1

𝐵′′ , 𝑆𝑎1
𝐵′′ , 𝑆𝑎1

𝐵′′ , 𝑆𝑎1
𝐵′′ , −𝐺,−𝐺,−𝐺,−𝐺,−𝐴,−𝐺,−𝐺,−𝐺,−𝐺,−𝐺,−𝐺,

−𝐺, −𝑃,−𝑃,−𝐴,−𝐺,−𝑃,−𝑃,−𝐻1,7
2𝐵, −𝐻1,9

2𝐵, −𝐻1,12
2𝐵 , 𝐻1,15

2𝐵 , −𝐻4,5
2𝐵, −𝐻4,7

2𝐵, −𝐻4,12
2𝐵 , −𝐻4,15

2𝐵 ,  

−𝐻7,9
2𝐵, −𝐻7,15

2𝐵 , −𝐻9,12
2𝐵 , −𝐻9,15

2𝐵 , −𝐻11,14
2𝐵 , −𝐻11,16

2𝐵 , −𝐻12,13
2𝐵 , −𝐻12,15

2𝐵 , −𝐻13,14
2𝐵 , −𝐻14,15

2𝐵 , −𝑆𝑎1
2𝐵, 

 −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵 , −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵,  

−𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵, −𝑆𝑎1
2𝐵, −𝑆𝑎1

2𝐵  

Table [3.4] contains the values of ‘𝑘’,  𝛾 
𝑘  and 𝑒𝑘, as a summary of 𝑌[𝐵′′, 2𝐵]. 

𝑘 𝛾 
𝑘  𝑒𝑘 𝑘 𝛾 

𝑘  𝑒𝑘 𝑘 𝛾 
𝑘  𝑒𝑘 

1 L - G - P 𝑒4𝑒9,10 38 𝑆𝑎1
𝐵′ 𝑒5𝑒9,20 72 −𝐻7,9

2𝐵  𝑒6𝑒9,23 

2 L - G 𝑒4𝑒9,12 39 𝑆𝑎1
𝐵′ 𝑒5𝑒9,23 73 −𝐻7,15

2𝐵  𝑒6𝑒10,11 

3 L - P 𝑒4𝑒9,15 44 𝑆𝑎1
𝐵′ 𝑒5𝑒12,15 74 −𝐻9,12

2𝐵  𝑒6𝑒11,14 

4 L - P 𝑒4𝑒9,17 45 𝑆𝑎1
𝐵′ 𝑒5𝑒12,17 75 −𝐻9,15

2𝐵  𝑒6𝑒11,16 

5 L - P 𝑒4𝑒9,20 46 -G 𝑒5𝑒12,20 76 −𝐻11,14
2𝐵  𝑒6𝑒12,13 

6 L - G 𝑒4𝑒9,23 47 -G 𝑒5𝑒12,23 77 −𝐻11,16
2𝐵  𝑒6𝑒12,15 

7 L - P 𝑒4𝑒10,11 48 -G 𝑒5𝑒13,14 78 −𝐻12,13
2𝐵  𝑒6𝑒12,17 

8 L 𝑒4𝑒11,14 49 -G 𝑒5𝑒13,15 79 −𝐻12,15
2𝐵  𝑒6𝑒12,20 

9 L 𝑒4𝑒11,16 50 - G - A 𝑒5𝑒13,20 80 −𝐻13,14
2𝐵  𝑒6𝑒12,23 

10 L - P 𝑒4𝑒12,13 51 -G 𝑒5𝑒14,15 81 −𝐻14,15
2𝐵  𝑒6𝑒13,14 

11 A 𝑒4𝑒12,15 52 -G 𝑒5𝑒15,17 82 −𝑆𝑎1
𝐵  𝑒6𝑒13,15 

12 L - G - P 𝑒4𝑒12,17 53 -G 𝑒5𝑒15,20 83 −𝑆𝑎1
𝐵  𝑒6𝑒13,20 

13 L - P 𝑒4𝑒12,20 54 -G 𝑒5𝑒15,23 84 −𝑆𝑎1
𝐵  𝑒6𝑒14,15 

14 L 𝑒4𝑒12,23 55 -G 𝑒5𝑒17,18 85 −𝑆𝑎1
𝐵  𝑒6𝑒15,17 

15 L 𝑒4𝑒13,14 56 -G 𝑒5𝑒17,20 86 −𝑆𝑎1
𝐵  𝑒6𝑒15,20 

16 𝐻1,2
𝐵′′ − 𝐻1,2

𝐵  𝑒4𝑒13,15 57 -G 𝑒5𝑒17,23 87 −𝑆𝑎1
𝐵  𝑒6𝑒15,23 

17 𝐻1,4
𝐵′′ − 𝐻1,4

𝐵  𝑒4𝑒13,20 58 -P 𝑒5𝑒18,19 88 −𝑆𝑎1
𝐵  𝑒6𝑒17,18 

18 𝐻2,3
𝐵′′ − 𝐻2,3

𝐵  𝑒4𝑒14,15 59 -P 𝑒5𝑒19,20 89 −𝑆𝑎1
𝐵  𝑒6𝑒17,20 

19 𝐻3,6
𝐵′′ − 𝐻3,6

𝐵  𝑒4𝑒15,17 60 - G - A 𝑒5𝑒19,21 90 −𝑆𝑎1
𝐵  𝑒6𝑒17,23 

20 𝐻3,8
𝐵′′ − 𝐻3,8

2𝐵  𝑒4𝑒15,20 61 -G 𝑒5𝑒19,22 91 −𝑆𝑎1
𝐵  𝑒6𝑒18,19 

21 𝐻4,9
𝐵′′ − 𝐻4,9

2𝐵  𝑒4𝑒15,23 62 -P 𝑒5𝑒19,24 92 −𝑆𝑎1
𝐵  𝑒6𝑒19,20 

22 𝐻5,6
𝐵′′ − 𝐻5,6

𝐵  𝑒4𝑒17,18 63 -P 𝑒5𝑒20,21 93 −𝑆𝑎1
𝐵  𝑒6𝑒19,21 

23 𝐻5,7
𝐵′′  𝑒4𝑒17,20 64 −𝐻1,7

𝐵  𝑒5𝑒20,23 94 −𝑆𝑎1
𝐵  𝑒6𝑒19,22 

24 𝐻5,12
𝐵′′  𝑒4𝑒17,23 65 −𝐻1,9

2𝐵 𝑒5𝑒21,22 95 −𝑆𝑎1
𝐵  𝑒6𝑒19,24 

25 𝐻6,7
𝐵′′ − 𝐻6,7

𝐵  𝑒4𝑒18,19 66 −𝐻1,12
2𝐵  𝑒5𝑒22,23 96 −𝑆𝑎1

𝐵  𝑒6𝑒20,21 

26 𝐻7,12
𝐵′′ − 𝐻7,12

2𝐵  𝑒4𝑒19,20 67 −𝐻1,15
2𝐵  𝑒6𝑒9,10 97 −𝑆𝑎1

𝐵  𝑒6𝑒20,23 

27 𝐻9,10
𝐵′′ − 𝐻9,10

2𝐵  𝑒4𝑒19,21 68 −𝐻4,5
𝐵  𝑒6𝑒9,12 98 −𝑆𝑎1

𝐵  𝑒6𝑒21,22 

28 𝐻10,11
𝐵′′ − 𝐻10,11

2𝐵  𝑒4𝑒19,22 69 −𝐻4,7
𝐵  𝑒6𝑒9,15 99 −𝑆𝑎1

𝐵  𝑒6𝑒22,23 

29 𝐻11,12
𝐵′′  𝑒4𝑒19,24 70 −𝐻4,12

2𝐵  𝑒6𝑒9,17    

30 𝐻11,13
𝐵′′  𝑒4𝑒20,21 71 −𝐻4,15

2𝐵  𝑒6𝑒9,20    

Table 3.4. The regressed tuple form of the difference morphology trivector 𝑌[𝐵′′, 2𝐵]. 
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Subsequently, I compute 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵], according to Equation [3.18], to produce the complete 

expression of 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵] shown in Equation [3.43].  

𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵] = 

 0 L - G - P 0 L - G 0 0 -G 0 -G 0 0 -G 0 0 -G 0  

(3.43) 

L - P 0 L - P 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 -P 0 0 0 L - P 0 L - P 0 0 0 0 0 0 0 0 

L - G 0 0 0 - G - A 0 -G 0 L - G 0 0 -G 0 0 -G 0 

0 0 0 -P 0 L - P L 0 0 0 0 L 0 0 0 0 

0 0 L - P 0 L - P 0 L - P 0 0 0 0 0 0 0 0 0 

-G 0 0 -G G + A A - P 0 0 -G 0 0 A 0 0 -G 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

-G 0 0 L - G 0 0 -G 0 0 L - G - P 0 -G 0 0 -G 0 

0 0 0 0 0 0 0 0 L - P 0 L - P 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 L - P 0 L L -P 0 -P 

-G 0 0 -G L 0 L - G 0 -G 0 L 0 - G - A 0 -G 0 

0 0 0 0 0 0 0 0 0 0 0 -P 0 -P 0 0 

0 0 0 0 0 0 0 0 0 0 -P 0 -P 0 -P 0 

-G 0 0 -G 0 0 -G 0 -G 0 0 -G 0 - G - P 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

The ranks of Systems 2𝐵  and 𝐵′′  are not identical, (𝑔 ≠ ℎ  ) and (ℎ − 𝑔 = −3 ), which 

indicates a Type 3 transformation that would truncate three kinematic pairs from System 2𝐵. 

On the other hand, note that 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵]  (Equation [3.43]) and 𝛾 

𝑘  for 𝑘 =

{1,2,6,12,60,61} = {𝐿 − 𝐺 − 𝑃, 𝐿 − 𝐺, 𝐿 − 𝐺, 𝐿 − 𝐺 − 𝑃,−𝐺 − 𝐴,−𝐺}  and 𝑘 = 46  to 𝑘 =

57 is equal to {−G,−G,−G,−G,−G − A,−G,−G,−G,−G − G,−G,−G} (as presented in Table 

[3.4]), which is reflective of a Type 4a transformation being performed to ground and un-

ground certain kinematic pairs, for example {1,4}  and {4,1} . Additionally, 𝛾 
𝑘  for 𝑘 =

{3,4,5,7,8,9,10,11,13,14,15,58,59,62,63} = {𝐿 − 𝑃, 𝐿 − 𝑃, 𝐿 − 𝑃, 𝐿 − 𝑃, 𝐿, 𝐿, 𝐿 − 𝑃, 𝐴, 𝐿 −

𝑃, 𝐿, 𝐿, −𝑃,−𝑃,−𝑃,−𝑃} show the changes of active, passive and locked states for several other 

kinematic pairs (e.g. {3,2} and {4,5}), which is representative of a Type 4b transformation. The 

difference in |𝐻𝑖𝑗|  values present in 𝑌[𝐵′′, 2𝐵]  for 𝛾 
𝑘  for 𝑘 =

{16,17,18,19,20,21,22,25,26,27,28} = { 𝐻1,2
𝐵′′ − 𝐻1,2

2𝐵 , 𝐻1,4
𝐵′′ − 𝐻1,4

2𝐵 , 𝐻2,3
𝐵′′ − 𝐻2,3

2𝐵 , 𝐻3,6
𝐵′′ − 𝐻3,6

2𝐵 , 

𝐻3,8
𝐵′′ − 𝐻3,8

2𝐵, 𝐻4,9
𝐵′′ − 𝐻4,9

2𝐵 , 𝐻5,6
𝐵′′ − 𝐻5,6

2𝐵, 𝐻6,7
𝐵′′ − 𝐻6,7

2𝐵, 𝐻7,12
𝐵′′ −𝐻7,12

2𝐵 , 𝐻9,10
𝐵′′ − 𝐻9,10

2𝐵 , 𝐻10,11
𝐵′′ − 𝐻10,11

2𝐵 } 

represents the several Type 1a transformations being applied on System 2𝐵 in order to produce 

System 𝐵′′. The remaining 𝛾 
𝑘  values, not mentioned yet, denote the presence or absence of 

connections between Systems 2𝐵  or 𝐵′′ . These values reflect Type 4a or Type 4b 

transformations and no Type 1 transformations, but we have to refer to 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵] or other 

𝛾 
𝑘  values, as stated earlier, in order to know the exact change in states of 𝜷𝒊𝒋[𝐵

′′, 2𝐵] . Putting 

all of this together, in order to transform System B into System 𝐵′′, a Type 3 transformation 

truncates nodes {14,15,16} from System 2𝐵. Next, a Type 4a transformation grounds and un-

grounds the required nodes according to 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵]  (as presented in Equation [3.43]). Then, 
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a Type 4b transformation is performed, changing the states of the required kinematic pairs 

according to 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵]. Finally, Type 1a transformations modify the weights of nodes 

{1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12}. This can now be mathematically resolved and expressed as 

 

𝑷 
𝑻(2𝐵 → 𝐵′′) = 𝑷 {𝒌}

𝟏𝒂 [|𝐻𝑘,𝑗
𝐵 | → |𝐻𝑘,𝑗

𝐵 |
′
, 𝑘 = {1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12}]

× 𝑷𝟒𝒃[𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵]] × 𝑷𝟒𝒂[𝜹𝜷𝒊𝒋[𝐵

′′, 2𝐵]] ⊖ 𝑷{𝟏𝟒,𝒋}
𝟑

⊖ 𝑷{𝟏𝟓,𝒋}
𝟑 ⊖ 𝑷{𝟏𝟔,𝒋}

𝟑
 

(3.44) 

Where ‘𝑗’ is set to be the indices of the nodes that are connected to node ‘𝑘’, 𝑷 
𝑻(2𝐵 → 𝐵′′) is 

the final, resolved transformation operator that transforms System 2𝐵 to 𝐵′′ and 𝜹𝜷𝒊𝒋[𝐵
′′, 2𝐵] 

is defined in Equation [3.43]. The complicated series of transformations above cause two of 

the Klann linkages to merge and re-orient themselves to form a continuous rotating chain 

powered by the same single actuator. This morphological class essentially allows the entire 

Klann linkage to rotate as a wheel would. The workspace transformations from original Klann 

linkage (System 𝐵) to Systems 𝐵’ and 𝐵’’ are detailed in Figure [3.9].  

 
Figure 3.9. The workspaces of System 𝐵, 𝐵′ and 𝐵′′ and their associated reassembling transformations.  
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The transformation of 𝐵 to 𝐵′ and 𝐵 to 𝐵′′ is presented in Figure [3.9]. As can be seen in 

Figure [3.9], the wheel locomotive morphological class allows the robot to roll and maximise 

its translational velocity. The platypus-locomotive morphological class, as shown in Figure 

[3.9], allows the limbs of the Klann linkage to be augmented to flap up and down like the fins 

of a swimming animal, such as a platypus. This would be particularly useful when currents 

pick up in subsea environments and the robot chooses to ‘swim’. The platypus locomotion 

mode would probably not generate a great deal of lift due to the minimal lateral thickness of 

the links. However, this can be altered from a design standpoint to include flaps that generate 

the necessary lift to improve the performance efficacy of this particular morphological class. 

As such, depending on the subsea conditions and stimuli, the morphological classes can be 

augmented to optimise subsea manoeuvres and execution of tasks.  

3.3.2. Type 3 and 4a Transformation Based Multi Stage Case Study  

In the second case study, I demonstrate the transformation of a 6R manipulator (System 𝐶) into 

a 3-RRR manipulator (System 𝐶′′ ) by first transforming it into an intermediate 4-bar 

manipulator (System 𝐶′). A two-step reassembly sequence, including a Type 3 transformation, 

is used to produce a 3-RRR manipulator from a 6R manipulator. The physical feasibility of this 

transformation sequence hinges on the Type 3 transformation and is possibly the most complex 

and expansive multi-stage transformation sequence in this work. The network diagram of the 

pre-transformed 6R manipulator (System 𝐶) is shown in Figure [3.10]. 

   
Figure 3.10. System 𝐶: The 6R Manipulator (pre-transformation). The length of each 𝑖-th link is |𝐻𝑖| =

1m for 𝑖 = {1,2,… ,6} and the unit vector of the 𝑖-th joint axis of each link is 𝑆𝑖0 = [0,1,0] for 𝑖 =

{1,2,… ,6} and for this reason, I will simplify the axes of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐶  = [0,1,0]. 

The workspace corresponding to System 𝐶 (Figure [3.10]) and the corresponding 𝜷𝒊𝒋 and 𝑨𝒊𝒋 

matrices are presented in Figure [3.11] below.  
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Figure 3.11. The workspace of System 𝐶 : The 6R Manipulator (pre-transformation) and the 

corresponding 𝜷𝒊𝒋 and 𝑨𝒊𝒋 matrices. 

The intermediate 6R manipulator (System 𝐶′) has a network diagram illustrated in Figure 

[3.12]. 

 
Figure 3.12. System 𝐶′: The post-transformed 6R Manipulator. The length of each link is 1m and the 

unit vector of the 𝑖-th joint axis of each link is 𝑆𝑖0 = [0,1,0] for 𝑖 = {1,2,… ,6}  and for this reason, I 

will simplify the axes of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐶 = 𝑆𝑎1

𝐶′ = [0,1,0]. 

The workspace of System 𝐶′ (operationally 𝐶3
′) (Figure [3.12]) and the corresponding 𝜷𝒊𝒋 and 

𝑨𝒊𝒋 matrices are presented in Figure [3.13] below.  

 

Figure 3.13. The presented workspace of System 𝐶3
′ : The post-transformed 6R Manipulator and the 

proposed corresponding 𝜷𝒊𝒋 and 𝑨𝒊𝒋 matrices, where kinematic pair 2 is locked at an angle of 60° (𝜃2 =

60°) and kinematic pair 5 is locked at an angle of 60° (𝜃5 = 60°). |𝐻1,6| = 0.5 metres (0.5m) and 𝜃1,6 =

0°.  Note the similarity of the workspace with a 4-bar mechanism.  
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One notes that the workspace produced by a planar system possessing the node weightage 

matrix 𝜷𝒊𝒋[𝐶′] with five passive joints (Figure [3.13]) that was initially proposed is a poorly 

formed system from a Ginzburg criterion mobility standpoint. For System 𝐶′ to be a functional 

and well-formed mechanism, kinematic pairs 2 and 5 need to be locked to produce the 

workspace shown in Figure [3.13]. In Thiruvengadam et al. (2020c), the following discussions 

were avoided due to demands of brevity, however, at this juncture, it would be prudent to 

highlight some interesting and relevant exploratory clarifications. As presented in Figure 

[3.13], 𝜷𝒊𝒋[𝐶′]  represents a 7 × 7  matrix for the post-transformed 6R Manipulator with a 

looped configuration without locked kinematic pairs but by locking kinematic pairs 2 and 5, 

the kinematic pair action afforded by the two revolute joints is rendered moot and kinematic 

pairs {1,2,3} and {4,5,6} ‘collapse into’ one long extended link. Thus, the post-transformed 6R 

Manipulator becomes a 4-bar manipulator, which produces the workspace shown in Figure 

[3.13]. To this effect, for the workspace to agree with the operational morphological state, I set  

 

 

(3.45) 

Where ‘𝜷𝒊𝒋[𝐶2
′]’ is the 𝜷𝒊𝒋 matrix of the post-transformed 6R Manipulator with kinematic pairs 

2 and 5 locked (denoted as ‘System 𝐶2
′’). Further, we note that by eliminating kinematic pairs 

2 and 5 from System 𝐶2
′  simplifies to form a 4-bar manipulator (denoted as System ‘𝐶3

′’)   

 

 

(3.46) 

Where ‘𝜷𝒊𝒋[𝐶2
′] ’ is the 5 × 5  𝜷𝒊𝒋  matrix of System 𝐶3

′  which reflects the general 4-bar 

mechanism.  Note that 𝑆𝑎1
𝐶 = 𝑆𝑎1

𝐶′ = 𝑆𝑎1
𝐶2
′

 are the symbolic unit vectors of the 𝑖-th joint axis of 

each link, for Systems 𝐶 , 𝐶′ and 𝐶2
′  respectively (𝑆𝑖0 = 𝑆𝑎1

𝐶 = 𝑆𝑎1
𝐶′ = 𝑆𝑎1

𝐶2
′

= [0,1,0] for 𝑖 =

{1,2, … ,7}). The morphology trivector of System 𝐶 is presented in Equation [3.47]. Since we 

are dealing with non-dynamics related assessments of the systems in this case study, I will once 

again set both 𝑀𝑖 and 𝐼𝑖𝑗 to be zero for all kinematic pairs for the sake of simplicity.  
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𝑴[𝐶] = (𝐺 + 𝐴)𝑒4𝑒9,10 +  𝐴𝑒4𝑒10,11 +  𝐴𝑒4𝑒11,12 +  𝐴𝑒4𝑒12,13 +  𝐴𝑒4𝑒13,14 +  𝐴𝑒4𝑒14,15 + 

𝐻1,2
𝐶 𝑒5𝑒9,10 + 𝐻2,3

𝐶 𝑒5𝑒10,11 + 𝐻3,4
𝐶 𝑒5𝑒11,12 + 𝐻4,5

𝐶 𝑒5𝑒12,13 + 𝐻5,6
𝐶 𝑒5𝑒13,14 + 𝐻6,7

𝐶 𝑒5𝑒14,15 +

 𝑆𝑎1
𝐶 𝑒6𝑒9,10 + 𝑆𝑎1

𝐶 𝑒6𝑒10,11 + 𝑆𝑎1
𝐶 𝑒6𝑒11,12 + 𝑆𝑎1

𝐶 𝑒6𝑒12,13 + 𝑆𝑎1
𝐶 𝑒6𝑒13,14 + 𝑆𝑎1

𝐶 𝑒6𝑒14,15 

(3.47) 

The morphology trivector of System 𝐶′ is presented in Equation [3.48]. 

𝑴[𝐶′] = (𝐺 + 𝐴)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,14 +  𝑃𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,15 +  𝑃𝑒4𝑒12,13 + 𝑃𝑒4𝑒12,15 +

 𝑃𝑒4𝑒13,14 + 𝐻1,2
𝐶′ 𝑒5𝑒9,10 + 𝐻1,6

𝐶′ 𝑒5𝑒9,14 + 𝐻2,3
𝐶′ 𝑒5𝑒10,11 + 𝐻3,7

𝐶′ 𝑒5𝑒11,15 + 𝐻4,5
𝐶′ 𝑒5𝑒12,13 +

 𝐻4,7
𝐶′ 𝑒5𝑒12,15 + 𝐻5,6

𝐶′ 𝑒5𝑒13,14 + 𝑆𝑎1
𝐶′𝑒6𝑒9,10 + 𝑆𝑎1

𝐶′𝑒6𝑒9,14 + 𝑆𝑎1
𝐶′𝑒6𝑒10,11 + 𝑆𝑎1

𝐶′𝑒6𝑒11,15 +

 𝑆𝑎1
𝐶′𝑒6𝑒12,13 + 𝑆𝑎1

𝐶′𝑒6𝑒12,15 + 𝑆𝑎1
𝐶′𝑒6𝑒13,14  

(3.48) 

Similarly, the morphology trivector of System 𝐶2
′  (the locked 4-bar equivalent) is presented in 

the equation below.  

𝑴[𝐶2
′] = (𝐺 + 𝐴)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,14 +  𝐿𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,15 +  𝑃𝑒4𝑒12,13 + 𝑃𝑒4𝑒12,15 +

 𝐿𝑒4𝑒13,14 + 𝐻1,2
𝐶2
′

𝑒5𝑒9,10 + 𝐻1,6
𝐶2
′

𝑒5𝑒9,14 + 𝐻2,3
𝐶2
′

𝑒5𝑒10,11 + 𝐻3,7
𝐶2
′

𝑒5𝑒11,15 + 𝐻4,5
𝐶2
′

𝑒5𝑒12,13 +

 𝐻4,7
𝐶2
′

𝑒5𝑒12,15 + 𝐻5,6
𝐶2
′

𝑒5𝑒13,14 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒9,10 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒9,14 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒10,11 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒11,15 +

 𝑆𝑎1
𝐶2
′

𝑒6𝑒12,13 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒12,15 + 𝑆𝑎1
𝐶2
′

𝑒6𝑒13,14  

(3.49) 

By virtue of the locking state of the kinematic pair not necessarily being observed by the 

specialist, I will revert to Equation [3.48] to demonstrate that the formulation and the reverse 

engineering exercise of the reassembling transformation still holds up despite the 

morphological state not being reconciled with the prescribed workspace. To evaluate the 

transformations required to produce System 𝐶′, I use 𝑴[𝐶] and 𝑴[𝐶′] (Equations [3.47-3.48]) 

to compute 𝑌[𝐶′, 𝐶], according to Equations [3.13] and [3.14]. As there are no changes in the 

values of |𝐻𝑖𝑗| and 𝑆𝑖0 from System 𝐶 to 𝐶′, I substitute the numerical value zero for (𝑆𝑎1
𝐶′ −

𝑆𝑎1
𝐶 ) and also for (𝐻𝑖𝑗

𝐶′ − 𝐻𝑖𝑗
𝐶 ) for all values of ‘𝑖’ and ‘𝑗’, resulting in 𝑌[𝐶′, 𝐶] (shown in 

Equation [3.50]), where 𝑚 =  21.  

𝑌[𝐶′, 𝐶] = { 𝛾 
2 , 𝛾 

3 , 𝛾 
4 , 𝛾 

5 , 𝛾 
6 , 𝛾 

7 , 𝛾 
9 , 𝛾 

11 , 𝛾 
13 , 𝛾 

16 , 𝛾 
18 , 𝛾 

20 , 𝛾 
22 , 𝛾 

23 , 𝛾 
24 , 𝛾 

25 , 

𝛾 
26 , 𝛾 

27 }  

= {𝐺, 𝑃 −  𝐴, 𝑃, 𝑃 −  𝐴, 𝑃, 𝑃 − 𝐴,𝐻1,6
𝐶′ , 𝐻3,7

𝐶′ , 𝐻4,7
𝐶′ , 𝑆𝑎1

𝐶′ , 𝑆𝑎1
𝐶′ , 𝑆𝑎1

𝐶′ , −𝐴,−𝐴,  

−𝐻3,4
𝐶 , −𝐻6,7

𝐶 , −𝑆𝑎1
𝐶 , −𝑆𝑎1

𝐶 }  

(3.50) 

Table [3.5] contains the values of ‘𝑘’, 𝛾 
𝑘  and 𝑒𝑘, as a summary of 𝑌[𝐶′, 𝐶].  
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𝑘 𝛾 
𝑘  𝑒𝑘 𝑘 𝛾 

𝑘  𝑒𝑘 

2 G 𝑒4𝑒9,14 16 𝑆𝑎1
𝐶′ 𝑒5𝑒12,15 

3 P - A 𝑒4𝑒10,11 18 𝑆𝑎1
𝐶′ 𝑒5𝑒14,15 

4 P 𝑒4𝑒11,12 20 𝑆𝑎1
𝐶′ 𝑒6𝑒9,14 

5 P - A 𝑒4𝑒11,15 22 -A 𝑒6𝑒11,12 

6 P 𝑒4𝑒12,13 23 -A 𝑒6𝑒11,15 

7 P - A 𝑒4𝑒12,15 24 −𝐻3,4
𝐶  𝑒6𝑒12,13 

9 𝐻1,6
𝐶′  𝑒4𝑒14,15 25 −𝐻6,7

𝐶  𝑒6𝑒12,15 

11 𝐻3,7
𝐶′  𝑒5𝑒9,14 26 −𝑆𝑎1

𝐶  𝑒6𝑒13,14 

13 𝐻4,7
𝐶′  𝑒5𝑒11,12 27 −𝑆𝑎1

𝐶  𝑒6𝑒14,15 

Table 3.5. The regressed tuple form of the difference morphology trivector 𝑌[𝐶′, 𝐶]. 

Then, I employ Equation [3.18] to compute 𝜹𝜷𝒊𝒋[𝐶
′, 𝐶], where the complete expression of 

𝜹𝜷𝒊𝒋[𝐶
′, 𝐶] is shown in Equation [3.51].  

𝜹𝜷𝒊𝒋[𝐶
′, 𝐶] = 

 0 0 0 0 0 G 0 

 

P - A 0 P - A 0 0 0 0 

0 P - A 0 -A 0 0 P 

0 0 -A 0 P - A 0 P 

0 0 0 P - A 0 P - A 0 

G 0 0 0 G+P-A 0 -A 

0 0 0 0 0 0 0 
 

(3.51) 

The ranks of Systems 𝐶 and 𝐶′ are identical (𝑔 = ℎ), which indicates the absence of Type 3 

transformations. 𝜹𝜷𝒊𝒋[𝐶
′, 𝐶] from Equation [3.51] and 𝑌[𝐶′, 𝐶] from Table [3.5] are reflective 

of a Type 4a transformation, as kinematic pairs {1,6} and {6,1} are grounded or 𝛾 
2 = 𝐺, while 

changes from active to passive states for several other kinematic pairs, (e.g. {2,1} and {2,3}) 

or 𝛾 
𝑘  for 𝑘 = {3,4,5,6,7,22,23} = {𝑃 − 𝐴, 𝑃, 𝑃 − 𝐴, 𝑃, 𝑃 − 𝐴,−𝐴,−𝐴} is representative of a 

Type 4b transformation. The remaining 𝛾 
𝑘  values, not mentioned yet, only denote the presence 

or absence of connections between Systems 𝐶′ or 𝐶. The absence of a difference in |𝐻𝑖𝑗| or 𝑆𝑖0 

values, present in these 𝛾 
𝑘  values, represents the absence of Type 1 transformations. The 

following transformations are performed on System 𝐶 in order to obtain System 𝐶′. Firstly, a 

Type 4a transformation grounds kinematic pairs {1,6}  and {6,1} . Then, a Type 4b 

transformation passivates all other kinematic pairs, besides kinematic pair 1, and sets the end 

effector between nodes 3 and 4. This can be mathematically resolved and expressed as 

 𝑷 
𝑻(𝐶 → 𝐶′) = 𝑷𝟒𝒃[𝜹𝜷𝒊𝒋[𝐶

′, 𝐶]] × 𝑷𝟒𝒂[𝜹𝜷𝒊𝒋[𝐶
′, 𝐶]] (3.52) 

Where 𝜹𝜷𝒊𝒋[𝐶
′, 𝐶]  is defined in Equation [3.51] and 𝑷 

𝑻(𝐶 → 𝐶′)  is the final, resolved 

transformation operator that transforms System 𝐶 to 𝐶′. This effectively allows a standard 6R 

planar manipulator to transform to a 4-bar planar parallel mechanism (or the 4-bar mechanism). 

By locking kinematic pairs 2 and 5, as shown in Equation [3.45], the kinematic pair action 

afforded by the two revolute joints is rendered moot and kinematic pairs {1,2,3} and {4,5,6} 
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become one long extended link. Note also the complexity of shifting the end-effector node has 

been achieved through a combination of Type 4a and 4b transformations. Having produced the 

intermediate 4-bar manipulator (System 𝐶′ ), I demonstrate that an additional set of 

transformations can be performed on this system to obtain a 3-RRR manipulator (System 𝐶′′), 

which has the network diagram presented in Figure [3.14]. 

 
Figure 3.14. System 𝐶′′: A 3-RRR Manipulator (post-Stage 2 transformation of the 6R manipulator). 

The length of each 𝑖-th link is |𝐻𝑖| = 1m for 𝑖 = {1,2,… ,9} and the edges of the base are 1m long. The 

unit vector of the 𝑖-th joint axis of each link is 𝑆𝑖0 = [0,1,0] for 𝑖 = {1,2,… ,9} and for this reason, I 

will simplify the axes of actuation as 𝑆𝑖0 = 𝑆𝑎1
𝐶′ = 𝑆𝑎1

𝐶′′ = [0,1,0]. 

The workspace corresponding to a System 𝐶′′ (Figure [3.14]) is presented in Figure [3.15] 

below. 

 
Figure 3.15. The workspace of System 𝐶′′: A 3-RRR Manipulator (post-Stage 2 transformation of the 

6R manipulator). 

The corresponding 𝜷𝒊𝒋  and 𝑨𝒊𝒋  matrices are detailed in Equations [3.54] and [3.53], 

respectively.  
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𝑨𝒊𝒋[𝐶
′′] = 

 

 0 1 0 0 0 1 1 0 0 0  
1 0 1 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 1 

0 0 0 0 1 0 0 0 0 1 

0 0 0 1 0 1 0 0 0 0 

1 0 0 0 1 0 1 0 0 0 

1 0 0 0 0 1 0 1 0 0 

0 0 0 0 0 0 1 0 1 0 

0 0 0 0 0 0 0 1 0 1 

0 0 0 0 0 0 0 0 0 0 
 

(3.53) 

 

𝜷𝒊𝒋[𝐶
′′] = 

 

 0 G+A 0 0 0 G G 0 0 0  
P 0 P 0 0 0 0 0 0 0 

0 P 0 0 0 0 0 0 0 P 

0 0 0 0 P 0 0 0 0 P 

0 0 0 P 0 P 0 0 0 0 

G 0 0 0 G+A 0 G 0 0 0 

G 0 0 0 0 G 0 G+A 0 0 

0 0 0 0 0 0 P 0 P 0 

0 0 0 0 0 0 0 P 0 P 

0 0 0 0 0 0 0 0 0 0 
 

(3.54) 

The morphology trivector of System 𝐶′′ is presented below 

𝑴[𝐶′′] = (𝐺 + 𝐴)𝑒4𝑒9,10 +  𝐺𝑒4𝑒9,14 +  𝐺𝑒4𝑒9,15 +  𝑃𝑒4𝑒10,11 +  𝑃𝑒4𝑒11,18 +  𝑃𝑒4𝑒12,13 +

 𝑃𝑒4𝑒12,18 +  𝑃𝑒4𝑒13,14 +  𝐺𝑒4𝑒14,15 + (𝐺 + 𝐴)𝑒4𝑒15,16 +  𝑃𝑒4𝑒16,17 +  𝑃𝑒4𝑒17,18 +

 𝐻1,2
𝐶′′𝑒5𝑒9,10 + 𝐻1,6

𝐶′′𝑒5𝑒9,14 + 𝐻1,7
𝐶′′𝑒5𝑒9,15 + 𝐻2,3

𝐶′′𝑒5𝑒10,11 + 𝐻3,10𝑒5𝑒11,18
𝐶′′ + 𝐻4,5

𝐶′′𝑒5𝑒12,13 +

 𝐻4,10𝑒5𝑒12,18
𝐶′′ + 𝐻5,6

𝐶′′𝑒5𝑒13,14 + 𝐻6,7
𝐶′′𝑒5𝑒14,15 + 𝐻7,8

𝐶′′𝑒5𝑒15,16 + 𝐻8,9𝑒5𝑒16,17
𝐶′′ + 𝐻9,10𝑒5𝑒17,18

𝐶′′ +

 𝑆𝑎1
𝐶′′𝑒6𝑒9,10 + 𝑆𝑎1

𝐶′′𝑒6𝑒9,14 + 𝑆𝑎1
𝐶′′𝑒6𝑒9,15 + 𝑆𝑎1

𝐶′′𝑒6𝑒10,11 + 𝑆𝑎1
𝐶′′𝑒6𝑒11,18 + 𝑆𝑎1

𝐶′′𝑒6𝑒12,13 +

 𝑆𝑎1
𝐶′′𝑒6𝑒12,18 + 𝑆𝑎1

𝐶′′𝑒6𝑒13,14 + 𝑆𝑎1
𝐶′′𝑒6𝑒14,15 + 𝑆𝑎1

𝐶′′𝑒6𝑒15,16 + 𝑆𝑎1
𝐶′′𝑒6𝑒16,17 + 𝑆𝑎1

𝐶′′𝑒6𝑒17,18 

(3.55) 

where 𝑆𝑎1
𝐶′′  is the symbolic unit vectors of the 𝑖-th joint axis of each link for System 𝐶′′ (𝑆𝑖0 =

[0,1,0] for 𝑖 = {1,2, … ,9}). Once again, I use 𝑴[𝐶′] and 𝑴[𝐶′′] (Equations [3.48] and [3.55]) 

to compute 𝑌[𝐶′′, 𝐶′], according to Equations [3.13] and [3.14], in order to figure out the 

transformations that need to be performed to produce System 𝐶′′. As there are no changes in 

the values of |𝐻𝑖𝑗| and 𝑆𝑖0  from System 𝐶′ to 𝐶′′, I substitute the numerical value zero for 

𝑆𝑎1
𝐶′′ − 𝑆𝑎1

𝐶′  and 𝐻𝑖𝑗
𝐶′′ − 𝐻𝑖𝑗

𝐶′  for all values of ‘ 𝑖 ’ and ‘ 𝑗 ’, producing  𝑌[𝐶′′, 𝐶′] , shown in 

Equation [3.52], where 𝑚 =  21.  

𝑌[𝐶′′, 𝐶′] = { 𝛾 
3 , 𝛾 

5 , 𝛾 
7 , 𝛾 

9 , 𝛾 
10 , 𝛾 

11 , 𝛾 
12 , 𝛾 

15 , 𝛾 
17 , 𝛾 

19 , 𝛾 
21 , 𝛾 

22 , 𝛾 
23 , 𝛾 

24 , 𝛾 
27 , 

𝛾 
29 , 𝛾 

31 , 𝛾 
33 , 𝛾 

34 , 𝛾 
35 , 𝛾 

36 , 𝛾 
37 , 𝛾 

38 , 𝛾 
39 , 𝛾 

40 , 𝛾 
41 , 𝛾 

42 } 

= {𝐺, 𝑃, 𝑃, 𝐺, 𝐺 + 𝐴, 𝑃, 𝑃, 𝐻1,7
𝐶′′ , 𝐻3,10

𝐶′′ , 𝐻4,10
𝐶′′ , 𝐻6,7

𝐶′′ , 𝐻7,8
𝐶′′ , 𝐻8,9

𝐶′′ , 𝐻9,10
𝐶′′ , 𝑆𝑎1

𝐶′′ , 

𝑆𝑎1
𝐶′′ , 𝑆𝑎1

𝐶′′ , 𝑆𝑎1
𝐶′′ , 𝑆𝑎1

𝐶′′ , 𝑆𝑎1
𝐶′′ , 𝑆𝑎1

𝐶′′ , −𝑃,−𝑃,−𝐻3,7
𝐶′ , −𝐻4,7

𝐶′ , −𝑆𝑎1
𝐶′ , −𝑆𝑎1

𝐶′}  

(3.56) 

Table [3.6] contains the values of ‘𝑘’, 𝛾 
𝑘  and 𝑒𝑘, as a summary of 𝑌[𝐶′′, 𝐶′]. 
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𝑘 𝛾 
𝑘  𝑒𝑘 𝑘 𝛾 

𝑘  𝑒𝑘 𝑘 𝛾 
𝑘  𝑒𝑘 

3 G 𝑒4𝑒9,15 19 𝐻4,10
𝐶′′  𝑒5𝑒11,15 34 𝑆𝑎1

𝐶′′ 𝑒6𝑒11,18 

5 P 𝑒4𝑒11,15 21 𝐻6,7
𝐶′′ 𝑒5𝑒12,13 35 𝑆𝑎1

𝐶′′ 𝑒6𝑒12,13 

7 P 𝑒4𝑒12,13 22 𝐻7,8
𝐶′′ 𝑒5𝑒12,15 36 𝑆𝑎1

𝐶′′ 𝑒6𝑒12,15 

9 G 𝑒4𝑒12,18 23 𝐻8,9
𝐶′′ 𝑒5𝑒12,18 37 -P 𝑒6𝑒12,18 

10 G + A 𝑒4𝑒13,14 24 𝐻9,10
𝐶′′  𝑒5𝑒13,14 38 -P 𝑒6𝑒13,14 

11 P 𝑒4𝑒14,15 27 𝑆𝑎1
𝐶′′ 𝑒5𝑒16,17 39 −𝐻3,7

𝐶′  𝑒6𝑒14,15 

12 P 𝑒4𝑒15,16 29 𝑆𝑎1
𝐶′′ 𝑒6𝑒9,10 40 −𝐻4,7

𝐶′  𝑒6𝑒15,16 

15 𝐻1,7
𝐶′′ 𝑒5𝑒9,10 31 𝑆𝑎1

𝐶′′ 𝑒6𝑒9,15 41 −𝑆𝑎1
𝐶′ 𝑒6𝑒16,17 

17 𝐻3,10
𝐶′′  𝑒5𝑒9,15 33 𝑆𝑎1

𝐶′′ 𝑒6𝑒11,15 42 −𝑆𝑎1
𝐶′ 𝑒6𝑒17,18 

Table 3.6. The regressed tuple form of the difference morphology trivector 𝑌[𝐶′′, 𝐶′]. 

Next, I employ Equation [3.18] to compute 𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′] to show the complete expression of 

𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′] in Equation [3.57].  

 
𝜹𝜷𝒊𝒋[𝐶

′′, 𝐶′] = 

 
 

0 0 0 0 0 0 G 0 0 0  
0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 -P 0 0 P 

0 0 0 0 0 0 -P 0 0 P 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 A - P 0 G 0 0 0 

G 0 0 0 0 G 0 G+A 0 0 

0 0 0 0 0 0 P 0 P 0 

0 0 0 0 0 0 0 P 0 P 

0 0 0 0 0 0 0 0 0 0 
 

(3.57) 

Note that the ranks of Systems 𝐶′ and 𝐶′′ are not identical: ℎ − 𝑔 = 3. This indicates that a 

Type 3 transformation is applied to merge an additional three kinematic pairs to System 𝐶′, in 

order to produce System 𝐶′′. 𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′] from Equation [3.57], 𝑌[𝐶′′, 𝐶′] from Table [3.6] 

and the values of 𝛾 
𝑘  for 𝑘 = {3,9,10} = {𝐺, 𝐺, 𝐺 + 𝐴}, reflect a Type 4a transformation being 

performed to ground certain kinematic pairs like {1,7} and {7,1}. Additionally, the changes of 

active and passive states for several other kinematic pairs, (e.g. {6,5} and {3,7}) or the values 

of 𝛾 
𝑘  for 𝑘 = {5,7,11,12,37,38} = {𝑃, 𝑃, 𝑃, 𝑃, −𝑃,−𝑃} represent a Type 4b transformation. 

The remaining 𝛾 
𝑘  values, not mentioned, denote the presence or absence of connections in 

Systems 𝐶′′ and 𝐶′, which is reflective of Type 4a and 4b transformations, as stated earlier. The 

absence of a difference in |𝐻𝑖𝑗| or 𝑆𝑖0 values, present in these 𝛾 
𝑘  values, means that there are 

no Type 1 transformations that are needed. The following transformations are performed on 

System 𝐶′ in order to obtain System 𝐶′′. A Type 3 transformation adds three new nodes 

{8,9,10} to System 𝐶 . Next, a Type 4a transformation grounds node 7. Then, a Type 4b 

transformation changes the states of the required kinematic pairs, according to 𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′]. 

This is mathematically resolved and expressed as 
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𝑷 
𝑻(𝐶′ → 𝐶′′) = 𝑷𝟒𝒃[𝜹𝜷𝒊𝒋[𝐶

′′, 𝐶′]] × 𝑷𝟒𝒂[𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′]] ⊕ 𝑷{8,𝑗}

𝟑 ⊕ 𝑷{9,𝑗}
𝟑

⊕ 𝑷{10,𝑗}
𝟑

 
(3.58) 

Where ‘𝑗’ is set to be the indices of the nodes that are connected to nodes 8, 9 and 10, 

respectively, 𝑷 
𝑻(𝐶′ → 𝐶′′)  is the final, resolved transformation operator that transforms 

System 𝐶′  to 𝐶′′  and 𝜹𝜷𝒊𝒋[𝐶
′′, 𝐶′]  is defined in Equation [3.57]. These consecutive 

transformations produce vastly different workspaces as can be seen in Figure [3.16]. From 

Figure [3.16] we observe the transformation in workspace from the original pre-transformation 

6R manipulator to an intermediate 4-bar manipulator, followed by a 3-RRR manipulator.  

 
Figure 3.16. The workspaces of System 𝐶 , 𝐶′  and 𝐶′′  and their associated reassembling 

transformations.  
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3.4. Discussion  

As can be seen in the case studies, this framework introduces a robust, self-consistent and 

generalised formulation for the analysis and modelling of changing robot morphologies and 

the associated reassembling transformations. Despite the significant categorical differences in 

architecture between the various robots, the framework very elegantly and completely relates 

them in an intuitive mathematical fashion. The focus of the subsequent chapters will be to 

extend this generalisation to modelling the dynamics, kinematics and other classical mechanics 

related effects of the reassembling transformations (Objective 2). Based on the definition of 

transformation types presented in this work, one might contend that, since the application of a 

series of Type 3 transformations can theoretically generate all other types of transformations, 

there is only one absolutely necessary transformation and that is the Type 3 transformation. 

However, such a trivial simplification would not be useful practically, since we are interested 

in building a reassembling transformations framework that permutes existing morphologies 

rather than primitively construct new ones. Furthermore, Type 3 transformations are 

mathematically very unwieldy and difficult to analyse. A Type 3 transformation, as can be seen 

in Case Studies 1 and 2, introduces both dimensional and mathematical discontinuities when 

applied. Most synthesis software programs use Type 3 transformations exclusively and this 

results in synthesis and designs that do not evolve organically, but are arbitrary and non-

systematic. Type 3 transformations are, in effect, discontinuous leaps akin to the semi-

permutational, semi-stochastic approach to creative machine and mechanism design (as heavily 

utilised in traditional structural and type synthesis approaches (Gosselin and Guillot 1991; Dai 

and Rees Jones 1999; Gogu 2007; Li et al. 2011; Gogu 2012; Tian et al. 2017; Zou et al. 2019)) 

which humans practice. It is also important to recognise that we are interested in 

transformations that are not necessarily theoretically irreducible but are easier to execute and 

allow the robot to adapt and morph within numerous limitations and constraints. A simplified 

series of Type 3 transformations may characterise all transformation sequences universally but 

it is not practical for this reason. Type 3 transformations have been included in the work for 

completeness of the formulation but it is, from an engineering standpoint (especially in remote 

environments where reassembling robots would be useful), unfeasible since a robot essentially 

carrying a ‘machining workshop’ along with it runs against the utility of reassembling 

transformations in the first place. With these considerations in mind, one notes that the Type 2 

transformation, on the other hand, is one of the more fundamental transformations, although 

its decomposition into reducible transformations mathematically is quite complex. 
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Nevertheless, reducible transformations and their operations are useful from a mathematical 

and computational standpoint because we find that complex hierarchically reducible 

transformations often tend to be easily implementable and motivated by real world physical 

feasibility. I also believe that with further research, new classes of complex hierarchically 

reducible transformations can be devised for very specific types of performance variation. For 

example, we might define a higher order transformation to render an 𝑛-limbed robot with 𝑞-

DOF to climb a vertical pole. This particular ‘climbing hierarchical transformation’ will be 

decomposable to Types 1, 2, 3 and 4 transformations which, when effected in order, will allow 

the post-transformation morphology to climb a vertical pole. Such a hierarchical transformation 

would have a generalised form similar to the basic Types transformations. By definition, all of 

the above transformations affect either the adjacency matrix or its nodal weights. Any series of 

transformations that leave the parameters invariant leaves the morphology of the 

robot/mechanism invariant. For example, one type of ‘transformation’ that does not satisfy the 

above definition is the change in disjoint reassembly modes through some posturing and 

trajectory execution of the robot. This operation is not classified as a reassembling 

transformation.  

From the two case studies presented, for the Klann Linkage and the 6R robots, I have 

demonstrated how easily and simply the tuple regressed form of the difference morphology 

trivector (𝑌) and the 𝜹𝜷𝒊𝒋 matrix can be analysed to evaluate the reassembling transformations 

required to transform any robot to its post-transformed states. In my case studies, some of the 

reassembling transformations (eg: 4a, 4b transformations) are challenging to practically effect. 

In a similar vein, Type 2 transformations are also difficult to physically implement, due to 

wiring, gear transmission or control issues. The question as to whether these physical 

transformations can be effected with present-day joint/kinematic pair designs is relevant in the 

context of ‘physical reassembling robotics’. Therefore, design endeavours towards producing 

say Type 1 or 2 transformation capable robots are critical to realise the potential of 

reassembling robotics. However, in the short term, the benefit of this formulation is 

predominantly for the purposes of theoretical design, synthesis and analysis as mentioned in 

Chapter 1. The economy of the method’s mathematical characterisation abilities (such as the 

morphology trivectors, regressed tuples and 𝜷𝒊𝒋 , 𝑨𝒊𝒋  matrices) can be implemented using a 

computational engine with minimal human supervision and human heuristic needs. In effect, 

this method can be employed by a machine and the transformations reverse-engineered 

systematically.  
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In this chapter, I presented a universal and generalised mathematical characterisation of robots, 

mechanisms and mechanical assemblages as network theoretic and Geometric Algebraic 

representations. In addition, I introduced transformations to mathematically relate 

morphologies of distinct robots with one another. The morphology trivector method allows 

every manipulator to possess a unique mathematical signature with which it is possible to 

reverse-engineer the necessary transformations between two morphology cases. In this 

framework, four classes of reassembling transformation Types were defined and delineated, 

based on both theoretical validity and engineering practicality. This introductory framework 

provides a very economical, efficient, useful and insightful method for the advancement of 

reassembling robots and in the traditional analysis of robotic synthesis and design techniques, 

which advances Objective 1. In the next chapter, I will extend these network theoretic 

representations to more advanced methods in Geometric Algebra and develop higher 

dimensional representations of statics and kinematics models for robots.  
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Chapter 4: Characterisation of Morphology and 

Corresponding Kinematics and Statics Performance of 

Robotic Manipulators using Geometric Algebra. 

This chapter contains an adapted and streamlined version of the work presented my paper, 

Thiruvengadam and Miller (2020)1, entitled “A Geometric Algebra based Higher Dimensional 

Approximation Method for Statics and Kinematics of Robotic Manipulators”. 

4.1. Introduction 

As presented in the literature review (Section [1.1]), the modelling of statics and kinematics 

for both the forwards and inverse problem types of parallel and serial manipulators requires the 

evaluation of complicated systems of equations, which can be computationally expensive 

(Lenarčič and Galletti 2000; Bruckmann et al. 2008; Kucuk and Bingul 2014). There is very 

little, if any, work currently undertaken in enhancing our current formulations of kinematics 

and statics for both parallel and serial manipulators using computationally rapid 

approximations and one reason for this is the requirement to solve non-linear closure equations 

with multiple solutions and transcendental trigonometric functions for kinematics and statics 

problems (Tsai 1999; Merlet 2006). Evaluating the performance capabilities of a reassembling 

robot in terms of kinematics and statics rapidly using only its end-effector pose and 

morphological parameters is important to advance Objective 2 of this thesis. Given the abilities 

of Geometric Algebra to greatly simplify vector algebra, as presented in Section [1.1] and the 

works of Doran and Lasenby (2003) and Hestenes and Sobczyk (1984), the use of Geometric 

Algebra in producing such a higher-dimensionally parameterised approximation for the statics 

and kinematics formulations of parallel and serial manipulators becomes a promising 

proposition.  

As such, the motivation of this chapter is to develop a Geometric Algebra based 

approximation of transcendental systems of non-linear equations arising in statics and 

kinematics modelling of robots using multivector functions embedded with geometric 

information of the robot’s morphology and end-effector pose. The scalar magnitudes of these 

multivector functions are desired to be scaled equivalents of the solutions to the systems of 

 
1 Thiruvengadam, S. and Miller, K., 2020. A Geometric Algebra Based Higher Dimensional Approximation 

Method for Statics and Kinematics of Robotic Manipulators. Advances in Applied Clifford Algebras, 30(1), 17. 

https://doi.org/10.1007/s00006-019-1039-z. 
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equations. This ambitious exercise is inspired by the works detailed in Section [1.1], Doran and 

Lasenby (2003), Hestenes and Sobczyk (2013) and Bayro-Corrochano (2018). The value of 

such a formulation is firstly in the geometric and morphological insights and interpretations it 

would provide for robot design and analysis in the context of reassembling robotics: a higher 

dimensional approximation technique that presents a rapid computational route that 

circumvents the need for evaluating systems of equations rooted in more complicated robot-

specific Newtonian paradigms of classical mechanics would allow pre- and post-transformed 

morphological states of a reassembling robot to be quickly evaluated in terms of task-specific 

classical mechanical goals that motivate said transformation. The methodology, by allowing 

different mechanical systems to be related to one another on a purely geometric basis, would 

consequentially provide immense value in robot synthesis, design, control policies and motion 

planning in the context of intelligent reassembling robotics and such a development would 

advance Objective 2.  

In Chapters 2 and 3, a robotic system or manipulator is represented as a network whose 

motion generating kinematic pairs are represented as the network’s inter-connected nodes. 

Within this network theoretic context, I develop a formulation employing higher dimensional 

multivectors defined in Geometric Algebra that approximates the computational outcomes of 

such complicated systems of equations for both inverse and forward problem types. The statics 

and kinematics performance of these mechanical networks (serial and parallel robots) are 

rapidly evaluated without the need to solve their respective traditional systems of equations 

using what I call ‘screw hypervolumes’ or simply ‘hypervolumes’ that capture the algebro-

geometric structures generated by a robot’s  morphological  parameters and end-effector 

position in terms of kinematics and statics (Section [4.2.1]). The magnitudes of these 

hypervolume functions produce dimensionless scalar values that allow the rapid, linearised 

approximation of solutions of systems of algebraic nonlinear closure equations enabling the 

specialist to produce a very computationally efficient scalar magnitude that approximates the 

kinematic and static output spaces of robots. In Section [4.3], a 3-RRR manipulator, the Delta 

manipulator and a 6R serial robot are analysed using the hypervolume methods as the case 

studies. Finally, in Section [4.4], I discuss the case study results. 
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4.2. Methods 

Each modelling problem statement in statics and kinematics for both serial parallel 

manipulators and their corresponding forward and reverse cases has its corresponding systems 

of equations traditionally defined in classical mechanical approaches and they are detailed in 

Sections [4.2.1] and [4.2.2], which are similar to the methods presented in Chapters 2 and 5. 

For the sake of brevity, the underlying foundations of screws, wrenches and twists are not 

detailed and I direct readers to Angeles (1988), Duffy (2007) and Bayro-Corrochano (2019), 

for a more formal treatment of these methods in the context of robotics. 

4.2.1. Preliminaries  

In this section, I expand upon the mathematical preliminaries of network theoretic methods and 

infinitesimal screws from Section [2.1], Equations [2.1-2.3] and Section [2.4], Equation [2.45], 

respectively. Additionally, this section employs Geometric Algebra methods, which have been 

presented in Section [2.2], Equations [2.4-2.14]. In this chapter, I use the 𝑮𝟔,𝟎  algebra to 

characterise the geometries of motion and morphological parameters of the robotic 

manipulator. The 𝑖-th kinematic pair’s screw (generally given with the symbol ‘$𝒊’ (Tsai 

1999)), denoted as 𝑿𝒊 𝒏+𝟏
𝜽  (as previously presented in Section [2.4], Equation [2.45]), is an 

important component of twists and wrenches in a manipulator and is given as  

 𝑿𝒊 𝒏+𝟏
𝜽 = [(𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖

−1), (𝑈𝐺𝑖𝑠𝑖𝑈𝐺𝑖
−1) × 𝑋𝑖 𝑗

 ] (4.1) 

Where 𝑿𝒊 𝒏+𝟏
𝜽 ∈ 𝑮𝟔,𝟎, 𝑠𝑖 is the initial unit vector along the joint axis and 𝑋𝑖 𝑛+1

  is the linear 

position vector from joint ‘𝑖’ to the end-effector. The twists and wrenches of the output end-

effector (denoted with the symbols ‘𝑻𝑬’ and ‘𝑾𝑬’, respectively) are functions of the nodal 

weights and morphological parameters (denoted as 𝐻𝑖 and 𝑠𝑖 in Chapter 2, Section [2.4] and 

{𝛽𝑖𝑗, |𝐻𝑖𝑗|, 𝑆𝑖0, 𝑀𝑖, 𝐼𝑖} in Chapter 3, Section [3.2.1]) and the individual contributing wrenches 

and twists of each node. As presented in Chapter 3, a robotic manipulator is represented as a 

network with the kinematic pairs reflecting nodes and branches representing links and 

connections. An example representation is presented in Figure [4.1], along with the network 

adjacency matrix 𝐴𝑖𝑗 (as presented in Section [2.1], Equation [2.1]) for the manipulator.  
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𝐴𝑖𝑗 =          d 

0 1 0 0 0 0 0 0 0 0 0  
0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 1 0 1 0 0 0 0 

0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 1 0 0 0 0 0 

0 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 

 
 

Figure 4.1. Left) A network diagram representing the general assemblage wrench and twist. Right) 

The corresponding adjacency matrix. 

Each node in Figure [4.1] has an associated wrench (𝑾𝒊) and twist (𝑻𝒊) screw which are 

generated by its nodal weights/morphological parameters and joint kinematic and dynamic 

variables. As presented in Section [2.4], the nodal weights for the 𝑖-th kinematic pair are given 

as ‘𝑠𝑖’,‘𝐻𝑖’ and ‘𝑚𝑖’ and the input values for each kinematic pair are given as ‘𝜃𝑖’, ‘𝛿𝑖’ and 

‘𝛾𝑖 ’. In the context of robotics, 𝑠𝑖  is the axis of actuation (rotation or translation), 𝐻𝑖  is 

kinematic pair’s link’s position vector, 𝜃𝑖 is the angle of orientation of the kinematic pair and 

𝛿𝑖 and 𝛾𝑖 (or equivalently ‘𝜏𝑖’ and ‘�̇�𝑖’) denote the dynamic/static and kinematic inputs of the 

𝑖-th node/kinematic pair. In this work, as will be evident later, due to the hypervolume approach 

producing analogues of torques (𝜏𝑖) and joint velocities (�̇�𝑖), 𝛿𝑖 and 𝛾𝑖 are used to distinguish 

between the two modes of computation, where 𝜏𝑖  and �̇�𝑖  are computed using traditional 

standard Newtonian paradigms. These nodal weights or morphological parameters combined 

with the kinematic and dynamic inputs of the joints interact to form an output wrench. As such, 

the wrenches and twists associated with the kinematic pairs are functions of the morphological 

parameters of the robot. The wrench (𝑾𝒊) is a 6-tuple element of 𝑮𝟔,𝟎 (𝑾𝒊 ∈ 𝑮𝟔,𝟎) which is a 

combination of the 3-tuple primary component of force (𝑓𝑖) and the 3-tuple dual component of 

the moment generated about some position vector ‘ 𝑙𝑖 ’, which is taken with respect to a 

reference frame of choice (𝛹 
0), at the discretion of the specialist (Gallardo, 2003). 

 𝑾𝒊 = [𝑓𝑖 , 𝑓𝑖 × 𝑙𝑖 + 𝑚0] (4.2) 

Where ‘𝑚0’ is a pure/latent moment term. The twist screw (𝑻𝒊) is a 6-tuple element of 𝑮𝟔,𝟎 

(𝑻𝒊 ∈ 𝑮𝟔,𝟎) and it is the kinematic analogue of the wrench. 𝑻𝒊 is a combination of a 3-tuple 
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primary component of angular velocity (𝜃�̇�) and the 3-tuple dual component of the linear 

velocity generated about some position vector ‘𝑟𝑖’, which is taken with respect to a reference 

frame of choice (𝛹 
0), at the discretion of the specialist (Gallardo, 2003). 

 𝑻𝒊 = [𝜃�̇�, 𝜃�̇� × 𝑟𝑖 + 𝑣0] (4.3) 

Where ‘𝑣0’ is a pure velocity term. All of the individual wrenches and twists can be combined 

to generate the collective subspace of the end effector wrench (𝑾𝑬) and end effector twist (𝑻𝑬),   

such that 𝑾𝑬 = 𝑓(𝑊1,𝑊2, … ,𝑊𝑛) and 𝑻𝑬 = 𝑔(𝑇1, 𝑇2, … , 𝑇𝑛), where ‘𝑓’ and ‘𝑔’ are some 

functions or systems of equations that combine the individual wrenches and twists to form the 

end-effector wrench and twist, respectively and ‘𝑛’ is total number of kinematic pairs in a 

manipulator. Although there are multiple definitions of twists and wrenches, as shown in Duffy 

(1996), Tsai (1999) and Gallardo-Alvarado (2003), I have utilised the definition from Gallardo-

Alvarado (2003), due to its methodological similarity with my quaternionic representation of 

screws. Additionally, I will defer to the conventions presented in Tsai (1999) and Gallardo 

(2003), with respect to the reference frame styles for the vectors ‘𝑙𝑖’ and ‘𝑟𝑖’. Using the novel 

quaternionic definition of infinitesimal screws, as presented in Section [2.2] and Equation [4.1], 

the statics and kinematics of serial and parallel manipulators can be significantly re-adapted. 

The statics or kinematics forward problem is when 𝛿𝑖 and 𝛾𝑖 are known, respectively, 

and we attempt to solve for the wrench or twist (𝑾𝑬 or 𝑻𝑬). The inverse problem for statics 

and kinematics is the case where the end-effector wrench and twist are known respectively but 

the required input values of each node are unknown. For both statics and kinematics, and their 

respective forward and reverse/inverse problems, we have two distinct classes of robots 

generally analysed and modelled in standard robotics: parallel and serial. Therefore, there are 

a total of eight separate classes of problems: forward kinematics (serial), forward statics 

(serial), inverse kinematics (serial), inverse statics (serial), forward kinematics (parallel), 

forward statics (parallel), inverse kinematics (parallel), inverse statics (parallel). These 

problems are the focus of this chapter. Using the notational definitions of position vectors and 

screw elements shown in Section [2.4], the position problems are initially solved, giving us 

knowledge of the numerical values of the position elements (𝑋𝑖 𝑗
𝑙 ), quaternion rotors (𝑈𝑖) and 

infinitesimal screws (𝑿𝒊 𝒏+𝟏
𝜽 ). Then, the statics and kinematics analysis of a serial or parallel 

manipulator is performed. The generalised statics expression from Tsai (1999) and Angeles 

(1988) for parallel structures with ‘𝑀’ number of limbs and revolute actuated joints is adapted 

to give the end-effector wrench (𝑾𝑬) for statics as follows 
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 𝑾𝑬 = [∑𝑋𝑎 𝑛+1
𝜃𝑗

𝑀

𝑗=1

,∑(𝑈𝐺𝑎

𝑗
𝑠𝑎

𝑗
(𝑈𝐺𝑎

𝑗
)
−1 

)

𝑀

𝑗=1

] 𝜏𝑗 (4.4) 

Where ‘𝑎’ denotes the active joint of each limb, ‘𝑠𝑎
𝑗
’ is joint axis of the actuator of the 𝑗-th limb 

and 𝑋𝑎 𝑛+1
𝜃𝑗

= 𝑈𝐺𝑎
𝑗

𝑠𝑎
𝑗
(𝑈𝐺𝑎

𝑗
)
−1 

× 𝑋𝑎 𝑛+1
𝑗

. The subscript ‘𝑗’ in ‘𝜏𝑗 ’ and the superscript ‘𝑗’ in 

𝑋𝑎 𝑛+1
𝑗

, 𝑈𝐺𝑎

𝑗
 and 𝑠𝑎

𝑗
 denote the 𝑗-th limb. For the forward parallel statics case, the joint torques 

(𝜏𝑗) are known and the RHS (right-hand side) of Equation [4.4], is readily computed to give 

the end-effector wrench (𝑾𝑬) on the LHS (left-hand side) of the equation. For the reverse 

parallel statics case, the the end-effector wrench (𝑾𝑬) on the LHS is known while the joint 

torques (𝜏𝑗 ) on the RHS are unknown and a system of equations is produced (where 𝑗 =

{1,2, … ,𝑀}) and needs to be solved to find the joint torques (𝜏𝑗). The parallel kinematics 

expression defined using Jacobian matrices, is presented as follows (Tsai 1999)  

 𝐽𝑥𝑻𝑬 = 𝐽𝑞�̇� (4.5) 

Where  �̇� = [�̇�1, �̇�2, … , �̇�𝑀]𝑻 is a column matrix of the joint rates (the superscript ‘𝑻’ denotes 

a matrix transpose operation) and the Jacobian matrices ‘𝐽𝑥’ and ‘𝐽𝑞’ are defined as (Tsai 1999) 

 𝐽𝑥 =

[
 
 
 
 

𝑿 
𝟏

𝒌 𝒍
𝜽

𝑿 
𝟐

𝒌 𝒍
𝜽

⋮
𝑿 

𝑴
𝒌 𝒍
𝜽 ]

 
 
 
 

 (4.6) 

 

𝐽𝑞 =

[
 
 
 
 𝑿 
𝟏

𝒌 𝒍
𝜽 ( 𝑿 

𝟏
𝒂 𝒂+𝟏
𝜽 )

𝑻
0 … 0

0 𝑿 
𝟐

𝒌 𝒍
𝜽 ( 𝑿 

𝟐
𝒂 𝒂+𝟏
𝜽 )

𝑻
… 0

⋮ ⋮ ⋱ 0

0 0 0 𝑿 
𝑴

𝒌 𝒍
𝜽 ( 𝑿 

𝑴
𝒂 𝒂+𝟏
𝜽 )

𝑻
]
 
 
 
 

 (4.7) 

Where { 𝑿 
𝟏

𝒂 𝒂+𝟏
𝜽 , 𝑿 

𝟐
𝒂 𝒂+𝟏
𝜽 , … , 𝑿 

𝑴
𝒂 𝒂+𝟏
𝜽 } are infinitesimal screws of the active joints for limbs  

{1,2, … ,𝑀} and { 𝑿 
𝟏

𝒌 𝒍
𝜽 , 𝑿 

𝟐
𝒌 𝒍
𝜽 , … , 𝑿 

𝑴
𝒌 𝒍
𝜽 } are screws which are reciprocal to all the joint screws, 

except for the actuated screws, such that ‘ 𝑿 
𝒋

𝒌 𝒏+𝟏
𝜽 ( 𝑿 

𝒋
𝒊 𝒊+𝟏
𝜽 )

𝑻
= 0 ’ for 𝑖 ≠ 𝑎  and 𝑗 =

{1,2, … ,𝑀}  (Tsai 1999). Additionally, in Equations [4.6] and [4.7], ‘ 𝑿 
𝒋

𝒌 𝒏+𝟏
𝜽 ( 𝑿 

𝒋
𝒊 𝒊+𝟏
𝜽 )

𝑻
’ 

denotes the orthogonal product between 𝑿 
𝒋

𝒌 𝒏+𝟏
𝜽  and ( 𝑿 

𝒋
𝒊 𝒊+𝟏
𝜽 )

𝑻
, as described in Tsai (1999). It 

should be noted that there are alternative methods of defining 𝐽𝑥 and 𝐽𝑞, as presented in Duffy 

(1996), Tsai (1999) and Gallardo (2003). In the work of Tsai (1999), the non-screw-based 

forms of 𝐽𝑥  and 𝐽𝑞  are defined by differentiating the constraint equation ‘ 𝑓(𝒙, 𝒒) = 0 ’ 

(presented in Section [2.4], Equation [2.41]) as follows (Tsai 1999) 
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𝜕𝑓

𝜕𝒙

𝜕𝒙

𝜕𝑡
=

𝜕𝑓

𝜕𝒒

𝜕𝒒

𝜕𝑡
 (4.8) 

𝐽𝑥�̇� = 𝐽𝑞�̇� (4.9) 

Where 𝑻𝑬 = �̇�  and one notes that Equations [4.5] to [4.8] reconcile with the definition 

presented in Equation [4.9]. Note that for manipulators with only revolute joints, which are the 

focus of this chapter, �̇� → �̇� = [�̇�1,𝑎, �̇�2,𝑎, … , �̇�𝑀,𝑎]
𝑇

 in Equations [4.5] and [4.9]. For the 

forward parallel kinematics case, the active joint velocities {�̇�1,𝑎, �̇�2,𝑎, … , �̇�𝑀,𝑎} are known and 

solving the system of equations produced by expanding Equations [4.5] or [4.9] gives the end-

effector twist (𝑻𝑬) on the LHS of the equation. For the reverse parallel kinematics case, the 

end-effector twist (𝑻𝑬)  on the LHS is known while the active joint velocities 

{�̇�1,𝑎, �̇�2,𝑎, … , �̇�𝑀,𝑎} on the RHS are unknown and the inverse of 𝐽𝑞 in Equations [4.5] or [4.9] 

is taken to give ‘𝐽𝑞
−1𝐽𝑥𝑻𝑬 = �̇�’, which then allows the active joint velocities {�̇�1,𝑎, �̇�2,𝑎, … , �̇�𝑀,𝑎} 

to be directly computed. Equations [4.5] and [4.9] can be simplified to give the simplified 

reciprocal screw based representation of parallel kinematics in Equation [4.10], in accordance 

with Tsai (1999) and Angeles (1988) 

 𝑿 
𝟏

𝒑𝟏 𝒏+𝟏
𝜽 �̇�1,𝑎 = 𝑿 

𝟐
𝒑𝟐 𝒏+𝟏
𝜽 �̇�2,𝑎 = ⋯ = 𝑿 

𝑴
𝒑𝑴 𝒏+𝟏
𝜽 �̇�𝑀,𝑎 = 𝑻𝑬 (4.10) 

Where kinematic pair ‘𝑎’ is the active joint of each limb, {�̇�1,𝑎, �̇�2,𝑎, … , �̇�𝑀,𝑎} are the active 

joint velocities of limbs {1,2, … ,𝑀} and { 𝑿 
𝟏

𝒑𝟏 𝒏+𝟏
𝜽 , 𝑿 

𝟐
𝒑𝟐 𝒏+𝟏
𝜽 , … , 𝑿 

𝑴
𝒑𝑴 𝒏+𝟏
𝜽 } refer to functions 

of reciprocal screws for limbs {1,2, … ,𝑀}, based on the elements in the expression ‘𝐽𝑥
−1𝐽𝑞’, 

which is obtained by computing the inverse of 𝐽𝑥 in Equations [4.5] and [4.9]. In Equation 

[4.10] the subscripts {𝒑𝟏, 𝒑𝟐, … , 𝒑𝑴} are not necessarily nodal indices, but instead refer to 

functions of reciprocal screws for limbs {1,2, … ,𝑀} . For serial kinematics, we have the 

following expression (Tsai 1999; Angeles 1988)  

 𝑻𝑬  = [∑𝑋𝑖 𝑛+1
𝜃

𝑛

𝑖=1

,∑(𝑈𝐺𝑖
𝑠𝑖𝑈𝐺𝑖

−1) 

𝑛

𝑖=1

]𝜃𝑖

.

 (4.11) 

Where 𝑋𝑖 𝑛+1
𝜃 = (𝑈𝐺𝑖

𝑠𝑖𝑈𝐺𝑖
−1 × 𝑋𝑖 𝑛+1

 ) and 𝜃𝑖

.

 is the 𝑖-th joint velocity. For the forward serial 

kinematics case, the joint velocities (𝜃𝑖

.

) are known and directly evaluating the RHS of Equation 

[4.11] gives the end-effector twist (𝑻𝑬) on the LHS of the equation. For the reverse serial 

kinematics case, the end-effector twist (𝑻𝑬) on the LHS is known while the joint velocities (𝜃𝑖

.

) 

on the RHS are unknown and a system of equations needs to be solved to find the active joint 

velocities (𝜃𝑖

.

). The expression for serial statics is defined as (adapted from Tsai (1999))   
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 𝜏𝑖 = 𝑋𝑖 𝑛+1
𝜃 · 𝑓𝐸 + 𝑈𝐺𝑖

𝑠𝑖𝑈𝐺𝑖
−1 · 𝑚𝐸 = 𝑿𝒊 𝒏+𝟏

𝜽 · 𝑾𝑬 (4.12) 

Where 𝑖 = {1,2, … , 𝑛}, 𝑾𝑬 = [𝑓𝐸 , 𝑚𝐸], 𝜏𝑖 is the 𝑖-th joint torque and the infinitesimal screw 

𝑿𝒊 𝒏+𝟏
𝜽  is presented in Equation [4.1] and Section [2.4], Equation [2.45]. For the reverse serial 

statics case, the end-effector wrench (𝑾𝑬) is known and the RHS of Equation [4.12] is readily 

evaulated to give the joint torque (𝜏𝑖) on the LHS of the equation. For the forward serial statics 

case, the joint torque (𝜏𝑖) on the LHS is known while the end-effector wrench (𝑾𝑬) on the 

RHS is unknown and a system of equations is produced, which needs to be solved to find the 

end-effector wrench (𝑾𝑬). 

Note that in Equations [4.4-4.12] ‘𝑛 + 1’ always refers to the end effector (also denoted 

with the symbol ‘𝐸’, as described in Section [2.4]). Additionally, Equations [4.4-4.12] were 

defined specifically for revolute joints, but can be readily readapted for prismatic joints using 

a quaternionic screw based representation. The novelty of the approach presented in this 

chapter is the incorporation of quaternions into screws and the consequent reformulation of 

quaternionic screw-based kinematics and statics for manipulators. The hypervolume functions 

are developed using limb actuation screws and are defined as (Tsai 1999; Angeles 1988) 

 𝑳𝒊 = [𝑋𝑏 𝑛
𝑖  , 𝑋𝑏 𝑛

𝑖 × 𝑋𝑔 𝑛
𝑖 ] = [𝑓𝑖; 𝑚𝑖] (4.13) 

where 𝑳𝒊 ∈ 𝑮𝟔,𝟎. The two three tuples ‘𝑓𝑖’ (denoting the force component) and ‘𝑚𝑖’ (denoting 

the moment component), can be written for each limb to distinguish between the linear and 

angular components respectively. 𝑋𝑘 𝑗
𝑖  is a 3-tuple element (position vector) from points ‘𝑘’ to 

‘𝑗’, for the ‘𝑖-th’ limb (denoted by a superscript ‘𝑖’), as defined in Section [2.4], Equation 

[2.38]. Where the superscript is presented on the right hand side of the symbol ‘𝑋’. One also 

notes that the subscript ‘𝑖’ in 𝑳𝒊  refers to the 𝑖-th limb, which is in agreement with ‘𝑋𝑏 𝑛
𝑖 ’ 

and ‘𝑋𝑔 𝑛
𝑖 ’. In this formulation, ‘𝑛’ refers to the kinematic pair connecting to the end-effector 

plate and ‘𝑛 + 1’ refers to the end-effector, ‘𝑏’ refers to the base and ‘𝑔’ refers to the global 

reference frame’s origin. Figure [4.2] below shows an example of a typical 3 limbed 

manipulator and its position vectors 𝑋𝑏 𝑛
𝑖  and 𝑋𝑔 𝑛

𝑖  for 𝑖 = {1,2}, where ‘𝑋𝑏 𝑛
3 ’ and ‘𝑋𝑔 𝑛

3 ’ are 

not shown. 
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Figure 4.2. Left) Screw term representation of a typical 3-limbed manipulator. Right) The network 

representation of the 3-limbed manipulator with 10 nodes and the end-effector ‘𝑛 + 1’ set to be node 

10. Note that the branches {𝑎1,3, 𝑎4,6, 𝑎7,9} refer to 𝑳𝟏 = [𝑋1  3
1  , 𝑋1  3

1 × 𝑋0  3
1 ],  𝑳𝟐 = [𝑋4  6

2  , 𝑋4  6
2 ×

𝑋0  6
2 ], 𝑳𝟑 = [𝑋7 9

3  , 𝑋7 9
3 × 𝑋0 9

3 ] respectively, where 𝑋𝑘 𝑗
𝑖  is a 3-tuple element in 𝐑𝟑 space, as defined in 

Section [2.4]. 

I demonstrate two examples of the computation of 𝑿𝒊 𝒏+𝟏
𝜽  using the Delta manipulator 

presented in Figure [4.3]. 

 
Figure 4.3. Left) The Delta manipulator. Right) A network representation of the Delta manipulator. 

It has the following kinematic pairs (in meters), where 𝐻𝑖 is the initial vector of the kinematic 

pair from joint ‘𝑖’ to ‘𝑖 + 1’ and 𝑠𝑖 is the initial unit vector along the joint axis: 

𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 

1 [1.5,0,0] [0,1,0] 10 [−0.125,0.217,0] [-0.866,-0.5,0] 

2 [0,0,0] [0,0,1] 11 [−0.75,−1.3,0] [0.866,-0.5,0] 

3 [2.5,0,0] [0,1,0] 12 [0,0,0] [0,0,1] 

4 [0,0,0] [0,0,1] 13 [−1.25,−2.2,0] [0.866,-0.5,0] 

5 [0.25,0,0] [0,1,0] 14 [0,0,0] [0,0,1] 

6 [−0.75,1.3,0] [-0.866,-0.5,0] 15 [−0.125,−0.217,0] [0.866,-0.5,0] 

7 [0,0,0] [0,0,1]    

8 [−1.25,2.2,0] [-0.866,-0.5,0]    

9 [0,0,0] [0,0,1]    

Table 4.1. The 𝐻𝑖 and 𝑠𝑖 values of each kinematic pair used for the Delta manipulator. 
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I let ‘𝑋𝐸1
’, the end effector pose of the first example, 𝑋𝐸1

= [0.009,0.086,−0.233] and 𝑠1 =

[0,1,0] and I compute 𝑋1 16(𝑋𝐸1
) to be  

 

𝑋1 16(𝑋𝐸1
) = 𝑋𝐸1

− 𝑋0,1 

𝑋1 16(𝑋𝐸1
) = [0.009,0.086,−0.233] − [0.151,0,0]

= [−0.142, 0.086, −0.233] 

(4.14) 

Hence 𝑿𝟏 𝟏𝟔
𝜽  (𝑋𝐸1

) is computed as 

 

𝑿𝟏 𝟏𝟔
𝜽 (𝑋𝐸1

) = [(𝑈𝐺1𝑠1𝑈𝐺1
−1), (𝑈𝐺1𝑠1𝑈𝐺1

−1) × 𝑋1 16(𝑋𝐸1
)]  

= [𝑠1, 𝑠1 × 𝑋1 16(𝑋𝐸1
)]  

= [(0,1,0), (0,1,0) × (−0.142, 0.086,−0.233)]  

= [0,1,0,0.233,0, −0.142]  

(4.15) 

Where 𝑈𝐺𝑖 has been defined in Section [2.4], Equation [2.32] and 𝑈𝐺1 = [1,0,0,0] for the Delta 

manipulator, thereby leaving 𝑠1 invariant. As a second example, I let ‘𝑋𝐸2
’, the end effector 

pose of the second example, 𝑋𝐸2
= [0.01,0.15, −0.34]  and 𝑠1 = [0,1,0]  and I compute 

𝑋1 16(𝑋𝐸2
) to be 

 
𝑋1 16(𝑋𝐸2

) = 𝑋𝐸2
− 𝑋0,1 

𝑋1 16(𝑋𝐸2
) = [0.01,0.15, −0.34] − [0.151,0,0] = [−0.141, 0.15, −0.34] 

(4.16) 

Hence 𝑿𝟏 𝟏𝟔
𝜽  (𝑋𝐸2

) is computed as 

 

𝑿𝟏 𝟏𝟔
𝜽 (𝑋𝐸2

) = [(𝑈𝐺1𝑠1𝑈𝐺1
−1), (𝑈𝐺1𝑠1𝑈𝐺1

−1) × 𝑋1 16(𝑋𝐸2
)]  

= [𝑠1, 𝑠1 × 𝑋1 16(𝑋𝐸2
)]  

= [(0,1,0), (0,1,0) × (−0.141, 0.15, −0.34)]  

 = [0,1,0,0.34,0, −0.141]  

(4.17) 

A bivector segment (Hestenes and Sobczyk 1984) has been defined in this work as the wedge 

product of the two actuation lines:  

 𝑽{𝑖, 𝑗} = 𝑳𝒊⋀𝑳𝒋 (4.18) 

Excluding the moment components, the bivector segment is visualised in Figure [4.4] below.  
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Figure 4.4. Left) Screw hypervolume and bivector segment representation for a 2-limbed manipulator, 

where the lines have been extended to intersect graphically for visualisation purposes only. Right) A 

network representation of a 2-limbed manipulator with seven nodes and the end-effector ‘𝑛 + 1’ set to 

be node 7. Note that the branches 𝑎13 and  𝑎46  correspond to 𝑳𝟏 = [𝑋1 3
1   , 𝑋1 3

1 × 𝑋0  3
1 ] , 𝑳𝟐 =

[𝑋4 6
2  , 𝑋4  6

2 × 𝑋0 6
2 ], where 𝑋𝑘 𝑗

𝑙  is a 3-tuple quaternion element in 𝐑𝟑 space, as defined in Section [2.4].  

Any combination of bivector segments or other higher dimensional terms will henceforth be 

called a screw hypervolume or simply hypervolume: 𝑽 (where 𝑽 ∈ 𝑮𝟔,𝟎). All hypervolumes 

(𝑽) defined in this formulation are limited to the {𝑒1, 𝑒2, … , 𝑒6} ↔ {𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓} basis set, 

where the governing axioms of the 𝑒𝑖  basis vector are presented in Section [2.2], Equation 

[2.12a-e]. This limits the hypervolume of the kinematic chain to a maximum grade of six, which 

corresponds to the pseudoscalar, 𝐼6 = 𝑒123456. For notational consistency, 6-tuples are bolded 

in this chapter. The reversion and inversion operations are presented in Section [2.2], Equation 

[2.14]. For bivectors, since 𝑒𝑖𝑗 = −𝑒𝑗𝑖, we have  

 (𝐴𝑒𝑖𝑗)
−1 =

1

𝐴

𝑒𝑖𝑗

𝑒𝑖𝑗𝑒𝑗𝑖
= −

1

𝐴
𝑒𝑖𝑗 (4.19) 

A general two limb bivector segment is evaluated below. The two actuation screws are set to 

be (note the distinction between italicised 3-tuple terms (𝑓𝑘 , 𝑚𝑘) and non-italicised single-tuple 

terms (fkp, mkp)). 

 
𝑳𝟏 = (f11𝑒1 + f12𝑒2 + f13𝑒3 + m11𝑒4 + m12𝑒5 + m13𝑒6)

= (f11, f12, f13, m11, m12, m13) = (𝑓1; 𝑚1) 
(4.20) 

and  

 
𝑳𝟐 = f21𝑒1 + f22𝑒2 + f23𝑒3 + m21𝑒4 + m22𝑒5 + m23𝑒6

= (f21, f22, f23, m21, m22, m23) = (𝑓2; 𝑚2) 
(4.21) 
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𝑽{1,2} = −f12f21𝑒1𝑒2 + f11f22𝑒1𝑒2 − f13f21𝑒1𝑒3 + f11f23𝑒1𝑒3 −

f13f22𝑒2𝑒3 + f12f23𝑒2𝑒3 + m21f11𝑒1𝑒4 − m11f21𝑒1𝑒4 + m21f12𝑒2𝑒4 −

m11f22𝑒2𝑒4 + m21f13𝑒3𝑒4 − m11f23𝑒3𝑒4 + m22f11𝑒1𝑒5 − m12f21𝑒1𝑒5 +

m22f12𝑒2𝑒5 − m12f22𝑒2𝑒5 + m22f13𝑒3𝑒5 − m12f23𝑒3𝑒5 − m12m21𝑒4𝑒5 +

m11m22𝑒4𝑒5 + m23f11𝑒1𝑒6 − m13f21𝑒1𝑒6 + m23f12𝑒2𝑒6 − m13f22𝑒2𝑒6 +

m23f13𝑒3𝑒6 − m13f23𝑒3𝑒6 − m13m21𝑒4𝑒6 + m11m23𝑒4𝑒6 − m13m22𝑒5𝑒6 +

m12m23𝑒5𝑒6  

(4.22) 

The grade of the hypervolume 𝑽 is two. A particular subspace of solutions is where I set all 

m𝑖𝑗 = 0 for 𝑖 = {1,2,3} and 𝑗 = {1,2,3}. This gives  

 
𝑽 [m𝑖𝑗 → 0] = −f12f21𝑒1𝑒2 + f11f22𝑒1𝑒2 − f13f21𝑒1𝑒3 + f11f23𝑒1𝑒3

− f13f22𝑒2𝑒3 + f12f23𝑒2𝑒3 
(4.23) 

Isolating the bivector terms 𝑒1𝑒2, 𝑒1𝑒3 and 𝑒2𝑒3 we may express this as  

𝑽 = (−f12f21 + f11f22)𝑒1𝑒2 + (−f13f21 + f11f23)𝑒1𝑒3

+ (−f13f22 + f12f23)𝑒2𝑒3 

=< (−f12f21 + f11f22)𝑒12
, (−f13f21 + f11f23)𝑒13

, (−f13f22 + f12f23)𝑒23
> 

(4.24) 

The compact representation of <.......> can be expanded as  

 
< (𝑎)𝑒𝑖….. 

, (𝑏)𝑒𝑗…
, (𝑐)𝑒𝑘….

, … > = < (𝑏)𝑒𝑗……
, (𝑎)𝑒𝑖….. 

, (𝑐)𝑒…..
, … > 

= 𝑎𝑒𝑖.... + 𝑏𝑒𝑗.... + 𝑐𝑒𝑘.…. + ⋯ 
(4.25) 

Where the ‘< >’ brackets indicate the sum of all the elements independent of order and the 

subscript indicates the basis of the element. Now since we have eliminated the torque/angular 

component of the hypervolume term and are focusing only on the first three elements (mainly 

{𝑒1, 𝑒2, 𝑒3}), we find the elements of 𝑽 are related to the cross product of ‘𝑓1’ and ‘𝑓2’ as  

𝑽 = < (−f12f21 + f11f22)𝑒12
, (−f13f21 + f11f23)𝑒13

, (−f13f22 + f12f23)𝑒23
> 

𝑓1 × 𝑓2 = {−f13f22 + f12f23, f13f21 − f11f23, −f12f21 + f11f22} 
(4.26) 

We see that 〈𝑽 · 𝑒𝑖𝑗〉0 = 〈𝑓1 × 𝑓2 · 𝑒𝑘〉0, where subscripts ‘i’, ‘j’ and ‘k’ are enumerated as 1, 2 

or 3 and the brackets ‘〈𝑿𝑿〉𝑝 ’ represent a grade-𝑝 extraction operator used in Geometric 

Algebra (Hestenes and Sobczyk 1984), not to be confused with the ‘< >’ brackets defined in 

Equation [4.25]. With the above example, we may write 

 〈𝑽 · 𝑒12〉0 = 〈𝑓1 × 𝑓2 · 𝑒3〉0 (4.27a) 

 〈𝑽 · 𝑒13〉0 = 〈𝑓1 × 𝑓2 · 𝑒2〉0 (4.27b) 

 〈𝑽 · 𝑒23〉0 = 〈𝑓1 × 𝑓2 · 𝑒1〉0 (4.27c) 
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Which is essentially the mathematical way of expressing that (𝑓1 × 𝑓2) first element in the 𝑒1  

direction is equal to the 𝑒23 plane element of 𝑽. This can be seen by inspection. This result is 

not surprising as it is comes as a consequence of the similarity between the cross and wedge 

product. Notice that the above equation is true only when we analyse the subspace of an 

actuation line and exclude the torque/angular terms. This exclusion does not compromise the 

integrity of the expression of the framework in any way. In fact, we perform such subspace 

exclusions in the analysis of singularities (Ben-Horin and Shoham 2006). The end-effector 

pose and the morphological characteristics of the robot affect the hypervolume term and the 

magnitude of the hypervolume element is indicative of the twist or wrench applicable for that 

particular pose. For a three limbed wedge product we have the relation 

 𝑽 · 𝑒123 = 𝑓1 × 𝑓2 · 𝑓3 (4.28) 

Due to the fundamental limitation of three basis elements in the subspace wedge products, a 

four limbed manipulator would vanish. As such, any system with more than two limbs will be 

analysed as two limbed subset combinations. For an 𝑛-limbed manipulator, where 𝑽{𝑖, 𝑗} =

𝑳𝒊⋀𝑳𝒋, I set  

𝑽(𝒑,𝒇)  =
𝑽{1,2} + ⋯+ 𝑽{𝑛 − 1, 𝑛}

𝑛!
(𝑛 − 2)!  2

× 𝑛 =  
𝑽{1,2} + ⋯+ 𝑽{𝑛 − 1, 𝑛}

(𝑛 − 1)
2

 
(4.29) 

Equation [4.29] is the definition of the ‘parallel statics hypervolume’ and the subscript (𝒑, 𝒇) 

stands for ‘parallel force’ and is applicable to all 𝑛-limbed manipulators. It is to be noted that 

Equation [4.29] is not applicable in the event of actuation singularities that the robot would 

experience, which is mathematically characterised by the condition: 𝑽{𝑖, 𝑗} = 𝑳𝒊⋀𝑳𝒋 = 0 . 

Further, all hypervolume functions, defined in subsequent sections, much like the traditional 

systems of equations, break down at both constraint and actuation singularities. As an example 

of Equation [4.29], a 4-limbed manipulator statics hypervolume is given as  

𝑽(𝑇𝑜𝑡𝑎𝑙) =
𝑽{1,2} + 𝑽{1,3} + 𝑽{1,4} + 𝑽{2,3} + 𝑽{2,4} + 𝑽{3,4}

6
× 4 (4.30) 

The physical significance of the screw hypervolume element is evident in that the magnitude 

of these terms/surfaces is directly proportional to a robot’s position dependant transmission 

index (Balli and Chand 2002; Chang et al. 2003) and maximum achievable force in that 

particular end-effector pose. The hypervolume function conflates the 6 bases {𝑒1, 𝑒2, … , 𝑒6} 

into a combination of bivector segments and reflects the algebro-geometric properties of a 

classical mechanical system. Equation [4.29] can be adapted to include the 𝑖-th actuator’s input 
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torques/forces (denoted by 𝛿𝑖) to give a forward statics parallel hypervolume (denoted by the 

𝑭 left-hand superscript) to give 

  𝑭𝑽(𝒑,𝒇)  =  
𝑽{1,2}

𝛿1𝛿2

2 + ⋯+ 𝑽{𝑛 − 1, 𝑛}
𝛿𝑛−1𝛿𝑛

2
(𝑛 − 1)

2

 (4.31.a) 

  𝑭𝑽(𝒑,𝒇) ≈ 𝑾𝑬 (4.31.b) 

Based on the algebraic structures and forms of the parallel forward statics Jacobian expression, 

the forward statics parallel hypervolume ( 𝑭𝑽(𝒑,𝒇)) is hypothesised to be a geometrically similar 

mathematical approximation to the 6-tuple end-effector wrench (𝑾𝑬). In this work, when I say 

‘geometrically similar’ I am referring to the quantitative similarity of the two functions for a 

given set of inputs. This term ‘geometric similarity’ has been explored in Das et al. (2005) and 

Boyer et al. (2011) to compare mathematical functions that resemble each other algebraically 

or quantitatively. Two functions are geometrically similar if one can be obtained from the other 

by undergoing uniform scaling, translations, rotations and/or reflections (Smart 1998). I limit 

the study of geometric similarity only to the case of uniform scaling and translation. I define 

two functions (‘𝐴’ and ‘𝐵’) as being geometrically similar (represented 𝐴 ≈ 𝐵, where ‘≈’  

refers to the similarity) if they are related to each other by expressions of the form: 𝐴 ≃ 𝛼 𝐵 +

𝑐  where ‘𝛼’ is a scalar value and the symbol ‘≃’ means approximately equal to and ‘𝑐’ refers 

to a translation term. The accuracy of the approximation will be evaluated by an ‘approximation 

strength index’ which is computed to reflect the similarity of ‘𝐴’ and ‘𝐵’. The approximation 

strength index is presented in Equation [4.56] later on in this section.  

Similar to the forward statics parallel hypervolume function, three additional 

hypervolume functions will be devised for the reverse statics, forward and reverse kinematics 

cases for parallel manipulators. Likewise, an additional four hypervolume functions can be 

developed for serial manipulators. This produces a total of eight such hypervolume functions. 

The central proposal of the hypervolume approach is that the magnitude of the hypervolume 

function reflects the physical or classical mechanical output space of the robot. To evaluate the 

structures or relations pertaining to a specific basis (say 𝑒3), a special extraction function needs 

to be devised to isolate the terms associated with that particular basis from the rest of the 

function. As presented in Equation [2.5], ‘〈   〉𝑞’ is a grade extraction operator for the 𝑞-th grade 

of the multivector. As an example, for a multivector 𝐴 = 1 + 2𝑒1 + 3𝑒1𝑒2 + 4𝑒1𝑒2𝑒3, 〈𝐴〉0 =

1 , 〈𝐴〉1 = 2𝑒1 ,  〈𝐴〉2 = 3𝑒1𝑒2  and 〈𝐴〉3 = 4𝑒1𝑒2𝑒3 . To extract a ‘daughter hypervolume’ 
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(𝑽[𝑒𝑖]) pertaining to basis 𝑒𝑖  from the hypervolume (𝑽), I apply the grade extraction operator 

and set 𝑞 = 5.  

 𝑽[𝑒𝑖] = 〈𝑽 𝐼6
−1𝑒𝑖〉5 (4.32) 

Given that the inverse pseudoscalar is given as 𝐼6
−1 = 𝑒654321. The function 𝑽 𝐼6

−1𝑒𝑖  would 

contain blades of grades 5 and 3. The blades with grade 5 pertain to terms which contain 

contributions in the 𝑒𝑖 direction. Depending on the directionality of the index that is desired by 

the specialist, six different daughter hypervolumes can be generated from each hypervolume. 

To illustrate this, we may take a hypervolume function given by 𝑽 = 𝐿𝑒12 + 𝑃𝑒45 + 𝑄𝑒16 +

𝐽𝑒56 + 𝐴𝑒23  and extract the 𝑒1 dimension from the hypervolume function as 

𝑽[𝑒1] = 〈𝑽 𝐼6
−1𝑒1〉5 

          = 〈𝐿𝑒12𝑒65432 + 𝑃𝑒45𝑒65432 + 𝑄𝑒16𝑒65432 + 𝐽𝑒56𝑒65432 + 𝐴𝑒23𝑒65432〉5 

           = 〈𝐿𝑒12𝑒26543 + 𝑃𝑒45𝑒54632 + 𝑄𝑒16𝑒65432 + 𝐽𝑒56𝑒65432 + 𝐴𝑒23𝑒32654〉5 

           = 〈𝐿𝑒16543 + 𝑃𝑒632 + 𝑄𝑒15432 + 𝐽𝑒432 + 𝐴𝑒654〉5  

         = 𝐿𝑒16543 + 𝑄𝑒15432 

(4.33) 

Note that 𝑃𝑒632, 𝐽𝑒432 and 𝐴𝑒654 are eliminated because they all have a grade of 3, and not a 

grade of 5 extracted by the operator ‘〈   〉5’. Additionally, the terms in the right-hand side, with 

an 𝑒1 directionality have now been extracted. Similarly, for a daughter hypervolume with the 

bases {𝑒𝑗, 𝑒𝑖}, I set 

 𝑽[𝑒𝑖, 𝑒𝑗] = 𝑽 𝐼6
−1𝑒𝑖𝑒𝑗 − 〈𝑽 𝐼6

−1𝑒𝑖𝑒𝑗〉2 (4.34) 

Where 〈𝑽 𝐼6
−1𝑒𝑖𝑒𝑗〉2 are the terms that do not contain direction basis 𝑒𝑖 or 𝑒𝑗. Extending to 3 

bases we have 

 𝑽[𝑒𝑖, 𝑒𝑗 , 𝑒𝑘 ] = 𝑽 𝐼6
−1𝑒𝑖𝑒𝑗𝑒𝑘 − 〈𝑽 𝐼6

−1𝑒𝑖𝑒𝑗𝑒𝑘〉1 (4.35) 

Where 〈𝑽 𝐼6
−1𝑒𝑖𝑒𝑗𝑒𝑘〉1 are the terms that do not contain direction basis 𝑒𝑖, 𝑒𝑗 or 𝑒𝑘. Using the 

above extraction operations, the basis/bases of a specific daughter hypervolume magnitude can 

be evaluated. These daughter hypervolumes can be applied to any hypervolume system and are 

purely algebraic in its definition but represent a specific axis of the hypervolume. For example, 

given that the end-effector wrench can be defined in terms of its 3-tuple force and moment 

components 𝑾𝑬 = (𝑓𝐸; 𝑚𝐸), referring to Equation [4.2], we are able to write the daughter 

hypervolume approximation as 

  𝑭𝑽(𝒑,𝒇)[𝑒1, 𝑒2, 𝑒3 ] ≈ 𝑓𝐸 (4.36a) 

  𝑭𝑽(𝒑,𝒇)[𝑒4, 𝑒5, 𝑒6 ] ≈ 𝑚𝐸 (4.36b) 
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The computational and algebraic consequences of the posited geometric similarity relation is 

mathematically expressed as (in relation to Equations [4.36a-b])  

  |
𝑭𝑽(𝒑,𝒇)[𝑒1, 𝑒2, 𝑒3 ]| ≃ 𝛼|𝑓𝐸| (4.36c) 

Where ‘𝛼’ is an unknown scaling real number. This relation applies to all cases where a 

geometric similarity is attributed to the expression.  

4.2.2. Advanced Methods  

Using the preliminaries of Geometric Algebra (Section [2.2], Equations [2.4-2.14]) and the 

definitions presented in Section [4.2.1], we may employ the established and known algebraic 

isomorphism between serial kinematics and parallel statics (Tsai 1999; Angeles 1988) to 

produce analogous hypervolumes of kinematics for serial manipulators. Adapting the 

definition of the forward statics parallel hypervolume ( 𝑭𝒊𝑽(𝒑,𝒇)) as shown in Equation [4.31], 

the forward serial kinematics hypervolume ( 𝑭𝒊𝑽(𝒔,𝒌)) which is posited to be a geometrically 

similar mathematical approximation of the end-effector twist (𝑻𝑬), can be formulated as 

  𝑭𝒊𝑽(𝒔,𝒌) = 𝑿 
𝒊

𝟏 𝒏+𝟏
𝜽 𝛾1⋀ 𝑿 

𝒊
𝟐 𝒏+𝟏
𝜽 𝛾2⋀…⋀ 𝑿 

𝒊
𝒏 𝒏+𝟏
𝜽 𝛾𝑛 ≈ 𝑻𝑬 (4.37) 

The bracketed ( 𝒔, 𝒌 ) subscript indicates the serial case and the kinematics formulation  

respectively and the left hand superscript ‘𝑖’ which refers to the limb in question can be dropped 

if necessary for brevity’s sake since in the case of serial manipulators, the one limb comprises 

the entire system (𝑖 = 1). 𝛾𝑖 is the instantaneous kinematic input value of the 𝑖-th actuator:  𝜃𝑖

.

  

for revolute joints and ‘𝑝𝑖

.
’ for prismatic joints. Reorganising Equation [4.37], we are able to 

formulate the reverse kinematics serial hypervolume of the 𝑖-th actuator ( 𝑹𝑽(𝒔,𝒌)[𝑖]) which is 

posited to be a geometrically similar mathematical approximation of the 𝑖 -th actuator’s 

instantaneous kinematic input value. In this chapter, I have used the left superscript ‘𝑅’ to 

denote reverse hypervolumes instead of using the left superscript ‘𝐼’ to denote an inverse 

hypervolume to avoid the symbol ‘𝐼’ being confused with an inversion operation. 

 𝑹𝑽(𝒔,𝒌)[𝑖] =  

|𝑻𝑬|

|  𝑿 𝒍 𝟏 𝒏+𝟏
𝜽 𝛾1⋀ 𝑿 𝒍 𝟐 𝒏+𝟏

𝜽 𝛾2⋀…⋀ 𝑿 𝒍 𝒊−𝟏 𝒏+𝟏
𝜽 𝛾𝑖−1⋀ 𝑿 𝒍 𝒊+𝟏 𝒏+𝟏

𝜽 𝛾𝑖+1⋀…⋀  𝑿 𝒍 𝒏 𝒏+𝟏
𝜽 𝛾𝑛|

≈ 𝛾𝑖 
(4.38) 

Where 𝑙 = 1 for a serial manipulator. Now, to address the kinematics of a parallel manipulator, 

I extend the serial kinematics hypervolume approach to each limb to give   

  𝑭𝟏𝑽(𝒔,𝒌) =  𝑭𝟐𝑽(𝒔,𝒌) = ⋯ =  𝑭𝒏𝑽(𝒔,𝒌) (4.39) 

Where ‘  𝑭𝒊𝑽(𝒔,𝒌)’ is the forward serial kinematic screw hypervolume of the 𝑖-th limb, of a 
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parallel manipulator (for passive joints, I set 𝛾𝑖 → 1). Equation [4.39] is analogous to the 

commonly used screw theoretic representation of parallel robot kinematics (Tsai 1999; Angeles 

1988). Since the velocity of the end-effector is limited by the slowest limb (where there are ‘𝑛’ 

limbs), I set 

  𝑭𝑽(𝒑,𝒌) = 𝑀𝑖𝑛[ 𝑭𝟏𝑽(𝒔,𝒌)𝛾1,  
𝑭𝟐𝑽(𝒔,𝒌)𝛾2, … ,  𝑭𝒏𝑽(𝒔,𝒌)𝛾𝑛] ≈ 𝑻𝑬 (4.40) 

Where 𝑀𝑖𝑛[X, … ,XX]  is an operator that extracts the element with the lowest magnitude: 

𝑀𝑖𝑛[𝑽𝟏, 𝑽𝟐, …𝑽𝒊 … ,𝑽𝒌] = 𝑽𝒊  where |𝑽𝒊| < |𝑽𝟏| < ⋯ < |𝑽𝒌| . Equation [4.40] allows the 

forward kinematics of parallel manipulators to be analysed using the hypervolumes for serial 

hypervolume cases. In this case, the subscript ‘𝒑 ’ indicates ‘parallel’ and ‘𝒌 ’ indicates 

‘kinematic’. Similarly, by rearranging Equation [4.40], I formulate the reverse parallel 

kinematics hypervolume for the 𝑖-th actuator:  

  𝑹𝑽(𝒑,𝒌)[𝑖] =
|𝑻𝑬|

 |
𝐹𝑖𝑽(𝒔,𝒌)(𝛾𝑗 = 1)|

≈ 𝛾𝑖 (4.41) 

where all joint rates ( 𝛾𝑗)  in the denominator are set to one. Now we may devise the 

hypervolume for the statics of serial manipulators by adapting the hypervolume for kinematics 

of parallel manipulators to the static formulation of serial manipulators using the infinitesimal 

screw 𝑿𝒊 𝒏+𝟏
𝜽  presented in Equation [4.1] and Section [2.4], Equation [2.45], since we know 

from Equation [4.12] that  

 𝜏𝑖 = 𝑋𝑖 𝑛+1
𝜃 · 𝑓𝐸 + 𝑈𝐺𝑖

𝑠𝑖𝑈𝐺𝑖
−1 · 𝑚𝐸 = 𝑿𝒊 𝒏+𝟏

𝜽 · 𝑾𝑬 (4.42) 

We have a similar algebro-geometric relation to the kinematics of parallel manipulator:   

 (𝑿𝒊 𝒏+𝟏
𝜽 )−1𝜏𝑖 = (𝑿𝒊 𝒏+𝟏

𝜽 )−1(𝑿𝒊 𝒏+𝟏
𝜽 · 𝑾𝑬) = 𝑾𝑬 (4.43) 

Which can be expressed as 

 (𝑿𝟏 𝒏+𝟏
𝜽  )−1𝜏1 = (𝑿𝟐 𝒏+𝟏

𝜽 )−1𝜏2 = ⋯ = 𝑾𝑬 (4.44) 

As presented earlier in Equation [4.10], the parallel manipulator kinematics can be written as 

shown as 

 𝑿 
𝟏

𝒑𝟏 𝒏+𝟏
𝜽 �̇�1,𝑎 = 𝑿 

𝟐
𝒑𝟐 𝒏+𝟏
𝜽 �̇�2,𝑎 = ⋯ = 𝑿 

𝑴
𝒑𝑴 𝒏+𝟏
𝜽 �̇�𝑀,𝑎 = 𝑻𝑬 (4.45) 

The screw hypervolume associated with each 𝑿 
𝒊

𝒌 𝒏+𝟏
𝜽  is given as the serial screw hypervolume 

 (
𝑭𝒊𝑽(𝒔,𝒌)) in Equation [4.37]. Since the torque of the 𝑖-th actuated joint is limited in a manner 

similar to the kinematic characteristics of a limb on a parallel manipulator and the expression 

in Equation [4.44] is inverted, we may adapt Equation [4.40] to give  

  𝑭𝑽(𝒔,𝒇)  = 𝜎[𝑽𝟏 𝒏+𝟏
−𝟏 𝛿1, 𝑽𝟐 𝒏+𝟏

−𝟏 𝛿2, … , 𝑽𝒏 𝒏+𝟏
−𝟏 𝛿𝑛] ≈ 𝑾𝑬 (4.46) 
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Where ‘𝜎’ denotes a function that computes the mean of  [𝑽𝟏 𝒏+𝟏
−𝟏 𝛿1, 𝑽𝟐 𝒏+𝟏

−𝟏 𝛿2, … , 𝑽𝒏 𝒏+𝟏
−𝟏 𝛿𝑛] 

and 𝑽𝒊 𝒏+𝟏
−𝟏  is the inverse of the screw hypervolume of the serial chain enumerated from the 𝑖-

th actuated joint to the end-effector (𝑛 + 1) without the input elements and (𝛿1, 𝛿2, … , 𝛿𝑛) is 

the torque of the 𝑖-th kinematic pair (𝜏𝑖), where 𝑖 = {1,2, … , 𝑛}.  

 𝑽𝒊 𝒏+𝟏
−𝟏 = (𝑿𝒊 𝒏+𝟏

𝜽 ⋀𝑿𝒊+𝟏 𝒏+𝟏
𝜽 ⋀…⋀𝑿𝒏 𝒏+𝟏

𝜽 )−1 (4.47) 

Equation [4.46] is the definition of the serial forward statics hypervolume. Although not 

necessary for the case studies in this particular chapter, the 𝛾𝑖 and 𝛿𝑖 values in Equations [4.37] 

and [4.46] can be min-max scaled with reference to the mean values of the associated | 𝑭𝑽(𝒔,𝒌)| 

and  |𝑭𝑽(𝒔,𝒇)|. This is identical to the screw hypervolume calculation of the parallel manipulator 

but the difference becomes that the full set of screws are not taken into consideration but instead 

only the screws from ‘𝑖’ to ‘𝑛’ are incorporated. The reverse statics serial hypervolume function 

of the 𝑖-th actuator can now be rearanged to be written as  

  𝑹𝑽(𝒔,𝒇)[𝑖] =
|𝑾𝑬| 

 |𝑽𝒊 𝒏+𝟏
−𝟏 |

≈ 𝛿𝑖 (4.48) 

Finally, relating to the forward parallel statics hypervolume function,  

  𝑭𝑽(𝒑,𝒇)  =
𝑽{1,2}

𝛿1𝛿2

2 + ⋯+ 𝑽{𝑛 − 1, 𝑛}
𝛿𝑛−1𝛿𝑛

2
(𝑛 − 1)

2

≈ 𝑾𝑬 (4.49) 

we may rearrange the expression to give the reverse statics parallel hypervolume function for 

the 𝑖-th actuator as  

  𝑹𝑽(𝒑,𝒇)[𝑖] =

2
𝑛 − 1 |𝑾𝑬| − |(𝑽{𝑘, 𝑙}

𝛿𝑘𝛿𝑙

2 + ⋯)| 

 |𝑳𝒊⋀(𝑳𝒋

𝛿𝑗

2 + 𝑳𝒋+𝟏

𝛿𝑗+1

2 + ⋯+ 𝑳𝒏
𝛿𝑛

2 )|

≈ 𝛿𝑖 (4.50) 

where 𝑘 ≠ 𝑖  and 𝑙 ≠ 𝑖 . Equation [4.50] requires solving 𝑛 -equations for ‘𝑛 ’ unknowns, 

generating multiple solutions as expected. However, the relative simplicity of the expression 

in Geometric Algebraic form results in a computationally efficient approximation. As such, all 

eight types of hypervolume functions have been addressed into one unified framework (Figure 

[4.5]): 
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Figure 4.5. The 8 types of hypervolume functions and their algebro-geometric relationships. 

As defined in Equation [4.36c], hypervolume functions are posited to be geometrically similar 

mathematical approximations and can be represented as scaled equivalents (the result of a 

uniform scaling)  

 |𝑣𝐸| ≃ 𝛼1| 
𝑭𝑽(𝑿,𝒌)[𝑒1, 𝑒2, 𝑒3 ]| (4.51a) 

 |𝑓𝐸 | ≃ 𝛽1| 
𝑭𝑽(𝑿,𝒇)[𝑒1, 𝑒2, 𝑒3 ]| (4.51b) 

 |𝛾𝑖| ≃ 𝛼2| 
𝑹𝑽(𝑿,𝒌)[𝑖]| (4.51c) 

 |𝛿𝑖| ≃ 𝛽2| 
𝑹𝑽(𝑿,𝒇)[𝑖]| (4.51d) 

Where ‘𝛼𝑖’ and ‘𝛽𝑖’ are scaling parameters, |𝑣𝐸| is the end-effector velocity magnitude, |𝑓𝐸 |is 

the end-effector force magnitude,  𝑭𝑽(𝑿,𝒌)[𝑒1, 𝑒2, 𝑒3]  is the forward daughter kinematics 

hypervolume (𝑿 : serial or parallel) for the bases [𝑒1, 𝑒2, 𝑒3]  and  𝑭𝑽(𝑿,𝒇)[𝑒1, 𝑒2, 𝑒3]  is the 

forward daughter statics hypervolume (𝑿: serial or parallel) for the bases [𝑒1, 𝑒2, 𝑒3]. A strength 

of approximation term denoted by 𝑅, where 0 ≤ 𝑅 ≤ 1 can be calculated when a kinematics 

or statics magnitude plot is compared against its associated hypervolume plot to test the 

correlation index and consistency of the scaling parameters ‘𝛼 ’ and ‘𝛽 ’ throughout the 

workspace. In order to generate this ‘𝑅’ value, I need to first generate a base line value from 

which a statistical correlation can be drawn. These base scaling values are shown in the 

equations below and are ‘𝛼Ɛ’ and ‘𝛽Ɛ’ for a manipulators kinematic and statics application 

respectively. 
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 𝛼Ɛ =
∑ 𝛼𝑖

𝑇
𝑖=1

𝑇
 (4.52a) 

 𝛽Ɛ =
∑ 𝛽𝑖

𝑇
𝑖=1

𝑇
 (4.52b) 

I then find the scaling value for each end effector point 𝑋𝐸𝑖
 for 𝑖 = {1,2, . . , 𝑇} where ‘𝑇’ is the 

total number of points under consideration in the workspace. This is defined below as 𝛼𝑖 and 

𝛽𝑖 for the kinematic and statics scaling factors respectively. 

 𝛼𝑖 =
|𝑣𝐸|𝑖

 𝑭𝑽(𝑿,𝒌)[𝑒1, 𝑒2, 𝑒3 ]|𝒊
 (4.53a) 

 𝛽𝑖 =
|𝑓𝐸|𝑖

 𝑭𝑽(𝑿,𝒇)[𝑒1, 𝑒2, 𝑒3 ]|𝒊
 (4.53b) 

Following this, I find the standard deviation of 𝛼𝑖  and 𝛽𝑖 from its mean. To find the strength of 

the correlation, I compare the level of consistency achieved in the set of scaling factors which 

have been generated. Given that the scaling factors have been normalised in Equation [4.53a] 

and [4.53b] above, we can find the coefficient of determination or the ‘R’ correlation value. 

First it is necessary to find the standard deviation of the ‘real’ values represented by 𝛼𝑖  and 𝛽𝑖, 

denoted with the symbols ‘𝜎𝛼’ and ‘𝜎𝛽’ respectively. 

 𝜎𝛼 =
∑ (𝛼𝑖 − 𝛼Ɛ)

2𝑇
𝑖=1

𝑇
 (4.54a) 

 𝜎𝛽 =
∑ (𝛽𝑖 − 𝛽Ɛ)

2𝑇
𝑖=1

𝑇
 (4.54b) 

Then define ‘𝑆𝛼’ and ‘𝑆𝛽’ as such: 

 𝑆𝛼 = |𝐶𝛼Ɛ| (4.55a) 

 𝑆𝛽 = |𝐶𝛽Ɛ| (4.55b) 

Where ‘𝐶’ is a scalar conditioning parameter selected at the discretion of the specialist and in 

this work 𝐶 = 10. The correlation value (𝑅), also referred to as the approximation strength 

index, is given as 

 𝑅(𝑘) = −
1

𝑆𝑘
𝜎𝑘 + 1 (4.56) 

Where 𝑘 = 𝛼  or 𝛽 . This measure of geometric similarity reflects the effectiveness of the 

mathematical approximation of the functions and follows naturally from Smart (1998). 

Assuming, the scaling parameters ‘ 𝛼 ’ and ‘ 𝛽 ’ are constant and possess a strength of 

approximation strength index ‘𝑅’ (as will be demonstrated in the Section [4.3]) it is possible to 
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reassemble Equation [4.51a] and Equation [4.51b] in the comparison of two robots 

distinguished notationally as 𝑿𝑿′ and 𝑿𝑿 with identical topologies (same number of limbs and 

degrees of freedom in each limb) and for the same inputs:  

 
| 𝑽 
𝑭

(𝑿,𝒇)
′ [𝑒1, 𝑒2, 𝑒3]|

| 𝑭𝑽(𝑿,𝒇)[𝑒1, 𝑒2, 𝑒3 ]|
 𝑓𝐸 = 𝑓′𝐸  (4.57a) 

and  

 
| 𝑽 
𝑭

(𝑿,𝒌)
′ [𝑒1, 𝑒2, 𝑒3 ]|

| 𝑭𝑽(𝑿,𝒌)[𝑒1, 𝑒2, 𝑒3 ]|
 𝑣𝐸 = 𝑣′𝐸  (4.57b) 

4.3. Case Studies and Results 

In this section, a 3-RRR manipulator, a Delta manipulator and a 6R serial manipulator are 

analysed using the hypervolume formulation. The hypervolume functions (as presented in 

Sections [4.2.1-4.2.2]) that are generated for these case studies are compared against the 

respective velocity and force magnitudes of kinematic and static output spaces of the 

manipulators. The force and velocity magnitudes are calculated using the conventional 

methods for statics and kinematics of both serial and parallel robots (as presented in Section 

[4.2.1]) and they have been included here for reference. Note that the case studies in this section 

are taken from Thiruvengadam and Miller (2020) and are adapted to present more detailed 

investigations with additional clarifications. 

4.3.1. Case Study Preliminaries 

Before analysing the forward and reverse statics and kinematics performance of a 3-RRR 

manipulator (in Section [4.3.1.1]), a Delta manipulator (in Section [4.3.1.2]) and a 6R 

manipulator (in Section [4.3.1.3]), I first present the respective manipulators, along with their 

network representations and kinematic pair parameters (𝐻𝑖 and 𝑠𝑖). 

4.3.1.1. The 3-RRR Manipulator Morphological Parameters   

 
Figure 4.6. Left) The 3-RRR Manipulator. Right) The network representation of a 3-RRR Manipulator 

in terms of enumerated kinematic pairs. 
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The kinematic pair parameters chosen for this case study are presented in Table [4.2] (in 

meters), where 𝐻𝑖 is the initial vector of the kinematic pair from joint ‘𝑖’ to ‘𝑖 + 1’ and 𝑠𝑖 is 

the initial unit vector along the joint axis. 

𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 

1 [1.1,0,0] [0,0,1] 

2 [1.1,0,0] [0,0,1] 

3 [1,0,0] [0,0,1] 

4 [1.1,0,0] [0,0,1] 

5 [1.1,0,0] [0,0,1] 

6 [1,0,0] [0,0,1] 

7 [1.1,0,0] [0,0,1] 

8 [1.1,0,0] [0,0,1] 

9 [1,0,0] [0,0,1] 

Table 4.2. The 𝐻𝑖 and 𝑠𝑖 values of each kinematic pair used for the 3-RRR manipulator. 

4.3.1.2. The Delta Manipulator Morphological Parameters   

 
Figure 4.7. Left) The Delta manipulator. Right) A network representation of the Delta manipulator. 

The kinematic pair parameters chosen for the Delta manipulator in this case study are presented 

in Table [4.3] (in meters), where 𝐻𝑖 is the initial vector of the kinematic pair from joint ‘𝑖’ to 

‘𝑖 + 1’ and 𝑠𝑖  is the initial unit vector along the joint axis (where 𝐻0 1 = [1.5,0,0] 𝐻0 6 =

[−0.755,1.31,0] and 𝐻0 11 = [−0.755,−1.31,0]). 

𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 

1 [1.5,0,0] [0,1,0] 10 [−0.125,0.217,0] [-0.866,-0.5,0] 

2 [0,0,0] [0,0,1] 11 [−0.75,−1.3,0] [0.866,-0.5,0] 

3 [2.5,0,0] [0,1,0] 12 [0,0,0] [0,0,1] 

4 [0,0,0] [0,0,1] 13 [−1.25,−2.2,0] [0.866,-0.5,0] 

5 [0.25,0,0] [0,1,0] 14 [0,0,0] [0,0,1] 

6 [−0.75,1.3,0] [-0.866,-0.5,0] 15 [−0.125,−0.217,0] [0.866,-0.5,0] 

7 [0,0,0] [0,0,1]    

8 [−1.25,2.2,0] [-0.866,-0.5,0]    

9 [0,0,0] [0,0,1]    

Table 4.3. The 𝐻𝑖 and 𝑠𝑖 values of each kinematic pair used for the Delta manipulator. 
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4.3.1.3. The 6R Manipulator Morphological Parameters   

       
Figure 4.8. Left) The 6R serial manipulator. Right) The network representation of a 6R serial 

manipulator in terms of enumerated kinematic pairs. 

The kinematic pair parameters chosen for this case study are presented in Table [4.4] (in meters, 

where 𝐻𝑖 is the initial vector of the kinematic pair from joint ‘𝑖’ to ‘𝑖 + 1’ and 𝑠𝑖 is the initial 

unit vector along the joint axis). 

𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 

1 [0, 0,1.7] [1,0,0] 
2 [0,0,1.5] [0,1,0] 
3 [1.2,0,0] [0,0,1] 
4 [0,0.5,0] [1,0,0] 
5 [0,0,0.2] [0,1,0] 
6 [0.2,0,0] [0,0,1] 

Table 4.4. The 𝐻𝑖 and 𝑠𝑖 values of each kinematic pair used for the 6R manipulator. 

4.3.2. Analysis of Reverse Statics and Kinematics and Associated Hypervolumes for the 

3-RRR, Delta and 6R Manipulators 

The reverse statics and kinematics comparisons between joint torques and joint velocity 

magnitudes calculated using conventional methods for statics and kinematics and the reverse 

statics and kinematics hypervolumes were performed using linear trajectory snapshots in 

Thiruvengadam and Miller (2020). In this chapter, I present the aforementioned comparisons 

using more practical and challenging, non-linear trajectories, instead of snapshots of linear 

trajectories (as was done in Thiruvengadam and Miller (2020)), for the 3-RRR manipulator (in 

Section [4.3.2.1]), Delta manipulator (in Section [4.3.2.2]) and 6R manipulator (in Section 

[4.3.2.3]). 
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4.3.2.1. Analysis of Reverse Statics and Kinematics and Associated Hypervolumes for the 3-

RRR Manipulator 

For the comparison of standard reverse statics and kinematics outputs and the associated reverse 

hypervolumes, a simple trajectory (shown in Figures [4.9a-4.11]) was tested for the 3-RRR 

manipulator (with morphological parameters that are identical to those shown in Section 

[4.3.1.1]) and its actuators’ torque and velocity magnitude profiles are evaluated alongside their 

corresponding scaled and translated reverse hypervolume (denoted with the un-italicised 

symbol ‘ 𝐑𝐕(𝐗,𝐦)[i]’) magnitudes (shown in Figures [4.12]). The hypervolume magnitude is 

dimensionless and has been parametrised with a scaling factor (𝛼𝑖  or 𝛽𝑖) and a translation factor 

(𝑡𝑖). Since the first order reverse statics and kinematics is a study of instantaneous classical 

mechanical relations per time slice, the trajectory profiles for all reverse statics and kinematics 

case studies shown in the work are not technically time-continuous trajectories (although 

appearing to be so) but a series of snapshot input values that have been coupled in time to mirror 

standard, practical dynamic trajectory profiles. This has been done to demonstrate the utility of 

the formulation in the context of traditional robot task manoeuvres. The 3-RRR manipulator’s 

kinematics and statics daughter hypervolumes for the [𝑒1, 𝑒2, 𝑒3]  bases,  𝑹𝑽(𝒑,𝒌)[𝑖] 

and  𝑹𝑽(𝒑,𝒇)[𝑖] (from Equations [4.41] and [4.50] respectively), are compared against the reverse 

kinematics and statics inputs �̇�𝑖 and 𝜏𝑖 respectively, where 

  𝑹𝑽(𝒑,𝒌)[𝑖] =
|𝑻𝑬|

 |
𝐹𝑖𝑽(𝒔,𝒌)(𝛾𝑗 = 1)|

 (4.58a) 

  𝑹𝑽(𝒑,𝒇)[𝑖] =
|𝑾𝑬| − |𝐵1

𝑖 | 

 |𝐶𝑖
𝑖|

 (4.58b) 

Where  𝐹1𝑽(𝒔,𝒌) ,  𝐹2𝑽(𝒔,𝒌)  and  𝐹3𝑽(𝒔,𝒌)  are defined in Equations [4.64b-d], 𝐵1
𝑖
 is defined in 

Equations [4.59a-c] and 𝐶1
𝑖
 is defined in Equations [4.59d-f], for 𝑖 = {1,2,3} 

 𝐵1
1 = 𝑽{2,3}

𝛿2𝛿3

2
 (4.59a) 

 
𝐵1

2 = 𝑽{1,3}
𝛿1𝛿3

2
 (4.59b) 

 
𝐵1

3 = 𝑽{1,2}
𝛿1𝛿2

2
 (4.59c) 

 
𝐶1

1 = 𝑳𝟏⋀(𝑳𝟐

𝛿2

2
+ 𝑳𝟑

𝛿3

2
) (4.59d) 
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𝐶1

2 = 𝑳𝟐⋀(𝑳𝟏

𝛿1

2
+ 𝑳𝟑

𝛿3

2
) (4.59e) 

 
𝐶1

3 = 𝑳𝟑⋀(𝑳𝟏

𝛿1

2
+ 𝑳𝟐

𝛿2

2
) (4.59f) 

 
Figure 4.9. a-c) Trajectory (𝑥, 𝑦, 𝑧) vs time (𝑠) for the 3-RRR Manipulator, where the end-effector 

orientation (denoted with the symbol ‘𝜙𝑧’) is fixed to be 𝜙𝑧 = 0° at every time step. 

 

Figure 4.10. a-c) Velocity profile (
𝑑𝑥

𝑑𝑇
,
𝑑𝑦

𝑑𝑇
,
𝑑𝑧

𝑑𝑇
) for the selected trajectory of the 3-RRR manipulator. 
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Figure 4.11. The end-effector wrench profile 𝑾𝑬 = (𝑓𝑥 , 𝑓𝑦,𝑚𝑧) for the selected trajectory of the 3-

RRR manipulator (where 𝑓𝑥 = 𝑓𝑦 = 𝑚𝑧 = 5 Nm) at every time step. 

The comparisons between joint torques |𝜏𝑖| and joint velocity |�̇�𝑖| magnitudes calculated using 

conventional methods (by employing Equations [4.4] and [4.5], respectively) and their 

hypervolume counterparts  𝐑𝐕(𝐩,𝐟)[i] (by employing Equations [4.58b-4.59f]) and | 𝐑𝐕(𝐩,𝐤)[i]| 

(by employing Equation [4.58a]) were computed and shown in the figure below. 
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|𝜏𝑖| vs | 𝐑𝐕(𝐩,𝐟)[i]| |�̇�𝑖| vs | 𝐑𝐕(𝐩,𝐤)[i]| 

𝑖 = 1 𝑖 = 1 

 

𝑖 = 4 

 

𝑖 = 4 

 
𝑖 = 7 

 

𝑖 = 7 

 

Figure 4.12. |𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐩,𝐟)[i]| and |�̇�𝑖| 𝑣𝑠 | 𝐑𝐕(𝐩,𝐤)[i]| comparison plots for the 3-RRR manipulator, 

for 𝑖 = {1,4,7}. 
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As can be seen in this reverse statics and kinematics case study plots in Figure [4.12], there is 

a remarkable geometric similarity between the reverse hypervolume functions and their statics 

and kinematics counterparts, especially for |𝜏7| 𝑣𝑠 | 𝐑𝐕(𝐩,𝐟)[7]| ,  |�̇�7| vs  | 𝐑𝐕(𝐩,𝐤)[7]|  and  

|�̇�4| vs | 𝐑𝐕(𝐩,𝐤)[4]| where there is a near complete fidelity between |�̇�4| and | 𝐑𝐕(𝐩,𝐤)[4]|. The 

averaged approximation strength indices (as computed based on Equation [4.56]) of the reverse 

statics and kinematics cases for the 3-RRR manipulator are shown below. 

Type Approximation Strength Index (R) 

Reverse Statics Parallel 0.9434 

Reverse Kinematics Parallel 0.9628 

Table 4.5. Hypervolume/standard method approximation strength index for the 3-RRR manipulator 

reverse statics and kinematics case study. 

4.3.2.2. Analysis of Reverse Statics and Kinematics and Associated Hypervolumes for the 

Delta Manipulators 

For the comparison of standard reverse statics and kinematics outputs and the associated reverse 

hypervolumes, a simple trajectory (shown in Figures [4.13a-4.15]) was tested for the Delta 

manipulator (with morphological parameters that are identical to those shown in Section 

[4.3.1.2]) and its actuators’ torque and velocity profiles evaluated alongside their corresponding 

reverse hypervolume magnitudes (shown in Figure [4.16]). The Delta manipulator’s kinematics 

and statics daughter hypervolumes for the [𝑒1, 𝑒2, 𝑒3]  bases,  𝑹𝑽(𝒑,𝒌)[𝑖]  and   𝑹𝑽(𝒑,𝒇)[𝑖]  (from 

Equations [4.41] and [4.50], respectively), are compared against the reverse kinematics and 

statics inputs �̇�𝑖 and 𝜏𝑖 respectively where 

  𝑹𝑽(𝒑,𝒌)[𝑖] =
|𝑻𝑬|

 |
𝑭𝒊𝑽(𝒔,𝒌)(𝛾𝑗 = 1)|

 (4.60a) 

  𝑹𝑽(𝒑,𝒇)[𝑖] =
|𝑾𝑬| − |𝐵2

𝑖 | 

 |𝐶2
𝑖 |

 (4.60b) 

Where  𝑭𝟏𝑽(𝒔,𝒌) ,  𝑭𝟐𝑽(𝒔,𝒌)  and  𝑭𝟑𝑽(𝒔,𝒌)  are defined in Equations [4.65b-d], 𝐵2
𝑖
 is defined in 

Equations [4.61a-c] and 𝐶2
𝑖
 is defined in Equations [4.61d-f], for 𝑖 = {1,2,3} 

 𝐵2
1 = 𝑽{2,3}

𝛿2𝛿3

2
 (4.61a) 

 
𝐵2

2 = 𝑽{1,3}
𝛿1𝛿3

2
 (4.61b) 

 
𝐵2

3 = 𝑽{1,2}
𝛿1𝛿2

2
 (4.61c) 
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𝐶2

1 = 𝑳𝟏⋀(𝑳𝟐

𝛿2

2
+ 𝑳𝟑

𝛿3

2
) (4.61d) 

 
𝐶2

2 = 𝑳𝟐⋀(𝑳𝟏

𝛿1

2
+ 𝑳𝟑

𝛿3

2
) (4.61e) 

 
𝐶2

3 = 𝑳𝟑⋀(𝑳𝟏

𝛿1

2
+ 𝑳𝟐

𝛿2

2
) (4.61f) 

 
Figure 4.13. a-c) Trajectory (𝑥, 𝑦, 𝑧) vs time (𝑠) for the Delta manipulator. 
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Figure 4.14. a-c) Velocity profile (

𝑑𝑥

𝑑𝑇
,
𝑑𝑦

𝑑𝑇
,
𝑑𝑧

𝑑𝑇
)  for the selected trajectory of the Delta manipulator 

 
Figure 4.15. The end-effector wrench profile 𝑾𝑬 = (𝑓𝑥, 𝑓𝑦, 𝑓𝑧) for the selected trajectory of the Delta 

manipulator (where 𝑓𝑥 = 𝑓𝑦 = 0 at every time step). 

The comparisons between joint torques |𝜏𝑖| and joint velocity |�̇�𝑖| magnitudes calculated using 

conventional methods (by employing Equations [4.4] and [4.5], respectively) and their 

respective hypervolume counterparts  𝐑𝐕(𝐩,𝐟)[i] (by employing Equations [4.60b-4.61f]) and 

| 𝐑𝐕(𝐩,𝐤)[i]| (by employing Equation [4.60a]) were computed and shown in the figure below. 
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|𝜏𝑖| vs | 𝐑𝐕(𝐩,𝐟)[i]| |�̇�𝑖| vs | 𝐑𝐕(𝐩,𝐤)[i]| 

𝑖 = 1

 

𝑖 = 1

 

𝑖 = 6    

 

𝑖 = 6        

 

𝑖 = 11

 
 

𝑖 = 11

 

Figure 4.16. |𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐩,𝐟)[i]| and |�̇�𝑖| 𝑣𝑠 | 𝐑𝐕(𝐩,𝐤)[i]| comparison plots for the Delta manipulator, for 

𝑖 = {1,6,11}.  
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As can be seen in in Figure [4.16], the reverse hypervolume functions and their statics and 

kinematics counterparts possess significant geometric similarity, where once again, there is 

near complete fidelity between |�̇�𝑖| and  | 𝐑𝐕(𝐩,𝐤)[i] , for 𝑖 = {1,6,11} . The averaged 

approximation strength indices (as computed based on Equation [4.56]) of the reverse statics 

and kinematics cases for the Delta manipulator are shown below. 

Type Approximation Strength (𝑹) 

Reverse Statics Parallel 0.8244 

Reverse Kinematics Parallel 0.9778 

Table 4.6. Hypervolume/standard method approximation strength index for the Delta manipulator 

reverse statics and kinematics case study. 

4.3.2.3. Analysis of Reverse Statics and Kinematics and Associated Hypervolumes for the 6R 

Manipulators 

For the comparison of standard reverse statics and kinematics outputs and the associated reverse 

hypervolumes, a simple trajectory (shown in Figures [4.17a-4.19]) was tested for the 6R 

manipulator (with morphological parameters that are identical to those shown in Section 

[4.3.1.3]) and its actuators’ torque and velocity profiles evaluated alongside their corresponding 

reverse hypervolume magnitudes (shown in Figures [4.20-4.21]). The 6R manipulator’s 

kinematics and statics hypervolumes  𝑹𝑽(𝒔,𝒌)[𝑖]  and   𝑹𝑽(𝒔,𝒇)[𝑖]  (from Equations [4.38] and 

[4.48] respectively) are compared against the reverse kinematics and statics inputs �̇�𝑖 and 𝜏𝑖 

respectively for 𝑖 = {1,2, … ,6} 

  𝑹𝑽(𝒔,𝒌)[𝑖] =
|𝑻𝑬|

|𝐵3
𝑖|

 (4.62a) 

  𝑹𝑽(𝒔,𝒇)[𝑖] =
|𝑾𝑬| 

 |𝑽−𝟏
𝒊 𝒏+𝟏

|
 (4.62b) 

Where 𝑽𝒊 𝒏+𝟏
−𝟏  is expanded according to Equation [4.47] as shown in Equations [4.67a-f] and 𝐵3

𝑖  

is expanded for 𝑖 = {1,2, … ,6} as follows 

 𝐵3
1 = 𝑿𝟐 𝟕

𝜽 𝛾2⋀𝑿𝟑 𝟕
𝜽 𝛾3⋀𝑿𝟒 𝟕

𝜽 𝛾4⋀𝑿𝟓 𝟕
𝜽 𝛾5⋀𝑿𝟔 𝟕

𝜽 𝛾6 (4.63a) 

 𝐵3
2 = 𝑿𝟏 𝟕

𝜽 𝛾1⋀𝑿𝟑 𝟕
𝜽 𝛾3⋀𝑿𝟒 𝟕

𝜽 𝛾4⋀𝑿𝟓 𝟕
𝜽 𝛾5⋀𝑿𝟔 𝟕

𝜽 𝛾6 (4.63b) 

 𝐵3
3 = 𝑿𝟏 𝟕

𝜽 𝛾1⋀ 𝑿𝟐 𝟕
𝜽 𝛾2⋀𝑿𝟒 𝟕

𝜽 𝛾4⋀𝑿𝟓 𝟕
𝜽 𝛾5⋀𝑿𝟔 𝟕

𝜽 𝛾6 (4.63c) 

 𝐵3
4 = 𝑿𝟏 𝟕

𝜽 𝛾1⋀ 𝑿𝟐 𝟕
𝜽 𝛾2⋀𝑿𝟑 𝟕

𝜽 𝛾3⋀𝑿𝟓 𝟕
𝜽 𝛾5⋀𝑿𝟔 𝟕

𝜽 𝛾6 (4.63d) 

 𝐵3
5 = 𝑿𝟏 𝟕

𝜽 𝛾1⋀ 𝑿𝟐 𝟕
𝜽 𝛾2⋀𝑿𝟑 𝟕

𝜽 𝛾3⋀𝑿𝟒 𝟕
𝜽 𝛾4⋀𝑿𝟔 𝟕

𝜽 𝛾6 (4.63e) 

 𝐵3
6 = 𝑿𝟏 𝟕

𝜽 𝛾1⋀ 𝑿𝟐 𝟕
𝜽 𝛾2⋀𝑿𝟑 𝟕

𝜽 𝛾3⋀𝑿𝟒 𝟕
𝜽 𝛾4⋀𝑿𝟓 𝟕

𝜽 𝛾5 (4.63f) 

Where the infinitesimal screw 𝑿𝒊 𝒏+𝟏
𝜽  is defined in Equation [4.1], the inversion is defined in 
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Equation [2.14] and I extract the daughter hypervolume pertaining to basis (𝑒1, 𝑒2, 𝑒3) by 

applying Equations [4.32] to [4.35]. 

 
Figure 4.17. a-d) Trajectory (𝑥, 𝑦, 𝑧) and orientation (𝜙, 𝜃, 𝜓) vs time (𝑠) for the 6R Manipulator 

(where 𝜙 = 𝜃 = 𝜓 = 0 at every time step). 
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Figure 4.18. a-d) Velocity profile (
𝑑𝑥

𝑑𝑇
,
𝑑𝑦

𝑑𝑇
,
𝑑𝑧

𝑑𝑇
)  and (

𝑑𝜙

𝑑𝑇
,
𝑑𝜃

𝑑𝑇
,
𝑑𝜓

𝑑𝑇
) for the selected trajectory of the 6R 

manipulator, where 
𝑑𝜙

𝑑𝑇
=

𝑑𝜃

𝑑𝑇
=

𝑑𝜓

𝑑𝑇
= 0 at every time step. 

 
Figure 4.19. The end-effector wrench profile 𝑾𝑬 = (𝑓𝑥 , 𝑓𝑦, 𝑓𝑧, 𝑚𝑥 ,𝑚𝑦, 𝑚𝑧) for the selected trajectory 

of the 6R manipulator, where 𝑚𝑥 = 𝑚𝑦 = 𝑚𝑧 = 0 at every time step. 

The comparisons between joint torques |𝜏𝑖| and joint velocity |�̇�𝑖| magnitudes calculated using 

conventional methods (by employing Equations [4.12] and [4.11]) and their hypervolume 

counterparts  𝐑𝐕(𝐬,𝐟)[i] (by employing Equations [4.62b-4.63f]) and | 𝐑𝐕(𝐬,𝐤)[i]| (by employing 

Equation [4.62a]) were computed and shown in Figures [4.20-4.21]. 
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|𝜏𝑖| vs | 𝐑𝐕(𝐬,𝐟)[i]| |�̇�𝑖| vs | 𝐑𝐕(𝐬,𝐤)[i]| 

𝑖 = 1

 

𝑖 = 1

 

𝑖 = 2

 

𝑖 = 2

 

𝑖 = 3

 

𝑖 = 3      

 
Figure 4.20. |𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐟)[i]| and |�̇�𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐤)[i]| comparison plots for the 6R manipulator, for 

𝑖 = {1,2,3}. 
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|𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐟)[i]| |�̇�𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐤)[i]| 

𝑖 = 4

 

𝑖 = 4

 

𝑖 = 5

 

𝑖 = 5

 

𝑖 = 6

 

𝑖 = 6

 

Figure 4.21. |𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐟)[i]| and |�̇�𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐤)[i]| comparison plots for the 6R manipulator, for 

𝑖 = {4,5,6}. 
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Based on Figures [4.20-4.21], one notes that there is a clear and consistent geometric similarity 

between the reverse hypervolume functions and their statics and kinematics counterparts, in 

particular |𝜏𝑖| 𝑣𝑠 | 𝐑𝐕(𝐬,𝐟)[i]|  and |�̇�𝑖| vs  | 𝐑𝐕(𝐬,𝐤)[i]|  where 𝑖 = 3 , 4  and 5 . The averaged 

approximation strength indices (as computed based on Equation [4.56]) of the reverse statics 

and kinematics cases for the 6R manipulator are shown below. 

Type Approximation Strength Index (R) 

Reverse Statics Serial 0.9548 

Reverse Kinematics Serial 0.9305 

Table 4.7. Hypervolume/standard method approximation strength index for the 6R manipulator reverse 

statics and kinematics case study. 

4.3.3. Analysis of Forward Statics and Kinematics and Associated Hypervolumes for the 

3-RRR, Delta and 6R Manipulators  

The forward statics and kinematics comparisons between end-effector force and velocity 

magnitudes calculated using conventional methods and their respective hypervolumes were 

done using 3D colour plots in Thiruvengadam and Miller (2020). Although the 3D colour plots 

presented in Thiruvengadam and Miller (2020) were visually compelling, they do not allow for 

a clear and direct comparison of the performance between conventional methods for statics and 

kinematics and the hypervolumes to be made. A superior technique of evaluating and 

visualising geometrical similarity was conceived of, post-publication, in the form of a projected 

2D representation, which is achieved by dimensionally reducing the data. The projected 2D 

representation dimensionally reduces the data by sampling end-effector positions (denoted as 

‘𝑋𝐸,𝑗’ with the subscript ‘𝑗’ denoting the sampled index number) and converts them to unique 

𝑗-th indices. For example, we may set 𝑋𝐸,𝑗 = {[0.1,0.1,0], [0.1,0.1, −0.2], [0.1,0.1, −0.4]}, to 

𝑗 = {1,2,3} such that 𝑗 = 2 will indicate 𝑋𝐸,𝑗=2 = [0.1,0.1, −0.2]. The complete list of end-

effector positions and their corresponding index numbers are presented in Electronic Appendix 

[A]. This dimensional reduction allows the peaks and differentials of the various hypervolumes 

and standard outputs to be evaluated directly with a higher level of fidelity and resolution, as 

demonstrated in the figure below. 
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Figure 4.22. A comparison between the 3D colour plot presented in Thiruvengadam and Miller (2020) 

and the projected 2D representation presented in this chapter. 

Only one set of symmetric statics and kinematics input values (where the input  value is equal 

for all joints: for example 𝜏𝑖 = 6.8 Nm for 𝑖 = {1,2,3,4,5,6}) were presented Thiruvengadam 

and Miller (2020), whereas in this chapter, I present additional comparison cases using three 

new sets of asymmetric statics and kinematics input values (where the input  value is not equal 

for all joints: for example 𝜏1 ≠ 𝜏2 ≠ 𝜏3 ≠ 𝜏4) for the 3-RRR manipulator (in Section [4.3.3.1]), 

Delta manipulator (in Section [4.3.3.2]) and 6R manipulator (in Section [4.3.3.3]). For all case 

studies, input set 1 reflects the results from Thiruvengadam and Miller (2020) while input sets 

2, 3 and 4 are the new additional cases. These additional sets of inputs further demonstrate the 

consistent performance of the hypervolumes as higher-dimensional approximations and serve 

to validate the approach further. Similar to Section [4.3.2], the end-effector wrench and velocity 

magnitudes are evaluated alongside scaled and translated forward hypervolumes, which are 

denoted with the un-italicised symbols ‘ 𝐅𝐕(𝐗,𝐟)’ or ‘ 𝐅𝐕(𝐗,𝐤)’. 

4.3.3.1. Analysis of Forward Statics and Kinematics and Associated Hypervolumes for the 3-

RRR Manipulator 

In this section, the statics and kinematics daughter hypervolumes for the [𝑒1, 𝑒2, 𝑒3] bases, 

 𝑭𝑽(𝒑,𝒇)[𝑒1, 𝑒2, 𝑒3] and  𝑭𝑽(𝒑,𝒌)[𝑒1, 𝑒2, 𝑒3] (from Equations [4.49] and [4.40] respectively), are 

compared against the forward static and kinematic end effector outputs of |𝑓𝐸|  and |𝑣𝐸| 
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respectively, for a 3-RRR manipulator with morphological parameters that are identical to 

those shown in Section [4.3.1.1], where 

  𝑭𝑽(𝒑,𝒌) = 𝑀𝑖𝑛[ 𝑭𝟏𝑽(𝒔,𝒌)𝛾1,  
𝑭𝟐𝑽(𝒔,𝒌)𝛾4,  

𝑭𝟑𝑽(𝒔,𝒌)𝛾7] (4.64a) 

  𝑭𝟏𝑽(𝒔,𝒌) = 𝑿 
𝟏

𝟏 𝟏𝟎
𝜽 𝛾1⋀ 𝑿 

𝟏
𝟐 𝟏𝟎
𝜽 𝛾2⋀ 𝑿 

𝟏
𝟑 𝟏𝟎
𝜽 𝛾3 (4.64b) 

  𝑭𝟐𝑽(𝒔,𝒌) = 𝑿 
𝟐

𝟒 𝟏𝟎
𝜽 𝛾4⋀ 𝑿 

𝟐
𝟓 𝟏𝟎
𝜽 𝛾5⋀ 𝑿 

𝟐
𝟔 𝟏𝟎
𝜽 𝛾6 (4.64c) 

  𝑭𝟑𝑽(𝒔,𝒌) = 𝑿 
𝟑

𝟕 𝟏𝟎
𝜽 𝛾7⋀ 𝑿 

𝟑
𝟖 𝟏𝟎
𝜽 𝛾8⋀ 𝑿 

𝟑
𝟗 𝟏𝟎
𝜽 𝛾9 (4.64d) 

and 

 
 𝑭𝑽(𝒑,𝒇)  =

𝑽{1,2}
𝛿1𝛿2

2 + 𝑽{1,3}
𝛿1𝛿3

2 + 𝑽{2,3}
𝛿2𝛿3

2
1

 
(4.64e) 

Where 𝑿𝒊 𝒏+𝟏
𝜽  is computed according to Equation [4.13], 𝑽{𝑖, 𝑗} = 𝑳𝒊⋀𝑳𝒋  (from Equation 

[4.22]) and I extract the daughter hypervolume pertaining to basis (𝑒1, 𝑒2, 𝑒3) by applying 

Equations [4.32] to [4.35]. The four sets of kinematic and joint torque inputs are arbitrarily set 

to be: 

Kinematic Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜃1

.

  20 15 10 15 

𝜃4

.

  20 45 20 30 

𝜃7

.

  20 20 30 25 

Table 4.8. The four sets of kinematic inputs {𝜃1

.

, 𝜃4

.

, 𝜃7

.

} for the 3-RRR manipulator, in rad/s. 

Static Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜏1  40 45 10 25 

𝜏4  40 10 20 45 

𝜏7  40 25 30 15 

Table 4.9. The four sets of static inputs {𝜏1, 𝜏4, 𝜏7} for the 3-RRR manipulator, in Nm. 

Using the four sets of input values presented in Tables [4.8-4.9] and the 100 sampled end-

effector positions (𝑋𝐸,𝑗) presented in Electronic Appendix [A.1] and fixing the end-effector 

orientation (denoted with the symbol 𝜙𝑧) is fixed to be 𝜙𝑧 = 0° at every time step, the end-

effector forces |𝑓𝐸|  and velocities |𝑣𝐸|  (from Equations [4.4] and [4.5], respectively), 

computed using standard methods are compared against the forward parallel statics 

| 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]|  (by employing Equation [4.64e]) and kinematics hypervolumes 

| 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| (by employing Equations [4.64a-d]) respectively, in the figure below.  
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|𝑓𝐸| vs | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| |𝑣𝐸| vs | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| 

{𝜏1, 𝜏4, 𝜏7} = {40,40,40}

 

{𝜃1

.

, 𝜃4

.

, 𝜃7

.

} = {20,20,20}

 

{𝜏1, 𝜏4, 𝜏7} = {45,10,25}

 

{𝜃1

.

, 𝜃4

.

, 𝜃7

.

} = {15,45,20}

 

{𝜏1, 𝜏4, 𝜏7} = {10,20,30}

 

{𝜃1

.

, 𝜃4

.

, 𝜃7

.

} = {10,20,30}

 

Figure [4.23] continued overleaf. 
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{𝜏1, 𝜏4, 𝜏7} = {25,45,15}

 

{𝜃1

.

, 𝜃4

.

, 𝜃7

.

} = {15,30,25}

 

Figure 4.23. The plots of |𝑓𝐸| vs | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| and |𝑣𝐸| vs | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| for the four input 

sets (from Tables [4.8-4.9]) of the 3-RRR Manipulator.  

Comparing the standard statics |𝑓𝐸| and kinematics |𝑣𝐸| performance with their respective 

forward statics | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| and kinematics | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| hypervolumes in Figure 

[4.23], one notes that there is a remarkable geometric similarity between the statics and 

kinematics output plots and their daughter hypervolume counterparts. The qualitative 

determination of the functions being geometrically similar is evident. Using Equation [4.56], 

we find the approximation strength index of the forward statics and kinematics cases to be 

𝑅(forward statics − 3𝑅𝑅𝑅)  = 0.8816 and 𝑅(forward kinematics − 3𝑅𝑅𝑅) = 0.9694 , 

which reflects that the functions are effective scaled representations of each other.  

4.3.3.2. Analysis of Forward Statics and Kinematics and Associated Hypervolumes for the 

Delta Manipulator 

In this section, the statics and kinematics daughter hypervolumes for the [𝑒1, 𝑒2, 𝑒3] 

bases, 𝑭𝑽(𝒑,𝒇)[𝑒1, 𝑒2, 𝑒3] and  𝑭𝑽(𝒑,𝒌)[𝑒1, 𝑒2, 𝑒3] (from Equations [4.49] and [4.40], respectively) 

are compared against the forward static and kinematic end effector outputs of |𝑓𝐸| and |𝑣𝐸|, 

respectively, for a Delta manipulator with morphological parameters that are identical to those 

shown in Section [4.3.1.2], where 

  𝑭𝑽(𝒑,𝒌) = 𝑀𝑖𝑛[ 𝑭𝟏𝑽(𝒔,𝒌)𝛾1,  
𝑭𝟐𝑽(𝒔,𝒌)𝛾6,  

𝑭𝟑𝑽(𝒔,𝒌)𝛾11] (4.65a) 

  𝑭𝟏𝑽(𝒔,𝒌) = 𝑿 
𝟏

𝟏 𝟏𝟔
𝜽 𝛾1⋀ 𝑿 

𝟏
𝟐 𝟏𝟔
𝜽 𝛾2⋀ 𝑿 

𝟏
𝟑 𝟏𝟔
𝜽 𝛾3⋀ 𝑿 

𝟏
𝟒 𝟏𝟔
𝜽 𝛾4⋀ 𝑿 

𝟏
𝟓 𝟏𝟔
𝜽 𝛾5 (4.65b) 

  𝑭𝟐𝑽(𝒔,𝒌) = 𝑿 
𝟐

𝟔 𝟏𝟔
𝜽 𝛾6⋀ 𝑿 

𝟐
𝟕 𝟏𝟔
𝜽 𝛾7⋀ 𝑿 

𝟐
𝟖 𝟏𝟔
𝜽 𝛾8⋀ 𝑿 

𝟐
𝟗 𝟏𝟔
𝜽 𝛾9⋀ 𝑿 

𝟐
𝟏𝟎 𝟏𝟔
𝜽 𝛾10 (4.65c) 

 𝑭𝟑𝑽(𝒔,𝒌) = 𝑿 
𝟑

𝟏𝟏 𝟏𝟔
𝜽 𝛾11⋀ 𝑿 

𝟑
𝟏𝟐 𝟏𝟔
𝜽 𝛾12⋀ 𝑿 

𝟑
𝟏𝟑 𝟏𝟔
𝜽 𝛾13⋀ 𝑿 

𝟑
𝟏𝟒 𝟏𝟔
𝜽 𝛾14⋀ 𝑿 

𝟑
𝟏𝟓 𝟏𝟔
𝜽 𝛾15 (4.65d) 

and 
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 𝑭𝑽(𝒑,𝒇)  =

𝑽{1,2}
𝛿1𝛿2

2 + 𝑽{1,3}
𝛿1𝛿3

2 + 𝑽{2,3}
𝛿2𝛿3

2
1

 
(4.65e) 

Where 𝑿 
 

𝒊 𝒏+𝟏
𝜽  is computed according to Equation [4.13], 𝑽{𝑖, 𝑗} = 𝑳𝒊⋀𝑳𝒋  (from Equation 

[4.22]) and I extract the daughter hypervolume pertaining to basis (𝑒1, 𝑒2, 𝑒3) by applying 

Equations [4.32] to [4.35]. The four sets of kinematic and joint torque inputs are arbitrarily set 

to be: 

Kinematic Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜃1

.

  27 15 10 30 

𝜃6

.

  27 45 20 10 

𝜃11

.

  27 20 30 50 

Table 4.10. The four sets of kinematic inputs {𝜃1

.

, 𝜃6

.

, 𝜃11

.

} for the Delta manipulator, in rad/s. 

Static Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜏1  40 45 10  25 

𝜏6  40 10 20 45 

𝜏11  40 25 30 15 

Table 4.11. The four sets of static inputs {𝜏1, 𝜏6, 𝜏11} for the Delta manipulator, in Nm. 

Using the four sets of input values presented in Tables [4.10-4.11] and the 100 sampled end-

effector positions (𝑋𝐸,𝑗) presented in Electronic Appendix [A.2], the end-effector forces |𝑓𝐸| 

and velocities |𝑣𝐸| (from Equations [4.4] and [4.5], respectively) computed using standard 

methods are compared against the forward parallel statics | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| (by employing 

Equation [4.65e]) and kinematics hypervolumes (and | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| ) (by employing 

Equations [4.65a-d]) respectively, in the figure below.  
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|𝑓𝐸| vs | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| |𝑣𝐸| vs | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| 

{𝜏1, 𝜏6, 𝜏11} = {40,40,40}

 

{𝜃1

.

, 𝜃6

.

, 𝜃11

.

} = {27,27,27}

 

{𝜏1, 𝜏6, 𝜏11} = {45,10,25}

 

{𝜃1

.

, 𝜃6

.

, 𝜃11

.

} = {15,45,20}

 

{𝜏1, 𝜏6, 𝜏11} = {10,20,30}

 

{𝜃1

.

, 𝜃6

.

, 𝜃11

.

} = {10,20,30}

 

Figure [4.24] continued overleaf. 
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{𝜏1, 𝜏6, 𝜏11} = {25,45,15}

 

{𝜃1

.

, 𝜃6

.

, 𝜃11

.

} = {30,10,50}

 

Figure 4.24. The plots of |𝑓𝐸| vs | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]| and |𝑣𝐸| vs | 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| for the four input 

sets (from Tables [4.10-4.11]) of the Delta manipulator.  

One notes the striking similarity in structure between the standard statics |𝑓𝐸| and kinematics 

|𝑣𝐸|  output plots and their respective forward statics | 𝐅𝐕(𝐩,𝐟)[𝑒1, 𝑒2, 𝑒3]|  and kinematics 

| 𝐅𝐕(𝐩,𝐤)[𝑒1, 𝑒2, 𝑒3]| hypervolumes in Figure [4.24]. The approximation strength value of the 

forward statics and kinematics cases are 𝑅(𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑠𝑡𝑎𝑡𝑖𝑐𝑠 − 𝐷𝐸𝐿𝑇𝐴)  = 0.9826  and 

𝑅(𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑘𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠 − 𝐷𝐸𝐿𝑇𝐴) = 0.9787 (as computed based on Equation [4.56]). 

4.3.3.3. Analysis of Forward Statics and Kinematics and Associated Hypervolumes for the 6R 

Manipulator  

In this section, the statics and kinematics daughter hypervolumes for the [𝑒1, 𝑒2, 𝑒3] bases, 

 𝑭𝑽(𝒔,𝒇)[𝑒1, 𝑒2, 𝑒3] and  𝑭𝑽(𝒔,𝒌)[𝑒1, 𝑒2, 𝑒3], (from Equations [4.46] and [4.37] respectively) are 

compared against the forward static and kinematic end effector outputs of |𝑓𝐸|  and |𝑣𝐸 | 

respectively, for a 6R with morphological parameters that are identical to those shown in 

Section [4.3.1.3], where 

  𝑭𝑽(𝒔,𝒌) = 𝑿𝟏 𝟕
𝜽 𝛾1⋀  𝑿𝟐 𝟕

𝜽 𝛾2⋀  𝑿𝟑 𝟕
𝜽 𝛾3⋀  𝑿𝟒 𝟕

𝜽 𝛾4⋀𝑿𝟓 𝟕
𝜽 𝛾5⋀  𝑿𝟔 𝟕

𝜽 𝛾6 (4.66a) 

and 

  𝑭𝑽(𝒔,𝒇)  = 𝜎[𝑽𝟏 𝟕
−𝟏𝛿1, 𝑽𝟐 𝟕

−𝟏𝛿2, 𝑽𝟑 𝟕
−𝟏𝛿3, 𝑽𝟒 𝟕

−𝟏𝛿4, 𝑽𝟓 𝟕
−𝟏𝛿5, 𝑽𝟔 𝟕

−𝟏𝛿6] (4.66b) 

Where 𝑽𝒊 𝒏+𝟏
−𝟏  is expanded according to Equation [4.47] for 𝑖 = {1,2, … ,6}. 

 𝑽𝟏 𝟕
−𝟏 = (𝑿𝟏 𝟕

𝜽 ⋀𝑿𝟐 𝟕
𝜽 ⋀𝑿𝟑 𝟕

𝜽 ⋀𝑿𝟒 𝟕
𝜽 ⋀𝑿𝟓 𝟕

𝜽 ⋀𝑿𝟔 𝟕
𝜽 )−1 (4.67a) 

 𝑽𝟐 𝟕
−𝟏 = (𝑿𝟐 𝟕

𝜽 ⋀𝑿𝟑 𝟕
𝜽 ⋀𝑿𝟒 𝟕

𝜽 ⋀𝑿𝟓 𝟕
𝜽 ⋀𝑿𝟔 𝟕

𝜽 )−1 (4.67b) 

 𝑽𝟑 𝟕
−𝟏 = (𝑿𝟑 𝟕

𝜽 ⋀𝑿𝟒 𝟕
𝜽 ⋀𝑿𝟓 𝟕

𝜽 ⋀𝑿𝟔 𝟕
𝜽 )−1 (4.67c) 
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 𝑽𝟒 𝟕
−𝟏 = (𝑿𝟒 𝟕

𝜽 ⋀𝑿𝟓 𝟕
𝜽 ⋀𝑿𝟔 𝟕

𝜽 )−1 (4.67d) 

 𝑽𝟓 𝟕
−𝟏 = (𝑿𝟓 𝟕

𝜽 ⋀𝑿𝟔 𝟕
𝜽 )−1 (4.67e) 

 𝑽𝟔 𝟕
−𝟏 = (𝑿𝟔 𝟕

𝜽 )−1 (4.67f) 

Where the infinitesimal screw 𝑿𝒊 𝒏+𝟏
𝜽  is defined in Equation [4.1] and the inversion operation 

is defined in Equation [2.14]. I extract the daughter hypervolume pertaining to basis (𝑒1, 𝑒2, 𝑒3) 

by applying Equations [4.32] to [4.35]. The four sets of kinematic and joint torque inputs are 

arbitrarily set to be: 

Kinematic Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜃1

.

 9.5 20 10 15 

𝜃2

.

 9.5 10 20 35 

𝜃3

.

 9.5 30 30 45 

𝜃4

.

 9.5 30 20 20 

𝜃5

.

 9.5 40 10 10 

𝜃6

.

 9.5 10 30 20 

Table 4.12. The four sets of kinematic inputs {𝜃1

.

, 𝜃2

.

, 𝜃3

.

, 𝜃4

.

, 𝜃5

.

, 𝜃6

.

} for the 6R manipulator, in rad/s. 

Static Inputs Input Set 1 Input Set 2 Input Set 3 Input Set 4 

𝜏1 6.8 10 10 25 

𝜏2 6.8 20 30 15 

𝜏3 6.8 30 40 35 

𝜏4 6.8 40 30 40 

𝜏5 6.8 30 50 30 

𝜏6 6.8 10 10 10 

Table 4.13. The four sets of static inputs {𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6} for the 6R manipulator, in Nm. 

Using the four sets of input values presented in Tables [4.12-4.13] and the 100 sampled end-

effector positions (𝑋𝐸,𝑗) presented in Electronic Appendix [A.3], the end-effector forces |𝑓𝐸| 

and velocities |𝑣𝐸| (from Equations [4.12] and [4.11], respectively) computed using standard 

methods are compared against the forward serial statics | 𝐅𝐕(𝐬,𝐟)[𝑒1, 𝑒2, 𝑒3]| | 
𝐅𝐕(𝐬,𝐤)[𝑒1, 𝑒2, 𝑒3]| (by 

employing Equations [4.66b-f]) and kinematics | 𝐅𝐕(𝐬,𝐤)[𝑒1, 𝑒2, 𝑒3]|  (by employing Equation 

[4.66a]) hypervolumes respectively, in the figures below. 
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|𝑓𝐸| vs | 𝐅𝐕(𝐬,𝐟)[𝑒1, 𝑒2, 𝑒3]| |𝑣𝐸| vs | 𝐅𝐕(𝐬,𝐤)[𝑒1, 𝑒2, 𝑒3]| 

{𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6} = {6.8,6.8,6.8,6.8,6.8,6.8}

 

{𝜃1

.

, 𝜃2

.

, 𝜃3

.

, 𝜃4

.

, 𝜃5

.

, 𝜃6

.

} = {9.5,9.5,9.5,9.5,9.5,9.5}

 

{𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6} = {10,20,30,40,30,10}

 

{𝜃1

.

, 𝜃2

.

, 𝜃3

.

, 𝜃4

.

, 𝜃5

.

, 𝜃6

.

} = {20,10,30,30,40,10}

 

{𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6} = {10,30,40,30,50,10}

 

{𝜃1

.

, 𝜃2

.

, 𝜃3

.

, 𝜃4

.

, 𝜃5

.

, 𝜃6

.

} = {10,20,30,20,10,30}

 

Figure [4.25] continued overleaf. 
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{𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6} = {25,15,35,40,30,10}

 

{𝜃1

.

, 𝜃2

.

, 𝜃3

.

, 𝜃4

.

, 𝜃5

.

, 𝜃6

.

} = {15,35,45,20,10,20}

 

Figure 4.25. The plots of |𝑓𝐸| vs | 𝐅𝐕(𝐬,𝐟)[𝑒1, 𝑒2, 𝑒3]| and |𝑣𝐸| vs | 𝐅𝐕(𝐬,𝐤)[𝑒1, 𝑒2, 𝑒3]| for the four input 

sets (from Tables [4.12-4.13]) of the 6R manipulator.  

Comparing the standard statics |𝑓𝐸| and kinematics |𝑣𝐸| performance with their respective 

forward statics | 𝐅𝐕(𝐬,𝐟)[𝑒1, 𝑒2, 𝑒3]| and kinematics | 𝐅𝐕(𝐬,𝐤)[𝑒1, 𝑒2, 𝑒3]| hypervolumes in Figure 

[4.25], one notes that there is a remarkable geometically similarity in structure between the 

statics and kinematics output magnitudes and their daughter hypervolume counterparts. Using 

Equation [4.56], we find the approximation strength index of the forward statics and kinematics 

cases to be 𝑅(𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑠𝑡𝑎𝑡𝑖𝑐𝑠 − 6𝑅) = 0.9723 and 𝑅(𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑘𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠 − 6𝑅) =

0.9766 respectively. 

4.4. Results and Discussion  

In the case study comparisons presented in Section [4.3], the daughter hypervolume maps 

demonstrated a very strong approximation strength index of  0.82 ≤ 𝑅 ≤ 0.99 for all of the 

analyses.  

Type Approximation Strength Index (𝑹) 

Forward Statics Serial 0.972 

Forward Kinematics Serial 0.977 

Forward Statics Parallel 0.932 

Forward Kinematics Parallel 0.974 

Reverse Statics Serial 0.955 

Reverse Kinematics Serial 0.931 

Reverse Statics Parallel 0.885 

Reverse Kinematics Parallel 0.970 

Table 4.14. Hypervolume/standard method correlative strength. 

As can be surmised even visually (Figures [4.12], [4.16], [4.20], [4.21], [4.23], [4.24], [4.25]), 
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the hypervolumes are effective as parameterised approximations for both forward and reverse 

kinematics and statics (serial and parallel) magnitude terms, which are computed using 

conventional methods. Despite adding additional asymmetrical input sets for the forward case 

analyses to the original case study as shown in Thiruvengadam and Miller (2020), the 

approximation strength index (𝑅) value of each case has not decreased significantly and the 

consistent geometric similarity between hypervolumes and classical mechanical outputs is 

clearly established. We see that the kinematics hypervolumes exhibit a higher fidelity with the 

standard kinematics outputs for the 3-RRR manipulator (Figure [4.12]), whereas for the 6R 

manipulator (Figures [4.20] and [4.21]), the kinematics hypervolumes exhibit a lower fidelity 

with its associated standard kinematics outputs and this is reflected in their respective 

approximation strength index (𝑅) values of 𝑅 = 0.9628 and 𝑅 = 0.9305. It was found to be 

the case that near singular configurations produce drastically large hypervolume values and 

this is caused by multivector wedge products that vanish when actuation screws tend toward 

parallel configurations. For the serial case, the existence of multiple serial singularities or near-

singularities in the sampled workspace was found to cause bivector elements to collapse to zero 

and this in turn produces spikes in the hypervolume values. Further analysis and exploration of 

singularities is conducted in Chapter 6. In the above case studies, only the bases [𝑒1, 𝑒2, 𝑒3] 

were selected to produce daughter hypervolumes but, as defined in Equations [4.32] to [4.35], 

it is possible to extract single or double base hypervolumes to approximate the other 

components of the wrenches and twists. Notice that the formulation does not in any way 

discriminate between terms associated with force, moment, velocity or angular components. 

The terms are all ‘mixed’ in a common hyperspace and then subsequently regressed and 

extracted. As such, the hypervolume method unifies the treatment of transmission indices, 

kinematics, statics of both serial and parallel structures in a geometric manner by codifying the 

kinematic and static capabilities of a robot or machine indirectly in a higher-dimensional 

representation. Assessments of computational time comparisons, as shown in Thiruvengadam 

and Miller (2020), have been excluded from this chapter for brevity purposes. 

The hypervolumes being exclusively a function of morphological parameters of the robot 

and end-effector, returns a function visualisation and numerical data set with reduced 

computational time when compared against Newtonian paradigms for the serial statics and 

parallel kinematics computation time periods. The difference in computation time is more 

pronounced for serial statics and parallel kinematics, owing to the nature of closed form 

constraint equations that needed to be solved in the traditional formulations (Equations [4.12] 
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and [4.10]). I find that even in well-understood and challenging closed form expressions in 

classical mechanical problems of statics of kinematics of motion generating multi-agent 

systems (robots) the hypervolume functions very effectively reflects the classical mechanical 

behaviour of these systems when compared against traditional analytical methods.  

This presents an interesting applied mathematical potentiality in the investigation of the 

relationships between agent/node action and the spatial distribution of nodes in a network and 

the effect that these two features of a network have on its overall governing behaviour. This 

formulation also shows that the spatial distribution of agents in a network, classical mechanical 

or otherwise, can be embedded into higher dimensional functions that reflect its real-world 

behaviours by expressing each agent action as a transformation operators and its relative spatial 

distribution in the network, a hypervolume function is computed that allows a specialist or a 

theoretician to model networks with multi-agent interactions without completely solving the 

governing models in localised sub-sections of the network or completely solving the systems 

of equations.   

The hypervolume functions incorporate the morphological parameters of the robot into 

an index that reflects the system’s static and kinematic performance capabilities at a specific 

end-effector pose. As such, hypervolume functions can be used to investigate the optimal 

morphological parameters or synthesis for a robotic system operating in specific workspace 

regions. In the context of reassembling robotics, these hypervolume functions allow the effects 

of transformation variables embedded in the reassembling type operators (as shown in Chapter 

3) to be captured, thereby allowing changing morphologies to be modelled (as shown in 

Equations [4.57a-b]) in a geometric sense. In this chapter, hypervolume functions for the statics 

and kinematics of a robot were formulated and these hypervolume functions are adapted and 

used in Chapter 5. It is worth noting the conceptual similarities between the morphological 

trivectors of Chapter 2 and of the hypervolumes presented in this Chapter: both are higher 

dimensional characterisations of networked representations of many body systems. 

On a broader note, the development of such a higher-dimensional analogue also advances 

the state of the art of applied Geometric Algebras in the context of engineering and the physical 

sciences. The techniques and approach presented in this work are generalised so that it may be 

adapted to other non-linear systems of transcendental equations as well outside the context of 

robotics. I believe that the existence and demonstration of such a higher dimensional analogy 

fundamentally reflects the power and versatility of Clifford/Geometric Algebra in 

mathematical and practical applications and this becomes more apparent in subsequent 
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Chapters. The formulation is adaptable to any system, theoretical and physical and by 

demonstrating its potency and utility for known and established classical mechanical problems 

in robotics it warrants further review and investigation as an applied mathematical method for 

the physical sciences by peers and other specialists. Some of its potential applications are in 

swarm systems, large multivariate systems expressed as networks in data science and artificial 

neural networks.  

In this chapter, I have advanced Objective 2 by exploring the relationship between a 

robot’s morphological parameters and its classical mechanical abilities, specifically its 

kinematics and statics performance, using hypervolumes to capture the algebro-geometric 

structures of a robot (Sections [4.2.1-4.2.2]). In the next chapter, I further advance Objective 2 

(as presented in Section [1.2]) by developing ‘difference Lagrangian expressions’, which 

mathematically characterise continuous and optimisable transformation parameters in a system 

of minimisable constraint expressions allowing the specialist to evaluate numerical parameters 

of a reassembling transformation to augment the classical mechanical limits of a robot in a 

chosen task. 
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Chapter 5: A Generalised Quaternion and Geometric 

Algebra Based Mathematical Methodology to Effect Multi-

Stage Reassembling Transformations in Parallel Robots 

This chapter contains an adapted and streamlined version of the work presented in my paper 

Thiruvengadam et al. (2020d)1 entitled “A Generalised Quaternion and Clifford Algebra Based 

Mathematical Methodology to Effect Multi-Stage Reassembling Transformations in Parallel 

Robots”. 

5.1. Introduction 

In this chapter, I present a generalised and systematic method of effecting multiple 

reassembling transformations on a parallel manipulator to achieve a desired augmentation of 

dynamics capability for a specified task manoeuvre. To this end, by adapting and building upon 

the mathematical formulation presented in Chapters 2-4, I demonstrate that numerically 

optimised values of transformation variables, given a selection of reassembling type 

transformations on kinematic pairs of a manipulator, can be solved for explicitly once the 

desired change in dynamics performance has been defined. This directly advances Objective 2 

of the thesis. By virtue of kinematics and statics modelling being a specific sub-problem of 

dynamics modelling, at least from a mathematical standpoint, achieving Objective 2 for 

dynamics performance augmentation means that the methodology would naturally lend itself 

to kinematics and statics performance augmentations for reassembling robotics.  

The reassembling transformation types presented in this chapter are limited to Type 1a, 

1b1 and 1c (Table [3.2]). In this chapter, reassembling transformations are specifically 

performed to achieve a desired dynamic outcome such as variations of joint torques or end-

effector forces/wrench for a specified task manoeuvre. In Section [5.2.1], I adapt the methods 

presented in Section [2.4] to produce quaternion rotor methods for position and kinematics 

analysis and using quaternion rotors, I introduce the novel ‘difference maps’ in Section [5.2.2], 

which mathematically and geometrically characterise the pre- and post-transformed 

manipulators and their respective reassembling transformation variables. Difference maps can 

 

1 Thiruvengadam, S., Tan, J.S. and Miller, K., 2020. A Generalised Quaternion and Clifford Algebra Based 

Mathematical Methodology to Effect Multi-Stage Reassembling Transformations in Parallel Robots. Submitted 

to Advances in Applied Clifford Algebras and fully accepted for publication on the 8th of October 2020. 
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then be incorporated into Jacobian matrices that govern the kinematics of a manipulator being 

subject to a reassembling transformation. Following from this, in Section [5.2.3], I present what 

I call the ‘Transformed Lagrangian Approach’, to explicitly evaluate the reassembling 

transformation needed to achieve a specific task, given the existing morphological state of a 

robot.  

The Transformed Lagrangian Approach possesses a number of novel features. In this 

method, I first present the unification of geometric six-dimensional screws and four 

dimensional quaternions in the context of kinematic pair motion generation. This novel 

mathematical relation is then incorporated into a Lagrangian based dynamics model that is 

entirely constructed out of quaternions. This new employ of quaternion rotors for Lagrangian 

dynamics (presented in Section [5.2.1]) produces easily manipulable, compact and 

generalisable expressions that relate joint variables to the end-effector pose and also allow rapid 

and direct design optimisation, unlike existing methods in the literature to date. As detailed in 

Section [1.1], quaternion based methods require fewer operations, less memory and hence less 

computation time and computation power, while producing results with comparable accuracy 

(Parwana and Kothari 2017). As such, the novel quaternion based Lagrangian method 

presented in the work also has immense value in modelling the dynamics of articulated closed 

and open chain robotic manipulators. This quaternion based Lagrangian dynamics model is 

subsequently adapted to allow reassembling transformations to be captured in the expressions 

using difference maps so that directly optimisable and solvable systems of algebraic constraint 

equations can be generated. Extending this method further, I present a novel ‘difference 

Lagrangian expression’ that uniquely and mathematically characterises the variations of 

morphological parameters in a system of constraint expressions that can be easily optimised, 

despite its non-linear, closed form nature. This approach allows the Lagrangian dynamics based 

constraint equations of robotic manipulators with different morphological parameters to be 

directly related to one another, thereby allowing the specialist to directly and efficiently 

optimise robot design. By readily solving the quaternion based difference Lagrangian 

expressions, whose solutions present the morphological parameter variations that need to be 

incorporated into the robot to achieve the desired performance augmentation, a specialist can 

effect a desired classical mechanical performance augmentation (such as a more efficient 

dynamics performance of a robot) through a reassembling transformation. 

Before we are able to define the difference maps for a reassembling robot, it should be noted 

that for robotic system with ‘𝑛’ number of kinematic pairs, ‘𝑝’ number of possible type 
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transformation variables per kinematic pair and ‘𝑘’ number of reassembling transformations to 

be performed, we have a total of 𝐶𝑘
   

𝑝𝑛 (where 𝐶𝑘
 

 
𝑝𝑛 =

𝑝𝑛!

𝑘!(𝑝𝑛−𝑘)!
) possible unique combinations 

of reassembling transformations. For example, if we set 𝑘 = 3, 𝑝 = 5 and 𝑛 = 15 there are 

𝐶3
 

 
5(15) =

(5∗15)!

3!(5∗15−3)!
= 67,525 combinations of reassembling transformations possible. This 

large number of combinations produces a computationally challenging and unfeasible number 

of potential permutations in the number of generic type transformations that are potentially 

applicable to each kinematic pair. To simplify this problem and to identify the kinematic pairs 

that are most suited to produce the desired variation of dynamics performance for a particular 

task manoeuvre, in Section [5.2.4] I adapt the method of hypervolumes presented in Chapter 4 

to develop ‘affectation indices’. Affectation indices are scalar indices that are used to select the 

optimal generic type transformation for each 𝑖-th kinematic pair for a specific task manoeuvre. 

Having selected the optimal generic type of transformation, the pre- and post-transformed 

Lagrangian functions are then combined to form the Difference Lagrangian Function. The 

Difference Lagrangian Function is a continuous, differentiable expression, which is solved for 

a specific task manoeuvre to obtain the optimal numerical values of the transformation 

variables required to achieve the desired variation in dynamics performance. The Transformed 

Lagrangian Approach presented in this chapter, owing to its roots in the general Euler-

Lagrange formalism, can be readily extended to other multi-agent/multi-body systems as well.  

This chapter is furnished with two case studies using the Delta manipulator in Section 

[5.3] and is concluded with a discussion of the findings in Section [5.4]. Due to the expansive 

and complicated nature of the approach, the specific examples shown in Sections [5.2.1] to 

[5.2.3] have been presented in such a manner so as to directly relate to the case studies 

presented in Section [5.3], for the sake of brevity.  

5.2. Methods 

I outline the approach to model the effects of and to solve for the required transformations for 

desired variations in the dynamics performance, of a particular task manoeuvre, using the 

Transformed Lagrangian Approach below. I begin by using quaternion rotor methods for 

position and kinematic analysis, where quaternion rotor methods are used to relate the 

kinematic pair parameters and joint variables of a manipulator to its end-effector pose, as 

shown in Section [2.4]. As mentioned in Sections [1.1] and [2.4], quaternion rotors are easily 

manipulable, compact expressions that readily allow the embedding of reassembling 
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transformation variables/parameters in them. In Step 2, I use quaternion rotors to produce what 

I call ‘difference maps’, which are embedded in the position and kinematics equations to 

characterise the effects of reassembling transformations for a specific robot. In Step 3, I then 

define Lagrangian based dynamics expressions using quaternion rotors and difference maps. 

Subsequently, in Step 4, I present affectation indices, which are scalar indices that allow us to 

select the most effective kinematic pair for a particular generic reassembling type to achieve 

the desired variations in the dynamics performance (examples of desired variations are an 

increase in the magnitude of the end-effector wrenches or a reduction of input joint torques for 

a specific task manoeuvre). Finally, in Step 5, I derive the continuous and differentiable 

Difference Lagrangian Function for a general robot that relates the dynamics of the pre- and 

post-transformed robot, as a function of the transformation variables. By finding solutions to 

these equations, we arrive at the optimal numerical values of the transformation variables that 

produce the desired variations in dynamics performance. The five steps of the approach used 

in this work are summarised in the concept figure (Figure [5.1]), presented below. 

 
Figure 5.1. Methodological overview diagram of the five steps used in the Transformed Lagrangian 

Approach. 

5.2.1. Adaptation of Quaternion Rotor Methods for Position and Kinematics Analysis 

In this section, I use network theoretic methods (Equations [2.1-2.3] in Section [2.1]) and I 

employ quaternion rotors (𝑈𝑖) (defined in Equation [2.30]) to form the position constraint 

equations for a parallel manipulator (presented in Equations [2.39-2.40]) to solve the inverse 

position problem. Equations [2.39-2.40] relate the joint variables ( 𝜃𝑖  and 𝛿𝐻𝑖 ) and the 

parameters (𝐻𝑖 and 𝑠𝑖) to the end effector pose (𝑂𝐸 and 𝑋𝐸). When combined, Equations [2.39, 

2.40] produce eight sub-equations for each limb (one for every tuple in 𝑂𝐸 and 𝑋𝐸). Note that 

I have developed Equations [2.30-2.40] primarily to serve as a foundation for the difference 
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maps. Additionally, I employ the quaternion based definition of infinitesimal screws from 

Section [2.4], Equation [2.45]. In this work, since we are concerned with the inverse dynamics 

and the inverse position problem, I use the Levenberg-Marquardt algorithm to solve the eight 

sub equations simultaneously to find values of the joint variables. Solving the inverse position 

problem using the eight sub equations and the Levenberg-Marquardt algorithm allows us to 

find the passive joint variables, in addition to the active joint variables. However, the passive 

joint variables are not required in the case studies presented in this work. The Levenberg-

Marquardt algorithm is elaborated on further in Section [5.2.3]. In the case studies presented 

in this chapter, I study the dynamics of the Delta manipulator using the Transformed 

Lagrangian approach. To this end, it would be instructive and convenient to use the Delta 

manipulator as a source of examples before presenting the case studies. I first solve the inverse 

position problem for a Delta manipulator using the quaternion rotor method. Figure [5.2] shows 

a 3-RUU Delta manipulator, which has three parallel limbs, five kinematic pairs per limb and 

three translational degrees of freedom {𝑥, 𝑦, 𝑧}, where the first joint of each limb is active and 

the other joints are passive. It should also be noted that since none of the 𝑖-th kinematic pairs 

in a Delta manipulator are prismatic joints, 𝛿𝐻𝑖 = [0,0,0]  for 𝑖 = {1,2,3,4,5}  and 

{𝜃1,1, 𝜃2,1, 𝜃3,1} are the active joints of limbs 𝑙 = {1,2,3}. 

 
Figure 5.2. A representation of the Delta manipulator (adapted from Zsombor-Murray (2004)) where 

‘B’ is the reference frame at the origin (centre of the base plate) and ‘E’ is the reference frame of the 

end effector (centre of the end effector plate). 

Each limb of the Delta manipulator is deconstructed into five nodes, where each node defines 

a specific 1-DOF kinematic pair, resulting in a total of 15 nodes for the entire manipulator 

(Figure [5.2]). Table [5.1] presents the kinematic pair parameters, with reference to Figures 
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[5.2] and [5.3], where 𝐻𝑖 is the initial vector of the kinematic pair from joint ‘𝑖’ to ‘𝑖 + 1’ 

(except for 𝐻5, 𝐻10 and 𝐻15, which are connected to the centre of the end effector platform) 

and 𝑠𝑖 is the initial normalised unit vector along the joint axis. Additionally, |𝐻0| = 𝑟1 and 

|𝐻5| = |𝐻10| = |𝐻15| = 𝑟2 (with reference to Figure [5.2]).  

𝑖 𝐻𝑖 (metres) 𝑠𝑖 (metres) 𝑚𝑖 (kg) 

1 [0.2,0,0] [0,1,0] 0.018 

2 [0,0,0] [0,0,1] 0 

3 [0.4,0,0] [0,1,0] 0.045 

4 [0,0,0] [0,0,1] 0 

5 [0.025,0,0] [0,1,0] 0.05 

6 [-0.1,0.173,0] [-0.866,-0.5,0] 0.018 

7 [0,0,0] [0,0,1] 0 

8 [-0.2,0.346,0] [-0.866,-0.5,0] 0.045 

9 [0,0,0] [0,0,1] 0 

10 [-0.013,0.022,0] [-0.866,-0.5,0] 0.05 

11 [-0.1,-0.173,0] [0.866,-0.5,0] 0.018 

12 [0,0,0] [0,0,1] 0 

13 [-0.2,-0.346,0] [0.866,-0.5,0] 0.045 

14 [0,0,0] [0,0,1] 0 

15 [-0.013,-0.022,0] [0.866,-0.5,0] 0.05 

Table 5.1. The 𝐻𝑖, 𝑠𝑖 and 𝑚𝑖 values of each kinematic pair used for the Delta manipulator (left). 

Figure 5.3. A node graph representation of the Delta manipulator in terms of enumerated kinematic 

pairs, where 𝑈𝑖 and 𝐻𝑖 are the quaternion rotors and link vectors of each 𝑖-th node, respectively (right). 

Nodes 1 to 5 are the 1st to 5th kinematic pairs of limb 1, nodes 6 to 10 are the 1st to 5th kinematic pairs 

of limb 2 and nodes 11 to 15 are the 1st to 5th kinematic pairs of limb 3. As a result, since limbs 1, 2 and 

3 are symmetrical, the following pairs of position element denotations are equivalent: 𝑋1 2
2 = 𝑋6 7

 , 

𝑋3 4
2 = 𝑋8 9

 , 𝑋1 2
3 = 𝑋11 12

  and 𝑋3 4
3 = 𝑋13 14

  (as shown in Equation [2.46]), the following pairs of 

quaternion rotor denotations are equivalent: 𝑈1
2 = 𝑈6

 , 𝑈3
2 = 𝑈8

 , 𝑈1
3 = 𝑈11

  and 𝑈3
3 = 𝑈13

  and the 

following pairs of link vector denotations are equivalent: 𝐻1
2 = 𝐻6

 , 𝐻3
2 = 𝐻8

 , 𝐻1
3 = 𝐻11

  and 𝐻3
3 =

𝐻13
 . Additionally, node zero (‘0’) is the base reference frame and node ‘𝐸’ is the centre of the end-

effector platform. 

By employing Equation [2.33] from Section [2.4], the position element of the 𝑙-th limb, ‘𝑋𝑖 𝑗
𝑙 ’ 

is defined as 

 

𝑋𝑖 𝑗
𝑙 = ∑[𝑈𝐺𝑘

𝑙 𝑈𝑘
𝑙 (𝐻𝑘

𝑙 + 𝛿𝐻𝑘
𝑙 )(𝑈𝑘

𝑙 )
−1

(𝑈𝐺𝑘
𝑙 )

−1
]

𝑗

𝑘=𝑖

  (5.0) 

For the Delta manipulator, where 𝛿𝐻𝑖 = [0,0,0] for 𝑖 = {1,2,3,4,5} and 𝐻𝑖
𝑙 = [0,0,0] for 𝑖 =

{2,4} , the position vectors 𝑋0 1
𝑙 , 𝑋1 2

𝑙 , 𝑋2 3
𝑙 , 𝑋3 4

𝑙 , 𝑋4 5
𝑙  and 𝑋5 𝐸

𝑙  are defined as 𝑋0 1
𝑙 =

𝑈0
𝑙 𝐻0

𝑙 (𝑈0
𝑙 )

−1
, 𝑋1 2

𝑙 = 𝑈𝐺1
𝑙 𝑈1

𝑙𝐻1
𝑙(𝑈1

𝑙)
−1

(𝑈𝐺1
𝑙 )

−1
, 𝑋2 3

𝑙 = [0,0,0] , 𝑋3 4
𝑙 =
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𝑈𝐺3
𝑙 𝑈3

𝑙 𝐻3
𝑙 (𝑈3

𝑙 )
−1

(𝑈𝐺3
𝑙 )

−1
, 𝑋4 5

𝑙 = [0,0,0] , 𝑋5 𝐸
𝑙 = 𝑈𝐺5

𝑙 𝑈5
𝑙 𝐻5

𝑙 (𝑈5
𝑙 )

−1
(𝑈𝐺5

𝑙 )
−1

, where 𝑙 =

{1,2,3} , 𝑈𝐺0
𝑙 = [1,0,0,0] , 𝑈𝐺1

𝑙 = 𝑈0
𝑙 , 𝑈𝐺3

𝑙 = 𝑈0
𝑙 𝑈1

𝑙𝑈2
𝑙 ,  𝑈𝐺5

𝑙 = 𝑈0
𝑙 𝑈1

𝑙𝑈2
𝑙 𝑈3

𝑙 𝑈4
𝑙 , Using the 

definitions of the position elements above, I construct a quaternion rotor inverse position 

equation for each 𝑙-th limb of the parallel Delta manipulator (where 𝑙 = {1,2,3}), as shown in 

Equation [2.38], to get 

 𝑋0 1
𝑙 + 𝑋1 2

𝑙 + 𝑋2 3
𝑙 + 𝑋3 4

𝑙 + 𝑋4 5
𝑙 + 𝑋5 𝐸

𝑙 = 𝑋𝐸 (5.1) 

Where we note that from Table [5.1], |𝑋2 3
𝑙 | = |𝑋4 5

𝑙 | = 0 for each limb. As previously detailed 

in Section [2.4] and Equation [2.46], when referring to the Delta manipulator with three 

symmetrical parallel limbs ( 𝑀 = 3 ) and five kinematic pairs per limb (𝑠 = 5) , 𝑋𝑖 𝑗
𝑙 =

𝑋𝑖+(𝑙−1)5 𝑗+(𝑙−1)5
  and we note that: |𝐻0| = |𝑋0 1

𝑙 | , |𝐻1| = |𝑋1 2
𝑙 | , |𝐻3| = |𝑋3 4

𝑙 |  and |𝐻5| =

|𝑋5 𝐸
𝑙 |, for 𝑙 = {1,2,3}. In this chapter, I define ‘𝜃𝑙,1’ to refer to the active joint of the 𝑙-th limb, 

which is at the base of the manipulator. Therefore, for the Delta manipulator {𝜃1
 , 𝜃6

 , 𝜃11
 } =

{𝜃1,1, 𝜃2,1, 𝜃3,1} are the active joint angles of limbs 1, 2 and 3. Since only the active joints (𝜃𝑙,1), 

participate in the computation of the inverse kinematics and dynamics of the manipulator, it is 

necessary to remove passive joints because they are unknown. As such, the computation of the 

inverse joint angles can be simplified by adapting the method presented in Williams (2016), 

such that the passive joint angles are removed. I compute the Euclidean norm of both sides of 

Equation [5.1] and square both sides of Equation [5.1], giving the following equation for each 

limb  

 |𝑋0 1
𝑙 + 𝑋1 2

𝑙 + 𝑋2 3
𝑙 + 𝑋3 4

𝑙 + 𝑋4 5
𝑙 + 𝑋5 𝐸

𝑙 |
2

= |𝑋𝐸|2 (5.2) 

Where 𝛿𝐻𝑖 = 0 for 𝑖 = {1,2,3,4,5} for each limb, since none of the kinematic pairs in a Delta 

manipulator are prismatic joints (Equation [2.33] and Figure [5.2]). Expanding Equation [5.2] 

for limbs 1, 2 and 3, we get Equations [5.3a], [5.3b] and [5.3c], respectively.  

For the sake of brevity, I set 𝑋𝐸 = [0, 𝑥, 𝑦, 𝑧]. 

(2|𝑋1 2||𝑋0 1|  −  2|𝑋1 2||𝑋5 𝐸| −  2|𝑋1 2|𝑥) cos(𝜃1
 ) + (2|𝑋1 2|𝑧) sin(𝜃1

 )  

+  |𝑋0 1|2 −  2|𝑋0 1||𝑋5 𝐸| −  2|𝑋0 1|𝑥 +  |𝑋5 𝐸|2 +  2|𝑋5 𝐸|𝑥 + 𝑥2

+  𝑦 
2 +  𝑧 

2 +  |𝑋1 2|2– |𝑋3 4|2 = 0 

(5.3a) 
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(2|𝑋6 7||𝑋0 7| −  2|𝑋6 7||𝑋10 𝐸| + |𝑋6 7|𝑥 −  √3|𝑋6 7|𝑦 ) cos(𝜃6
 )

+ (2|𝑋6 7|𝑧) sin(𝜃6
 )  +  |𝑋0 6|2 −  2|𝑋0 6||𝑋10 𝐸| +  |𝑋0 6|𝑥

− √3|𝑋0 6|𝑦 +  |𝑋10 𝐸|2 −  |𝑋10 𝐸|𝑥 +  √3|𝑋10 𝐸|𝑦 + 𝑥 
2 + 𝑦 

2

+  𝑧 
2 +  |𝑋6 7|2– |𝑋8 9|2 = 0 

(5.3b) 

(2|𝑋11 12||𝑋0 10| −  2|𝑋11 12||𝑋15 𝐸| +  |𝑋11 12|𝑥 + √3|𝑋11 12|𝑦) cos(𝜃11
 )

+ (2|𝑋11 12|𝑧) sin(𝜃11
 )  +  |𝑋0 10|2 −  2|𝑋0 10||𝑋15 𝐸| +  |𝑋0 10|𝑥 

+ √3|𝑋0 10|𝑦 + |𝑋15 𝐸|2 −  |𝑋15 𝐸|𝑥 −  √3|𝑋15 𝐸|𝑦 +  𝑥2 +  𝑦2

+ 𝑧2 +  |𝑋11 12|2– |𝑋13 14|2 = 0 

(5.3c) 

Equations [5.3a-c] can be factorised to the form  

 𝐸𝑙 cos(𝜃𝑙,1) + 𝐹𝑙 sin(𝜃𝑙,1) + 𝐺𝑙 = 0 (5.4) 

Where {𝐸𝑙 , 𝐹𝑙 , 𝐺𝑙} for 𝑙 = {1,2,3} are defined as follows: 

 𝐸1 = 2|𝑋1 2||𝑋0 1| −  2|𝑋1 2||𝑋5 𝐸| −  2|𝑋1 2|𝑥 (5.5a) 

 𝐹1 = 2|𝑋1 2|𝑧 (5.5b) 

 𝐺1 =  |𝑋0 1|2 −  2|𝑋0 1||𝑋5 𝐸| −  2|𝑋0 1|𝑥 +  |𝑋5 𝐸|2 +  2|𝑋5 𝐸|𝑥 

+  𝑥2 +  𝑦2 + 𝑧2 +  |𝑋1 2|2– |𝑋3 4|2 
(5.5c) 

 𝐸2 = 2|𝑋6 7||𝑋0 6| −  2|𝑋6 7||𝑋10 𝐸| + |𝑋6 7|𝑥 −  √3|𝑋6 7|𝑦 (5.5d) 

 𝐹2 = 2|𝑋6 7|𝑧  (5.5e) 

 𝐺2 =  |𝑋0 6|2 −  2|𝑋0 6||𝑋10 𝐸| +  |𝑋0 6|𝑥 −  √3|𝑋0 6|𝑦 +  |𝑋10 𝐸|2

−  |𝑋10 𝐸|𝑥 + √3|𝑋10 𝐸|𝑦 +  𝑥2 +  𝑦2 + 𝑧2

+  |𝑋6 7|2– |𝑋8 9|2 

(5.5f) 

 𝐸3 = 2|𝑋11 12||𝑋0 10| −  2|𝑋11 12||𝑋15 𝐸| +  |𝑋11 12|𝑥 

+  √3|𝑋11 12|𝑦 
(5.5g) 

 𝐹3 = 2|𝑋11 12|𝑧 (5.5h) 

 𝐺3 = |𝑋0 10|2 −  2|𝑋0 10||𝑋15 𝐸| +  |𝑋0 10|𝑥 + √3|𝑋0 10|𝑦 

+ |𝑋15 𝐸|2 −  |𝑋15 𝐸|𝑥 −  √3|𝑋15 𝐸|𝑦 +  𝑥2 +  𝑦2

+ 𝑧2 +  |𝑋11 12|2– |𝑋13 14|2 = 0 

(5.5i) 

I factorise Equations [5.3a-c] to obtain the form shown in Equation [5.4]. Then, I solve each 

equation by employing the half angle formula defined below 

 
𝜌𝑙 = tan (

𝜃𝑙,1

2
),    cos(𝜃𝑙,1) =

1 − 𝜌𝑙
2

1 + 𝜌𝑙
2 ,     sin(𝜃𝑙,1) =

2𝜌𝑙

1 + 𝜌𝑙
2 (5.6) 

Substituting the half angle formula into the factorised Equation [5.4] gives 
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𝐸𝑙 (

1 − 𝜌𝑙
2

1 + 𝜌𝑙
2) + 𝐹𝑙 (

2𝜌𝑙

1 + 𝜌𝑙
2) + 𝐺𝑙 = 0 (5.7a) 

 𝐸𝑙(1 − 𝜌𝑙
2) + 𝐹𝑙(2𝜌𝑙) + 𝐺𝑙(1 + 𝜌𝑙

2) = 0 (5.7b) 

 (𝐺𝑙 − 𝐸𝑙)𝜌𝑙
2 + (2𝐹𝑙)𝜌𝑙 + (𝐺𝑙 + 𝐸𝑙) = 0 (5.7c) 

Where further factorisation of Equation [5.7a] gives us a second-degree polynomial equation 

(Equation [5.7c]), which can be solved using the following quadratic formula  

 
𝜌𝑙

 =
−𝐹𝑙 ± √𝐸𝑙

2 + 𝐹𝑙
2 − 𝐺𝑙

2

𝐺𝑙 − 𝐸𝑙
 (5.8) 

After finding ‘𝜌𝑙
 ’, the solutions of 𝜃𝑙,1 in Equations [5.3a-c] are found by inverting the half 

angle formula (Equation [5.9]) 

 𝜃𝑙,1 = 2 arctan (𝜌𝑙
 ) (5.9) 

It should be noted that the removal of passive joint angles, as presented in the quaternionic 

position expressions (Equations [5.1-5.9]), can be readily extended to other manipulators. 

Having found expressions that relate the joint variables to the end-effector pose, we can now 

form infinitesimal screws. As presented in Sections [2.4] (Equations [2.45]), infinitesimal 

screws (𝑿𝒊 𝒋
𝜽 ) are 6-tuple, grade-1 multivectors of 𝑮𝟔,𝟎

  (𝑿𝒊 𝒋
𝜽 ∈ 𝑮𝟔,𝟎

 ) which are used to construct 

Jacobian matrices. Jacobian matrices were presented in the analysis of statics and kinematics 

of parallel manipulators in Chapter 4, Section [4.2.1]. I use the definitions of Jacobian matrices 

in Equations [4.6] and [4.9] and define ‘𝐽𝜃’ as 𝐽𝜃 = 𝐽𝑥
−1𝐽𝑞 , to model the kinematics of the 

system and to relate the kinematic pair parameters, joint variables and joint rates (‘�̇�’) to the 

end-effector velocity (Tsai 1999) 

 𝐽𝜃�̇� = [
𝑣𝐸

𝜔𝐸
] (5.10a) 

 �̇� = 𝐽𝜃
−1 [

𝑣𝐸

𝜔𝐸
] (5.10b) 

Where ‘𝑣𝐸’ and ‘𝜔𝐸’ are each 3 × 1 matrices of the end effector linear and angular velocity 

components, respectively, ‘𝐽𝜃
−1’ is the matrix inverse of the conventional Jacobian matrix and 

‘�̇�’ is a 𝑛 × 1 matrix of the joint velocities for joints 1 to ‘𝑛’ (�̇� = [�̇�1, �̇�2, … , �̇�𝑛]T, where the 

superscript ‘T’ denotes a matrix transpose operator). In Equation [5.11], the conventional 

Jacobian matrix ‘𝐽𝜃’ is formed by horizontally concatenating the infinitesimal screws (from 

Equation [2.45]) of each joint  

 𝐽𝜃 = [( 𝑿 
 

𝟏 𝒏+𝟏
𝜽 )

T
, ( 𝑿 

 
𝟐 𝒏+𝟏
𝜽 )

T
, … , ( 𝑿 

 
𝐧 𝒏+𝟏
𝜽 )

T
] (5.11) 



144 

CHAPTER 5 

 

To compute the second order differentials of the joint variables, I differentiate Equation [5.10a] 

to get 

 
𝐽𝜃�̈� + 𝐽�̇��̇� = [

�̇�𝐸

�̇�𝐸
] (5.12a) 

 
�̈� = 𝐽𝜃

−1 ([
�̇�𝐸

�̇�𝐸
] − 𝐽�̇��̇�) (5.12b) 

Where ‘�̈�’ is a 𝑛 × 1 matrix of the joint accelerations with respect to time, where for joints 𝑛 =

6 we have �̈� = [�̈�1, �̈�2, �̈�3, �̈�4, �̈�5, �̈�6]𝑇. We have now incorporated the quaternion rotor based 

position elements and infinitesimal screws into the Jacobian matrices, which agrees with Tsai 

(1999). Continuing from the analysis of the Delta manipulator from Equations [5.1-5.9], we 

obtain the active joint angular velocities and accelerations, �̇�𝑙,1  and �̈�𝑙,1 , by differentiating 

Equation [5.9] with respect to time once and twice in Equations [5.13a] and [5.13b], 

respectively, for 𝑙 = {1,2,3} 

 
�̇�𝑙,1 =

𝑑

𝑑𝑡
(2 arctan (𝜌𝑙

 )) (5.13a) 

 
�̈�𝑙,1 =

𝑑2

𝑑𝑡2
(2 arctan (𝜌𝑙

 )) (5.13b) 

In this section, I have shown how the quaternion rotor methods are employed for the position 

and kinematics analysis of manipulators. In the next section, I apply quaternion rotor methods 

to produce difference maps, which characterise the effects of reassembling transformations on 

the position and kinematics performance of a manipulator. 

5.2.2. Reassembling Transformation Types and Difference Maps 

In this section, I use network theoretic methods (Section [2.1]), quaternions rotor methods 

(Section [2.4], Equations [2.27-2.40]) and transformation operators (Section [3.2.3], Equation 

[3.19]). Recalling the definitions of the reassembling transformations presented in Section 

[3.2.3], Table [3.2], in this chapter, I investigate the Type 1a, 1b1 and 1c reassembling 

transformations (Table [5.2]). However, Type 2, 3 and 4 reassembling transformations (as 

presented in Table [3.2]) are not investigated in this chapter.  

Transformation Description 

Type 1a 
Changing the nodal weight of 𝐻𝑖 to increase or decrease the length of the link or 

change the shape of the link.   

Type 1b1 

Changing the nodal weights of 𝑠𝑖  and 𝐻𝑖  simultaneously through reorientation, 

such that the angle between the joint axis and the link ‘𝜓{𝑖}’, as shown in Figure 

[5.4], is preserved. 

Type 1c Changing the mass/mass and moment of inertia distribution of links. 

Table 5.2. Type 1 transformations and their respective descriptions. 
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Figure 5.4. A visual representation of 𝜓{𝑖}, the angle between the joint axis (𝑠𝑖) and the link vector (𝐻𝑖), 

for 𝑖 = 2, using an arbitrary 2R planar manipulator as an example. 

To physically realise a Type 1a transformation, a pin slot mechanism for the link can be 

conceptualised and adjusted, according to the required transformation parameters. A Type 1b1 

transformation would require a secondary actuator that possesses a specialised locking 

mechanism to fix and vary the orientation of a joint, with respect to its base reference frame. 

For a Type 1c transformation, point masses or cylindrical masses can be attached to the centre 

of a link. The transformations operations (𝑷{𝒊}
𝑲 ) employed in this chapter are detailed further 

below: 

1) Type 1a transformation operation ‘𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖)’, where ‘∆𝐻𝑖’ is the scalar magnitude value (in 

metres) associated with the extension or contraction of the link induced by the reassembling 

transformation for the 𝑖-th kinematic pair. ‘∆𝑯𝒊’ is the 3-tuple vector equivalent taken with 

respect to the base reference frame (𝛹𝐵). The relationship between ∆𝐻𝑖 and ∆𝑯𝒊 is defined to 

be 

∆𝑯𝒊 = ∆𝐻𝑖

𝐻𝑖

|𝐻𝑖|
 (5.14) 

Note that ∆𝐻𝑖 is a transformation variable of the 𝑖-th kinematic pair, while 𝛿𝐻𝑖 is the prismatic 

joint input, in vector form, of the 𝑖-th kinematic pair. 

2) Type 1b1 transformation operation ‘ 𝑷{𝒊}
𝟏𝒃𝟏(𝑈𝛿𝑖

)’, where 𝑈𝛿𝑖
 is denoted as the quaternion 

rotor operator of the 𝑖-th kinematic pair (presented in Section [2.4], Equation [2.30]), which is 

formed using a combination of three rotations: a rotation of ‘𝛾𝑖 ’ radians about the 𝑧-axis, 

followed by a rotation of ‘𝛽𝑖’ radians about the 𝑦-axis and rotation of ‘𝛼𝑖’ radians about the 𝑥-

axis. The resultant quaternion rotor operator (𝑈𝛿𝑖
= 𝑓(𝛼𝑖, 𝛽𝑖, 𝛾𝑖)) is presented in the equation 

below 
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𝑈𝛿𝑖
= [cos (

𝛾𝑖

2
) , 0,0, sin (

𝛾𝑖

2
)] ∗ [cos (

𝛽𝑖

2
) , 0, sin (

𝛽𝑖

2
) , 0]

∗ [cos (
𝛼𝑖

2
) , sin (

𝛼𝑖

2
) , 0,0] 

(5.15) 

I use the shorthand ‘𝑈𝛿𝑖
(𝛽𝑖)’ to denote a quaternion rotor 𝑈𝛿𝑖

, where  𝛼𝑖 = 0 and 𝛾𝑖 = 0. To 

help visualise a Type 1b1 transformation, I present an example of a Type 1b1 transformation 

performed on a 2R manipulator in Figure [5.5].  

 

Figure 5.5. Type 1b1 transformation (𝑷{𝟐}
𝟏𝒃𝟏 (𝑈𝛿2

(𝛼2 = 0, 𝛽2 =
𝜋

4
, 𝛾2 = 0) ) applied to the second 

kinematic pair (𝑖 = 2) in a 2R manipulator. 

3) Type 1c transformation operation ‘𝑷{𝒊}
𝟏𝒄(𝛿𝑚𝑖)’, where ‘𝛿𝑚𝑖’ is a change of mass of the 𝑖-th 

link or the end-effector ‘𝐸’. For the purposes of this chapter, an additional mass is attached to 

the centre of the link or end-effector. Therefore, we employ the constraint:  𝛿𝑚𝑖 > 0.  

Expanding upon the table of transformation types presented in Table [3.2], I present the effects 

of the Types 1a, 1b and 1c transformation operations (𝑷{𝒊}
𝑲 (𝑇𝑖)) on the position elements (𝑋𝑖 𝑖+1

 ) 

and link mass (𝑚𝑖
 ) in Table [5.3], such that 𝑋 

 → 𝑋 
′  and the apostrophe indicates that the 

element is transformed.  

Transformation 

Type (𝐾) 

Transformation 

variable (𝑇𝑖) 

Effect of the transformation 

operation 𝑷{𝒊}
𝑲 (𝑇𝑖) on 𝑋𝑖 𝑖+1 

Effect of the 

transformation operation 

𝑷{𝒊}
𝑲 (𝑇𝑖) on 𝑚𝑖 

1a ∆𝐻𝑖 
𝑋𝑖 𝑖+1

′  = 𝑈𝐺𝑖
 𝑈𝑖

  

(𝐻𝑖
 + 𝛿𝐻𝑖

 + ∆𝑯𝒊)𝑈𝑖
−1𝑈𝐺𝑖

−1 
𝑚𝑖

′ = 𝑚𝑖 

1b1 𝑈𝛿𝑖
 

𝑋𝑖 𝑖+1
′  = 𝑈𝐺𝑖

 𝑈𝛿𝑖
𝑈𝑖

  

(𝐻𝑖 + 𝛿𝐻𝑖)𝑈𝑖
−1𝑈𝛿𝑖

−1𝑈𝐺𝑖
−1 

𝑚𝑖
′ = 𝑚𝑖 

1c 𝛿𝑚𝑖 𝑋𝑖 𝑖+1
′ = 𝑋𝑖 𝑖+1

  𝑚𝑖
′ = 𝑚𝑖 + 𝛿𝑚𝑖 

Table 5.3. The effects of the transformation operations 𝑷{𝒊}
𝑲 (𝑇𝑖) on the position elements 𝑋𝑖 𝑖+1

  and link 

mass 𝑚𝑖
 . 

Referring to Table [5.3], 𝑋𝑖 𝑖+1
′ = 𝑋𝑖 𝑖+1

  or 𝑚𝑖
′ = 𝑚𝑖 , indicates that the position element 

(𝑋𝑖 𝑖+1
 ) or mass (𝑚𝑖), respectively, are not affected by that Type 𝐾 transformation. 
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Every transformation operation 𝑷{𝒊}
𝑲 (𝑇𝑖 ) produces a corresponding difference map 

(𝑃{𝑖}
𝐾 (𝑇𝑖)), which is a mathematical expression that characterises the effects of reassembling 

transformations in terms of position elements. Difference maps are produced using Equation 

[5.16] and I define the general difference map for a Type 𝐾 transformation as  

   𝑃{𝑖,𝑙,𝑘}
𝐾 = 𝑋𝑙 𝑘

′ − 𝑋𝑙 𝑘 (5.16) 

Where ‘𝑋𝑙 𝑘
′ ’ is the post-transformed position expression of a manipulator, ‘𝑖’ denotes the 

kinematic pair(s) undergoing the Type 𝐾 transformation and the subscripts ‘𝑙’ and ‘𝑘’ denote 

the first and last kinematic pairs selected on a chain under analysis respectively. When the 

subscripts ‘𝑙’ and ‘𝑘’ are not shown, they will be assumed to denote the first kinematic pair of 

a chain and the end-effector node respectively, for the purposes of brevity (𝑃{𝑖,1,𝑛+1}
𝐾 → 𝑃{𝑖}

𝐾 ). It 

is important to note that the un-bolded 𝑃{𝑖}
𝐾 (𝑇𝑖) refers to the difference map, which is a 4-tuple 

element, whereas the transformation operator is denoted with the bolded symbol 𝑷{𝒊}
𝑲 (𝑇𝑖) 

(Table [5.3]). Multiple subscripts are employed for the transformation operator to denote 

multiple kinematic pairs (say ‘𝑖’, ‘𝑗’ and ‘𝑘’) undergoing a Type 𝐾 transformation as 𝑷{𝒊,𝒋,𝒌}
𝑲 , 

whereas I denote multiple subscripts in a difference map which has multiple kinematic pairs 

(say ‘𝑗1’, ‘𝑗2’ and ‘𝑗3’) undergoing a Type 𝐾 transformation as ‘𝑃{(𝑖=𝑗1,𝑗2,𝑗3),𝑙,𝑘}
𝐾 ’.  I define the 

pre- and post-transformation position expressions for the transformation operation ‘𝑷{𝒋}
𝟏𝒂(∆𝐻𝑗

 )’ 

below 

𝑃{𝑗,1,𝑛+1}
1𝑎 (∆𝐻𝑗

 ) = 𝑋1 𝑛+1
′ − 𝑋1 𝑛+1 (5.17) 

Where 

𝑋1 𝑛+1 = ∑[𝑈𝐺𝑖𝑈𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )𝑈𝑖

−1𝑈𝐺𝑖
−1]

𝑛

𝑖=1

 (5.18) 

𝑷{𝒋}
𝟏𝒂[𝑋1 𝑛+1

 ] = 𝑋1 𝑛+1
′

= ∑[𝑈𝐺𝑖𝑈𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )𝑈𝑖

−1𝑈𝐺𝑖
−1]

𝑗−1

𝑖=1

+ 𝑈𝐺𝑗
 𝑈𝑗

 (𝐻𝑗
 + 𝛿𝐻𝑗

 + ∆𝑯𝒋
 )𝑈𝑗

−1𝑈𝐺𝑗
−1

+ ∑ [𝑈𝐺𝑖𝑈𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )𝑈𝑖

−1𝑈𝐺𝑖
−1]

𝑛

𝑖=𝑗+1

 

(5.19) 

Which gives, by virtue of Equation [5.16],  

 𝑃{𝑗}
1𝑎(∆𝐻𝑗

 ) = 𝑈𝐺𝑗𝑈𝑗∆𝑯𝒋
 𝑈𝑗

−1𝑈𝐺𝑗
−1 (5.20) 
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For Type 1a transformations, there are two definitions of the transformed infinitesimal screw 

for the 𝑘-th kinematic pair where the the 𝑗-th kinematic pair is undergoing a transformation 

(𝑿𝒌 𝒏+𝟏
𝜽 → 𝑿𝒌 𝒏+𝟏

𝜽′
), one where ‘𝑗’ in 𝑃{𝑗}

1𝑎 precedes ‘𝑘’ in terms of its topological position on 

the manipulator’s kinematic chain (i.e. 𝑘 > 𝑗) and one where ‘𝑘’ precedes ‘𝑗’ or is equal to ‘𝑗’ 

(i.e. 𝑘 ≤ 𝑗). Using the difference map defined in Equation [5.17], and the pre-transformed 

infinitesimal screw (Equation [2.45]), I present the transformed screws below 

 𝑷{𝒋}
𝟏𝒂[𝑿𝒌 𝒏+𝟏

𝜽 ] = 𝑿𝒌 𝒏+𝟏
𝜽′

  = [(𝑈𝐺𝑘𝑠𝑘𝑈𝐺𝑘
−1) , (𝑈𝐺𝑘𝑠𝑘𝑈𝐺𝑘

−1) × 𝑋𝑘 𝑛+1 ] (5.21) 

Where 𝑗 < 𝑘 ≤ 𝑛 

 𝑷{𝒋}
𝟏𝒂[𝑿𝒌 𝒏+𝟏

𝜽 ] = 𝑿𝒌 𝒏+𝟏
𝜽′

= [(𝑈𝐺𝑘𝑠𝑘𝑈𝐺𝑘
−1), (𝑈𝐺𝑘𝑠𝑘𝑈𝐺𝑘

−1) × (𝑋𝑘 𝑛+1

+ 𝑈𝐺𝑗𝑈𝑗∆𝑯𝒋
 𝑈𝑗

−1𝑈𝐺𝑗
−1) ] 

(5.22) 

Where 𝑘 ≤ 𝑗 . The post-transformed position expression for the transformation operation 

𝑷{𝒋}
𝟏𝒃𝟏(𝑈𝛿𝑗

) is defined as  

𝑷{𝒋}
𝟏𝒃𝟏[𝑋1 𝑛+1] = 𝑋1 𝑛+1

′

= ∑[𝑈𝐺𝑖𝑈𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )𝑈𝑖

−1𝑈𝐺𝑖
−1]

𝑗−1

𝑖=1

+ 𝑈𝐺𝑗𝑈𝛿𝑗
𝑈𝑗(𝐻𝑗

+ 𝛿𝐻𝑗
 )(𝑈𝛿𝑗

𝑈𝑗)−1𝑈𝐺𝑗
−1 + ∑ [𝑈𝐺𝑘

′ 𝑈𝑘(𝐻𝑘 + 𝛿𝐻𝑘
 )𝑈𝑘

−1𝑈𝐺𝑘
′ −1]

𝑛

𝑘=𝑗+1

 

(5.23) 

Where 𝑈𝐺𝑘
′ = 𝑈1𝑈2 … 𝑈(𝑗−1)𝑈𝛿𝑗

𝑈𝑗 … 𝑈𝑘−1 and where 𝑈𝛿𝑗
 is fixed during all maneouvres and 

end effector poses. Employing the Geometric Algebraic convention of using ‘𝑅𝑖’ as rotors 

(Altmann 1986), which provides mathematical ease of use and manipulability, I write 

 𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 ) = 𝑈𝑖(𝐻𝑖 + 𝛿𝐻𝑖

 )𝑈𝑖
−1 (5.24) 

Using Equation [5.24], I define the pre-transformation position expression as 

 𝑋1 𝑛+1 = 𝑅1(𝐻1 + 𝛿𝐻1
 ) + 𝑅1𝑅2(𝐻2 + 𝛿𝐻2

 )

+ ⋯ +(𝑅1 … 𝑅𝑖−1𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )) + ⋯

+ (𝑅1 … 𝑅𝑖𝑅𝑖+1 … 𝑅𝑗−1𝑅𝑗(𝐻𝑗 + 𝛿𝐻𝑗
 ))

+ ⋯ (𝑅1 … 𝑅𝑖 … 𝑅𝑗 … 𝑅𝑛(𝐻𝑛 + 𝛿𝐻𝑛
 )) = ∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖

 )

𝑛

𝑖=1

 

(5.25) 

And the post-transformed position expression, under the transformation 𝑷{𝒋}
𝟏𝒃𝟏(𝑈𝛿𝑗

), becomes 
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 𝑷{𝒋}
𝟏𝒃𝟏 [𝑋1 𝑛+1

 ] = 𝑋1 𝑛+1
′

= ∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )

𝑗−1

𝑖=1

+ 𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝑗(𝐻𝑗 + 𝛿𝐻𝑗

 )

+ ∑ 𝑅𝐺𝑘
′ 𝑅𝑘(𝐻𝑘 + 𝛿𝐻𝑘

 )

𝑛

𝑘=𝑗+1

 

(5.26) 

In accordance with Equations [5.16], [5.25] and [5.26], the general difference map for Type 

1b1 transformations is 

𝑃{𝑗,1,𝑛+1}
1𝑏1 (𝑅𝛿𝑗

) = ∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )

𝑗−1

𝑖=1

+ 𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝑗(𝐻𝑗 + 𝛿𝐻𝑗

 ) 

+ ∑ 𝑅𝐺𝑘
′ 𝑅𝑘(𝐻𝑘 + 𝛿𝐻𝑘

 )

𝑛

𝑘=𝑗+1

− ∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )

𝑛

𝑖=1

= (𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝐺𝑗

−1 − 1) 𝑥𝑗 + ∑ [𝑅𝐺𝑘
′ 𝑅𝐺𝑘

−1 − 1]𝑥𝑘

𝑛

𝑘=𝑗+1

 

(5.27) 

Where 𝑅𝛿𝑖
(𝐻𝑖 + 𝛿𝐻𝑖

 ) = 𝑈𝛿𝑖
(𝐻𝑖 + 𝛿𝐻𝑖

 )𝑈𝛿𝑖

−1 and 𝑥𝑘 = 𝑅𝐺𝑘𝑅𝑘(𝐻𝑘 + 𝛿𝐻𝑘
 ). This can be further 

simplified to 

 
𝑃{𝑗,1,𝑛+1}

1𝑏1 (𝑅𝛿𝑗
) = (𝑅𝐺𝑗𝑅𝛿𝑗

𝑅𝐺𝑗
−1 − 1) 𝑥𝑗 + ∑ [𝑅𝐺𝑘

′ 𝑅𝐺𝑘
−1 − 1]𝑥𝑘

𝑛

𝑘=𝑗+1

= (𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝐺𝑗

−1 − 1) 𝑥𝑗 + ∑ 𝛥𝑅𝐺𝑘𝑥𝑘

𝑛

𝑘=𝑗+1

 

(5.28) 

Where 𝛥𝑅𝐺𝑘 = 𝑅𝐺𝑘
′ 𝑅𝐺𝑘

−1 − 1. The expression presented in Equation [5.28] gives the difference 

map for a Type 1b1 transformation. Under the transformation 𝑷{𝒋}
𝟏𝒃𝟏(𝑈𝛿𝑗

), the infinitesimal 

screw is changed and as such, 𝑈𝑗 → 𝑈𝑗
′ , 𝑈𝐺𝑖+1 → 𝑈𝐺𝑖+1

′  for 𝑖 ≥ 𝑗 . Similar to the Type 1a 

transformation shown above, we have the post-transformed infinitesimal screws 

𝑷{𝒋}
𝟏𝒃𝟏[𝑿𝒌 𝒏+𝟏

𝜽 ] = 𝑿𝒌 𝒏+𝟏
𝜽′

= [(𝑈𝐺𝑘
 𝑠𝑘𝑈𝐺𝑘

−1), 𝑈𝐺𝑘
 𝑠𝑘𝑈𝐺𝑘

−1

× (∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )

𝑛

𝑖=𝑘

+ (𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝐺𝑗

−1 − 1) 𝑥𝑗 + ∑ 𝛥𝑅𝐺𝑘𝑥𝑘

𝑛

𝑘=𝑗+1

) 

(5.29) 

Where 𝑘 <  𝑗 
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 𝑷{𝒋}
𝟏𝒃𝟏[𝑿 𝒌 𝒏+𝟏

𝜽 ] = 𝑿𝒌 𝒏+𝟏
𝜽′ = [(𝑈𝐺𝑘

′ 𝑠𝑘𝑈𝐺𝑘
′−1), (𝑈𝐺𝑘

′ 𝑠𝑘𝑈𝐺𝑘
′−1) × 𝑋𝑘 𝑛+1 ] (5.30) 

Where 𝑗 < 𝑘 ≤ 𝑛 

𝑷{𝒋}
𝟏𝒃𝟏[𝑿𝒋 𝒏+𝟏

𝜽 ] = 𝑿𝒋 𝒏+𝟏
𝜽′

= [(𝑈𝐺𝑗
 𝑠𝑗𝑈𝐺𝑗

−1), 𝑈𝐺𝑗
 𝑠𝑗𝑈𝐺𝑗

−1

× (∑ 𝑅𝐺𝑖𝑅𝑖(𝐻𝑖 + 𝛿𝐻𝑖
 )

𝑛

𝑖=𝑗

+ (𝑅𝐺𝑗𝑅𝛿𝑗
𝑅𝐺𝑗

−1 − 1) 𝑥𝑗 + ∑ 𝛥𝑅𝐺𝑖𝑥𝑖

𝑛

𝑖=𝑗+1

)] 

(5.31) 

Where 𝑘 = 𝑗. Continuing with the Delta manipulator analysis presented in Section [5.2.1], I 

use the values for the joint axes (𝑠𝑖) and link vectors (𝐻𝑖) as shown in Table [5.1]. I perform a 

𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖

 ) transformation operation on kinematic pair 𝑖 = 1 , while fixing the end-effector 

position (𝑋𝐸 ), to produce the difference map 𝑃{𝑖}
1𝑎(∆𝐻𝑖

 )  (Equation [5.20]) for limb 1, as 

presented below 

𝑃{1}
1𝑎(∆𝐻1

 ) = 𝑈𝐺1𝑈1∆𝑯𝟏
 𝑈1

−1𝑈𝐺1
−1 (5.32) 

I perform a 𝑷{𝒊}
𝟏𝒃𝟏(𝑈𝛿𝑖

) transformation operation on kinematic pair 𝑖 = 1, while fixing the end-

effector position (𝑋𝐸), to produce the difference map 𝑃{𝑖}
1𝑏1(𝑈𝛿𝑖

) (Equation [5.28]) for limb 1, 

as presented below 

𝑃{1,1,𝑛+1}
1𝑏1 (𝑈𝛿1

) = (𝑅𝛿1
− 1)𝑥1 + ∑ 𝛥𝑅𝐺𝑘

𝑥𝑘

5

𝑘=2

 

= (𝑅𝛿1
− 1)(𝑅1𝐻1) + ∑(𝑅𝐺𝑘

′ 𝑅𝐺𝑘
−1 − 1)(𝑅𝐺𝑘𝑅𝑘𝐻𝑘)

5

𝑘=2

 

= 𝑅𝛿1
𝑅1𝐻1 + 𝑅𝐺3

′ 𝑅3𝐻3 + 𝑅𝐺5
′ 𝑅5𝐻5 − 𝑅1𝐻1 − 𝑅𝐺3𝑅3𝐻3 − 𝑅𝐺5𝑅5𝐻5 

(5.33) 

Since 𝐻2  and 𝐻4  are zero vectors for the Delta manipulator and 𝑅𝐺3
′ = 𝑅𝛿1

𝑅1𝑅2 , 𝑅𝐺5
′ =

𝑅𝛿1
𝑅1𝑅2𝑅3𝑅4, 𝑅𝐺3

 = 𝑅1𝑅2, 𝑅𝐺5
 = 𝑅1𝑅2𝑅3𝑅4 and 𝛿𝐻𝑖

 = 0. Since Type 1c transformations 

do not affect the position elements but instead affects the masses of the links (Table [5.3]), I 

define the difference map for Type 1c as  

  𝑃{𝑖}
1𝑐(𝛿𝑚𝑖) = 𝑚𝑖

′ − 𝑚𝑖 = 𝛿𝑚𝑖 (5.34) 

Note that the difference maps are defined such that the joint variables are fixed but the end-

effector position changes for the pre- and post-transformed manipulator 

𝑋𝐸(𝑞𝑖) ≠ 𝑋𝐸
′ (𝑞𝑖) (5.35) 
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For the case where we constrain the end-effector to reach the same task manoeuvre, we require 

the joint variables to change for the pre- and post-transformed manipulator, giving us the 

following expression 

𝑋𝐸(𝑞𝑖) = 𝑋𝐸
′ (𝑞𝑖

′) (5.36) 

This distinction becomes useful later on in this chapter. In this section, I have presented the 

transformation types, their corresponding transformation variables and defined difference maps 

for Type 1a, 1b1 and 1c transformations. In the next section, I adapt quaternion rotor methods 

for dynamics analysis. 

5.2.3. Adaptation of Quaternion Rotor Methods for the Transformed Lagrangian Method  

In this section, I employ the constraint expressions (presented in Section [2.4], Equation [2.41]) 

and I derive a general quaternion based Lagrangian expression for use in reassembling robotics. 

The general form of the Lagrangian Formulation, applied to parallel manipulators, is presented 

in Tsai (1999) as 

  𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑐�̇�
) −

𝜕𝐿

𝜕𝑐𝑗
= 𝑄𝑗 + ∑ 𝜆𝑖

𝜕𝛤𝑖

𝜕𝑐𝑗

𝑘

𝑖=1

 

for 𝑗 = 1 to 𝑚 

(5.37) 

Where ‘𝐿’ is the Lagrangian (defined as the difference between the kinetic energy and potential 

energy of the system), ‘𝑄𝑗’ is the input actuator torque, ‘𝜆𝑖’ is the Lagrangian multiplier, ‘𝛤𝑖’ 

denotes the 𝑖-th constraint function out of ‘𝑘’ total constraint functions. The constraint function 

𝛤𝑖  describes the constraints on the kinematic pair parameters of a manipulator due to its 

geometry (as presented in Section [2.4], Equation [2.41]), and these constraints can be 

expressed as 

 𝛤𝑖 = 𝑓(𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓, 𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5, 𝑞6) = 0 (5.38) 

Where ‘{𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓}’ is the end-effector pose and ‘{𝑞1, 𝑞2, … , 𝑞6}’ are the general six 

actuated joint variables of the system (Tsai 1999). In Equation [5.37], ‘ 𝑐𝑗 ’ is the 𝑗 -th 

‘generalised coordinate’ (where {𝑐1, 𝑐2, … , 𝑐12} = {𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓, 𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5, 𝑞6}, for a 

general 6-DOF manipulator with 6 actuated joints), ‘𝑚’ is the total number of generalised 

coordinates and 𝑚 = 𝑝 + 𝑘, where ‘𝑝’ is the number of degrees of freedom. Continuing with 

the Delta manipulator analysis, the generalised coordinates are {𝑐1, 𝑐2, … , 𝑐6} =

{𝑥, 𝑦, 𝑧, 𝜃1,1, 𝜃2,1, 𝜃3,1}, where {𝜃1,1, 𝜃2,1, 𝜃3,1} are the active joints of limbs 𝑙 = {1,2,3}. The 

first ‘𝑘 ’ equations correspond to the redundant coordinates and Lagrange multipliers, as 

follows 
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∑ 𝜆𝑖

𝜕𝛤𝑖

𝜕𝑐𝑗

𝑘

𝑖=1

=
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑐�̇�
) −

𝜕𝐿

𝜕𝑐𝑗
− �̂�𝑗 

for 𝑗 = 1 to 𝑘 

(5.39) 

Where ‘�̂�𝑗’ is the generalised external forces (or broadly, the external wrench (Tsai 1999)) 

applied at the end-effector (see Bayro-Corrochano (2018) for a dynamics formulation using the 

Lagrangian equation in conformal geometry and the Newton-Euler formulation using screw 

theory and bivector algebras). For a general case, �̂�𝑗 possesses six degrees of freedom with 

both force and moment terms of the form: �̂�𝑗 = {�̂�1, �̂�2, … , �̂�6}. Since the right-hand side of 

Equation [5.39] is known, the ‘𝑘’ Lagrangian multipliers can be solved. The solved values of 

𝜆𝑖 are substituted into the subsequent 𝑚 − 𝑘 equations (Equation [5.40]), which correspond to 

the actuated joint variables, to determine the actuator torques 

 

𝜏𝑙 = 𝑄𝑗 =
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑐�̇�
) −

𝜕𝐿

𝜕𝑐𝑗
− ∑ 𝜆𝑖

𝜕𝛤𝑖

𝜕𝑐𝑗

𝑘

𝑖=1

 

for 𝑗 = 𝑘 + 1 to 𝑚 and  𝑙 = 𝑗 − 𝑘 

(5.40) 

Where 𝜏𝑙  is the torque generated by the active joint of the 𝑙 -th limb. After deriving the 

expression for the Lagrangian dynamics of a parallel manipulator, for a pre-transformed 

manipulator, I present a function which I call the ‘Transformed Lagrangian’, which is used to 

define the effects of reassembling transformations (which is incorporated using difference 

maps) on the dynamic performance of a manipulator. Under an arbitrary reassembling 

transformation 𝑷{𝒖}
𝑲 , as presented in Table [5.1], the torque inputs (𝜏𝑙), the Lagrangian (𝐿) and 

constraint terms ( 𝛤𝑖)  are transformed such that 𝜏𝑙 → 𝜏𝑙
 ′(𝑃{𝑢}

𝐾 ) ,  𝐿 → 𝐿′ (𝑃{𝑢}
𝐾 )  and 𝛤𝑖 →

𝛤𝑖
 ′(𝑃{𝑢}

𝐾 ), respectively. Adapting Equations [5.39] and [5.40] to compute values of the post-

transformed torques 𝜏𝑙
′, I have  

 

∑ 𝜆𝑖
 ′(𝑃{𝑢}

𝐾 )
𝜕𝛤𝑖

′ (𝑃{𝑢}
𝐾 )

𝜕𝑐𝑗
′(𝑃{𝑢}

𝐾 )

𝑘

𝑖=1

=
𝑑

𝑑𝑡
(

𝜕𝐿′ (𝑃{𝑢}
𝐾 )

𝜕𝑐𝑗
 ′̇ (𝑃{𝑢}

𝐾 )
) −

𝜕𝐿′ (𝑃{𝑢}
𝐾 )

𝜕𝑐𝑗
 ′(𝑃{𝑢}

𝐾 )
− �̂�𝑗

 ′(𝑃{𝑢}
𝐾 ) 

for 𝑗 = 1 to 𝑘 

(5.41) 

 

𝜏𝑙
 ′(𝑃{𝑢}

𝐾 ) =
𝑑

𝑑𝑡
(

𝜕𝐿′ (𝑃{𝑢}
𝐾 )

𝜕𝑐𝑗
 ′̇ (𝑃{𝑢}

𝐾 )
) −

𝜕𝐿′ (𝑃{𝑢}
𝐾 )

𝜕𝑐𝑗
 ′(𝑃{𝑢}

𝐾 )
− ∑ 𝜆𝑖

′ (𝑃{𝑢}
𝐾 )

𝜕𝛤𝑖
′ (𝑃{𝑢}

𝐾 )

𝜕𝑐𝑗
 ′(𝑃{𝑢}

𝐾 )

𝑘

𝑖=1

 

for 𝑗 = 𝑘 + 1 to 𝑚 and 𝑙 = 𝑗 − 𝑘 

(5.42) 

Where the transformed Lagrangian (𝐿′(𝑃{𝑢}
𝐾 ) ) and constraint functions (𝛤𝑖

′(𝑃{𝑢}
𝐾 )) are derived 

using the transformed position elements, joint variables, infinitesimal screws and the Jacobian 
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matrix (with the difference maps embedded in them) as shown in Figure [5.6], below, where 

the detailed steps of embedding the difference maps into the Lagrangian (𝐿) and constraint 

terms (𝛤𝑖) are presented later on in Section [5.3.2-5.3.3]).  

 
Figure 5.6. A flowchart summarising the derivation of the transformed Lagrangian (𝐿′) and constraint 

functions (𝛤𝑖′), with the difference maps embedded in them. 

The relationship between the dynamics expressions of the pre- and post-transformed 

manipulators is expressed using the general form below 

 𝑓𝜏(𝑋𝐸 , �̇�𝐸 , �̈�𝐸 , 𝑞𝑖
𝑙′

, �̇�𝑖
𝑙′

, �̈�𝑖
𝑙′

, 𝛿�̂�𝑗, 𝑇1, … , 𝑇𝑗) = 𝛿𝜏𝑙 (5.43) 

Where ‘𝑓𝜏’ denotes a function or system of equations, ‘𝑋𝐸’, ‘�̇�𝐸’ and ‘�̈�𝐸’ are the position, 

velocity and accelerations of the end effector, respectively, ‘𝑞𝑖
𝑙′

’, ‘�̇�𝑖
𝑙′

’ and ‘�̈�𝑖
𝑙′

’ are the 

transformed joint variables, velocities and accelerations respectively, with the difference maps 

embedded in them and {𝑇1, … , 𝑇𝑗} are the 𝑷{𝒊}
𝑲  related transformation variables. In Equation 

[5.43], I set 𝛿�̂�𝑗 and 𝛿𝜏𝑙 to be the desired values, based on the desired ‘Transformation Case’. 

The application of a reassembling transformation(s) (𝑷{𝒊}
𝑲 ) enables us to achieve the following 

desired ‘Transformation Cases’ for the post-transformed manipulator:  

1) We aim to produce a desired joint torque in the post-transformed manipulator, such that 

𝜏𝑙
′ ≠ 𝜏𝑙, while achieving the same task manoeuvre and producing the same end-effector 

external wrench (�̂�𝑗
′ = �̂�𝑗). This transformation case is mathematically expressed by 

the condition 
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𝛿�̂�𝑗 = �̂�𝑗
′ − �̂�𝑗 = 0 (5.44a) 

𝜏𝑙
′ − 𝜏𝑙 ≠ 0 (5.44b) 

By setting 𝜏𝑙
′ − 𝜏𝑙 < 0, we aim to reduce the torques of the joints while achieving the 

same task manoeuvre and producing the same end-effector external wrench as the pre-

transformed manipulator. This is expected to increase the energy efficiency of the 

manipulator since the energy expense (�̂�𝑖) for each 𝑖-th joint is given as:  �̂�𝑖 = ∫ 𝜏𝑖  𝑑𝜃𝑖. 

Energy efficiency is not fully explored in this work and has been reserved for future 

investigations.  

2) To achieve a specific task manoeuvre where we aim to obtain a desired and varied end-

effector external wrench (�̂�𝑗
′ ) without changing the joint torque (𝜏𝑙

′ = 𝜏𝑙). This is 

represented with the condition 

𝛿�̂�𝑗 = �̂�𝑗
′ − �̂�𝑗 ≠ 0 (5.45a) 

𝜏𝑙
′(�̂�𝑗

′) − 𝜏𝑙(�̂�𝑗) = 0 (5.45b) 

In this transformation case, for the same amount of input torque over time, the end-

effector forces are desired to be higher. One notes that if no transformation were to be 

undertaken, 𝜏𝑙  changes proportionally with ( �̂�𝑗
′ ). One also notes that based on 

traditional definitions of �̂�𝑗 , as shown in Tsai (1999), by virtue of the equilibrium 

principle, the wrench exerted by the end-effector on its environment (denoted as 𝑾𝑬) 

will be the negative of the external wrench applied by the environment on the end-

effector (�̂�𝑗): (𝑾𝑬 = −�̂�𝑗). Based on whether the end-effector forces or wrench are 

computed from reference frame of the environment or the end-effector, the specialist 

can select the convention desired. In this work, I will, for the sake of generality, refer 

to �̂�𝑗  broadly as the end-effector forces and defer to the convention shown in Tsai 

(1999). 

3) Scenarios where we require the post-transformed manipulator to achieve a specific task 

manoeuvre with a desired end-effector external forces �̂�𝑗
′ , without constraining the joint 

torques of the post-transformed manipulator, are expressed symbolically as 

𝛿�̂�𝑗 = �̂�𝑗
′ − �̂�𝑗 ≠ 0 (5.46a) 

𝜏𝑙
′ − 𝜏𝑙 ≠ 0 (5.46b) 

Although all three cases present real-world utility in the context of reassembling robotics, 

Transformation Cases 1 and 2 reflect systems of equations with more constrained requirements 



155 

CHAPTER 5 

 

for multi-stage reassembling transformations. For these transformation cases, it is possible to 

significantly improve the mechanical and energy efficiency of the post-transformed 

manipulator for the same task manoeuvre. Transformation Case 3, where 𝜏𝑙
′ is unrestricted, is 

less reflective of the needs in industry and practical applications. Hence, I focus on 

Transformation Cases 1 and 2 in this chapter. To ensure that the post-transformed robot will 

be able to perform the same movement and achieve the same objective in the same amount of 

time, we require each [𝑂𝐸 , 𝑋𝐸]  pose of the given trajectory, ‘ 𝐸𝑇
 ’  (𝐸𝑇 =

𝐸𝑇(𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸 , 𝑥, 𝑦, 𝑧, 𝑡))  to be reachable. Additionally, we require that the end-effector 

velocity and accelerations, set by the operator for the pre-transformed robot, are also achievable 

in the post-transformed robot. Finally, we should note that only the contributions from an 

externally applied wrench on the end effector (�̂�𝑗) are known, while the contributions from an 

externally applied wrench on the intermediate joints remain unknown.  

In order to find the required transformation variables to achieve the desired change in 

joint torques, as described in Transformation Case 1, I define the general Difference 

Lagrangian Function, which is continuous and differentiable and allows us to compute the 

‘objective index’ of the active joint torque of the 𝑙-th limb (‘𝛿𝜏𝑙
𝑂,1

’), where the superscript 

‘𝑂, 1’ indicates the objective index for Transformation Case 1, as shown below, where in the 

general case  𝑙 = {1,2, … , 𝑀 = 6}.  

𝛿𝜏𝑙
𝑂,1 =

|𝜏𝑙
′(𝑡, �̂�𝑗

 , 𝑃{𝑖}
𝐾 )| − |𝜏𝑙

 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

= 𝐷 (5.47) 

Where ‘𝜏𝑙
 (𝑡, �̂�𝑗)’ and ‘𝜏𝑙

′(𝑡, �̂�𝑗, 𝑃{𝑖}
𝐾 )’ are the values of the active joint torques of the 𝑙-th limb 

at time ‘𝑡’, with the initial end-effector external wrench �̂�𝑗, for the pre- and post-transformed 

manipulators, respectively. For the Delta manipulator, 𝑙 = {1,2,3}  and �̂�𝑗
 = {�̂�1, �̂�2, �̂�3}.  

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇
 is defined as 

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇
=

∑ |𝜏𝑙
 (𝑡, �̂�𝑗)|

𝑡=𝑡𝑌1
𝑡=0

𝑌1
 (5.48) 

Where ‘𝑌1’ total number of points sampled from the given trajectory (𝐸𝑇). I use |𝜏𝑙
 (𝑡, �̂�𝑗)|

𝑚𝑒𝑎𝑛
 

as the denominator in Equation [5.47] to better reflect the objective index (𝛿𝜏𝑙
𝑂,1

), as using 

‘|𝜏𝑙
 (𝑡, �̂�𝑗)|’ for the denominator would produce disproportionally large values for 𝛿𝜏𝑙

𝑂,1
 when 

the value of |𝜏𝑙
 (𝑡, �̂�𝑗)| approaches zero. In Equation [5.47], ‘𝐷’ is the desired ratio of change 
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in torque. When 𝐷 < 0, we have an objective index that aims to achieve a reduction in torque 

for the post-transformed manipulator. 

For Transformation Case 2, I define the Difference Lagrangian Function, which allows 

us to compute the objective index of the active joint torque of the 𝑙-th limb (‘𝛿𝜏𝑙
𝑂,2

’), where the 

superscript ‘𝑂, 2’ indicates the objective index for Transformation Case 2, with a desired 

contribution from an externally applied force �̂�𝑗
′  as 

𝛿𝜏𝑙
𝑂,2 =

|𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑃{𝑖}
𝐾 )| − |𝜏𝑙

 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

= 0 (5.49) 

Where ‘𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑃{𝑖}
𝐾 )’ is the value of the active joint torque of the 𝑙-th limb of the post-

transformed robot at time ‘𝑡’, with the desired end-effector external wrench �̂�𝑗
′ . Whereas the 

objective index defined in Equations [5.47] and [5.49] has a continuous time variable (𝑡), an 

alternative discretised and numerically sampled summation based objective index denoted as 

(𝛿�̂�𝑙
𝑂,1) can also be defined as shown in Equations [5.50] and [5.51]. 

𝛿�̂�𝑙
𝑂,1 =

∑ |𝜏𝑙
′(𝑡, �̂�𝑗 , 𝑃{𝑖}

𝐾 )|
𝑡=𝑡𝑌1
𝑡=0 − ∑ |𝜏𝑙

 (𝑡, �̂�𝑗)|
𝑡𝑌1
𝑡=0

∑ |𝜏𝑙
 (𝑡, �̂�𝑗)|

𝑡𝑌1
𝑡=0

= 𝐷 (5.50) 

and 

𝛿�̂�𝑙
𝑂,2 =

∑ |𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑃{𝑖}
𝐾 ) − 𝜏𝑙

 (𝑡, �̂�𝑗)|
𝑡=𝑡𝑌1
𝑡=0

∑ |𝜏𝑙
 (𝑡, �̂�𝑗)|

𝑡𝑌1
𝑡=0

= 0 (5.51) 

I employ the forms presented in Equations [5.47-5.49] in the case studies (Section [5.3]). Note 

that the left-hand side of the Difference Lagrangian Functions (Equations [5.47-5.49]) is 

equivalent to the right hand side in Equation [5.43], as is required. After deriving the Difference 

Lagrangian Functions (Equations [5.47-5.49]), I then generate desired trajectories for the end-

effector position, velocity and acceleration (𝑋𝐸, �̇�𝐸  and �̈�𝐸) and sample ‘𝑌1’ number of points 

from the trajectory for each of the ‘𝑀’ number of limbs, to produce ‘𝑌1 ∗ 𝑀’ number of 

equations that are continuous and differentiable. I set 𝑌1 ∗ 𝑀 > 𝑗 to ensure that we produce an 

over-constrained system of equations, so that the solutions found for the ‘𝑗’ transformation 

variables {𝑇1, … , 𝑇𝑗} are well-formed for the entire task manoeuvre. This produces an over-

constrained system of equations with ‘𝑌1 ∗ 𝑀’ equations and ‘𝑗’ unknown transformation 

variables. Subsequently, I solve the over-constrained system of equations that I have generated 

using the Levenberg-Marquardt algorithm, as this algorithm is capable of handling over-

constrained systems of equations. This algorithm is a standard numerical technique used to 
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solve nonlinear systems of equations by iteratively locating the minima of a function, expressed 

as the sum of squares of the nonlinear functions. As presented in Moré (1978) and Lourakis 

(2005), let ‘𝑓𝐿’ be a function that maps a parameter vector ‘𝒑’ to a resultant output vector ‘�̂�’, 

such that (Lourakis 2005) 

�̂� = 𝑓𝐿(𝒑) (5.52) 

As inputs for the Levenberg-Marquardt algorithm, I provide an initial estimate of the parameter 

vector ‘𝒑0’, the target output vector ‘𝝁’, and the function 𝑓𝐿 that maps 𝒑 to �̂�. The Levenberg-

Marquardt algorithm finds the vector 𝒑 that minimises the squared distance ‘𝝐T𝝐’, where the 

non-italicised superscript ‘T’ denotes a matrix transpose and the error ‘ 𝝐 ’ is defined as 

(Lourakis 2005) 

𝝐 = 𝝁 − �̂� (5.53) 

For a small change in 𝒑, denoted as ‘|𝛿𝒑|’ the function 𝑓𝐿(𝒑 + 𝛿𝒑) is approximated as (Lourakis 

2005) 

𝑓𝐿(𝒑 + 𝛿𝒑) ≈ 𝑓𝐿(𝒑) + 𝑱𝑳𝛿𝒑 (5.54) 

Where ‘𝑱𝑳’ is the Jacobian matrix, which is distinct from the Jacobian matrix employed in the 

field of robotics to model a manipulator’s kinematic or dynamic behaviour (Tsai 1999), as the 

Jacobian matrix (𝐽𝜃) in Equation [5.10] is used to model the partial differentials of Equation 

[5.52].  𝑱𝑳 is defined as  

𝑱𝑳 =
𝜕𝑓𝐿(𝒑)

𝜕𝒑
 (5.55) 

which is in agreement with Lourakis (2005). By obtaining a desired 𝛿𝒑  iteratively, the 

Levenberg-Marquardt algorithm converges to a local minimum and we find 𝛿𝒑 according to 

the equation below  

𝑱𝑳
T𝑱𝑳𝛿𝒑 = 𝑱𝑳

T𝝐 (5.56) 

which is agreement with Lourakis (2005). After presenting the expressions for the general 

Lagrangian dynamics, I derive the quaternion rotor based Lagrangian expressions for a pre-

transformed Delta manipulator, continuing from the analysis in Section [5.2.1], to give 𝜏𝑙 (the 

active joint torque of the 𝑙-th limb), as shown in Tsai (1999). I present expressions for the 

quaternion rotor based Lagrangian dynamics of a Delta manipulator, where the expressions for 

the inverse position solutions to find 𝜃𝑙,1 are given in Equation [5.9], while the expression for 

the inverse kinematics solutions, �̇�𝑙,1  and �̈�𝑙,1  are given in Equations [5.13a] and [5.13b], 

respectively. Continuing with the Delta manipulator analysis, I define the dynamics 
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expressions using the same quaternionic approach, as before. In this example, I set the six 

generalised coordinates to be {𝑐1, 𝑐2, … , 𝑐6} = {𝑥, 𝑦, 𝑧, 𝜃1,1, 𝜃2,1, 𝜃3,1} , where {𝑥, 𝑦, 𝑧}  are 

redundant coordinates (Tsai 1999). Since the distance between kinematic pairs 3 and 4 

((𝑋3 4)2) is always equal to the length of the connecting rod of the upper arm ‘𝑎2 = |𝐻3| =

|𝑋3 4|’ (based on Figure [5.2]), I define the constraint function 𝛤𝑙 as follows (Tsai 1999) 

 𝛤𝑙 = (𝑋3 4
𝑙 )

2
− (|𝑋3 4

𝑙 |)
2

= (𝑥 + |𝑋5 𝐸
𝑙 | cos(𝜓𝑙) − |𝑋0 1

𝑙 | cos(𝜓𝑙) −

|𝑋1 2
𝑙 | cos(𝜓𝑙) cos(𝜃𝑙,1))

2
+ (𝑦 + |𝑋5 𝐸

𝑙 | sin(𝜓𝑙) −

|𝑋1 2
𝑙 | sin(𝜓𝑙) cos(𝜃𝑙,1))

2
+ (𝑧 − |𝑋1 2

𝑙 |sin(𝜃𝑙,1))
2

− (|𝑋3 4
𝑙 |)

2
 = 0   

(5.57) 

Where 𝑙 = {1,2,3} and the symbol ‘𝜓𝑙’ denotes the angles between the vector from the origin 

to the first joint of each 𝑙 -th limb and the 𝑥 -axis of the base reference frame (such that 

{𝜓1, 𝜓2, 𝜓3} = {0,
2𝜋

3
, −

2𝜋

3
} ). To simplify the analysis, I assume that the mass of each 

connecting rod in the forearm (𝑚𝑎2
) is divided evenly and concentrated at the two endpoints 

(𝑋0 3 and 𝑋0 4). As a result, I derive the Lagrangian function ‘𝐿’ by first defining the total 

kinetic energy of the manipulator as 

 

𝐾 = 𝐾𝐸 + ∑(𝐾𝑎1
𝑙 + 𝐾𝑎2

𝑙 )

3

𝑙=1

 (5.58) 

Where ‘𝐾𝐸’ is the kinetic energy of the end-effector platform, ‘𝐾𝑎1
𝑙 ’ is the kinetic energy of the 

bicep link of the 𝑙-th limb and ‘𝐾𝑎2
𝑙 ’ is the kinetic energy of the forearm of the 𝑙-th limb. Noting 

that |𝑋0 1
 | = |𝑋0 6

 | = |𝑋0 11
 | , |𝑋1 2

 | = |𝑋6 7
 | = |𝑋11 12

 | , |𝑋3 4
 | = |𝑋8 9

 | = |𝑋13 14
 |  and 

|𝑋5 𝐸
 | = |𝑋10 𝐸

 | = |𝑋15 𝐸
 |, this gives (which is in agreement with Tsai 1999) 

 
𝐾𝐸 =

1

2
𝑚𝐸(𝑥 ̇

2 + 𝑦 ̇
2 + 𝑧 ̇

2) (5.59) 

 
𝐾𝑎1

𝑙  =
1

2
(𝐼𝑚𝑜𝑡𝑜𝑟 +

1

3
𝑚𝑎1

(|𝑋1 2
 |)2) (�̇�𝑙,1)

2
 (5.60) 

 
𝐾𝑎2

𝑙  =
1

2
𝑚𝑎2

(�̇�2 + �̇�2 + �̇�2) +
1

2
𝑚𝑎2

(|𝑋1 2
 |)2(�̇�𝑙,1)

2
 (5.61) 

Where ‘𝑚𝐸’ is the mass of the end-effector platform, ‘𝑚𝑎1
’ is the mass of the bicep and ‘𝑚𝑎2

’ 

is the mass of one of the two connecting rods in the forearm. The mass of the link and its density 

distribution is assumed to be identical in each limb.  ‘𝐼𝑚𝑜𝑡𝑜𝑟’ is the axial moment of inertia of 

the rotor mounted on the 𝑙-th limb. Assuming that gravitational acceleration is in the ‘−𝑧’ 

direction, the total potential energy of the manipulator relative to the fixed ‘𝑥 − 𝑦’ plane is 
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𝑈 = 𝑈𝐸 + ∑(𝑈𝑎1
𝑙 + 𝑈𝑎2

𝑙 )

3

𝑙=1

 (5.62) 

Where ‘𝑈𝐸’ is the potential energy of the end-effector platform, ‘𝑈𝑎1
𝑙 ’ is the potential energy 

of the bicep link of the 𝑙-th limb and ‘𝑈𝑎2
𝑙 ’ is the potential energy of the forearm of the 𝑙-th 

limb, giving (in agreement with Tsai 1999) 

 
𝑈𝐸 =

1

2
𝑚𝐸𝑔𝑐𝑧 (5.63) 

 
𝑈𝑎1

𝑙  =
1

2
𝑚𝑎1

𝑔𝑐|𝑋1 2
 |sin (𝜃𝑙,1) (5.64) 

 𝑈𝑎2
𝑙  = 𝑚𝑎2

𝑔𝑐(𝑧 + |𝑋1 2
 |sin (𝜃𝑙,1)) (5.65) 

Where ‘𝑔𝑐’ is the symbol for gravitational acceleration. The Lagrangian function is defined, 

using Equations [5.58-5.65], as 

𝐿 = 𝐾 − 𝑈 =
1

2
(𝑚𝐸 + 3𝑚𝑎2

)(�̇�2 + �̇�2 + �̇�2)

+
1

2
(𝐼𝑚𝑜𝑡𝑜𝑟 +

1

3
𝑚𝑎1

(|𝑋1 2
 |)2 + 𝑚𝑎1

(|𝑋1 2
 |)2) ((�̇�1,1)

2
+ (�̇�2,1)

2

+ (�̇�3,1)
2

) − (𝑚𝐸 + 3𝑚𝑎2
)𝑔𝑐𝑧 − (

1

2
𝑚𝑎1

+ 𝑚𝑎2
) 𝑔𝑐|𝑋1 2

 |(sin(𝜃1,1)

+ sin(𝜃2,1) + sin (𝜃3,1)) 

(5.66) 

Taking the partial derivatives of the Lagrangian function (Equation [5.66]), with respect to the 

six generalised coordinates (𝑥, 𝑦, 𝑧, 𝜃1,1, 𝜃2,1, 𝜃3,1), we get 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�
) = (𝑚𝐸 + 3𝑚𝑎2

)�̈�  ,                     
𝜕𝐿

𝜕𝑥
= 0 (5.67a-b) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�
) = (𝑚𝐸 + 3𝑚𝑎2

)�̈�  ,                     
𝜕𝐿

𝜕𝑦
= 0 (5.68a-b) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�
) = (𝑚𝐸 + 3𝑚𝑎2

)�̈�  ,         
𝜕𝐿

𝜕𝑧
= −(𝑚𝐸 + 3𝑚𝑎2

)𝑔𝑐 (5.69a-b) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�1,1

) = (𝐼𝑚𝑜𝑡𝑜𝑟 +
1

3
𝑚𝑎1

(|𝑋1 2
 |)2 + 𝑚𝑎2

(|𝑋1 2
 |)2) �̈�1,1 (5.70) 

 𝜕𝐿

𝜕𝜃1,1
= −

1

2
(𝑚𝑎1

+ 𝑚𝑎2
)𝑔𝑐|𝑋1 2

 |cos (𝜃1,1) (5.71) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�2,1

) = (𝐼𝑚𝑜𝑡𝑜𝑟 +
1

3
𝑚𝑎1

(|𝑋1 2
 |)2 + 𝑚𝑎2

(|𝑋1 2
 |)2) �̈�2,1 (5.72) 
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 𝜕𝐿

𝜕𝜃2,1
= −

1

2
(𝑚𝑎1

+ 𝑚𝑎2
)𝑔𝑐|𝑋1 2

 |cos (𝜃2,1) (5.73) 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�3,1

) = (𝐼𝑚𝑜𝑡𝑜𝑟 +
1

3
𝑚𝑎1

(|𝑋1 2
 |)2 + 𝑚𝑎2

(|𝑋1 2
 |)2) �̈�3,1 (5.74) 

 𝜕𝐿

𝜕𝜃3,1
= −

1

2
(𝑚𝑎1

+ 𝑚𝑎2
)𝑔𝑐|𝑋1 2

 |cos (𝜃3,1) (5.75) 

Taking the partial derivatives of the constraint function (𝛤𝑙), with respect to the six generalised 

coordinates (𝑥, 𝑦, 𝑧, 𝜃1,1, 𝜃2,1, 𝜃3,1), we get 

 𝜕𝛤𝑙

𝜕𝑥
= 2(𝑥 + |𝑋5 𝐸

 | cos(𝜓𝑙) − |𝑋0 1
 | cos(𝜓𝑙) − |𝑋1 2

 |cos(𝜓𝑙)cos(𝜃𝑙,1)) 

for 𝑙 = {1,2,3} 

(5.76) 

 𝜕𝛤𝑙

𝜕𝑦
= 2(𝑦 + |𝑋5 𝐸

 | cos(𝜓𝑙) − |𝑋0 1
 | cos(𝜓𝑙) − |𝑋1 2

 |sin(𝜓𝑙)cos(𝜃𝑙,1)) 

for 𝑙 = {1,2,3} 

(5.77) 

 𝜕𝛤𝑙

𝜕𝑧
= 2(𝑧 − |𝑋1 2|sin(𝜃𝑙,1)) 

for 𝑙 = {1,2,3} 

(5.78) 

 𝜕𝛤1

𝜕𝜃1,1
= 2|𝑋1 2

 |((𝑥 cos(𝜓1) + 𝑦 sin(𝜓1) + |𝑋5 𝐸
 | − |𝑋0 1

 |)sin(𝜃1,1)

− 𝑧cos(𝜃1,1)) 

(5.79) 

 𝜕𝛤𝑙

𝜕𝜃1,1
= 0 

for 𝑙 = {2,3} 

(5.80) 

 𝜕𝛤2

𝜕𝜃2,1
= 2|𝑋1 2

 |((𝑥 cos(𝜓2) + 𝑦 sin(𝜓2) + |𝑋5 𝐸
 | − |𝑋0 1

 |)sin(𝜃2,1)

− 𝑧cos(𝜃2,1)) 

(5.81) 

 𝜕𝛤𝑙

𝜕𝜃2,1
= 0 

for 𝑙 = {1,3} 

(5.82) 

 𝜕𝛤3

𝜕𝜃3,1
= 2|𝑋1 2

 |((𝑥 cos(𝜓3) + 𝑦 sin(𝜓3) + |𝑋5 𝐸
 | − |𝑋0 1

 |)sin(𝜃3,1)

− 𝑧cos(𝜃3,1)) 

(5.83) 

 𝜕𝛤𝑙

𝜕𝜃3,1
= 0 (5.84) 
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for 𝑙 = {1,2} 

By substituting the partial derivatives 
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑐̇𝑗
)  and 

𝜕𝐿

𝜕𝑐𝑗
 (Equations [5.67-5.75]) and 

𝜕𝛤𝑙

𝜕𝑐𝑗
 

(Equations [5.76-5.84]), into Equation [5.39] and by setting 𝑙 = {1,2,3}, we get the system of 

equations shown below, which I solve simultaneously to find 𝜆𝑙 

 

2 ∑ 𝜆𝑙(𝑥 + |𝑋5 𝐸
 | cos(𝜓𝑙) − |𝑋0 1

 | cos(𝜓𝑙) − |𝑋1 2
 | cos(𝜓𝑙) cos(𝜃𝑙,1))

3

𝑙=1

= (𝑚𝐸 + 3𝑚𝑎2
)�̈� − 𝑓𝑥 

(5.85a) 

 

2 ∑ 𝜆𝑙(𝑦 + |𝑋5 𝐸
 | sin(𝜓𝑙) − |𝑋0 1

 | sin(𝜓𝑙) − |𝑋1 2
 | sin(𝜓𝑙) cos(𝜃𝑙,1))

3

𝑙=1

= (𝑚𝐸 + 3𝑚𝑎2
)�̈� − 𝑓𝑦 

(5.85b) 

 

2 ∑ 𝜆𝑙

3

𝑙=1

(𝑧 − |𝑋1 2
 | sin(𝜃𝑙,1)) = (𝑚𝐸 + 3𝑚𝑎2

)�̈� + (𝑚𝐸 + 3𝑚𝑎2
)𝑔𝑐 − 𝑓𝑧 (5.85c) 

Where (𝑓𝑥, 𝑓𝑦,𝑓𝑧) are the ‘𝑥’, ‘𝑦’ and ‘𝑧’ components of the external force exerted on the end 

effector and the gravitational acceleration ‘ 𝑔𝑐 ’ is set to −9.81 𝑚𝑠−2 . As mentioned, 

(𝑓𝑥 , 𝑓𝑦 ,𝑓𝑧) → −(𝑓𝑥, 𝑓𝑦, 𝑓𝑧) if the convention is inverted to evaluate the end-effector wrench 

applied to the environment. The expression for 𝜏𝑙, a quaternion based torque representation of 

the torques of the active joint of the 𝑙-th limb, is presented in Equation [5.86]  

𝜏𝑙 = (𝐼𝑚𝑜𝑡𝑜𝑟 +
1

3
𝑚𝑎1

|𝑋1 2
 |2 + 𝑚𝑎2

|𝑋1 2
 |2 ) �̈�𝑙,1 + (

1

2
𝑚𝑎1

+

𝑚𝑎2
) 𝑔𝑐|𝑋1 2

 |cos (𝜃𝑙,1) − 2|𝑋1 2
 |𝜆𝑙 ((𝑥 cos(𝜓𝑙) + 𝑦 sin(𝜓𝑙) + |𝑋5 𝐸

 | −

|𝑋0 1
 |) sin(𝜃𝑙,1) − 𝑧 cos(𝜃𝑙,1))  

for 𝑙 = {1,2,3} 

(5.86) 

Which agrees with Tsai (1999). In this section, I have presented the adaptation of quaternion 

rotor methods for Lagrangian dynamics analysis. Then, I presented the Transformation Cases 

and the objective indices for Transformation Cases 1 and 2, which allows us to find the 

transformation variables required to achieve the objectives of the Transformation Cases 1 and 

2 (Equations [5.47-5.49]). The Lagrangian based characterisation of robot dynamics, as 

presented in this work, is applicable to serial, parallel, hybrid serial-parallel and non-standard 

robot architectures and morphologies. The Transformed Lagrangian and the Difference 

Lagrangian Functions are presented in the case study section (Sections [5.3.2-3.3]). 
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5.2.4. Affectation Indices  

In this section, I employ the definitions of Geometric Algebra (in Section [2.2], Equations [2.4-

2.14]), the end effector wrench (Section [4.2.1], Equations [4.2] and [4.4]), ‘limb actuation 

screws’ (presented in Section [4.2.1], Equation [4.13]), bivector segments (presented in Section 

[4.2.1], Equation [4.18]) and forward and reverse statics parallel hypervolumes from Section 

[4.2.2], Equation [4.49-4.50]. Continuing with the Delta manipulator analysis (shown in Figure 

[5.2]), if I select ‘𝑝’ number of possible type transformation variables per kinematic pair (and 

set for example  𝑝 = 5) and ‘𝑘’ number of reassembling transformations (and set for example 

𝑘 = 3)  to be performed for ‘𝑛 ’ number of kinematic pairs (where 𝑛 = 15  for the Delta 

manipulator), we have a total of 67525  (since  𝐶𝑘
 

 
𝑝𝑛 =

𝑝𝑛!

𝑘!(𝑝𝑛−𝑘)!
=

(5∗15)!

3!(5∗15−3)!
= 67525 ) 

possible combinations of reassembling transformations. This prohibitively large number of 

combinations produces a computationally challenging and unfeasible number of potential 

permutations in the number of generic type transformations potentially applicable to each 

kinematic pair. To simplify this problem and identify the kinematic pairs that are most suited 

for a desired variation of dynamics performance, for a particular task manoeuvre, I adapt the 

methods presented in Chapter 4 to develop affectation indices. Affectation indices are scalar 

indices that are used to select the optimal generic type transformation for each 𝑖-th kinematic 

pair, for a specific task manoeuvre and a given robot pre-transformed robot morphology.  

The ‘limb actuation screw’ ‘�̂�’ (presented in Section [4.2.1], Equation [4.13] is defined 

as a grade-2 multivector in 𝑮𝟑,𝟎
  of the 3-dimensional vector space 𝑽𝟑 with the basis (𝑒1, 𝑒2, 𝑒3) 

(�̂� ∈ 𝑮𝟑,𝟎
 ), in the works of Bayro-Corrochano (2018) and Tanev (2008) and is presented as 

�̂� = 𝑢 + 𝑟⋀𝑢 = 𝑢1𝑒1 + 𝑢2𝑒2 + 𝑢3𝑒3 + 𝑚4𝑒2⋀𝑒3 + 𝑚5𝑒3⋀𝑒1 + 𝑚6𝑒1⋀𝑒2 (5.87) 

Where {𝑢1, 𝑢2, 𝑢3, 𝑚4, 𝑚5,𝑚6} are the coefficients of each tuple in �̂�, ‘𝑟’ is the position element 

from the base reference frame to the point at which the force is applied on the actuation line 

and 𝑢 = (𝑢1𝑒1 + 𝑢2𝑒2 + 𝑢3𝑒3) and 𝑟⋀𝑢 = (𝑚4𝑒2⋀𝑒3 + 𝑚5𝑒3⋀𝑒1 + 𝑚6𝑒1⋀𝑒2) are the linear 

and moment components of the actuation line, respectively. Although �̂� ∈ 𝑮3,0, by retaining 

the coefficients in Equation [5.87], we can express 𝑳 as a grade-1, 6-tuple element of  𝑮6,0 of 

a 6-dimensional vector space 𝑽𝟔 with the basis (𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5, 𝑒6) (𝑳 ∈ 𝑮𝟔,𝟎
 ). This is similar 

to the approach used in Tanev (2008) and is shown in Equation [5.88]. 

𝑳 = 𝑝1𝑒1 + 𝑝2𝑒2 + 𝑝3𝑒3 + 𝑝4𝑒4 + 𝑝5𝑒5 + 𝑝6𝑒6 (5.88) 
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Where the bolded ‘𝑳’ is a grade-1, 6-tuple element of  𝑮𝟔,𝟎
  (𝑳 ∈ 𝑮𝟔,𝟎

 ), whereas �̂� is a grade-2 

element of 𝑮𝟑,𝟎
  ( �̂� ∈ 𝑮𝟑,𝟎

 ). Since the coefficients in Equation [5.87] are being 

retained/preserved and expressed as coefficients of a 𝑮𝟔,𝟎
  multivector, we have 𝑢1 = 𝑝1, 𝑢2 =

𝑝2, 𝑢3 = 𝑝3, 𝑚4 = 𝑝4, 𝑚5 = 𝑝5 and 𝑚6 = 𝑝6. The reason for defining the line as a multivector 

in 𝑮𝟔,𝟎
  is so that the maximum grade is one instead of two as in Equation [5.88]. Although the 

bivector representation for the line (as presented in Equation [5.87]) is more compact and 

informative, the method developed in Chapter 4 was defined in 𝑮𝟔,𝟎
  and I use this signature. 

With reference to Figure [5.7] below, given a particular end effector position (𝑋𝐸), actuation 

lines (𝑳𝒍) were defined in Section [4.2.1], Equation [4.13] as  

 𝑳𝒍 = [𝑋𝑏𝑙 𝑛𝑙

𝑙  , 𝑋𝑏𝑙 𝑛𝑙

𝑙 ×   𝑋0 𝑛𝑙

𝑙 ] (5.89) 

which is in agreement with Tsai (1999). Where ‘𝑏𝑙’ refers to the base of the 𝑙-th limb and ‘𝑛𝑙’ 

refers to the joint of the 𝑙-th limb that is connected to the end effector. The first tuple of the 4-

tuple position element 𝑋𝑖 𝑗
𝑙  is removed to form a 3-tuple vector. 

  
Figure 5.7. Screw term representations of a typical 3-limbed manipulator and the vectors of  𝑋𝑏𝑙 𝑛𝑙

𝑙  and 

𝑋0 𝑛𝑙

𝑙  of limbs 1 and 2. 

In Equation [5.89], the actuation line is a concatenation of two 3-tuples. The first 3-tuple 

(𝑋𝑏𝑙 𝑛𝑙

𝑙 = (𝑝1, 𝑝2, 𝑝3)), represents the linear components, where ‘𝑝1’, ‘𝑝2’ and ‘𝑝3’ are the 

values of each tuple in 𝑋𝑏𝑙 𝑛𝑙

𝑙 . The second 3-tuple (𝑋𝑏𝑙 𝑛𝑙

𝑙 ×   𝑋0 𝑛𝑙

𝑙 = (𝑝4, 𝑝5, 𝑝6)), represents the 

moment component, where ‘𝑝4’, ‘𝑝5’ and ‘𝑝6’ are the values of each tuple in 𝑋𝑏𝑙 𝑛𝑙

𝑙 ×   𝑋0 𝑛𝑙

𝑙 . 

Bivector segments are used to provide an approximation of the forward and inverse statics 

problems. The bivector segment ‘𝑽’ is the wedge product of the two actuation lines 𝑽{𝑖, 𝑗} =

𝑳𝒊⋀𝑳𝒋, defined in Section [4.2.1], Equation [4.18]. In order to capture the configuration of the 

joints of each limb, the effects of the transformations 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖)  and 𝑷{𝒊}

𝟏𝒃𝟏(𝑈𝛿𝑖
)  on the 
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dynamics performance of the manipulator, I scale 𝑳𝒍 by two scalar values ‘𝐶2
𝑙’ and ‘𝐶3

𝑙’, as 

follows 

 𝑳𝒍 →  𝑳𝒍 ∗ 2 (
1

𝐶2
𝑙 + 1

+
1

𝐶3
𝑙 + 1

) (5.90) 

Where ‘𝐶2
𝑙’ and ‘𝐶3

𝑙’ are computed as the magnitude of the wedge products between all unique 

combinations of bivectors and trivectors in a single limb, respectively. 

 𝐶2
𝑙 =

| 𝒍𝑳𝟏
𝑯 ∧  𝒍𝑳𝟐

𝑯 +  𝒍𝑳𝟐
𝑯 ∧  𝒍𝑳𝟑

𝑯 + ⋯ +  𝒍𝑳𝒏−𝟏
𝑯 ∧  𝒍𝑳𝒏

𝑯|

𝑛2
 (5.91) 

 𝐶3
𝑙 =

| 𝒍𝑳𝟏
𝑯 ∧  𝒍𝑳𝟐

𝑯 ∧  𝒍𝑳𝟑
𝑯 +  𝒍𝑳𝟐

𝑯 ∧  𝒍𝑳𝟑
𝑯 ∧  𝒍𝑳𝟒

𝑯 + ⋯ +  𝒍𝑳𝒏−𝟐
𝑯 ∧  𝒍𝑳𝒏−𝟏

𝑯 ∧  𝒍𝑳𝒏
𝑯|

𝑛3
 (5.92) 

Where ‘𝑛2’ and ‘𝑛3’ are the total number of unique combinations of bivector and trivector 

elements in a limb, respectively. In Equations [5.91-5.92], ‘ 𝒍𝑳𝒌
𝑯’ is defined as 

 𝒍𝑳𝒌
𝑯 = [𝑋𝑏𝑙 𝑘

𝑙 , 𝑋𝑏𝑙 𝑘
𝑙 × 𝑋0 𝑘

𝑙 ] (5.93) 

Where ‘𝑘’ refers to the 𝑘-th joint of a limb. Note that the superscript ‘𝑯’ distinguishes  𝒍𝑳𝒌
𝑯 

(Equation [5.94]) from 𝑳𝒍 (Equation [5.90]). In Section [4.2.1], Equations [4.2, 4.4, 4.12], I 

defined the end effector wrench (𝑾𝑬). In this work I employ two types of hypervolume 

functions: the forward parallel statics hypervolume (  𝑭𝑽(𝒑,𝑭)) and the reverse parallel statics 

hypervolume (  𝑹𝑽(𝒑,𝑭)[𝑖] ) (from Section [4.2.1], Equations [4.49-4.50]). As mentioned in 

Chapter 4, these hypervolumes reflect the transmission efficiency and index given a particular 

robot manipulator’s geometry and end-effector pose in the workspace. In Chapter 4, Section 

[4.2.2], Equation [4.49], I defined the forward parallel statics hypervolume ( 𝑭𝑽(𝒑,𝑭)) as 

  𝑭𝑽(𝒑,𝑭)  =
𝐵

(𝑀 − 1)
2

≈ 𝑾𝑬 (5.94) 

Where ‘𝑀’ is the total number of limbs, the subscript (𝒑, 𝒇) refers to parallel force, the 𝑭 

superscript indicates the forward statics problem and ‘𝐵’ is defined as 

 

 

 

𝐵 = ∑ ∑ 𝑽{𝑖, 𝑗}
𝜏𝑖𝜏𝑗

2

𝑀

𝑗=2

𝑀−1

𝑖=1

 

for 𝑗 > 𝑖 

(5.95) 

Where 𝜏𝑖 is the input torque of the 𝑖-th limb. By rearranging the multivector expression shown 

in Equation [5.94] and including the desired output 𝑾𝑬 (Chapter 4, Section [4.2.2], Equation 

[4.50]), I defined the ‘reverse parallel statics hypervolume’ as 
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 𝑹𝑽(𝒑,𝑭)[𝑖] =

2
𝑀 − 1 |𝑾𝑬| − | ∑ ∑ 𝑽{𝑘, 𝑙}

𝜇𝑘𝜇𝑙
2

𝑀
𝑙=2

𝑀−1
𝑘=1 | 

  |𝑳𝒊⋀ (𝑳𝒋

𝜇𝑗

2 + 𝑳𝒋+𝟏

𝜇𝑗+1

2 + ⋯ + 𝑳𝑴

𝜇𝑀
2 )|

= 𝜇𝑖 

for 𝑘 ≠ 𝑖 and 𝑙 ≠ 𝑖 and 𝑙 > 𝑘 

(5.96) 

Where ‘𝜇𝑖’ is a  hypervolume based ‘weak analogue’ or approximation of the dynamic torque 

of the 𝑖-th kinematic pair (as discussed in Chapter 4, Section [4.2.2]). I apply Equation [5.96] 

to generate a system of ‘𝑀’ number of equations that contains the unknowns {𝜇1, 𝜇2, … , 𝜇𝑀} 

and solve the system of equations to find {𝜇1, 𝜇2, … , 𝜇𝑀}. To model the effects of the 𝑷{𝒋}
𝟏𝒄(𝛿𝑚𝑗) 

transformations, I implement a correction term for 𝜏𝑖 and 𝜇𝑖 in Equations [5.94-5.96] with ‘ �̂� 
 

𝑖
 ’ 

and ‘ �̂�
 
 

𝑖

 
’ for 𝑖 = {1,2, … , 𝑀}, where �̂� 

 
𝑖
  and �̂�

 
 

𝑖

 
 are defined as 

 �̂� 
 

𝑖
 = (𝜏𝑖 − 𝛿𝑚𝑗𝑔𝑐|�̂�𝑖 𝑗

 |) (5.97a) 

 �̂�
 
 

𝑖

 = (𝜇𝑖 − 𝛿𝑚𝑗𝑔𝑐|�̂�𝑖 𝑗
 |) (5.97b) 

Where 𝑔𝑐 denotes gravitational acceleration and it is a correction term which has been included 

to make the equations dimensionally consistent but can be dropped if necessary, 𝛿𝑚𝑗  is the 

difference in mass of the 𝑗-th link (𝛿𝑚𝑗 = 𝑚𝑗
′ − 𝑚𝑗) and ‘�̂�𝑖 𝑗

 ’ is the perpendicular distance 

from actuation axis of the 𝑖-th actuator (𝑠𝑖) to the centre of mass of the 𝑗-th link or body, defined 

as  

�̂�𝑖 𝑗
 =

|(𝑋0 𝑗
 − (𝑋0 𝑖 + 𝑠𝑖)) × (𝑋0 𝑗

 − (𝑋0 𝑖 − 𝑠𝑖))|

|((𝑋0 𝑖
 + 𝑠𝑖) − (𝑋0 𝑖

 − 𝑠𝑖))|
 (5.98) 

which is in agreement with Weisstein (2002). After embedding the effects of the 𝑷{𝒋}
𝟏𝒄 (𝛿𝑚𝑗) 

transformations in Equations [5.95] and [5.96], they become Equations [5.99] and [5.100], 

respectively 

 
𝐵 = ∑ ∑ 𝑽{𝑖, 𝑗}

�̂�𝑖�̂�𝑗

2

𝑀

𝑗=2

𝑀−1

𝑖=1

 

for 𝑗 > 𝑖 

(5.99) 

 

 𝑹𝑽(𝒑,𝑭)[𝑖] =

2
𝑀 − 1 |𝑾𝑬| − | ∑ ∑ 𝑽{𝑘, 𝑙}

�̂�𝑘�̂�𝑙
2

𝑀
𝑙=2

𝑀−1
𝑘=1 | 

  |𝑳𝒊⋀ (𝑳𝒋

�̂�𝑗

2 + 𝑳𝒋+𝟏

�̂�𝑗+1

2 + ⋯ + 𝑳𝑴

�̂�𝑀
2 )|

= 𝜇𝑖  

for 𝑘 ≠ 𝑖, 𝑙 ≠ 𝑖 and 𝑙 > 𝑘 

(5.100) 
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Note that Equation [5.100] collapses into Equation [5.96] when a 𝑷{𝒋}
𝟏𝒄(𝛿𝑚𝑗) transformation is 

not taking place (where 𝛿𝑚𝑗 = 0). I employ the hypervolumes  𝑭𝑽(𝒑,𝑭)  and  𝑹𝑽(𝒑,𝑭)[𝑖] from 

Chapter 4 to generate an affectation index for each set of kinematic pairs and end-effector 

pose(s) to select the optimal kinematic pair for a reassembling transformation. For 

Transformation Case 2, as defined in Section [5.2.3], the forward affectation index of a 

transformation (𝑨𝒅𝟐) is defined, based on the average change in the forward hypervolume 

between the pre- and post-transformed manipulators, for a selected number of ‘𝑌1’ end effector 

poses, ‘𝑌2’ unique transformation parameters and a scalar conditioning parameter of ‘1000’ as 

 𝑨𝒅𝟐(𝑷{𝒊}
𝑲 , 𝐸𝑇) =

1000

𝑌1 ∗ 𝑌2
∑ ∑

𝑷{𝒊}
𝑲 | 𝑭𝑽(𝒑,𝑭)(𝑡)||

Ɛ
−  | 𝑭𝑽(𝒑,𝑭)(𝑡)|

| 𝑭𝑽(𝒑,𝑭)(𝑡)|

𝑌1

𝑡=1

𝑌2

Ɛ=1

 (5.101) 

Where  𝑭𝑽(𝒑,𝑭) is the pre-transformed hypervolume, ‘𝑷{𝒊}
𝑲 | 𝑭𝑽(𝒑,𝑭)||

Ɛ
’ is the post-transformed 

hypervolume, ‘Ɛ’ is the Ɛ-th unique set of transformation parameters tested (for example, a set 

of three transformation parameters may be selected to be 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖 = −0.1) ,  𝑷{𝒊}

𝟏𝒂(∆𝐻𝑖 =

0.1) and 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖 = 0.2) and ‘𝑡’ is the 𝑡-th end effector pose selected over the given trajectory 

(𝐸𝑇). In Equation [5.101], ‘𝑌1’ is total the number of end effector poses which are selected over 

the trajectory and ‘𝑌2’ is the number of unique transformation parameters tested for each end 

effector pose. For Transformation Case 1, as shown in Section [5.2.3], ‘𝑨𝒅𝟏’ defines the reverse 

affectation index of a transformation, based on the average change in the reverse hypervolume 

between the pre- and post-transformed manipulators, for a selected number of ‘𝑌1’ end effector 

poses, ‘𝑌2’ unique transformation parameters, ‘𝑀’ number of limbs (as described in Equation 

[5.96]) and a scalar conditioning parameter of 1000, as 

𝑨𝒅𝟏(𝑷{𝒊}
𝑲 , 𝐸𝑇) =

1000

𝑌1 ∗ 𝑌2 ∗ 𝑀
∑ ∑ ∑

𝑷{𝒊}
𝑲 | 𝑹𝑽(𝒑,𝑭)

 [𝑖](𝑡)||
Ɛ

−  | 𝑹𝑽(𝒑,𝑭)
 [𝑖](𝑡)|

| 𝑹𝑽(𝒑,𝑭)
 [𝑖](𝑡)|

𝑀

𝑖=1

𝑌1

𝑡=1

𝑌2

Ɛ=1

 (5.102) 

Note that the mean of 𝑨𝒅𝒑(𝑷{𝒊}
𝑲 , 𝐸𝑇) , 𝑨𝒅𝒑(𝑷{𝒋}

𝑲 , 𝐸𝑇)  and 𝑨𝒅𝒑(𝑷{𝒌}
𝑲 , 𝐸𝑇) is denoted as 

𝑨𝒅𝒑(𝑷{𝒊,𝒋,𝒌}
𝑲 , 𝐸𝑇) , where the subscript 𝒑 = 1 or  2  denotes the affectation indices 

Transformation Cases 1 or 2, respectively. A high value of the reverse affectation index 

( 𝑨𝒅𝟏(𝑷{𝒊}
𝑲 , 𝐸𝑇) ) reflects that the 𝑖 -th kinematic pair is optimally suited for a ‘ 𝐾 ’ type 

reassembling transformation, in the context of maximising variation of the joint torques for the 

manoeuvre (𝐸𝑇). Conversely, a high value of the forward affectation index (𝑨𝒅𝟐(𝑷{𝒊}
𝑲 , 𝐸𝑇)) 
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reflects that the 𝑖 -th kinematic pair is optimally suited for a ‘ 𝐾 ’ type reassembling 

transformation in the context of maximising variation of the end-effector wrenches for the 

manoeuvre ( 𝐸𝑇 ). The affectation indices are evidently based on the pre-transformed 

morphological state of the manipulator.  

As an example, I demonstrate the computation of the affectation indices 𝑨𝒅𝟏(𝑷{𝒊}
𝑲 , 𝐸𝑇) 

and 𝑨𝒅𝟐(𝑷{𝒊}
𝟏𝒂, 𝐸𝑇) under a Type 1a transformation. In this example, I investigate the optimal 

transformation type and its corresponding kinematic pair, for a 2R planar manipulator, using 

arbitrary values of  𝑭𝑽(𝒑,𝑭)(𝑡) and  𝑹𝑽(𝒑,𝑭)
 [𝑖](𝑡) chosen for the sake of brevity presented in 

Tables [5.4] to [5.7]. I set 𝑌1 = 3, 𝑌2 = 2 and  𝑭𝑽(𝒑,𝑭)(𝑡) and  𝑹𝑽(𝒑,𝑭)
 [𝑖](𝑡) to be the values 

shown in Tables [5.4-5.7], for the pre-transformed and post-transformed manipulators.  

𝑡𝑘  𝑹𝑽(𝒑,𝑭)[1](𝑡)  𝑹𝑽(𝒑,𝑭)[2](𝑡) 

𝑡1 1.4 3.0 

𝑡2 2.4 4.1 

𝑡3 3.4 5.3 

Table 5.4. The values of | 𝑹𝑽(𝒑,𝑭)[𝑖](𝑡)| , at three selected end-effector poses, in the trajectory 

(𝑡1, 𝑡2, 𝑡3), for the pre-transformed manipulator, where 𝑖 = {1,2}. 

𝑡𝑘 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 = 0.1)| 𝑹𝑽(𝒑,𝑭)[1](𝑡)||
1
 𝑷{𝟏}

𝟏𝒂 (∆𝐻1
 = 0.1)| 𝑹𝑽(𝒑,𝑭)[2](𝑡)||

1
 

𝑡1 1.5 3.1 

𝑡2 2.5 4.2 

𝑡3 3.5 5.4 

Table 5.5. The values of | 𝑹𝑽(𝒑,𝑭)[𝑖](𝑡)| , at three selected end-effector poses, in the trajectory 

(𝑡1, 𝑡2, 𝑡3), under a Type 1a transformation 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 ), where 𝑖 = {1,2},  Ɛ = 1 and ∆𝐻1
 = 0.1. 

𝑡𝑘 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 = 0.2)| 𝑅𝑽(𝒑,𝑭)[1](𝑡)||
2
 𝑷{𝟏}

𝟏𝒂 (∆𝐻1
 = 0.2)| 𝑹𝑽(𝒑,𝑭)[2](𝑡)||

2
 

𝑡1 2.5 5.1 

𝑡2 3.5 6.2 

𝑡3 4.5 7.4 

Table 5.6. The values of | 𝑹𝑽(𝒑,𝑭)[𝑖](𝑡)| , at three selected end-effector poses, in the trajectory 

(𝑡1, 𝑡2, 𝑡3), under a Type 1a transformation 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 ), where 𝑖 = {1,2}, Ɛ = 2  and ∆𝐻1
 = 0.2. 

𝑡𝑘 | 𝑭𝑽(𝒑,𝑭)(𝑡)| 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 = 0.1)| 𝑭𝑽(𝒑,𝑭)(𝑡)||
1
 𝑷{𝟏}

𝟏𝒂 (∆𝐻1
 = 0.2)| 𝑭𝑽(𝒑,𝑭)(𝑡)||

2
 

𝑡1 0.14 0.15 0.2 

𝑡2 0.24 0.25 0.4 

𝑡3 0.34 0.35 0.8 

Table 5.7. The values of | 𝑭𝑽(𝒑,𝑭)(𝑡)| at three selected end-effector poses in the trajectory(𝑡1, 𝑡2, 𝑡3), 

for the pre-transformed manipulator and for the post-transformed manipulator, under a Type 1a 

transformation 𝑷{𝟏}
𝟏𝒂 (∆𝐻1

 ), for Ɛ = 1 and 2 , ∆𝐻1
 = 0.1 and 0.2. 
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By referring to Tables [5.5-5.7] and employing Equations [5.101-5.102], I compute 

𝑨𝒅𝟏(𝑷{𝟏}
𝟏𝒂 , 𝐸𝑇) and 𝑨𝒅𝟐(𝑷{𝟏}

𝟏𝒂 , 𝐸𝑇) to be 

 

𝑨𝒅𝟏(𝑷{𝟏}
𝟏𝒂 , 𝐸𝑇) =

1000

3 ∗ 2
(
1.5 −  1.4

1.4
+

2.5 −  2.4

2.4
+

3.5 −  3.4

3.4
+

3.1 −  3.0

3.0

+
4.2 −  4.1

4.1
+

5.4 −  5.3

5.3
+

2.5 −  1.4

1.4
+

3.5 −  2.4

2.4

+
4.5 −  3.4

3.4
+

5.1 −  3.0

3.0
+

6.2 −  4.1

4.1
+

7.4 −  5.3

5.3
= 510.53 

(5.103) 

 
𝑨𝒅𝟐(𝑷{𝟏}

𝟏𝒂 , 𝐸𝑇) =
1000

3 ∗ 2
(
0.15 −  0.14

0.14
+

0.25 −  0.24

0.24
+

0.35 −  0.34

0.34

+
0.2 −  0.14

0.14
+

0.4 −  0.24

0.24
+

0.8 −  0.34

0.34
) = 393.5 

(5.104) 

This value is then used to select the optimal reassembling transformation type for a kinematic 

pair in the manipulator to maximise the desired change in dynamics performance.  

In this section, I have presented affectation indices (𝑨𝒅𝟏(𝑷{𝒊}
𝑲 , 𝐸𝑇) and 𝑨𝒅𝟐(𝑷{𝒊}

𝑲 , 𝐸𝑇)) 

and shown how we derive their corresponding definitions. I employed affectation indices 

(𝑨𝒅𝟏(𝑷{𝒊}
𝑲 , 𝐸𝑇) and 𝑨𝒅𝟐(𝑷{𝒊}

𝑲 , 𝐸𝑇)) to select the optimal kinematic pair on which to perform 

reassembling transformations, for which the transformation parameters produce the highest 

affectation index value for each of the reassembling transformations selected. For the Delta 

manipulator, using affectations indices allows us to reduce the total number of combinations 

from 67,525  (since  𝐶3
 

 
5(15) = 67525)  to one optimal combination of reassembling 

transformations and one affected kinematic pair. This significantly expedites the process of 

selecting the optimal combination of reassembling transformations and affected kinematic 

pairs. Without the affectation index, it is computationally unfeasible to reassemble or transform 

a robot in a deterministic fashion, because the number of possible combinations are too large 

and selecting different reassembling combinations randomly, with respect to the kinematic 

pairs, may not produce an optimal or desired result, as the dynamics performance outcome of 

a reassembling transformations on a manipulator’s kinematic pairs are dependent on the 

trajectory (end-effector pose) and morphology of the manipulator. As a result, without a 

quantitative method to select the optimal reassembling transformation type for each kinematic 

pair, it is not possible to perform reassembling transformations in a systematic and 

deterministic manner. Having found the optimal generic type transformations to be applied for 

each 𝑖-th kinematic pair, the Difference Lagrangian Function (Equations [5.47-5.49]) can then 

be applied to solve for the optimal numerical values for the transformation variables. In the 
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next section, I present two case studies, where I apply reassembling transformations on a Delta 

manipulator to achieve the objectives of Transformation Cases 1 and 2. 

3. Case Studies 

In Sections [5.2.1-2.3], I presented examples for the inverse position, kinematics and 

Lagrangian dynamics of a Delta manipulator. Following from these examples, I now produce 

a general expression that can be optimised and used for two separate case studies: 

Transformation Case 1 (Case Study 1) and Transformation Case 2 (Case Study 2). 

In Section [5.3.1], I define the parameters and desired task manoeuvre for a Delta 

manipulator and show its pre-transformed dynamics performance. In Section [5.3.2], I find the 

reassembling transformations which produces a desired reduction in the post-transformed joint 

torques (𝜏𝑙
′(𝑄𝑗)), for the same end effector force (𝑄𝑗

′ = 𝑄𝑗) (Equation [5.47]), as described in 

Transformation Case 1. In Section [5.3.3], I find the reassembling transformations to achieve 

a desired force at the end-effector, while constraining the post-transformed joint torque inputs 

(𝜏𝑙
′(�̂�𝑗

′)) to be equal to the pre-transformed joint torque (𝜏𝑙
 (�̂�𝑗)) (Equation [5.49]), as described 

in Transformation Case 2. 

5.3.1. Delta Manipulator – Pre-Transformation Dynamics 

I solve the inverse position and kinematics problems, as described in Equations [5.9] and 

[5.13a-b], to find 𝜃𝑙,1, �̇�𝑙,1 and �̈�𝑙,1 for each limb. I employ Equations [5.85a-c] and [5.86] to 

obtain the Lagrangian multipliers and torque expressions respectively. The given trajectories 

for Case Studies 1 and 2 are shown in Figures [5.8-5.10], below.  

 
Figure 5.8. Left) The angular component of the end-effector given trajectory (𝐸𝑇), 𝑂𝐸 = (𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸) 

which is set to be 0 at every time step. Right) The linear component of the end-effector given trajectory 

(𝐸𝑇), 𝑋𝐸 = (𝑥, 𝑦, 𝑧). 
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Figure 5.9. Left) The angular component of the end-effector velocity, �̇�𝐸 = (�̇�𝐸 , �̇�𝐸 , �̇�𝐸) which is set 

to be 0 at every time step. Right) The linear component of the end-effector velocity �̇�𝐸 = (�̇� , �̇� , �̇� ). 

 
Figure 5.10. Left) The angular component of the end-effector acceleration �̈�𝐸 = (�̈�𝐸 , �̈�𝐸 , �̈�𝐸) which 

is set to be 0 at every time step. Right) The linear component of the end-effector acceleration, �̈�𝐸 =

(�̈� , �̈� , �̈� ) . 

Evaluating the Lagrangian dynamics expressions in Equation [5.86] produces the following 

torque profiles, where the initial external wrench acting on the end effector [�̂�1, �̂�2, �̂�3] =

[𝑓𝑥, 𝑓𝑦, 𝑓𝑧] = [0,0,0], for every time step. 

 
Figure 5.11. The pre-transformed torque profiles for (𝜏1, 𝜏2, 𝜏3). 
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5.3.2. Case Study 1: Transformation Case 1 

To investigate the Transformation Case 1 presented in Section [5.2.3], I present a case study 

where the Delta manipulator is required to move along the given trajectory 𝐸𝑇, as presented in 

Figures [5.8-5.10], while potentially reducing energy use by its actuators by lowering the joint 

torques. In this case study, I perform a reassembling transformation on a Delta manipulator 

such that we achieve 𝜏𝑙
′ − 𝜏𝑙 < 0, and �̂�𝑗

′ − �̂�𝑗 = 0, as defined by the objective index ‘𝛿𝜏𝑙
𝑂,1

’ 

(Equation [5.47]) where 𝐷 = −0.2 . To fulfil this optimisation directive, I select different 

combinations of Type 1a, Type 1b1 and Type 1c transformations (𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖), 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛾𝑖)) 

and 𝑷{𝒊}
𝟏𝒄(𝛿𝑚𝑖) , respectively) to be effected upon the Delta manipulator with respect to 

topological position of kinematic pairs. Noting that 𝑅𝛿𝑖
𝐻𝑖 = 𝑈𝛿𝑖

𝐻𝑖𝑈𝛿𝑖

−1 from Section [5.2.2], I 

define 𝑈𝛿𝑖
(𝛾𝑖) as shown in Equation [5.15], for 𝛼𝑖 = 0 and 𝛽𝑖 = 0, as 

𝑈𝛿𝑖
(𝛾𝑖)  = (cos (

𝛾𝑖

2
) , 0,0, sin (

𝛾𝑖

2
)) (5.105) 

To identify the optimal kinematic pairs that would have the most beneficial impact on the 

dynamics performance post-transformation out of the 𝐶3
 

 
5(15) = 67,525  number of 

combinations of reassembling transformations possible, I compute the affectation indices 

𝑨𝒅𝟏(𝑷{𝒊}
𝟏𝒂, 𝐸𝑇), 𝑨𝒅𝟏(𝑷{𝒊}

𝟏𝒃𝟏, 𝐸𝑇) and 𝑨𝒅𝟏(𝑷{𝒊}
𝟏𝒄 , 𝐸𝑇), by employing Equation [5.102], with ten 

sampled points in the trajectory (𝑌1  =  10) and four unique transformation parameters tested 

for each end effector pose ( 𝑌2  = 4 ). The affectations indices for the Type 1a and 1b1 

transformations ( 𝑨𝒅𝟏(𝑷{𝒊}
𝟏𝒂, 𝐸𝑇) , 𝑨𝒅𝟏(𝑷{𝒊}

𝟏𝒃𝟏, 𝐸𝑇) ) are presented in Table [5.8]. Type 1c 

transformations are effected upon kinematic pairs  𝑖 = {1,6,11} , 𝑖 = {3,8,13}  and 𝑖 =

{5,10,15}, as presented in Table [5.9]. 

Transformation Type (𝐾) 𝑨𝐝𝟏(𝑷{𝟏,𝟔,𝟏𝟏}
𝑲 , 𝐸𝑇) 𝑨𝐝𝟏(𝑷{𝟑,𝟖,𝟏𝟑}

𝑲 , 𝐸𝑇) 

𝐾 = 1𝑎 

∆𝐻𝑖 = {−0.02, −0.01,0.01,0.02} (metres) 
1.860 0.581 

𝐾 = 1𝑏1 

𝛾𝑖 = {−
𝜋

8
, −

𝜋

10
,

𝜋

10
,

𝜋

8
} (rad.) 0.204 0 

Table 5.8. The affectation index results for Case Study 1 for Type 1a and Type 1b1 transformations. 

Candidate transformation states used for the calculation of the affectation index are presented in the 

table.  
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Transformation Type (𝐾) 𝑨𝐝𝟏(𝑷{𝟏,𝟔,𝟏𝟏}
𝑲 , 𝐸𝑇) 𝑨𝐝𝟏(𝑷{𝟑,𝟖,𝟏𝟑}

𝑲 , 𝐸𝑇) 𝑨𝐝𝟏(𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝑲 , 𝐸𝑇) 

𝐾 = 1𝑐 

𝛿𝑚𝑖 = {0.01,0.02,0.03,0.04} (kg) 
37.374 154.004 241.004 

Table 5.9. The affectation index results for Case Study 1 for Type 1c transformations. Candidate 

transformation states used for the calculation of the affectation index are presented in the table. 

Based on the results from Table [5.8], we find that 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖)  and 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛾𝑖))  for 𝑖 =

{1,6,11} and 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) produce the highest affectation indices for their respective 

transformations, where (𝑨𝐝𝟏(𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 , 𝐸𝑇) = 1.860) > (𝑨𝐝𝟏(𝑷{𝟑,𝟖,𝟏𝟑}

𝟏𝒂 , 𝐸𝑇) = 0.581) , 

(𝑨𝐝𝟏(𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 , 𝐸𝑇) = 0.204)  > (𝑨𝐝𝟏(𝑷{𝟑,𝟖,𝟏𝟑}

𝟏𝒃𝟏 , 𝐸𝑇) = 0)  and (𝑨𝐝𝟏(𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 , 𝐸𝑇) =

241.004) > (𝑨𝐝𝟏(𝑷{𝟑,𝟖,𝟏𝟑}
𝟏𝒄 , 𝐸𝑇) = 154.004) > (𝑨𝐝𝟏(𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒄 , 𝐸𝑇) = 37.374). These results 

indicate that performing a Type 1a transformation and a Type 1b1 transformation on the first 

kinematic pair of each 𝑙-th limb and a Type 1c transformation on the end-effector (𝐻5,10,15) are 

the most effective out of the kinematic pairs selected in Tables [5.8] and [5.9]. Therefore, I 

incorporate the difference maps 𝑃{𝑖}
1𝑎(∆𝐻𝑖) and 𝑃{𝑖}

1𝑏1(𝑅𝛿𝑖
(𝛾𝑖), for 𝑖 = {1,6,11} (based on Table 

[5.3] and Equations [5.20]) and [5.28]), such that the  quaternion rotor inverse position equation 

for each limb of the parallel Delta manipulator (based on the examples in Equation [5.1]), 

applied to limbs 1, 2 and 3, are shown in Equations [5.106a-c], respectively 

𝑋0 1 + 𝑋1 2
 + 𝑃{1}

1𝑎(∆𝐻1) + 𝑃{1}
1𝑏1(𝑅𝛿1

(𝛾1)) + 𝑋3 4 + 𝑋5 𝐸 = 𝑋𝐸 (5.106a) 

𝑋0 6 + 𝑋6 7
 + 𝑃{6}

1𝑎(∆𝐻6) + 𝑃{6}
1𝑏1(𝑅𝛿6

(𝛾6)) + 𝑋8 9 + 𝑋10 𝐸 = 𝑋𝐸 (5.106b) 

𝑋0 11 + 𝑋11 12
 + 𝑃{11}

1𝑎 (∆𝐻11) + 𝑃{11}
1𝑏1(𝑅𝛿11

(𝛾11)) + 𝑋13 14 + 𝑋15 𝐸 = 𝑋𝐸 (5.106c) 

Where the difference maps 𝑃{𝑖}
1𝑎(∆𝐻𝑖) and 𝑃{𝑖}

1𝑏1(𝑅𝛿𝑖
(𝛾𝑖)) for the Delta manipulator are defined, 

based on Equations [5.20] and [5.28], as 

𝑃{𝑖}
1𝑎(∆𝐻𝑖) = 𝑈𝐺𝑖𝑈𝑖∆𝑯𝒊

 𝑈𝑖
−1𝑈𝐺𝑖

−1, for 𝑖 = {1,6,11} (5.107a) 

𝑃{𝑖}
1𝑏1 (𝑅𝛿𝑖

(𝛾𝑖)) = (𝑅𝐺𝑖𝑅𝛿𝑖
𝑅𝐺𝑖

−1 − 1)𝑥𝑖 + ∑ 𝛥𝑅𝐺𝑘
𝑥𝑘

𝑖+4

𝑘=𝑖+1

= 𝑅𝐺𝑖𝑅𝛿𝑖
𝑅𝑖𝐻𝑖 + 𝑅𝐺𝑖+2

′ 𝑅𝑖+2𝐻𝑖+2 + 𝑅𝐺𝑖+4
′ 𝑅𝑖+4𝐻𝑖+4 

−𝑅𝐺𝑖𝑅𝑖𝐻𝑖 − 𝑅𝐺𝑖+2𝑅𝑖+2𝐻𝑖+2 − 𝑅𝐺𝑖+4𝑅𝑖+4𝐻𝑖+4 

for 𝑖 = {1,6,11} 

(5.107b)  

Where 𝑈𝐺1 = 𝑈𝐺6 = 𝑈𝐺11 = [1,0,0,0] and 𝐻𝑖+1 and 𝐻𝑖+3 are zero vectors for the the Delta 

manipulator. I apply the difference maps in Equations [5.107a-b] and Equations [5.1-5.7] to 
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form ‘𝜌𝑙
′’ (Equation [5.8]) and find the post-transformed joint angles ‘𝜃𝑙,1

′ ’ by employing 

Equation [5.9]. 

 𝜃𝑙,1
′ = 2 arctan (𝜌𝑙

′) (5.108) 

Then, I differentiate the right-hand-side of 𝜃𝑙,1
′  once and twice to get the post-transformed joint 

velocities (�̇�𝑙,1
′ ) and accelerations(�̈�𝑙,1

′ ) (Equations [5.13a-b]).  

 
�̇�𝑙,1

′ =
𝑑

𝑑𝑡
(2 arctan (𝜌𝑙

′)) (5.109a) 

 
�̈�𝑙,1

′ =
𝑑2

𝑑𝑡2
(2 arctan (𝜌𝑙

′)) (5.109b) 

Now we have obtained the post-transformed joint angles, velocities and accelerations with the 

difference maps embedded in them. I use 𝜃𝑙,1
′  and �̈�𝑙,1

′  and adapt Equation [5.86] to find 𝜏𝑙
′ as 

shown below 

𝜏𝑙
′ = (𝐼𝑚𝑜𝑡𝑜𝑟 +

1

3
𝑚𝑎1

(|𝑋1 2
𝑙 | + ∆𝐻𝑖)

2
+ 𝑚𝑎2

(|𝑋1 2
𝑙 | + ∆𝐻𝑖)

2
) �̈�𝑙,1

′ +

(
1

2
𝑚𝑎1

+ 𝑚𝑎2
) 𝑔𝑐(|𝑋1 2

𝑙 | + ∆𝐻𝑖)cos (𝜃𝑙,1
′ ) − 2(|𝑋1 2

𝑙 | + ∆𝐻𝑖)𝜆′𝑙 ((𝑥 cos(𝜓𝑙) +

𝑦 sin(𝜓𝑙) + |𝑋5 𝐸
𝑙 | − |𝑋0 1

𝑙 |) sin(𝜃𝑙,1
′ ) − 𝑧 cos(𝜃𝑙,1

′ ))  

(5.110) 

Where {𝑖, 𝑙} = {{1,1}, {6,2}, {11,3}} 

𝜏𝑙
′ = 𝜏𝑙

′[𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻𝑖), 𝑃{(𝑖=1,6,11)}

1𝑏1 (𝑅𝛿1,6,11
(𝛾1,6,11)), 𝑃{(𝑖=5,10,15)}

1𝑐 (𝛿𝑚5,10,15)] (5.111a) 

𝜆𝑙
′ = 𝜆𝑙

′[𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻𝑖), 𝑃{(𝑖=1,6,11)}

1𝑏1 (𝑅𝛿1,6,11
(𝛾1,6,11)), 𝑃{(𝑖=5,10,15)}

1𝑐 (𝛿𝑚5,10,15)] (5.111b) 

𝜃𝑙,1
′ = 𝜃𝑙,1

′ [𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻𝑖), 𝑃{(𝑖=1,6,11)}

1𝑏1 (𝑅𝛿1,6,11
(𝛾1,6,11))] (5.111c) 

�̈�𝑙,1
′ = �̈�𝑙,1

′ [𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻𝑖), 𝑃{(𝑖=1,6,11)}

1𝑏1 (𝑅𝛿1,6,11
(𝛾1,6,11))] (5.111d) 

Additionally, 𝜆𝑙
′ is computed using the quaternion rotor inverse position equation (Equations 

[5.106a-c]), the Lagrangian torque expressions for a Delta manipulator (Equations [5.57-5.86]) 

and by incorporating the post-transformed joint angles 𝜃𝑙,1
′  and embedding the difference maps 

𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻1,6,11)  and 𝑃{(𝑖=5,10,15)}

1𝑐 (𝛿𝑚5,10,15) = 𝛿𝑚5,10,15  (Equation [5.34]), as shown 

below 

2 ∑ 𝜆𝑙
′

3

𝑙=1

(𝑥 + |𝑋5 𝐸
𝑙 | cos(𝜓𝑙) − |𝑋0 1

𝑙 | cos(𝜓𝑙)

− (|𝑋1 2
𝑙 | + ∆𝐻1) cos(𝜓𝑙) cos(𝜃𝑙,1

′ ))

= (𝑚𝐸 + 𝑃{(𝑖=5,10,15)}
1𝑐 (𝛿𝑚5,10,15) + 3𝑚𝑎2

)�̈� − 𝑓𝑥 

(5.112a) 
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2 ∑ 𝜆𝑙
′(𝑦 + |𝑋5 𝐸

𝑙 | sin(𝜓𝑙) − |𝑋0 1
𝑙 | sin(𝜓𝑙) − (|𝑋1 2

𝑙 | + ∆𝐻1) sin(𝜓𝑙) cos(𝜃𝑙,1
′ ))

3

𝑙=1

 

= (𝑚𝐸 + 𝑃{(𝑖=5,10,15)}
1𝑐 (𝛿𝑚5,10,15) + 3𝑚𝑎2

)�̈� − 𝑓𝑦 

(5.112b) 

2 ∑ 𝜆𝑙
′

3

𝑙=1

(𝑧 − (|𝑋1 2
𝑙 | + ∆𝐻1) sin(𝜃𝑙,1

′ ))

= (𝑚𝐸 + 𝑃{(𝑖=5,10,15)}
1𝑐 (𝛿𝑚5,10,15) + 3𝑚𝑎2

)�̈� 

+ (𝑚𝐸 + 𝑃{(𝑖=5,10,15)}
1𝑐 (𝛿𝑚5,10,15) + 3𝑚𝑎2

)𝑔𝑐 − 𝑓𝑧 

(5.112c) 

To achieve the transformation objective, I employ the Difference Lagrangian Function and the 

objective index 𝛿𝜏𝑙
𝑂,1

, as presented in Equation [5.47], and using Equation [5.113] to generate 

an equation for each of the 𝑌1 = 10  time steps sampled at equal intervals over the given 

trajectory (Figures [5.8-5.10]), for each of the 𝑀 = 3 limbs, from 𝑡0 = 0  to 𝑡𝑌1
= 0.2𝑠, with 

the desired ratio of change in torque set to 𝐷 = −0.2.  

𝛿𝜏𝑙
𝑂,1 =

|𝜏𝑙
′(𝑡, �̂�𝑗

 , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄)| − |𝜏𝑙

 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

= −0.2 (5.113) 

Where 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄 = 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻𝑖) × 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1,6,11)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) and 

the symbol ‘×’ is used to denote a sequence of reassembling transformations and should not 

be confused with the cross product. This produces a system of 30 equations with seven 

unknown transformation variables. I perform the numerical optimisation step using the 

function ‘lsqnonlin’ in MATLAB, which employs the Levenberg-Marquardt algorithm, as 

described in Section [5.2.3] (Equations [5.52-5.56]). The solutions found for the optimal 

transformation variables (∆𝐻1,6,11,𝛾1,6,11, 𝛿𝑚5,10,15)  by solving Equation [5.113], are shown 

in Table [5.10]. Since the Type 1c transformation (𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) is effected on the links 

on the end-effector platform (𝐻5, 𝐻10, 𝐻15), which is connected all three limbs, 𝛿𝑚5,10,15 does 

not vary for each limb and is constrained to solutions where 𝛿𝑚𝑖 > 0.  

𝑖 ∆𝐻𝑖 (m) 𝛾𝑖 (rad.) 𝛿𝑚5,10,15 (kg) 

1 0.057 0.007 
0 6 0.054 -0.173 

11 0.051 0.062 
Table 5.10. The reassembling transformation parameters solved for 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻𝑖), 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿𝑖

(𝛾𝑖)), 

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) for the Delta manipulator in Case Study 1, using Equation [5.113]. 
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The results for ∆𝐻1, ∆𝐻6  and ∆𝐻11  from Table [5.10] indicate that the optimal solution to 

achieve the desired ratio of change in torque, 𝐷 = −0.2 requires the extension of link 𝐻1, for 

limbs 1, 2 and 3, by 0.057, 0.054 and 0.051 metres, respectively. Additionally, the results in 

Table [5.10] for 𝛾1, 𝛾6 and 𝛾11 indicate that kinematic pairs 1, 6 and 11 should be rotated by 

0.007, −0.173 and 0.062 radians, respectively, about the 𝑧-axis (Equation [5.15]). Finally, 

𝛿𝑚5,10,15 = 0 in Table [5.10] indicates that a non-zero 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) does not need to 

be applied to the end-effector mass to achieve the desired ratio of change in torque 𝐷 = −0.2. 

 
Figure 5.12. The post-transformed Delta manipulator, where the values of ∆𝐻1,6,11 , 𝛾1,6,11  and 

𝛿𝑚5,10,15  are shown in Table [5.10]. The blue and red dotted lines indicate the pre- and post- 

transformed joint axis vectors 𝑠𝑖 and 𝑠𝑖
′, respectively.  

Using the solutions of Difference Lagrangian system of equations, as shown in Table [5.10], 

we arrive at the specific reassembling transformation: ( 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 ( ∆𝐻1 = 0.057 , ∆𝐻6 =

0.054 , ∆𝐻11 = 0.051 ) × 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007 , 𝛾6 = −0.173 ,  𝛾11 = 0.062 ))  × 

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 ( 𝛿𝑚5,10,15 ) = 0 ). Having applied this, I produce the post-transformed torques 

presented in Figure [5.17], while achieving the same end-effector trajectory, velocity, 

acceleration and end-effector external wrench, as shown in Figures [5.13-5.16]. 
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Figure 5.13. The angular (left) and linear (right) components of the end-effector trajectory (𝑂𝐸

′ =

(𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸) and 𝑋𝐸
′ = (𝑥, 𝑦, 𝑧)),  achieved by the post-transformed manipulator ( 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 ( ∆𝐻1 =

0.057,∆𝐻6 = 0.054 ,∆𝐻11 = 0.051)× 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007,𝛾6 = −0.173,  𝛾11 = 0.062))  × 

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

 
Figure 5.14. The angular (left) and linear components (right) of the end-effector velocity (�̇�𝐸

′ =

(�̇�𝐸 , �̇�𝐸 , �̇�𝐸 ) and �̇�𝐸 = (�̇� , �̇� , �̇� )), achieved by the post-transformed manipulator (𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻1 =

0.057,∆𝐻6 = 0.054 ,∆𝐻11 = 0.051)× 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007,𝛾6 = −0.173,  𝛾11 = 0.062))  × 

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0).   
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Figure 5.15. The angular (left) and linear (right) component of the end-effector acceleration (�̈�𝐸 =

(�̈�𝐸 , �̈�𝐸 , �̈�𝐸) and �̈�𝐸 = (�̈� , �̈� , �̈� )), achieved by the post-transformed manipulator (𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻1 =

0.057,∆𝐻6 = 0.054 ,∆𝐻11 = 0.051)× 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007,𝛾6 = −0.173,  𝛾11 = 0.062))  × 

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

 
Figure 5.16. The achieved end-effector forces, over time (𝑡) along the given trajectory (𝐸𝑇), by the 

post-transformed manipulator ( 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 ( ∆𝐻1 = 0.057 , ∆𝐻6 = 0.054  , ∆𝐻11 = 0.051 ) ×

𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007,𝛾6 = −0.173, 𝛾11 = 0.062)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

The post-transformed achieved torques are compared against the pre-transformed torques in 

Figure [5.17], below. 
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Figure 5.17. The pre- (𝜏) and post-transformed (𝜏′) (𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻1 = 0.057,∆𝐻6 = 0.054 ,∆𝐻11 =

0.051 ) × 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007 , 𝛾6 = −0.173 ,  𝛾11 = 0.062 ))  ×  𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 ( 𝛿𝑚5,10,15 )  = 0 ) 

torque profiles, coloured red and blue, respectively, for limb 1 (top), limb 2 (bottom left) and limb 3 

(bottom right), for Case Study 1. 

Based on Figure [5.17], it is evident that the post-transformed manipulator requires lower 

torques to achieve the same task manoeuvre. To further evaluate the reduction in torque 

profiles, I directly compare the pre- and post-transformed torques at each 𝑡-th time step, I 

compute ‘𝛿𝜏𝑙
𝐴,1(𝑡)’, which captures difference in 𝜏𝑙

′(𝑡, �̂�𝑗 , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄) and 𝜏𝑙

 (𝑡, �̂�𝑗), as a ratio 

of the absolute mean value of 𝜏𝑙
 (𝑡, �̂�𝑗) over the given trajectory. 

𝛿𝜏𝑙
𝐴,1(𝑡) =

|𝜏𝑙
′(𝑡, �̂�𝑗, 𝑷{𝒊}

𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄)| − |𝜏𝑙
 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

 (5.114) 

Where 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄 = 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 ( ∆𝐻1 = 0.057 , ∆𝐻6 = 0.054  , ∆𝐻11 = 0.051 ) ×

𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛾1 = 0.007 ,𝛾6 = −0.173 ,  𝛾11 = 0.062))  × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15)  = 0. The 

results of ‘𝛿𝜏𝑙
𝐴,1(𝑡)’ for 𝑙 = {1,2,3} are shown in Figure [5.18] and the mean of 𝛿𝜏1

𝐴,1, 𝛿𝜏2
𝐴,1

 

and 𝛿𝜏3
𝐴,1

 is shown in Figure [5.19]. 
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Figure 5.18. The values of 𝛿𝜏𝑙

𝐴,1(𝑡) computed using Equation [5.114], for 𝑙 = 1 (top), 𝑙 = 2 (bottom 

left) and 𝑙 = 3 (bottom right), in Case Study 1. The red dotted line represents 𝛿𝜏𝑙
𝐴,1(𝑡) = −0.2 which 

indicates a 20% reduction in torque between the pre- and post-transformed manipulators. 

Additionally, I compute the mean of 𝛿𝜏1
𝐴,1, 𝛿𝜏2

𝐴,1
 and 𝛿𝜏3

𝐴,1
 at each time step and show the 

values in Figure [5.19], below. 

 
Figure 5.19. The mean of 𝛿𝜏1

𝐴,1, 𝛿𝜏2
𝐴,1

 and 𝛿𝜏3
𝐴,1

 at each time step. The red dotted line represents 

𝛿𝜏𝑙
𝐴,1(𝑡) = −0.2 which indicates a 20% reduction in torque between the pre- and post-transformed 

manipulators. 
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To compute the averaged achieved ratio of change post-transformation in torque ‘𝜹𝝉𝒍
𝑨,𝟏

’ for 

the entire task manoeuvre, I adapt Equation [5.47] to give 

𝜹𝝉𝒍
𝑨,𝟏 =

∑ 𝛿𝜏𝑙
𝐴,1(𝑡)

𝑡=𝑡𝑌1
𝑡=0

𝑌1
 (5.115) 

Where 𝜏𝑙
′(𝑡, �̂�𝑗 , 𝑷{𝒊}

𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄) and 𝜏𝑙
 (𝑡, �̂�𝑗) are the values of 𝜏𝑙

′ and 𝜏𝑙
  at time ‘𝑡’, with the end-

effector external wrench �̂�𝑗. Note that I use the superscript ‘𝐴, 1’ in ‘𝜹𝝉𝒍
𝑨,𝟏

’ to indicate that it 

is the achieved ratio of change in torque for Case Study 1 and to differentiate it from the 

objective index (𝛿𝜏𝑙
𝑂,1

). The achieved values of 𝜹𝝉𝒍
𝑨,𝟏

 are shown in Table [5.11] and pre- and 

post-transformed torques along the given trajectory (𝐸𝑇) are presented in Figure [5.17].  

𝑙 𝜹𝝉𝒍
𝑨,𝟏

 

1 -0.208 

2 -0.198 

3 -0.183 

Mean -0.196 

Table 5.11. The achieved ratio of change in torque 𝜹𝝉𝒍
𝑨,𝟏

 for the post-transformed Delta manipulator in 

Case Study 1. 

As we can see from Figure [5.18], the average magnitude of the post-transformed torque has 

clearly been reduced and from Table [5.11], we see that we have achieved a mean ratio of 

change in torque of -0.196 (𝑚𝑒𝑎𝑛(𝜹𝝉𝟏
𝑨,𝟏, 𝜹𝝉𝟐

𝑨,𝟏, 𝜹𝝉𝟑
𝑨,𝟏) = −0.196), which equates to a mean 

reduction in 19.6% ≈ 20% of the input joint torque magnitudes between the pre- and post-

transformed manipulator, fulfilling the requirement that 𝐷 = −0.2, while producing the same 

external wrench (�̂�𝑗
′ = �̂�𝑗) and  performing the same task manoeuvre. Higher ratios of torque 

reduction between the pre- and post-transformed manipulators (setting 𝐷 < −0.2) can also be 

tested, but it is anticipated that this will compromise workspace achievability for the selected 

task manoeuvre and such explorations are outside the scope of this work. 

5.3.3. Case Study 2: Transformation Case 2 

To investigate the Transformation Case 2 from Section [5.2.3], I present a case study where I 

perform a reassembling transformation the Delta manipulator (as defined by the objective index 

𝛿𝜏𝑙
𝑂,2

 in Equation [5.49]), to produce a desired end-effector external wrench (�̂�𝑗
′ − �̂�𝑗

 ≠ 0), as 

shown in Figure [5.20]. Additionally, we require the post-transformed Delta manipulator to 

produce the desired end-effector external wrench while maintaining the same torque (𝜏𝑙
′ − 𝜏𝑙 =

0) and while moving along the given trajectory 𝐸𝑇, as presented in Figures [5.8-5.10]. 



181 

CHAPTER 5 

 

 
Figure 5.20. The initial and desired end-effector external wrenches, �̂�𝑗 (left) and �̂�𝑗(𝐷𝑒𝑠𝑖𝑟𝑒𝑑) = �̂�𝑗

′  

(right), respectively, over time (𝑡) along the given trajectory 𝐸𝑇, for Transformation Case 2. 

The joint torques required by the pre-transformed manipulator to achieve equilibrium with the 

desired end-effector external forces or wrench ( �̂�𝑗
′ ), denoted by the symbol 𝜏𝑙(�̂�𝑗

′) , are 

compared against the joint torques required by the pre-transformed manipulator to achieve the 

initial end-effector external wrench (𝜏𝑙(�̂�𝑗
 )) in Figure [5.21], for 𝑙 = {1,2,3}. I have identified 

the regions where |𝜏𝑙(�̂�𝑗
′)| > 10 Nm, by shading them in blue, to show that the pre-

transformed manipulator requires a significant and undesirable increase in joint torques to 

produce the desired end-effector external wrench. These regions are required to be augmented 

post-reassembling transformation and are the focus of this case study. 
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Figure 5.21. The joint torques required by the pre-transformed manipulator to achieve equilibrium with 

the desired end-effector external wrench ( �̂�𝑗
′ ), denoted by the symbol 𝜏𝑙(�̂�𝑗

′)  (coloured in red), 

compared against the joint torques required by the pre-transformed manipulator to achieve equilibrium 

with the initial end-effector external wrench (𝜏𝑙(�̂�𝑗
 )) (coloured in black). The regions shaded in blue, 

correspond to |𝜏𝑙(�̂�𝑗
′)| > 10 Nm. 

To fulfil this optimisation directive (�̂�𝑗
′ − �̂�𝑗

 ≠ 0 and 𝜏𝑙
′ − 𝜏𝑙 = 0), I select Type 1a, Type 1b1 

and Type 1c Transformations (𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖), 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛼𝑖, 𝛾𝑖)) and 𝑷{𝒊}

𝟏𝒄(𝛿𝑚𝑖), respectively) to be 

effected upon the Delta manipulator. To identify the optimal kinematic pairs that would have 

the most beneficial impact on the dynamics performance post-transformation, out of the 

𝐶3
 

 
5(15) = 67525  number of combinations of reassembling transformations possible, I 

compute the affectation indices 𝑨𝒅𝟐(𝑷{𝒊}
𝟏𝒂, 𝐸𝑇) , 𝑨𝒅𝟐(𝑷{𝒊}

𝟏𝒃𝟏, 𝐸𝑇)  and 𝑨𝒅𝟐(𝑷{𝒊}
𝟏𝒄 , 𝐸𝑇)  by 

employing Equation [5.101] with ten sampled points in the trajectory (𝑌1  =  10) and four 

unique transformation parameters tested for each end effector pose (𝑌2  = 4). The affectations 

indices for the Type 1a and 1b1 transformations (𝑨𝒅𝟐(𝑷{𝒊}
𝟏𝒂, 𝐸𝑇), 𝑨𝒅𝟐(𝑷{𝒊}

𝟏𝒃𝟏, 𝐸𝑇)) are presented 

in Table [5.12] for 𝑖 = {1,6,11} and 𝑖 = {3,8,13}. As detailed in Section [5.2.2], Type 1c 

transformations are effected upon kinematic pairs 𝑖 = {1,6,11} , 𝑖 = {3,8,13}  and 𝑖 =

{5,10,15}, as presented in Table [5.13].  
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Transformation Type (𝐾) 𝑨𝒅𝟐(𝑷{𝟏,𝟔,𝟏𝟏}
𝑲 , 𝐸𝑇) 𝑨𝒅𝟐(𝑷{𝟑,𝟖,𝟏𝟑}

𝑲 , 𝐸𝑇) 

𝐾 = 1𝑎 

∆𝐻𝑖 = {−0.02, −0.01,0.01,0.02} (metres) 
3.717 1.086 

𝐾 = 1𝑏1 

𝛾𝑖 = {−
𝜋

8
, −

𝜋

10
,

𝜋

10
,

𝜋

8
} (rad.) 

0.037 0 

Table 5.12. The affectation index results for Type 1a and 1b1 transformations in Case Study 2. 

Candidate transformation states used for the calculation of the affectation index are presented in the 

table. 

Transformation Type (𝐾) 𝑨𝒅𝟐(𝑷{𝟏,𝟔,𝟏𝟏}
𝑲 , 𝐸𝑇) 𝑨𝒅𝟐(𝑷{𝟑,𝟖,𝟏𝟑}

𝑲 , 𝐸𝑇) 𝑨𝒅𝟐(𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝑲 , 𝐸𝑇) 

𝐾 = 1𝑐 

𝛿𝑚𝑖 = {0.01,0.02,0.03,0.04} (kg) 
13.898 27.195 48.227 

Table 5.13. The affectation index results for Type 1c transformations in Case Study 2. Candidate 

transformation states used for the calculation of the affectation index are presented in the table. 

Based on the results from Table [5.12], we find that 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖) and 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛼𝑖, 𝛾𝑖)) for 𝑖 =

{1,6,11} and 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) produce the highest affectation indices for their respective 

transformations, where (𝑨𝒅𝟐(𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 , 𝐸𝑇) = 3.717) > (𝑨𝒅𝟐(𝑷{𝟑,𝟖,𝟏𝟑}

𝟏𝒂 , 𝐸𝑇) = 1.086) ,  

(𝑨𝒅𝟐(𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 , 𝐸𝑇) = 0.037)  > (𝑨𝒅𝟐(𝑷{𝟑,𝟖,𝟏𝟑}

𝟏𝒃𝟏 , 𝐸𝑇) = 0)  and (𝑨𝒅𝟐(𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 , 𝐸𝑇) =

48.227) > (𝑨𝒅𝟐(𝑷{𝟑,𝟖,𝟏𝟑}
𝟏𝒄 , 𝐸𝑇) = 27.195) > (𝑨𝒅𝟐(𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒄 , 𝐸𝑇) = 13.898) . These results 

indicate that performing a Type 1a transformation and a Type 1b transformation on the first 

kinematic pair of each 𝑙-th limb are the most effective out of the kinematic pairs selected in 

Table [5.12]. However, based on Table [5.13], performing a Type 1c transformation on 𝐻5,10,15 

is more effective than performing a Type 1c transformation on links ‘𝐻1,6,11’ or ‘𝐻3,8,13’. 

Therefore, I incorporate the difference maps (𝑃{𝑖}
1𝑎(∆𝐻𝑖) and 𝑃{𝑖}

1𝑏1(𝑅𝛿𝑖
(𝛾𝑖), for 𝑖 = {1,6,11}) 

(based on Table [5.3] and Equations [5.20] and [5.28]), such that the quaternion rotor inverse 

position equation for each limb of the parallel Delta manipulator (based on the examples in 

Equation [5.1]) is applied to limbs 1, 2 and 3. Since the same kinematic pairs for 

transformations 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖) and 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛼𝑖, 𝛾𝑖)) and 𝑷{𝒊}

𝟏𝒄(𝛿𝑚𝑖) have been selected for Case 

Study 1 and Case Study 2, the expressions for the  quaternion rotor  inverse position equation 

of each limb are identical to those presented in Equations [5.106a-c]. In this case study, after 

converting 𝑅𝛿𝑖
(𝛾𝑖) → 𝑅𝛿𝑖

(𝛼𝑖, 𝛾𝑖)  I apply the difference maps in Equations [5.107a-b] and 

Equations [5.1-5.7] to form 𝜌𝑙
′ (Equation [5.8]) and find the transformed joint angles 𝜃𝑙,1

′  by 

employing Equation [5.9]. I then differentiate 𝜃𝑙,1
′  twice to get the transformed active joint 

accelerations of the 𝑙-th limb �̈�𝑙,1
′  (Equations [5.13a-b]). I use 𝜃𝑙,1

′  and �̈�𝑙,1
′  to express the post-
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transformed active joint torques 𝜏𝑙
′, as shown in Equation [5.110]. 𝜆′𝑙 is defined as presented 

in Equations [5.112a-c] with the difference maps 𝑃{(𝑖=1,6,11)}
1𝑎 (∆𝐻1,6,11)  and 

𝑃{(𝑖=5,10,15)}
1𝑐 (𝛿𝑚5,10,15) = 𝛿𝑚5,10,15  embedded in them, for 𝑙 = {1,2,3}. 

To achieve the transformation objective, I employ the Difference Lagrangian Function and the 

objective index 𝛿𝜏𝑙
𝑂,2

, as presented in Equation [5.49], to generate an equation for each of the 

𝑌1 = 10 time steps sampled at equal intervals over the required trajectory (Figures [5.8-5.10]), 

for each of the 𝑀 = 3 limbs, from 𝑡0 = 0  to 𝑡𝑌1
= 0.2𝑠.  

𝛿𝜏𝑙
𝑂,2 =

|𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄)| − |𝜏𝑙

 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

= 0 (5.116) 

Where 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄 = 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻𝑖) × 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1,6,11, 𝛾1,6,11)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) 

and I set |𝜏𝑙
 (𝑡, �̂�𝑗)|

𝑚𝑒𝑎𝑛
= 1 . This produces a system of 30 equations with seven 

transformation variable unknowns. I perform the numerical optimisation step using the 

function ‘lsqnonlin’ in MATLAB, which employs the Levenberg-Marquardt algorithm, as 

described and Section [5.2.3] (Equations [5.52-5.56]). The solutions found for the optimal 

transformation variables (∆𝐻1,6,11,𝛾1,6,11), by solving Equation [5.116]), are shown in Table 

[5.14]. Since the Type 1c transformation (𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15)), is effected on links on the end-

effector platform (𝐻5, 𝐻10, 𝐻15), which is connected all three limbs, 𝛿𝑚5,10,15 does not vary for 

each limb and is constrained to solutions where 𝛿𝑚𝑖 > 0. 

𝑖 ∆𝐻𝑖 (m) 𝛼𝑖 (rad.) 𝛾𝑖 (rad.) 𝛿𝑚5,10,15 (kg) 

1 0.047 -0.756 0.165 

0 6 -0.015 1.047 1.047 

11 0.098 0.901 -1.047 

Table 5.14. The reassembling transformation parameters solved for 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻𝑖) , 

𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿𝑖

(𝛼𝑖, 𝛾𝑖)) and (𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15)), for the Delta manipulator in Case Study 2, using 

Equation [5.116]. 

The results for ∆𝐻1, ∆𝐻6  and ∆𝐻11  from Table [5.14] indicate that the optimal solution to 

produce the desired end-effector external forces (�̂�𝑗
′) while maintaining 𝜏𝑙

′ − 𝜏𝑙 = 0, requires 

the extension of link 𝐻1 , 𝐻6  and 𝐻11  by 0.047, -0.015 and 0.098 metres, respectively. 

Additionally, the results in Table [5.14] for {𝛼1, 𝛼6, 𝛼11}  and {𝛾1, 𝛾6, 𝛾11}  indicate that 

kinematic pairs 1, 6 and 11 should be rotated by -0.756, 1.047 and 0.901 radians, respectively, 

about the 𝑥-axis and rotated by 0.165, 1.047 and -1.047 radians, respectively, about the 𝑧-axis 
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(Equation [5.15]). Finally, 𝛿𝑚5,10,15 = 0 in Table [5.14] indicates that there should be no 

change in the end-effector mass, to produce the desired end-effector external wrench (�̂�𝑗
′) while 

maintaining 𝜏𝑙
′ − 𝜏𝑙 = 0. The post-transformed Delta manipulator is shown in Figure [5.12]. 

Using the solutions of the Difference Lagrangian system of equations, as shown in Table [5.14], 

we arrive at the specific reassembling transformation: 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻1 = 0.047,∆𝐻6 = −0.015, 

∆𝐻11 = 0.098) × 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 = −0.756,𝛼6 = 1.047, 𝛼11 = 0.901,𝛾1 = 0.165,𝛾6 =

1.047 ,  𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0 . Having applied this, we produce the 

post-transformed torques presented in Figure [5.26], while achieving the same end-effector 

trajectory, velocity, acceleration and end-effector external wrench, as shown in Figures [5.22-

5.25]. 

 
Figure 5.22. The angular (left) and linear (right) components of the end-effector trajectory (𝑂𝐸

′ =

(𝜙𝐸 , 𝜃𝐸 , 𝜓𝐸) and 𝑋𝐸
′ = (𝑥, 𝑦, 𝑧)),  achieved by the post-transformed manipulator (𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 ( ∆𝐻1 =

0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  ×  𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 =  −0.756 , 𝛼6 = 1.047 , 𝛼11 =

0.901,𝛾1 = 0.165,𝛾6 = 1.047, 𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

 
Figure 5.23. The angular (left) and linear components (right) of the end-effector velocity (�̇�𝐸

′ =

(�̇�𝐸 , �̇�𝐸 , �̇�𝐸 ) and �̇�𝐸 = (�̇� , �̇� , �̇� )), achieved by the post-transformed manipulator (𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻1 =

0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  ×  𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 =  −0.756 , 𝛼6 = 1.047 , 𝛼11 =

0.901,𝛾1 = 0.165,𝛾6 = 1.047, 𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 
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Figure 5.24. The angular (left) and linear (right) component of the end-effector acceleration (�̈�𝐸 =

(�̈�𝐸 , �̈�𝐸 , �̈�𝐸) and �̈�𝐸 = (�̈� , �̈� , �̈� )), achieved by the post-transformed manipulator (𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 (∆𝐻1 =

0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  ×  𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 = −0.756 , 𝛼6 = 1.047 , 𝛼11 =

0.901,𝛾1 = 0.165,𝛾6 = 1.047, 𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

 
Figure 5.25. The achieved end-effector forces, over time (𝑡) along the given trajectory (𝐸𝑇), by the 

post-transformed manipulator ( 𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒂 ( ∆𝐻1 = 0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  × 

𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 = −0.756,𝛼6 = 1.047, 𝛼11 = 0.901,𝛾1 = 0.165,𝛾6 = 1.047, 𝛾11 = −1.047)) ×

𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0). 

The post-transformed achieved torques with the desired end-effector external wrench 

(𝜏𝑙
′(𝑡, �̂�𝑗

′)) are compared against the pre-transformed torques with the initial end-effector 

external wrench (𝜏𝑙
 (𝑡, �̂�𝑗)) in Figure [5.26], below.  
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Figure 5.26. A plot of 𝜏𝑙

 (𝑡, �̂�𝑗), the pre-transformed  joint torques with the initial end-effector external 

wrench �̂�𝑗
  (Figure [5.20] (coloured in black)) and 𝜏𝑙

′(𝑡, �̂�𝑗
′), the post-transformed (𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻1 =

0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  ×  𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 =  −0.756 , 𝛼6 = 1.047 , 𝛼11 =

0.901 , 𝛾1 = 0.165 , 𝛾6 = 1.047 ,  𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0 ) joint torque profiles 

with the desired end-effector external wrench �̂�𝑗
′  (coloured in blue), for 𝑙 = 1 (top), 𝑙 = 2 (bottom-left) 

and 𝑙 = 3 (bottom-right), in Case Study 2. 

Based on Figure [5.26], it is evident that the post-transformed manipulator requires higher 

torques to achieve equilibrium with the desired end-effector external wrench. To further 

evaluate the reduction in torque profiles, I directly compare the pre- and post-transformed 

torques at each 𝑡 -th time step. I compute ‘ 𝛿𝜏𝑙
𝐴,2(𝑡) ’, which captures difference in 

𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄) and 𝜏𝑙

 (𝑡, �̂�𝑗), as a ratio of the absolute mean value of 𝜏𝑙
 (𝑡, �̂�𝑗), over the 

given trajectory. 

𝛿𝜏𝑙
𝐴,2(𝑡) =

|𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄)| − |𝜏𝑙

 (𝑡, �̂�𝑗)|

|𝜏𝑙
 (𝑡, �̂�𝑗)|

𝜇

 (5.117) 
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Where 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄 = 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 ( ∆𝐻1 = 0.047 , ∆𝐻6 = −0.015 , ∆𝐻11 = 0.098 )  × 

𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 =  −0.756 , 𝛼6 = 1.047 , 𝛼11 = 0.901 , 𝛾1 = 0.165 , 𝛾6 = 1.047 ,  𝛾11 =

−1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0 . The results of 𝛿𝜏𝑙

𝐴,2(𝑡)  for 𝑙 = 1,2,3  are shown in 

Figure [5.27] and the mean of 𝛿𝜏1
𝐴,2, 𝛿𝜏2

𝐴,2
 and 𝛿𝜏3

𝐴,2
 is shown in Figure [5.28].  

 
Figure 5.27. The values of 𝛿𝜏𝑙

𝐴,2(𝑡), computed using Equation [5.114], for 𝑙 = 1 (top), 𝑙 = 2 (bottom 

left) and 𝑙 = 3 (bottom right), in Case Study 2. 

Additionally, I compute the mean of 𝛿𝜏1
𝐴,2, 𝛿𝜏2

𝐴,2
 and 𝛿𝜏3

𝐴,2
 at each time step and show the 

values in Figure [5.28], below. 

 
Figure 5.28. The mean of 𝛿𝜏1

𝐴,2, 𝛿𝜏2
𝐴,2

 and 𝛿𝜏3
𝐴,2

 at each time step. 

To compute the averaged achieved ratio of change post-transformation in torque ‘𝜹𝝉𝒍
𝑨,𝟐

’ for 

the entire task manoeuvre, I define the following equation 
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𝜹𝝉𝒍
𝑨,𝟐 =

∑ 𝛿𝜏𝑙
𝐴,2(𝑡)

𝑡=𝑡𝑌1
𝑡=0

𝑌1
 (5.118) 

Where 𝜏𝑙
′(𝑡, �̂�𝑗

′ , 𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄) and 𝜏𝑙

 (𝑡, �̂�𝑗) are the values of 𝜏𝑙
′ and 𝜏𝑙

  at time ‘𝑡’, with the end-

effector external wrenches �̂�𝑗
′  and �̂�𝑗

 , respectively. Note that I use the superscript ‘𝑨, 𝟐’ in 

𝜹𝝉𝒍
𝑨,𝟐

 to indicate that it is the achieved ratio of change in torque for Case Study 2 and to 

differentiate it from the objective index (𝛿𝜏𝑙
𝑂,2

). The achieved values of 𝜹𝝉𝒍
𝑨,𝟐

 are shown in 

Table [5.15] and pre- and post-transformed torques along the given trajectory ( 𝐸𝑇 ) are 

presented in Figure [5.26]. 

𝑙 𝜹𝝉𝒍
𝑨,𝟐

 

1 0.210 

2 0.016 

3 0.013 

Mean 0.080 

Table 5.15. The achieved ratio of change in torque ‘𝜹𝝉𝒍
𝑨,𝟐

’ for the post-transformed Delta manipulator 

in Case Study 2. 

Based on Figures [5.20] and [5.25], the mean absolute percentage error between �̂�𝑗
′  (Desired) 

and �̂�𝑗
′  (Achieved) is 3.6 ∗ 10−13%, which is negligible. From the results presented in Table 

[5.15], we have achieved a mean ratio of change in torque of 0.080 

(𝑚𝑒𝑎𝑛(𝜹𝝉𝟏
𝑨,𝟐, 𝜹𝝉𝟐

𝑨,𝟐, 𝜹𝝉𝟑
𝑨,𝟐) = 0.080), equating to a mean increase of 8.0% for the required 

joint torques (as we can observe in Figure [5.26]), while producing the desired end-effector 

external wrench (�̂�𝑗
′) and performing the same task manoeuvre. As evident in Figures [5.27] 

and [5.28], although the mean ratio of change is an increase of 0.08, there are large regions of 

the profiles where there is a decrease in required torque post transformation and it generally 

oscillates about a ratio change of zero. From Figure [5.26] and Table [5.15], we note that 

𝜏𝑙
′(𝑡, �̂�𝑗

′)  is not equal to 𝜏𝑙
 (𝑡, �̂�𝑗) , as is required for this transformation case. However, 

achieving equilibrium with the desired end-effector external wrench (�̂�𝑗
′) in the absence of a 

reassembling transformation, requires the joint torques 𝜏𝑙
 (𝑡, �̂�𝑗

′) to increase significantly above 

10 Nm, as shown by the blue shade region in Figure [5.21]. In comparison, after performing 

the reassembling transformation (𝑷{𝒊}
𝟏𝒂,𝟏𝒃𝟏,𝟏𝒄 = 𝑷{𝟏,𝟔,𝟏𝟏}

𝟏𝒂 (∆𝐻1 = 0.047,∆𝐻6 = −0.015, ∆𝐻11 =

0.098 )  ×  𝑷{𝟏,𝟔,𝟏𝟏}
𝟏𝒃𝟏 (𝑅𝛿1,6,11

(𝛼1 =  −0.756 , 𝛼6 = 1.047 , 𝛼11 = 0.901 , 𝛾1 = 0.165 , 𝛾6 =

1.047 ,  𝛾11 = −1.047)) × 𝑷{𝟓,𝟏𝟎,𝟏𝟓}
𝟏𝒄 (𝛿𝑚5,10,15) = 0 ), the required post-transformed 

manipulator joint torques (|𝜏𝑙
′(𝑡, �̂�𝑗

′)|) do not exceed 10 Nm (Figure [5.26]). 
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5.4. Discussion and Conclusion 

In this work, I have presented a systematic methodology that allows parallel manipulators to 

be transformed through Type 1 reassembling transformations to augment dynamics 

performance. In this chapter, I used the Difference Lagrangian Function, which is a continuous 

and differentiable function that can be solved and adapted for different reassembling 

transformation and optimisation problems. The Difference Lagrangian Function (also known 

as the objective index), by virtue of containing difference maps, allows the desired dynamics 

performance augmentation to be explicitly solved for. To the best of my knowledge, this 

methodological work is the first in the state of the art of academic literature that achieves 

dynamics optimisation through the variation of a select class of kinematic pair parameters, with 

an explicitly stated performance objective that is solved in a deterministic fashion using a 

system of equations.  

A reassembling robot with the transformation capabilities described in this work, can 

perform diverse tasks and manoeuvres by essentially having continuously changing 

morphological states. The reassembling framework presented in this work analyses the 

morphological variations between different robots ‘continuously’ rather than as discrete 

independent motion generating mechanical assemblages, as is the current approach for 

traditional synthesis methodologies.  

In Case Study 1 (Section [5.3.2]), I performed a reassembling transformation on a Delta 

manipulator that allowed the post-transformed manipulator to achieve the same task manoeuvre 

with a 20.0% reduction in required torques, based on the value: 𝑚𝑒𝑎𝑛(𝜹𝝉𝟏
𝑨,𝟏, 𝜹𝝉𝟐

𝑨,𝟏, 𝜹𝝉𝟑
𝑨,𝟏) =

−0.196 (Table [5.11]). In Case Study 2 (Section [5.3.3]), I performed a reassembling 

transformation on a Delta manipulator that allowed the post-transformed manipulator to 

achieve equilibrium with the desired end-effector external wrench, while achieving the same 

task manoeuvre, with only an increase in 8.0% in required torques, based on the value: 

𝑚𝑒𝑎𝑛(𝜹𝝉𝟏
𝑨,𝟐, 𝜹𝝉𝟐

𝑨,𝟐, 𝜹𝝉𝟑
𝑨,𝟐) = 0.080 (Table [5.15]). As a consequence of both Case Studies 1 

and 2, the torque required to perform specific tasks, using the post-transformed robot, is 

significantly reduced when compared to the pre-transformed robot, leading to potentially 

significant energy and cost savings with only minor modifications to the manipulator. Due to 

the generality of this method, these energy savings can be obtained for other automation tasks 

with different trajectories.  
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The Difference Lagrangian Function and the reassembling transformations can also be 

adapted for kinematics and statics performance using the same methodological features and 

tools presented in this work. Additionally, by constraining the determinants of the Jacobian 

matrices (Equations [5.10a-b]) (i.e. det(𝐽𝑥) = 0 ， det (𝐽𝑞) = 0  and det (𝐽𝜃) = 0 ), it is 

possible to find the optimal reassembling transformations that would remove or relocate the 

singularities present in a target region of a pre-transformed manipulator. This is the focus of 

the next chapter, Chapter 6.  I have, however, reserved this exploration and analysis of self-

collision and obstacle avoidance for future work. The method presented in this work is 

adaptable for serial and hybrid/hyper-redundant manipulators, but I have also reserved them 

for future works. As a result, in future works I could investigate the application of this 

framework to other types of robots, such as the SCARA, PUMA and the Stewart-Gough 

manipulators.  

As presented in Section [5.2.4], affectation indices are scalar indices that are used to 

select the optimal generic type transformation for each 𝑖-th kinematic pair, for a specific task 

manoeuvre and a given robot’s pre-transformed morphology. Without the affectation index, 

the problem presented in this work is practically unfeasible, even by engineering standards, 

because of the large number ( 𝐶𝑘
 

 
𝑝𝑛 =

𝑝𝑛!

𝑘!(𝑝𝑛−𝑘)!
) of different combinations of reassembling 

transformations that are possible for each of the ‘𝑝’ number of possible type transformation 

variables per kinematic pair, ‘𝑘’ number of reassembling transformations selected and ‘𝑛’ 

number of kinematic pairs in a manipulator. This makes the process of evaluating these 

reassembling transformations extremely difficult, if not unfeasible. However, the sampling 

number and procedure used for the affectation index computation and its effects on the 

computed affectation index values needs to be explored further in future works, as it is guiding 

the general type selection of reassembling transformations, which is a very significant part of 

the approach. The sampling of points to produce a system of equations and the Levenberg-

Marquardt algorithm used for solution finding, also needs further study to investigate avenues 

of improvement, such as by developing sampling heuristics, instead of sampling at equally 

spaced intervals, or using an alternative numerical solution algorithm for over-constrained 

systems of equations.  

The framework presented in this chapter is generalised and its methods can be used to 

analyse and transform any parallel manipulator and also extended to the study of non-linear 

systems of equations for modelling multi-body dynamics. In this chapter, I have further 
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advanced Objective 2 by exploring the robot’s relationship between motion capabilities and 

morphology using difference Lagrangian expressions (Section [5.2.3]), to allow us to directly 

and efficiently optimise robot design and identify necessary reassembling transformation 

parameters required to achieve a desired dynamics performance in a task manoeuvre. In the 

next chapter, I adapt the methods presented in Section [5.2] to further advance Objective 2 (as 

presented in Section [1.2]) by developing a novel quaternion based method to relocate and 

reduce singularities and near-singularities in a target workspace region of parallel manipulators 

by transforming the screw parameters of the base actuators. 



193 

CHAPTER 6 

Chapter 6: Singularity Relocation and Reduction in 

Reassembling Robot Workspaces using Quaternions 

6.1. Introduction 

Examining the effects of reassembling transformations would not be complete without 

addressing the very important problem of kinematic singularities in robot workspaces. As 

detailed in Section [1.1], kinematic singularities in the workspace of parallel manipulators limit 

the workspace regions that a particular manipulator can operate in due to the end-effector 

gaining or losing one or more degrees of freedom (Tsai 1999; Merlet 2006). Methods to 

identify and minimise singularities in a manipulator’s workspace are of significant interest in 

the field of robotics (Cheng et al. 2001; Müller 2008). In this chapter, by adapting and building 

upon the mathematical formulation of reassembling robotics from preceding chapters, I present 

a systematic and highly effective approach to the reduction and relocation of singularities and 

‘near-singularities’ in target workspace regions for parallel manipulators by performing Type 

1a and 1b1 reassembling transformations. Near-singularities are poses that are in the 

neighbourhood of a singularity and the determinant of the Jacobian matrices decreases 

drastically, which results in a huge reduction in actuator static dynamic efficiency 

(Bhattacharya et al. 1998). In the interest of generality, the determinant threshold that is chosen 

to qualify a near-singularity ought to be selected at the discretion of the specialist. 

Singularity and near-singularity relocation and reduction in the target region of the 

workspace is achieved by applying Type 1a and 1b1 reassembling transformations to the 

kinematic pairs of the manipulator, similar to the transformations that were applied to augment 

dynamics performance in Chapter 5. The objective of this chapter is to present a novel 

mathematical approach that leverages the use of quaternions and difference maps from Chapter 

5 to near completely eliminate singularities and near singularities in a  chosen target region of 

the workspace (or operational space) while maintaining reachability of the end-effector in said 

region. Similar to the dynamics performance augmentation, such a method would allow a 

reassembling robot to change its morphological state in between task manoeuvres defined in 

different delineated regions of the workspace so that it does not encounter a kinematic 

singularity. This would advance Objective 2 of the thesis.  

The implementation of transformation operations (such as Type 1a or 1b1) to remove or 

relocate singularities and near singularities could either be executed by a human specialist or it 

could be executed by one or multiple additional actuator/s at the relevant kinematic pairs. It 
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must be noted that the degrees of freedom of these additional actuator(s) are not ‘active’ during 

operation or manoeuvres. In other words, the mobility (in the traditional sense of the word) of 

the robot does not change in any way during manoeuvres. The adjustment only takes place in 

between specific tasks and manoeuvres to transform the robot for a new task. As mentioned, 

the transformation or deliberation of the kinematic pair’s screw parameters need not be an 

isolated exercise during the type synthesis phase of the manipulator, but instead it could be an 

active ongoing implementation/adjustment by a roboticist or engineer in between different 

tasks and manoeuvres to relocate and reduce singularities and allow the end-effector to enter 

regions of the workspace which, prior to the transformation, contained singularities or clusters 

of singularities (singular regions) but become singularity and near-singularity free in the target 

region after the transformation. Such a scheme of transforming the kinematic pair’s screw 

parameters by performing Type 1a or 1b1 reassembling transformations (similar to the case 

studies presented in Chapter 5) changes the Jacobian matrices and a mathematical method that 

bridges the characterisation of singularities and the type synthesis (or morphological) 

parameters of each limb is required. In effect, this method allows the selection of a singular 

region in the workspace and systematically remove it by computing the transformation 

necessary to achieve such a relocation and reduction. The 3-PUS/S parallel manipulator and 

Gough-Stewart Platform manipulator are analysed using this method and are presented as case 

studies in this chapter. In Section [6.2], I detail the methodological approach to achieve this 

end. In Section [6.2.1], I embed the difference maps into the pre-transformed position based 

constraint equations to produce ‘transformed constraint expressions’ that reflect the post-

transformed manipulator’s morphological state. Then, in Section [6.2.2], I derive the 

‘transformed Jacobian matrices’ from these transformed constraint expressions. By computing 

the determinants of the Jacobian matrices with the embedded quaternion rotor based difference 

maps, I form expressions that characterise the transformation operations and their effects on 

the singularities and near-singularities of a robot’s workspace in Section [6.2.3]. Subsequently, 

in the same section (Section [6.2.3]), I define end-effector pose dependent scalar indices 

(similar to affectation indices in Chapter 5), based on these Jacobian matrices with embedded 

difference maps, to identify the optimal transformation of parameters that allows us to 

minimise the singularities and near-singularities in the target region while minimising loss of 

achievable workspace in said target region. 
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6.2. Methods 

In this chapter, I employ the definitions of quaternions and quaternion rotor methods for 

position and kinematic analysis (Section [2.4], Equations [2.27-2.46]) to derive constraint 

expressions. Additionally, I employ infinitesimal screws (Section [2.4], Equations [2.45]), and 

reassembling transformation difference maps (defined in Section [5.2.2]). In the next section, 

I show how to implement these transformation operations to characterise the transformed 

constraints of the system and derive transformed constraint expressions. 

6.2.1. Implementation of Difference Maps to Produce Transformed Constraint 

Expressions 

In this section, I employ the definitions of quaternions and quaternion rotor methods for 

position and kinematic analysis (defined in Section [2.4], Equations [2.27-2.46]) to derive 

constraint expressions, then I embed difference maps (detailed in Section [5.2.2]) into 

constraint equations to produce transformed constraint expressions of manipulators that have 

undergone a reassembling transformation. Noting that, as mentioned in Chapter 2, a maximum 

of six end-effector degrees of freedom, three translational (𝑥, 𝑦, 𝑧) and three orientational 

(𝜙, 𝜃, 𝜓), characterise the general end-effector of a robotic manipulator in three dimensional 

Euclidean space. Additionally, it is common practice in the state of the art to design robotic 

manipulators with the same number of active joints as there are end-effector degrees of 

freedom.  

Combining Equations [2.41-2.43] from Chapter 2 and dropping the necessarily zero tuple 

associated with Equation [2.43], we obtain the quaternion form of the 6-tuple constraint 

equation 𝑓(𝒙, 𝒒) as 

𝑓(𝒙, 𝒒) = [∑𝑋𝑖 𝑖+1
𝑙

𝑛

𝑖=0

− 𝑋𝐸 , 𝑄 (∏𝑈𝑘
𝑙

𝑛

𝑘=0

−  𝑂𝐸
 )] = 𝟎 (6.1) 

Note that constraint equations formed by employing Equations [2.41-2.43] and [6.1] contain 

passive joint variables as well as active joint variables. This often results in constraint equations 

that have more joint variables than the maximum degrees of freedom of a manipulator’s end-

effector (a maximum of six). In a well-designed robot, the number of end-effector degrees of 

freedom is equal to the total number of active joints (denoted with the symbol ‘𝑎𝑇’). I denote 

𝒒𝒂 = [𝑞1, 𝑞2, … , 𝑞𝑎𝑇
] as the set of all the active joint variables of a manipulator, where the 

subscript ‘𝒂’ in ‘𝒒𝒂’ stands for ‘active’. To ensure that there are the same number of joint 

variables as end effector degrees of freedom in the constraint equations to produce square 

Jacobian matrices (defined later in this section), I separate the active joint variables (𝒒𝒂) and 
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eliminate the passive joint variables from the constrain expression (𝑓(𝒙, 𝒒)) by performing a 

geometric analysis of the manipulator. To this end, we require the constraint expression to be 

algebraically reduced to give 𝑓(𝒙, 𝑞1, 𝑞2, … , 𝑞𝑛) → 𝑓(𝒙, 𝑞1, … , 𝑞𝑎𝑇
) where 𝑎𝑇 is equal to end-

effector degrees of freedom, where ‘𝑛’ is the total number of kinematic pairs. I will denote this 

algebraic reduction as 𝑓(𝒙, 𝒒) → 𝑓(𝒙, 𝒒𝒂). 

I continue from the case studies presented in Chapter 5 to present a comprehensive and 

instructive example of (𝑓(𝒙, 𝒒) → 𝑓(𝒙, 𝒒𝒂)). In this chapter, I demonstrate the removal of 

passive joint variables from the constraint expression of an RUU limb from a Delta 

manipulator, which is a 5-DOF, RUU limb of a 3-RUU translational manipulator with only 

three translational degrees of freedom {𝑥, 𝑦, 𝑧}, where the first revolute joint of each limb is 

active (giving a total of three active joints) and the other joints are passive (Figure [6.1]). 

Similar to Chapter 5, where I had performed Type 1a (𝑷{𝒊}
𝟏𝒂)  and Type 1b1 (𝑷{𝒊}

𝟏𝒃𝟏) 

transformations to the first kinematic pair (or bicep) of each limb of the Delta manipulator, in 

this particular example, I implement reassembling transformations which consists of a Type 1a 

transformation (𝑷{𝒊}
𝟏𝒂) applied to the forearm and Type 1b1 transformations (𝑷{𝒊}

𝟏𝒃𝟏) applied to 

both the bicep and forearm (the third kinematic pair of each limb), where the Type 1a (𝑷{𝒊}
𝟏𝒂) 

and Type 1b1 (𝑷{𝒊}
𝟏𝒃𝟏) transformations have been extensively detailed in Tables [3.2, 5.2, 5.3]. 

For the RUU limb, the position vector 𝑋1 3 (bicep) consists of the active joint variables, the 

position vector 𝑋3 5 (forearm) consists of the passive joint variables and the position vector 

𝑋1 5 consists of the end-effector position, the position vector from the base (kinematic pair/joint 

0) to kinematic pair/joint 1 and the position vector from the end-effector to kinematic pair/joint 

5. Note that the position vector 𝑋𝑖 𝑗
  is defined in Equation [2.33] and both 𝑋1 3 and 𝑋1 5 are 

independent of passive joint variables. It should be noted that the type of vector deconstruction 

shown in Figure [6.1] is easily generalisable to other limb morphologies. 
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Figure 6.1. Left) The RUU limb of a Delta manipulator and vectors 𝑋1 3, 𝑋3 5 and 𝑋1 5, image adapted 

from Qu et al. (2017). Middle) The corresponding deconstructed kinematic chain representation, as five 

revolute joints connected in series. The node corresponding to the active joint is denoted with colour 

blue. Right) A representation of the 5-DOF, RUU limb, image adapted from Qu et al. (2017), with each 

normalised axis of rotation 𝑠𝑖 and link vector 𝐻𝑖 defined, where 𝛹 
𝐵 is the base reference frame and ‘E’ 

is the end effector and ‘R’ denotes a revolute joint. Note that 𝐻2 = 𝐻4 = [0,0,0]. The joint axis of 

kinematic pairs 1 to 5 are: 𝑠1 = [0,1,0], 𝑠2 = [1,0,0], 𝑠3 = [0,1,0], 𝑠4 = [1,0,0] and 𝑠5 = [0,1,0]. 

To eliminate the passive joint angles contained in 𝑋3 5 from the constraint equation (𝑓(𝒙, 𝒒)), 

I first apply the cosine rule using 𝑋1 3, 𝑋3 5 and 𝑋1 5 and their respective magnitudes to give 

 𝑓(𝒙, 𝒒) = |𝑋1 3|
2 + |𝑋1 5|

2 − |𝑋3 5|
2 − 2(𝑋1 3 ∙ 𝑋1 5) = 0 (6.2) 

It should be noted that 𝑓(𝒙, 𝒒) is generalisable to other limb morphologies. From Figure [6.1], 

we note that 𝑋2 3 = 𝑋4 5 = [0,0,0], therefore 𝑋1 3 = 𝑋1 2, 𝑋3 5 = 𝑋3 4 and 𝑋1 5 = 𝑋𝐸 − 𝑋0 1 −

𝑋5 𝐸, where 𝑋𝐸, 𝑋0 1 and 𝑋5 𝐸 do not depend on the passive joint variables and 𝑋0 1 and 𝑋5 𝐸 

are equal to [0,0, −𝑟1]  and [0,0, 𝑟2]  respectively. The position vectors 𝑋1 2  and 𝑋3 4  are 

defined, as shown in Equation [2.33], as 

  𝑋1 2 = 𝑈𝐺1𝑈1𝐻1𝑈1
−1 𝑈𝐺1

−1 = 𝑈1𝐻1𝑈1
−1 (6.3a) 

  𝑋3 4 = 𝑈𝐺3𝑈3𝐻3𝑈3
−1 𝑈𝐺3

−1 (6.3b) 

since 𝑈𝐺1 = [1,0,0,0], 𝑈𝐺3
 = 𝑈1𝑈2 and 𝛿𝐻𝑖 = [0,0,0] for 𝑖 = 1,2,3,4,5 for the 5-DOF, RUU 

limb. Since the magnitude of the vector |𝑋3 4|
2 is only dependant on the length of the forearm 

(𝑎2) the magnitude of the vector |𝑋3 4|
2 is independent of the passive joint variables. Hence, 

the passive joint variables in Equation [6.2] are removed in the following passive joint angle-

free constraint expression for the pre-transformed 5-DOF, RUU limb. 
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𝑓(𝒙, 𝒒𝒂) = |𝑋1 2|
2 + |𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸|2 − |𝑋3 4|

2 − 2(𝑋1 2 ∙ (𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸))

= 0 
(6.4) 

Where the end effector position 𝑋𝐸 = [𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸] is defined in Equation [2.38]. I have now 

shown how the passive joint variables are eliminated from the constraint equation (𝑓(𝒙, 𝒒)) in 

Equation [6.2], leaving only the active joint variables, to produce the passive joint angle-free 

constraint expression (𝑓(𝒙, 𝒒𝒂)) in Equation [6.4]. 

Following from the passive joint angle-free constraint expression (𝑓(𝒙, 𝒒𝒂)) defined in 

Equation [6.4], we may re-express the active joint variable 𝜃1  in terms of the end-effector 

position (which agrees with Khoshnoodi et al. (2018)) 

 
𝜃1 = arcsin (

𝑁

√W 
2 + 𝑌 

2
) − arctan (

W

𝑌
) (6.5) 

Where ‘W’, ‘𝑌’ and ‘𝑁 ’ are found by performing the following factorisation  

 Wcos(𝜃1) + 𝑌𝑠𝑖𝑛(𝜃1) = 𝑁 (6.6) 

Which agrees with Khoshnoodi et al. (2018). When I substitute Equation [6.5] into the 

constraint equation (Equation [6.4]), we obtain a constraint equation that is only expressed in 

terms of the end-effector pose 𝑓(𝒙, 𝒒𝒂) → 𝑓(𝒙,𝑸(𝒙)) where 𝑸(𝒙) = 𝜃1 and is determined by 

equations of the form shown in Equation [6.1]. 

The next step is to embed the difference maps (𝑃{𝑖}
𝐾 (𝑇𝑖)), as detailed in Section [5.2.2], 

into the passive joint angle-free constraint expression (𝑓(𝒙,𝑸(𝒙))). The incorporation of the 

difference map further algebraically transforms the constraint expression into 

𝑓′(𝒙, 𝑸(𝒙), 𝑃{𝑖}
𝐾 (𝑇𝑖)) (where  𝑓(𝒙,𝑸(𝒙)) → 𝑓′(𝒙, 𝑸(𝒙), 𝑃{𝑖}

𝐾 (𝑇𝑖)) and ‘𝑇𝑖’ is the transformation 

variable). I perform a multi-stage reassembling transformation operation, which consists of a 

Type 1a transformation (𝑷{𝒊}
𝟏𝒂) applied to the forearm and Type 1b1 transformations (𝑷{𝒊}

𝟏𝒃𝟏) 

applied to the both the bicep and forearm (kinematic pairs 1 and 3, respectively). These 

transformations are denoted as 𝑷{𝟑}
𝟏𝒃𝟏(𝑅𝛿3

(𝛼3)) × 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3) × 𝑷{𝟏}

𝟏𝒃𝟏(𝑅𝛿1
(𝛼1)). It should be 

noted that the symbol ‘×’, as presented in 𝑷{𝟑}
𝟏𝒃𝟏(𝑅𝛿3

(𝛼3)) × 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3) × 𝑷{𝟏}

𝟏𝒃𝟏(𝑅𝛿1
(𝛼1)), is 

not to be interpreted as the cross product, but instead represents a sequence of reassembling 

transformations, as discussed in Section [3.2.3]. Similar to Chapter 5, I employ the symbols 𝛼𝑖, 

𝛽𝑖  and 𝛾𝑖  (as presented in Section [5.2.2]) to denote the Type 1b1 (𝑷{𝒊}
𝟏𝒃𝟏 ) transformation 

variable angle (in degrees) about the 𝑥-axis, 𝑦-axis and 𝑧-axis, respectively, with respect to the 

global reference frame, to distinguish it notationally from the Euler angles (𝜙, 𝜃, 𝜓) used in 

preceding chapters.To embed the difference maps (𝑃{𝑖,𝑙,𝑘}
𝐾 (𝑇𝑖)) into the passive joint angle-free 
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constraint expression (𝑓(𝒙, 𝒒𝒂)) in Equation [6.4] and demonstrate the effects of Type 1a (𝑷{𝒊}
𝟏𝒂) 

and Type 1b1 (𝑷{𝒊}
𝟏𝒃𝟏) transformations on the constraint equation shown in Equation [6.4], I 

present an example, where I perform a Type 1a transformation (𝑷{𝒊}
𝟏𝒂) (Δ𝐻𝑖) on kinematic pair 

3 and a Type 1b1 transformation (𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿i

(𝛼𝑖))) on kinematic pairs 1 and 3 of the Delta 

manipulator. When performed independently on the 5-DOF, RUU limb, the difference map 

corresponding to the transformation 𝑷{𝟏}
𝟏𝒃𝟏(𝑅𝛿1

(𝛼1))[𝑋1 𝐸], denoted as 𝑃{1,1,𝐸}
1𝑏1 (𝑅𝛿1

(𝛼1)), is 

defined based on Equations [5.16] and [5.28] as follows, noting that  𝑅𝑖𝐻𝑖 = 𝑈𝑖𝐻𝑖𝑈𝑖
−1 and 

𝑅𝛿𝑖
𝐻𝑖 = 𝑈𝛿𝑖

𝐻𝑖𝑈𝛿𝑖

−1 , 𝛥𝑅𝐺𝑘 = 𝑅𝐺𝑘
′ 𝑅𝐺𝑘

−1 − 1  and  𝑥𝑘 = 𝑅𝐺𝑘𝑅𝑘𝐻𝑘 , from Equations [5.24-5.28] 

(where 𝛿𝐻𝑖 does not manifest because 𝛿𝐻𝑖 = [0,0,0] for 𝑖 = {1,2,3,4,5} for the 5-DOF, RUU 

limb). 

𝑃{1,1,𝐸}
1𝑏1 (𝑅𝛿1

(𝛼1)) = (𝑅𝛿1
− 1)𝑥1 + ∑ 𝛥𝑅𝐺𝑘𝑥𝑘

5

𝑘=2

 

= (𝑅𝛿1
− 1)(𝑅1𝐻1) + ∑(𝑅𝐺𝑘

′ 𝑅𝐺𝑘
−1 − 1)(𝑅𝐺𝑘𝑅𝑘𝐻𝑘)

5

𝑘=2

 

= 𝑅𝛿1
𝑅1𝐻1 + 𝑅𝐺3

′ 𝑅3𝐻3 + 𝑅𝐺5
′ 𝑅5𝐻5 − 𝑅1𝐻1 − 𝑅𝐺3

 𝑅3𝐻3 − 𝑅𝐺5
 𝑅5𝐻5 

= 𝑈𝛿1
𝑈1𝐻1𝑈1

−1𝑈𝛿1

−1 + 𝑈𝐺3
′ 𝑈3𝐻3𝑈3

−1𝑈𝐺3
′−1 + 𝑈𝐺5

′ 𝑈5𝐻5𝑈5
−1𝑈𝐺5

′−1 −

𝑈1𝐻1𝑈1
−1 − 𝑈𝐺3

 𝑈3𝐻3𝑈3
−1𝑈𝐺3

 −1 − 𝑈𝐺5
 𝑈5𝐻5𝑈5

−1𝑈𝐺5
−1  

(6.7) 

Where 𝐻2 = 𝐻4 = [0,0,0,0] , 𝑈𝐺3
′ = 𝑈𝛿1

𝑈1𝑈2, 𝑈𝐺5
′ = 𝑈𝛿1

𝑈1𝑈2𝑈3𝑈4, 𝑈𝐺3
 = 𝑈1𝑈2 and 𝑈𝐺5

 =

𝑈1𝑈2𝑈3𝑈4  for the 5-DOF, RUU limb (Figure [6.1]). Additionally, when performed 

independently, the difference maps corresponding to the transformations 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3)[𝑋1 𝐸] and 

𝑷{𝟑}
𝟏𝒃𝟏 (𝑅𝛿3

(𝛼3)) [𝑋1 𝐸], denoted as 𝑃{3,1,𝐸}
1𝑎 (∆𝐻3

 ) and 𝑃{3,1,𝐸}
1𝑏1 (𝑅𝛿3

(𝛼3)), are defined based on 

Equations [5.16] , [5.20] and [5.28] as  

 𝑃{3,1,𝐸}
1𝑎 (∆𝐻3

 ) = 𝑈𝐺3𝑈3∆𝑯𝟑
 𝑈3

−1𝑈𝐺3
−1 (6.8) 
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𝑃{3,1,𝐸}
1𝑏1 (𝑅𝛿3

(𝛼3)) = (𝑅𝛿3
− 1)𝑥3 + ∑ 𝛥𝑅𝐺𝑘𝑥𝑘

5

𝑘=4

 

= (𝑅𝛿3
− 1)(𝑅3𝐻3) + ∑(𝑅𝐺𝑘

′ 𝑅𝐺𝑘
−1 − 1)(𝑅𝐺𝑘𝑅𝑘𝐻𝑘)

5

𝑘=4

 

= 𝑅𝐺3
 𝑅𝛿3

𝑅3𝐻3 + 𝑅𝐺5
′ 𝑅5𝐻5 − 𝑅𝐺3

 𝑅3𝐻3 − 𝑅𝐺5
 𝑅5𝐻5   

= 𝑈𝐺3
 𝑈𝛿3

𝑈3𝐻3𝑈3
−1𝑈𝛿3

−1𝑈𝐺3
′−1 + 𝑈𝐺5

′ 𝑈5𝐻5𝑈5
−1𝑈𝐺5

′−1 

−𝑈𝐺3
 𝑈3𝐻3𝑈3

−1𝑈𝐺3
−1 − 𝑈𝐺5

 𝑈5𝐻5𝑈5
−1𝑈𝐺5

−1 

(6.9) 

Where 𝐻4 = [0,0,0,0] , 𝑈𝐺5
′ = 𝑈𝛿1

𝑈1𝑈2𝑈3𝑈4 , 𝑈𝐺3
 = 𝑈1𝑈2 and 𝑈𝐺5

 = 𝑈1𝑈2𝑈3𝑈4  for the 5-

DOF, RUU limb (Figure [6.1]). When all three transformation operations defined in Equations 

[6.7-6.9] are performed in a multi-stage manner on the position vector 𝑋1 𝐸, I will denote the 

combined transformation operation as 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3) × 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3) × 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), where 𝑅𝛿3

 and 𝑅𝛿1
 

have been dropped, departing from the convention for the purposes of brevity because it is 

understood that a Type 1b1 transformation always contains a rotation operator 𝑅𝛿𝑖
. The 

corresponding difference map is denoted as 𝑃{3,1,𝐸}
1𝑏1 (𝛼3) × 𝑃{3,1,𝐸}

1𝑎 (Δ𝐻3) × 𝑃{1,1,𝐸}
1𝑏1 (𝛼1) and is 

defined based on Equations [6.7-6.9] as   

 𝑃{3,1,𝐸}
1𝑏1 (𝛼3) × 𝑃{3,1,𝐸}

1𝑎 (Δ𝐻3) × 𝑃{1,1,𝐸}
1𝑏1 (𝛼1)  

= 𝑅𝛿1
𝑅1𝐻1 + 𝑅𝐺3

′ 𝑅𝛿3
𝑅3(𝐻3 + ∆𝑯𝟑

 ) + 𝑅𝐺5
′′ 𝑅5𝐻5 − 𝑅1𝐻1 − 𝑅𝐺3

 𝑅3𝐻3 −

𝑅𝐺5
 𝑅5𝐻5  

= 𝑈𝛿1
𝑈1𝐻1𝑈1

−1𝑈𝛿1

−1 + 𝑈𝐺3
′ 𝑈𝛿3

𝑈3(𝐻3 + ∆𝑯𝟑
 )𝑈3

−1𝑈𝛿3

−1𝑈𝐺3
′−1 +

𝑈𝐺5
′′ 𝑈5𝐻5𝑈5

−1𝑈𝐺5
′′−1 − 𝑈1𝐻1𝑈1

−1 − 𝑈𝐺3
 𝑈3𝐻3𝑈3

−1𝑈𝐺3
 −1 − 𝑈𝐺5

 𝑈5𝐻5𝑈5
−1𝑈𝐺5

−1  

(6.10) 

Where 𝑈𝐺5
′′ = 𝑈𝛿1

𝑈1𝑈2𝑈𝛿3
𝑈3𝑈4 . One notes that Equation [6.10] is not a simple sum of 

Equations [6.7-6.9]. To embed the difference map into the constraint equation and produce 

𝑓′(𝒙, 𝑸(𝒙), 𝑃{𝑖}
𝐾 (𝑇𝑖)), I define the difference map 𝑃{1,1,2}

1𝑏1 (𝛼1) and the transformed vector 𝑋1 2
′  

based on the combined multi-stage difference map 𝑃{3,1,𝐸}
1𝑏1 (𝛼3) × 𝑃{3,1,𝐸}

1𝑎 (Δ𝐻3) × 𝑃{1,1,𝐸}
1𝑏1 (𝛼1) 

as 

 𝑃{3,1,2}
1𝑏1 (𝛼3) × 𝑃{3,1,2}

1𝑎 (Δ𝐻3) × 𝑃{1,1,2}
1𝑏1 (𝛼1) = 𝑈𝛿1

𝑈1𝐻1𝑈1
−1𝑈𝛿1

−1 − 𝑈1𝐻1𝑈1
−1 (6.11a) 

Giving the transformed vector 𝑋1 2
′  

 𝑋1 2
′ = 𝑋1 2

 + 𝑃{3,1,2}
1𝑏1 (𝛼3) × 𝑃{3,1,2}

1𝑎 (Δ𝐻3) × 𝑃{1,1,2}
1𝑏1 (𝛼1) 

= 𝑋1 2
 + 𝑈𝛿1

𝑈1𝐻1𝑈1
−1𝑈𝛿1

−1 − 𝑈1𝐻1𝑈1
−1 

(6.11b) 

Additionally, I define the difference map 𝑃{3,3,4}
1𝑏1 (𝛼3) × 𝑃{3,3,4}

1𝑎 (Δ𝐻3) × 𝑃{1,3,4}
1𝑏1 (𝛼1) and the 
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transformed vector 𝑋3 4
′  as 

 𝑃{3,3,4}
1𝑏1 (𝛼3) × 𝑃{3,3,4}

1𝑎 (Δ𝐻3) × 𝑃{1,3,4}
1𝑏1 (𝛼1) 

= 𝑈𝐺3
′ 𝑈𝛿3

𝑈3(𝐻3 + ∆𝑯𝟑
 )𝑈3

−1𝑈𝛿3

−1𝑈𝐺3
′−1 − 𝑈𝐺3

 𝑈3𝐻3𝑈3
−1𝑈𝐺3

 −1 
(6.12a) 

Giving the transformed vector 𝑋3 4
′  

 𝑋3 4
′ = 𝑋3 4

 + 𝑃{3,3,4}
1𝑏1 (𝛼3) × 𝑃{3,3,4}

1𝑎 (Δ𝐻3) × 𝑃{1,3,4}
1𝑏1 (𝛼1) 

= 𝑋3 4
 + 𝑈𝐺3

′ 𝑈𝛿3
𝑈3(𝐻3 + ∆𝑯𝟑

 )𝑈3
−1𝑈𝛿3

−1𝑈𝐺3
′−1 − 𝑈𝐺3

 𝑈3𝐻3𝑈3
−1𝑈𝐺3

 −1 
(6.12b) 

Using the transformed vectors 𝑋1 2
′  and 𝑋3 4

′  (defined in Equations [6.11a-6.12b]), the 

transformed constraint expression with the transformations ( 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1) , 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3)  and 

𝑷{𝟑}
𝟏𝒃𝟏(𝛼3)), denoted as 𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}

𝟏𝒃𝟏(𝛼1) , 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}

𝟏𝒃𝟏(𝛼3)),  is given as 

𝑷{𝟑}
𝟏𝒃𝟏(𝛼3) 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3)𝑷{𝟏}
𝟏𝒃𝟏(𝛼1)𝑓(𝒙, 𝒒𝒂) = 𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}

𝟏𝒃𝟏(𝛼1) , 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}

𝟏𝒃𝟏(𝛼3)) 

= |𝑋1 2
′ |2 + |𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸|2 − |𝑋3 4

′ |2 − 2(𝑋1 2
′ ∙ (𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸)) 

= |𝑋1 2 + 𝑃{3,1,2}
1𝑏1 (𝛼3) × 𝑃{3,1,2}

1𝑎 (Δ𝐻3) × 𝑃{1,1,2}
1𝑏1 (𝛼1)|

2
+ |𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸|2

− |(𝑋3 4 + 𝑃{3,3,4}
1𝑏1 (𝛼3) × 𝑃{3,3,4}

1𝑎 (Δ𝐻3) × 𝑃{1,3,4}
1𝑏1 (𝛼1)|

2
− 2(𝑋1 2

+ 𝑃{3,1,2}
1𝑏1 (𝛼3) × 𝑃{3,1,2}

1𝑎 (Δ𝐻3) × 𝑃{1,1,2}
1𝑏1 (𝛼1)) ∙ (𝑋𝐸 − 𝑋0 1 − 𝑋5 𝐸)) 

(6.13) 

Where we note that |𝑋1 2
′ | = |𝑋1 2

 | and |𝑋3 4
′ |2 = |𝑎2 + Δ𝐻3|

2, since the magnitude of position 

vectors are not affected by the 𝑷{𝒊}
𝟏𝒃𝟏(𝛼𝑖)  transformations but only affected by 𝑷{𝒊}

𝟏𝒂(Δ𝐻𝑖) 

transformations. Nevertheless, the dot product term in Equation [6.13] captures the effects of 

the Type 1b transformations. As shown in Equation [6.13], I have shown how quaternions are 

used to produce a continuous transformed constraint expression 

(𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3))) that embeds the transformed position vectors and 

difference maps within it while being independent of the passive joint variables. Note that when 

I apply the approach in Equation [6.5] into the constraint equation 

𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3))  (Equation [6.13]), we obtain a continuous 

transformed constraint expression that is only expressed in terms of the end-effector pose 

𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3))  → 𝑓′ (𝒙,𝑸(𝒙), 𝑷{𝟏}

𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}
𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}

𝟏𝒃𝟏(𝛼3)) . 

By re-factorising 𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3))  we can then extract ‘W′’, ‘𝑌′’ 

and ‘𝑁’’  readily (where the apostrophe ‘′’ indicates the expressions ‘W’, ‘𝑌’ and ‘𝑁’ were 

derived from the post-transformed constraint equations 

𝑓′ (𝒙, 𝒒𝒂, 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1), 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3), 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3))), but this step is computationally taxing and has 
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been reserved from presentation in this work as the derivation of ‘W′’, ‘𝑌′’ and ‘𝑁’’ is 

methodologically identical to the pre-transformed extraction of ‘W’, ‘𝑌’ and ‘𝑁’ in Equation 

[6.5]. This expression is then differentiated to form the square Jacobian matrices.  

In the specific example presented above, the combined multi-stage transformation 

operations consist of a Type 1a transformation applied to the forearm and Type 1b1 

transformations applied to the bicep and forearm (i.e. 𝑷{𝟑}
𝟏𝒃𝟏(𝛼3) × 𝑷{𝟑}

𝟏𝒂 (Δ𝐻3) × 𝑷{𝟏}
𝟏𝒃𝟏(𝛼1)). In 

the case study section (Section [6.3]), I apply the specific forms of the combined transformation 

operations presented in Equation [6.13]. In Case Study 1 (Section [6.3.1]), I apply Type 1b1 

transformations to each base link, denoted by 𝑷{𝒊}
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), while Type 1a transformations are 

not applied (𝑷{𝒊}
𝟏𝒂(Δ𝐻𝑖 = 0)). In Case Study 2 (Section [6.3.2]), I apply Type 1a transformations 

to three base links, denoted by 𝑷{𝒊,𝒋,𝒌}
𝟏𝒂 (∆𝐻𝑖, ∆𝐻𝑗 , ∆𝐻𝑘), while Type 1b1 transformations are not 

applied (𝑷{𝒊}
𝟏𝒃𝟏(𝛼𝑖 = 0, 𝛽𝑖 = 0)). By defining Equations [6.2-6.13] above with superscripts 𝑙 =

{1,2, … ,𝑀}  and using the conversion rule shown in Section [2.4], Equation [2.46]), the 

transformation effects are extended to the other limbs naturally. There are essentially four 

general steps in initial stage of the approach:  

1) Form the constraint equation in terms of active joint variables only 𝒇(𝒙, 𝒒𝒂) 

(Equation [6.4]) and factorise the constraint equation to find {W, 𝑌, 𝑁} (Equation 

[6.6]).  

2) Define the transformation operations 𝑷{𝒊}
𝑲 (𝑇𝑖) (as presented in Tables [3.2, 5.2, 5.3] 

and the difference maps 𝑃{𝑖,𝑗,𝑘}
𝐾 (𝑇𝑖) (Equation [5.16]). 

3) Find the transformed constraint expression 𝒇′ (𝒙, 𝒒𝒂, 𝑃{𝑖,𝑗,𝑘}
𝐾 (𝑇𝑖)) by incorporating 

the difference maps (as shown in Equation [6.13]) 

4) Factorise the transformed constraint expression 𝒇′ (𝒙, 𝒒𝒂, 𝑃{𝑖,𝑗,𝑘}
𝐾 (𝑇𝑖)) to extract ‘W′’, 

‘𝑌′’ and ‘𝑁’’. 

Having presented how transformation operations and difference maps are implemented to 

produce transformed constraint expressions, in the next section, I show how the transformed 

constraint expressions are used to derive ‘transformed Jacobian matrices’.  
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6.2.2. Derivation of Transformed Jacobian Matrices from Transformed Constraint 

Expressions 

In this section, I show how the transformation operations and difference maps are implemented 

in the transformed Jacobian matrices by deriving them from the transformed constraint 

expressions. As presented in Chapters 4 and 5, the Jacobian matrices 𝐽𝑥 and 𝐽𝑞 (presented in 

Section [4.2.1], Equations [4.5-4.9]) are formed by differentiating the constraint equation 

(𝑓(𝒙, 𝒒𝒂) = 0) in Equation [6.4] 

𝜕𝑓

𝜕𝒙

𝜕𝒙

𝜕𝑡
= −

𝜕𝑓

𝜕𝒒𝒂

𝜕𝒒𝒂

𝜕𝑡
 (6.14) 

𝐽𝑥�̇� = 𝐽𝑞𝒒�̇� (6.15) 

Where ‘
𝜕𝑓

𝜕𝒙
’ is the partial derivative matrix, which is the Jacobian matrix denoted as  ‘𝐽𝑥’ .  ‘

𝜕𝑓

𝜕𝒒𝒂
’ 

is also a partial derivative matrix, which is a different Jacobian matrix denoted as ‘𝐽𝑞’.  �̇� =

[�̇�, �̇�, �̇�, �̇�, �̇�, �̇�]𝑇 is the column vector 6-tuple end-effector velocity, 𝒒�̇� = [𝑞1̇, 𝑞2̇, … , �̇�𝑎𝑇
]
𝑇
 is 

the column vector of all the active joint velocities (�̇�𝑖 and 𝛿�̇�𝑖) of the manipulator and ‘𝑇’ 

denotes a matrix transpose operation. Additionally, the Jacobian matrix ‘ 𝐽 ’ (which was 

presented in Section [5.1], Equation [5.10a-5.11]) is defined in Section [4.2.1] as 

 𝐽 = 𝐽𝑞
−1𝐽𝑥 (6.16) 

Which gives  

 𝐽�̇� = 𝒒�̇� (6.17) 

The determinant of the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽), when set to zero, produce different types 

of singularities. The solution of the equations of the form det(𝐽𝑥) = 0，det (𝐽𝑞) = 0 and 

det (𝐽) = 0 produce end-effector poses (denoted in this chapter as 𝒙 = [𝜙, 𝜃, 𝜓, 𝑥, 𝑦, 𝑧], in 

contrast to the notation presented in Section [2.4], Equations [2.37-2.38], where the end-

effector pose is denoted as [𝑂𝐸 , 𝑋𝐸]) that are singular configurations. To this end, there are 

three types of singularities (defined in Tsai 1999) which are explored in this work:   

• Inverse or constraint kinematic singularities, which occur when the determinant 

det(𝐽𝑞) = 0 and the manipulator loses one or more end-effector degrees of freedom. 

• Direct or actuation kinematic singularities, which occur when det(𝐽𝑥) = 0 and the end-

effector gains one degree of freedom and cannot resist forces or moments in certain 

directions. 

• Mixed singularities, which occur when det(𝐽) = 0. 

By applying Equations [6.2] to [6.13], I obtain the transformed constraint expression 
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𝑓′ (𝒙,𝑸(𝒙), 𝑃{𝑖}
𝐾 (𝑇𝑖))  and I produce the transformed Jacobian matrices ( 𝑷{𝒊}

𝑲 (𝑇𝑖)𝐽𝑥 →

𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)),𝑷{𝒊}
𝑲 (𝑇𝑖)𝐽𝑞 → 𝐽𝑞

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)), 𝑷{𝒊}

𝑲 (𝑇𝑖)𝐽 → 𝐽′(𝑃{𝑖}
𝐾 (𝑇𝑖))), denoted with an apostrophe, 

by differentiating them to produce the transformed Jacobians shown below, where I substitute 

Equation [6.5] into the transformed Jacobians in Equations [6.18-6.20] to produce continuous 

functions expressed only in terms of the end-effector pose, with the transformation variables 

embedded in them: 

 
𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)) =
𝜕(𝑓′(𝒙,𝑸(𝒙), 𝑃{𝑖}

𝐾 (𝑇𝑖)))

𝜕𝒙

𝜕𝒙

𝜕𝑡
 (6.18) 

 
𝐽𝑞
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)) =
𝜕(𝑓′(𝒙,𝑸(𝒙), 𝑃{𝑖}

𝐾 (𝑇𝑖)))

𝜕𝑸(𝒙)

𝜕𝑸(𝒙)

𝜕𝑡
 (6.19) 

  𝐽′(𝑃{𝑖}
𝐾 (𝑇𝑖)) = 𝐽𝑞

′−1(𝑃{𝑖}
𝐾 (𝑇𝑖))𝐽𝑥

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)) (6.20) 

Note that the transformed Jacobian matrices can also be used for kinematics and dynamics 

analysis, as presented in Chapter 5. Now that I have defined the transformed Jacobian matrices 

( 𝐽𝑥
′ , 𝐽𝑞

′  and 𝐽′ ), which are embedded with the difference maps, I proceed to define the 

transformation indices, which are Jacobian based scalar indices that I employ to identify the 

optimal transformation of screw parameters that minimises the singularities and near-

singularities in the target region. 

6.2.3. Singularity and Near-Singularity Reduction and Relocation using Transformation 

Indices 

In this section, I define the transformation indices which are computed using the continuous 

transformed Jacobian matrices from the previous section and are used to minimise singularities 

and near-singularities in a specified target region. I define a target region for workspace 

reassembling transformation as ‘𝑿𝐸𝑇 ’ or  ‘𝑿𝐸𝑇[𝜙, 𝜃, 𝜓, 𝑥, 𝑦, 𝑧]’ (where 𝑿𝐸𝑇  is bolded and 

capitalised to distinguish it from the end-effector pose 𝒙) with ‘𝜉’ number of sampled points: 

𝑿𝐸𝑇: {𝑿𝐸1, … , 𝑿𝐸𝜉} , where the Target Region 𝑿𝐸𝑇  has been partitioned by 𝜉 sampled 𝑋𝐸 

points, such that 𝑋𝐸 is bound by the operator to be within a specific upper and lower range, 

(e.g. 𝜙𝑚𝑖𝑛 < 𝜙 < 𝜙𝑚𝑎𝑥 , 𝜃𝑚𝑖𝑛 < 𝜃 <  𝜃𝑚𝑎𝑥 , 𝜓𝑚𝑖𝑛 < 𝜓 < 𝜓𝑚𝑎𝑥 , 𝑥𝑚𝑖𝑛 < 𝑥 < 𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑖𝑛 <

𝑦 <  𝑦𝑚𝑎𝑥 and 𝑧𝑚𝑖𝑛 < 𝑧 < 𝑧𝑚𝑎𝑥). For each one of the 𝜉 sampled points in the target region, I 

first compute the determinants of the various Jacobians. Before constructing the Jacobian based 

singularity indices, it is necessary to set upper limits to the determinant values to more 

accurately characterise the singularities and near-singularities in a particular region. The upper 

limits of the determinant of the Jacobian matrices ‘𝐽𝑥 ’, ‘𝐽𝑞 ’ and ‘𝐽 ’ are denoted as the 
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unitalicized ‘Jx u’, ‘Jq u’ and ‘Ju’, respectively, and can be selected by the specialist to reflected 

desired resolution in the analysis.  

det𝑢 (𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖))) = {
|det (𝐽𝑥

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))| , 𝑖𝑓 |det (𝐽𝑥

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))| < Jx u

Jx u , 𝑖𝑓 |det (𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)))| ≥ Jx u

 (6.21) 

det𝑢 (𝐽𝑞
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)))  = {
|det (𝐽𝑞

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))|  ,     𝑖𝑓 |det (𝐽𝑞

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))| < Jq u

Jq u ,        𝑖𝑓 |det (𝐽𝑞
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)))| ≥ Jq u

 (6.22) 

det𝑢 (𝐽 
′(𝑃{𝑖}

𝐾 (𝑇𝑖))) = {
|det (𝐽 

′(𝑃{𝑖}
𝐾 (𝑇𝑖)))| , 𝑖𝑓 |det (𝐽 

′(𝑃{𝑖}
𝐾 (𝑇𝑖)))| < Ju

Ju , 𝑖𝑓 |det (𝐽 
′(𝑃{𝑖}

𝐾 (𝑇𝑖)))| ≥ Ju
 (6.23) 

Where ‘ det𝑢 (𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖))) ‘, ‘ det𝑢 (𝐽𝑞
′ (𝑃{𝑖}

𝐾 (𝑇𝑖))) ’ and ‘ det𝑢 (𝐽 
′(𝑃{𝑖}

𝐾 (𝑇𝑖))) ’ are the 

determinants of  𝐽𝑥
′ , 𝐽𝑞

′  and 𝐽′, constrained to have a maximum value according to Jx u, Jq u and 

Ju  and the ‘𝑢’ subscript reflects that the determinant has been cropped. This procedure is 

analogous to ‘min-max scaling’ that is performed as a data pre-treatment step in artificial 

intelligence (Hagan et al. 2016). This cropping with an upper bound improves the resolution 

of the computed values by preventing very large determinants from skewing the results. 

Equations [6.21-6.23] are employed for a particular transformed manipulator with the 

transformation variables (𝑇𝑖)  to compute ‘singularity indices’ ‘ 𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) ’, 

‘𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇)’ and ‘𝑆𝐽(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇)’, which are defined as 

 

𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =

1

𝜉
∑det𝑢 (𝐽𝑥

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))|

𝑗
− det𝑢 (𝐽𝑥

 (𝑃{𝑖}
𝐾 (𝑇𝑖 = 0)))|

𝑗

𝜉

𝑗=1

 (6.24) 

 

𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =

1

𝜉
∑det𝑢 (𝐽𝑞

′ (𝑃{𝑖}
𝐾 (𝑇𝑖)))|

𝑗
− det𝑢 (𝐽𝑞

 (𝑃{𝑖}
𝐾 (𝑇𝑖 = 0)))|

𝑗

𝜉

𝑗=1

 (6.25) 

 

𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =

1

𝜉
∑det𝑢 (𝐽′(𝑃{𝑖}

𝐾 (𝑇𝑖)))|
𝑗
− det𝑢 (𝐽(𝑃{𝑖}

𝐾 (𝑇𝑖 = 0)))|
𝑗

𝜉

𝑗=1

 (6.26) 

Where 𝑇𝑖 = 0 denotes the pre-transformed manipulator, the symbol ‘ |𝑗 ’ indicates the 𝑗-th 

sampled point in the target region and ‘𝜉’ indicates the total number of sampled points in the 

target region (𝑿𝐸𝑇). For the sake of brevity, we will be dropping ‘𝑿𝐸𝑇’ from the singularity 

indices 𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇),  𝑆𝐽𝑞(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) in the other sections of this 

work. Note that following from Equations [6.18-6.20], the singularity indices 𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖)), 

 𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖)) and 𝑆𝐽(𝑃{𝑖}

𝐾 (𝑇𝑖)) are scalar continuous functions that depend on the target zone of 

end-effector poses selected and the difference map, which captures the parameters of the 
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transformation and the fundamental geometries of the manipulator. One notes that the 

discretisation of the transformation indices in this section arises as a consequence of sampling 

points in the Target Region 𝑿𝐸𝑇  and calculating the means associated with a particular 

transformation index in the Target Region 𝑿𝐸𝑇, despite the fact that the individual determinant 

functions are continuous. By using an optimal set of transformation variables 

{𝑅𝛿𝑖
(𝛼𝑖, 𝛽𝑖, 𝛾𝑖), ∆𝐻𝑖} to minimise the scalar continuous functions 𝑆𝐽𝑥(𝑃{𝑖}

𝐾 (𝑇𝑖)),  𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖)) 

and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖)), I consequently minimise the singularities and near-singularities in the target 

zone. Additionally, selection of values for the upper limits {Jx u , Jq u ,Ju}  allows us to set 

different tolerances for near-singularities and low determinant regions based on discretion of 

specialist. This allows us to remove not only singularities and near-singularities, but also 

regions with poor statics or dynamics performance. It is important to note that a transformation 

operation effected to modify the singularity index of a particular manipulator also has 

consequential changes in the achievability of end-effector poses in the Target Region (𝑿𝐸𝑇). I 

characterise the achievability of end-effector poses in the Target Region (𝑿𝐸𝑇 ) using the 

‘workspace achievability index’. In order to do so, I employ the following constraint equation 

for the post-transformed manipulator by adapting the constraint equation in Equation [6.1]  

 
[∑𝑷{𝒊}

𝑲 𝑋𝑖 𝑖+1
𝑙

𝑛

𝑖=0

− 𝑋𝐸 , 𝑄 (∏𝑷{𝒊}
𝑲 𝑈𝑘

𝑙

𝑛

𝑘=0

−  𝑂𝐸
 )]

= [∑𝑋𝑖 𝑖+1
𝑙 + 𝑃{𝑖}

𝐾

𝑛

𝑖=0

− 𝑋𝐸 , 𝑄 (∏𝑷{𝒊}
𝑲 𝑈𝑘

𝑙

𝑛

𝑘=0

−  𝑂𝐸
 )] = 𝟎 

(6.27) 

Subsequently, a workspace achievability index ‘𝑊’ (denoted in italicised form to distinguish 

it from the un-italicised ‘W’ defined in Equation [6.5]) as a function of the transformation 

variables and the target 𝑿𝐸𝑇 is defined as  

 

𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =

∑ 𝜁[𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑋𝐸𝑖]

𝜉

𝑖=1

𝜉
 

(6.28) 

Where ‘𝜁’ is a binary function such that   𝜁[𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑋𝐸𝑖] = 1 if 𝑋𝐸 satisfies Equation [6.27] 

and 𝜁[𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑋𝐸𝑖] = 0 if 𝑋𝐸 does not satisfy Equation [6.27]. The workspace achievability 

index also incorporates the geometry of the robot, the transformation variables and is end-

effector pose dependent. It is desirable to optimise the transformation variable selection of 

{𝑅𝛿𝑖
(𝛼𝑖, 𝛽𝑖, 𝛾𝑖) , ∆𝐻𝑖} to maximise the workspace achievability index, thereby maximising the 

achievability of end-effector poses in the Target Region (𝑿𝐸𝑇). An optimal transformation 

selection would maximise the singularity and workspace indices. These two indices allow a 
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specialist to select an ideal transformation by balancing the undesirable loss of achievable 

workspace with the desirable reduction of singularities and near-singularities in a target zone. 

Using the singularity and workspace indices, singularities and near-singularities can be 

minimised or eliminated in a directed manner, while ensuring achievability of the workspace 

at the target region. We may further evaluate the success of the selected transformation by 

computing three performance evaluation indices: (1) the relative workspace achievability index 

‘𝛿𝑊’, (2) the discrete singularity index ‘𝑺’ and (3) the relative discrete singularity index ‘𝜹𝑺’. 

The relative workspace achievability index (𝛿𝑊) is defined as the relative difference in the 

workspace achievability indices between the pre- and post-transformed manipulators 

 
𝛿𝑊(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =
𝑊(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) − 𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0), 𝑿𝐸𝑇)

𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0), 𝑿𝐸𝑇)

 (6.29) 

To determine whether a point is a singularity or near-singularity, I set threshold values for the 

Jacobian matrices ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’, denoted as the unitalicised ‘Jx t’,  ‘Jq t’ and ‘Jt’, respectively, 

based on the lowest 0.5 − 2%  of determinant values of the respective Jacobian matrices, 

among the 𝜉 number of sampled points in a Target Region (𝑿𝐸𝑇). The discrete singularity index 

𝑺 measures the difference in the number of near-singularities or singularities in the target 

region (𝑿𝐸𝑇) 

 
𝑺(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =
𝑁𝑠(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) − 𝑁𝑠(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0),𝑿𝐸𝑇)

𝑁𝑠(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0),𝑿𝐸𝑇)

 (6.30) 

Where ‘𝑁𝑠
 ’ denotes the total number of points out of the total 𝜉 number of sampled points in 

the target region (𝑿𝐸𝑇 ) and where |det (𝐽𝑥
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)))| < Jx t,  |det (𝐽𝑞
′ (𝑃{𝑖}

𝐾 (𝑇𝑖)))| < Jq t  or 

|det (𝐽 
′(𝑃{𝑖}

𝐾 (𝑇𝑖)))| < Jt . Lastly, I denote the relative discrete singularity index 𝜹𝑺  as the 

relative difference in the discrete singularity index between the pre- and post-transformed 

manipulators in the target region 

 
𝜹𝑺(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) =
𝑺(𝑃{𝑖}

𝐾 (𝑇𝑖), 𝑿𝐸𝑇) − 𝑺(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0),𝑿𝐸𝑇)

𝑺(𝑃{𝑖}
𝐾 (𝑇𝑖 = 0),𝑿𝐸𝑇)

 (6.31) 

Having defined the workspace achievability index (𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇)), the singularity indices 

(𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖)),  𝑆𝐽𝑞(𝑃{𝑖}

𝐾 (𝑇𝑖)) and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖))) and the performance evaluation indices, I will 

present the systematic procedure to find the optimal transformation parameters next. I perform 

an iteration for a selected range of transformation parameter values (𝑇𝑖) and compute their 

respective workspace achievability index (𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇)) values and singularity indices 

(𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖)),  𝑆𝐽𝑞(𝑃{𝑖}

𝐾 (𝑇𝑖)) and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖))) values. Subsequently, I select a fixed constraint 
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for a minimum desired workspace achievability index (𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇)), based on the value 

achieved by the pre-transformed manipulator. Additionally, I select constraints for the 

minimum required singularity index values (𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖)) ,  𝑆𝐽𝑞(𝑃{𝑖}

𝐾 (𝑇𝑖))  and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖))), 

which are based on their respective percentile values, such that the same percentile values are 

used for each singularity index, starting from the their 100th percentile. If any set of 

transformation parameters achieve the minimum required 𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇),  𝑆𝐽𝑥(𝑃{𝑖}

𝐾 (𝑇𝑖)) , 

 𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖)) and 𝑆𝐽(𝑃{𝑖}

𝐾 (𝑇𝑖) values, then that set of transformation parameters is selected as 

the optimal solution. Otherwise, the percentiles of minimum required constraint for 

𝑆𝐽𝑥(𝑃{𝑖}
𝐾 (𝑇𝑖)),  𝑆𝐽𝑞(𝑃{𝑖}

𝐾 (𝑇𝑖)) and 𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖) are lowered until a set of transformation parameters 

that achieves the minimum required 𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝐸𝑇),  𝑆𝐽𝑥(𝑃{𝑖}

𝐾 (𝑇𝑖)) ,  𝑆𝐽𝑞(𝑃{𝑖}
𝐾 (𝑇𝑖))  and 

𝑆𝐽(𝑃{𝑖}
𝐾 (𝑇𝑖) values is found. In this chapter, I am not significantly concerned about the overall 

changes in the workspace, but rather the workspace achievability in the specified target region. 

However, for the sake of completeness, I also present the total workspace of the system and 

the global conditioning index of the system in the case studies. The ‘Global Conditioning 

Index’ ‘𝑘𝐽𝐺’ is a measure of the amplification of the errors due to the kinematic and static 

mappings between the joint and Cartesian space (Gosselin and Angeles 1991). A greater value 

of 𝑘𝐽𝐺  corresponds to a better accuracy of kinematic solutions for the inverse kinematics of a 

manipulator (Khoshnoodi et al. 2018). A low Global Conditioning Index reflects poor statics 

transmission efficiency performance. In Khoshnoodi et al. (2018), the authors denoted Global 

Conditioning Index 𝑘𝐽𝐺  as the mean value of the conditioning index ‘𝑘𝐽’ for all points in the 

workspace. The conditioning index 𝑘𝐽 for a particular point in the workspace, is computed as 

 𝑘𝐽 =
𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
 (6.32) 

Where ‘𝜎𝑚𝑖𝑛’ and ‘𝜎𝑚𝑎𝑥’ are the minimum and maximum absolute values of the eigenvalues 

of the Jacobian matrix ‘𝐽’ (Khoshnoodi et al. 2018). For practical reasons, before execution of 

the manoeuvre in the target region of the workspace (𝑿𝐸𝑇), the manipulator has to travel from 

its home configuration to the target subsection of the workspace. To demonstrate that the 

transformation variables I have selected does not prohibitively compromise the regions outside 

of the target region of the workspace (𝑿𝐸𝑇 ) (or to borrow a set-theoretic reference, the 

‘complement’ of 𝑿𝐸𝑇 ), we require that the Global Conditioning Index (𝑘𝐽𝐺 ) of the post-

transformed manipulator is reasonably comparable to the pre-transformed manipulator, if not 

superior.  
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6.3. Case Studies and Results  

In this section, I use the method presented in this chapter and thesis to investigate the evolution 

of singularities and near-singularities for a manipulator undergoing a reassembling 

transformation to minimise the singularities and near-singularities in a specified target region, 

while maximising workspace achievability.  

6.3.1. Case Study 1: 3-PUS/S Parallel Manipulator Singularity and Near-Singularity 

Relocation and Reduction 

In this case study, I aim to apply a 𝑷{𝒊}
𝟏𝒃𝟏 (𝑅𝛿𝑖

(𝛼𝑖, 𝛽𝑖)) (or simply ‘𝑷{𝒊}
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)’, for notational 

economy) transformation on the base actuators (which would affect the position vectors 𝑋1 2
1 , 

𝑋1 2
2  and 𝑋1 2

3 ) of the highly non-standard 3-PUS/S parallel manipulator (presented in Figure 

[6.2]) to reduce the singularities and near-singularities of any type within a target region of the 

workspace, while ensuring maximum achievability in the target region of the workspace for 

the post-transformed manipulator (as measured by the workspace achievability index 

𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝑬𝑻) in Equation [6.28]). The 3-PUS/S is a spherical parallel manipulator with 

three orientational end-effector degrees of freedom {𝜙, 𝜃, 𝜓}, three parallel PUS limbs (with 

one active joint in each limb, as shown in Figure [6.3]) and a central stabilising spherical joint. 

The CAD model of the 3-PUS/S parallel manipulator and its geometric decomposition are 

presented in Figure [6.2] below.  
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Figure 6.2. Left) CAD model of the 3-PUS/S parallel manipulator. Right) The geometric 

decomposition of the 3-PUS/S parallel manipulator. Images from Khoshnoodi et al. (2018). 

Note that the 3-PUS/S parallel manipulator has non-standard prismatic joints which do not 

move linearly but move in a circular spline or arc around the edge of the base plate/disk instead. 

This unique morphological characteristic of the three base prismatic joints of the 3-PUS/S 

parallel manipulator allows them to be equivalently modelled as three coincident revolute joints 

at node 1. This resolves to present an equivalent geometric representation of a 3-RUS/S parallel 

manipulator. The deconstructed kinematic chain representations of the 3-PUS/S parallel 

manipulator and its geometrically equivalent 3-RUS/S parallel manipulator are presented in 

Figure [6.3]. 
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Figure 6.3. The deconstructed kinematic chain representation of the 3-PUS/S manipulator (left) and the 

geometrically equivalent 3-RUS/S manipulator (right), in terms of enumerated kinematic pairs, where 

‘R’ denotes a revolute joint, ‘P’ denotes a prismatic joint, ‘U’ denotes a universal joint and ‘S’ denotes 

a spherical joint. Nodes 2 to 6 are the 1st to 6th kinematic pairs of limb 1, nodes 7 to 11 are the 1st to 6th 

kinematic pairs of limb 2 and nodes 12 to 16 are the 1st to 6th kinematic pairs of limb 3. Since the 3-

PUS/S manipulator is non-symmetrical, the position element conversion rule (Equation [2.46]) only 

applies for limbs 1 to 3, such that: 𝑋1 2
2 = 𝑋1 7

 , 𝑋1 2
3 = 𝑋1 12

 , 𝑋3 4
2 = 𝑋8 9

  and 𝑋3 4
3 = 𝑋13 14

 . Similarly, 

the following pairs of quaternion rotor operators denotations are equivalent: 𝑈2
2 = 𝑈7

 , 𝑈2
3 = 𝑈12

 , 𝑈3
2 =

𝑈8
  and 𝑈3

3 = 𝑈13 
 . Additionally, node zero (‘0’) is the centre of the base plate, node ‘E’ is the centre of 

the end-effector platform and nodes 17, 18 and 19 (𝑙 = 4) refer to joint ‘O’ (a spherical joint), with 

reference to Figure [6.2]. The nodes corresponding to the active joints are denoted with colour blue.  

In this case study, we are interested in applying Type 1b1 reassembling transformations 

to the base kinematic pairs to rotate the position vectors 𝑋1 2
1 = 𝑋1 2

 , 𝑋1 2
2 = 𝑋1 7

  and 𝑋1 2
3 =

𝑋1 12
  about the 𝑥 and 𝑦-axis of the base reference frame (𝛹𝐵) which is coincident with node 1. 

The position vectors 𝑋1 2
1 , 𝑋1 2

2  and 𝑋1 2
3  intersect at node 1. The desired reassembling 

transformation/rotation of the  base position vectors 𝑋1 2
1 , 𝑋1 2

2  and 𝑋1 2
3  about the base reference 

frame (at node 1) is expressed as: 𝑅𝛿1 2
𝑋1 2 → 𝑋1 2

′ , 𝑅𝛿1 7
𝑋1 7 → 𝑋1 7

′  and 𝑅𝛿1 12
𝑋1 12 → 𝑋1 12

′ , 

respectively. As such, one notes that the notational form of the difference map (𝑃{𝑖,𝑗,𝑘}
𝐾 ) and the 

reassembling transformation operator (𝑷{𝒊}
𝑲 ), as originally presented in Chapter 5, is limitative 

because in this case, two subscripts are needed to denote the kinematic pairs and associated 

quaternionic elements that are being transformed or rotated since the origin of all three base 
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vectors associated with the base actuators share the same node. To address this issue, I will 

expand the formalism for denoting the difference map and transformation operators to become 

‘𝑃{(𝑖1,𝑖2;𝑖3,𝑖4;𝑖5,𝑖6),𝑗,𝑘}
𝐾 ’ and ‘𝑷{𝒊𝟏,𝒊𝟐;𝒊𝟑,𝒊𝟒;𝒊𝟓,𝒊𝟔}

𝑲 ’ respectively, where, in this case, the position 

elements between the kinematic pairs or nodes ‘{𝑖1, 𝑖2}’, nodes ‘{𝑖3, 𝑖4}’ and nodes ‘{𝑖5,𝑖6}’ 

undergo a Type 𝐾  reassembling transformation. One notes the use of semi-colons in the 

subscript to distinguish the ordered pairs. In contrast, the traditional absence of a semi-colon, 

as used in preceding analyses (defined in Equation [5.16]) to produce denotations of the form 

𝑷{𝒊𝟏,𝒊𝟑,𝒊𝟔}
𝑲 , indicates that kinematic pairs ‘𝑖1’, ‘𝑖3’ and ‘𝑖6’ undergo a Type 𝐾 transformation.  

In this case study, a Type 1b1 transformation applied to base position elements of limbs 

1, 2 and 3 of the 3-PUS/S manipulator is therefore denoted as ‘ 𝑷{𝟏,𝟐;𝟏,𝟕;𝟏,𝟏𝟐}
𝟏𝒃𝟏 ’ and its 

corresponding difference map is denoted as ‘𝑃{(𝑖=1,2;1,7;1,12),𝑗,𝑘}
1𝑏1 ’. Since the reassembling 

transformations affect the limb-specific position element defined from node 1 to the base 

kinematic pair of the 𝑖-th limb, for ease of indexing and to produce compact expressions, I will 

use the notation ‘ 𝑷[𝒍𝟏,𝒍𝟐,𝒍𝟑]
𝑲 ’ and ‘ 𝑃[(𝑖=𝑙1,𝑙2,𝑙3),𝑗,𝑘]

𝐾 ’ to denote the Type 𝐾  reassembling 

transformation and difference map, respectively, where the subscripts ‘[𝑙1, 𝑙2, 𝑙3]’ and ‘[(𝑖 =

𝑙1, 𝑙2, 𝑙3), 𝑗, 𝑘]’ denote that the base position elements from node 1 to the base kinematic pairs 

of limbs 𝑙1 , 𝑙2  and 𝑙3  undergo a Type 𝐾  reassembling transformation. Note that in the 

subscripts of 𝑃[(𝑖=𝑙1,𝑙2,𝑙3),𝑗,𝑘]
𝐾  and 𝑷[𝒍𝟏,𝒍𝟐,𝒍𝟑]

𝑲 , square brackets ‘[ ]’ are used instead of traditional 

curly brackets ‘ { } ’ (as originally presented in Chapter 5). I will denote the Type 1b1 

reassembling transformation and difference maps applied to base position elements of limbs 1, 

2 and 3 as 𝑷{𝟏,𝟐;𝟏,𝟕;𝟏,𝟏𝟐}
𝟏𝒃𝟏 → 𝑷[𝟏,𝟐,𝟑]

𝟏𝒃𝟏  and 𝑃{(𝑖=1,2;1,7;1,12),𝑗,𝑘}
1𝑏1 → 𝑃[(𝑖=1,2,3),𝑗,𝑘]

1𝑏1 , respectively. This 

notational convention for the transformation operators and difference maps applies to Case 

Study 2 (Section [6.3.2]) as well, where a Type 1a transformation is applied to the base 

kinematic pairs of limbs 1, 2 and 4. An example of the 3-PUS/S manipulator undergoing a 

𝑷{𝒊}
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖) transformation (defined in Equation [6.38]) is visually represented in Figure [6.4]. 
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Figure 6.4. Top Left and Top Right) A simplified schematic representation of the pre-transformed 3-

PUS/S parallel manipulator, where only nodes 1, 2, 7 and 12 are shown. Bottom Left) A simplified 

schematic representation of the post-transformed 3-PUS/S parallel manipulator, where only nodes 1, 2, 

7 and 12 are shown. The position vector 𝑋1 2
1  undergoes a 𝑷{𝟏,𝟐}

𝟏𝒃𝟏 (𝛼1) = 𝑷[𝟏]
𝟏𝒃𝟏(𝛼1)  transformation, 

giving 𝑋1 2
1′ = 𝑷{𝟏,𝟐}

𝟏𝒃𝟏 (𝛼1)[𝑋1 2
 ] = 𝑷[𝟏]

𝟏𝒃𝟏(𝛼1)[𝑋1 2
1 ] . The position vector 𝑋1 2

3  does not undergo any 

transformation. Bottom Right) A simplified schematic representation of the post-transformed 3-PUS/S 

parallel manipulator, where only nodes 1, 2, 7 and 12 are shown. The position vector 𝑋1 2
2  undergoes a 

𝑷{𝟏,𝟕}
𝟏𝒃𝟏 (𝛽2) = 𝑷[𝟐]

𝟏𝒃𝟏(𝛽2) transformation, giving 𝑋0 2
2′ = 𝑷{𝟏,𝟕}

𝟏𝒃𝟏 (𝛽2)[𝑋1 7
 ] = 𝑷[𝟐]

𝟏𝒃𝟏(𝛽2)[𝑋1 2
2 ]. The position 

vector 𝑋1 2
3  does not undergo any transformation. 

By comparing the geometric decomposition and deconstructed kinematic chain representation 

of the 3-PUS/S parallel manipulator in Figures [6.2] and [6.3], we note that 𝐶 = |𝑋0 1|, 𝑐 =

|𝑋0 𝐸|, 𝑎 = |𝑋0 3|, 𝑏 = |𝑋0 4|, 𝑙 = |𝑋3 4|, 𝑟1 = |𝑋1 2| and 𝑟2 = |𝑋6 𝐸| and set their values to 

those presented in Khoshnoodi et al. (2018). Traditionally, as seen in previous chapters, the 

subscript index of the quaternion rotor (𝑈𝑖) associated with each node is unique. However, due 

to the non-standard nature of the 3-PUS/S manipulator, I will set 𝑈1
1 = 𝑈1 2

 , 𝑈1
2 = 𝑈1 7

  and 

𝑈1
3 = 𝑈1 12

 , similar to Equation [2.46], for notational economy and to produce more compact  

and insightful expressions. The quaternion rotor that reflects the end-effector orientation, 

denoted as ‘𝑈0 𝐸’, is defined based on Equation [2.36a-b], as 

𝑈0 𝐸 = [cos (
𝜓

2
) , 0,0, sin (

𝜓

2
)] ∗ [cos (

𝜃

2
) , 0, sin (

𝜃

2
) , 0] ∗ [cos (

𝜙

2
) , sin (

𝜙

2
) , 0,0] (6.33) 

Where (𝜙, 𝜃, 𝜓)  is the end-effector orientation (𝑂𝐸 ), expressed in Euler angles (Equation 

[2.35]). The position vector 𝑋1 2
𝑖  is defined as 
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 𝑋1 2
𝑖 = 𝑈1

𝑖𝐻1(𝑈1
𝑖)

−1
  (6.34) 

Only for the cases where 𝑖 = {1,2,3} (the three symmetrical limbs of the 3-PUS/S parallel 

manipulator) and where 𝑈𝐺1
𝑖 = [1,0,0,0] . The element 𝑋0 4

𝑖  can be expressed using the 

kinematic chain 0 → 𝐸 → 6, since 𝐻4
𝑖 = 𝐻5

𝑖 = [0,0,0], as 

  𝑋0 4
𝑖 = 𝑈0 𝐸

 (|𝑋6 𝐸|cos(𝜌𝑖), |𝑋6 𝐸|sin(𝜌𝑖), |𝑋0 𝐸|)(𝑈0 𝐸
 )−1 (6.35) 

for 𝑖 = {1,2,3}  and where 𝑈0 𝐸
  is defined in Equation [6.33], the constants [𝜌1, 𝜌2, 𝜌3] =

[0,120o, 240o] are the initial angles between the centre of the base plate and the first joints of 

each limb. Using Equation [6.2], I apply the cosine rule to get 

 𝑓(𝒙, 𝒒) = |𝑋0 1
 + 𝑋1 2

𝑖 |
2
+ |𝑋0 4

𝑖 |
2
− |𝑋3 4

𝑖 |
2
− 2((𝑋0 1

 + 𝑋1 2
𝑖 ) ∙ 𝑋0 4

𝑖 ) = 0 (6.36) 

Where the superscript ‘𝑖’ denotes the 𝑖-th limb (Equation [2.33]) and the position vector 𝑋0 1
  

is fixed at 𝑋0 1
 = [0,0, −𝐶] (based on the geometrically similar 3-RUS/S parallel manipulator 

analogue presented in Figure [6.3]). In Equation [6.36], note that the magnitude of the vector 

|𝑋3 4
𝑖 |

2
 is only dependant on the length 𝑙 = |𝑋3 4

 |  (similar to the approach presented in 

Equation [6.4]), giving us the passive joint angle-free constraint expression 𝑓(𝒙, 𝒒𝒂) as 

 𝑓(𝒙, 𝒒𝒂) = |𝑋0 1
 + 𝑋1 2

𝑖 |
2
+ |𝑋0 4

𝑖 |
2
− |𝑋3 4

 |2 − 2((𝑋0 1
 + 𝑋1 2

𝑖 ) ∙ 𝑋0 4
𝑖 ) = 0 (6.37) 

Therefore, the constraint equation (𝑓(𝒙, 𝒒𝒂)) is independent of the passive joint variables. I 

have now eliminated the passive joint variables from the constraint equation, leaving only the 

active joint variables. Similar to the approach shown in Equations [6.2-6.13], I perform a 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼𝑖, 𝛽𝑖) transformation operation with two transformation variables (𝛼𝑖, 𝛽𝑖)  on the first 

kinematic pair of each of the 𝑖-th limb. The corresponding difference map of the position vector 

𝑋1 𝐸
𝑖  of each 𝑖-th limb, is denoted as ‘𝑃[(𝑖=1,2,3),1,𝐸]

1𝑏1 (𝛼𝑖, 𝛽𝑖)’ and is defined based on Equations 

[5.16] and [5.28] as follows, noting that  𝑅𝑖𝐻𝑖 = 𝑈𝑖𝐻𝑖𝑈𝑖
−1 and 𝑅𝛿𝑖

𝐻𝑖 = 𝑈𝛿𝑖
𝐻𝑖𝑈𝛿𝑖

−1, 𝛥𝑅𝐺𝑘 =

𝑅𝐺𝑘
′ 𝑅𝐺𝑘

−1 − 1 and  𝑥𝑘 = 𝑅𝐺𝑘𝑅𝑘𝐻𝑘, from Equations [5.24-5.28] (where 𝛿𝐻𝑗  does not manifest 

because 𝛿𝐻𝑗
 = [0,0,0] for 𝑗 = {1,2,3} for each 𝑖-th limb of the 3-PUS/S parallel manipulator 

and I set 𝑈𝛿1

1 = 𝑈δ1 2

 , 𝑈𝛿1

2 = 𝑈𝛿1 7

  and 𝑈𝛿1

3 = 𝑈𝛿1 12

  due to the non-standard nature of the 3-

PUS/S manipulator, similar to the definition of 𝑈1
𝑖  in Equation [6.34]).  
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  𝑃[(𝑖=1,2,3),1,𝐸]
1𝑏1 (𝛼𝑖, 𝛽𝑖) = (𝑅𝛿1

𝑖 − 1)𝑥1
𝑖 + ∑ 𝛥𝑅𝐺𝑘

𝑖 𝑥𝑘
𝑖6

𝑘=2
  

= (𝑅𝛿1

𝑖 − 1)(𝑅1
𝑖𝐻1

𝑖) + ∑ (𝑅𝐺𝑘
𝑖′ 𝑅𝐺𝑘

−1 − 1)(𝑅𝐺𝑘
𝑖 𝑅𝑘

𝑖 𝐻𝑘
𝑖 )

6

𝑘=2
   

= 𝑅𝛿1

𝑖 𝑅1
𝑖𝐻1

𝑖 + 𝑅𝐺3
𝑖′ 𝑅3

𝑖 𝐻3
𝑖 + 𝑅𝐺6

𝑖′ 𝑅6
𝑖 𝐻6

𝑖 − 𝑅1
𝑖𝐻1

𝑖 − 𝑅𝐺3
𝑖 𝑅3

𝑖 𝐻3
𝑖 −

𝑅𝐺6
𝑖 𝑅6

𝑖 𝐻6
𝑖   

= 𝑈𝛿1

𝑖 𝑈1
𝑖𝐻1

𝑖(𝑈1
𝑖)

−1
(𝑈𝛿1

𝑖 )
−1

+ 𝑈𝐺3
𝑖′ 𝑈3

𝑖𝐻3
𝑖(𝑈3

𝑖)
−1

(𝑈𝐺3
𝑖′ )

−1
+

𝑈𝐺6
𝑖′ 𝑈6

𝑖𝐻6
𝑖(𝑈6

𝑖)
−1

(𝑈𝐺6
′ )−1 − 𝑈1

𝑖𝐻1
𝑖𝑈1

−1 −

𝑈𝐺3
𝑖 𝑈3

𝑖𝐻3
𝑖(𝑈3

𝑖)
−1

(𝑈𝐺3
𝑖 )

−1
− 𝑈𝐺6

𝑖 𝑈6
𝑖𝐻6

𝑖(𝑈6
𝑖)

−1
(𝑈𝐺6

𝑖 )
−1

  

(6.38) 

for 𝑖 = {1,2,3}  in 𝑋1 2
𝑖′  and where 𝐻2

𝑖 = 𝐻4
𝑖 = 𝐻5

𝑖 = [0,0,0] , 𝑈𝐺1
𝑖 = 𝑈𝐺1

𝑖′ = [1,0,0,0] , 𝑈𝐺3
𝑖′ =

𝑈𝛿1

𝑖 𝑈1
𝑖𝑈2

𝑖 , 𝑈𝐺6
𝑖′ = 𝑈𝛿1

𝑖 𝑈1
𝑖𝑈2

𝑖𝑈3
𝑖𝑈4

𝑖𝑈5
𝑖 ,  𝑈𝐺3

 = 𝑈1
𝑖𝑈2

𝑖  and 𝑈𝐺6
 = 𝑈1

𝑖𝑈2
𝑖𝑈3

𝑖𝑈4
𝑖𝑈5

𝑖  for the 3-PUS/S 

manipulator. To embed the difference map into the constraint equation and produce 

𝑓′ (𝒙,𝑸(𝒙), 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)), I define the difference map 𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖) (Equation 

[6.38]) and the transformed vector 𝑋1 2
𝑖′  

 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖) = 𝑈𝛿1

𝑖 𝑈1
𝑖𝐻1

𝑖(𝑈1
𝑖)

−1
(𝑈𝛿1

𝑖 )
−1

− 𝑈1
𝑖𝐻1

𝑖𝑈1
−1 (6.39a) 

Giving the transformed vector 𝑋1 2
𝑖′  

 𝑋1 2
𝑖′ = 𝑋1 2

𝑖 + 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖) 

= 𝑋1 2
𝑖 + 𝑈𝛿1

𝑖 𝑈1
𝑖𝐻1

𝑖(𝑈1
𝑖)

−1
(𝑈𝛿1

𝑖 )
−1

− 𝑈1
𝑖𝐻1

𝑖𝑈1
−1 

(6.39b) 

 for 𝑖 = {1,2,3}. Using the transformed vector 𝑋1 2
𝑖′  defined in Equation [6.39b], the constraint 

expression undergoing the reassembling transformation operation 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼𝑖, 𝛽𝑖) (denoted as 

𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖))) is obtained by substituting 𝑋0 2

𝑖′  into Equation [6.37] (similar 

to the approach presented in Equation [6.13]) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼𝑖, 𝛽𝑖)𝑓(𝒙, 𝒒𝒂) = 𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖)) 

= |𝑋0 1
 + 𝑋1 2

𝑖′ |
2
+ |𝑋0 4

𝑖 |
2
− |𝑋3 4

 |2 − 2((𝑋0 1
 + 𝑋1 2

𝑖′ ) ∙ 𝑋0 4
𝑖 ) 

(6.40) 

for 𝑖 = {1,2,3}.  Since the link lengths of each 𝑖 -th limb is equal and the transformation 

operation 𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)  does not affect the magnitude of the vector, I set |𝑋0 1

 + 𝑋1 2
𝑖′ |

2
=

|𝑋0 1
 + 𝑋1 2

 |2 and |𝑋0 4
𝑖 | = |𝑋0 4

 | to simplify Equation [6.40], giving 

𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖)𝑓(𝒙, 𝒒𝒂) = 𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖)) 

= |𝑋0 1
 + 𝑋1 2

 |2 + |𝑋0 4
 |2 − |𝑋3 4

 |2 − 2((𝑋0 1
 + 𝑋1 2

i + 𝑃[𝑖,1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) ∙ 𝑋0 4

𝑖 ) 

(6.41) 

for 𝑖 = {1,2,3}. Once again, the inverse position problem is solved to find the active joint angle 

of the 𝑖-th limb (denoted by the symbol 𝜃𝑖
 ), by adapting Equation [6.5] for each 𝑖-th limb of 
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the 3-PUS/S manipulator to give 

 

𝜃𝑖 = 𝑎𝑟𝑐𝑠𝑖𝑛

(

 
𝑁𝑖

√Wi
2 + 𝑌𝑖

2

)

 − arctan (
W𝑖

𝑌𝑖
) (6.42) 

for 𝑖 = {1,2,3} and where ‘W𝑖 ’, ‘𝑌𝑖 ’ and ‘𝑁𝑖 ’ are found by employing Equation [6.6] and 

factorising the constraint equation 𝑓(𝒙, 𝒒𝒂) from Equation [6.37] to obtain the following form 

 W𝑖 cos(𝜃𝑖) + 𝑌𝑖𝑠𝑖𝑛(𝜃𝑖) = 𝑁𝑖 (6.43) 

Which gives 

 W𝑖 = 2|𝑋1 2|𝑋0 4,𝑥
𝑖  (6.44) 

 𝑌𝑖 = 2|𝑋1 2|𝑋0 4,𝑦
𝑖  (6.45) 

 𝑁𝑖 = |𝑋0 4| 
2 + |𝑋0 1 + 𝑋1 2|

2 − |𝑋3 4|
2 + 2|𝑋0 1|𝑋0 4,𝑧

𝑖  (6.46) 

Where 𝑋0 4
𝑖 = [𝑋0 4,𝑥

𝑖 , 𝑋0 4,𝑦
𝑖 , 𝑋0 4,𝑧

𝑖 ] is presented in Section [2.4], Equation [2.33]. To find the 

active joint angle of the post-transformed manipulator (denoted by the symbol ‘𝜃𝑖
′’) I expand, 

simplify and factorise the transformed constraint expression 𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) in 

Equation [6.40] to obtain the expression form shown in Equation [6.43] to obtain ‘W𝑖
′’, ‘𝑌𝑖

′’ 

and ‘𝑁𝑖
′’, similar to the approach detailed in Section [6.2.2]. 

W𝑖
′ = 2|𝑋1 2| (𝑋0 4,𝑥

𝑖 cos(𝛽𝑖) − 𝑋0 4,𝑧
𝑖 sin(𝛽𝑖)) (6.47) 

𝑌𝑖
′ = 2|𝑋1 2|(𝑋0 4,𝑥

𝑖 sin(𝛼𝑖)sin(𝛽𝑖) + 𝑋0 4,𝑦
𝑖 cos(𝛼𝑖) + 𝑋0 4,𝑧

𝑖 sin(𝛼𝑖)cos(𝛽𝑖)) (6.48) 

𝑁𝑖
′ = |𝑋0 4|

2 + |𝑋0 1 + 𝑋1 2|
2 − |𝑋3 4|

2 

+2|𝑋0 1| (𝑋0 4,𝑥
𝑖 cos(𝛼𝑖) 𝑠𝑖𝑛(𝛽𝑖) − 𝑋0 4,𝑦

𝑖 sin(𝛼𝑖) + 𝑋0 4,𝑧
𝑖 cos(𝛼𝑖) cos(𝛽𝑖)) 

(6.49) 

The active joint variables are then removed from the transformed constraint expressions 

𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) by applying the solution for the inverse position (Equation 

[6.46-6.48] and Equation [6.41]) to give 𝑓′ (𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) →

𝑓′ (𝒙,𝑸(𝒙), 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) . The 3 × 3  transformed Jacobian matrices 

( 𝐽𝑥
′ (𝑃{(𝑖=1,2,3),1,2}

1𝑏1 (𝛼𝑖, 𝛽𝑖))  and 𝐽𝑞
′ (𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖))  are found by differentiating the 

transformed constraint expression 𝑓′ (𝒙,𝑸(𝒙), 𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖)) in Equation [6.40],  as 

shown in  Equations [6.18-6.19], to get 

𝐽𝑥
′ = [

ℎ11 ℎ11𝑐𝑜𝑠(𝜙)  +  ℎ12𝑠𝑖𝑛(𝜙) ℎ13𝑠𝑖𝑛(𝜃)  + ℎ12𝑐𝑜𝑠(𝜙)𝑐𝑜𝑠(𝜃)  −  ℎ11𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜙)
ℎ21 ℎ21𝑐𝑜𝑠(𝜙)  +  ℎ22𝑠𝑖𝑛(𝜙) ℎ23𝑠𝑖𝑛(𝜃)  + ℎ22𝑐𝑜𝑠(𝜙)𝑐𝑜𝑠(𝜃)  −  ℎ21𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜙)

ℎ31 ℎ31𝑐𝑜𝑠(𝜙)  +  ℎ32𝑠𝑖𝑛(𝜙) ℎ33𝑠𝑖𝑛(𝜃)  + ℎ32𝑐𝑜𝑠(𝜙)𝑐𝑜𝑠(𝜃)  −  ℎ31𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜙)
] (6.50) 
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𝐽𝑞
′ = 𝑑𝑖𝑎𝑔[𝑋0 4,𝑥

1 (𝑋0 2,𝑦
1 + 𝑃[1,1,2]𝑦

1𝑏1 )

− 𝑋0 4,𝑦
1 (𝑋0 2,𝑥

1 + 𝑃[1,1,2]𝑥
1𝑏1 ); 𝑋0 4,𝑥

2 (𝑋0 2,𝑦
2 + 𝑃[2,1,2]𝑦

1𝑏1 )

− 𝑋0 4,𝑦
2 (𝑋0 2,𝑥

2 + 𝑃[2,1,2]𝑥
1𝑏1 ); 𝑋0 4,𝑥

3 (𝑋0 2,𝑦
3 + 𝑃[3,1,2]𝑦

1𝑏1 )

− 𝑋0 4,𝑦
3 (𝑋0 2,𝑥

3 + 𝑃[3,1,2]𝑦
1𝑏1 )] 

(6.51) 

Where 𝑃[𝑖,1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖) = [𝑃[𝑖,1,2]𝑥

1𝑏1 , 𝑃[𝑖,1,2]𝑦
1𝑏1 , 𝑃[𝑖,1,2]𝑧

1𝑏1 ], 𝑋0 2
𝑖 = 𝑋0 1

 + 𝑋1 2
𝑖 , ‘𝑑𝑖𝑎𝑔’ denotes that 𝐽𝑞 

is a 3 × 3 matrix of zeros, except for the diagonal elements denoted (in Equation [6.51]) and 

‘ℎ𝑖𝑗’ (in Equation [6.50]) is given as 

 [ℎ11, ℎ12, ℎ13] = ((𝑋0 2
1 + 𝑃[1,1,2]

1𝑏1 (𝛼1, 𝛽1)) × 𝑋0 4
1 ) (6.52) 

 [ℎ21, ℎ22, ℎ23] = ((𝑋0 2
2 + 𝑃[2,1,2]

1𝑏1 (𝛼2, 𝛽2)) × 𝑋0 4
2 ) (6.53) 

 [ℎ31, ℎ32, ℎ33] = ((𝑋0 2
3 + 𝑃[3,1,2]

1𝑏1 (𝛼3, 𝛽3)) × 𝑋0 4
3 ) (6.54) 

For the 3-PUS/S manipulator, the Jacobian matrix 𝐽′(𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖))  is defined in 

Khoshnoodi et al. (2018) as 𝐽′ = −𝐽𝑥
′  𝐽𝑞

′ . Note that the Jacobian matrices of the pre-transformed 

manipulator are found by setting the values of the transformation variables (𝛼𝑖 , 𝛽𝑖) in Equations 

[6.50-6.54] to be zero. The determinant of a general 3 × 3  matrix 𝑱 is given as (Tobias 2011) 

det(𝑱) = 𝐽11𝐽22𝐽33 − 𝐽11𝐽23𝐽32 + 𝐽12𝐽23𝐽31 − 𝐽12𝐽21𝐽33 + 𝐽13𝐽21𝐽32 − 𝐽13𝐽22𝐽31 (6.55) 

Where ‘𝐽𝑖𝑗’ denotes the elements of a general 3 × 3 matrix 𝑱 

𝑱 = [
𝐽11 𝐽12 𝐽13

𝐽21 𝐽22 𝐽23

𝐽31 𝐽32 𝐽33 
] (6.56) 

The determinant can also be computed by employing mathematical software, such as 

‘MATLAB’ or ‘Mathematica’. After defining the expressions of the transformed the Jacobian 

matrices (𝐽𝑥
′ (𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖)), 𝐽𝑞
′ (𝑃[(𝑖=1,2,3),1,2]

1𝑏1 (𝛼𝑖, 𝛽𝑖)) and 𝐽′(𝑃[(𝑖=1,2,3),1,2]
1𝑏1 (𝛼𝑖, 𝛽𝑖))), I set 

range of the total workspace for the end-effector orientation (𝜙, 𝜃, 𝜓) as 𝜙 = [−100o, 100], 

𝜃 = [−100o, 100o], 𝜓 = [−50o, 50o], divided into 6192 equidistant points. At each sampled 

end-effector orientation, I compute the determinants of the pre-transformed Jacobian matrices 

(𝐽𝑥 , 𝐽𝑞 , 𝐽) (Equations [6.50-6.54]), by setting 𝛼𝑖 = 𝛽𝑖 = 0, to find the singularities and near-

singularities in the workspace. Due to the nature of sampling equidistant points in the 

workspace, where we may not identify the exact location of the singularity, I approximated the 

location of the singularities and near-singularities by setting thresholds for the determinants of 

the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽). I consider a particular end-effector orientation to be a singular 
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point if the value of any of the determinants Jacobian matrices ‘𝐽𝑥’, ‘ 𝐽𝑞’ or ‘𝐽’ are lower than 

their respective thresholds ( Jx t , Jq t  or Jt ), at a given end-effector orientation (𝜙, 𝜃, 𝜓 ). 

Additionally, I limit the values of the determinants of the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽) according 

to their respective upper limits (Jx u, Jq u and Ju), as described in Equations [6.21-6.23]. The 

values of the thresholds and the upper limit of the determinants of the Jacobian matrices 

(𝐽𝑥 , 𝐽𝑞 , 𝐽) used to approximate a singular point are shown Table [6.1] below. 

Parameter Value Description 

Jx t 1.35 × 10−5 Based on the lowest 1% of values 

Jq t 1.4 × 10−6 Based on the lowest 1% of determinant values 

Jt 2.6 × 10−3 Based on the lowest 1% of determinant values 

Jx u  5.82 × 10−5 Based on the lowest 5% of determinant values 

Jq u 8.79 × 10−6 Based on the lowest 5% of determinant values 

Ju  1.8 × 10−2 Based on the lowest 5% of determinant values 

Table 6.1. The threshold and upper limit values set for the determinants of Jacobian matrices ‘𝐽𝑥’, ‘𝐽𝑞’ 

and ‘𝐽’, where a determinant value below the threshold value is denoted as a near singularity and a 

determinant value above the upper limit is set to be the value of the upper limit. 

These values have been selected to ensure a reasonable number of sampled points in the target 

region are classified as singularities and near-singularities, without needing to sample at 

computationally prohibitive intervals. 

In the Equations [6.38-6.54] above, there were a total of six transformation variables 

({𝛼1, 𝛼2, 𝛼3, 𝛽1, 𝛽2, 𝛽3}). Six transformation variables are an unnecessarily large number of 

optimisable degrees of freedom and we may reduce this to two or three variables. To this end, 

I investigate two special conditions of reassembling transformations for this case study: (1) the 

symmetric and (2) asymmetric cases. For the symmetric cases, I constrain the transformation 

variables so that 𝛼1 = 𝛼2 = 𝛼3 and 𝛽1 = 𝛽2 = 𝛽3, where the transformation variables 𝛼𝑖 and 

𝛽𝑖 denote the angle (in degrees) about the 𝑥-axis and 𝑦-axis, respectively, with respect to the 

global reference frame. Additionally, the transformation variables 𝛼𝑖 and 𝛽𝑖 are set to be the 

same for each limb, producing two total ‘transformation degrees of freedom’ to be optimised. 

This physically translates to effecting the same transformation on all limbs in a symmetric 

manner. For the asymmetric case, I introduce an additional transformation degree of freedom, 

such that 𝛼1 = 𝛼2 = 𝛼3, 𝛽1 = 𝛽2 but 𝛽3 does not need to be equal to 𝛽1 or 𝛽2. I introduce this 

additional transformation degree of freedom in the optimisation problem because I expect to 

require more variables to find an optimal solution for a larger Target Region (𝑿𝐸𝑇,2), while I 
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expect that fewer variables are required for a smaller Target Region (𝑿𝐸𝑇,1). I sample nine 

equidistant values between −50o and 50o for each transformation degree of freedom. As can 

be seen from Equations [6.38-6.40], the transformation degrees of freedom indicates the 

number of transformation variables (𝑇𝑖 = 𝛼𝑖  or 𝑇𝑖 = 𝛽𝑖) that are set to vary independently from 

each other and it is distinct from the ‘degrees of freedom’ of a manipulator, which is defined 

as the number of independent parameters or inputs needed to specify the configuration of the 

manipulator completely (Tsai 1999). Using the transformation variables 𝛼𝑖 and 𝛽𝑖, I compute 

the post-transformed Jacobian matrices ‘𝐽𝑥
′ ’, ‘𝐽𝑞

′ ’ and ‘𝐽′’ (Equations [6.50-6.54]) and their 

respective determinants for the Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2. This produces three test cases 

as shown in the table below. 

Test Case 
Transformation 

Degrees of Freedom 

Target Region 𝑿𝐸𝑇,1 2 

Target Region 𝑿𝐸𝑇,2 (2 Transformation Degrees of Freedom) 2 

Target Region 𝑿𝐸𝑇,2 (3 Transformation Degrees of Freedom) 3 

Table 6.2. The three test cases explored in Case Study 1, along with their respective Target Regions 

and transformation degrees of freedom. 

6.3.1.1. Case Study 1: Selected Target Region for Singularity Removal 

For this case study, I select two Target Regions of the workspace (𝑿𝐸𝑇,1  and 𝑿𝐸𝑇,2 ) for 

singularity removal to be 𝜙 = [−100o, −40] , 𝜃 = [40o, 70o], 𝜓 = [−50o, −20o] and 𝜙 =

[−100o, −60], 𝜃 = [10o, 70o], 𝜓 = [−50o, 10o] respectively, as shown in Figure [6.5], with 

the target region of the workspace shown as a red box. I sample 6750 and 6859 equidistant 

points respectively for Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2. 
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Figure 6.5. The reachable points in the workspace and the Target Region for singularity removal  𝑿𝐸𝑇,1 

and 𝑿𝐸𝑇,2, with the location of the Target Region of the workspace shown as a red box. The orientation 

of the end-effector is (𝜙, 𝜃, 𝜓). 

I compute the determinants of the pre-transformed Jacobian matrices using Equations [6.50-

6.54] and the thresholds as defined in Table [6.1] to determine the locations of the singularities 

and near-singularities. The singularities and near-singularities found in the workspace and 

target regions are shown in Figure [6.6] below.   
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Pre-transformed Manipulator 

 Target Region 𝑿𝐸𝑇,1 Target Region 𝑿𝐸𝑇,2 

Singularities 

and near-

singularities 

 in the 

workspace, 

given a 

sampling rate 

of 6192 

equidistant 

points and 

location of 

Target Region 

(red box) 

  

Singularities 

and near-

singularities in 

the Target 

Region, given 

a sampling 

rate of 6750 

and 6859 

equidistant 

points in 𝑿𝐸𝑇,1 

and 𝑿𝐸𝑇,2, 

respectively. 
  

Legend 

(Near) Singularity of 𝐽𝑥: red dot   (Near) Singularity of 𝐽𝑞: black circle   (Near) Singularity of 𝐽: green ‘x’ 

Figure 6.6. The singularities and near-singularities in the workspace and Target Region (𝑿𝐸𝑇,1 and 

𝑿𝐸𝑇,2 ), with the location of the Target Region for singularity removal shown as a red box. The 

orientation of the end-effector is (𝜙, 𝜃, 𝜓). 

6.3.1.2. Case Study 1: Computation of Singularity and Workspace Indices 

Since we are interested in reducing the singularities and near-singularities of all types within a 

target region of the workspace, while ensuring maximum achievability in the target region of 

the workspace, I compute the singularity indices (𝑆𝐽𝑥(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)),  𝑆𝐽𝑞(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) and 

𝑆𝐽(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖))  using Equations [6.24-6.26]) and the workspace achievability index 

𝑊(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)  (Equation [6.28]) for each set of transformation variables (𝛼𝑖, 𝛽𝑖) 

sampled to produce the visualisations in Figures [6.7-6.8]. In Figures [6.7-6.8], I select the 

candidate solutions (plotted as a red ‘x’) which have the highest values of 𝑆𝐽𝑥(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)), 

 𝑆𝐽𝑞(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) and 𝑆𝐽(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) in the target region, while fulfilling the constraints 

 𝑊(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇) ≥ 0.9 and the threshold values of 𝑆𝐽𝑥(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)),  𝑆𝐽𝑞(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) 



222 

CHAPTER 6 

and 𝑆𝐽(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) for the 60th percentile based on the search scheme described in Section 

[6.2.3]. This constraint allows us to select a post-transformed manipulator that is able to reach 

at least 90% of the target workspace. 

 

Figure 6.7. The visualisations of the workspace (𝑊 (𝑷[𝒊]
𝟏𝒃𝟏

(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇) ) and singularity index 

𝑆𝐽𝑥 (𝑷[𝒊]
𝟏𝒃𝟏

(𝛼𝑖, 𝛽𝑖)) for the three tested cases, with the Target Region 𝑿𝐸𝑇,1, Target Region 𝑿𝐸𝑇,2 with 

2 Transformation Degrees of Freedom and Target Region 𝑿𝐸𝑇,2 with 3 Transformation Degrees of 

Freedom. 
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Figure 6.8. The visualisations of the singularity indices 𝑆𝐽𝑞 (𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) and 𝑆𝐽 (𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖))) for 

the three tested cases, with Target Region 𝑿𝐸𝑇,1, Target Region 𝑿𝐸𝑇,2 with 2 Transformation Degrees 

of Freedom and Target Region 𝑿𝐸𝑇,2 with 3 Transformation Degrees of Freedom. 

The transformation variables and the corresponding values of the workspace and singularity 

indices of the candidate solutions for the three tested cases are shown in Table [6.3]. 
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Test Case 

𝛼1, 𝛼2 

and

 𝛼3 

𝛽1 

and 

𝛽2 

𝛽3 

𝑊 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖) 

, 𝑿𝐸𝑇) 

𝑆𝐽𝑥  

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖)) 

𝑆𝐽𝑞 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖)) 

𝑆𝐽 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖)) 

Target Region 

𝑿𝐸𝑇,1 
-25o -50o -50o 0.95 

6.03 

× 10−6 

2.78 

× 10−7 

5.47 

× 10−4 

Target Region 

𝑿𝐸𝑇,2 (2 

Transformation 

Degrees of 

Freedom) 

-12.5o -50o -50o 0.93 
2.29 

× 10−6 

2.77 

× 10−8 

3.16 

× 10−4 

Target Region 

𝑿𝐸𝑇,2 (3 

Transformation 

Degrees of 

Freedom) 

-12.5o -50o -50o 0.93 
2.29 

× 10−6 

2.77 

× 10−8 

3.16 

× 10−4 

Table 6.3. The candidate solutions which have the highest values of 𝑆𝐽𝑥 , 𝑆𝐽𝑞  and 𝑆𝐽  in the Target 

Region, while fulfilling the constraints 𝑊(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)  ≥ 0.9, for the three test cases. 

Based on Figures [6.7-6.8] and Table [6.3], it is interesting to note that for Target Region 𝑿𝐸𝑇,2, 

the candidate selection method has produced the same solution for the test cases with two 

Transformation Degrees of Freedom and three Transformation Degrees of Freedom, while the 

candidate solution for Target Region 𝑿𝐸𝑇,1 has the same value for 𝛽1, 𝛽2 and 𝛽3. 

6.3.1.3. Case Study 1: Post-Transformed Manipulator Singularities and Near-Singularities 

To evaluate the singularities and near-singularities of the post transformed manipulator, I 

compute the relative workspace achievability index (𝛿𝑊 (𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)), the discrete 

singularity index ( 𝑺 ( 𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇) ) and the relative discrete singularity index 

(𝜹𝑺(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)) (Equations [6.29-6.31]) of the candidate solutions for the three tested 

cases, as shown in Table [6.4]. 

Test Case 
𝛼1, 𝛼2 

and 𝛼3 

𝛽1 and 

𝛽2 
𝛽3 

𝛿𝑊 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖), 

𝑿𝐸𝑇) 

𝑺 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖), 

𝑿𝐸𝑇) 

𝜹𝑺 

(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖 , 𝛽𝑖), 

𝑿𝐸𝑇) 

Target Region 

𝑿𝐸𝑇,1 
-25o -50o -50o 0.06 -0.87 -0.99 

Target Region 

𝑿𝐸𝑇,2 (2 Transformation 

Degrees of Freedom) 

-12.5o -50o -50o 0.29 -0.95 -1.00 

Target Region 

𝑿𝐸𝑇,2 (3 Transformation 

Degrees of Freedom) 

-12.5o -50 o -50o 0.29 -0.95 -1.00 

Table 6.4. The relative workspace achievability index (𝛿𝑊(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)), the discrete singularity 

index (𝑺(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)) and the relative discrete singularity index (𝜹𝑺(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖), 𝑿𝐸𝑇)) of the 

selected candidate solutions of the three test cases. 

The singularity and workspace plots of the Target Region (𝑿𝐸𝑇 ) for the pre- and post-

transformed manipulators for all three test cases are shown in the Figures [6.9-6.10]. 
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Test case 
Singularities and Near-singularities (Pre-

Transformed) 

Singularities and Near-singularities 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 =

𝛽2 = 𝛽3 = −50o)  

Target Region  

𝑿𝐸𝑇,1 

  

 
Singularities and Near-singularities (Pre-

Transformed) 

Singularities and Near-singularities 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 =

𝛽2 = 𝛽3 = −50o)  

Target Region  

𝑿𝐸𝑇,2  

(2 

Transformation 

Degrees of 

Freedom) 

  

 
Singularities and Near-singularities (Pre-

Transformed) 

Singularities and Near-singularities 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 =

𝛽2 = 𝛽3 = −50o)  

Target Region 

𝑿𝐸𝑇,2  

(3 

Transformation 

Degrees of 

Freedom) 

  

Legend 

(Near) Singularity of 𝐽𝑥: red dot   (Near) Singularity of 𝐽𝑞: black circle   (Near) Singularity of 𝐽: green ‘x’ 

Figure 6.9. The singularities and near-singularities present in the pre-transformed and post-transformed 

manipulators for each test case. 
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Test case 
Reachable Workspace 

(Pre-Transformed) 

Reachable Workspace 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3

= −50o) 

Target Region 

𝑿𝐸𝑇,1 

  

 
Reachable Workspace 

(Pre-Transformed) 

Reachable Workspace 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2

= 𝛽3 = −50o) 

Target Region 

𝑿𝐸𝑇,2 

(2 

Transformation 

Degrees of 

Freedom) 

 
 

 
Reachable Workspace 

(Pre-Transformed) 

Reachable Workspace 

(Post-Transformed) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2

= 𝛽3 = −50o) 

Target Region 

𝑿𝐸𝑇,2 

(3 

Transformation 

Degrees of 

Freedom) 

 
 

Figure 6.10. The reachable workspace of the pre- and post-transformed manipulators for each test case. 

Tables [6.5-6.6] show the comparison between the number of reachable points, global 

conditioning index, singularities and near-singularities in the Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2 

for the pre- and post-transformed manipulators. 
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Performance metric 

Target Region 𝑿𝐸𝑇,1 

Pre-

Transformed 

Manipulator 

Post-Transformed Manipulator 

(𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 =

𝛽2 = 𝛽3 = −50o) 

Total number of reachable points in the Target 

Region (out of 6750 total sampled points). 
6060 6415 

Total number of singularities and near-

singularities for 𝐽𝑥 in the Target Region. 
360 0 

Total number of singularities and near-

singularities for 𝐽𝑞 in the Target Region. 
141 54 

Total number of singularities and near-

singularities for 𝐽 in the Target Region. 
45 60 

Total number of points with any of the 

singularities and near-singularities for 𝐽𝑥, 𝐽𝑞 or 

𝐽𝑥 in the Target Region. 

496 63 

The global conditioning index (𝑘𝐽𝐺) 0.098 0.540 

Table 6.5. A comparison between the number of reachable points, singularities, near-singularities and 

global conditioning index in the Target Region for the pre- and post-transformed manipulators, for the 

post-transformed manipulators in Target Region 𝑿𝐸𝑇,1. 

Performance metric 

Target Region 𝑿𝐸𝑇,2 

Pre-

Transformed 

Manipulator 

Post-Transformed 

Manipulator 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 =

𝛼3 = −12.5o, 𝛽1 =
𝛽2 = 𝛽3 = −50o) 

(2 Transformation 

Degrees of Freedom) 

Post-Transformed 

Manipulator 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3

= −12.5o, 𝛽1 = 𝛽2

= −50o, 𝛽3 = −50o) 

(3 Transformation 

Degrees of Freedom) 

Total number of reachable points 

in the Target Region (out of 6859 

total sampled points). 

4959 6409 6409 

Total number of singularities and 

near-singularities for 𝐽𝑥 in the 

Target Region. 

133 1 1 

Total number of singularities and 

near-singularities for 𝐽𝑞 in the 

Target Region. 

64 8 8 

Total number of singularities and 

near-singularities for 𝐽 in the 

Target Region. 

43 7 7 

Total number of points with any 

of the singularities and near-

singularities for 𝐽𝑥, 𝐽𝑞 or 𝐽𝑥 in the 

Target Region. 

200 10 10 

The global conditioning index 

(𝑘𝐽𝐺) 
0.246 0.467 0.467 

Table 6.6. A comparison between the number of reachable points, singularities, near-singularities and 

global conditioning index in the Target Region for the pre- and post-transformed manipulators, for the 

post-transformed manipulators in Target Region 𝑿𝐸𝑇,2. 

The plots of the determinant of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ for the pre- and post-transformed manipulators, 
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in Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2 are shown in Figures [6.11-6.12], while the plots of the 

determinant of ‘ 𝐽𝑥 ’, ‘ 𝐽𝑞 ’ and ‘ 𝐽 ’ for the pre- and post-transformed manipulators in the 

workspace are shown in Figure [6.13]. 

 

Target Region 

𝑿𝐸𝑇,1 

Pre-Transformed Manipulator 
Post-Transformed Manipulator 𝑷[𝟏,𝟐,𝟑]

𝟏𝒃𝟏 (𝛼1 =

𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o) 

det (𝐽𝑥) 

det (𝐽𝑥)  

 

det (𝐽𝑥)  

 

 Pre-Transformed Manipulator 
Post-Transformed Manipulator 𝑷[𝟏,𝟐,𝟑]

𝟏𝒃𝟏 (𝛼1 =

𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o) 

det (𝐽𝑞) 

det (𝐽𝑞)  

 

det (𝐽𝑞)  

 

 Pre-Transformed Manipulator 
Post-Transformed Manipulator 𝑷[𝟏,𝟐,𝟑]

𝟏𝒃𝟏 (𝛼1 =

𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o) 

det (𝐽) 

det (𝐽)  

 

det (𝐽)  

 
Figure 6.11. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators in  

Target Region 𝑿𝐸𝑇,1. 
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Target Region 𝑿𝐸𝑇,2 

Pre-Transformed Manipulator 

Post-Transformed Manipulator (2 Transformation 

Degrees of Freedom) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2 = 𝛽3

= −50o) 

Post-Transformed Manipulator (3 Transformation Degrees of 

Freedom) 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2 = −50o, 𝛽3

= −50o) 

det (𝐽𝑥) 

det (𝐽𝑥) 

 

det (𝐽𝑥) 

 

det (𝐽𝑥) 

 

det (𝐽𝑞) 

det (𝐽𝑞) 

 

det (𝐽𝑞) 

 

det (𝐽𝑞) 

 

det (𝐽) 

det (𝐽) 

 

det (𝐽) 

 

det (𝐽) 

 

Figure 6.12. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators in Target Region 𝑿𝐸𝑇,2. 
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Workspace 

Pre-Transformed 

Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 =

𝛽2 = 𝛽3 = −50o) 

(for Target Region 𝑿𝐸𝑇,1) 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 =

𝛽2 = 𝛽3 = −50o) (for Target Region 

𝑿𝐸𝑇,2, 2 Transformation Degrees of 

Freedom) 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 =

𝛽2 = −50o, 𝛽3 = −50o) (for Target 

Region 𝑿𝐸𝑇,2, 3 Transformation Degrees of 

Freedom) 

det (𝐽𝑥) 

det (𝐽𝑥)  

 

det (𝐽𝑥)  

 

det (𝐽𝑥)  

 

det (𝐽𝑥)  

 

det (𝐽𝑞) 

det (𝐽𝑞)  

 

det (𝐽𝑞)  
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Figure 6.13. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators in the workspace. 
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From Tables [6.4-6.6] and Figures [6.9-6.13], we see that we have achieved the aim of reducing 

the number of singularities and near singularities in the Target Regions (𝑿𝑬𝑻,𝟏 and 𝑿𝑬𝑻,𝟐) while 

ensuring maximum achievability in the target region of the workspace for the post-transformed 

manipulator. By performing the reassembling transformations ( 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 =

−25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o)  and 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2 = −50o, 𝛽3 =

−50o)) on the manipulator, we have reduced the singularities and near singularities in the 

Target Regions (𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2) by 87%, based on the value of the discrete singularity index 

𝑺(𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟏) = −0.87 (Table [6.4]) and 

95% based on the value of the discrete singularity index 𝑺 ( 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 =

−12.5o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟐) = −0.95  (Table [6.4]) for both the two-

Transformation Degrees of Freedom and three-Transformation Degrees of Freedom test cases. 

Additionally, I have removed or relocated the singularities that were present for the pre-

transformed manipulator by 99%, based on the value of the relative discrete singularity index 

𝜹𝑺 (𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟏) = −0.99   (Table [6.4]). 

We have also removed or relocated 100% the singularities that were present for the pre-

transformed manipulator, based on the value of the relative discrete singularity index 

𝜹𝑺 ( 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟐) = −1  (Table [6.4]). 

Additionally, we have increased the number of reachable points in the Target Regions (𝑿𝑬𝑻,𝟏 

and 𝑿𝑬𝑻,𝟐 ) by 6%, based on the values of the relative workspace achievability index 

𝛿𝑊 ( 𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 = 𝛼2 = 𝛼3 = −25o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟏) = 0.06   (Table [6.4]) 

and 29% based on the values of the relative workspace achievability index 𝛿𝑊(𝑷[𝟏,𝟐,𝟑]
𝟏𝒃𝟏 (𝛼1 =

𝛼2 = 𝛼3 = −12.5o, 𝛽1 = 𝛽2 = 𝛽3 = −50o), 𝑿𝑬𝑻,𝟐) = 0.29  (Table [6.4]), when compared to 

the pre-transformed manipulator. The value of the Global Conditioning Index (𝑘𝐽𝐺 ) has 

increased from 0.098 to 0.540 (based on Table [6.5]) for the pre- and post-transformed 

manipulators, respectively, for the test case with Target Region 𝑿𝑬𝑻,𝟏. Additionally, the value 

of 𝑘𝐽𝐺  for the pre- and post-transformed manipulators are 0.246 and 0.467 (based on Table 

[6.6]), respectively, for the test case with Target Region 𝑿𝑬𝑻,𝟐 , showing that the post-

transformed manipulator also gains an improvement in its kinematic and static transmission 

efficiency performance. 
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6.3.2. Case Study 2: 6-DOF Gough-Stewart Platform Manipulator Singularity and Near-

Singularity Relocation and Reduction 

In this case study, I aim to apply a 𝑷{𝒊,𝒋,𝒌}
𝟏𝒂 (∆𝐻𝑖, ∆𝐻𝑗 , ∆𝐻𝑘) transformation to the 6-DOF Gough-

Stewart Platform (GSP) manipulator  to reduce the singularities and near-singularities within a 

target region of the workspace, while ensuring maximum achievability in the target region of 

the workspace for the post-transformed manipulator (as measured by the workspace 

achievability index 𝑊(𝑃{𝑖}
𝐾 (𝑇𝑖), 𝑿𝑬𝑻) in Equation [6.28]). The GSP manipulator is a parallel 

manipulator with six parallel UPS limbs (with one active joint in each limb, as shown in Figure 

[6.14.a]) and six end-effector degrees of freedom {𝜙, 𝜃, 𝜓, 𝑥, 𝑦, 𝑧}. The CAD drawing and 

geometric decomposition of the GSP manipulator are presented in Figure [6.14].  

 
Figure 6.14. Left) CAD drawing of the 6-DOF Gough-Stewart Platform manipulator. Image from 

Karimi and Nategh (2011). Right) Geometric decomposition of the 6-DOF Gough-Stewart Platform 

manipulator. Image from ST-Onge and Gosselin (1996). 

The deconstructed kinematic chain representation of the GSP manipulator is presented in 

Figures [6.15] below. 
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Figure 6.15. The deconstructed kinematic chain representation of the 6-DOF Gough-Stewart Platform 

manipulator, in terms of enumerated kinematic pairs, where ‘R’ denotes a revolute joint and ‘P’ denotes 

a prismatic joint. Nodes 1 to 6 are the 1st to 6th kinematic pairs of limb 1, nodes 7 to 12 are the 1st to 6th 

kinematic pairs of limb 2, nodes 13 to 18 are the 1st to 6th kinematic pairs of limb 3 and nodes 31 to 36 

are the 1st to 6th kinematic pairs of limb 6. As all limbs are symmetrical, the following pairs of position 

element denotations are equivalent: (𝑋0 1
2 = 𝑋0 7

 , 𝑋0 1
3 = 𝑋0 13

 , … , 𝑋0 1
6 = 𝑋0 31

 )  and (𝑋1 6
2 =

𝑋7 12
 , 𝑋1 6

3 = 𝑋13 18
 , … , 𝑋1 6

6 = 𝑋31 36
 ) and the following pairs of quaternion rotors denotations are 

equivalent: (𝑈1
2 = 𝑈7

 , 𝑈1
3 = 𝑈13

 , … , 𝑈1
6 = 𝑈31

 ). Additionally, node zero is the centre of the base plate 

and node ‘E’ is the centre of the end-effector platform. The nodes corresponding to the active joints are 

denoted with colour blue. 

In this case study, a Type 1a reassembling transformation is applied to the base kinematic pairs 

of the 𝑖-th limb of the GSP manipulator, for 𝑖 = {1,2,4}, which affects the position elements 

𝑋0 1
1 = 𝑋0 1

 , 𝑋0 1
2 = 𝑋0 7

  and 𝑋0 1
4 = 𝑋0 19

 . Similar to Case Study 1 (Section [6.3.1]), the 

corresponding transformation operator and difference map are denoted as ‘𝑷{𝟎,𝟏;𝟎,𝟕;𝟎,𝟏𝟗}
𝟏𝒂 ’ and 

‘𝑃{(𝑖=0,1;0,7;0,19),𝑗,𝑘}
1𝑎 ’ respectively. Once again, for ease of indexing and to produce compact 

expressions, I will denote the Type 1a reassembling transformation and difference maps 

applied to the base position elements of limbs 1, 2 and 4 as 𝑷{𝟎,𝟏;𝟎,𝟕;𝟎,𝟏𝟗}
𝟏𝒂 → 𝑷[𝟏,𝟐,𝟒]

𝟏𝒂  and 

𝑃{(𝑖=0,1;0,7;0,19),𝑗,𝑘}
1𝑎 → 𝑃[(𝑖=1,2,4),𝑗,𝑘]

1𝑎 , respectively. To demonstrate the effects of a Type 1a 

reassembling transformation on the base position elements of the GSP, an example of the GSP 

undergoing a 𝑷[𝟏,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻4) reassembling transformation (defined in Equation [6.62]) is 

visually represented in Figure [6.16], where ∆𝐻1 > 0 and ∆𝐻4 < 0. 
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Figure 6.16. Left) A simplified schematic representation of the base of the pre-transformed 6-DOF 

Gough-Stewart Platform manipulator, where only nodes 0, 1, 7, 13, 19, 25 and 31 are shown.  Note that 

the shape of the base is not a perfect hexagon. Right) A simplified schematic representation of the base 

of the post-transformed 6-DOF Gough-Stewart Platform manipulator, where only nodes 0, 1, 7, 13, 19, 

25 and 31 are shown and the pre-transformed architecture is presented as a light grey hexagon. The 

position vectors 𝑋0 1
1  and 𝑋0 1

4 underwent 𝑷[𝟏,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻4) transformations, giving 𝑋0 1

1′  and 𝑋0 1
4′ . 

Based on Figures [6.14-6.16], we note that the position vector 𝒃𝒊 = 𝑋0 1
𝑖 =

[𝑋0 1,𝑥
𝑖 , 𝑋0 1,𝑦

𝑖 , 𝑋0 1,𝑧
𝑖 ] is taken from the positions ‘𝑂’ to ‘𝐵𝑖’, for 𝑖 = {1,2, … ,6}, and the vector 

�̂�𝒊
 = �̂�𝐸 6

𝑖 = [�̂�𝐸 6,𝑥
𝑖 , �̂�𝐸 6,𝑦

𝑖 , �̂�𝐸 6,𝑧
𝑖 ] is taken from the positions ‘𝑂′’ to ‘𝑃𝑖’, for 𝑖 = {1,2, … ,6}, 

where the over-hat ‘^’ denotes that the vector is taken with respect to the end-effector, instead 

of the base reference frame. Table [6.7] shows the experimental values of morphological 

parameters 𝑋0 1
𝑖  and �̂�5 𝐸

𝑖  used in ST-Onge and Gosselin (1996). 

𝑖 𝑋0 1,𝑥
𝑖  𝑋0 1,𝑦

𝑖  𝑋0 1,𝑧
𝑖  �̂�𝐸 6,𝑥

𝑖  �̂�𝐸 6,𝑦
𝑖  �̂�𝐸 6,𝑧

𝑖  

1 92.58 99.64 23.1 30 73 -37.1 

2 132.58 30.36 23.1 78.22 -10.52 -37.1 

3 40 -130 23.1 48.22 -62.48 -37.1 

4 -40 -130 23.1 -48.22 -62.48 -37.1 

5 -132.58 30.36 23.1 -78.22 -10.52 -37.1 

6 -92.58 99.64 23.1 -30 73 -37.1 

Table 6.7. The experimental values of the vectors 𝒃𝒊 = 𝑋0 1
𝑖 = [𝑋0 1,𝑥

𝑖 , 𝑋0 1,𝑦
𝑖 , 𝑋0 1,𝑧

𝑖 ] (taken from the 

positions ‘𝑂’ to ‘𝐵𝑖’) and  �̂�𝒊
 = �̂�𝐸 6

𝑖 = [�̂�𝐸 6,𝑥
𝑖 , �̂�𝐸 6,𝑦

𝑖 , �̂�𝐸 6,𝑧
𝑖 ] (taken from the positions ‘𝑂′’ to ‘𝑃𝑖’), for 

𝑖 = {1,2,…6}, as defined in ST-Onge and Gosselin (1996).  

I employ Equation [6.1] and construct a constraint equation (𝑓(𝒙, 𝒒)) for each 𝑖-th limb  

 𝑓(𝒙, 𝒒) = 𝑋𝐸 + 𝑈0 𝐸(�̂�𝐸 6
𝑖 )𝑈0 𝐸

−1 − 𝑋0 1
𝑖 − 𝑋1 6

𝑖 = 0 (6.57) 

Where the quaternion rotor that reflects the end-effector orientation, denoted as 𝑈0 𝐸, is defined 

based on Equation [2.36a-b], as 
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𝑈0 𝐸 = [cos (
𝜓

2
) , 0,0, sin (

𝜓

2
)] ∗ [cos (

𝜃

2
) , 0, sin (

𝜃

2
) , 0] ∗ [cos (

𝜙

2
) , sin (

𝜙

2
) , 0,0] (6.58) 

and where (𝜙, 𝜃, 𝜓) is the end-effector orientation (𝑂𝐸), expressed in Euler angles (Equation 

[2.35]. 𝑋1 6
𝑖  is defined based on Equation [2.33], given that 𝐻1 = 𝐻2 = 𝐻4 = 𝐻5 = [0,0,0] and 

𝛿𝐻1 = 𝛿𝐻2 = 𝛿𝐻4 = 𝛿𝐻5 = 𝛿𝐻6 = [0,0,0], as 

 𝑋1 6
𝑖 = 𝑈𝐺3

𝑖 𝑈3
𝑖(𝐻3 + 𝛿𝐻3)(𝑈3

𝑖)
−1

(𝑈𝐺3
𝑖 )−1 (6.59) 

for 𝑖 = {1,2, … ,6}. To remove the passive joint variables from the constraint equation (𝑓(𝒙, 𝒒)) 

(Equation [6.57]), I rearrange the constraint equation 𝑓(𝒙, 𝒒), square both sides and simplify it 

to extract the passive joint angle-free constraint expression 𝑓(𝒙, 𝒒𝒂) as 

𝑓(𝒙, 𝒒𝒂) = |𝑋1 6
𝑖 |

2
= (𝑋𝐸 6,𝑥

𝑖 − (𝑋0 1,𝑥
𝑖 ))

2

+ (𝑋𝐸 6,𝑦
𝑖 − (𝑋0 1,𝑦

𝑖 ))
2

+ (𝑋𝐸 6,𝑧
𝑖 − (𝑋0 1,𝑧

𝑖 ))
2

    (6.60) 

for 𝑖 = {1,2, … ,6}  and where |𝑋1 6
𝑖 |

2
= (𝐻3 + 𝛿𝐻3)

2 , similar to the approach in Equation 

[6.4]. I have now eliminated the passive joint variables from the constraint expression 𝑓(𝒙, 𝒒) 

(Equation [6.57]), leaving only the active joint variables.  

Similar to the approach shown in Equations [6.2-6.13], I perform a 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻0

1, ∆𝐻0
2, ∆𝐻0

4)  reassembling transformation operation (where 𝑖 = {1,2,4}  was 

chosen arbitrarily), as described in Table [5.2] and Equation [5.20] (also denoted as 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4) , for the sake of brevity), on the vector 𝑋0 1

𝑖  (Table [6.7]). The 

quaternion rotor 𝑈0
𝑖  is defined as 

 𝑈0
𝑖 = (cos(𝜌𝑖) , 0,0, sin (𝜌𝑖)) (6.61) 

for 𝑖 = {1,2,4}  and where {𝜌1, 𝜌2, 𝜌4} = {47. 1o, 12.9o, −107.1o}  are the initial angles 

between the centre of the base plate and the first joints of limbs 1, 2 and 4. The corresponding 

difference map for the position vector 𝑋0 𝐸
𝑖  is denoted as ‘𝑃[(𝑖=1,2,4),0,𝐸]

1𝑎 (∆𝐻𝑖
 )’ and is defined 

based on Equations [5.16] and [5.20] as 

 𝑃[(𝑖=1,2,4),0,𝐸]
1𝑎 (∆𝐻𝑖

 ) = 𝑈0
𝑖∆𝑯𝒊

 (𝑈0
𝑖)

−1
 (6.62) 

for 𝑖 = {1,2,4} in 𝑋0 1
𝑖′ . To embed the difference map into the constraint equation and produce 

𝑓′(𝒙, 𝑸(𝒙), 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)), I define the difference map 𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖
 ) and the 

transformed vector 𝑋0 1
𝑖′  based on the difference map 𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖
 ) in Equation [6.62] 

above as 

 𝑃[𝑖,0,1]
1𝑎 (∆𝐻𝑖

 ) = 𝑈0
𝑖∆𝑯𝒊

 (𝑈0
𝑖)

−1
 (6.63a) 

Giving the transformed vector 𝑋0 1
𝑖′  
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 𝑋0 1
𝑖′ = 𝑋0 1

𝑖 + 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖

 ) 

= 𝑋0 1
𝑖 + 𝑈0

𝑖∆𝑯𝒊
 (𝑈0

𝑖)
−1

 
(6.63b) 

This gives the transformed vectors 𝑋0 1
𝑖′ = 𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)[𝑋0 1
𝑖 ] = 𝑋0 1

1 +

𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖

 ) as 

 
𝑋0 1

1′
= 𝑋0 1

1 + 𝑃[1,0,1]
1𝑎 (∆𝐻1

 ) 

= [𝑋0 1,𝑥
1 + 0.681 ∆𝐻1, 𝑋0 1,𝑦

1 + 0.733 ∆𝐻1, 𝑋0 1,𝑧
1 ] 

(6.64) 

 
𝑋0 1

2′ = 𝑋0 1
2 + 𝑃[2,0,1]

1𝑎 (∆𝐻2
 ) 

= [𝑋0 1,𝑥
2 + 0.975 ∆𝐻2, 𝑋0 1,𝑦

2 + 0.223 ∆𝐻2, 𝑋0 1,𝑧
2 ] 

(6.65) 

 
𝑋0 1

4′ = 𝑋0 1
4 + 𝑃[4,0,1]

1𝑎 (∆𝐻3
 ) 

= [𝑋0 1,𝑥
4 −  0.294 ∆𝐻4, 𝑋0 1,𝑦

4 − 0.956 ∆𝐻4, 𝑋0 1,𝑧
4 ] 

(6.66) 

Using the transformed vector 𝑋0 1
𝑖′  (defined in Equation [6.63b]), the transformed constraint 

expression with the transformation 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4) , denoted as 

𝑓′(𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) ,  is given as follows, similar to the approach presented in 

Equation [6.13] 

𝑷{𝟏,𝟐,𝟒}
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4) 𝑓(𝒙, 𝒒𝒂) = 𝑓′(𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)) 

|𝑋1 6
𝑖′ |

2
= (𝑋𝐸 6,𝑥

𝑖 − (𝑋0 1,𝑥
𝑖 + 𝑃[𝑖,0,1]𝑥

1𝑎 ))
2
+ (𝑋𝐸 6,𝑦

𝑖 − (𝑋0 1,𝑦
𝑖 + 𝑃[𝑖,0,1]𝑦

1𝑎 ))
2

+ (𝑋𝐸 6,𝑧
𝑖 − (𝑋0 1,𝑧

𝑖 + 𝑃[𝑖,0,1]𝑧
1𝑎 ))

2
 

(6.67) 

Where 𝑃[𝑖,0,1]
1𝑎 (∆𝐻𝑖) = [𝑃[𝑖,0,1]𝑥

1𝑎 , 𝑃[𝑖,0,1]𝑦
1𝑎 , 𝑃[𝑖,0,1]𝑧

1𝑎 ]. The active joint variables are removed from 

the transformed constraint expressions 𝑓′(𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) by applying the solution 

for the inverse position (Equation [6.67]) to give 𝑓′(𝒙, 𝒒𝒂, 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) →

𝑓′(𝒙, 𝑸(𝒙), 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)). The transformed Jacobian matrices (𝐽𝑞

′ (𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) 

and  𝐽𝑥
′ (𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)), which are both 6 × 6 matrices, are found by employing Equations 

[6.18-6.19] and differentiating the transformed constraint expression 

𝑓′(𝒙, 𝑸(𝒙), 𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) in Equation [6.67], giving 

𝐽𝑞
′ =

[
 
 
 
 
 
 
|𝑋1 6

1′ | 0 0 0 0 0

0 |𝑋1 6
2′ | 0 0 0 0

0 0 |𝑋1 6
3′ | 0 0 0

0 0 0 |𝑋1 6
3′ | 0 0

0 0 0 0 |𝑋1 6
5′ | 0

0 0 0 0 0 |𝑋1 6
6′ |]

 
 
 
 
 
 

 (6.68) 

Additionally, the Jacobian matrix 𝐽𝑥
′ (𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)) is defined as 
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 𝐽𝑥,𝑖1
′ = 𝑋𝐸 6,𝑥

𝑖 − (𝑋0 1,𝑥
𝑖 + 𝑃[𝑖,0,1]𝑥

1𝑎 ) (6.69) 

 𝐽𝑥,𝑖2
′ = 𝑋𝐸 6,𝑦

𝑖 − (𝑋0 1,𝑦
𝑖 + 𝑃[𝑖,0,1]𝑦

1𝑎 ) (6.70) 

 𝐽𝑥,𝑖3
′ = 𝑋𝐸 6,𝑧

𝑖 − (𝑋0 1,𝑧
𝑖 + 𝑃[𝑖,0,1]𝑧

1𝑎 ) (6.71) 

 𝐽𝑥,𝑖4
′ = −(𝑋𝐸 6,𝑦

𝑖 − (𝑋0 1,𝑦
𝑖 + 𝑃[𝑖,0,1]𝑦

1𝑎 ))(𝑉31�̂�𝐸 6,𝑥
𝑖 + 𝑉32�̂�𝐸 6,𝑦

𝑖 + 𝑉33�̂�𝐸 6,𝑧
𝑖 ) 

+(𝑋𝐸 6,𝑧
𝑖 − (𝑋0 1,𝑧

𝑖 + 𝑃[𝑖,0,1]𝑧
1𝑎 ))(𝑉21�̂�𝐸 6,𝑥

𝑖 + 𝑉22�̂�𝐸 6,𝑦
𝑖 + 𝑉23�̂�𝐸 6,𝑧

𝑖 ) 
(6.72) 

 𝐽𝑥,𝑖5
′ = (𝑋𝐸 6,𝑥

𝑖 − (𝑋0 1,𝑥
𝑖 + 𝑃[𝑖,0,1]𝑥

1𝑎 ))(𝑉31�̂�𝐸 6,𝑥
𝑖 + 𝑉32�̂�𝐸 6,𝑦

𝑖 + 𝑉33�̂�𝐸 6,𝑧
𝑖 ) 

−(𝑋𝐸 6,𝑧
𝑖 − (𝑋0 1,𝑧

𝑖 + 𝑃[𝑖,0,1]𝑧
1𝑎 ))(𝑉11�̂�𝐸 6,𝑥

𝑖 + 𝑉12�̂�𝐸 6,𝑦
𝑖 + 𝑉13�̂�𝐸 6,𝑧

𝑖 ) 
(6.73) 

 𝐽𝑥,𝑖6
′ = −(𝑋𝐸 6,𝑥

𝑖 − (𝑋0 1,𝑥
𝑖 + 𝑃[𝑖,0,1]𝑥

1𝑎 ))(𝑉21�̂�𝐸 6,𝑥
𝑖 + 𝑉22�̂�𝐸 6,𝑦

𝑖 + 𝑉23�̂�𝐸 6,𝑧
𝑖 ) 

+(𝑋𝐸 6,𝑦
𝑖 − (𝑋0 1,𝑦

𝑖 + 𝑃[𝑖,0,1]𝑦
1𝑎 ))(𝑉11�̂�𝐸 6,𝑥

𝑖 + 𝑉12�̂�𝐸 6,𝑦
𝑖 + 𝑉13�̂�𝐸 6,𝑧

𝑖 ) 
(6.74) 

for 𝑖 = {1,2, … ,6}  and ‘ 𝐽𝑥,𝑖𝑗
′ ’ denotes elements of the 𝑖 -th row and 𝑗 -th column of 

𝐽𝑥
′ (𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)) and ‘𝑉𝑖𝑗’ is defined as  

 𝑉11 = −sin(𝜙)sin(𝜃)sin(𝜓) + cos(𝜙)cos(𝜓) (6.75) 

 𝑉21 = cos(𝜙)sin(𝜃)sin(𝜓) + sin(𝜙)cos(𝜓) (6.76) 

 𝑉31 = −cos(𝜃)sin(𝜓) (6.77) 

 𝑉12 = −sin(𝜙)cos(𝜃) (6.78) 

 𝑉22 = cos(𝜙)cos(𝜃) (6.79) 

 𝑉32 = sin(𝜃) (6.80) 

 𝑉13 = sin(𝜙)sin(𝜃)cos(𝜓) + cos(𝜙)sin(𝜓) (6.81) 

 𝑉23 = −cos(𝜙)sin(𝜃)cos(𝜓) + sin(𝜙)sin(𝜓) (6.82) 

 𝑉33 = cos(𝜃)cos(𝜓) (6.83) 

The Jacobian matrix 𝐽′(𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖)) is computed as 𝐽′ = 𝐽𝑞

′−1𝐽𝑥
′  by employing Equation 

[6.20]. Note that the Jacobian matrices of the pre-transformed manipulator are found by setting 

the values of the transformation variables (∆𝐻1, ∆𝐻2, ∆𝐻4) in Equations [6.69-6.83] to be zero. 

The determinant of a general 6 × 6 matrix is given and can be easily computed symbolically 

by using the definition in ST-Onge and Gosselin (1996) or by employing mathematical 

software such as ‘MATLAB’ or ‘Mathematica’. After defining the expressions of the Jacobian 

matrices (𝐽𝑞
′ (𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)),  𝐽𝑥
′ (𝑃[(𝑖=1,2,4),0,1]

1𝑎 (∆𝐻𝑖)) and 𝐽′(𝑃[(𝑖=1,2,4),0,1]
1𝑎 (∆𝐻𝑖))), I set 

the range of the total workspace for the end-effector position (𝑥, 𝑦, 𝑧) as 𝑥 = [−0.3,0.3], 𝑦 =

[−0.3,0.3], 𝑧 = [0.1,0.4], divided into 6859 equidistant points, while fixing the orientation of 

the end-effector to 𝜙 = −2o, 𝜃 = 30o, 𝜓 = 57o. This particular end-effector orientation was 

chosen arbitrarily. At each sampled end-effector pose, I compute the determinants of the pre-
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transformed Jacobian matrices ( 𝐽𝑥, 𝐽𝑞 , 𝐽)  (Equations [6.69-6.83]) by setting ∆𝐻1 = ∆𝐻2 =

∆𝐻4 = 0 to find the singularities and near singularities in the workspace. Due to the nature of 

sampling equidistant points in the workspace, where we may not identify the exact location of 

the singularity and near-singularity, I approximated the location of the singularities and near 

singularities by setting thresholds for the determinants of the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽). I 

consider a particular end-effector orientation to be a singular point if the value of any of the 

determinants Jacobian matrices ‘𝐽𝑥’, ‘𝐽𝑞’ or ‘𝐽’ are lower than their respective thresholds (Jx t, 

Jq t or Jt) at a given end-effector orientation (𝜙, 𝜃, 𝜓). Additionally, I limit the values of the 

determinants of the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽) according to their respective upper limits (Jx u, 

Jq u and Ju), as described in Equations [6.21-6.23]. The values thresholds and upper limit of 

determinants of the Jacobian matrices (𝐽𝑥, 𝐽𝑞 , 𝐽) to approximate a singular point are shown in 

Table [6.8], below. 

Parameter Value Description 

Jx t 2.5 × 10−10 Based on the lowest 1% of values 

Jq t 4 × 10−6 Based on the lowest 1% of determinant values 

Jt 1.5 × 10−7 Based on the lowest 1% of determinant values 

Jx u  1.1 × 10−9 Based on the lowest 5% of determinant values 

Jq u 4.2 × 10−5 Based on the lowest 5% of determinant values 

Ju  7.0 × 10−7 Based on the lowest 5% of determinant values 

Table 6.8. The threshold and upper limit values set for the determinants of Jacobian matrices ‘𝐽𝑥’, ‘𝐽𝑞’ 

and ‘𝐽’, where a determinant value below the threshold value is denoted as a near singularity and a 

determinant value above the upper limit is set to be the value of the upper limit. 

These values have been selected to ensure a reasonable number of sampled points in the target 

region are classified as singularities and near singularities, without needing to sample at 

computationally prohibitive intervals. 

In the Equations [6.62-6.83] above, there were a total of three transformation variables 

selected ({∆𝐻1, ∆𝐻2, ∆𝐻4}) for limbs 𝑖 = {1,2,4}. To find the transformation variables that 

optimally remove the singularities and near singularities in the target region of the workspace, 

while ensuring maximum achievability in the target region of the workspace, I sample nine 

equidistant values between −0.068 and 0.068, which corresponds to a ±50% change in the 

original length between the centre of the base to the base of the prismatic actuators for the 

transformation variables ∆𝐻1 , ∆𝐻2  and ∆𝐻4 , and compute the respective post-transformed 

determinants of the post-transformed Jacobian matrices ‘𝐽𝑥
′ ’, ‘𝐽𝑞

′ ’ and ‘𝐽′’ in the workspace. 

This produces two test cases as shown in the table below. 
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Test Case Transformation Degrees of Freedom 

Target Region 𝑿𝐸𝑇,1 3 

Target Region 𝑿𝐸𝑇,2 3 

Table 6.9. The two test cases explored in Case Study 2, along with their respective Target Regions and 

transformation degrees of freedom. 

6.3.2.1. Case Study 2: Selected Target Region for Singularity Removal 

For this case study, I select two Target Regions of the workspace (𝑿𝐸𝑇,1  and 𝑿𝐸𝑇,2 ) for 

singularity removal to be 𝑥 = [−0.1,0] , 𝑦 = [−0.1,0] , 𝑧 = [0.1,0.2]  and 𝑥 = [−0.1,0.05] , 

𝑦 = [−0.1,0.05], 𝑧 = [0.1,0.25], respectively and where the target region of the workspace is 

shown as a red box in Figure [6.17]. I sample 6859 equidistant points, for Target Regions 𝑿𝐸𝑇,1 

and 𝑿𝐸𝑇,2. 

 
Figure 6.17. The reachable points in the workspace and the Target Region for singularity removal  

𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2, with the location of the Target Region of the workspace shown as a red box. The 

orientation of the end-effector is set to (𝜙 = −2o, 𝜃 = 30o, 𝜓 = 57o). 

I compute the determinants of the pre-transformed Jacobian matrices using Equations [6.69-

6.83] and use the thresholds as defined in Table [6.8] to determine the locations of the 

singularities and near singularities. The singularities and near-singularities found in the 

workspace and Target Regions are shown in Figure [6.18], below. 
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Figure 6.18. The singularities and near-singularities in the workspace and Target Regions (𝑿𝐸𝑇,1 and 

𝑿𝐸𝑇,2 ), with the location of the Target Region for singularity removal shown as a red box. The 

orientation of the end-effector is set to (𝜙 = −2o, 𝜃 = 30o, 𝜓 = 57o). 

6.3.2.2. Case Study 2: Computation of Singularity and Workspace Indices 

Since I am interested in reducing the singularities and near singularities of all types within a 

target region of the workspace, while ensuring maximum achievability in the target region of 

the workspace, I compute the singularity indices ( 𝑆𝐽𝑥(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) , 

 𝑆𝐽𝑞(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4))  and 𝑆𝐽(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) ) and the workspace 

achievability index 𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) (Equations [6.24-6.26] and [6.28]) for 

each set of transformation variables (∆𝐻1, ∆𝐻2, ∆𝐻4) sampled to produce the visualisations in 

Figures [6.19-6.20]. I select the candidate solutions, plotted as red ‘x’ points which have the 

highest values of 𝑆𝐽𝑥(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) , 𝑆𝐽𝑞(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4))  and 

𝑆𝐽(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4))  in the target region, while fulfilling the constraints 

𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) ≥ 0.9  and the threshold values of 𝑆𝐽𝑥(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) , 

 𝑆𝐽𝑞(𝑷[𝒊]
𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) and 𝑆𝐽(𝑷[𝒊]

𝟏𝒃𝟏(𝛼𝑖, 𝛽𝑖)) for the 99.5th percentile based on the search scheme 
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described in Section [6.2.3].  This constraint allows us to select a post-transformed manipulator 

that is able to reach at least 90% of the target workspace. 

Test case 𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) 𝑆𝐽𝑥 (𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

Target 

Region 

𝑿𝐸𝑇,1 

𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) 

 

𝑆𝐽𝑥
(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 

Target 

Region 

𝑿𝐸𝑇,2 

𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) 

 

𝑆𝐽𝑥
(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 
Legend 

Selected top performing model: red ‘x’ 

Figure 6.19. Visualisations of the workspace (𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇)) and singularity index 

𝑆𝐽𝑥 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) for the two test cases, with Target Region 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2, respectively. 
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Test 

case 
𝑆𝐽𝑞 (𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 𝑆𝐽 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

Target 

Region 

𝑿𝐸𝑇,1 

𝑆𝐽𝑞
(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 

𝑆𝐽 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 

Target 

Region 

𝑿𝐸𝑇,2 

𝑆𝐽𝑞
(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 

𝑆𝐽 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

 
Legend 

Selected top performing model: red ‘x’ 

Figure 6.20. Visualisations of the singularity indies 𝑆𝐽𝑞 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) 

and 𝑆𝐽 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) ) for the two test cases, with Target Region 𝑿𝐸𝑇,1  and 𝑿𝐸𝑇,2 , 

respectively. 

The transformation variables and the corresponding values of the workspace and singularity 

indices of the candidate solutions for the tested cases are shown in Table [6.10]. 

Test Case ∆𝐻1 ∆𝐻2 ∆𝐻4 𝑊 𝑆𝐽𝑥 𝑆𝐽𝑞  𝑆𝐽 

Target Region 

𝑿𝐸𝑇,1 
0.068 0.068 0.068 1.00 

1.10 

× 10−10 

8.29 

× 10−9 

8.29 

× 10−9 

Target Region 

𝑿𝐸𝑇,2 
0.068 0.068 0.068 1.00 

4.49 

× 10−11 

1.50 

× 10−8 

1.50 

× 10−8 

Table 6.10. The candidate solutions which have the highest values of 𝑆𝐽𝑥(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)), 

𝑆𝐽𝑞(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) and 𝑆𝐽(𝑷[𝟏,𝟐,𝟒]

𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4)) in the Target Region, while fulfilling the 

constraints 𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) ≥ 0.9, for the two test cases. The compact forms of ‘𝑆𝐽𝑥’, 

‘𝑆𝐽𝑞’, ‘𝑆𝐽’ and ‘𝑊’ are presented in this table for the sake of brevity.  

Based on Figure [6.19] and Table [6.10], the workspace achievability index ‘𝑊’ does not vary 

with the transformation variables tested. Additionally, the candidate solutions found for Target 

Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2 are both 0.068 for ∆𝐻1, ∆𝐻2 and ∆𝐻4. 
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6.3.2.3. Case Study 2: Post-Transformed Manipulator Performance 

To evaluate the performance of the post transformed manipulator, I compute the relative 

workspace achievability index (𝛿𝑊(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇)), the discrete singularity 

index ( 𝑺 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) ) and the relative discrete singularity index 

(𝜹𝑺(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇)) (Equations [6.29-6.31]) of the candidate solutions for the 

two tested cases, as shown in Table [6.11]. 

Test Case ∆𝐻1 ∆𝐻2 ∆𝐻4 𝛿𝑊 𝑺 𝜹𝑺 

Target Region 𝑿𝐸𝑇,1 0.068 0.068 0.068 0 -0.930 -0.959 

Target Region 𝑿𝐸𝑇,2 0.068 0.068 0.068 0 -0.908 -0.953 

Table 6.11. The relative workspace achievability index (𝛿𝑊 (𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇) ), the 

discrete singularity index (𝑺(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇)) and the relative discrete singularity index 

(𝜹𝑺(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1, ∆𝐻2, ∆𝐻4), 𝑿𝐸𝑇)) of the selected candidate solutions of the two test cases. The 

compact forms of 𝑺, 𝜹𝑺 and 𝛿𝑊 are presented in this table for the sake of brevity. 

The singularity and workspace plots of the Target Region (𝑿𝐸𝑇 ) for the pre- and post-

transformed manipulators, for all three test cases, are shown in Figures [6.21-6.22]. 

Test case 
Singularities and Near-

singularities (Pre-Transformed) 

Singularities and Near-singularities 

(Post-Transformed, 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 =

0.068, ∆𝐻2 = 0.068, ∆𝐻4 = 0.068))  

Target 

Region  

𝑿𝐸𝑇,1 

  

Target 

Region  

𝑿𝐸𝑇,2 

  
Legend 

(Near) Singularity of 𝐽𝑥: red dot   (Near) Singularity of 𝐽𝑞: black circle   (Near) Singularity of 𝐽: green ‘x’ 

Figure 6.21. The singularities and near-singularities present in the pre-transformed and post-

transformed manipulators, for each test case. The selected values of ∆𝐻1, ∆𝐻2, ∆𝐻4 are shown in Table 

[6.11] for each test case. 
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Test case 
Reachable Workspace  

(Pre-Transformed) 

Reachable Workspace  

(Post-Transformed, 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 =

0.068, ∆𝐻2 = 0.068, ∆𝐻4 = 0.068))  

Target 

Region  

𝑿𝐸𝑇,1 

  

Target 

Region  

𝑿𝐸𝑇,2 

  

Figure 6.22. The reachable workspace of the pre- and post-transformed manipulators, for each test case. 

Tables [6.12-6.13] show the comparison between the number of reachable points, singularities 

and near singularities and global conditioning index in Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2 for the 

pre- and post-transformed manipulators. 

Performance metric 

Target Region 𝑿𝐸𝑇,1 

Pre- 

Transformed 

Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068)  

Total number of reachable points in the 

Target Region (6859 total sampled points). 
6859 6859 

Total number of singularities and near-

singularities for 𝐽𝑥 in the Target Region. 
381 86 

Total number of singularities and near-

singularities for 𝐽𝑞 in the Target Region. 
2116 78 

Total number of singularities and near-

singularities for 𝐽 in the Target Region. 
2 0 

Total number of points with any of the 

singularities and near-singularities for 𝐽𝑥, 𝐽𝑞 or 

𝐽𝑥 in the Target Region. 

2332 164 

The global conditioning index (𝑘𝐽𝐺) 0.072 0.053 

Table 6.12. A comparison between the number of reachable points, singularities and near-singularities 

and the global conditioning index in the Target Region for the pre- and post-transformed manipulators 

for the post-transformed manipulators in Target Region 𝑿𝐸𝑇,1. 
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Performance metric 

Target Region 𝑿𝐸𝑇,2 

Pre-

Transformed 

Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068)  

Total number of reachable points in the 

Target Region (6859 total sampled points). 
6859 6859 

Total number of singularities and near-

singularities for 𝐽𝑥 in the Target Region. 
169 51 

Total number of singularities and near-

singularities for 𝐽𝑞 in the Target Region. 
853 38 

Total number of singularities and near-

singularities for 𝐽 in the Target Region. 
2 2 

Total number of points with any of the 

singularities and near-singularities for 𝐽𝑥, 

𝐽𝑞 or 𝐽𝑥 in the Target Region. 

965 89 

The global conditioning index (𝑘𝐽𝐺) 0.060 0.051 

Table 6.13. A comparison between the number of reachable points, singularities and near-singularities 

and the global conditioning index in the Target Region for the pre- and post-transformed manipulators 

for the post-transformed manipulators in Target Region 𝑿𝐸𝑇,2. 

The plots of the determinant of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ for the pre- and post-transformed manipulators, 

in Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2 are shown in Figures [6.23-6.24], while the plots of the 

determinant of ‘ 𝐽𝑥 ’, ‘ 𝐽𝑞 ’ and ‘ 𝐽 ’ for the pre- and post-transformed manipulators in the 

workspace are shown in Figure [6.25]. 
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Target Region 𝑿𝐸𝑇,1 

Pre-Transformed Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068)  

det (𝐽𝑥) 

det (𝐽𝑥) 

 

det (𝐽𝑥) 

 

det (𝐽𝑞) 

det (𝐽𝑞) 

 

det (𝐽𝑞) 

 

det (𝐽) 

det (𝐽) 

 

det (𝐽) 

 
Figure 6.23. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators, in the 

Target Region 𝑿𝐸𝑇,1. 
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Target Region 𝑿𝐸𝑇,2 

Pre-Transformed Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068)  

det (𝐽𝑥) 

det (𝐽𝑥) 

 

det (𝐽𝑥) 

 

det (𝐽𝑞) 

det (𝐽𝑞) 

 

det (𝐽𝑞) 

 

det (𝐽) 

det (𝐽) 

 

det (𝐽) 

 
Figure 6.24. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators, in the 

Target Region 𝑿𝐸𝑇,2. The selected values of ∆𝐻1, ∆𝐻2, ∆𝐻4 are shown in Table [6.11], for each test 

case. 
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Workspace 

Pre-Transformed Manipulator 

Post-Transformed Manipulator 

𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 = 0.068, ∆𝐻4 =

0.068) (for Target Region 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2) 

det (𝐽𝑥) 

det (𝐽𝑋) 

 

det (𝐽𝑋) 

 

det (𝐽𝑞) 

det (𝐽𝑞) 

 

det (𝐽𝑞) 

 

det (𝐽) 

det (𝐽) 

 

det (𝐽) 

 

Figure 6.25. The determinants of ‘𝐽𝑥’, ‘𝐽𝑞’ and ‘𝐽’ of the pre- and post-transformed manipulators in the 

workspace. Note that the candidate solutions of the transformation variables for Target Regions 𝑿𝐸𝑇,1 

and 𝑿𝐸𝑇,2 produce the same post-transformed manipulator. 

From Tables [6.11-6.13] and Figures [6.21-6.25], we see that we have achieved the aim of 

reducing the number of singularities in the target region (𝑿𝑬𝑻) while ensuring maximum 

achievability in the target region of the workspace for the post-transformed manipulator. By 

performing a transformation 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 = 0.068, ∆𝐻4 = 0.068)  on the 

manipulator, we have reduced the singularities and near singularities in the target region by 
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93%, based on the values of the discrete singularity index 𝑺(𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068), 𝑿𝐸𝑇,1) = −0.93 (Table [6.11]) and 90.8%, based on the values of the 

discrete singularity index 𝑺 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 = 0.068, ∆𝐻4 = 0.068), 𝑿𝐸𝑇,2) =

−0.908 (Table [6.11]). I removed or relocated the singularities that were present for the pre-

transformed manipulator in the Target Regions 𝑿𝑬𝑻,𝟏 and 𝑿𝑬𝑻,𝟐, by 95.3-95.9%, based on the 

values of the relative discrete singularity index 𝜹𝑺 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068), 𝑿𝐸𝑇,1) = −0.959 (Table [6.11]) and 95.3%, based on the values of the 

relative discrete singularity index 𝜹𝑺 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 = 0.068, ∆𝐻4 =

0.068), 𝑿𝐸𝑇,2) = −0.953  (Table [6.11]). Additionally, the pre- and post-transformed 

manipulators have the same number of reachable points in Target Regions 𝑿𝐸𝑇,1 and 𝑿𝐸𝑇,2, 

based on the values of the relative workspace achievability index 𝛿𝑊 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 =

0.068, ∆𝐻2 = 0.068, ∆𝐻4) = 0.068, 𝑿𝐸𝑇,1) = 0  and 𝛿𝑊 ( 𝑷[𝟏,𝟐,𝟒]
𝟏𝒂 (∆𝐻1 = 0.068, ∆𝐻2 =

0.068, ∆𝐻4 = 0.068), 𝑿𝐸𝑇,2) = 0) (Table [6.11]). The value of the Global Conditioning Index 

(𝑘𝐽𝐺) is 0.072 and 0.053 for the pre- and post-transformed manipulators, respectively, for the 

test case with Target Region 𝑿𝐸𝑇,1 (Table [6.12]). Additionally, the value of 𝑘𝐽𝐺  for the pre- 

and post-transformed manipulators are 0.060 and 0.051, respectively, for the test case with 

Target Region 𝑿𝐸𝑇,2  (Table [6.13]). The post-transformed manipulator does not suffer a 

significant reduction of 𝑘𝐽𝐺  for the test cases with target region 𝑿𝐸𝑇,1 or 𝑿𝐸𝑇,2. 

6.4. Discussion and Conclusion 

Using the quaternion rotor method of characterising singularities and near singularities and 

modelling difference maps (Equations [5.20], [5.28] and [6.24-6.26]), it is possible to predict 

and model the relocation and reduction of singularities and near-singularities in a workspace 

in a systematic manner by analysing the determinants of the transformed Jacobian matrices (𝐽𝑥
′ , 

𝐽𝑞
′  and 𝐽′) and the singularity indices (in Equations [6.24-6.26]). It should be noted that this also 

inadvertently presents a unique approach to singularity evasion and fusing disconnected 

operational subspaces in the theoretical workspace. Using this method, end effectors can 

navigate between different reassembly modes in workspaces that are separated by singular 

regions and associated boundaries by shifting said boundaries through reassembling 

transformations. This is outside the scope of work for this chapter but certainly an avenue of 

future investigation. Additionally, by relocating singularities and near singularities, workspace 

points with superior mechanical advantage in the neighbouring peripheries of singular regions 

can be exploited for superior dynamic performances in manoeuvres, where the procedure 
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would follow an identical methodological approach. It is also important to note that other types 

of generalised difference maps can be defined for different types of transformations and I have 

reserved this to future work. An add-on/additional actuator that gives existing and standard 

parallel manipulators this transformational capability would significantly enhance the 

operational workspace of a robot and overcome one of the most significant drawbacks of 

parallel robots in comparison to their serial counterparts. This chapter has presented a unifying 

methodology that couples singularity and near singularity characterisation with type synthesis 

parameters (or morphological parameters) that are of concern in the design process. One of the 

weaknesses of this approach is the numerical sampling required for the identification of 

singularities. Although the functions and indices used are continuous, the singularity condition 

characterised by expressions of the form (𝑑𝑒𝑡(𝐽) = 0) necessarily produces multiple solutions 

and corresponding geometric configurations in the workspace that cannot be readily expressed 

in end-effector pose coordinates as a continuous function. Although the joint space expressions 

associated with the singularity condition (𝑑𝑒𝑡(𝐽) = 0) can be expressed as a continuous 

relation, the discretisation of end-effector pose based singularity characterisation is 

methodologically inevitable. This chapter, although limited to the study of workspace and 

singularities and near singularities, resonates conceptually with the growing trend in academia 

towards reconfigurable robots, as detailed in Section [1.1]. By approaching workspace 

achievability and singularity elimination in terms of task-specific, limited and pre-determined 

target zones, morphological constraint limitations and considerations of a robot, in terms of the 

total workspace volume and total singularities and near singularities in the entire workspace, 

are substantially overcome. This is because we are only concerned, at any point in time, with 

the robot’s operability (in terms of achievability of workspace and avoidance of singularities 

and near singularities, in this case) within that specific Target Region. When the Target 

Regions change in between tasks, subsequent optimal transformations can then be effected to 

maximise workspace achievability and minimise singularities and near singularities in the new 

Target Region. The robot’s morphological parameters are no longer an absolute and 

unchanging class of characteristics, but are mutable and evolving, optimised in between 

manoeuvres, to meet the demands of new tasks. I have now completed the aspect of the thesis 

that advances Objective 2. 
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Chapter 7: Artificial Intelligence Using Hyperfield 

Cognition Networks for Reassembling Robotics 

This chapter contains an adapted and streamlined version of the work presented in my work, 

Thiruvengadam et al. (2020a) 1 , entitled “Artificial Intelligence Using Hyper-Algebraic 

Networks.” with an additional case study that involves a learning problem associated with 

reassembling transformations.  

7.1. Introduction 

As detailed in Section [1.1], standard artificial neural networks (ANNs) are able to approximate 

complex functions but these networks require large training datasets and are sensitive to noise 

and adversarial perturbations in training sets (Huang et al. 2017). Additionally, once trained, 

ANNs are not interpretable and the relationship between the inputs and outputs are unknown 

(Lipton 2018). These characteristics of ANNs are not optimally suited for robotic application 

theatres or for cases where it is difficult to collect large, well-curated training datasets that are 

free of stochastic noise. A reassembling robot has to not only navigate and interact with its 

environment but, unlike a traditional robot, also make real-time, rapid decisions on optimal 

transformations required to perform diverse task manoeuvres, retain performance information 

and train on various morphological states and model these performance variations. As such, a 

reassembling robot is burdened by significantly larger and more complex data processing and 

interpretation needs in comparison to their traditional counterparts. Moreover, remote 

application theatres (such as in space, mining or subsea exploration) demand a higher degree 

of autonomy in decision making abilities. To this end, the motivation of this chapter is to 

present a more advanced, streamlined and sophisticated artificial intelligence formulation that 

affords computationally efficient, robust, interpretable and accurate learning capabilities for a 

reassembling robot (Objective 3).  

To achieve this objective, I have developed a novel artificial intelligence framework 

(which I call the ‘hyperfield cognition framework’ (HCF)) that is fundamentally different from 

preceding chapters but borrows many concepts and ideas central to Geometric Algebra and the 

reassembling robotics framework. As discussed in Chapter 1, the hyper-dimensionality of 

Geometric Algebra naturally lends itself favourably to the study of neural networks and 

 
1 Thiruvengadam, S., Tan, J.S. and Miller, K., 2020. Artificial Intelligence Using Hyper-Algebraic Networks. 

Neurocomputing. 399, pp.414-448, https://doi.org/10.1016/j.neucom.2019.12.116. 
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extensive work has been done in the literature on optimising and increasing the depth and 

sophistication of neural network architectures. On this note, a computational engine possesses 

a topology and an architecture just like a robot and naturally, modelling computational 

networks as multi-nodal networks (similar to the inter-connected assemblages of kinematic 

pairs) would form the basis of the proposed ‘hyperfield cognition network’ (HCN). My 

intention with the proposed HCN framework is to enable a paradigmatic expansion of neural 

networks in terms of its very foundational principles. In that vein, this body of work focuses 

on the theoretical underlying mathematical structures of neural networks and how a complete 

reinvention of neural networks to the 𝐑4,1 space and the corresponding 𝑮4,1 algebra would 

produce an unprecedented adaptive computational learning engine and paradigm. The desired 

characteristics and features of the HCN are: 

1) To allow effective computational multiplicity in a single engine/network, which is the 

ability to train and retain multiple learning problems on the same network either in 

sequence or simultaneously. 

2) To allow for interpretability of a post-trained network, such that we can extract 

meaningful underlying mathematical models from a post-trained network. 

3) To minimise sensitivity to adversarial perturbations in training sets.  

4) To allow computational networks to evolve, not just by adjustment of branch weights, 

but through the relative spatial position of neurons. This is more reflective of biological 

neural networks and allows it to possess ‘plasticity’, further allowing a single neural 

network to morph or restructure/reassemble to adapt to new training sets instead of 

requiring a completely new architecture and training sessions. This would 

hypothetically reduce the required sizes (in terms of neuron counts) of computational 

networks by large factors and potentially orders of magnitude.   

5) To introduce a robust and generalisable model that advances ‘cognitive efficiency’, 

which would improve the learning conclusions and function approximations derived 

from training, thereby producing more ‘insightful’ and streamlined networks. In other 

words, we desire computational networks that have significantly fewer neurons and 

transfer function operators, with comparable or superior prediction and modelling 

capabilities, while significantly reducing the required training set sizes and training to 

prediction domain ratios (TPR). 

6) To allow mathematical functions to act upon and interact with each other in a spatial 

sense, thereby producing hybrid intermediate neuron/transfer functions.  
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To achieve these desirable characteristics, I select the generalizable and broad algebra: 𝑮4,1 (as 

presented in Section [2.3]) and incorporate it with network theoretic methods to produce a 

computational network embedded in five-dimensional conformal space, as opposed to the 

traditional one-dimensional artificial neural networks. To assist readers in conceptualising the 

hyperfield cognition network, I present a visualisation in Figure [7.1]. 

 
Figure 7.1. A Hyperfield Cognition Network visualised in 𝐑3 space, where the large shaded sphere 

represents the entirety of the HCN, the blue and red coloured lines represent two different ‘cognitive 

trajectories’, the small circles represent nodes which influence the cognitive trajectory and the grey 

lines represent the interconnection of nodes within the HCN. 

In contrast to the hyperfield cognition network (HCN), a visualisation of an elementary neural 

network is presented in Figure [7.2]. 

 

Figure 7.2. Visualisation of a traditional elementary artificial neutral network. 

It is to be noted that traditional artificial neural networks do not inherently possess spatiality as 

Input 

Layer 

Output 

Layer 

Hidden Layers 
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HCNs do: the position of the various hidden layers or nodes in the artificial neural network 

presentation has no mathematical or computational effect on its capabilities or operations.  

In Section [7.2.1], extending the definitions from Section [2.3], I present a unique 

adaptation of Conformal Geometric Algebra that utilises basis vectors with non-integer 

dimensions. These non-integer dimensions broaden the generality and flexibility of the 

methodology. In Sections [7.2.2-7.2.5], the ‘hyperfield formulation’ is presented with 

adaptations to computational networks by first developing the HCN, exploring HCN adaptive 

learning and training programs, and subsequently with the HCN training procedure. The work 

is furnished with case studies in Section [7.3], followed by a review and discussion of the 

results in Section [7.4]. 

7.2. Methods 

In this section, the mathematical foundations of the hyperfield cognition network are presented.  

7.2.1. The Shade Extension 

In this section, I expand upon the definitions of Geometric Algebra and Conformal Geometric 

Algebra presented in Section [2.2] (Equations [2.4-2.14]) and Section [2.3] (Equations [2.15-

2.26]), respectively. In Section [2.3], multivectors associated with the 𝐑4,1 vector space and 

the algebra 𝑮4,1 were detailed and it is desirable for the 𝐑4,1 vector space and the algebra 𝑮4,1 

to possess a unique algebraic apparatus that affords a larger multi-dimensional space, which is 

not necessarily spatial in character, in order to accommodate the vast computational 

complexities and demands native to multivariate learning problems. In Lounesto and Wene 

(1987), idempotents of Geometric Algebra were described and carefully detailed. Idempotents 

are elements that satisfy additive and multiplicative commutativity (Lounesto and Wene 1987), 

as shown in Equations [7.1a-b] (note that traditional integer bases in 𝑮4,1 Conformal Geometric 

Algebra ({𝑒1, 𝑒2, 𝑒3, 𝑒, �̅�}) do not satisfy multiplicative commutativity).  

 𝑒𝑙 + 𝑒𝑚 = 𝑒𝑚 + 𝑒𝑙 (7.1a) 

 𝑒𝑚𝑒𝑙 = 𝑒𝑙𝑒𝑚 (7.1b) 

 and possess the property (Lounesto and Wene 1987) 

 (𝑒𝑙)
2 = 𝑒𝑙 (7.1c) 

In this work, I will present a novel an idempotent-type basis vector which satisfies, in addition 

to Equations [7.1a-c], the relation 

 (𝑒𝑙)
−1𝑒𝑙 = 1 (7.2) 

and unlike the idempotents of Geometric Algebra, as detailed in Lounesto and Wene (1987), 
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cannot be decomposed as a function of the basis vectors of the algebra. I will refer to these 

idempotent type basis vectors (satisfying Equations [7.1a-7.2]) as ‘shades’, as the requirement 

of the basis vectors to be non-decomposable computationally and the requirement to satisfy 

Equation [7.2] renders these bases a unique type of elements warranting its own designation. I 

will refer to this class of idempotent type basis vectors as the ‘shade extension’. The axioms 

that have been defined for the shades are similar to a non-primitive, commutative and non-

decomposable idempotent of Geometric Algebra (Lounesto and Wene 1987). Due to 

limitations in the number of symbols availed in the exposition of this work, all shade basis 

vectors will be denoted as a decimal/non-integer subscript: (𝑒0.𝑘, 𝑒0.𝑞, etc), to distinguish them 

from traditional integer bases. These shades, although embedded in 𝐑4,1 space and the algebra 

𝑮4,1 , possess axiomatic constructs that provide utility as mathematical operators and each 

shade (for the purposes of this work) is assigned to a specific ‘transfer function operator’, which 

is defined in Section [7.2.3]. As an illustrative example of the computational properties of 

multivectors with shades, I present Equations [7.3a] to [7.3e], below 

 𝐴𝑒𝑖0.1 ∗ 𝐵𝑒𝑖0.1 = 𝐴𝐵𝑒𝑖
2𝑒0.1

2 = 𝐴𝐵𝑒0.1 (7.3a) 

 𝐴𝑒𝑗0.2 ∗ 𝐵𝑒𝑖0.1 = 𝐴𝐵𝑒𝑗𝑖0.2 0.1 (7.3b) 

 𝑒1𝑒𝑒0.1 ∗ 2𝑒0.1 ∗ 𝑒0.2 =  2(𝑒1𝑒𝑒0.1𝑒0.1𝑒0.2) =  2(𝑒1𝑒𝑒0.1𝑒0.2) (7.3c) 

and 

 𝑒1𝑒𝑒0.1 + 2𝑒𝑒0.1 + 𝑒2𝑒3𝑒0.2 + 3𝑒1𝑒𝑒0.1 + 6𝑒𝑒0.1 + 7𝑒2𝑒3𝑒0.2 

= (1 + 3)𝑒1𝑒𝑒0.1 + (1 + 7)𝑒2𝑒3𝑒0.2 + (2 + 6)𝑒𝑒0.1 

= 4𝑒1𝑒𝑒0.1 + 8𝑒2𝑒3𝑒0.2 + 8𝑒𝑒0.1 

(7.3d) 

and 

 3𝑒1𝑒0.1 ∗ 2𝑒𝑒0.1 + 𝑒2𝑒3𝑒0.2 + 3𝑒1𝑒𝑒0.2 ∗ 6𝑒0.1 + 7𝑒2𝑒3𝑒0.2 

= 6𝑒1𝑒𝑒0.1 + 𝑒2𝑒3𝑒0.2 + 18𝑒1𝑒𝑒0.1𝑒0.2 + 7𝑒2𝑒3𝑒0.2 

= 18𝑒1𝑒𝑒0.1𝑒0.2 + 6𝑒1𝑒𝑒0.1 + 8𝑒2𝑒3𝑒0.2 

(7.3e) 

I adapt the grade extraction operator, presented in Equations [2.4-2.5], to include the shade 

extraction operator that extracts the shade 𝑒0.𝑗 of a multivector ‘𝐴’ as ‘〈𝐴〉𝑒0.𝑗
’, such that the 

terms containing 𝑒0.𝑗 are extracted. Subsequently, the extracted terms are multiplied with 𝑒0.𝑗
−1 

to negate shade 𝑒0.𝑗, such that  

 〈𝐴𝑒0.𝑗 + 𝐵𝑒0.𝑘〉𝑒0.𝑗
= 𝐴 (7.4a) 

 〈𝐴𝑒0.𝑗 + 𝐵𝑒0.𝑘〉𝑒0.𝑘
= 𝐵 (7.4b) 

and 
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 〈𝐴𝑒0.𝑗 + 𝐵𝑒0.𝑘〉𝑒0.𝑙
= 0 (7.4c) 

The following illustrative examples of a shade extraction operation are presented 

 〈4𝑒1𝑒𝑒0.1 + 6𝑒2𝑒3𝑒0.2 + 8𝑒𝑒0.1〉𝑒0.1
= 4𝑒1𝑒 + 8𝑒 (7.4d) 

and 

 〈4𝑒1𝑒𝑒0.1 + 6𝑒2𝑒3𝑒0.2 + 8𝑒𝑒0.1〉𝑒0.2
= 6𝑒2𝑒3 (7.4e) 

I now accommodate the shades into the signature notation as follows:  

𝐑𝑝,𝑞 → 𝐑𝑝,𝑞,{𝑙} (7.5) 

Where ‘ 𝑙 ’ is the total number of shade dimensions, defined with their unique axiomatic 

constructs. The shades allow additional properties of spatial multivectors to be imbued into the 

mathematical apparatus which is necessary for the HCN framework. The shaded multivectors 

in 𝐑3,0,{𝑙} space are presented in Figure [7.3] and to visually represent shades, colours have 

been used. In Figure [7.3], a non-shaded multivector ‘𝐴’ is coloured in black, and the shaded 

multivectors ‘𝐵’ and ‘𝐶’ are coloured green and blue, respectively.  

 
Figure 7.3. A plot of a non-shaded multivector ‘𝐴’ (in black) and 2 shaded multivectors ‘𝐵’ and ‘𝐶’ (in 

blue and green) in 𝐑3,0,{𝑙} space. 

7.2.2. Hyperfield Formulation 

In this section, I employ network theoretic methods presented in Section [2.1] (Equations [2.1-

2.3]), Geometric Algebra and Conformal Geometric Algebra presented in Section [2.2] 

(Equations [2.4-2.14]) and Section [2.3] (Equations [2.15-2.26]), respectively. 

The shade extension, in conjunction with Conformal Geometric Algebra (Section [2.3]), 

forms the basis of the hyperfield formulation and thereby the hyperfield cognition network. 

The HCN is composed of nodes and branches and each node generates a mathematical field of 
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computational operations characterised partially through shades. These individual field actions 

combine to form a larger cumulative ‘computational field’. I call this the ‘hyperfield’ and the 

mathematical development of hyperfields is the focus of this section. I shall employ a 𝐑4,1,{𝑙} 

signature and the corresponding shaded algebra 𝑮4,1,{𝑙} for this hyperfield formulation. A ‘𝑞-

field term’ for a the 𝑘-th node (𝛺𝑞𝑘) is given as  

𝛺𝑞𝑘 = 𝜎𝑞𝑘𝑒𝑞𝑵𝒒𝒌𝑆𝑘�̃�𝒒𝒌  (7.6) 

Where ‘𝜎𝑞𝑘’ is the scalar projection term (𝜎𝑞𝑘 = 1 for the purposes of this chapter, but can be 

varied by a discerning specialist) and ‘𝑒𝑞’ embeds the multivector with the shade ‘𝑞’. The 

dilation operators ‘𝑵𝒒𝒌’ and ‘�̃�𝒒𝒌’ are the 𝑞-th field’s nodal weight operators associated with 

the 𝑘-th node. These dilation operators have the general form 

𝑵𝒒𝒌 = 𝑐𝑜𝑠ℎ (
−|𝛼𝑞𝑘|

2
) + 𝑠𝑖𝑛ℎ (

−|𝛼𝑞𝑘|

2
)

𝑒0⋀𝑒∞

2
  (7.7) 

�̃�𝒒𝒌 = 𝑐𝑜𝑠ℎ (
−|𝛼𝑞𝑘|

2
) − 𝑠𝑖𝑛ℎ (

−|𝛼𝑞𝑘|

2
)

𝑒0⋀𝑒∞

2
  (7.8) 

Where ‘𝛼𝑞𝑘’ is the input dilation parameter. It should be noted that all terms (𝛼𝑞𝑘) in the 

operators of the form: cosh (
𝛼

2
) ± sinh (

𝛼

2
)

𝑒0⋀𝑒∞

2
  are designed such that 𝛼 < 0 , which 

indicates a positive dilation, thereby resulting in the expansion of the unit spherical geometric 

term (𝑆𝑘). 𝑆𝑘 is the conformal geometric term of the 𝑘-th node given as a unit sphere defined 

with respect to a central reference frame, where 𝑆𝑘 = 𝑓(𝑒1, 𝑒2, 𝑒3, 𝑒∞, 𝑒0). This 𝑆𝑘  term is 

independent of the type of field involved and it is defined as (Doran and Lasenby 2003) 

𝑆𝑘 = 𝑋𝑘1⋀𝑋𝑘2⋀𝑋𝑘3⋀𝑋𝑘4  (7.9) 

Where ‘𝑋𝑘𝑙’ are points on a unit sphere with the centre of the 𝑘-th node. The centre of this unit 

sphere is given as (Doran and Lasenby 2003) 

𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 = 𝑆𝑘𝑒∞𝑆𝑘  (7.10) 

Since 𝑆𝑘  is independent of the transfer function type, every single transfer function type 

contributing agent has a unit circle element 𝑆𝑘 which is completely dependent on the distance 

of the node to its central reference frame 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 in the conformal model and the fixed radius 

of this sphere (𝑟). The fixed radius, when projected along the specific axes (𝑒1, 𝑒2, 𝑒3, −𝑒1), 

generates four points about 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒, giving:  

𝑋𝑟1 = 𝑟𝑒1 +
1

2
(𝑟𝑒1)2 𝑒∞  + 𝑒𝑜  (7.11) 

𝑋𝑟2 = 𝑟𝑒2 +
1

2
(𝑟𝑒2)2 𝑒∞  + 𝑒𝑜  (7.12) 
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𝑋𝑟3 = 𝑟𝑒3 +
1

2
(𝑟𝑒3)2 𝑒∞  + 𝑒𝑜  (7.13) 

𝑋𝑟4 = −𝑟𝑒1 +
1

2
(−𝑟𝑒1)2 𝑒∞  + 𝑒𝑜  (7.14) 

𝑋𝑘1 = 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟1  (7.15) 

𝑋𝑘2 = 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟2  (7.16) 

𝑋𝑘3 = 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟3  (7.17) 

𝑋𝑘4 = 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟4  (7.18) 

𝑋𝑘𝑖 = 𝑓(𝑟, 𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒)  (7.19) 

The 𝑞 -field terms, as defined in Equation [7.6], can be combined to form the ‘𝑞 -th sum 

hyperfields’ (𝑉𝑞
+)  

𝑉𝑞
+ = ∑ 𝜎𝑞𝑘𝑒𝑞𝑵𝒒𝒌𝑆𝑘�̃�𝒒𝒌

𝑛

𝑘=1
= ∑ 𝛺𝑞𝑘

𝑛

𝑘=1
 (7.20) 

𝑉𝑇
+ = ∑ 𝑉𝑞

+𝑄

𝑞=1
  (7.21) 

Where ‘𝑄’ is the total number of shades, as defined at the discretion of the specialist. I call 𝑉𝑞
+ 

the 𝑞-th sum hyperfield and ‘𝑉𝑇
+’ the ‘sum hyperfield’, which is effectively a many-shade 

multivector. The geometric product between every combination of agents in the network 

characterises the interaction of the various agents between one another. This is called the 

‘natural hyperfield’ (𝑽𝒒
𝑵) 

 𝑽𝒒
𝑵 =  ∑ ∑ 𝑎𝑖𝑗

+ (𝛺𝑞𝑖 ∗ 𝛺𝑞𝑗)
𝑛

𝑖=1

𝑛

𝑗=1
 (7.22) 

Where 𝑎𝑖𝑗
+  is an element of the super diagonal adjacency matrix defined in Section [2.1], 

Equation [2.3]. The ‘total natural hyperfield’ (𝑉𝑇
𝑁) is given as 

 𝑉𝑇
𝑁 = ∑〈𝑽𝒒

𝑵〉𝑙

𝑄

𝑞=1

 (7.23) 

Where ‘𝑙’ is the highest grade term in 𝑽𝒒
𝑵. Note that unbolded 𝑉𝑇

𝑁 consists of grade extractions 

of the bolded 𝑽𝒒
𝑵. The dual of the agents form another class of interactions and this is called 

the ‘anti-natural hyperfield’ (𝑽𝒒
𝑨𝑵) 

 𝑽𝒒
𝑨𝑵 =  ∑ ∑ 𝑎𝑖𝑗

+ ( 𝛺𝑞𝑖
∗ ∗ 𝛺𝑞𝑗)

𝑛

𝑖=1

𝑛

𝑗=1
 (7.24) 
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The ‘total anti-natural hyperfield’ (𝑉𝑇
𝐴𝑁) is given as   

 𝑉𝑇
𝐴𝑁 = ∑〈𝑽𝒒

𝑨𝑵〉𝑏

𝑄

𝑞=1

 (7.25) 

Where ‘𝑏’ is the highest grade term in ‘𝑽𝒒
𝑨𝑵’. The unbolded 𝑉𝑇

𝐴𝑁 consists of grade extractions 

of the bolded 𝑽𝒒
𝑨𝑵 as presented in Equation [7.25]. The summation of the sum, natural and anti-

natural hyperfields can be defined as a ‘supreme hyperfield’ (𝑽) 

𝑽 = 𝑉𝑇
𝑁 + 𝑉𝑇

𝐴𝑁 + 𝑉𝑇
+  (7.26) 

The supreme hyperfield captures the structure and the distribution of mathematical operators 

associated with nodes into a single many-shade multivector. The supreme hyperfield is, in 

effect, an extremely complicated operator that spans the entirety of the HCN. In other words, 

mathematical elements entering this field are affected and acted upon by the supreme 

hyperfield. The ‘special magnitude’ of a multivector/hyperfield ( ||𝑉|| ) is defined as the 

summing of the coefficients of each multivector element. 

 ||𝑉|| = ∑ 𝑉𝑐
 

𝑀

𝑐=1

 (7.27) 

Where ‘𝑉𝑐
 ’ represents the coefficients of the 𝑐-th tuple of the multivector 𝑽 and ‘𝑀’ is the total 

number of multivector tuples. 

7.2.3. Hyperfield Cognition Networks  

In this section, I employ network theoretic methods presented in Section [2.1] (Equations [2.1-

2.3]), Geometric Algebra and Conformal Geometric Algebra presented in Section [2.2], 

Equations [2.4-2.14]) and Section [2.3], Equations [2.15-2.26], respectively. 

In this section, I incorporate hyperfields into the development of hyperfield cognition 

networks. First, it is necessary to contrast the theoretical underpinnings of traditional artificial 

neural networks and their neurons against the HCN equivalent. A traditional neuron function 

is represented in Figure [7.4]. 
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Figure 7.4. A simple multiple-input neuron network with multiple inputs ‘𝑥’ and ‘𝑦’, and a transfer 

function ‘𝑓’ (Aragon-Camarasa et al. 2008). As described in Hagan et al. (2014), transfer functions, 

such as ‘Rectified Linear Unit’ (ReLU), log-sigmoid and tangent-sigmoid, constraints the output to a 

particular range, such transfer functions are important for different modelling outcomes (for example, 

regression or classification). 

The neuron output of a traditional neuron function is calculated as 

𝑧 = 𝑓(𝑠) = 𝑓(𝑤𝑥 + 𝑦)  (7.28) 

Where ‘𝑥’ and ‘𝑦’ are scalar input values, ‘𝑤’ is the scalar weight value, ‘𝑠’ is the summer 

output or the net input (as shown in Figure [7.4]), ‘𝑓’ is the transfer function and ‘𝑧’ is the 

scalar neuron output. This equation can be generalised to form a multi-layered neural network 

with selected transfer functions. With additional neurons and hidden layers, the output function 

becomes progressively more complex, allowing for the potential modelling of progressively 

more complex systems. For the HCN, in contrast to a traditional neural network, I define a 

network ‘𝑵’ with ‘𝑘’ nodes, ‘𝑙’ shades and an adjacency matrix of 𝐴𝑖𝑗 in 𝐑4,1,{𝑙} space and the 

algebra 𝑮4,1{𝑙}. Each node acts in an analogous fashion to a neuron in standard neural networks 

and each shade is associated with a unique transfer function (𝐹𝑗): 𝑒0.𝑗 → 𝐹𝑗 . The computation 

of the field term 𝛺𝑞𝑘 (as shown in Equation [7.6]) is a function of 𝑆𝑘, defined with an initial 

unit value that applies to all nodes and shade elements in the HCN. In more advanced cases of 

HCN synthesis and design, the initial radius of 𝑆𝑘  can be augmented to reflect different 

‘cognition cortices’. For visualisation purposes, an example of a HCN is presented in Figure 

[7.5], where the supreme hyperfield (Equation [7.26]) is illustrated as a blue sphere that extends 

beyond the entirety of the network. 
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Figure 7.5. Concept representation of a Hyperfield Cognitive Network, represented in 3D space, with 

‘process centres’ (𝐶𝑖
𝑝

) displayed as red crosses, ‘process coordinates’ (𝑋𝑖
𝑝

) along the blue line, which 

denotes the ‘cognitive trajectory’ (𝑇𝑐), the ‘input multivector’ is represented with ‘𝜃0’, and the ‘process 

output multivector’ of the 𝑖-th process centres are represented with ‘𝜃𝑖’. 

The purpose of the HCN is, in its most fundamental sense, to produce the mapping: 𝑓(𝜃0) =

𝜙, where ‘𝜃0’ is input multivector defined below, with ‘𝑦’ number of input shades, indicated 

by a single decimal point.  

𝜃0 = {𝐴𝑒0.1 + 𝐵𝑒0.2 + 𝐶𝑒0.3 + ⋯ +𝑄𝑒0.𝑦}  (7.29) 

And ‘𝜙’ is the ‘HCN output multivector’ defined below, with ‘𝜇’ number of output shades, 

indicated by a double decimal point. 

𝜙 = {𝐴𝑒0.01 + 𝐵𝑒0.02 + 𝐶𝑒0.03 … +𝑄𝑒0.0𝜇}  (7.30) 

As visualised in Figure [7.5], the input multivector (𝜃0), as expressed in Equation [7.29], 

transforms at each 𝑖-th process centre (𝐶𝑖
𝑝

). Where, 𝐶𝑖
𝑝

 is the operator that acts on 𝜃𝑖−1  to 

produce 𝜃𝑖 as it travels along ‘𝑇𝑐’.  

 𝜃𝑖 = 𝐶𝑖
𝑝(𝜃𝑖−1)  (7.31) 

The detailed operation of 𝐶𝑖
𝑝
, which transforms 𝜃𝑖−1 into 𝜃𝑖, is elaborated upon in Equation 

[7.34]. 

I define process centres {𝐶1
𝑝, 𝐶2

𝑝 , 𝐶3
𝑝, … , 𝐶𝑟

𝑝}, which are selected points (the red crosses 

visualised in Figure [7.5]) with their corresponding process coordinates, denoted by 

{𝑋1
𝑝, 𝑋2

𝑝, 𝑋3
𝑝, … , 𝑋𝑟

𝑝} . Their roles are expounded upon later in this section. The cognitive 

trajectory (𝑇𝑐) is a five-dimensional line connecting the coordinates of the selected process 
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centres (𝐶𝑖
𝑝
), and ends at the exit coordinate (𝑋𝜙

𝑠 ). 𝑇𝑐 is constituted of the spatial coordinates 

{𝑋1
𝑠, 𝑋2

𝑠 , 𝑋3
𝑠, … , 𝑋𝑟

𝑠} (as visualised by the blue line in Figure [7.5]). We require that:  

{𝑋1
𝑝, 𝑋2

𝑝, 𝑋3
𝑝, … , 𝑋𝑟

𝑝}  ⊆ {𝑋1
𝑠, 𝑋2

𝑠 , 𝑋3
𝑠, … , 𝑋𝜙

𝑠 }  (7.32) 

And generally, 𝑟 << 𝜙. Note that the process coordinates (𝑋𝑖
𝑝
) and spatial coordinates (𝑋𝑖

𝑠) 

are defined such that upon initial selection in 3D space by the specialist, both sets of coordinates 

are converted into 𝐑𝟒,𝟏 space, using Equation [2.19]. In Figure [7.5], the cognitive trajectory 

possesses a linear topology, such that 𝜃𝑖  necessarily progresses from 𝑋𝑖
𝑝

 to 𝑋𝑖+1
𝑝

. To 

accommodate non-linear cognitive trajectories, I define a ‘trajectory adjacency matrix’, 

denoted as ‘𝐵𝑖𝑗
 ’ in Equation [7.33]. Note that ‘𝑖’ and ‘𝑗’ in 𝐵𝑖𝑗

  refer to the process centres while 

in 𝐴𝑖𝑗, ‘𝑖’ and ‘𝑗’ refer to the nodes of the HCN. The definitions of adjacency matrices are 

presented in Section [2.1], Equations [2.1-2.3].  Additionally, the superscript ‘+’ for ‘𝐵𝑖𝑗
+’, in 

Equation [7.33], indicates the super-diagonal form of 𝐵𝑖𝑗
 , as presented in Equation [2.3]. 

 
𝐵𝑖𝑗

+ = 

 

 

0 1 0 1 1 

 

0 0 1 1 0 

0 0 0 1 1 

0 0 0 0 1 

0 0 0 0 0 
 

(7.33) 

Figure [7.6] below illustrates a visualisation of 𝐵𝑖𝑗
+ Equation [7.33]. 

 
Figure 7.6. Visualisation of a nonlinear 𝐵𝑖𝑗

+ , which denotes a nonlinear cognitive trajectory, with 

reference to Equation [7.33]. Where 𝜃0 is the input multivector, 𝑋𝑖
𝑝

 denotes the process coordinates of 

the process centres and 𝜙 is the HCN output multivector. 

Using the super-diagonal elements of 𝐵𝑖𝑗
 , denoted as ‘𝑏𝑖𝑗

+’, the transformation process 𝜃𝑖 →  𝜃𝑗  

(where the right arrow ‘→’ denotes a general one-way transformation between two elements) 

is presented in Equation [7.34] below. The double lined right-arrow ‘⇒’ will denote a one way 

transformation specifically associated with a transfer function operation (defined in more detail 

later in this section). 
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(∑ 𝑏𝑖𝑗
+𝜃𝑖

𝑟

𝑖=1

) ∗ (𝑽′ ∗ [𝑋𝑖
𝑝]) +  (∑ 𝑏𝑖𝑗

+𝜃𝑖

𝑟

𝑖=1

) ∗ (𝑽𝒊
′𝑳𝟏 ∗ [𝑋𝑖

𝑝]) 

+ (∑ 𝑏𝑖𝑗
+𝜃𝑖

𝑟

𝑖=1

) ∗ (𝑽𝒊
′𝑳𝟐 ∗ [𝑋𝑖

𝑝]) ⇒ 𝜃𝑗  

(7.34) 

In Equation [7.34], 𝑽 is the supreme hyperfield of the entire HCN, while ‘𝑽𝒊
𝑳𝟏’ and ‘𝑽𝒊

𝑳𝟐’ are 

referred to as ‘localised hyperfields’. A localised hyperfield is a specific type of hyperfield that 

is calculated for a demarked sub region of the HCN. I define this localisation for 𝑽𝒊
𝑳𝟏 and 𝑽𝒊

𝑳𝟐, 

using ‘𝑑1’ and ‘𝑑2’ number of the closest neighbouring nodes to 𝑋𝑖
𝑝
, respectively, where 𝑑1 

and 𝑑2 are selected at the discretion of the specialist, such that  𝑑2 < 𝑑1 < 𝑑0 (where ‘𝑑0’ is 

the total number of nodes in the HCN) and as a result, 𝑽𝒊
𝑳𝟐 ⊆ 𝑽𝒊

𝑳𝟏 ⊆ 𝑽. This allows increasing 

degrees of localised mathematical action to influence 𝜃𝑖.  

In order reduce the biased weightage of the terms in Equation [7.34], in the contribution 

to the computation of 𝜃𝑖, the values of 𝑽, 𝑽𝒊
𝑳𝟏  and 𝑽𝒊

𝑳𝟐 are normalised, as presented below 

 {𝑽′ =
𝑽

𝑑0
, 𝑽′𝒊

𝑳𝟏 =
𝑽𝒊

𝑳𝟏

𝑑1
, 𝑽′𝒊

𝑳𝟐 =
𝑽𝒊

𝑳𝟐

𝑑2
} (7.35) 

The nonlinear cognitive trajectories presented in Equations [7.33] and [7.34] can be simplified, 

for example, to produce a linear cognitive trajectory (as shown in Figure [7.7]), by defining a 

linear form of the trajectory adjacency matrix (𝐵𝑖𝑗
+), as shown in Equation [7.36]. 

 
Figure 7.7. Visualisation of a linear cognitive trajectory. Where 𝜃0 is the input multivector, 𝑋𝑖

𝑝
 denotes 

the process coordinates of the process centres and 𝜙 is the output multivector of the HCN. 

 
𝐵𝑖𝑗

+ = 

 

 

0 1 0 0 0 

 

0 0 1 0 0 

0 0 0 1 0 

0 0 0 0 1 

0 0 0 0 0 
 

(7.36) 

For a linear cognitive trajectory, the transformation process 𝜃𝑖 →  𝜃𝑗  (Equation [7.34]) is 

simplified to produce  

 𝜃𝑖−1 ∗ (𝑽 ∗ [𝑋𝑖
𝑝]) + 𝜃𝑖−1 ∗ (𝑽𝒊

𝑳𝟏 ∗ [𝑋𝑖
𝑝]) + 𝜃𝑖−1 ∗ (𝑽𝒊

𝑳𝟐 ∗ [𝑋𝑖
𝑝]) ⇒ 𝜃𝑖  (7.37) 

After ‘𝑟’ process centres, the output value 𝜃𝑟 is transformed into the output multivector 𝜙 (as 

defined in Equation [7.30]), as a function of the normalised exit coordinate (𝑋′𝜙
𝑠 ) as presented 
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in Equation [7.38] below  

𝜙 = 𝑷(𝜃𝑟 , 𝑋𝜙
′𝑠)

= (
𝜃𝑟{𝑒1, 𝑒2, 𝑒3} → 𝑋𝜙

′𝑠[𝑒1, 𝑒2, 𝑒3], {𝑒, �̅�} → 1, {𝑒0.1, 𝑒0.2, 𝑒0.3, … , 𝑒0.𝑦}

→ {𝑒0.01, 𝑒0.02, 𝑒0.03, … , 𝑒0.0𝜇}
) 

= {𝐴𝑒0.01 + 𝐵𝑒0.02 + 𝐶𝑒0.03 … +𝑄𝑒0.0𝜇}  

(7.38) 

Where ‘𝑷’ is a function that converts 𝜃𝑟 to 𝜙, by setting the {𝑒1, 𝑒2, 𝑒3} basis vectors in the 

multivector 𝜃𝑟 to the coefficients of {𝑒1, 𝑒2, 𝑒3} in 𝑋𝜙
′𝑠, setting {𝑒, �̅�} → 1 for the basis vectors 

in the multivector 𝜃𝑟 and mapping the input shades {𝑒0.1, 𝑒0.2, 𝑒0.3, … , 𝑒0.𝑦} to the output shades 

{𝑒0.01, 𝑒0.02, 𝑒0.03, … , 𝑒0.0𝜇}. For example, if 𝜃𝑟 = 𝑒1𝑒2𝑒𝑒0.1 + 𝑒3𝑒
_
𝑒0.1 and 𝑋𝜙

′𝑠 = 2𝑒1 + 3𝑒2 +

4𝑒3 + 5𝑒 + 6�̅�, when I employ Equation [7.38], we arrive at 

 𝑷(𝜃𝑟 , 𝑋𝜙
′𝑠) = (2)(3)(1)𝑒0.1  + (4)(1)𝑒0.1 → 10𝑒0.01 (7.39) 

I compute the normalised exit coordinate 𝑋𝜙
′𝑠[𝑒1, 𝑒2, 𝑒3, 𝑒, �̅�] in Equations [7.38] and [7.39] 

according to the equation below, where 𝑋𝜙
𝑠 [𝑒1, 𝑒2, 𝑒3] is the unnormalised exit coordinate and 

‘𝑟’ is the total number of process centres in a trajectory. 

 𝑋𝜙
′𝑆 =

𝑋𝜙
𝑆 + ∑ 𝑋𝑖

𝑝𝑟
𝑖=1

𝑟 + 1
 (7.40) 

I proceed to the next functional component of the HCN, by describing how a process centre 

works and how the input multivector is acted on by each process centre. An example of process 

centres in a four-node system, without a cognitive trajectory selected, is presented in Figure 

[7.8]. 

 
Figure 7.8. An example four-node system (the nodes are in the centre of the dotted blue lines), with 

points 1 to 10 denoting process centres. 
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For this example, the following parameters are defined in Equations [7.41a-d], based on 

Equations [7.9], [7.7], [2.1] and [7.29] respectively. Since this is a simplified example that aims 

to present the computation of a supreme hyperfield and a demonstration of the process centre 

operation, I do not define a transfer function shade. I incorporate the transfer function shade in 

the subsequent illustrative example in this section.   

 radius of 𝑆𝑘, 𝑟 = 1 (7.41a) 

 input dilation parameter, 𝛼𝑞𝑘 = 1,where 𝑘 = {1,2,3,4} (7.41b) 

 𝐴𝑖𝑗 = 

 

0 1 1 1 

 

0 0 1 1 

0 0 0 1 

0 0 0 0 
 

(7.41c) 

 𝜃0 = 𝑒0.1 (7.41d) 

Table [7.1] shows the coordinates of the four nodes of the HCN as employed in Equation [7.9]. 

Node 

(𝑘) 

Coordinates 

𝑥 𝑦 𝑧 

1 0 0 0 

2 0 2.2 0 

3 0.9 0.9 0 

4 -0.9 0.9 0 

Table 7.1. The coordinates of the four nodes of the HCN. 

Using the parameters from Equations [7.41a] to [7.41d], I calculate the supreme hyperfield (𝑽) 

using Equation [7.26]. 

𝑽 = −21.0 −  6.56𝑒�̅�  +  4.08𝑒1𝑒2𝑒3𝑒 + 20.1𝑒1𝑒2𝑒3�̅� −  145𝑒1𝑒2𝑒3𝑒�̅� (7.42) 

As an example, let us select the point 𝑥1
𝑝 = 3.2𝑒2. By employing Equation [2.19], I convert 𝑥1

𝑝
 

to be  𝑋1
𝑝
 = 3.2𝑒2  +  4.62𝑒 +  5.62�̅�. As we are not defining localised hyperfields for this 

simplified example, I set 𝑽𝒊
𝑳𝟏 = 0 and 𝑽𝒊

𝑳𝟐 = 0. Hence, Equation [7.37] is simplified to become 

Equation [7.43] below. 

 𝐶𝑖
𝑝(𝜃𝑖−1) = 𝜃𝑖−1 ∗ 𝑽 ∗ [𝑋1

𝑝] = 𝜃𝑖    (7.43) 

After substituting the values 𝜃𝑖−1 = 𝑒0.1 and 𝑋1
𝑝
 = 3.2𝑒2  +  4.62𝑒 +  5.62�̅�, we arrive at 

𝜃1 = 𝑒0.1 ∗ 𝑽 ∗ (3.2𝑒2 + 4.62e + 5.62�̅�) 

𝜃1 = -69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 + 814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1 + 669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1 - 

94𝑒1𝑒2𝑒3𝑒0.1 + 463.872𝑒1𝑒3𝑒�̅�𝑒0.1 + 13.056𝑒1𝑒3𝑒𝑒0.1 + 64.256𝑒1𝑒3�̅�𝑒0.1 - 

20.992𝑒2𝑒�̅�𝑒0.1 - 67.072𝑒2𝑒0.1 - 59.968𝑒𝑒0.1 - 87.488�̅�𝑒0.1 

(7.44a-b) 
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Table [7.2] details the computational outcomes (Equation [7.43]) for process centres 𝐶1
𝑝
 to 𝐶10

𝑝
, 

given the same input multivectors 𝜃0 = 𝑒0.1. 

𝐶𝑖
𝑝
 𝑋𝑖

𝑝
 

𝜃1 

Multivectors 

𝐶1
𝑝
 

3.2𝑒2  +

 4.62𝑒 +

 5.62�̅�  

-69.84𝑒1 𝑒2𝑒3𝑒�̅�𝑒0.1    +  814.675𝑒1𝑒2𝑒3𝑒𝑒0.1    +  669.715𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 94𝑒1𝑒2𝑒3𝑒0.1    +  463.872𝑒1𝑒3𝑒�̅�𝑒0.1    +  13.056𝑒1𝑒3𝑒𝑒0.1    +  64.256𝑒1𝑒3�̅�𝑒0.1    −

 20.992𝑒2𝑒�̅�𝑒0.1    −  67.072𝑒2𝑒0.1    −  59.968𝑒𝑒0.1    −  87.488�̅�𝑒0.1   

𝐶2
𝑝
 

2.2𝑒2 + 

1.92𝑒 + 

2.92�̅� 

-26.64𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  423.283𝑒1𝑒2𝑒3𝑒𝑒0.1    +  278.323𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 50.8𝑒1𝑒2𝑒3𝑒0.1    +  318.912𝑒1𝑒3𝑒�̅�𝑒0.1    +  8.976𝑒1𝑒3𝑒𝑒0.1    +  44.176𝑒1𝑒3�̅�𝑒0.1    −

 14.432𝑒2𝑒�̅�𝑒0.1    −  46.112𝑒2𝑒0.1    −  21.088𝑒𝑒0.1    −  48.608�̅�𝑒0.1   

𝐶3
𝑝
 

1.3359𝑒2 + 

0.3923𝑒 + 

1.3923�̅� 

−2.1968𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  201.828𝑒1𝑒2𝑒3𝑒𝑒0.1    +  56.868𝑒1𝑒2𝑒3𝑒̅𝑒0.1    −

 26.357𝑒1𝑒2𝑒3𝑒0.1    +  193.651𝑒1𝑒3𝑒�̅�𝑒0.1    +  5.450𝑒1𝑒3𝑒𝑒0.1    +  26.825𝑒1𝑒3�̅�𝑒0.1    −

 8.7634𝑒2𝑒�̅�𝑒0.1    −  28.0003𝑒2𝑒0.1    +  0.91087𝑒𝑒0.1    −  26.6091�̅�𝑒0.1    

𝐶4
𝑝
 

0.46411𝑒2 

- 0.3923𝑒 

+ 0.6077�̅� 

10.3568𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  88.0921𝑒1𝑒2𝑒3𝑒𝑒0.1    −  56.8679𝑒1𝑒2𝑒3𝑒̅𝑒0.1    −

 13.8032𝑒1𝑒2𝑒3𝑒0.1    +  67.2774𝑒1𝑒3𝑒�̅�𝑒0.1    +  1.8936𝑒1𝑒3𝑒𝑒0.1    +  9.3193𝑒1𝑒3�̅�𝑒0.1    −

 3.0446𝑒2𝑒�̅�𝑒0.1    −  9.7277𝑒2𝑒0.1    +  12.2091𝑒𝑒0.1    −  15.3109𝑒̅𝑒0.1   

𝐶5
𝑝
 

-0.5𝑒 + 

0.5�̅� 

12.08𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  72.48𝑒1𝑒2𝑒3𝑒𝑒0.1    −  72.48𝑒1𝑒2𝑒3�̅�𝑒0.1    −  12.08𝑒1𝑒2𝑒3𝑒0.1    +

 13.76𝑒𝑒0.1    −  13.76�̅�𝑒0.1   

𝐶6
𝑝
 -𝑒2 + �̅� 

4.08𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  144.96𝑒1𝑒2𝑒3𝑒𝑒0.1    −  20.08𝑒1𝑒2𝑒3𝑒0.1    −  144.96𝑒1𝑒3𝑒�̅�𝑒0.1    −

 4.08𝑒1𝑒3𝑒𝑒0.1    −  20.08𝑒1𝑒3�̅�𝑒0.1    +  6.56𝑒2𝑒�̅�𝑒0.1    +  20.96𝑒2𝑒0.1    +  6.56𝑒𝑒0.1    −

 20.96�̅�𝑒0.1    

𝐶7
𝑝
 

-2.9𝑒1 + 

0.9𝑒2 + 

4.11𝑒 + 

5.11�̅� 

−61.68𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  740.7456𝑒1𝑒2𝑒3𝑒𝑒0.1    +  595.7856𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 85.84𝑒1𝑒2𝑒3𝑒0.1    +  130.464𝑒1𝑒3𝑒�̅�𝑒0.1    +  3.672𝑒1𝑒3𝑒𝑒0.1    +  18.072𝑒1𝑒3�̅�𝑒0.1    +

 19.024𝑒1𝑒�̅�𝑒0.1    +  60.784𝑒1𝑒0.1    +  420.384𝑒2𝑒3𝑒�̅�𝑒0.1    +  11.832𝑒2𝑒3𝑒𝑒0.1    +

 58.232𝑒2𝑒3�̅�𝑒0.1    −  5.904𝑒2𝑒�̅�𝑒0.1    −  18.864𝑒2𝑒0.1    −  52.624𝑒𝑒0.1    −  80.144�̅�𝑒0.1    

𝐶8
𝑝
 

-1.9𝑒1 + 

0.9𝑒2 + 

1.71𝑒 + 

2.71�̅� 

-23.28𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  392.8416𝑒1𝑒2𝑒3𝑒𝑒0.1    +  247.8816𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 47.44𝑒1𝑒2𝑒3𝑒0.1    +  130.464𝑒1𝑒3𝑒�̅�𝑒0.1    +  3.672𝑒1𝑒3𝑒𝑒0.1    +  18.072𝑒1𝑒3�̅�𝑒0.1    +

 12.464𝑒1𝑒�̅�𝑒0.1    +  39.824𝑒1𝑒0.1    +  275.424𝑒2𝑒3𝑒�̅�𝑒0.1    +  7.752𝑒2𝑒3𝑒𝑒0.1    +

 38.152𝑒2𝑒3�̅�𝑒0.1    −  5.904𝑒2𝑒�̅�𝑒0.1    −  18.864𝑒2𝑒0.1    −  18.064𝑒𝑒0.1    −  45.584�̅�𝑒0.1   

𝐶9
𝑝
 

-0.9𝑒1 + 

0.9𝑒2 + 

0.31𝑒 + 

1.31�̅� 

-0.88𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  189.8976𝑒1𝑒2𝑒3𝑒𝑒0.1    +  44.9376𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 25.04𝑒1𝑒2𝑒3𝑒0.1    +  130.464𝑒1𝑒3𝑒�̅�𝑒0.1    +  3.672𝑒1𝑒3𝑒𝑒0.1    +  18.072𝑒1𝑒3�̅�𝑒0.1    +

 5.904𝑒1𝑒�̅�𝑒0.1    +  18.864𝑒1𝑒0.1    +  130.464𝑒2𝑒3𝑒�̅�𝑒0.1    +  3.672𝑒2𝑒3𝑒𝑒0.1    +

 18.072𝑒2𝑒3�̅�𝑒0.1    −  5.904𝑒2𝑒�̅�𝑒0.1    −  18.864𝑒2𝑒0.1    +  2.096𝑒𝑒0.1    −  25.424�̅�𝑒0.1   

𝐶10
𝑝

 

0.9𝑒1 + 

0.9𝑒2 + 

0.31𝑒 + 

1.31�̅� 

-0.88𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1    +  189.8976𝑒1𝑒2𝑒3𝑒𝑒0.1    +  44.9376𝑒1𝑒2𝑒3�̅�𝑒0.1    −

 25.04𝑒1𝑒2𝑒3𝑒0.1    +  130.464𝑒1𝑒3𝑒�̅�𝑒0.1    +  3.672𝑒1𝑒3𝑒𝑒0.1    +  18.072𝑒1𝑒3�̅�𝑒0.1    −

 5.904𝑒1𝑒�̅�𝑒0.1    −  18.864𝑒1𝑒0.1    −  130.464𝑒2𝑒3𝑒�̅�𝑒0.1    −  3.672𝑒2𝑒3𝑒𝑒0.1    −

 18.072𝑒2𝑒3�̅�𝑒0.1    −  5.904𝑒2𝑒�̅�𝑒0.1    −  18.864𝑒2𝑒0.1    +  2.096𝑒𝑒0.1    −  25.424�̅�𝑒0.1   

Table 7.2. The process output multivector 𝜃1, computed according to Equation [7.43], as outputs of the 

𝑖-th process centres 𝐶𝑖
𝑝

 at the respective 𝑖-th process coordinates (𝑋𝑖
𝑝

), for 𝑖 = {1,2, … ,10}. 

After demonstrating the computation of the process output multivector 𝜃𝑖 (as shown in Table 

[7.2]), I present the transfer function operator. The transfer function shades of the basis vectors 

are converted to its designated transfer function operators ( 𝐹𝑗)  or (𝐹𝑧)  as shown in the 

expressions below 

𝐾𝑒0.𝑗 = 𝐹𝑗𝐾  (7.45) 
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𝐾𝑒0.𝑗𝑒0.𝑧 = 𝐹𝑧𝐹𝑗𝐾  (7.46) 

Where ‘𝐾’ is the abbreviated form of the terms not associated with the shade basis vectors. To 

illustrate the effect of the transfer function shades, I set the following transfer function shades 

{𝑒0.𝑗, 𝑒0.𝑘, 𝑒0.𝑧 , 𝑒0.𝑟} to {𝑒0.6, 𝑒0.7 , 𝑒0.8, 𝑒0.9}, according to Table [7.3], for my next example. One 

notes that the selection of shade values are at the discretion of the specialist. 

Transfer 

Function 

Shades 

Transfer 

Function 

Operators 

Description Input (𝑥) / Output (𝑧) Relation 

𝑒0.6 𝐹0.6 Hard Limit 
𝑧 = 0     𝑥 < 0 

𝑧 = 1     𝑥 ≥ 0 

𝑒0.7 𝐹0.7 Linear 𝑧 =  𝑥 

𝑒0.8 𝐹0.8 Log-Sigmoid 𝑧 =  
1

1 +  𝑒−𝑥
 

𝑒0.9 𝐹0.9 Rotation (15°) 
Rotation of the hyperfield by 15° along the 

plane ‘𝑒1𝑒2’ 

𝑒0.11 𝐹0.11 
Polynomial 

Degree 1 Scaling 
𝑧 =  𝑎𝑛 ∗ 〈𝑋〉𝑒0.𝑛

 

𝑒0.12 𝐹0.12 
Polynomial 

Degree 2 Scaling 
𝑧 =  〈𝑋〉𝑒0.𝑛

+ 𝑏𝑛 ∗ 〈𝑋2〉𝑒0.𝑛
 

𝑒0.13 𝐹0.13 
Polynomial 

Degree 3 Scaling 
𝑧 =  〈𝑋〉𝑒0.𝑛

+ 𝑐𝑛 ∗ 〈𝑋3〉𝑒0.𝑛
 

Table 7.3. Different transfer function operators, where 𝑧 is the output, 𝑥 is the input, 〈𝑋〉𝑒0.𝑛
 is the shade 

extraction operator, as shown in Equations [7.4a-e], and (𝑎𝑛, 𝑏𝑛, 𝑐𝑛) are the respective transfer function 

scalar variables for polynomial degrees 1, 2 and 3 scaling operators. 

One of the benefits of using the HCN approach, is that interpretive mathematical functions, in 

the form of grade extraction, power and scaling operators, can be incorporated into the HCN. 

Using these operators we can approximate polynomial functions of the form 𝑓(𝑥) = 𝑎𝑛𝑥𝑛 +

𝑎𝑛−1𝑥𝑛−1+. . . +𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0, as they are useful to approximate other functions (Dua and 

Karra Taniskidou 2017). The variables ‘𝑎𝑛’, ‘𝑏𝑛’ and ‘𝑐𝑛’ are applied by each transfer function 

operator to the input, where ‘𝑛’ corresponds to the 𝑛-th input shade. For example, for 𝑋 =

2𝑒1𝑒0.12𝑒0.1, the transfer function shade 𝑒0.12 that corresponds to the transfer function operator 

𝐹0.12, produces the output 𝐹0.12(2𝑒1𝑒0.1) = 2𝑒1𝑒0.1 + 𝑏1(2𝑒1𝑒0.1)2, since 𝑒0.1 corresponds to 

input 𝑛 = 1. 

To demonstrate the transfer function operators, I present another example, with the HCN 

parameters being defined in Equations [7.47a] to [7.47d], based on Equations [7.9], [7.7], [2.1] 

and [7.46], respectively. 



268 

CHAPTER 7 
 

 radius of 𝑆𝑘, 𝑟 = 1 (7.47a) 

 Input dilation parameter, 𝛼𝑞𝑘 = 1,where 𝑘 = {1,2,3,4} (7.47b) 

 
𝐴𝑖𝑗 = 

 
 

0 1 1 1 

 

0 0 1 1 

0 0 0 1 

0 0 0 0 
 

(7.47c) 

 
Transfer function shades: ‘𝑒0.6, 𝑒0.7 , 𝑒0.8 and 𝑒0.9’ (7.47d) 

Table [7.4] shows the coordinates of the four nodes of the HCN, as employed in Equation [7.9]. 

Node 

(𝑘) 

Coordinates 

𝑥 𝑦 𝑧 

1 0 0 0 

2 0 2.2 0 

3 0.9 0.9 0 

4 -0.9 0.9 0 

Table 7.4. Table of the coordinates of the four nodes of the HCN. 

Table [7.5] below details the supreme hyperfields (𝑽), computed according to Equation [7.26], 

results for transfer function shades 𝑒0.6, 𝑒0.7 , 𝑒0.8 and 𝑒0.9. 

Transfer Function 

Shades 
𝑽 

𝑒0.6 
−20.96𝑒0.6  −  6.56𝑒�̅�𝑒0.6  +  4.08𝑒1𝑒2𝑒3𝑒𝑒0.6  + 20.08𝑒1𝑒2𝑒3�̅�𝑒0.6 −

 144.96𝑒1𝑒2𝑒3𝑒�̅�𝑒0.6  

𝑒0.7 
−20.96𝑒0.7  −  6.56𝑒�̅�𝑒0.7  +  4.08𝑒1𝑒2𝑒3𝑒𝑒0.7  + 20.08𝑒1𝑒2𝑒3�̅�𝑒0.7 −

 144.96𝑒1𝑒2𝑒3𝑒�̅�𝑒0.7  

𝑒0.8 
−20.96𝑒0.8  −  6.56𝑒�̅�𝑒0.8  +  4.08𝑒1𝑒2𝑒3𝑒𝑒0.8  + 20.08𝑒1𝑒2𝑒3�̅�𝑒0.8 −

 144.96𝑒1𝑒2𝑒3𝑒�̅�𝑒0.8  

𝑒0.9 
−20.96𝑒0.9  −  6.56𝑒�̅�𝑒0.9  +  4.08𝑒1𝑒2𝑒3𝑒𝑒0.9  + 20.08𝑒1𝑒2𝑒3�̅�𝑒0.9 −

 144.96𝑒1𝑒2𝑒3𝑒�̅�𝑒0.9  

Table 7.5. Four distinct HCNs, each with a different transfer function shade, producing different 

supreme hyperfields (𝑽). 

After incorporating transfer function operators, the transformation process 𝜃𝑖−1 →  𝜃𝑖  for a 

linear cognitive trajectory, where 𝑽𝒊
𝑳𝟏 = 0 and 𝑽𝒊

𝑳𝟐 = 0, becomes 

 𝐶𝑖
𝑝(𝜃𝑖−1) = 𝜃𝑖−1 ∗ 𝑽 ∗ [𝑋1

𝑝] ⇒ 𝜃𝑖 (7.48) 

Incorporating the supreme hyperfields (𝑽) with their respective transfer function shades, as 

shown in Table [7.5], I now compute 𝜃1  by employing Equation [7.48], and the input 

parameters, as defined in Equations [7.47a] to [7.47d], based on Equations [7.29] and [7.31] 
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 𝜃0 = 𝑒0.1 (7.49a) 

 𝑋1
𝑝
 = 3.2𝑒2  +  4.62𝑒 +  5.62�̅�,  (7.49b) 

 

Transfer 

Function 

Shades 

𝜃0 ∗ 𝑽 ∗ [𝑋1
𝑝] 𝜃1 

𝑒0.6 

-87.488�̅�𝑒0.1𝑒0.6 - 59.968𝑒𝑒0.1𝑒0.6 - 67.072𝑒2𝑒0.1𝑒0.6 - 

20.992𝑒2𝑒�̅�𝑒0.1𝑒0.6 + 64.256𝑒1𝑒3�̅�𝑒0.1𝑒0.6 + 

13.056𝑒1𝑒3𝑒𝑒0.1𝑒0.6 + 463.872𝑒1𝑒3𝑒�̅�𝑒0.1𝑒0.6 - 

94𝑒1𝑒2𝑒3𝑒0.1𝑒0.6 + 669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1𝑒0.6 + 

814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1𝑒0.6 - 69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1𝑒0.6 

𝑒1𝑒3�̅�𝑒0.1 + 𝑒1𝑒3𝑒𝑒0.1 + 𝑒1𝑒3𝑒�̅�𝑒0.1 + 

𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒2𝑒3𝑒𝑒0.1 

𝑒0.7 

-87.488�̅�𝑒0.1𝑒0.7 - 59.968𝑒𝑒0.1𝑒0.7 - 67.072𝑒2𝑒0.1𝑒0.7 - 

20.992𝑒2𝑒�̅�𝑒0.1𝑒0.7 + 64.256𝑒1𝑒3�̅�𝑒0.1𝑒0.7 + 

13.056𝑒1𝑒3𝑒𝑒0.1𝑒0.7 + 463.872𝑒1𝑒3𝑒�̅�𝑒0.1𝑒0.7 - 

94𝑒1𝑒2𝑒3𝑒0.1𝑒0.7 + 669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1𝑒0.7 + 

814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1𝑒0.7 - 69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1𝑒0.7 

-87.488�̅�𝑒0.1 - 59.968𝑒𝑒0.1 - 

67.072𝑒2𝑒0.1 - 20.992𝑒2𝑒�̅�𝑒0.1 + 

64.256𝑒1𝑒3�̅�𝑒0.1 + 13.056𝑒1𝑒3𝑒𝑒0.1 + 

463.872𝑒1𝑒3𝑒�̅�𝑒0.1 - 94𝑒1𝑒2𝑒3𝑒0.1 + 

669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1 + 

814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1 - 

69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

𝑒0.8 

-87.488�̅�𝑒0.1𝑒0.8 - 59.968𝑒𝑒0.1𝑒0.8 - 67.072𝑒2𝑒0.1𝑒0.8 - 

20.992𝑒2𝑒�̅�𝑒0.1𝑒0.8 + 64.256𝑒1𝑒3�̅�𝑒0.1𝑒0.8 + 

13.056𝑒1𝑒3𝑒𝑒0.1𝑒0.8 + 463.872𝑒1𝑒3𝑒�̅�𝑒0.1𝑒0.8 - 

94𝑒1𝑒2𝑒3𝑒0.1𝑒0.8 + 669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1𝑒0.8 + 

814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1𝑒0.8 - 69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1𝑒0.8 

𝑒1𝑒3�̅�𝑒0.1 + 𝑒1𝑒3𝑒𝑒0.1 + 𝑒1𝑒3𝑒�̅�𝑒0.1 + 

𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒2𝑒3𝑒𝑒0.1 

𝑒0.9 

-87.488�̅�𝑒0.1𝑒0.9 - 59.968𝑒𝑒0.1𝑒0.9 - 67.072𝑒2𝑒0.1𝑒0.9 - 

20.992𝑒2𝑒�̅�𝑒0.1𝑒0.9 + 64.256𝑒1𝑒3�̅�𝑒0.1𝑒0.9 + 

13.056𝑒1𝑒3𝑒𝑒0.1𝑒0.9 + 463.872𝑒1𝑒3𝑒�̅�𝑒0.1𝑒0.9 - 

94𝑒1𝑒2𝑒3𝑒0.1𝑒0.9 + 669.7152𝑒1𝑒2𝑒3�̅�𝑒0.1𝑒0.9 + 

814.6752𝑒1𝑒2𝑒3𝑒𝑒0.1𝑒0.9 - 69.84𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1𝑒0.9 

-174.98�̅�𝑒0.1 - 119.94𝑒𝑒0.1 - 

131.86𝑒2𝑒0.1 - 41.27𝑒2𝑒�̅�𝑒0.1 - 

16.63𝑒2𝑒3�̅�𝑒0.1 - 3.38𝑒2𝑒3𝑒𝑒0.1 - 

120.06𝑒2𝑒3𝑒�̅�𝑒0.1 - 17.36𝑒1𝑒0.1 - 

5.43𝑒1𝑒�̅�𝑒0.1 + 126.32𝑒1𝑒3�̅�𝑒0.1 + 

25.67𝑒1𝑒3𝑒𝑒0.1 + 911.94𝑒1𝑒3𝑒�̅�𝑒0.1 - 

188𝑒1𝑒2𝑒3𝑒0.1 + 1339.43𝑒1𝑒2𝑒3�̅�𝑒0.1 

+ 1629.35𝑒1𝑒2𝑒3𝑒𝑒0.1 - 

139.68𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 7.6. The computational outcomes of Equation [7.48] for transfer function shades {𝑒0.6, 𝑒0.7 , 𝑒0.8, 

𝑒0.9}, before and after the transfer function operators have been applied, denoted by the headers ‘𝜃0 ∗

𝑽 ∗ [𝑋1
𝑝

]’. 

My next example defines four different cognitive trajectories (𝑇𝑐) with three process centres 

and one exit coordinate, as shown in Figure [7.9], where each blue line represents one of the 

four cognitive trajectories, the red crosses are the process coordinates and the black circle 

represents the exit coordinates. The 𝑧-coordinates of each process and exit coordinate is set to 

one. 
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Figure 7.9.  An example of four distinct trajectories, 𝑇1, 𝑇2, 𝑇3 and 𝑇4 (denoted by the blue lines). The 

process centres are denoted by the red crosses and the exit coordinates are denoted by the black circles. 

In this example, I set the HCN parameters as defined in Equations [7.50a] to [7.50d] based on 

Equations [7.9], [7.7], [2.1] and [7.46] respectively. 

 radius of 𝑆𝑘, 𝑟 = 1 (7.50a) 

 Input dilation parameter, 𝛼𝑞𝑘 = 1,where 𝑘 = {1,2,3,4} (7.50b) 

 
𝐴𝑖𝑗 = 

 
 

0 1 1 1 

 

0 0 1 1 

0 0 0 1 

0 0 0 0 
 

(7.50c) 

 Transfer function shades: 𝑒0.6 and 𝑒0.7 (7.50d) 

Table [7.7] shows the coordinates of the four nodes of the HCN as employed in Equation [7.9]. 

Node 

(𝑘) 

Coordinates 

𝑥 𝑦 𝑧 

1 0 0 1 

2 0 2.2 1 

3 0.9 0.9 1 

4 -0.9 0.9 1 

Table 7.7. Table of the coordinates of the four nodes of the HCN. 

Table [7.8] below shows the computational outcomes for 𝜃1 to 𝜃3, for each of the two transfer 

function shades of the 𝑇1 to 𝑇4, by employing Equations [7.43] and [7.46]. 
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𝑇𝑐 
Transfer 

Function 

Shades 
𝜃1 𝜃2 𝜃3 

𝑇1 

𝑒0.6 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 + 
𝑒1e�̅�𝑒0.1 + 𝑒1𝑒0.1 + 𝑒2𝑒3e�̅�𝑒0.1 
+ 𝑒2𝑒3e𝑒0.1 + 𝑒2𝑒3�̅�𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
𝑒1𝑒3e�̅�𝑒0.1 + 𝑒1𝑒3e𝑒0.1 
+ 𝑒1𝑒3�̅�𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 

𝑒0.7 

20.89𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
366.75𝑒1𝑒2𝑒3e𝑒0.1 + 
221.79𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
44.79𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 + 
130.46𝑒1𝑒3e�̅�𝑒0.1 + 
26.9𝑒1𝑒3e𝑒0.1 + 32.2𝑒1𝑒3�̅�𝑒0.1 
+ 9.84𝑒1e�̅�𝑒0.1 + 31.44𝑒1𝑒0.1 
+ 217.44𝑒2𝑒3e�̅�𝑒0.1 + 
44.84𝑒2𝑒3e𝑒0.1 + 
53.67𝑒2𝑒3�̅�𝑒0.1 - 5.9𝑒2e�̅�𝑒0.1 - 
18.86𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 15.47e𝑒0.1 - 
42.99�̅�𝑒0.1 

15.65𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
495.76𝑒1𝑒2𝑒3e𝑒0.1 + 
350.8𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
50.02𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 + 
318.91𝑒1𝑒3e�̅�𝑒0.1 + 
65.77𝑒1𝑒3e𝑒0.1 + 
78.72𝑒1𝑒3�̅�𝑒0.1 - 
14.43𝑒2e�̅�𝑒0.1 - 
46.11𝑒2𝑒0.1 - 
6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 
28.29e𝑒0.1 - 55.81�̅�𝑒0.1 

7.7𝑒1𝑒2𝑒3e𝑒̅𝑒0.1 + 
691.46𝑒1𝑒2𝑒3e𝑒0.1 + 
546.5𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
57.97𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 + 
333.41𝑒1𝑒3e�̅�𝑒0.1 + 
68.76𝑒1𝑒3e𝑒0.1 + 
82.29𝑒1𝑒3�̅�𝑒0.1 - 9.84𝑒1e�̅�𝑒0.1 - 
31.44𝑒1𝑒0.1 - 217.44𝑒2𝑒3e�̅�𝑒0.1 
- 44.84𝑒2𝑒3e𝑒0.1 - 
53.67𝑒2𝑒3𝑒̅𝑒0.1 - 15.09𝑒2e�̅�𝑒0.1 
- 48.21𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 47.73e𝑒0.1 - 
75.25�̅�𝑒0.1 

Table 7.8. The input multivector 𝜃0 and resultant the process output multivectors 𝜃1, 𝜃2 and 𝜃3 along 

cognitive trajectory 𝑇1, which has its transfer function shades set to be either 𝑒0.6 or 𝑒0.7, to demonstrate 

the effects of the transfer functions on the process output multivectors. 

𝑇𝑐 
Transfer 

Function 

Shades 
𝜃1 𝜃2 𝜃3 

𝑇2 

𝑒0.6 

𝑒1𝑒2𝑒3e𝑒̅𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 + 𝑒1e�̅�𝑒0.1 
+ 𝑒1𝑒0.1 + 𝑒2𝑒3e�̅�𝑒0.1 + 
𝑒2𝑒3e𝑒0.1 + 𝑒2𝑒3�̅�𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 

𝑒0.7 

22.8𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
319.64𝑒1𝑒2𝑒3e𝑒0.1 + 
174.68𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
42.87𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 35.78𝑒1𝑒2�̅�𝑒0.1 
+ 57.98𝑒1𝑒3e�̅�𝑒0.1 + 
11.96𝑒1𝑒3e𝑒0.1 + 
14.31𝑒1𝑒3�̅�𝑒0.1 + 9.84𝑒1e�̅�𝑒0.1 
+ 31.44𝑒1𝑒0.1 + 
217.44𝑒2𝑒3e�̅�𝑒0.1 + 
44.84𝑒2𝑒3e𝑒0.1 + 
53.67𝑒2𝑒3�̅�𝑒0.1 - 2.62𝑒2e�̅�𝑒0.1 - 
8.38𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 10.79e𝑒0.1 - 
38.31�̅�𝑒0.1 

23.27𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
308.04𝑒1𝑒2𝑒3e𝑒0.1 + 
163.08𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
42.4𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 + 
217.44𝑒1𝑒3e�̅�𝑒0.1 + 
44.84𝑒1𝑒3e𝑒0.1 + 
53.67𝑒1𝑒3�̅�𝑒0.1 - 
9.84𝑒2e�̅�𝑒0.1 - 
31.44𝑒2𝑒0.1 - 
6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 
9.64e𝑒0.1 - 
37.16�̅�𝑒0.1 

15.74𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
493.59𝑒1𝑒2𝑒3e𝑒0.1 + 
348.63𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
49.94𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2𝑒̅𝑒0.1 + 
231.94𝑒1𝑒3e�̅�𝑒0.1 + 
47.83𝑒1𝑒3e𝑒0.1 + 
57.25𝑒1𝑒3𝑒̅𝑒0.1 - 9.84𝑒1e�̅�𝑒0.1 - 
31.44𝑒1𝑒0.1 - 217.44𝑒2𝑒3e�̅�𝑒0.1 
- 44.84𝑒2𝑒3e𝑒0.1 - 
53.67𝑒2𝑒3𝑒̅𝑒0.1 - 10.5𝑒2e�̅�𝑒0.1 - 
33.54𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 28.07e𝑒0.1 - 
55.59�̅�𝑒0.1 

Table 7.9. The input multivector 𝜃0 and resultant the process output multivectors 𝜃1, 𝜃2 and 𝜃3 along 

cognitive trajectory 𝑇2, which has its transfer function shades set to be either 𝑒0.6 or 𝑒0.7, to demonstrate 

the effects of the transfer functions on the process output multivectors. 
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𝑇𝑐 
Transfer 

Function 

Shades 
𝜃1 𝜃2 𝜃3 

𝑇3 

𝑒0.6 

𝑒1𝑒2𝑒3e𝑒̅𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1e�̅�𝑒0.1 + 𝑒1𝑒0.1 
+ 𝑒2𝑒3e𝑒̅𝑒0.1 + 𝑒2𝑒3e𝑒0.1 + 
𝑒2𝑒3�̅�𝑒0.1 + 𝑒2e�̅�𝑒0.1 + 𝑒2𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
𝑒1𝑒3e�̅�𝑒0.1 + 𝑒1𝑒3e𝑒0.1 
+ 𝑒1𝑒3�̅�𝑒0.1 + e𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 

𝑒0.7 

23.24𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
308.76𝑒1𝑒2𝑒3e𝑒0.1 + 
163.8𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
42.43𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 - 
14.5𝑒1𝑒3e�̅�𝑒0.1 - 2.99𝑒1𝑒3e𝑒0.1 
- 3.58𝑒1𝑒3�̅�𝑒0.1 + 9.84𝑒1e�̅�𝑒0.1 
+ 31.44𝑒1𝑒0.1 + 
217.44𝑒2𝑒3e�̅�𝑒0.1 + 
44.84𝑒2𝑒3e𝑒0.1 + 
53.67𝑒2𝑒3�̅�𝑒0.1 + 0.66𝑒2e�̅�𝑒0.1 
+ 2.1𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 9.71e𝑒0.1 - 
37.23�̅�𝑒0.1 

28.83𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
171.05𝑒1𝑒2𝑒3e𝑒0.1 + 
26.09𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
36.84𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 + 
86.98𝑒1𝑒3e�̅�𝑒0.1 + 
17.94𝑒1𝑒3e𝑒0.1 + 
21.47𝑒1𝑒3�̅�𝑒0.1 - 
3.94𝑒2e�̅�𝑒0.1 - 
12.58𝑒2𝑒0.1 - 
6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 + 
3.97e𝑒0.1 - 23.55�̅�𝑒0.1 

20.33𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
380.52𝑒1𝑒2𝑒3e𝑒0.1 + 
235.56𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
45.34𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2𝑒̅𝑒0.1 + 
144.96𝑒1𝑒3e�̅�𝑒0.1 + 
29.89𝑒1𝑒3e𝑒0.1 + 
35.78𝑒1𝑒3𝑒̅𝑒0.1 - 9.84𝑒1e�̅�𝑒0.1 - 
31.44𝑒1𝑒0.1 - 217.44𝑒2𝑒3e�̅�𝑒0.1 
- 44.84𝑒2𝑒3e𝑒0.1 - 
53.67𝑒2𝑒3�̅�𝑒0.1 - 6.56𝑒2e�̅�𝑒0.1 - 
20.96𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 16.84e𝑒0.1 - 
44.36�̅�𝑒0.1 

Table 7.10. The input multivector 𝜃0 and resultant the process output multivectors 𝜃1, 𝜃2 and 𝜃3 along 

cognitive trajectory 𝑇3, which has its transfer function shades set to be either 𝑒0.6 or 𝑒0.7, to demonstrate 

the effects of the transfer functions on the process output multivectors. 

𝑇𝑐 
Transfer 

Function 

Shades 
𝜃1 𝜃2 𝜃3 

𝑇4 

𝑒0.6 

𝑒1𝑒2𝑒3e𝑒̅𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1e�̅�𝑒0.1 + 𝑒1𝑒0.1 
+ 𝑒2𝑒3e𝑒̅𝑒0.1 + 𝑒2𝑒3e𝑒0.1 + 
𝑒2𝑒3�̅�𝑒0.1 + 𝑒2e�̅�𝑒0.1 + 𝑒2𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒2e�̅�𝑒0.1 
+ 𝑒2𝑒0.1 + e𝑒0.1 

𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 𝑒1𝑒2𝑒3e𝑒0.1 + 
𝑒1𝑒2𝑒3�̅�𝑒0.1 + 𝑒1𝑒3e�̅�𝑒0.1 + 
𝑒1𝑒3e𝑒0.1 + 𝑒1𝑒3�̅�𝑒0.1 

𝑒0.7 

22.54𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
326.16𝑒1𝑒2𝑒3e𝑒0.1 + 
181.2𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
43.14𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 - 
72.48𝑒1𝑒3e�̅�𝑒0.1 - 
14.95𝑒1𝑒3e𝑒0.1 - 
17.89𝑒1𝑒3�̅�𝑒0.1 + 9.84𝑒1e�̅�𝑒0.1 
+ 31.44𝑒1𝑒0.1 + 
217.44𝑒2𝑒3e�̅�𝑒0.1 + 
44.84𝑒2𝑒3e𝑒0.1 + 
53.67𝑒2𝑒3�̅�𝑒0.1 + 3.28𝑒2e�̅�𝑒0.1 
+ 10.48𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 11.44e𝑒0.1 - 
38.96�̅�𝑒0.1 

29.16𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
163.08𝑒1𝑒2𝑒3e𝑒0.1 + 
18.12𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
36.52𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2�̅�𝑒0.1 - 
72.48𝑒1𝑒3e�̅�𝑒0.1 - 
14.95𝑒1𝑒3e𝑒0.1 - 
17.89𝑒1𝑒3�̅�𝑒0.1 + 
3.28𝑒2e�̅�𝑒0.1 + 
10.48𝑒2𝑒0.1 - 
6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 + 
4.76e𝑒0.1 - 22.76�̅�𝑒0.1 

22.54𝑒1𝑒2𝑒3e�̅�𝑒0.1 + 
326.16𝑒1𝑒2𝑒3e𝑒0.1 + 
181.2𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
43.14𝑒1𝑒2𝑒3𝑒0.1 - 
144.96𝑒1𝑒2e�̅�𝑒0.1 - 
29.89𝑒1𝑒2e𝑒0.1 - 
35.78𝑒1𝑒2𝑒̅𝑒0.1 + 
72.48𝑒1𝑒3e�̅�𝑒0.1 + 
14.95𝑒1𝑒3e𝑒0.1 + 
17.89𝑒1𝑒3𝑒̅𝑒0.1 - 9.84𝑒1e�̅�𝑒0.1 
- 31.44𝑒1𝑒0.1 - 
217.44𝑒2𝑒3e�̅�𝑒0.1 - 
44.84𝑒2𝑒3e𝑒0.1 - 
53.67𝑒2𝑒3𝑒̅𝑒0.1 - 3.28𝑒2e�̅�𝑒0.1 
- 10.48𝑒2𝑒0.1 - 6.56𝑒3e�̅�𝑒0.1 - 
20.96𝑒3𝑒0.1 - 11.44e𝑒0.1 - 
38.96�̅�𝑒0.1 

Table 7.11. The input multivector 𝜃0 and resultant the process output multivectors 𝜃1, 𝜃2 and 𝜃3 along 

cognitive trajectory 𝑇4, which has its transfer function shades set to be either 𝑒0.6 or 𝑒0.7, to demonstrate 

the effects of the transfer functions on the process output multivectors. 
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After computing 𝜃3 for the four cognitive trajectories and two transfer functions, as detailed in 

Tables [7.8] to [7.11] above, the output multivector is defined in Equation [7.51], based on 

Equation [7.30] 

 𝜙 = 𝑒0.01 (7.51) 

The exit coordinates (𝑋𝜙
𝑆) of each trajectory was selected as shown in Figure [7.9] above, with 

their 𝑧-coordinates set to 1. 𝑋𝜙
𝑆  was normalised by employing Equation [7.40]. Table [7.12] 

details the computational outcomes of Equation [7.38] where 𝜙 = 𝑷(𝜃3, 𝑋𝜙
′𝑠). 

𝑇𝑐 

Transfer 

Function 

Shades 

𝑋′𝜙
S  𝜙 

𝑇1 
𝑒0.6 (0.5𝑒1 + 0.625𝑒2 + 0.25𝑒3 + 1.2813𝑒 + 1.5313�̅�) 𝑒0.01 2.6199𝑒0.01 

𝑒0.7 (0.5𝑒1 + 0.625𝑒2 + 0.25𝑒3 + 1.2813𝑒 + 1.5313�̅�) 𝑒0.01 -20.6186𝑒0.01 

𝑇2 
𝑒0.6 (0.5𝑒1 + 0.45𝑒2 + 0.25𝑒3 + 0.905𝑒 + 1.155�̅�) 𝑒0.01 1.6502𝑒0.01 

𝑒0.7 (0.5𝑒1 + 0.45𝑒2 + 0.25𝑒3 + 0.905𝑒 + 1.155�̅�) 𝑒0.01 -161.26196𝑒0.01 

𝑇3 
𝑒0.6 (0.5𝑒1 + 0.3𝑒2 + 0.25𝑒3 + 0.68𝑒 + 0.93�̅�) 𝑒0.01 1.1718𝑒0.01 

𝑒0.7 (0.5𝑒1 + 0.3𝑒2 + 0.25𝑒3 + 0.68𝑒 + 0.93�̅�) 𝑒0.01 -169.6808𝑒0.01 

𝑇4 
𝑒0.6 (0.5𝑒1 + 0.175𝑒2 + 0.25𝑒3 + 0.56125𝑒 + 0.81125�̅�) 𝑒0.01 0.94992𝑒0.01 

𝑒0.7 (0.5𝑒1 + 0.175𝑒2 + 0.25𝑒3 + 0.56125𝑒 + 0.81125�̅�) 𝑒0.01 -161.9609𝑒0.01 

Table 7.12. Table of the example normalised values 𝑋𝜙
′  and the transformation of 𝜃3 into 𝜙 (computed 

as shown in Equation [7.38]), along four different cognitive trajectories (𝑇1, 𝑇2, 𝑇3, 𝑇4), which have the 

transfer function shades of either 𝑒0.6 or 𝑒0.7, to demonstrate the effects of different transfer functions 

on the HCN output multivector. 

As demonstrated in Tables [7.8] to [7.12], the choice of cognitive trajectories (𝑇𝑐) and transfer 

functions produces different 𝜙 outputs. 

7.2.4. Hyperfield Cognition Network Learning Approach 

By virtue of the computational complexity of each HCN, in terms of its cognitive trajectories, 

nodal architecture, transfer functions and shade types and other related 

architectural/morphological parameters, it is apparent that for a specific cognitive trajectory 

defined in a HCN, the learning approach becomes successful when the architectural and nodal 

weight parameters of the HCN, or the cognitive trajectories are adjusted to achieve the desired 

computational outcomes. It should be noted that the HCN’s ‘morphological parameters’ 

defined in this chapter are distinct from a robot’s ‘morphology’ or morphological parameters, 
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as presented in earlier chapters but the parallels are aesthetically comforting. The HCN training 

approach can be classified into three broad sub-classes: 

1)  Finding the optimal cognitive trajectory (𝑇𝑐) by  

a) Revising process coordinates (𝑋𝑖
𝑝
) but fixing spatial coordinates (𝑋𝑖

𝑠 and 𝑋𝜙
𝑠 ) 

b) Revising process coordinates (𝑋𝑖
𝑝) and revising spatial coordinates (𝑋𝑖

𝑠 and 𝑋𝜙
𝑠 ) as 

well.  

2) To calibrate nodal fields by varying  𝛼𝑞𝑘, 𝑆𝑘, 𝑑, 𝑒0.𝑗 and 𝐹𝑗 

3) To permute the HCN structural parameters (denoted by ‘𝐍’) by varying 𝑋𝑘, 𝐴𝑖𝑗 or 𝐵𝑖𝑗. 

The methodology for learning approaches (1), (2) and (3) are presented below. Employing 

these learning approaches, a HCN or its cognitive trajectory can be transformed to yield an 

optimal cognitive trajectory.  

Approach (1) is called the ‘pure trajectory transformation’, where the HCN is unchanged 

and the cognitive trajectory is redefined. Next, we look at the learning approach for (2) and (3), 

such that the cognitive trajectory is fixed. The learning approaches (2) or (3) without 

augmentation of the cognitive trajectory is henceforth called a ‘pure HCN transformation’. The 

‘mixed transformation’ utilised approaches (1) to (3). For this type of transformation, the 

cognitive trajectory is redefined along with transforming the HCN. The three transformations 

are summarised in Table [7.13].  

Pure HCN 

Transformation 

Pure Trajectory 

Transformation 
Mixed Transformation 

𝑵 → 𝑵′ 

𝑽 → 𝑽′ 

𝑇𝑐 = 𝑇𝑐′ 

𝑋𝑖
𝑝 = 𝑋𝑖

𝑝′
 

𝑋𝜙
𝑆 = 𝑋𝜙

𝑆′ 

𝐹𝑗 = 𝐹𝑗′ 

Where 𝑵 ≠ 𝑵′, 

consequently 𝑽 ≠ 𝑽′ 

𝑵 = 𝑵′ 

𝑽 = 𝑽′ 

𝑇𝑐 → 𝑇𝑐′ 

𝑋𝑖
𝑝 → 𝑋𝑖

𝑝′
 

𝑋𝜙
𝑆 → 𝑋𝜙

𝑆′ 

Where 𝑇𝑐 ≠ 𝑇𝑐′, 

consequently 

𝑋𝑖
𝑝 ≠ 𝑋𝑖

𝑝′
and 𝑋𝜙

𝑆 ≠ 𝑋𝜙
𝑆′ 

𝑵 → 𝑵′ 

𝑽 → 𝑽′ 

𝑇𝑐 → 𝑇𝑐′ 

𝑋𝑖
𝑝 → 𝑋𝑖

𝑝′
 

𝑋𝜙
𝑆 → 𝑋𝜙

𝑆′ 

Where 𝑵 ≠ 𝑵′ , consequently  

𝑽 ≠ 𝑽′,and 𝑇𝑐 ≠ 𝑇𝑐′, 

consequently 

𝑋𝑖
𝑝 ≠ 𝑋𝑖

𝑝′
 and 𝑋𝜙

𝑆 ≠ 𝑋𝜙
𝑆′ 

Table 7.13. A summary of the attributes of various HCN Transformations. 

We require that 𝜙 → 𝜙𝑟𝑒𝑞 where ‘𝜙𝑟𝑒𝑞’ is the desired output multivector for input multivector  

𝜃0. The objective of the learning approach is to identify the operator ‘𝑅’, as a transformation 

of the HCN training variables according to Table [7.13], that would produce 𝜙𝑟𝑒𝑞, such that  

𝑅(𝑵, 𝑇𝑐
 ) = {𝑵′, 𝑇𝑐

′} (7.52) 
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and 

𝜙𝑟𝑒𝑞  − 𝜙 = 𝛿𝜙 (7.53) 

Where ‘𝛿𝜙’ is the variation between the initial pre-transformation output value for a fixed 

cognitive trajectory 𝑇c and 𝜃0 the required output values. Following from Equations [7.52] and 

[7.53], I define ‘𝜙𝑟𝑒𝑞’ as 

 𝜙𝑟𝑒𝑞  = 𝑭(𝑵′, 𝑇𝑐
′, 𝜃0) (7.54) 

Where the function ‘𝑭’ is the operator that computes the output multivector (𝜙) in Equations 

[7.34] and [7.38], from the input multivector (𝜃0) and the HCN training variables ‘𝑵′’ and ‘𝑇𝑐
′’. 

Additionally, from Equation [7.53], I define ‘𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙’ as 

 𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑭(𝑵, 𝑇𝑐, 𝜃0)  (7.55) 

Where 𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙  is computed using the input multivector 𝜃0  and the pre-transformed HCN 

training variables 𝑵 and 𝑇𝑐
  selected at the discretion of the specialist. Applying Table [7.13] to 

Equations [7.54] and [7.55], the learning approach expression for the Pure HCN transformation 

becomes 

 
𝑭(𝑵′, 𝑇𝑐, 𝜃0) − 𝑭(𝑵, 𝑇𝑐, 𝜃0) = 𝜙𝑟𝑒𝑞 − 𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙 

 𝑭(𝜹𝑵, 𝑇𝑐, 𝜃0) = 𝛿𝜙 
(7.56) 

While the learning approach expression for the pure trajectory transformation becomes  

 
𝑭(𝑵, 𝑇′𝑐, 𝜃0) − 𝑭(𝑵, 𝑇𝑐, 𝜃0) = 𝜙𝑟𝑒𝑞 − 𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙 

𝑭(𝑵, 𝛿𝑇𝑐, 𝜃0) = 𝛿𝜙 
(7.57) 

And the learning approach expression for the mixed transformation becomes 

 
𝑭(𝑵′, 𝑇𝑐

′, 𝜃0) − 𝑭(𝑵, 𝑇𝑐, 𝜃0) = 𝜙𝑟𝑒𝑞 − 𝜙𝑖𝑛𝑖𝑡𝑖𝑎𝑙 

𝑭(𝜹𝑵, 𝛿𝑇𝑐, 𝜃0) = 𝛿𝜙 
(7.58) 

7.2.5. Hyperfield Cognition Network Training Procedure 

To determine the optimal transformation ‘𝑅’ of the HCN training variables that would produce 

𝜙𝑟𝑒𝑞, as presented in Equations [7.52] and [7.54], I perform the following training procedure 

(as shown in Figure [7.10] below), to find the values of {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ }, where ‘𝑘𝑑

′ ’ represents 

the 𝑑-th unknown HCN training parameter. ‘𝑅’ could represent the transformed 𝑵′ parameters, 

for example an input dilation parameter 𝛼𝑞𝑘 (Equations [7.7] and [7.8]) or the radius of 𝑆𝑘 

(Equation [7.9]). Additionally, it could represent the transformed 𝑇𝑐
′ parameters, for example 

the process coordinates 𝑋𝑖
𝑝
 (as applied in Equation [7.34]) or exit coordinates 𝑋𝜙

𝑠  (as applied 

in Equation [7.38]), depending on the type of transformation performed (based on Table 

[7.13]). Now, Equation [7.56] can be represented in terms of the pre-transformed HCN training 
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variables {𝑘1, 𝑘2, … , 𝑘𝑑} and the post-transformed HCN training variables {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } as 

shown below  

 𝑭(𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ , 𝜃0

𝑚) − 𝑭( 𝑘1, 𝑘2, … , 𝑘𝑑 , 𝜃0
𝑚) = 𝛿𝜙𝑚 (7.59) 

Where ‘𝑑’ denotes the total number of varied dilation parameter inputs (𝛼𝑞𝑘), ‘𝜃0
𝑚’ and ‘𝛿𝜙𝑚’ 

denote the input and output multivectors for the 𝑚-th entry respectively, which are the 𝑚-th 

individual entries of mappings between the input values (𝜃0
𝑚) and output values (𝜙𝑚) that we 

are trying to model using the hyperfield cognition framework. In order to train Equation [7.59], 

I move 𝛿𝜙𝑚 to the LHS to compute the error ‘Ɛm’ 

 𝑭(𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ , 𝜃0

𝑚) − 𝑭( 𝑘1, 𝑘2, … , 𝑘𝑑 , 𝜃0
𝑚) − 𝛿𝜙𝑚 = Ɛ𝑚 (7.60) 

For a training domain of ‘𝜔’ entries I compute the total error (Ɛ𝑇) according to the equation 

below 

 
∑ |Ɛ𝑚|𝜔

𝑚=1

𝜔
= Ɛ𝑇 (7.61) 

With reference to Figure [7.10] below, the following sequence of five steps are used to train 

our selected HCN training variables {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } 

  
Figure 7.10. A flow diagram of the sequence for the training procedure. 

• Step 1 (Identify initial iteration bounds): identify, at the discretion of the specialist, the 

initial lower and upper iteration boundaries of the first stage for each value of 𝑘𝑔 and 

set them be 𝑡1,𝑚𝑖𝑛
𝑔

 and 𝑡1,𝑚𝑎𝑥
𝑔

. 

• Step 2 (Domain reduction): perform a directed iteration step to reduce the iteration 

domain (as shown in Figure [7.10]) in order to find a target iteration domain that 

produces the lowest total error (ƐT) according to Equation [7.55], as illustrated in Figure 

[7.11] below. 
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Figure 7.11. An illustration of the domain reduction step (as previously shown in Figure [7.10]) from 

Stage 1 to Stage ℎ. 

At Stage 1, I compute 2000 iterations of Ɛ𝑇  values, based on Equations [7.60] and 

[7.61], using different values of {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } within the bounds of 𝑡1,𝑚𝑖𝑛

𝑔
 and 𝑡1,𝑚𝑎𝑥

𝑔
. 

Using an initial set of (e.g.: 2000 values) computed iterations of Equations [7.60] and 

[7.61], I perform a directed iteration scheme by identifying the lower and upper 

boundaries of the proceeding stage 𝑡2,𝑚𝑖𝑛
𝑔

 and 𝑡2,𝑚𝑎𝑥
𝑔

 based on the values of 𝑘1
′  to 𝑘𝑑

′   

that produce the lowest total error (Ɛ𝑇). This process is repeated for ‘ℎ’ stages, until we 

obtain a targeted value of 𝑡ℎ,𝑚𝑖𝑛
𝑔

 and 𝑡ℎ,𝑚𝑎𝑥
𝑔

 (at the discretion of the specialist). I expect 

the domain reduction step to produce diminishing returns after a certain number of 

stages, which varies from system to system, hence, we need to proceed to Step 3 after 

a certain Ɛ𝑇 is obtained. 

• Step 3 (Polynomial regression): use the initial iterated value set within the reduced 

domain interval, as produced in Step [2],  to approximate the system by generating a 𝑢-

th degree polynomial regression that approximates the mapping between our varied 

unknowns {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } and 𝜙1 to 𝜙𝜔 according the equation below 

  𝑔(𝜙1, 𝜙2, 𝜙3, … , 𝜙𝜔) = 𝑓(𝑘1
′ , 𝑘2

′ , 𝑘3
′ , … , 𝑘𝑑

′ ) (7.62) 

Next, I substitute the values {𝜙1, 𝜙2, 𝜙3, … , 𝜙𝜔}  into the 𝑢 -th degree polynomial 

expression to generate candidate solutions of {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } values. 

• Step 4 (Test candidate solutions): these candidate solutions of {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } values 

can then be tested using Equations [7.60] and [7.61] to find the set of values which 

produce the lowest total error (Ɛ𝑇). If Ɛ𝑇 is above a selected threshold, I repeat Step [2] 
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(Domain reduction) again, otherwise, I move on to Step [5].  

• Step 5 (Accept candidate solution): the {𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ } values which produce the lowest 

value of Ɛ𝑇 (based on Equations [7.60] and [7.61]) are selected as the post-transformed 

HCN training variables. Such that 

 𝑭(𝑘1
′ , 𝑘2

′ , … , 𝑘𝑑
′ , 𝜃0

𝑚) − 𝑭( 𝑘1, 𝑘2, … , 𝑘𝑑, 𝜃0
𝑚) − 𝛿𝜙𝑚 = 0 (7.63) 

and 

Ɛ𝑇 = 0 (7.64) 

Arguably, there are limitations to this learning strategy as the solution may collapse into a local 

minima. The linear structure of the optimisation remains wanting in robustness and this is 

another deficiency of the work. Due to the infancy of this formulation, further efforts need to 

be expended in the future to produce more sophisticated and robust learning strategies for more 

complex problems. Nevertheless, this initial primitive learning approach would hopefully form 

the basis for future advancements to take place by our well-endowed peers in academia. 

Additional discussion on this matter has been reserved to Section [7.4].  

During the process of computing the multivectors on the LHS in Equation [7.60], I found 

that the computation of the Geometric Algebra toolbox implemented in MATLAB, which I 

have adapted from Quinlan (1993), can be greatly accelerated by avoiding the need to simplify 

the matrix representation of multivectors after performing every operation. Therefore, I have 

developed a method that maps multivectors to what I call ‘matrix directories’, which aims to 

reduce the computation time of large multivector operations. In my paper (Thiruvengadam et 

al. 2020a), a matrix directory method was developed where each row relates to every possible 

basis vector element of a 𝐑4,1,{𝑙} vector space, with the value of each matrix element denoting 

the coefficient of every possible basis vector element. This allows for a more efficient 

computation of multivectors with many terms when compared to the functions used in the 

Conformal Geometric Algebraic multivector toolbox. For the purposes of brevity however, the 

presentation of that section has been avoided in this thesis and I direct readers interested in this 

aspect of the method to Thiruvengadam et al. (2020a). 
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7.3. Case Studies 

The HCN represents a significant paradigmatic shift in the conceptualisation of what a neural 

network is and what it can be. In Thiruvengadam et al. (2020a), I investigated and tested two 

many-to-one mapping learning problems (the first related to the fuel consumption of various 

automobiles and second involving the modelling of residuary resistance per unit weight of 

displacement for yachts) which were standard benchmark tests used in the discipline of general 

machine learning. For the purposes of brevity, summaries of the case studies in Thiruvengadam 

et al. (2020a) are presented as Case Studies 2 and 3 in Sections [7.3.2] and [7.3.3], respectively. 

If the reader is interested, these full case studies are presented in Thiruvengadam et al. (2020a) 

in more comprehensive detail. Nevertheless, the presentations of Case Studies 1, 2 and 3 

(Sections [7.3.1], [7.3.2] and [7.3.3], respectively) are all self-contained. The case studies that 

were selected in Thiruvengadam et al. (2020a) were done in the interest of validating the 

efficacy and superlative merits of the HCN approach in the context of general AI. In an attempt 

to convey a fraction of the potential of what the HCN is and what its learning approaches are 

capable of in the context of reassembling robotics, in the adapted Case Study section for this 

chapter, I will also present the HCN being applied to theoretical learning problems faced by a 

hypothetical intelligent reassembling robot. In Section [7.3.1], I present a case study where the 

HCN learns and predicts the classical mechanical output space outcomes for a series of 

reassembling transformations for a Delta manipulator. This case study would theoretically 

mirror a real life reassembling robot system that machine learns the relationship between 

reassembling transformations and its effects on its classical mechanical output spaces. 

7.3.1. Case Study 1: Learning Problems Using the HCN for Reassembling Robotics 

In Chapter 4, I developed hypervolumes to rapidly approximate the statics and kinematics 

behaviour of serial and parallel manipulators. In Chapter 5, I employed Type 1a and Type 1b1 

transformations to optimise the dynamics performance of a Delta manipulator and the same 

Delta manipulator from Chapter 5 is presented in Figure [7.12].  
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Figure 7.12. Left) The Delta Manipulator undergoing 𝑷{𝒊}

𝟏𝒂(∆𝐻𝑖), 𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛾𝑖)) and 𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛼𝑖)) 

transformations. The blue and red dotted lines indicate the pre- and post- transformed joint axis vectors 

𝑠𝑖  and 𝑠𝑖
′ , respectively. Right) A node graph representation of the Delta manipulator, in terms of 

enumerated kinematic pairs, where 𝑈𝑖 and 𝐻𝑖 are the quaternion rotors and link vectors of each 𝑖-th 

node, respectively. 

Building on the reassembling case studies presented in Chapters 3, 4, 5 and 6, consider a 

reassembling robot that possesses a morphology similar to that of a Delta manipulator and 

undergoes the same Type 1a and 1b1 transformations as shown in Case Study 1 and 2 of 

Chapter 5. The question explored in this case study in that context is: If the robot had recorded 

its real-time kinematics performance for its various evolving morphological states, would the 

robot be able to draw underlying mathematical relationships in a robust, efficient and 

interpretable manner through HCN based machine learning? And would it outperform 

standard, established machine learning approaches? On this basis, iterating different 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖), 

𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛾𝑖)) and 𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛼𝑖)) transformations for a fixed end effector position (denoted 

with the symbol 𝑋𝐸 ) and computing the resultant magnitude of the end-effector velocity 

(denoted with the symbol |𝑣𝐸|) for Type 1a, 1b1 transformations would produce a dataset 

(based on Equation [7.65]) that mimics the scenario of a reassembling robot that has gone 

through historical transformations and evaluated its own kinematics performance. The 

mathematical relationship of interest contains a range of 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖) , 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛾𝑖))  and 

𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛼𝑖))  reassembling transformations (which are identical to the reassembling 

transformation types performed in Chapter 5). This relationship of interest can be broadly 
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characterised as a many to one mapping of the form shown below, similar to the case studies 

performed in Chapter 5. 

 𝐺(∆𝐻𝑖, 𝛼𝑖, 𝛾𝑖, �̇�𝑖, 𝑋𝐸) = |𝑣𝐸| (7.65) 

Where ‘𝐺’ is some unknown function that performs the role of the intended machine learning 

model, ‘{∆𝐻𝑖, 𝛾𝑖, 𝛼𝑖}’ are the reassembling transformation parameters of interest, �̇�𝑖 is the input 

joint velocity of the 𝑖-th kinematic pair, 𝑋𝐸 is the end-effector position and |𝑣𝐸| is the output 

end-effector velocity magnitude. The objective of the machine learning exercise is to ascertain 

the mapping ‘𝐺’. By producing a dataset with a range of discrete reassembling transformation 

parameters, input joint velocities, end-effector position {∆𝐻𝑖, 𝛾𝑖, 𝛼𝑖 , �̇�𝑖 , 𝑋𝐸}  and the 

corresponding output end-effector velocity magnitude |𝑣𝐸|, we require the HCN to learn the 

relationship between these input discrete parameters and output classical mechanical space, as 

presented in Equation [7.65]. 

In Thiruvengadam et al. (2020a), the simultaneous learning of two different problems on 

the same HCN was demonstrated and replicating this would be very fruitful and desirable in 

the context of reassembling robotics as well. Fixing the analysis to a single end-effector 

position, 𝑋𝐸, the different input joint velocity values (�̇�𝑖) will produce different output end-

effector velocities (|𝑣𝐸|) and to this effect, if we were to use two sets of different �̇�𝑖 values as 

inputs, we would produce two sets of diverse output end-effector velocity magnitudes (|𝑣𝐸|) 

for a single end-effector position (𝑋𝐸). For the purposes of this case study, I will set 𝑋𝐸 =

[0.1,0.1, −1.7] and �̇�𝑖  = 27 and 15, for 𝑖 = {1,6,11} and therefore Equation [7.65] can be 

partitioned into two reduced sub-mappings with corresponding cognitive trajectories of the 

form: 𝑇1: 𝐺1(∆𝐻𝑖, 𝛼𝑖, 𝛾𝑖, �̇�𝑖 = 27, 𝑋𝐸 = [0.1,0.1, −1.7]) = |𝑣𝐸|  and  𝑇2: 𝐺2(∆𝐻𝑖, 𝛼𝑖, 𝛾𝑖, �̇�𝑖 =

15, 𝑋𝐸 = [0.1,0.1, −1.7]) =  |𝑣𝐸|, for 𝑖 = {1,6,11}. The selected numerical choice of 𝑋𝐸 and 

�̇�𝑖 is motivated arbitrarily for the purposes of demonstration and other numerical choices can 

be made by a specialist as well. These will be the two learning problems and associated 

mappings of interest. One notes that theoretically multiple trajectories (such as 𝑇1 and 𝑇2) with 

specific reduced ‘𝐺’ sub-mappings of the form of Equation [7.65] or analogous forms of 

interest can be devised and studied. It should be stressed here that this approach of simultaneous 

training, as demonstrated in this case study and in Thiruvengadam et al. (2020a), is not possible 

with traditional machine learning methods. 
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To produce the datasets for this case study, 𝑷{𝒊}
𝟏𝒂(∆𝐻𝑖) reassembling transformations were 

applied for 𝑖 = {1,6,11}  for five values of ∆𝐻𝑖 : {−0.1, −0.05,0,0.05,0.1} , 𝑷{𝒊}
𝟏𝒃𝟏(𝑅𝛿𝑖

(𝛾𝑖)) 

reassembling transformations were applied for 𝑖 = {1,6,11}  for five values  of 𝛾𝑖 : 

{−30𝑜, −20𝑜 , 0𝑜 , 20𝑜 , 30𝑜}, where 𝑅𝛿𝑖
(𝛾𝑖) is a rotation about the 𝑧-axis and 𝑷{𝒊}

𝟏𝒃𝟏(𝑅𝛿𝑖
(𝛼𝑖)) 

reassembling transformations were applied for 𝑖 = {1,6,11}  for five values of 𝛼𝑖 : 

{ −30𝑜 , −20𝑜 , 0𝑜 , 20𝑜 , 30𝑜}, where 𝑅𝛿𝑖
(𝛼𝑖) is a rotation about the 𝑥-axis. The end effector 

position (𝑋𝐸) was set to be [0.1,0.1, −1.7] for both trajectories. One dataset was generated 

where �̇�𝑖  was set to be �̇�𝑖  = 27 , for 𝑖 = {1,6,11}  which will be trained using cognitive 

trajectory 𝑇1 (as shown in Figure [7.13]). I call this dataset the ‘Case Study 1A’ dataset and it 

is presented in Electronic Appendix [B.2.1]. Another dataset was generated where �̇�𝑖 was set 

to be �̇�𝑖 = 15, for 𝑖 = {1,6,11}, which will be trained using cognitive trajectory 𝑇2 (as shown 

in Figure [7.13]). I call this dataset the ‘Case Study 1B’ dataset and it is presented in Electronic 

Appendix [B.2.1]. There are a total of nine reassembling transformation variables with different 

combinations of transformation variables that are being iterated for each dataset (Table [7.14]), 

to produce different |𝑣𝐸|  outputs. The values of the datasets were computed using the 

definitions of forward parallel kinematics and difference maps from Chapters 4 and 5, 

respectively. This produces two, nine-to-one mappings of interest.  There are a potential total 

of 59 = 1953125 number of combinations of unique post-transformed robot morphological 

states, of which 512 morphological states (which are combinations of reassembling 

transformation parameters (∆𝐻𝑖, 𝛼𝑖, 𝛾𝑖)) have been selected and presented for each �̇�𝑖 = 27 and 

15, for 𝑖 = {1,6,11} dataset. I attempt to first model then predict |𝑣𝐸| using a TPR of 1:1 with 

256 sampled values in both the training and test domains. The inputs consists of nine 

continuous attributes of reassembling transformation parameters, defined in Table [7.14], as 

nine shades of the input multivector  𝜃0
𝑚, to model the resultant magnitude of the end-effector 

velocity (|𝑣𝐸|), set to be the output 𝜙𝑚,𝑟𝑒𝑞, according to Equations [7.29] and [7.38]. 
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𝑛 𝜃0
𝑚 Input variables 

1 𝑒0.4 ∆𝐻1 

2 𝑒0.5 ∆𝐻6 

3 𝑒0.6 ∆𝐻11 

4 𝑒0.7 𝛼1 

5 𝑒0.8 𝛼6 

6 𝑒0.9 𝛼11 

7 𝑒0.10 𝛾1 

8 𝑒0.11 𝛾6 

9 𝑒0.12 𝛾11 

Table 7.14. The nine input variables and their corresponding shades, which I have defined for the input 

multivector (𝜃0
𝑚), as defined in Equation [7.29]. The complete list of input values of  𝜃0

𝑚 are shown in 

Electronic Appendix [B.2.1]. 

I define an initial candidate HCN with parameters and characteristics as shown in 

Thiruvengadam et al. (2020a). The process coordinates and trajectories were chosen to 

maximise spatial coverage of the network itself and such that it subtends the network. I initialise 

the process coordinates (𝑥1
𝑝
), shown in Tables [7.15] and [7.16] and applied in Equation [7.34], 

and exit coordinates (𝑥𝜙
𝑆 ) as applied in Equation [7.38], where 𝑥𝜙

𝑆 = [0.285,0.361, −0.047] 

for the cognitive trajectory 𝑇1.  

𝑥𝑖
  

Coordinates for 𝑇1 

𝑥 𝑦 𝑧 

𝑥1
𝑝
 -0.610 -0.660 0.360 

𝑥2
𝑝
 -0.058 0.130 0.066 

𝑥3
𝑝
 0.550 0.850 -0.290 

Table 7.15. The 𝑥𝑖
𝑝

 coordinates of cognitive trajectory 𝑇1 , as defined initially in 3D space, before 

conversion to 𝐑4,1 space using Equation [2.19]. 

𝑥𝑖
  

Coordinates for 𝑇2 

𝑥 𝑦 𝑧 

𝑥1
𝑝
 -0.680 -0.660 -0.150 

𝑥2
𝑝
 -0.013 -0.008 -0.210 

𝑥3
𝑝
 0.660 0.620 -0.054 

Table 7.16. The 𝑥𝑖
𝑝

 coordinates of cognitive trajectory 𝑇2 , as defined initially in 3D space, before 

conversion to 𝐑4,1 space using Equation [2.19]. 

The HCN and the cognitive trajectories, 𝑇1 and 𝑇2, in 𝐑3 space are shown in Figure [7.13]. The 

spatial coordinates 𝑋𝑖
𝑠 were computed as the minimal path of a line traced between the points 

{𝑋1
𝑆, 𝑋1

𝑝, 𝑋2
𝑝, 𝑋3

𝑝, 𝑋𝜙
𝑆 } and are not listed here, for the sake of brevity, as they do not affect the 



284 

CHAPTER 7 
 

computation of 𝜙𝑚. In this case study, the objective is to train a network that is able to model 

and predict |𝑣𝐸|, given an arbitrary combination of reassembling transformation variable inputs 

(∆𝐻𝑖, 𝛼𝑖 and 𝛾𝑖) for the case where 𝑋𝐸 = [0.1,0.1, −1.7], {�̇�1, �̇�6, �̇�11} = {27,27,27} and 𝑋𝐸 =

[0.1,0.1, −1.7] , {�̇�1, �̇�6, �̇�11} = {15,15,15}. 

 
Figure 7.13. The HCN with the cognitive trajectory 𝑇1 (blue line) to train on the Case Study 1A dataset 

where {�̇�1, �̇�6, �̇�11} = {27,27,27} and an additional cognitive trajectory 𝑇2 (green line) to train on the 

Case Study 1B dataset, where {�̇�1, �̇�6, �̇�11} = {15,15,15} . The end-effector position for cognitive 

trajectories 𝑇1  and 𝑇2  is fixed to 𝑋𝐸 = [0.1,0.1, −1.7] . The process centres of each trajectory are 

denoted as red crosses. Note that 𝑇1 and 𝑇2 do not actually intersect, despite appearing to do so from 

the viewing angle presented. It is important to note that the two learning exercises undertaken do not 

affect the computational outcomes of either case study and that the two trajectories co-exist in the same 

HCN. 

The transfer function shades were selected to favour the grade extraction and power 

transformation functions. Finally, the adjacency matrix was selected in such a manner to ensure 

a dense connectivity between nodes. Following from Table [7.14], the input multivector shades 

𝜃0 and the output multivector shades 𝜙 are defined in Equations [7.66a] to [7.66c], based on 

Equations [7.29] and [7.30], respectively. 
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 𝜃0 = {𝑒0.4, 𝑒0.5, 𝑒0.6, 𝑒0.7, 𝑒0.8, 𝑒0.9, 𝑒0.10, 𝑒0.11, 𝑒0.12} (7.66a) 

 𝜙 = {𝑒0.13} (7.66b) 

 transfer function shades: {𝑒0.1, 𝑒0.2, 𝑒0.3} (7.66c) 

The variables 𝑎𝑛 , 𝑏𝑛  and 𝑐𝑛  are applied by each transfer function operator, where 𝑛 =

{1,2,3,4,5,6,7} corresponds to the 𝑛-th input shade, as discussed in Section [7.2.3], and is 

shown in Table [7.17].  

Transfer Function  

Shades 

Transfer Function  

Operators 
Input (𝑿) / Output (𝒁)  Relation 

𝑒0.1 𝐹0.1 𝑍 =  𝑎𝑛 ∗ 〈𝑋〉𝑒0.𝑛
 

𝑒0.2 𝐹0.2 𝑍 =  〈𝑋〉𝑒0.𝑛
+ 𝑏𝑛 ∗ 〈𝑋2〉𝑒0.𝑛

 

𝑒0.3 𝐹0.3 𝑍 =  〈𝑋〉𝑒0.𝑛
+ 𝑐𝑛 ∗ 〈𝑋3〉𝑒0.𝑛

 

Table 7.17. The transfer function shades and operators used in the HCN. 

Instead of using the general definitions of the dilation operators 𝑵𝒒𝒌 and �̃�𝒒𝒌, as defined in 

Equations [7.7] and [7.8], I define them as 𝑵𝒒𝒌  =  𝛼𝑞𝑘 and �̃�𝒒𝒌 = 1 and the radius of 𝑆𝑘 (r), 

as employed in Equation [7.6], is defined as 𝑟 =  0.2. 

The coordinates of each node in the HCN and their initial input dilation parameters for 

each shade are shown in Table [7.18], as employed by Equations [7.9] and [7.7], respectively. 

Node (𝑘) 
Coordinates Input Dilation Parameter (𝛼𝑞𝑘) 

𝑥 𝑦 𝑧 𝑒0.1 𝑒0.2 𝑒0.3 

1 -1 -1 0.5 8 0 0 

2 -0.8 -0.4 0.2 4 0 0 

3 -0.4 -0.8 -0.4 2 0 0 

4 -0.6 -0.7 -0.3 2 0 0 

5 -0.2 0.3 0.4 0 8 0 

6 -0.1 0 0.3 0 6 0 

7 0.2 -0.2 -0.5 0 8 0 

8 -0.1 -0.1 -0.1 0 4 0 

9 0.5 1 0.2 0 0 8 

10 0.7 0.8 0.3 0 0 2 

11 0.9 0.5 -0.4 0 0 4 

12 0.6 0.9 -0.5 0 0 6 

Table 7.18. The initial coordinates of each 𝑘-th node, as defined initially in 3D space before conversion 

to 𝐑4,1 space using Equation [2.19], and the input dilation parameters (𝛼𝑞𝑘) of each 𝑘-th node for the 

shades 𝑒0.1, 𝑒0.2 and 𝑒0.3. 
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The corresponding 𝐴𝑖𝑗 for each node (based on Equation [2.1]) is presented as follows 

 𝐴𝑖𝑗 = 

 0 1 1 1 0 0 0 0 0 0 0 0  
0 0 1 1 1 0 0 0 0 0 0 0 

0 0 0 1 1 1 0 0 0 0 0 0 

0 0 0 0 1 1 1 0 0 0 0 0 

0 0 0 0 0 1 1 1 0 0 0 0 

0 0 0 0 0 0 1 1 1 0 0 0 

0 0 0 0 0 0 0 1 1 1 0 0 

0 0 0 0 0 0 0 0 1 1 1 0 

0 0 0 0 0 0 0 0 0 1 1 1 

1 0 0 0 0 0 0 0 0 0 1 1 

1 1 0 0 0 0 0 0 0 0 0 1 

1 1 1 0 0 0 0 0 0 0 0 0 
 

(7.66d) 

By employing Equation [7.26] and the parameters defined in Equations [7.66.a] to [7.66.d], 

and Tables [7.14] to [7.18], I compute the first localised hyperfields (𝑽′𝒊
𝑳𝟏) for this system, as 

detailed in Tables [7.19-7.20], by selecting by 𝑑1 = 4  as the number of  the closest 

neighbouring nodes to 𝑋𝑖
𝑝
.   

𝑖 𝑽′𝒊
𝑳𝟏 

1 -0.0039074𝑒�̅�𝑒0.1 + 0.39555𝑒1𝑒2𝑒3�̅�𝑒0.1 - 0.03645𝑒1𝑒2𝑒3𝑒𝑒0.1 - 0.18417𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

2 -0.028402𝑒�̅�𝑒0.2 + 0.40514𝑒1𝑒2𝑒3�̅�𝑒0.2 - 0.29686𝑒1𝑒2𝑒3𝑒𝑒0.2 - 0.1083𝑒1𝑒2𝑒3𝑒�̅�𝑒0.2 

3 0.0089813𝑒�̅�𝑒0.3 + 0.45873𝑒1𝑒2𝑒3�̅�𝑒0.3 - 0.08127𝑒1𝑒2𝑒3𝑒𝑒0.3 - 0.28454𝑒1𝑒2𝑒3𝑒�̅�𝑒0.3 

Table 7.19. The first localised hyperfield (𝑽′𝒊
𝑳𝟏) for Case Study 1A  

𝑖 𝑽′𝒊
𝑳𝟏 

1 -0.061994𝑒�̅�𝑒0.1 + 0.39555𝑒1𝑒2𝑒3�̅�𝑒0.1 - 0.03645𝑒1𝑒2𝑒3𝑒𝑒0.1 - 0.18417𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

2 -0.011022𝑒�̅�𝑒0.2 + 0.40514𝑒1𝑒2𝑒3�̅�𝑒0.2 - 0.29686𝑒1𝑒2𝑒3𝑒𝑒0.2 - 0.1083𝑒1𝑒2𝑒3𝑒�̅�𝑒0.2 

3 -0.012247𝑒�̅�𝑒0.3 + 0.45873𝑒1𝑒2𝑒3�̅�𝑒0.3 - 0.08127𝑒1𝑒2𝑒3𝑒𝑒0.3 - 0.28454𝑒1𝑒2𝑒3𝑒�̅�𝑒0.3 

Table 7.20. The first localised hyperfield (𝑽′𝒊
𝑳𝟏) for Case Study 1B. 

In this case study, the operations at each process centre are simplified from Equation [7.34], 

such that only the terms associated with localised hyperfield  𝑽𝒊
′𝑳𝟏 participates in the equation, 

while 𝑽′ and 𝑽𝒊
′𝑳𝟐 are both set to zero. Equation [7.34] now becomes 

 (∑ 𝑏𝑖𝑗
+𝜃𝑖

𝑟

𝑖=1

) ∗ (𝑽𝒊
′𝑳𝟏 ∗ [𝑋𝑖

𝑝]) ⇒ 𝜃𝑗  (7.67) 

The trajectory adjacency matrix (𝐵𝑖𝑗), as employed in Equation [7.67], is defined such that we 

have a linear cognitive trajectory 

𝐵𝑖𝑗 =  [

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

] (7.68) 
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Using the training procedure (as presented in Section [7.2.5]) to train the transfer function 

scalar variables {𝑎𝑛
′ , 𝑏𝑛

′ , 𝑐𝑛
′ } as the HCN training variables (employing Equations [7.59] to 

[7.64]), we are able to compute the values of the learned transfer function scalar variables 

(shown in Tables [7.21-7.22]).  

𝑛 𝑎𝑛,4:1
′  𝑏𝑛,,4:1

′  𝑐𝑛,,4:1
′  𝑎𝑛,,1:1

′  𝑏𝑛,1:1
′  𝑐𝑛,1:1

′  

1 -14.570 0.001 0.673 -9.725 -3.318 1.134 

2 -22.220 -0.027 -0.757 -11.846 7.258 -5.573 

3 -9.348 2.866 6.414 -11.387 -5.159 0.957 

4 -8.372 -1.319 -330.142 -8.843 -1.304 -306.548 

5 -197.531 -0.140 0.025 -195.506 -0.130 0.027 

6 49.474 0.038 10.731 49.105 0.036 11.099 

7 -15.561 13.809 -0.085 -15.833 12.628 -0.087 

8 -16.076 2.189 -2.270 -15.595 1.889 -8.510 

9 20.295 -8.622 -0.047 25.929 -4.343 -0.028 

Table 7.21. Table of the trained/learned transfer function scalar variables {𝑎𝑛,4:1
′ , 𝑏𝑛,,4:1

′ , 𝑐𝑛,,4:1
′ } and 

{𝑎𝑛,1:1
′ , 𝑏𝑛,,1:1

′ , 𝑐𝑛,,1:1
′ }, corresponding to a TPR of 4:1 and 1:1, respectively for Case Study 1A. 

𝑛 𝑎𝑛,4:1
′  𝑏𝑛,,4:1

′  𝑐𝑛,,4:1
′  𝑎𝑛,,1:1

′  𝑏𝑛,1:1
′  𝑐𝑛,1:1

′  

1 6.880 0.0002 0.891 5.417 -0.315 0.533 

2 10.632 0.009 -1.110 7.139 -0.360 30.757 

3 4.512 -1.350 -6.654 3.833 0.960 22.454 

4 2.517 61.987 -0.198 6.168 15.025 -0.688 

5 90.670 -0.003 -0.043 89.660 -0.015 -0.038 

6 -22.019 0.092 14.087 -22.560 0.094 13.361 

7 6.487 -6.972 7.750 6.279 -7.682 7.236 

8 7.367 -1.155 8.321 6.921 -1.178 20.255 

9 -9.080 3.442 7.831 -9.267 3.411 8.011 

Table 7.22. Table of the trained/learned transfer function scalar variables {𝑎𝑛,4:1
′ , 𝑏𝑛,,4:1

′ , 𝑐𝑛,,4:1
′ } and 

{𝑎𝑛,1:1
′ , 𝑏𝑛,,1:1

′ , 𝑐𝑛,,1:1
′ }, corresponding to a TPR of 4:1 and 1:1, respectively for Case Study 1B. 

To compare the performance of the HCN (with different training to prediction domain ratios 

(TPR)) to modern neural networks, four tests are investigated in this section, which have the 

following conditions: 

1. The HCN using the parameters defined in this section, with a TPR of 4:1, referred to as 

‘HCN-𝑇1-4:1’ and ‘HCN-𝑇2-4:1’, for Case Studies 1A and 1B, respectively. 

2. The HCN using the parameters defined in this section, with a TPR of 1:1, referred to as 

‘HCN-𝑇1-1:1’ and ‘HCN-𝑇2-1:1’, for Case Studies 1A and 1B, respectively. 

3. A modern MLP with two hidden layers, with 64 neurons in each layer, implemented in 

Python using the ‘Tensorflow’ and ‘Keras’ libraries. This MLP is trained for 100 
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epochs and has a TPR of 4:1. Two identical MLPs with the parameters above, named 

‘MLP D 4:1’ and ‘MLP E 4:1’ are employed for Case Studies 1A and 1B, respectively. 

4. Two identical MLPs with the parameters as MLP D 4:1 and MLP E 4:1 except for 

having a TPR of 1:1, named ‘MLP D 1:1’ and ‘MLP E 1:1’, are employed for Case 

Studies 1A and 1B, respectively. 

The loss plots for MLP D 4:1, MLP D 1:1, MLP E 4:1 and MLP E 1:1 are presented in 

Electronic Appendix [B.2.4-B.2.5]. A low TPR of 1:1 was selected as an additional evaluation 

condition to investigate the robustness of the MLP learning outcomes, in contrast to the HCN 

learning outcomes. Although such low TPRs are uncommon in traditional ANN 

implementations, I wish to investigate if robust and generalisable mappings can be extracted 

even with limited data, using the HCN approach, as demanded in the context of reassembling 

robotics. This is discussed further at the end of this section. By using the {𝑎𝑛
′ , 𝑏𝑛

′ , 𝑐𝑛
′ } values 

computed in Table [7.21] for Case Study 1A, I compute 𝜙𝑚 from the training domain and 

prediction domain. The values of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 are presented in Figures [7.14-7.16] 

and the complete set of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 values are presented in Electronic Appendix 

[B.2.2]. 

  
Figure 7.14. Left) The required and predicted 𝜙𝑚 values, in the prediction domain, for HCN-𝑇1-4:1 

and Case Study 1A. Right) The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP 

D 4:1 and Case Study 1A. 
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Figure 7.15. Left) The required and predicted 𝜙𝑚 values, in the prediction domain, for HCN-𝑇1-1:1 

and Case Study 1A. Right) The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP 

D 1:1 and Case Study 1A. 

  
Figure 7.16. Left) The required and predicted 𝜙𝑚 values, in the training domain, for HCN-𝑇1-4:1 and 

Case Study 1A. Right) The required and predicted 𝜙𝑚 values, in the training domain, for HCN-𝑇1-1:1 

and Case Study 1A. 

The performance of all three methods for Case Study 1A, as measured by the ‘Mean Absolute 

Percentage Error’ (MAPE), is presented in Table [7.23]. 

Method 
MAPE (Prediction Domain) 

TPR=4:1 TPR=1:1 

HCN-𝑇1 2.32% 2.63% 

MLP D 6.10% 7.46% 

Table 7.23. The Mean Absolute Percentage (MAPE), in the prediction domain, for the two methods 

HCN-𝑇1 and MLP A, where TPR= 4:1 and TPR= 1:1 for Case Study 1A and where {�̇�1, �̇�6, �̇�11} =

{27,27,27}. 

As presented in Table [7.23], the MAPE for MLP D 4:1 and MLP D 1:1 is 6.10% and 7.46%, 

respectively. As clearly seen, both MLP D tests produce higher errors than HCN-𝑇1-1:1 (which 

has a MAPE of 2.63%), despite HCN-𝑇1-1:1 having a considerably lower TPR than MLP D 
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4:1. The MAPE for HCN-𝑇1-4:1 is the lowest among all tested methods at 2.32%. For Case 

Study 1B, the {𝑎𝑛
′ , 𝑏𝑛

′ , 𝑐𝑛
′ } values computed in Table [7.22] were used to compute 𝜙𝑚 from the 

training domain and prediction domain. The values of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 are presented 

in Figure [7.17-7.19] and the complete set of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 values are presented in 

Electronic Appendix [B.2.3]. 

   
Figure 7.17. Left) The required and predicted 𝜙𝑚 values, in the prediction domain, for HCN-𝑇2-4:1 

and Case Study 1B. Right) The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP 

E 4:1 and Case Study 1B  

   
Figure 7.18. Left) The required and predicted 𝜙𝑚 values, in the training domain, for HCN-𝑇2-1:1 and 

Case Study 1B. Right) The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP E 1:1 

and Case Study 1B. 
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Figure 7.19. Left) The required and predicted 𝜙𝑚 values, in the training domain, for HCN-𝑇2-4:1 and 

Case Study 1B. Right) The required and predicted 𝜙𝑚 values, in the training domain, for HCN-𝑇2-1:1 

and Case Study 1B. 

Method 
MAPE (Prediction Domain) 

TPR=4:1 TPR=1:1 

HCN-𝑇2 2.31% 2.52% 

MLP E 4.69% 8.21% 

Table 7.24. The Mean Absolute Percentage (MAPE), in the prediction domain, for the two methods 

HCN-𝑇2  and MLP E, where TPR= 4:1 and TPR= 1:1, for Case Study 1B, where {�̇�1, �̇�6, �̇�11} =

{15,15,15}. 

Method 
Combined MAPE for 𝑇1 and 𝑇2 (Prediction Domain) 

TPR=4:1 TPR=1:1 

HCN-𝑇1 and HCN-𝑇2 2.32% 2.58% 

Table 7.25. The combined Mean Absolute Percentage (MAPE) for 𝑇1 and 𝑇2, in the prediction domain 

for HCN-𝑇1, HCN-𝑇2 for TPR= 4:1 and TPR= 1:1.  

As presented in Table [7.24], the MAPE for MLP E 4:1 and MLP E 1:1 is 4.69% and 8.21%, 

respectively. As clearly seen, both MLP E tests produce higher errors than HCN-𝑇2-1:1 (which 

has a MAPE of 2.52%), despite HCN-𝑇2-1:1 having a considerably lower TPR than MLP E 

4:1. The MAPE for HCN-𝑇2-4:1 is the lowest among all tested methods at 2.31%.  

The performance of the HCN, in contrast to the MLP tests investigated in this work, is 

comparable if not superior for both TPR conditions. The consistency of the MAPE for the HCN 

case for both TPR cases reflects one of the merits of the HCN framework, which is its 

robustness and consistency in function approximation. This suggests that even for simple 

HCNs and commensurately equivalent ANNs, the HCN approach reflects a resistance to 

hyperfitting, in comparison to MLPs.  

In my work (Thiruvengadam et al. 2020a), I presented two case studies using the same 

transfer function shades (Table [7.17]), HCN coordinates and input dilation parameters (Table 
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[7.18]), 𝐴𝑖𝑗 matrix (Equation [7.66d]) and trajectory adjacency matrix (𝐵𝑖𝑗) (Equation [7.67]) 

as those used in Case Study 1. These two case studies have been presented in this thesis for the 

purpose of generality and to demonstrate that the HCN formulation can be applied for problems 

in general artificial intelligence, as demonstrated in my paper Thiruvengadam et al. (2020a). 

For the purposes of brevity, only a summary of the results from these case studies is presented 

in Sections [7.3.2] and [7.3.3], below. 

7.3.2. Case Study 2: Fuel Efficiency of Automobiles (Results) 

In this case study, I have summarised the results presented in my paper Thiruvengadam et al. 

(2020a) where I model the inputs and outputs present in the Auto MPG dataset using cognitive 

trajectory 𝑇1 (Figure [1] of Electronic Appendix [B.1.1]) with the process coordinates defined 

in Table [5] of Electronic Appendix [B.1.1]. For this case study, I used the same transfer 

function shades (Table [7.17]), HCN coordinates and input dilation parameters (Table [7.18]), 

𝐴𝑖𝑗 matrix (Equation [7.66d]) and trajectory adjacency matrix (𝐵𝑖𝑗) (Equation [7.67]), defined 

for Case Study 1. Using the input variables presented in Table [4] and the input, output and 

transfer function shades in Equation [1a-c] of Electronic Appendix [B.1.1] and employing the 

training procedure presented in Section [7.2.5], I compute the first localised hyperfields (𝑽′𝒊
𝑳𝟏) 

for 𝑖 = {1,2,3} (as detailed in Table [6] of Electronic Appendix [B.1.1]). Using the training 

procedure presented in Section [7.2.5], I train the transfer function scalar variables {𝑎𝑛
′ , 𝑏𝑛

′ , 𝑐𝑛
′ } 

as the HCN training variables, employing Equations [7.59] to [7.64], I compute the values of 

the trained/learned transfer function scalar variables (shown in Table [7] of Electronic 

Appendix [B.1.1]). By using the {𝑎𝑛
′ , 𝑏𝑛

′ , 𝑐𝑛
′ } values and 𝑇1 , I compute 𝜙𝑚  for the training 

domain and prediction domain (the complete values of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 for TPR=1:1 

are presented in Electronic Appendix [B.2.7]. The values of 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  are 

presented in Figures [7.20-7.22]. The 𝜙𝑚 values found using the HCN are compared against 

𝜙𝑚  values found using MLP A 4:1 and MLP A 1:1, which were trained using parameters 

presented in Electronic Appendix [B.1.1]. The loss plots of MLP A 4:1 and MLP A 1:1 are 

shown in Electronic Appendix [B.2.8]. 
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Figure 7.20. Left) The required and predicted 𝜙𝑚  values in the training domain for HCN-𝑇1-4:1. 

Right) The values of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 in the prediction domain for MLP A 4:1. 

   
Figure 7.21. Left) The required and predicted 𝜙𝑚 values in the prediction domain for HCN-𝑇1-1:1. 

Right) The values of 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 in the prediction domain for MLP A 1:1. 

  
Figure 7.22. Left) The required and predicted 𝜙𝑚  values in the training domain for HCN-𝑇1-1:1. 

Right) The required and predicted 𝜙𝑚 values in the training domain for HCN-𝑇1-1:1. 
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The performance of all three methods, as measured by the MAPE, is presented in Table [7.26]. 

Method 
MAPE (Prediction Domain) 

TPR=4:1 TPR=1:1 

HCN-𝑇1 7.22% 8.08% 

MLP A 8.46% 9.32% 

Table 7.26. The Mean Absolute Percentage (MAPE) in the prediction domain for the two methods 

HCN-𝑇1 and MLP A, where TPR= 4:1 and TPR= 1:1. 

As presented in Table [7.26], the MAPE for MLP A 4:1 and MLP A 1:1 is 8.46% and 9.32%, 

respectively. As clearly seen, both MLP A tests produce higher errors than HCN-𝑇1-1:1, despite 

HCN-𝑇1-1:1 having a considerably lower TPR than MLP A 4:1. The MAPE for HCN-𝑇1-4:1 

is the lowest among all tested methods at 7.22%. Additionally, the MAPE of MLP 9:1 used in 

Quinlan (1993) (details presented in Thiruvengadam et al. (2020a) and Electronic Appendix 

[B.1.1]) was the highest at 12.5%, despite having the highest TPR, likely because this MLP 

was relatively simple (with only one layer and up to 6 neurons). The performance of the HCN, 

in contrast to the MLP tests investigated in this work, is comparable if not superior for both 

TPR conditions. The consistency of the MAPE for the HCN for both TPR cases reflects one of 

the merits of the HCN framework, which is its robustness and consistency in function 

approximation. This suggests that even for simple HCNs and commensurately equivalent 

ANNs, the HCN approach reflects a resistance to hyperfitting, in comparison to MLPs.  

7.3.3. Case Study 3: Yacht Hydrodynamics (Results) 

In this case study, I have summarised the results presented in my work, Thiruvengadam et al. 

(2020a), where I employed the same HCN from Case Study 2 to simultaneously model the 

inputs and outputs of the Yacht Hydrodynamics dataset using the second cognitive trajectory 

𝑇2 (Figure [2] of Electronic Appendix [B.1.2]) with the process coordinates defined in Table 

[9] of Electronic Appendix [B.1.2]. For this case study, I used the same transfer function shades 

(Table [7.17]), HCN coordinates and input dilation parameters (Table [7.18]), 𝐴𝑖𝑗  matrix 

(Equation [7.66d]) and trajectory adjacency matrix (𝐵𝑖𝑗) (Equation [7.67]), defined for Case 

Studies 1 and 2. Note that the input-output relationship for Case Studies 2 and 3 were trained 

using the same HCN, similar to the usage of the two trajectories 𝑇1 and 𝑇2 to train on the same 

HCN, in Case Study 1. This demonstrates that the HCN can be trained on either the same or 

different classes of problems. Using the input variables presented in Table [8] of Electronic 

Appendix [B.1.2] and employing the training procedure presented in Section [7.2.5], I compute 

the first localised hyperfields (𝑽′𝒊
𝑳𝟏) for this system (as detailed in Table [10] of Electronic 
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Appendix [B.1.2]). Using Equations [7.59] to [7.64], the training procedure presented in 

Section [7.2.5], I train the HCN to produce the trained/learned transfer function scalar variables 

for HCN-𝑇2-4:1 ({𝑎𝑛,4:1
′ , 𝑏𝑛,4:1

′ , 𝑐𝑛,4:1
′ }) and HCN-𝑇2-1:1 ({𝑎𝑛,1:1

′ , 𝑏𝑛,1:1
′ , 𝑐𝑛,1:1

′ }), as shown in 

Table [11] of Electronic Appendix [B.1.2]. Using these trained/learned transfer function scalar 

variables, I compute 𝜙𝑚  from the training domain and prediction domain. The 𝜙𝑚  values 

found using the HCN are compared against 𝜙𝑚 values found using MLP B 4:1, MLP B 1:1, 

MLP C 4:1 and MLP C 1:1, which were trained using parameters presented in Electronic 

Appendix [B.1.2]. The loss plots of MLP B 4:1, MLP B 1:1, MLP C 4:1 and MLP C 1:1 are 

shown in Electronic Appendix [B.2.10- B.2.11]. The relationship between 𝜙𝑚,𝑟𝑒𝑞 and 

𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 and their corresponding 𝑅 
2 values of the tests, in prediction domain, for HCN-𝑇2-

4:1, HCN-𝑇2-1:1, MLP B 4:1 and MLP B 1:1 are shown in Figures [7.23-7.24] while the figures 

of results for MLP C are presented in Thiruvengadam et al. (2020a) and in Figure [3] of 

Electronic Appendix [B.1.2]. 

  
  

Figure 7.23. Left) The relationship between 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  and their corresponding 𝑅 
2 

values for HCN- 𝑇2 -4:1. Right) The relationship between 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  and their 

corresponding 𝑅 
2 values for MLP B 4:1. 
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Figure 7.24. Left) The relationship between 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  and their corresponding 𝑅 

2 

values for HCN- 𝑇2 -1:1. Right) The relationship between 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  and their 

corresponding 𝑅 
2 values for MLP B 1:1. 

The figures of required and predicted 𝜙𝑚 values for HCN-𝑇2-4:1, HCN-𝑇2-1:1, MLP B 4:1 

and MLP B 1:1 are shown in Figure [7.25-7.26] while the figures of results for MLP C are 

presented in Thiruvengadam et al. (2020a) and in Figures [4-5] of Electronic Appendix [B.1.2]. 

The complete set of the required and predicted 𝜙𝑚 values are shown in Electronic Appendix 

[B.2.9]. 

  
Figure 7.25. Left) The required and predicted 𝜙𝑚 values in the prediction domain for HCN-𝑇2-4:1. 

Right) The required and predicted 𝜙𝑚 values in the prediction domain for MLP B 4:1 
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Figure 7.26. Left) The required and predicted 𝜙𝑚 values in the prediction domain for HCN-𝑇2-1:1. 

Right) The required and predicted 𝜙𝑚 values in the prediction domain for MLP B 1:1. 

As presented in Figures [7.25-7.26], Figures [4-5] of Electronic Appendix [B.1.2] and 

Thiruvengadam et al. (2020a), the performance of all six tests, as measured by their 𝑅2 values 

between 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 in the prediction domain, is summarised in Table [7.27]. 

Method 

𝑅2 values between 𝜙𝑚,𝑟𝑒𝑞 and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 

TPR=4:1 TPR=1:1 

Test Set Test Set 

HCN 0.986 0.977 

MLP B 0.954 0.968 

MLP C 0.985 0.977 

Table 7.27. The 𝑅2 values between 𝜙𝑚,𝑟𝑒𝑞  and 𝜙𝑚,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 in the prediction domain for HCN, MLP 

B and MLP C. 

As can be seen in Table [7.27], the HCN presents comparable results to MLP C for both training 

to prediction ratios and it outperforms MLP B. As stated in Thiruvengadam et al. (2020a), an 

MLP employed in Ortigosa et al. (2007), achieved an 𝑅2 value of 0.995, for 1000 selected 

samples, which exceeds any of the results presented in Table [7.27]. However, it should be 

noted that the authors trained their MLP using a larger dataset of 20,664 entries (compared to 

my dataset of only 308 entries!) and used different input variables. Additionally, it should be 

noted that interpretable expression were extracted from the HCN and these expressions are 

presented in Thiruvengadam et al. (2020a) and Equations [2-3] of Electronic Appendix [B.1.2] 

and these expressions are compared to equations presented in Holtrop and Mennen (1978), 

Holtrop and Mennen (1982) and Holtrop (1984) (which are presented in Equations [4-19] of 

Electronic Appendix [B.1.2]), but are avoided here in the interest of brevity. Once again, this 

reflects the robust, generalisable nature of the mappings produced by the HCN. 



298 

CHAPTER 7 
 

7.4. Discussion and Conclusion 

In Section [7.3.2], I demonstrated that the HCN, with a training to prediction domain ratio 

(TPR) of 1:1, outperformed both a traditional neural network (Quinlan 1993) and a modern 

MLP, in terms of accuracy, despite having a lower TPR. When the TPR of MLP A was set to 

be equal to the TPR used in the HCN method (1:1), the MLP performed considerably worse 

than the HCN method. In Section [7.3.3], we were able to sequentially train the same HCN, 

used in Section [7.3.2], to solve a different problem, using an entirely different dataset, thereby 

demonstrating the claimed merit of computational multiplicity. For Case Study 3, the HCN 

method outperformed MLP B, while having a nearly identical performance as MLP C (the 𝑅2 

differing only by 0.001 for 𝑇𝑃𝑅 = 4: 1, while having the same 𝑅2 value for 𝑇𝑃𝑅 = 1: 1. The 

impressive results generated for these case studies, using the same network, demonstrates that 

computational multiplicity does not adversely limit the performance of the HCN, despite the 

small size of the HCN network. Additionally, in Section [7.3.3], we were able to investigate 

the post-trained network to generate two explicit expressions (Equations [2] and [3] of 

Electronic Appendix [B.1.2]) that map six input variables (𝑳𝒄𝒃, 𝒄𝒑, 𝑳𝑫, 𝑳𝑵, 𝑩𝑻, 𝑭𝒏)  to the target 

variable (𝒄𝒘), thereby extracting an interpretable mathematical result.  

As demonstrated by the case studies presented in Section [7.3], the HCN uses fewer 

‘neurons’, reflected by the 27, 21 and 18 varied HCN training variables, for Case Studies 1, 2 

and 3 respectively, set to be the transfer function variables, in accordance with a pure HCN 

transformation. In contrast, MLP A of Case Study 1, which achieved poorer MAPE values to 

the HCN method, was constructed with 2 hidden layers of 64 neurons each (4,865 parameters 

in total) and for Case Study 2, MLP B and C were constructed with one hidden layer of nine 

neurons (73 parameters in total) and two hidden layers of nine and six neurons (130 parameters 

in total), respectively.  By performing a pure trajectory or a mixed transformation, it is possible 

to use the same HCN to model different systems of data, without requiring many additional 

neurons and hidden layers, as is done with traditional neural networks, making this an 

extremely streamlined computational network. The HCN uses fewer neurons by 2 orders of 

magnitude, trains faster, requires less training data (a lower TPR) and produces superior 

performance outcomes compared to the current state of the art. The case studies demonstrate 

the HCN’s ability to produce robust and accurate mappings (evidenced from similarities of 

extracted mathematical forms despite different TPR conditions), mathematically interpretable 

results, computational multiplicity and a streamlined computational architecture.  
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Although the methods for the mixed and pure cognitive trajectory transformations have been 

presented, only pure HCN transformation training was performed in this work. Mixed and 

cognitive trajectory transformations (Section [7.2.4]) have been reserved for exploration in 

future works, however, it should be noted that the learning approaches (2) and (3) can be 

implemented fairly easily by a discerning specialist. As mentioned before, one of the 

limitations of the presented learning strategy is that it does not guarantee the convergence to 

local minima. Further work to this end needs to be undertaken to overcome this issue. The 

linear nature of the current primitive optimisation technique is also limitative in that it is not 

necessarily robust but I argue that the conformal nature of the expressions compensates for this 

partially. This is further evidenced by the similarity of derived expressions for different TPR 

conditions in Case Study 2. As mentioned, more sophisticated training and optimisation 

techniques need to be developed in the future. We should note however, that the ability of even 

a primitive learning strategy as the one used in my case studies to provide such compelling 

learning outcomes demonstrates the value of the underlying principles of the HCN approach. 

The selections of transfer functions for the case studies were inspired by traditional polynomial 

approximation functions. By virtue of the multivector algebra utilised in the computation of 

the output multivectors, better suited transfer functions such as rotation, involution and 

projection operators are to be explored in future works. In the case studies presented in this 

chapter, the input shades selected were for limited variable systems. The nature of the extracted 

expressions is a consequence of the transfer function shades chosen and different transfer 

function shades would have produced different mappings. One of the principle advantages of 

the HCN approach is that the breadth of potential transfer function shades that can be 

implemented is significantly larger than traditional ANN approaches by virtue of the 

computationally streamlined properties of the process centres. 

The breadth and robustness of the formulation presented in this work, allows very 

complex multivariate systems to be effectively trained in a HCN, although, this was not 

attempted in the work for reasons of brevity and because this is an introductory work. More 

complicated learning problems in the arena of image recognition using convolutional neural 

networks or time series based data for forecasting using LSTM or recurrent neural networks 

for example ought to be explored to further assess the current deficiencies of the HCN approach 

and investigative avenues for further development. The selection of transfer functions and 

nodal connectivity (adjacency matrices) was also arbitrarily motivated. The output of a HCN 

can vary greatly depending on the transfer function operators, process coordinates, exit 
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coordinate or cognitive trajectory selected, as demonstrated by the examples in Section [7.2.4]. 

Further exploration of initial network conditions for HCN is critical in advancing the utility of 

this framework. More rigorous and informed selection criteria can be developed to improve the 

training and performance of synthesised HCNs. As an exploration of future potentialities of the 

HCN, multiple ‘process cortices’ and can be defined by setting unique for the various supreme 

hyperfields neighbourhoods (represented by the 4 distinct blue spheres) as shown in Figure 

[7.27]. 

 
Figure 7.27. A trajectory passing through four different HCNs, each having their own unique 

neighbourhoods, represented by the four distinct blue spheres. 

The four different HCNs with their respective supreme hyperfields along with their respective 

nodes can be expressed in accordance with the decomposition of the form [𝑽𝟏 ⊕ 𝑽𝟐 ⊕

… 𝑽𝒏][𝑿] → 𝑽𝟏[𝑿𝟏] + 𝑽𝟐[𝑿𝟐] + ⋯ + 𝑽𝒏[𝑿𝒏]. The reverse directionality of computation is 

also possible and the network is multi-directional in that 𝑇𝑐 = {𝐶1
𝑝

, 𝐶2
𝑝

, 𝐶3
𝑝

, … , 𝐶𝑟
𝑝

} → 𝑇′𝑐 =

{𝐶𝑟
𝑝, 𝐶𝑟−1

𝑝 , … , 𝐶2
𝑝 , 𝐶1

𝑝}. In conclusion, I believe that the Hyperfield Cognition Network presents 

a novel and useful approach to machine learning and that it presents fertile grounds for the 

advancement of general artificial intelligence systems. Using the HCN developed in this work, 

a robot is capable of adapting to its environment while deployed in the field, through 

reassembling transformations potentially in real time. Extending the Delta manipulator 
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reassembling scenario (Section [7.3.1]) to other field operations and candidate simulations for 

reassembling transformations, one recognises the phenomenal potential in the marriage of 

HCNs and intelligent reassembling robotics framework. HCNs that have been sufficiently 

trained for problems in robotics are effectively able to replace humans in the process of robot 

design. In this chapter, I have achieved Objective 3, which is to develop a more advanced 

artificial intelligence formulation that produces computationally efficient, interpretable and 

accurate learning outcomes/models of a robot’s environment. This made evident by the HCN 

outperforming a traditional ANN when learning the relationships between the reassembling 

transformation parameters and the kinematics performance of a robot (Section [7.3]). In the 

next chapter, I present a more effective and accurate method of forecasting time series data 

sensed by a robot from its environment (Objective 4). 



302 

CHAPTER 8 

 

Chapter 8: Reassembling Robots, Forecasting and Spatio-

Temporal Ordinality Networks 

This chapter contains an adapted and streamlined version of the work presented in my paper 

Thiruvengadam et al. (2020b)1, entitled “Time Series, Hidden Variables and Spatio-Temporal 

Ordinality Networks”, supplemented with a new case study on a reassembling robot sensing 

and forecasting problem.  

8.1. Introduction 

As presented in Hamza and Ayanian (2017), Soni et al. (2017) and Kamil et al. (2017) and as 

reflected in the literature review for this chapter (presented in Section [1.1]), artificial 

intelligence and sensory data forecasting are intimately intertwined with robotics. In the context 

of reassembling robotics, the ability to accurately forecast future behaviour of a time series is 

invaluable to enable robots to optimally adapt to future events. A reassembling robot coupled 

with an accurate forecasting computational engine would allow consequential and reactionary 

reassembling transformations be anticipated and implemented to achieve future requirements 

or task outcomes. As such, the motivation of this chapter is to develop a more effective and 

accurate method of forecasting environmental time series data sensed by a robot (Objective 4). 

Much like Chapter 7, concepts and ideas from the reassembling robotics framework inspire 

and resonate with the character of this mathematical approach of this Chapter.  

 In this work, I will define a ‘time evolving system’ in the abstract and mathematical 

sense of the word: a ‘collection’ of variables and parameters that evolve over time and are 

posited by a specialist to be mathematically related to each other through relations that are yet 

to be ascertained or discovered. At this juncture, a chapter specific elaboration on time series 

and forecasting which has been thus far avoided, is now warranted. I will refer to the specific 

variables in this ‘collection’ that have a practical significance and interest as the ‘output’. This 

output is represented as a time series and is the object of the study in this chapter. The variables 

in the ‘collection’ that are not the output and are posited to have a mathematical relationship 

with the output, will be referred to as the input(s).    

A general system is posited to have a many-to-one relationship between the ‘𝑘’ number 

of inputs (denoted by the symbol ‘𝑄𝑢,𝑚’ where the input variable class is denoted with the 

 

 
1 Thiruvengadam, S., Tan, J.S., Miller, K. 2020. Time Series, Hidden Variables and Spatio-Temporal Ordinality 

Networks. Advances in Applied Clifford Algebras, 30, 37, https://doi.org/10.1007/s00006-020-01061-z. 
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subscript ‘𝑢’and ‘𝑚’ denotes the 𝑚-th time step) and an output (𝑇𝑚). I will set the values of 

𝑚 = [𝑝 − ℎ, 𝑝 − ℎ + 1, … … , 𝑝 − 1] to refer to the known historical time steps and 𝑚 = 𝑝  

refers to the time step of the first unknown future state we intend to predict. The many-to-one 

relationship between inputs and output is presented in Equation [8.1] and Figure [8.1], where 

the set of input states of previous time steps [𝑸𝒖,𝒎<𝒑] =

(𝑄1,𝑝−1, 𝑄2,𝑝−1, … , 𝑄𝑘,𝑝−1, 𝑄1,𝑝−2, 𝑄2,𝑝−2, …,  𝑄𝑘,𝑝−ℎ ) and the current time step [𝑸𝒖,𝒑] =

(𝑄1,𝑝, 𝑄2,𝑝, … , 𝑄𝑘,𝑝), influence the 𝑚-th output value (𝑇𝑚).  

 𝑓1(𝑄1,𝑝, 𝑄2,𝑝, … , 𝑄𝑘,𝑝, 𝑄1,𝑝−1, 𝑄2,𝑝−1, … , 𝑄𝑘,𝑝−ℎ) = 𝑇𝑝 (8.1) 

Where ‘𝑓1’ is an unknown function. Note that, Equation [8.1] assumes knowledge of [𝑸𝒖,𝒑]. 

This is a theoretical idealisation.  

 
Figure 8.1. A concept figure of a system that exhibits a many-to one relationship, where [𝑸𝒖,𝒑] and 

[𝑸𝒖,𝒎<𝒑] are mapped to the output value (𝑇𝑝). 

In practical forecasting problems, this ideal mapping is difficult to achieve due to a number of 

challenges:  

1) The historical inputs of a system ([𝑸𝒖,𝒎<𝒑]) are not completely known and [𝑸𝒖,𝒑] is 

certainly unknown at the 𝑝-th time step.  

2) The complete practical characterisation of the ‘𝑘’ number of variables in [𝑸𝒖,𝒑] and 

[𝑸𝒖,𝒎<𝒑] is difficult and an incomplete determination of the set of input variables that 

influence 𝑇𝑚 will result in an inaccurate model.  

3) The above relation assumes that the system is hysteretic. A “hysteretic” system is one 

where the output of the system (at the 𝑚-th time step) 𝑇𝑚 depends not only on the 

preceding value of the inputs [𝑸𝒖,𝒎<𝒑] but also on the previous values of the outputs 

(𝑇𝑝−1, 𝑇𝑝−2, … , 𝑇𝑝−ℎ) themselves (Pescetti 1989). 
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As such, to ensure generality, the relation must include preceding values of 𝑇𝑚  

(𝑇𝑝−1, 𝑇𝑝−2, … , 𝑇𝑝−ℎ), giving the expression 

𝑓2(𝑇𝑝−1 , 𝑄1 𝑝−1, 𝑄2 𝑝−1, … , 𝑄𝑘 𝑝−1, 𝑇𝑝−2, 𝑄1 𝑝−2, 𝑄2 𝑝−2, … , 𝑇𝑝−ℎ , 𝑄𝑘 𝑝−ℎ) = 𝑇𝑝 (8.2) 

However, by virtue of Equation [8.1], where 𝑓([𝑸𝒖,𝒎≤𝒑−𝒋] ) = 𝑇𝑝−𝑗 and 𝑗 ≤  ℎ, the challenge 

associated with the complete characterisation of [𝑸𝒖,𝒎≤𝒑−𝒋] can be partially overcome, since 

the information of [𝑸𝒖,𝒎≤𝒑−𝒋] is incompletely embedded into the historical 𝑇𝑝−𝑗 values. This 

loosely forms the conceptual basis of the auto-regressive property of a system, where an ideal 

autoregressive system exhibits the following relationship: 

 𝑓3(𝑇𝑝−1, 𝑇𝑝−2, 𝑇𝑝−3, … , 𝑇𝑝−ℎ) = 𝑇𝑝 (8.3) 

Autoregressive forecasting, as presented in Equation [8.3], is what I call the ‘standard 

approach’ and is used in methods like the Autoregressive Integrated Moving-Average 

(ARIMA) (Brockwell et al. 1991) and Holt-Winters (Chatfield 1978) methods. The ARIMA 

and Holt‐Winters forecasting procedures are simple, widely used, can cope with trend and 

seasonal variations and can be improved by subjective selection of the method parameters 

(Brockwell et al. 1991; Chatfield 1978). Given the ability to fine-tune parameters in the 

ARIMA and Holt‐Winters methods for improved accuracy, these methods work well for 

systems that have certain fundamental input variables ( [𝑸𝒖,𝒑−𝒋]) which possess a strong 

correlative influence on 𝑇𝑚. The Dynamic Mode Decomposition (DMD) approach was initially 

developed as a fluid dynamics method to decompose complex flows into a simple 

representation based on spatiotemporal coherent structures (Kutz et al. 2016) and has also been 

used for other many-to-many mappings (Brunton et al. 2016; Proctor and Eckhoff 2015). In 

this approach there are multiple types (denoted by the subscript ‘𝑢’ as before) of outputs (𝑇𝑢,𝑚) 

of interest that are simultaneously being analysed.  

 
Figure 8.2. A concept figure of the DMD approach, where (𝑇1,𝑝−1, 𝑇2,𝑝−1, …,𝑇𝑘,𝑝−1, 𝑇1,𝑝−2, 𝑇2,𝑝−2,

… , 𝑇𝑘,𝑝−ℎ) is mapped to (𝑇1,𝑝, 𝑇2,𝑝, … , 𝑇𝑘,𝑝, 𝑇1,𝑝−1, 𝑇2,𝑝−1, … , 𝑇𝑘,𝑝−ℎ) using an evolution matrix 𝑨, such 

that 𝑘 >> ℎ thereby producing a ‘tall and skinny’ matrix.  
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The authors of Kutz et al. (2016) employ singular value decomposition methods to find the 

eigenvectors of the ‘𝑨’ evolution matrix, which are called ‘DMD modes’. Similarly, Koopman 

operators are infinite dimensional linear operators that fully capture the nonlinear dynamics of 

a system through the linear evolution of functions of the state space (Kutz et al. 2016). 

Traditionally, because DMD is a many-to-many mapping method, it is not well suited for 

analysing a single output. However, the authors of Tirunagari et al. (2017) have recently 

applied DMD based methods for univariate time series analysis and forecasting. One of the 

requirements of the ‘𝒙’ matrix (as presented in Figure [8.2]), is that it is ‘tall and skinny’ (𝑘 >

> ℎ ) (Kutz et al. 2016) and this dimensional constraint presents Challenges 1 and 2, as 

mentioned above (all 𝑇𝑚 values are assumed to be known). Additionally, this method has been 

shown to be highly sensitive to stochastic noise (Erichson et al. 2019). As a result of the 

method’s sensitivity to noise, the practical difficulty of taking constant and precise 

measurements of [𝑸𝒖,𝒎<𝒑] and the probability that some input variables ([𝑸𝒖,𝒎<𝒑]) may be 

unknown, traditional DMD based methods are not perfectly suited for time series forecasting, 

despite their numerous merits. Other methods such as MLP, LSTM, ARIMA and Holt-Winters 

were more comprehensively described in Section [1.1]. As mentioned in Section [1.1], data 

featurisation and forecasting has been effectively and accurately performed using higher 

dimensionalisation methods. For example, in Bayro-Corrochano (2010), the author employed 

Clifford Algebra to design Clifford Support Vector Machines for classification and regression 

problems, while in Small (2013), the author developed the ‘ordinal partition network transform 

technique’ to construct ordinal networks that have statistical properties which provide useful 

and novel characterisations of the underlying time series. In this chapter, I represent univariate 

time series data as higher-dimensional networks in 𝐑4,1 conformal space by employing the 

Geometric Algebra 𝑮𝟒,𝟏  and subsequently characterising them as Geometric Algebraic 

multivector functions, which I call ‘Spatio-Temporal Ordinality Networks’ (or STONs). A 

concept diagram of these STONs is presented in Figure [8.3], where the elements of the 𝐑2 

space (reflective of the standard time series representation) 𝑇𝑚−6 to 𝑇𝑚 are represented as a 

particular ‘data chain’. In this figure, the ‘construction parameters’ that perform the mapping 

from 𝐑2  to 𝐑4,1  space are given by the concept symbols ‘𝑟𝐴, 𝜓𝐴, 𝜃𝐴, 𝜌𝐴 ’. Using different 

construction/mapping parameters(𝑟𝐵, 𝜓𝐵, 𝜃𝐵, 𝜌𝐵), different networks are formed, producing 

different corresponding functions (𝑉(𝐵)), as shown in Figure [8.3]. 
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Figure 8.3. A higher dimensional network mapping of 𝑇𝑚−6  to 𝑇𝑚 , for a particular data chain 

(𝑇7, 𝑇6, 𝑇5, 𝑇4, 𝑇3, 𝑇2, 𝑇1 ), where (𝑟𝐴, 𝜓𝐴, 𝜃𝐴, 𝜌𝐴)  and (𝑟𝐵, 𝜓𝐵, 𝜃𝐵, 𝜌𝐵)  represent the construction 

parameters that perform the mapping from 𝐑2 to 𝐑4,1 space and 𝑉(𝐴) and 𝑉(𝐵) are multivectors that 

are extracted from networks ‘𝐴’ and ‘𝐵’, respectively. The symbols (𝑟, 𝜓, 𝜃, 𝜌) are used in this figure  

as conceptual representations only. Construction parameters are defined using alternative symbols 

detailed below.  

The hypothesis is that multivector functions, of the form ‘𝑉𝑚 ’, extract underlying spatio-

temporal features, structures and symmetries of the system while dampening noise and can be 

used to produce a function that allows the forecasting of future states of the system. 

Additionally, I posit that the different multivectors {𝑉(𝐴)𝑚<𝑝, 𝑉(𝐵)𝑚<𝑝, 𝑉(𝐶)𝑚<𝑝, … . } 

capture the mathematical interdependencies between [𝑸𝒖,𝒎<𝒑] and 𝑇𝑚 (analogous to Equation 

[8.1]) by acting as somewhat of a ‘meta-input approximation’: 

{𝑉(𝐴)𝑚<𝑝, 𝑉(𝐵)𝑚<𝑝, 𝑉(𝐶)𝑚<𝑝, … }~ [𝑸𝒖,𝒎<𝒑] 

𝑓(𝑉𝑚) = 𝑇𝑚 (8.4) 

Equation [8.4] is fundamentally similar to Equation [8.3] in that practically, although no 

[𝑸𝒖,𝒎<𝒑]  input variables are directly known, characterised or used, we rely on the auto-

regressive property of the system and use only its historical 

(𝑇1,𝑝−1, 𝑇2,𝑝−1, … , 𝑇𝑘,𝑝−1, 𝑇1,𝑝−2, 𝑇2,𝑝−2, … , 𝑇𝑘,𝑝−ℎ)  values ( 𝑇𝑚<𝑝 ). As such, the motivation 

behind my work, which I call the ‘STONs formulation’, is to extract functions that govern the 

future evolution of a system, exclusively from its associated historical time series data. In this 

chapter, I call this multivector (𝑉𝑚) a ‘hyperfield’ which is distinct from those presented in 

Chapter 7. In this chapter, a hyperfield is a featurised higher dimension representation of the 

historical values of 𝑇𝑚 (i.e. the values of 𝑇 from {𝑚 − 1, 𝑚 − 2,…,𝑚 − ℎ}, where ‘ℎ’ is the 
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system historical window size). Similar to Chapter 7, hyperfields characterise the combined 

mathematical structures, weights and features of a distributed network and it is not to be 

confused with the definition of a field in the context of algebraic topology. Using different 

construction parameters, we can produce unique emergent hyperfields or simply hyperfields, 

which I expect to capture different properties of the system. As highlighted in Chapter 7, 

conformal space mappings, in general, possess non-linear magnification properties, which 

dampens noise and prevents parasitic/adversarial perturbations from affecting the model. 

Analogously in Chapter 4, one notes the conceptual similarities of higher dimensional 

representations, hypervolumes, which were used to model classical mechanical behaviours of 

multi-body manipulators or systems. I summarise my approach for time series forecasting, 

using the STONs formulation, in the concept figure (Figure [8.4]), presented below. The four 

steps of the approach used in this work are: 

1. Transformation of time series into finite ordered sets called ‘data chains’. 

2. Conversion/Mapping of these data chains into higher dimensional networks in 𝐑4,1 

space. 

3. These higher dimensional networks in 𝐑4,1  space are characterised as multivectors 

functions (the emergent hyperfields  {𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 }) and the multivector tuples or 

magnitudes act as advanced mathematical featurisations of the historical data. 

4. Construction of a function using the hyperfields for forecasting: (𝑓(𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 ) =

𝑇𝑚
𝑃) where the superscript ‘𝑃’ indicates that the RHS is the predicted 𝑇𝑚 value. 

As outlined in my detailed discussions of the various limitations of existing state of the art 

methods, the principal merits of the STONs formulation are intended/posited to be as follows: 

1. The formulation allows systems with hidden and unknown parameters [𝑸𝒖,𝒎<𝒑] to be 

effectively modelled by extracting spatio-temporal interdependencies and structures 

from the historical data, thereby producing highly accurate, robust and useful 

forecasting models. 

2. The use of conformal space mappings, by virtue of its null basis vectors (points at the 

origin and infinity), dampens noise and reduces adversarial and parasitic effects of 

stochasticity in systems. 

3. By producing hyperfields from 𝐑4,1 networks with embedded 𝑇𝑚 values, sudden shifts 

in the underlying equilibrium of the system can potentially be diagnosed by large 

anomalous deviations of the corresponding featurised values of emergent hyperfields.   



308 

CHAPTER 8 

 

 
Figure 8.4. A concept figure summarising the four steps of my approach for time series forecasting, 

where ‘𝑙𝑖 ’ denotes the historical sub-window sizes (Step 1), (𝑟𝐴, 𝜓𝐴, 𝜃𝐴, 𝜌𝐴 ), (𝑟𝐵, 𝜓𝐵, 𝜃𝐵, 𝜌𝐵 ) and 

(𝑟𝐶 , 𝜓𝐶 , 𝜃𝐶 , 𝜌𝐶 ) are the different construction parameters that perform the mapping from 𝐑𝑘  to 𝐑4,1 

space for networks ‘A’, ‘B’ and ‘C’, respectively (Step 2), {𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 }  are the emergent 

hyperfields (defined later in Section [8.2.3]) that are extracted from the STONs (Step 3). 

To measure the efficacy of the time series forecasting models, I compute the absolute 

percentage error ( 𝜖 ) between the real ( 𝑇𝑚 ) and predicted values (𝑇𝑚
𝑃)  and I find the 

‘directionality equality’ ( 𝐷 ), which measures the agreement or disagreement in the 

directionality from 𝑇𝑚−1 to 𝑇𝑚, between real (𝑇𝑚) and predicted values (𝑇𝑚
𝑃) (as defined later 

{𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 } 

𝑓(𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 ) 

= 𝑇𝑚
𝑃 
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in Section [8.3.1], Equation [8.67]). For certain applications, a high accuracy in terms of 

directionality equality is more important than a low absolute percentage error. For example, 

directionality based prediction methods have been shown to be highly profitable in Bakhach et 

al. (2018), as demonstrated using eight currency pairs in the foreign exchange market. 

Similarly, the authors of Mansor et al. (2015) and (2020) have found various benefits in 

studying the directionality of time series, applied to wide fields such as business (to provide 

early warnings of market instability) (Mansor et al. 2020), environmental science (to provide 

better fits to sunspot data) (Mansor et al. 2015; 2020) and medicine (in detecting seizures) 

(Mansor et al. 2016). It is desirable for the proposed STONs formulation to perform well in 

both metrics.   

In Sections [2.2-2.3], the mathematical preliminaries of Conformal Geometric Algebra 

are presented. In Section [8.2.1], I present the Spatio-Temporal Ordinality Networks and detail 

how they are constructed, followed by the hyperfield formulation and specific adaptations for 

STONs, in Section [8.2.2]. In Section [8.2.3], I present the approach for the derivation of 

governing expressions from emergent hyperfields for time series forecasting. The work is 

furnished, subsequently, with case studies in Section [8.3], followed by a review and discussion 

of the results in Section [8.4]. 

8.2. Methods 

Whereas in Chapter 7, shades were used to denote transformation operations, inputs and 

outputs, in this chapter, the various shades distinguish between different historical time 

windows that reflect temporal scale. By utilising the shade extension, we can capture 

information pertaining to the time series data 𝑇𝑚 from different historical sub-windows, while 

not inadvertently conflating them in the extracted multivector (𝑉𝑚) and distinguishing between 

different windows of data. Additional details on this are presented in the subsequent sections. 

It should be noted, as well, that due to its generality, the shades could be used in other modelling 

problems in the physical and mathematical sciences, but this exploration outside the scope of 

this work.  

8.2.1. Spatio-Temporal Ordinality Networks (Step 1: Transformation of the Time Series 

into Data Chains) 

In this section, I present the building blocks of a spatio-temporal ordinality network. The 

contents of this section can be broadly summarised as follows: the methods for converting a 

time series into a data chain using various construction parameters are presented. Using the 
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fundamentals of Geometric Algebra and Conformal Geometric Algebra (Sections [2.2] and 

[2.3], Equations [2.4-2.22]), I assign a shade (presented in Section [7.2.1]) to a data chain and 

produce various equation classes. To begin constructing a STON, we must first produce ‘data 

chains’. I define a data chain as being an ordered finite set of values that are sampled from a 

univariate time series output, within a certain range of historical values. I define the range of a 

historical values as a ‘historical sub-window’ as 𝑚: [(𝑚 − 1) − 𝑙𝑖,(𝑚 − 1)], where ‘𝑙𝑖’ is the 

historical sub-window size, denoting the lower bound of the historical sub-window. The 

subscript ‘𝑖’ in 𝑙𝑖  numerically denotes the 𝑖-th sub-window being defined. For example, in 

Figure [8.5], I present four historical sub-windows, shown in different shades of green, with 

different values for 𝑙𝑖.  

 
Figure 8.5. Step 1 of the STONs formulation, edited from Figure [8.4], with four historical sub-

windows, (shown in different shades of green), that start from 𝑚 = 0  and end at [𝑙4, 𝑙3, 𝑙2, 𝑙1] =

[−20, −40, −60, −80]. 

I define ‘𝑔’ total number of historical sub-windows ({𝑙1, 𝑙2, … , 𝑙𝑔}) and throughout this work I 

will use the following enumeration rule (a larger subscript ‘ 𝑖 ’ value indicates a smaller 

historical sub-window size) to reflect the sizes of the various historical sub-windows  

 |𝑙𝑔| ≤ |𝑙𝑔−1| ≤ ⋯ ≤ |𝑙1|   (8.5) 

In Figure [8.5], above, for example, we can see that 𝑔 = 4, and that |𝑙4| ≤ |𝑙3| ≤ |𝑙2| ≤ |𝑙1|. 

In this work, I use the term ‘total historical window’ (where 𝑚: [−𝑙1, 𝑚 = 0]) to refer to the 

maximum of range of possible historical values for 𝑇𝑚, where the first non-historical value, 

which is the first value of the total prediction window, begins at 𝑚 = 1. The total historical 

window is necessary the largest historical sub window. Note that historical sub-windows do 

not necessarily need to be defined such that they have an upper bound at 𝑚 = 0. However, in 

this work, I set historical sub-windows to have a maximum upper bound at 𝑚 = 0 for the sake 

of clarity and to avoid the use of additional symbols to denote the time step index of the latest 

known values of 𝑇𝑚. 
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We now move on to describing the parameters used to construct a data chain. I define two types 

of data chains: a ‘simple data chain’ and a ‘standard data chain’. In this work, unless otherwise 

specified, ‘data chain’ refers to a standard data chain, for brevity’s sake. The simple data chain 

(𝑻𝒔(𝑙𝑖, 𝑚, 𝑢, 𝑦))  is defined first, as follows 

 𝑻𝒔(𝑙𝑖, 𝑚, 𝑢, 𝑦) =  {𝑇
(𝑚−1)−(

𝑙𝑖
𝑢

)𝑦

 } (8.6) 

As presented in the expression above, a simple data chain is a function of the indices and 

parameters: ‘𝑙𝑖’, ‘𝑚’, ‘𝑢’, ‘𝑦’, where the parameter ‘𝑢’, called the ‘data chain size’, determines 

the number of equidistant sampled values within the historical sub-window and ‘𝑦’ is a spacing 

index with the single increment integer range of the form:[𝑢 − 1, 𝑢 − 2, … , 0]. In previous 

chapters, I used square and round brackets/parentheses to represent multivector operators and 

functions, while I used curly brackets to denote indices and discrete parameters. In this chapter 

however, I use square brackets ‘[ ]’ to refer to a series of values, such as a range or enumeration 

sequence, that is not a finite, ordered set, while I use curly brackets ‘{ }’ to refer to a finite, 

ordered set. Equation [8.6] produces a data chain with ‘𝑢’ number of sampled 𝑇𝑚 values across 

the historical sub-window with boundaries defined as [(𝑚 − 1) − 𝑙𝑖, 𝑚 − 1]. As an example, 

setting 𝑢 = 10, the range of ‘𝑦’ becomes [9,0], such that  

𝑻𝒔(𝑙𝑖, 𝑚, 𝑢 = 10, 𝑦 = [9,8,7, … ,0])

= {𝑇
(𝑚−1)−(

𝑙𝑖
10

)9

  , 𝑇
(𝑚−1)−(

𝑙𝑖
10

)8

 , … , 𝑇  

(𝑚−1)−(
𝑙𝑖

10
)0

} 
(8.7) 

As an example, using the following parameters 𝑚 = 1, 𝑢 = 5, 𝑙𝑖 = 5 and 𝑦 = [4,3,2,1,0], I 

produce the data chain presented in the equation below 

𝑻𝒔(𝑙𝑖 = 5, 𝑚 = 1, 𝑢 = 5, 𝑦 = [4,3,2,1,0]) 

= {𝑇
(1−1)−(

5
5

)4

  , 𝑇
(1−1)−(

5
5

)3

 , … , 𝑇  
(1−1)−(

5
5

)0
} 

= {𝑇−4
  , 𝑇−3

 , 𝑇−2
 , 𝑇−1

 , 𝑇0} 

(8.8) 

Equation [8.8] can be represented visually as a simple linear digraph, as shown in the figure 

below 

𝑻𝒔(𝑙𝑖 = −4, 𝑚 = 1, 𝑢 = 5, 𝑦 = [4,3,2,1,0]) 

 
Figure 8.6. A linear digraph representation of the simple data chain produced in Equation [8.8]. Where 

[𝑎1, 𝑎2, … , 𝑎5] are symbolic representations of the numerical values of each data chain element. 

For a simple data chain, we require that 𝑢 = 𝑙𝑖. For a set of selected parameters ‘𝑙𝑖’, ‘𝑚’, ‘𝑢’, 
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‘𝑦’, the simple data chain 𝑻𝒔(𝑙𝑖, 𝑚, 𝑢, 𝑦) produces a chain that samples all values in the range 

[(𝑚 − 1) − 𝑙𝑖, 𝑚 − 1] with a single interval spacing. This data chain is limited in its ability to 

effectively sample the historical window. In order to produce more advanced and general data 

chains, which I call ‘standard data chains’, I incorporate three additional construction 

parameters: 𝛽0, 𝛽1, 𝛽2. The first parameter ‘𝛽0’, is the total number of 𝑇𝑚 terms sampled for 

each element/node in the data chain (such as the symbol ‘𝑎𝑖’ in Figure [8.6]), in some form 

𝑓(𝑇𝑚−1, 𝑇𝑚−𝑗, 𝑇𝑚−𝑙, 𝑇𝑚−𝑘, … ). The specific selected time steps of 𝑇𝑚 (i.e.: choice of ‘𝑗’, ‘𝑙’, 

‘𝑘’, etc.) in 𝑓(𝑇𝑚−1, 𝑇𝑚−𝑗 , 𝑇𝑚−𝑙, 𝑇𝑚−𝑘, … ) and the exact algebraic form of the function ‘𝑓’ (i.e. 

the choice of mathematical operators associated with the diamond symbol ‘♢’) are defined at 

the discretion of the specialist, where the diamond symbol (♢ ) is one of the following 

mathematical operators:+, −,× or ÷. Examples of 𝛽0 parameters and 𝑓(𝑇𝑚−1, 𝑇𝑚−𝑗, 𝑇𝑚−𝑘, … ) 

are given in Table [8.1].  

𝛽0 𝑓(𝑇𝑚−1, 𝑇𝑚−𝑗, 𝑇𝑚−𝑘, … )  

1 𝑇𝑚−1 

2 𝑇𝑚−1 ♢ 𝑇𝑚−𝑗 

3 𝑇𝑚−1 ♢ 𝑇𝑚−𝑘 ♢ 𝑇𝑚−𝑙 

Table 8.1. Examples of 𝑓(𝑇𝑚−1, 𝑇𝑚−𝑗, 𝑇𝑚−𝑘, … ) with 𝛽0 = [1,2,3], where the diamond symbol (♢) is 

one of the following mathematical operators: +, −,× or ÷. 

It should be noted that throughout this work and in the case studies I set 𝛽0 = 1. The second 

parameter ‘𝛽1’, is called the ‘intra-chain interval’, which is the time step interval between 

neighbouring elements within a data chain. If ‘𝑇𝑖’ and ‘𝑇𝑗’ are two neighbouring elements of 

𝑇𝑚 values in the same data chain, ‘𝑖’ and ‘𝑗’ are values of the time step index ‘𝑚’ and as such 

𝛽1 is defined as 

|𝑖 − 𝑗| = 𝛽1 (8.9) 

The parameter 𝛽1 is visually illustrated in Figure [8.7] below, where 𝑢 = 5 and 𝛽0 = 1. 

 
Figure 8.7. A demonstration of the intra-chain interval parameter (𝛽1), where 𝑢 = 5 and 𝛽0 = 1. 𝑇𝑖 

and 𝑇𝑗 are two neighbouring elements of 𝑇𝑚 values in the same data chain, where 𝑖 and 𝑗 are values of 

the time step index 𝑚 and [𝑎1, 𝑎2, … , 𝑎5] are symbolic representations of the numerical values of each 

data chain element. 



313 

CHAPTER 8 

 

The third parameter ‘𝛽2’ is the ‘inter-chain interval’, which is the time step interval between 

the first elements of two consecutive data chains. Assuming two neighbouring data chains 

{𝑇𝑖𝑞
, … , 𝑇𝑖𝑙

} and {𝑇𝑖𝑐
, … , 𝑇𝑖𝑑

}, where [𝑖𝑞 , 𝑖𝑙, 𝑖𝑐, 𝑖𝑑] are values of the time step index ‘𝑚’ with the 

requirement that 𝑖𝑞 < 𝑖𝑙  and 𝑖𝑐 < 𝑖𝑑 , such that ‘𝑇𝑖𝑙
’ and ‘𝑇𝑖𝑑

’ are the last elements in their 

respective data chains, 𝛽2 is defined as 

|𝑖𝑙 − 𝑖𝑑| = 𝛽2 (8.10) 

I demonstrate the parameter 𝛽2 in Figure [8.8] below, where 𝑢 = 5 and 𝛽0 = 1. 

 
Figure 8.8. A demonstration of the intra-chain interval parameter (𝛽2), using two neighbouring data 

chains {𝑇𝑖𝑞
, … , 𝑇𝑖𝑙

} and {𝑇𝑖𝑐
, … , 𝑇𝑖𝑑

}. Where 𝑇𝑖𝑙
 and 𝑇𝑖𝑑

 are the last elements in their respective data 

chains while ‘𝑇𝑖𝑐
’ and ‘𝑇𝑖𝑞

’ are the first elements in their respective data chains. {𝑇𝑖𝑞
, 𝑇𝑖𝑙

, 𝑇𝑖𝑐
,𝑇𝑖𝑑

} are 𝑇𝑚 

values at time steps 𝑚 = [𝑖𝑞 , 𝑖𝑙 , 𝑖𝑐 , 𝑖𝑑] , respectively. The terms 𝑎𝑗  and 𝑏𝑗 , for 𝑗 = [1,2, … ,5] , are 

symbolic representations of the numerical values each data chain element. 

I present an example where I visually represent different 𝛽0 parameters in Figure [8.9], along 

with 𝛽1  the intra-chain interval (Equation [8.9]) and 𝛽2  the inter-chain interval (Equation 

[8.10]), in three consecutive data chains.  

 
Figure 8.9. A demonstration of three consecutive data chains incorporating the parameters (𝛽0, 𝛽1, 𝛽2). 
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Each element is composed of a function (represented by ‘𝑓1, 𝑓2 and 𝑓𝑢’) of 𝛽0 number of 𝑇𝑚 terms. The 

symbols [𝑞, 𝑘, 𝑝] are values of the time step index ‘𝑚’ and [𝑎𝑖 , 𝑏𝑖, 𝑐𝑖], for 𝑖 = [1,2, … ,5] are symbolic 

representations of the numerical values of each data chain element. 

Given a set of data chains that are constructed by the specialist, it becomes necessary for the 

purposes of forecasting to distinguish the type or classification of these various data chains 

based on 𝛽0, 𝛽1 and 𝛽2 parameters. To this end, I first define an additional integer parameter 

‘𝜆𝜔 ’ which I call the ‘event index’ which refers to the 𝜆𝜔 -th data chain within the total 

historical sub-window [−𝑙1, 𝑚 = 0], such that 𝜆𝜔 = [1,2, … , 𝜙𝜔], where ‘𝜙𝜔’, called the ‘total 

event number’, is the total number of data chains that are constructed within the total historical 

sub-window for a 𝜔-th ‘equation class’. The symbol ‘𝜔’ is an index corresponding to the 𝜔-th 

equation class, where an equation class refers to a unique set of (𝛽0, 𝛽1, 𝛽2) parameters. All 

data chains created with the same unique set of (𝛽0, 𝛽1, 𝛽2) parameters belong to the same 

equation class. It should be noted that in this chapter and its case studies, for the 𝜔-th equation 

class, I set (𝛽0 = 1, 𝛽1 = 𝜔, 𝛽2 = 𝜔). In this work, 𝛽1 and 𝛽2 are indices that reflect temporal 

intervals. When constructing a STON based on an underlying time series dataset, collected 

with a minimum temporal unit ‘𝑘’ (e.g. weeks, months, days), an index selection of 𝛽1 = 𝛽2 =

𝑗 would produce a STON whose neighbouring nodes are separated by a temporal interval of 

𝑘 × 𝑗 . Based on the desired resolution of the forecasting model, indices 𝛽1  and 𝛽2  can be 

selected accordingly, with the obvious limitation that the temporal interval spacing of 

neighbouring nodes in a STON cannot be lower than the minimum temporal interval defined 

in the underlying dataset. For example, if the underlying dataset had a minimum temporal 

interval of one day and we desire a weekly forecast model, we would set 𝛽1 = 𝛽2 = 7. Using 

the STONs approach, finer and coarser temporally sampled forecast models can be constructed 

at the discretion of the specialist. Moreover, these models with different temporal resolutions 

can also be independently and simultaneously evaluated to produce a more comprehensive 

forecast model over different intervals of interest. 

Another useful parameter ‘𝜓’ will be denoted to refer to the total number of equation 

classes we have selected. I only introduce the parameters (𝛽0, 𝛽1, 𝛽2, 𝜔, 𝜆𝜔 , 𝜙𝜔 , 𝜓) here and 

describe how they affect the construction of a data chain, but I reserve the discussions on the 

rationale behind the selection of the parameters (𝛽0, 𝛽1, 𝛽2, 𝜔, 𝜆𝜔, 𝜙𝜔 , 𝜓)  for forecasting 

models to Section [8.2.3], Step 4 of the STONs formulation: Construction of a function for 

forecasting.  
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At this juncture, the employ of shades (as presented in Section [7.2.1]) in the STONs 

formulation will be introduced. For a fixed ‘𝑢’, data chains that are constructed with different 

𝛽1  parameters will produce 𝑉𝑚  hyperfields (as introduced in Equation [8.26]) of different 

historical sub-window sizes and scales. For example, when ‘𝑚’ is set to be the time step 

referring to the 𝑚-th day, a data chain and its corresponding 𝑉𝑚 hyperfield with the intra-chain 

interval 𝛽1 = 30  and data chain size 𝑢 = 10  is composed of ten-monthly values, whereas 

when the intra-chain interval 𝛽1 = 1  and data chain size 𝑢 = 10 , the data chain and its 

corresponding 𝑉𝑚  is composed of ten-daily values. Despite the difference in the different 

historical sub-window sizes, both the 𝑉𝑚 hyperfields, with the intra-chain interval 𝛽1 = 30 and 

𝛽1 = 1, possess identical multivector basis elements and are indistinguishable. To enable us to 

distinguish between 𝑉𝑚  hyperfields of different historical sub-window sizes and scales, I 

embed the shades (𝑒𝑞), as presented in Section [7.2.1], into the 𝑉𝑚 hyperfields of different 

historical sub-window sizes and scales and set the shade’s subscript definition to be (for each 

data chain and its associated hyperfield)  

 
𝑞 =

𝛽1

10𝑢
 (8.11) 

This allows different types of data chains to be classified in terms of shades and this distinction 

to be later incorporated into the hyperfield. This classification step is critical in forming 

meaning forecasting models in Section [8.2.3]. Note that the shades may be defined in a more 

sophisticated way that includes other construction parameter, at the discretion of the specialist. 

Additionally, we may produce compounded 𝑉𝑚  hyperfields with multiple shades (e.g. 

𝐴𝑒0.1𝑒0.2) but I do not use them in this work, but leave this as a future avenue for investigation. 

I elaborate more on how I compute the 𝑉𝑚 hyperfields and how I embed the shades (𝑒𝑞) in 

them, in Section [7.2.2]. Additionally, one notes also that due to the relationship between the 

historical sub-window size 𝑙𝑖, the number of equidistant sampled values within the historical 

sub-window ‘𝑢’ and the intra-chain interval 𝛽1, it follows that 

𝑙𝑖

𝛽1
+ 1 = 𝑢 (8.12) 

Where we require that 𝑙𝑖, ‘𝑢’ and 𝛽1 are integers, as 𝑙𝑖, ‘𝑢’ and 𝛽1 are related to the integer time 

step index and it is not possible for a specialist to define any of the parameters as a non-integer 

for this reason. The generalised standard data chain is highly complicated and difficult to 

express as a completely indexed symbolic function. As I am only focused on 𝛽0 = 1 in this 

work, I present the generalised standard data chain expression for 𝛽0 = 1. By incorporating 
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(𝛽0, 𝛽1, 𝛽2) and 𝜆𝜔  into the expression of the simple data chain 𝑻𝒔(𝑙𝑖, 𝑚, 𝑢, 𝑦) in Equation 

[8.6], I expand it to produce the following expression for a standard data chain, when 𝛽0 = 1 

 
𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0 = 1, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦) =  {𝑇

(𝑚−1)−(
𝑙𝑖
𝑢

)𝑦∗𝛽1−(𝜆𝜔−1)∗𝛽2

 } (8.13) 

To demonstrate the relationship between the parameters and indices: (𝑢, 𝜆𝜔 , 𝜔, 𝜙𝜔 , 𝛽0, 𝛽1, 𝛽2), 

I present the following example. For the 𝜔-th equation class, I set 𝜔 = 2, and (𝛽0, 𝛽1, 𝛽2) =

(1,2,2). Additionally, I set the historical sub-window size 𝑙2 = 12 and the total historical 

window to be [𝑙1 = 21, 𝑚 = 0] to produce 𝜙𝜔 = 5 number of data chains, as shown in Table 

[8.2] and Figure [8.10].  

Event Index 

(𝜆𝜔) 

Data Chain 𝑻(𝑙2 = 12, 𝑚, 𝑢 = 7, 𝛽0 = 1, 𝛽1 = 2, 𝛽2 = 2, 𝜆𝜔 , 𝑦 =

[6,5, … ,0]) 

1 {𝑇−12, 𝑇−10, 𝑇−8, 𝑇−6, 𝑇−4, 𝑇−2, 𝑇0} 

2 {𝑇−14, 𝑇−12, 𝑇−10, 𝑇−8, 𝑇−6, 𝑇−4, 𝑇−2} 

3 {𝑇−16, 𝑇−14, 𝑇−12, 𝑇−10, 𝑇−8, 𝑇−6, 𝑇−4} 

4 {𝑇−18, 𝑇−16, 𝑇−14, 𝑇−12, 𝑇−10, 𝑇−8, 𝑇−6} 

5 {𝑇−20, 𝑇−18, 𝑇−16, 𝑇−14, 𝑇−12, 𝑇−10, 𝑇−8} 

Table 8.2. The 𝜙𝜔 = 5  number of data chains produced where the data chain is set to be 

𝑻(𝑙2 = 13, 𝑚, 𝑢 = 7, 𝛽0 = 1, 𝛽1 = 2, 𝛽2 = 2, 𝜆𝜔, 𝑦 = [6,5, … ,0]), for the total historical window [𝑙1 =

21, 𝑚 = 0]. 

   
Figure 8.10. An example of a number of unique data chains produced for an equation class, where 

(𝛽0, 𝛽1, 𝛽2) = (1,2,2), the total historical window is [𝑙1 = 21, 𝑚 = 0)  and 𝜆𝜔 = [1,2, … , 𝜙𝜔 = 5] . 

The red dotted arrows denote the range of 𝑇𝑚 values sampled for each 𝜆-th data chain. 

To further illustrate how constructed data chains are grouped into different equation classes 

‘𝜔’ and shades 𝑒𝑞, I present an example using a dataset from Australian Bureau of Statistics 

(2018a) which represents the Seasonally Adjusted Monthly Permanent Arrivals into Australia 

(which I will henceforth call ‘SAMPAA’) as my univariate time series data set. Table [8.3] 
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shows a few example values of 𝑇𝑚
  from 𝑚 = 0 to −19 and also present in this table, are the 

mean, standard deviation, maximum and minimum values of 𝑇𝑚
 . Figure [8.11] shows a plot of 

the values of 𝑇𝑚
  from 𝑚 = 0 to −100. 

𝑚 𝑇𝑚
  𝑚 𝑇𝑚

   𝑇𝑚
  

0 9430 -10 11960  Mean 11495.30 

-1 9300 -11 9680  Standard Deviation 1337.14 

-2 8970 -12 11710  Maximum 14680 

-3 10140 -13 11170  Minimum 8370 

-4 10390 -14 11090  

-5 8370 -15 11680  

-6 9330 -16 13430  

-7 10560 -17 10570  

-8 10820 -18 10930  

-9 11690 -19 11710  

Table 8.3. The values of univariate time series data set of the 𝑚-th time step 𝑇𝑚
  from 𝑚 = 0 to 𝑚 =

−19 . In addition, the mean, standard deviation, maximum and minimum values of 𝑇𝑚
  are also 

presented.  

 
Figure 8.11. A plot of the values of the monthly number of permanent arrivals into Australia, 𝑇𝑚

 , from 

𝑚 = −100 to 𝑚 = 0, corresponding to July 2009 to November 2019. 

Using the SAMPAA dataset as presented in Table [8.3] and Figure [8.11], I show an example 

of five sets of inputs and parameters for five data chains 𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦) that belong 

to three different equation classes (𝜔), and their corresponding shades (𝑒𝑞), in Table [8.4], 

below. The equation classes ( 𝜔 ) are based on their (𝛽0, 𝛽1, 𝛽2)  parameters, while their 

corresponding shades (𝑒𝑞) are based on their 𝛽1 and ‘𝑢’ parameters (Equation [8.11]). 
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Equation 

Class 

(𝜔) 

Data Chain 𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦) 
Shade 

(𝑒𝑞 = 𝑒 𝛽1
10𝑢

)  

1 
𝑻(𝑙4 = −4, 𝑚 = 1, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔

= 1, 𝑦 = [4,3, … ,0]) 
𝑒0.02 

1 
𝑻(𝑙4 = −5, 𝑚 = 0, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔

= 2, 𝑦 = [4,3, … ,0]) 
𝑒0.02 

2 
𝑻(𝑙4 = −8, 𝑚 = 0, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 2, 𝛽2 = 2, 𝜆𝜔

= 1, 𝑦 = [4,3, … ,0]) 
𝑒0.04 

2 
𝑻(𝑙4 = −10, 𝑚 = −1, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 2, 𝛽2 = 2, 𝜆𝜔

= 2, 𝑦 = [4,3, … ,0]) 
𝑒0.04 

3 
𝑻(𝑙4 = −12, 𝑚 = 1, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 3, 𝛽2 = 3, 𝜆𝜔

= 1, 𝑦 = [4,3, … ,0]) 
𝑒0.06 

Table 8.4. The parameters and indices of five data chains, which belong to three different equation 

classes, and their corresponding shades (𝑒𝑞 = 𝑒 𝛽1
10𝑢

). 

I present the five data chains 𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0 = 1, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦), produced using each of the 

parameters and indices shown in Table [8.4], in the figure below. 

 

 
Figure 8.12. The data chains, produced using Equation [8.13] and using the parameters and inputs in 

Table [8.4], which are grouped into three different equation classes ‘𝜔’, each with a corresponding 

shade 𝑒𝑞, based on their (𝑢, 𝛽0, 𝛽1, 𝛽2) parameters. 

It is interesting to note that the number of unique shades is equivalent to the number of unique 

equation classes in this example. This however, is not necessarily true for a general case. In 

this section, I have demonstrated how a univariate time series output value set is transformed 
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into a data chain (as shown in Equation [8.13]), which samples the univariate time series output 

for a particular historical sub-window, by selecting various parameters and indices. We have 

now completed the first step (as shown in Figure [8.4]) of the STONs formulation. 

8.2.2. Spatio-Temporal Ordinality Networks (Step 2: Mapping of Data Chains into 

Higher Dimensional Networks and Step 3: Extraction of Features and Emergent 

Hyperfields) 

In this section, I present how the data chains (Equation [8.13]) are converted into higher 

dimensional networks and, subsequently, how I extract features from these higher dimensional 

networks, by computing emergent hyperfields, as shown conceptually in Figure [8.13] below. 

To achieve this, I employ the definitions of network theoretic methods presented in Section 2.1 

(Equations [2.1-2.3]), Geometric Algebra (from Section 2.2, Equations [2.4-2.14]) and 

Conformal Geometric Algebra (from Section 2.4, Equations [2.15-2.24]). Additionally, I 

employ the definitions of the shade extension (presented in Section [7.2.1], Equations [7.1a-

7.5]) and the hyperfield formulation (presented in Section [7.2.2], Equations [7.6-7.27]). As 

stated in Section [8.1], the hyperfield is computed in specific historical sub-windows from 

specific data chains to capture the hidden algebro-geometric structures of time series data. 

These hyperfields are multivector representations of time series data, embedded in Conformal 

Geometric Algebraic space.  

 
Figure 8.13. Steps 2 and 3 of the STONs formulation. Step 2: Mapping of data chains into higher 

dimensional networks, followed by extraction of features and emergent hyperfields, where 

(𝑟𝐴, 𝜓𝐴, 𝜃𝐴, 𝜌𝐴 ), (𝑟𝐵, 𝜓𝐵, 𝜃𝐵, 𝜌𝐵 ) and (𝑟𝐶 , 𝜓𝐶 , 𝜃𝐶 , 𝜌𝐶 ) are the different construction parameters that 

perform the mapping from 𝐑𝑘  to 𝐑4,1  space, for networks ‘A’, ‘B’ and ‘C’, respectively. Step 3: 

{𝑉𝑚
 , 𝑆𝑚

1 , 𝑆𝑚
2 , 𝑆𝑚

3 } are the ‘emergent hyperfields’ (defined later in Section [8.2.2]) that are extracted from 

the STONs. This figure is edited from Figure [8.4]. 
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The hyperfields are computed, as shown in Chapter 7 Section [7.2.2], with the following 

variations in definitions. For the definition of 𝑵𝒒𝒌 and �̃�𝒒𝒌 I employ 

𝑵𝒒𝒌 = 𝛼𝑞𝑘 (8.14) 

�̃�𝒒𝒌 = 1  (8.15) 

Additionally, in this chapter, the ‘supreme hyperfield’ (𝑽) is defined as the summation of the 

sum and anti-natural hyperfields only, as follows 

𝑽 = 𝑉𝑇
𝐴𝑁 + 𝑉𝑇

+  (8.16) 

The spatial location of a node and its relative proximity to other nodes is an important 

consideration when constructing a STON, as this spatial character greatly influences the 

intersection spaces of hyperfields between each 𝑘 -th node. Intersection spaces can be 

parameterised by the radius of 𝑆𝑘 (𝑟), the input dilation parameter (𝛼𝑞𝑘) and the positions of 

the nodes in 𝐑4,1 space (𝑋𝑘,𝑐𝑒𝑛𝑡𝑟𝑒), as detailed in Equations [2.19] and [7.9-7.19]. An example 

of the spatial influence on intersection spaces between the anti-natural hyperfields of each node 

is shown in Figure [8.14]. In Figure [8.14], the smaller black circles represent the individual 

𝑆𝑘 of each 𝑘-th node and the larger blue circles represent the dilated algebro-geometric field 

domains of each 𝑘-th node. The dark blue areas represent the intersecting spaces, which are 

captured by the anti-natural hyperfield. 

 
Figure 8.14. A 2D concept diagram in 𝐑4,1 space demonstrating the intersecting spaces between nodes 

1 to 10, which are captured by the anti-natural hyperfield. 

Note that a circular configuration of the nodes (Figure [8.14]) conflates the values in a data 

chain in a meaningful manner by maximising the intersection space between nodes. In contrast, 
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a linear topology would produce diminishing anti-natural hyperfields between nodes on either 

end of the linear configuration. Therefore, I believe that a circular configuration is one of the 

more optimal configurations of a STON. The three general steps used to represent each data 

chain as a STON are as follows (where I employ the hyperfield formulation presented in 

Equations [7.6] to [7.27] and the data chain presented in Equation [8.13]):  

Step 1: Each element of a data chain (Equation [8.13]) is transformed to become the dilation 

parameter (𝛼[𝑒𝑞 , 𝑘]), of the dilation operator function (as shown in Equation [8.14]) of its 

associated node ‘𝑘’, where ‘𝑞’ is defined in Equation [8.11]. This is mathematically expressed 

as  

𝑵𝑞𝑘 = 𝛼𝑞𝑘, �̃�𝑞𝑘 = 1  (8.17) 

Such that 

𝛼 [𝑒
𝑞=

𝛽1
10𝑢

, 𝑘 = 𝑦 + 1] = 𝑻(𝑦) (8.18) 

Where 𝑦 + 1 is the 𝑘-th element in the data chain (𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0 = 1, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦)) and the 

data chain has been represented as ‘𝑻(𝑦)’, for the sake of brevity, as only the index 𝑦 = [𝑢 −

1, 𝑢 − 2, … ,0] is required to identify the 𝑘-th element in the data chain. This step allows the 

magnitude of the elements sampled to be expressed as normalised dilation operators 

(𝑵𝒒𝒌) acting on the conformal geometric sphere of the 𝑘-th node (𝑆𝑘). The dilation operator 

and the function used to transform elements into a dilation parameter can be chosen at the 

discretion of the specialist. Step 2: Each node, with its associated transformed dilation 

parameter, is embedded in 𝐑3 space using a spatial transformation function ‘G’ as follows  

 
𝑮[𝑻(𝑦)] = [𝑓1(𝑘 = 𝑦 + 1), 𝑓2(𝑘 = 𝑦 + 1), 𝑓3(𝑘 = 𝑦 + 1)] 

= [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] 
(8.19) 

Where the function ‘G’ is independent of the actual value of 𝑇𝑚 itself, but dependent only on 

the ordering of the node in its set. This function coverts the order/chronometric position, ‘𝑘’ of 

the time series element 𝑇𝑚  into three spatial coordinates  [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] . The coordinates 

[𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] , when mapped to 𝐑4,1  space, correspond to the centre points of conformal 

geometric sphere of the 𝑘-th node (𝑆𝑘) (as shown in Equation [7.9]). A simple example, where 

the nodes are structured into a straight line in 𝐑3 space, is presented below 

𝑮[𝑻(𝑙𝑖, 𝑚, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1, 𝑦 = [4,3,2,1,0])] = [𝑘,
𝑘

2
, 0] 

= [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] 

(8.20) 
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Which gives the following nodal spatial coordinates in 𝐑3 space, as shown in Table [8.5], 

where 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1, 𝑦 = [4,3,2,1,0]. 

𝑘 𝑮[𝑻(𝑙𝑖, 𝑚, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1, 𝑦 = [4,3,2,1,0])] = [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] 

1 [1,0.5,0] 

2 [2,1,0] 

3 [3,1.5,0] 

4 [4,2,0] 

5 [5,2.5,0] 

Table 8.5. An example of the spatial coordinates [𝑥𝑐𝑘, 𝑦𝑐𝑘 , 𝑧𝑐𝑘], computed using Equation [8.20], where 

𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1 and 𝑦 = [4,3,2,1,0]. 

Step 3: A non-zero 𝐴𝑖𝑗 is defined for the network at the discretion of the specialist. A simple 

example would be a linear network, shown below 

 𝑎𝑖𝑗
+ = { 

1 𝑖𝑓 𝑖 = 𝑗 + 1 
0  𝑖𝑓 𝑖 ≠ 𝑗 + 1

 (8.21) 

This selection of 𝑎𝑖𝑗
+  and the spatial coordinates in 𝐑3 space [𝑥𝑐𝑘 , 𝑦𝑐𝑘, 𝑧𝑐𝑘] defined in Table 

[8.5], generates a network of nodes in a straight line, which are sequentially connected, as 

shown in Figure [8.15]. 

 
Figure 8.15. A plot of the spatial coordinates [𝑥𝑐𝑘 , 𝑦𝑐𝑘 , 𝑧𝑐𝑘], based on Table [8.5] and Equation [8.21]. 

Finally, I convert the spatial coordinates [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘]  from 𝐑3  space to 𝐑4,1  space by 

applying Equation [2.19]. 

These three steps map each data chain 𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦) into a STON, which embed 

the data chain into 𝐑4,1 space. I demonstrate the methods undertaken to produce a STON in 

Figure [8.16], where the nodes are arranged in a circle in 3D space, by presenting an example 

using the following construction parameters  
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𝑮[𝑻(𝑙𝑖, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦)] 

= [cos (
360°(𝑘 − 1)

𝑢
) , sin (

360°(𝑘 − 1)

𝑢
) , 0] 

= [𝑥𝑐𝑘, 𝑦𝑐𝑘 , 𝑧𝑐𝑘] 

(8.22) 

I select the coordinates of each node (representing a selected 𝑇𝑚
  term) of the data chain and 

apply the connections of the first node using the 𝑎𝑖𝑗
+  defined in Equation [8.23] (Figure [8.16]). 

This process is repeated with the connections of the second node using the same 𝑎𝑖𝑗
+  (Figure 

[8.16]). This process is repeated for nodes three to ten, resulting in the STON structure shown 

in Figure [8.16].  

 𝑎𝑖𝑗
+ = { 

1 𝑖𝑓 𝑖 < 𝑗 
0  𝑖𝑓 𝑖 > 𝑗 

 (8.23) 

 

 
Figure 8.16. Top Left) The STON structure showing the connectivity of node 1. Top Right) The STON 

structure showing the connectivity of node 2. Bottom) The final STON structure after applying the 

connecting branches of nodes 1 to 10. 

Equation [8.24] describes the representation of the data chain (𝑻) as a STON, as presented in 

the three general steps above. 

𝑻(𝑙𝑖, 𝑚, 𝑢, 𝛽0 = 1, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦) → 𝜦(𝑙𝑖, 𝑚, 𝑢, 𝑒𝑞) → 𝜦𝑞,𝑚  (8.24) 
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Where ‘𝜦𝑞,𝑚’ refers to the unique single-shade (𝑒𝑞) STON that has been constructed for the 

data chain, defined by shade 𝑒𝑞, for data point ‘𝑚’. Each 𝜦𝑞,𝑚 term generates a hyperfield and 

using Equations [7.6] to [7.27], I generate the associated hyperfields 

𝜦𝑞,𝑚 → {𝑽(𝜦𝑞,𝑚), 𝑉𝑇
𝐴𝑁(𝜦𝑞,𝑚), 𝑉𝑇

+(𝜦𝑞,𝑚)}  (8.25) 

From the generated hyperfields in Equation [8.25], we are able to compute several useful ‘new 

emergent hyperfields’ that capture varying aspects of a time series system. Firstly, we have 

‘𝑉𝑚
𝜔’, which is the multivector sum of 𝑽(𝜦𝑞,𝑚) across all ‘𝐾’ sampled historical sub-windows, 

of the 𝜔-th equation class 

𝑉𝑚
𝜔 =  ∑ 𝑽(𝜦𝑞,𝑚)𝐾

𝑖=1  (8.26) 

It is important to note that since the data chain 𝑻(𝒍𝒊, 𝒎 = 𝟏, 𝒖, 𝜷𝟎 = 𝟏, 𝜷𝟏, 𝜷𝟐, 𝝀𝝎, 𝒚) is 

composed of (𝑻𝒎=−𝒍𝒊
, … , 𝑻𝒎=−𝟏, 𝑻𝒎=𝟎)  values (Equation [8.6]), and does not include 

𝑻𝒎=𝟏 . Therefore, the hyperfield 𝑽𝒎=𝟏
𝝎  is a function of the historical 

(𝑻𝒎=−𝒍𝒊
, … , 𝑻𝒎=−𝟏, 𝑻𝒎=𝟎) values only and does not include 𝑻𝒎=𝟏. I highlight this point 

because this indexing choice of 𝑉𝑚
𝜔 would seem confusing at the outset to the reader since 

𝑉𝑚=𝑝  does not actually include the 𝑇𝑚=𝑝 value but up to 𝑇𝑚=𝑝−1, the last known historical 

value. Following from the example in Section [8.2.1], using the SAMPAA dataset from 

Australian Bureau of Statistics (Australian Bureau of Statistics 2018a), I demonstrate how to 

compute the supreme hyperfield 𝑽 (Equation [8.16]) by select historical sub-window size 𝑙4 =

4, 𝑚 = 1, 𝑞 =
𝛽1

10𝑢
= 0.02 (as defined in Equation [8.11]) and 𝛼𝑞𝑘 = 𝑇𝑚−𝑘  (by employing 

Equation [8.18] and the 𝑇𝑚 values in Table [8.3]), such that  

(𝛼𝑞1, 𝛼𝑞2, 𝛼𝑞3, 𝛼𝑞4, 𝛼𝑞5) = (9300, 8970, 10140, 10390, 8370) (8.27) 

I use the 𝑮 transformation, as defined in Equation [8.22], and select the data chain parameters 

and indices as follows: 𝑮[𝑻(𝑙5 = 4, 𝑚 = 1, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1, 𝑦 =

[4,3,2,1,0])]. This gives us the following spatial coordinates [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘], as shown Table 

[8.6]. 

𝑘 𝑮[𝑻(𝑙4 = 4, 𝑚 = 1, 𝑢 = 5, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 = 1, 𝑦 = [4,3,2,1,0])] 

1 [1,0,0] 

2 [0.31,0.95,0] 

3 [−0.81,0.59,0] 

4 [−0.81, −0.59,0] 

5 [0.31,2 − 0.95,0] 

Table 8.6. The spatial coordinates [𝑥𝑐𝑘, 𝑦𝑐𝑘 , 𝑧𝑐𝑘], computed using Equation [8.22]. 
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I apply 𝐴𝑖𝑗  (Equation [8.21]) and use the values of [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] shown in Table [8.6] to 

produce the STON in Figure [8.17]. 

  
Figure 8.17. A STON constructed using the [𝑥𝑐𝑘 , 𝑦𝑐𝑘 , 𝑧𝑐𝑘] values shown in Table [8.6], where I set 

𝑙4 = 4, 𝑞 =
𝛽1

10𝑢
= 0.02, the values of 𝛼𝑞𝑘 are defined in Equation [8.27] and 𝐴𝑖𝑗 is defined in Equation 

[8.21]. 

Subsequently, I compute ‘ 𝑆1 ’ according to Equations [7.9-7.19], where [𝑥𝑐1, 𝑦𝑐1, 𝑧𝑐1] =

[1,0,0] and the radius of 𝑆𝑘, 𝑟 = 1, as follows 

𝑋𝑟1 = 𝑒1 +
1

2
𝑒1

2 𝑒∞  + 𝑒𝑜 =
1

2
(2𝑒1 + 𝑒 + �̅� − 𝑒 + �̅�) = 𝑒1 + �̅� (8.28) 

𝑋𝑟2 = 𝑒2 +
1

2
𝑒2

2 𝑒∞  + 𝑒𝑜 =
1

2
(2𝑒2 + 𝑒 + �̅� − 𝑒 + �̅�) = 𝑒2 + �̅� (8.29) 

𝑋𝑟3 = 𝑒3 +
1

2
𝑒3

2 𝑒∞  + 𝑒𝑜 =
1

2
(2𝑒3 + 𝑒 + �̅� − 𝑒 + �̅�) = 𝑒3 + �̅� (8.30) 

𝑋𝑟4 = −𝑒1 +
1

2
(−𝑒1)2 𝑒∞  + 𝑒𝑜 =

1

2
(−2𝑒1 + 𝑒 + �̅� − 𝑒 + �̅�) = −𝑒1 + �̅� (8.31) 

𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 =
1

2
(2(𝑒1) + (𝑒1)2𝑒∞ − 𝑒0) =

1

2
(2𝑒1 + 𝑒 + �̅� − 𝑒 + �̅�) 

𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 = 𝑒1 + �̅� 

(8.32) 

𝑋11 = 𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟1 = 𝑒1 + �̅� + 𝑒1 + �̅� = 2𝑒1 + 2�̅� (8.33) 

𝑋12 = 𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟2 = 𝑒1 + �̅� + 𝑒2 + �̅� = 𝑒1 + 𝑒2 + 2�̅� (8.34) 

𝑋13 = 𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟3 = 𝑒1 + �̅� + 𝑒3 + �̅� = 𝑒1 + 𝑒3 + 2�̅� (8.35) 

𝑋14 = 𝑋1,𝑐𝑒𝑛𝑡𝑟𝑒 + 𝑋𝑟4 = 𝑒1 + �̅� − 𝑒1 + �̅� = 2�̅� (8.36) 

𝑆1 = 𝑋11⋀𝑋12⋀𝑋13⋀𝑋14 = 4𝑒1𝑒2𝑒3�̅�  (8.37) 
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Having computed 𝑆1, I employ Equation [7.6] to compute the 𝑘-th term of the 𝑞-th shade 𝛺𝑞𝑘 

by setting 𝜎𝑞1 = 1, 𝑵𝒒𝟏 = 𝛼𝑞1 = 9300, �̃�𝒒𝟏 = 1, 𝑘 = 1 and 𝑞 =
𝛽1

10𝑢
= 0.02  

𝛺0.02,1 =  𝜎0.02,1𝑒0.08𝑵0.02,1𝑆1�̃�0.02,1 = 𝑒0.02𝛼0.02,1𝑆1 

𝛺0.02,1 = 9300𝑒0.02(4𝑒1𝑒2𝑒3�̅�) 

𝛺0.02,1 = 37200𝑒1𝑒2𝑒3�̅�𝑒0.02 

(8.38) 

To compute 𝛺𝑞𝑘 for 𝑞 = 0.02 and 𝑘 = [2,3,4,5], I repeat the steps above (Equations [8.28-

8.38]) and set 𝜎𝑞𝑘 = 1, 𝑵𝒒𝒌 = 𝛼𝑞𝑘, �̃�𝒒𝒌 = 1 and use values of 𝛼𝑞𝑘, as defined in Equation 

[8.27]  

[𝛺0.02,2, 𝛺0.02,3, 𝛺0.02,4, 𝛺0.02,5] = [40560,37320,43280,47840] ∗ 𝑒1𝑒2𝑒3�̅�𝑒0.02, (8.39) 

Having found [𝛺0.02,2, 𝛺0.02,3, 𝛺0.02,4, 𝛺0.02,5], I use Equations [7.20-7.26] to compute 𝑉𝑇
+, 𝑉𝑇

𝐴𝑁 

and 𝑽, as follows 

𝑉𝑇
+ = 𝑉0.02

+ = 𝛺0.02,1 + 𝛺0.02,2 + 𝛺0.02,3 + 𝛺0.02,4 + 𝛺0.02,5 

𝑉𝑇
+ = (37200 + 40560 + 37320 + 43280 + 47840)𝑒1𝑒2𝑒3�̅�𝑒0.02 

𝑉𝑇
+ = 206200𝑒1𝑒2𝑒3�̅�𝑒0.02 

(8.40) 

𝑽0.02
𝑨𝑵 =  ∑ ∑ 𝑎𝑖𝑗

+ ( 𝛺0.02,𝑖
∗ ∗ 𝛺0.02,𝑗)

𝑛

𝑖=1

𝑛

𝑗=1
 

𝑽0.02
𝑨𝑵 = 𝛺0.02,1

∗ ∗ 𝛺0.02,2 + 𝛺0.02,2
∗ ∗ 𝛺0.02,3 + 𝛺0.02,3

∗ ∗ 𝛺0.02,4 + 𝛺0.02,4
∗ ∗ 𝛺0.02,5 

𝑽0.02
𝑨𝑵 = (3288480000 + 1513699200 + 1615209600

+ 2070515200)𝑒1𝑒2𝑒3𝑒�̅�𝑒0.02 

𝑽0.02
𝑨𝑵 = 8487904000𝑒1𝑒2𝑒3𝑒�̅�𝑒0.02 

(8.41) 

𝑉𝑇
𝐴𝑁 = 〈𝑽0.02

𝑨𝑵 〉5 = 8487904000𝑒1𝑒2𝑒3𝑒�̅�𝑒0.02  (8.42) 

𝑽 = 𝑉𝑇
+ + 𝑉𝑇

𝐴𝑁 = (206200𝑒1𝑒2𝑒3�̅� + 8487904000𝑒1𝑒2𝑒3𝑒�̅�)𝑒0.02 

𝑉𝑚
𝜔 = 𝑽 = (206200𝑒1𝑒2𝑒3�̅� + 8487904000𝑒1𝑒2𝑒3𝑒�̅�)𝑒0.02  

(8.43) 

I define the following ‘new emergent functions’ ‘𝑆𝑚
1,𝜔

’, ‘𝑆𝑚
2,𝜔

’ and ‘𝑆𝑚
3,𝜔

’, which are higher 

dimensional functions that are analogous to rate of change functions. The first new emergent 

function, 𝑆𝑚
1,𝜔

 is a type of hyperfield that captures the local rate of change of 𝑉𝑚
𝜔 and is defined 

as  

 
𝑆𝐿1,𝑚

𝜔

5
= 𝑆𝑚

1,𝜔
 

(8.44) 
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Where ‘𝑆𝐿1,𝑚
𝜔 ’ is defined as 

 𝑆𝐿1,𝑚
𝜔 = ∑ (𝑉𝑚

𝜔 – 𝑉𝑚−(𝐿+1)𝜔
𝜔 ) 

𝐿1=5

𝐿=0

 (8.45) 

Where I set  𝐿1 = 5 (at the discretion of the specialist) and ‘𝜔’ denotes the 𝜔-th equation class. 

As mentioned in Section [8.2.1] in this work, for the 𝜔-th equation class, I set (𝛽0 = 1, 𝛽1 =

𝜔, 𝛽2 = 𝜔). 𝑆𝑚
2,𝜔

 is defined as 

 
𝑆𝐿1,𝑚

𝜔 − 𝑆𝐿1,𝑚−𝜔

5
 = 𝑆𝑚

2,𝜔
 (8.46) 

Finally, we have 𝑆𝑚
3,𝜔

, which captures the rate of change of 𝑉𝑚
𝜔 from a larger time domain 

 
𝑆𝐿2,𝑚

𝜔

10
= 𝑆𝑚

3,𝜔
 (8.47) 

Where ‘𝑆𝐿2,𝑚
𝜔 ’ is defined as 

 𝑆𝐿2,𝑚
𝜔 = ∑ (𝑉𝑚

𝜔 – 𝑉𝑚−(𝐿+1)𝜔
𝜔 ) 

𝐿2=10

𝐿=0

 (8.48) 

Where I set 𝐿2 = 10. Evidently, it is possible to produce other types of emergent functions 

along these lines (Equations [8.44-8.48]). Following from the example using SAMPAA from 

Australian Bureau of Statistics (2018a) in Table [8.3], I use the STON structure in Equation 

[8.22] (as demonstrated in Figure [8.16c]) and set the 𝑟 =  0.09 (where ‘𝑟’ is the radius of 𝑆𝑘). 

Using this STON structure, I compute ‖𝑉𝑚
𝜔=1‖ and related emergent hyperfield magnitudes 

(based on Equations [8.26-8.48] and [7.27]) for 𝑚 = 1 to 𝑚 = 20, as shown in Table [8.7] and 

Figure [8.18].  

𝑚 ‖𝑉𝑚
𝜔‖ 𝑚 ‖𝑉𝑚

𝜔‖ 

1 87953.66 11 96982.37 

2 88699.43 12 99227.86 

3 90010.10 13 99906.17 

4 93002.16 14 99564.08 

5 92571.68 15 96340.54 

6 94360.62 16 97675.64 

7 101518.04 17 95376.03 

8 99629.90 18 94698.81 

9 99316.16 19 96430.34 

10 101749.16 20 95782.39 

Table 8.7. Sample values of ‖𝑉𝑚
𝜔‖ for SAMPAA.  
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In comparing Figure [8.18], we find that the emergent hyperfield magnitudes appear to possess 

a periodicity and consistent amplitudes, as shown most clearly in the plots of ‖𝑆𝑚
1 ‖ and ‖𝑆𝑚

3 ‖ 

(in Figures [8.18b] and [8.18d] respectively), where there are various peaks and troughs that 

do not coincide exactly with 𝑇𝑚. I will discuss the properties of these emergent hyperfields in 

more depth in Sections [8.3.2] and [8.4]. 

 
Figure 8.18. The plots of a) 𝑇𝑚; b) ‖𝑉𝑚

𝜔 ‖; c) ‖𝑆𝑚
1,𝜔‖; d) ‖𝑆𝑚

2,𝜔‖; e) ‖𝑆𝑚
3,𝜔‖, for 𝑚 = −100 to 𝑚 = 0 

using the SAMPAA dataset, where the new emergent hyperfields were computed using the original 

univariate time series data 𝑇𝑚 as 𝛼𝑞𝑘 values (Equation [8.14]), where the equation class 𝜔 = 1. 

Referring to Figure [8.4], we have now completed the presentation of Steps 2 and 3 of the 

STONs formulation by discussing how the data chains (Equation [8.13]) are converted into 
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higher dimensional networks and subsequently how we extract features and emergent 

hyperfields from these higher dimensional networks.  

8.2.3. Spatio-Temporal Ordinality Networks (Step 4: Construction of a Function for 

Forecasting)  

In this section, I present how the emergent hyperfields computed in Section [8.2.2] are 

employed to construct a governing expression for forecasting 𝑇𝑚, as shown in Figure [8.19]. 

This is achieved by grouping data chains with different construction parameters and equation 

classes (presented in Section [8.2.1]). As described in Section [8.1], the central premise of the 

hyperfield formulation is that hidden variables and algebro-geometric structures of multi-

variate systems are characterised and reflected by hyperfield functions and STONs. By 

extracting these hyperfields, we project and predict its evolutionary behaviour into the future 

using a derived forecasting model. 

 
Figure 8.19. Step 4 of the STONs formulation, edited from Figure [8.4], where I present the 

construction of a function for forecasting 𝑇𝑚, using the emergent hyperfields {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔}. 

The prediction domain size is set to be 𝜓, equivalent to total the number of equation classes 

(also equivalent to the total number of unique shades in this work, since I set 𝛽1 = 𝛽2 = 𝜔, as 

discussed in Section [8.2.1]) , where the set of values {𝑇𝑚=1
𝑃 , 𝑇𝑚=2

𝑃 , … , 𝑇𝑚=𝜓
𝑃 }  with the 

superscript ‘𝑃’ refers to predicted values in the prediction domain 𝑚 = [1,2, … , 𝜓] while the 

set of values {𝑇𝑚=1
 , 𝑇𝑚=2

 , … , 𝑇𝑚=𝜓
 } are defined as the manifested/real values in the prediction 

domain 𝑚 = [1,2, … , 𝜓]. As mentioned in Section [8.2.1], it is necessary, for the purposes of 

forming predictive/forecasting equations, to group data chains constructed with different 

(𝛽0, 𝛽1, 𝛽2) parameters into different equation classes and to group data chains that correspond 

to the same parameters to the same equation class. This is because, data chains associated with 

an equation class of shade have embedded 𝑇𝑚 values reflecting certain periodicities. For this 

reason, I use data chains and their associated hyperfields from a 𝜔-th equation class to predict 

future states of the hyperfield possessing the same equation class:  
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𝑓𝜔,1(𝑉𝑚=𝜔−𝑁𝜔
𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

1,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
2,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 )

= 𝑉𝑚=2𝜔
𝑃,𝜔

 
(8.49) 

Where ‘𝑁’, is the parameter called the ‘number of lags’ and is chosen by the specialist to be 

incorporated into the forecasting model. Once again I stress that the data chain 

𝑻(𝒍𝒊, 𝒎 = 𝟏, 𝒖, 𝜷𝟎 = 𝟏, 𝜷𝟏, 𝜷𝟐, 𝝀𝝎, 𝒚)  is composed of (𝑻𝒎=−𝒍𝒊
, … , 𝑻𝒎=−𝟏, 𝑻𝒎=𝟎)  values 

(Equation [8.6]) and does not include 𝑻𝒎. Therefore, the hyperfield 𝑽𝒎=𝟏
𝝎  is a function of 

the historical values  (𝑻𝒎=−𝒍𝒊
, … , 𝑻𝒎=−𝟏, 𝑻𝒎=𝟎) only and does not include 𝑻𝒎=𝟏. 

Noting that the predicted 𝑉𝑚=2𝜔
𝑃,𝜔

 is function of the future state of 𝑇𝑚 at 𝑚 = 𝜔, which is 

the object of our prediction/forecasting endeavours (𝑇𝑚=𝜔
𝑃 ), Equation [8.49] above can then be 

equivalently expressed as  

𝑓𝜔,2(𝑉𝑚=𝜔−𝑁𝜔
𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

1,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
2,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 )

= 𝑇𝑚=𝜔
𝑃  

(8.50) 

Where ‘𝑓𝜔,1’ and ‘𝑓𝜔,2’ are different unknown functions (denoted by the subscripts ‘1’ and ‘2’) 

that are dependent on the 𝜔-th equation class. In this chapter and case studies, I use Equation 

[8.50] instead of Equation [8.49] as the basis of my model because the reverse mapping of 

 𝑉𝑚=𝜔+1
𝑃,𝜔 → 𝑇𝑚=𝜔

𝑃  amplifies computational errors. It stands to reason that hyperfields of the 

same type (periodicity and structure as reflected by their shades 𝑒𝑞 and equation class ‘𝜔’), are 

related to each other by unique functions as shown in Equation [8.50], of the form 𝑓𝜔,2. This 

would produce ‘𝜔’ unique functions for each equation class. Although this is the general 

approach originally envisioned, in this work, I simplify the function ‘𝑓𝜔,𝑖’ so that the same 

function and equation applies to all input elements 

( 𝑉𝑚=𝜔−𝑁𝜔
𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

1,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
2,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 )  belonging to the 

same shades 𝑒𝑞 or equation class ‘𝜔’. This means that there is only one function and equation 

that is independent of ‘𝜔’:  

𝑓(𝑉𝑚=𝜔−𝑁𝜔
𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

1,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
2,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 )

= 𝑇𝑚=𝜔
𝑃  

(8.51) 

As mentioned in Section [8.2.1], in this work, for the 𝜔-th equation class, I set (𝛽0 = 1, 𝛽1 =

𝜔, 𝛽2 = 𝜔), so that each equation class has the same interval architecture that corresponds to 

the 𝜔-th 𝑇𝑚 value in the prediction domain 𝑚 = [1,2, … , 𝜓]. This allows us to produce 𝜙𝜔 sets 

of emergent hyperfields {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔}  with the same shades ( 𝑒𝑞 ), within a total 

historical window [𝑙1, 0], which capture the historical values of 𝑇𝑚 at consistent intervals. A 
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larger total historical window produces a higher total event number 𝜙𝜔 of emergent hyperfields 

{𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} within the total historical window. For example, for the equation class 

𝜔 = 10 and a data chain size 𝑢 = 10 and a total historical window size 𝑙1 = 100, we only 

produce 𝜙𝜔 = 1  sets of emergent hyperfields {𝑉𝑚
10, 𝑆𝑚

1,10, 𝑆𝑚
2,10, 𝑆𝑚

3,10}  within the total 

historical domain, while a total historical window size 𝑙1 = 1000 would produce 𝜙𝜔 = 91 sets 

of emergent hyperfields {𝑉𝑚
10, 𝑆𝑚

1,10, 𝑆𝑚
2,10, 𝑆𝑚

3,10} within the total historical domain. On the 

other hand, for the equation class 𝜔 = 5 , the data chain size 𝑢 = 10  and total historical 

window sizes 𝑙1 = 100  and 𝑙1 = 1000 , we produce 𝜙𝜔 = 11  and 𝜙𝜔 = 191  emergent 

hyperfields {𝑉𝑚
5, 𝑆𝑚

1,5, 𝑆𝑚
2,5, 𝑆𝑚

3,5}, respectively. The expression for the total event number 𝜙𝜔 in 

the historical domain [−𝑙𝑖, 0] is given by 

 𝜙𝜔 = ⌈
𝑙1 − (𝑢 × 𝜔 − 1)

𝜔
⌉ (8.52) 

Where the brackets ‘⌈  ⌉’ denote a rounding up operation to the nearest integer. Using  𝜙𝜔we 

arrive at the total set of emergent hyperfields in the historical domain: 

{𝑉𝑚=−𝜔×𝜙𝜔

𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

1,𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

2,𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 } . I present an 

example of producing a set of 𝜙𝜔 − 𝑁 number of equations for equation classes 𝜔 = [1,2,3], 

using Equation [8.51], for the ‘conditioning set’, which is the set of equations used to 

approximate the unknown function ‘𝑓’, in Figure [8.20] below. Having set a specific integer 

value for ‘𝑁’ (as shown in Equation [8.50]) in the conditioning set, we generate multiple 

instances in the historical domain and its associated total emergent hyperfield set: 

{𝑉𝑚=−𝜔×𝜙𝜔

𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

1,𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

2,𝜔 , 𝑆𝑚=−𝜔×𝜙𝜔

3,𝜔 , … , 𝑉𝑚=𝜔
𝜔 , 𝑆𝑚=𝜔

1,𝜔 , 𝑆𝑚=𝜔
2,𝜔 , 𝑆𝑚=𝜔

3,𝜔 } , where the 

principle forecasting model reflected by Equation [8.51] is required to be true. The object of 

this conditioning set is to determine the most accurate ‘𝑓’ function for forecasting purposes. 

These equations will be referred as ‘historical conditioning equations’.  
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Figure 8.20. An example of the system of equations produced in the historical domain in the 

conditioning set using Equation [8.51], for 𝜔 = [1,2,3] and 𝑁 = 1 number of lags. 

As an example, for a fixed historical window with [𝑙𝑖 = 100,0] and parameters 𝑢 = 10,  

• When 𝜔 = 2, the total number of conditioning equations is 𝜙2 − 1 = 40  and the total 

number of sets of emergent hyperfields associated with this conditioning set is 𝜙2 −

1 = 40.  

• When 𝜔 = 3, total number of conditioning equations is 𝜙3 − 1 = 23 and the total 

number of emergent hyperfields associated with these condition set is 𝜙3 − 1 = 23.  

Where the total event number 𝜙𝜔  is computed using Equation [8.52]. This produces the 

corresponding equations of the form for the conditioning set for 𝜔 = 2 and 𝑁 = 1 number of 

lags 

 𝑓(𝑉𝑚=2−2𝜆2

2 , 𝑆𝑚=2−2𝜆2

1,2 , 𝑆𝑚=2−2𝜆2

2,2 , 𝑆𝑚=2−2𝜆2

3,2 ) = 𝑇𝑚=2−2𝜆2

  (8.53) 

Where 𝜆2 = [1,2, … , 𝜙2]. For 𝜔 = 3 and 𝑁 = 1 number of lags, I produce the corresponding 

equations of the form for the conditioning set 

 𝑓(𝑉𝑚=3−3𝜆3

3 , 𝑆𝑚=3−3𝜆3

1,3 , 𝑆𝑚=3−3𝜆3

2,3 , 𝑆𝑚=3−3𝜆3

3,3 ) = 𝑇𝑚=3−3𝜆3

  (8.54) 

Where 𝜆3 = [1,2, … , 𝜙3]. I assume that ‘𝑓’ is the same for Equations [8.53] and [8.54], as 

discussed above. When  𝜓 = 10, we have 10 sets of conditioning historical equations that are 

𝜔-specific but share an identical function ‘𝑓’. Consequently, by constructing 𝜓 number of 

equation classes, that samples 𝑇𝑚 at different intervals, we are able to predict 𝑇𝑚 at 𝜓 time 

steps ahead, without knowing or assuming any of the preceding values of 𝑇𝑚=𝜔  in the 

prediction domain {𝑇𝑚=1
 , 𝑇𝑚=2

 , … , 𝑇𝑚=𝜓
 }. I demonstrate this with a concept figure, where I 
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produce a prediction for 𝑇𝑚=5
𝑃 , without knowledge of 𝑇𝑚

 , for 𝑚 = [1,2,3,4], in Figure [8.21]. 

 
Figure 8.21. A concept figure demonstrating how I produce a prediction for 𝑇𝑚=5

𝑃 , without knowledge 

of 𝑇𝑚
 , for 𝑚 = [1,2,3,4]. 

This method of constructing 𝜓 equation classes for a 𝜓-step ahead prediction avoids error 

propagation issues that stem from predicting one future value 𝑇𝑚 
𝑃  at a time and using the 

predicted future value 𝑇𝑚 
𝑃  autoregressively to predict additional values of 𝑇𝑚 

𝑃 in the future. A 

‘𝑘-step ahead’ prediction, means that the values [𝑇𝑚=1
𝑃  , … , 𝑇𝑚=𝑘

𝑃 ] are simultaneously predicted 

without assuming knowledge of intermediate values such as [𝑇𝑚=𝑞
  , … , 𝑇𝑚=𝑗

 ], where 𝑗 < 𝑘 

and 𝑞 < 𝑗 < 𝑘. Arguably, the given predicted values into the future of 𝑇𝑚=𝑗
𝑃  and 𝑇𝑚=𝑞

𝑃  where 

𝑗 > 𝑞, the number of equations generated from a fixed total historical window with range 

𝑚: [𝑙1, 0] would be higher in the conditioning set for ‘𝑞’ compared to ‘𝑗’. Therefore, the 

function that is fitted, interpolated or minimised based on the full suite of conditioning 

historical equations would generally be more accurate for values of 𝑚 that are closer to 𝑚 = 0 

which means that for a fixed 𝑘-step ahead prediction, the accuracy of the model should steadily 

decrease the higher the ‘𝑚’ value is. This is a practically expected outcome. Additionally, to 

better capture the directionalities of 𝑇𝑚
𝑃 (as discussed in Section [8.1]), we may also model in 

the same vein as Equation [8.51] the ‘𝑇𝑚 differential’, ‘𝛿𝑇𝑚
𝜔 ’, to find the predicted value of the 

𝑇𝑚 differential (𝛿𝑇𝑚=𝜔
𝑃,𝜔 

) using analogous emergent hyperfield functions as shown in Equation 

[8.55] below 

 
𝑓2(𝑉𝑚=𝜔−𝑁𝜔

𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
1,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔

2,𝜔 , 𝑆𝑚=𝜔−𝑁𝜔
3,𝜔 , … , 𝑉𝑚=𝜔

𝜔 , 𝑆𝑚=𝜔
1,𝜔 , 𝑆𝑚=𝜔

2,𝜔 , 𝑆𝑚=𝜔
3,𝜔 )

= 𝛿𝑇𝑚=𝜔
𝑃,𝜔 

 
(8.55) 
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Where the 𝑇𝑚 differential, 𝛿𝑇𝑚
𝜔 , is defined as 

 
𝑇𝑚 − 𝑇𝑚−𝜔

𝑇𝑚−𝜔
= 𝛿𝑇𝑚

𝜔  (8.56) 

The exact function ‘𝑓’ that performs the mapping in Equations [8.49], [8.50] and [8.55] are 

unknown. However, the basis of this approach is that emergent hyperfields 

{𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} are manifested hidden variables of the time series system and contribute 

to the future evolution of 𝑇𝑚
𝜔. I present two methods of approximating the function ‘𝑓’ in 

Equations [8.50]. The simplest approach (‘Approach 1’) would be to use a polynomial 

regression technique as shown in Sinha (2013), for example. An 𝑛-th degree polynomial 

manifestation of Equation [8.50] is shown Equation [8.57], where 

[𝛤1,1
𝜔 , 𝛤2,1

𝜔 , 𝛤3,1
𝜔 , 𝛤4,1

𝜔 , … , 𝛤3,𝑛
𝜔 , 𝛤4,𝑛

𝜔 ] are the conditioning parameters of the system of equations 

produced for the 𝜔-equation class, where the number of lags 𝑁 = 1. 

 

𝛤1,1
𝜔 ||𝑉𝑚

𝜔|| + 𝛤2,1
𝜔 ||𝑆𝑚

1,𝜔|| + 𝛤3,1
𝜔 ||𝑆𝑚

2,𝜔|| + 𝛤4,1
𝜔 ||𝑆𝑚

3,𝜔|| + 

𝛤1,2
𝜔 ||𝑉𝑚

𝜔||2 + 𝛤2,2
𝜔 ||𝑆𝑚

1,𝜔||2 + 𝛤3,2
𝜔 ||𝑆𝑚

2,𝜔||2 + 𝛤4,2
𝜔 ||𝑆𝑚

3,𝜔||2 + ⋯ + 

𝛤1,𝑛
𝜔 ||𝑉𝑚

𝜔||𝑛 + 𝛤2,𝑛
𝜔 ||𝑆𝑚

1,𝜔||𝑛 + 𝛤3,𝑛
𝜔 ||𝑆𝑚

2,𝜔||𝑛 + 𝛤4,𝑛
𝜔 ||𝑆𝑚

3,𝜔||𝑛 = 𝑇𝑚
  

(8.57) 

Where the special magnitudes (denoted with the symbol ‘||  ||’) are computed using Equation 

[7.27]. These conditioning parameters are unknown, but we may find the linear regression fit 

of the conditioning parameters [𝛤1,1
𝜔 , 𝛤2,1

𝜔 , 𝛤3,1
𝜔 , 𝛤4,1

𝜔 , … , 𝛤4,𝑛
𝜔 ]  by constructing 𝜙𝜔  number of 

equations for each 𝜔-th equation class and representing Equation [8.57] as the following matrix 

(Sinha 2013) 

 𝜞𝜔𝑾 = 𝑹 (8.58) 

Where 𝜞𝜔 = [𝛤1,1
𝜔 , 𝛤2,1

𝜔 , 𝛤3,1
𝜔 , 𝛤4,1

𝜔 , … , 𝛤4,𝑛
𝜔 ]  is the matrix of conditioning parameters, 𝑾 =

[||𝑉1−𝜔
𝜔 ||, ||𝑆1−𝜔

1,𝜔 ||, … , ||𝑉1−𝜔
𝜔 ||2, ||𝑆1−𝜔

1,𝜔 ||2 , … , ||𝑆1−𝜔
2,𝜔 ||𝑛, ||𝑆1−𝜔

3,𝜔 ||𝑛 , . . , ||𝑆1−𝜙𝜔×𝜔
3,𝜔 ||𝑛]  is the 

matrix of the special magnitudes of the emergent hyperfields and 𝑹 =

[𝑇𝜙𝜔×𝜔−1
 , … , 𝑇𝜔−1

 , 𝑇𝜔−1
 ] is the matrix of 𝑇𝑚

  values in the historical domain. I use the Moore-

Penrose pseudoinverse (Barata and Hussein 2012), defined by the superscript symbol ‘†’ in the 

following expression, to find the matrix of conditioning parameters ‘𝜞𝜔’. 

 𝜞𝜔 = 𝑹𝑾† (8.59) 

The second approach (‘Approach 2’) is to employ multilayer perception (MLP) networks, 

which serves as very effective, general function approximation method (Trenn 2008). The 

mapping of inputs and outputs, in Equation [8.55] using an MLP, is shown in Figure [8.22], 
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below, where the number of lags 𝑁 = 1. 

 
Figure 8.22. A representation of the mapping of the LHS and RHS in Equation [8.55] as inputs and 

outputs into a simple MLP with one hidden layer, consisting of 5 nodes. Image adapted from Sharawy 

et al. (2016). 

I produce a training set for the MLP using the 𝜙𝜔 − 𝑁 number of equations in the historical 

conditioning set for each 𝜔-th equation class. As a result, the total number of instances of 

training (𝐼𝑡𝑟𝑎𝑖𝑛) is 

 𝐼𝑡𝑟𝑎𝑖𝑛 = ∑(𝜙𝜔 − 𝑁

𝜓

𝜔=1

) (8.60) 

By training the MLP network, we achieve an analogue of the  

𝜞𝝎 matrix (which is mathematically equivalent to ‘𝒘’ in Equation [7.28]), to find a fitted ‘𝑓’ 

function, as shown in Equation [8.55]. The approximated function (𝑓) captured in the trained 

MLP network allows one to obtain the 𝜓-step ahead predicted values of 𝑇𝑚
  for the 𝜔-th 

equation class in the prediction domain {𝑇𝑚=1
𝑃 , 𝑇𝑚=2

𝑃 , … , 𝑇𝑚=𝜓
𝑃 }. Note that alternate governing 

expressions (Equations [8.49], [8.50] and [8.55]) can be defined at the discretion of the 

specialist. It is important to note that the MLP only possesses a minor computational and 

mathematical role in the STONs formulation for time series prediction and forecasting and 

serves to approximate a well-conditioned expression that relates the various emergent 

hyperfields to the predicted 𝑇𝑚 values. Other minimising techniques to find ‘𝑓’ may be used 

such as the function ‘Fit’ in ‘Mathematica’ or the function ‘fsolve’ in ‘MATLAB’. However, 

due to the number of weights, Approaches 1 and 2 are most recommended. In this work, I use 

approach 2 due to its computational efficiency. Approaches 1 and 2 are mathematically 

equivalent to one another on a fundamental level.  
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8.3. Case Studies 

In this section, I present three case studies where I have constructed the STONs and applied 

the hyperfield formulation presented in Sections [8.2.1] to [8.2.3] to compute new emergent 

hyperfields. It should be noted that the hyperfield formulation and the hyperfields presented in 

this chapter are similar but distinct from those presented in Chapter 7. I use the governing 

expression defined in Equation [8.50] to predict the future values of 𝑇𝑚 using only values in 

the historical domain ( {𝑇−𝑙1
, 𝑇−𝑙1+1, … , 𝑇−1, 𝑇0} ). In Section [8.3.1], I define the general 

parameters and procedures applied in all case studies. In Sections [8.3.2-8.3.3], the utility of 

the STONs formulation for problems in intelligent reassembling robotics is demonstrated by 

forecasting the future temperatures of a robot motor using the dataset presented in Hanke et al. 

(2020) (Case Study 1). In Section [8.3.4], I summarise the results from the first case study 

presented in Thiruvengadam et al. (2020b), where the unemployment rates are predicted using 

time series data from Australian Bureau of Statistics (2018b) (Case Study 2). To further 

demonstrate the efficacy of the STONs formulation in a general applied mathematical context, 

I summarise the results from the second case study presented in Thiruvengadam et al. (2020b) 

in Section [8.3.5], where I predict the future values of the global surface temperature change 

using the dataset from GISTEMP Team (2016) (Case Study 3). It should be noted that the 

approach presented in this chapter for Case Study 1 is the same as the approach used for Case 

Studies 2 and 3, which are presented in their entirety in Thiruvengadam et al. (2020b) and 

summaries of these case studies have been presented in this thesis for the purpose of generality 

to demonstrate that the STONs formulation can be applied to any time series system, as shown 

in my work (Thiruvengadam et al. 2020b). 

8.3.1. General Parameters and Procedures for the Case Studies 

The hyperfield parameters employed in the case studies in Thiruvengadam et al. (2020b) are 

the same as the parameters employed for all case studies presented in this Chapter for all three 

case studies (Case Studies 1, 2, 3), which are required to compute the new emergent functions 

{𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} (as defined in Equations [8.26] and [8.44-8.48]), are defined in Table 

[8.8]. 
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Parameter Value Parameter Value 

Radius of 𝑆𝑘 ‘𝑟’ 0.09 
Number of historical sub- 

windows, ‘𝐾’ 
10 

Common window 

size, ‘𝑢’ 
10 

Partitioned historical 

window size, 𝑙𝑖 
𝑢 × 𝜔 

Adjacency matrix, 𝐴𝑖𝑗
+  𝑎𝑖𝑗

+ = { 
1 𝑖𝑓 𝑖 < 𝑗 
0  𝑖𝑓 𝑖 > 𝑗 

 
Total historical window 

size, 𝑙1 
400 

Table 8.8. The parameters used to compute the hyperfield for all case studies. 

The following construction parameter was used to create a STON for all case studies 

𝑮[𝑻(𝑦)] = [cos (
360°(𝑘−1)

𝑢
) , sin (

360°(𝑘−1)

𝑢
) , 0] = [𝑥𝑐𝑘, 𝑦𝑐𝑘, 𝑧𝑐𝑘] (8.61) 

Where 𝑘 = 𝑦 + 1. This consequently produces the spatial coordinates for each of the 10 nodes 

used in these case studies (as shown in Figure [8.16c]) and as detailed in Table [8.9]. 

𝑘 x y z 

1 1.0000 0. 0000 0. 0000 

2 0.8090 0.5878 0. 0000 

3 0.3090 0.9511 0. 0000 

4 -0.3090 0.9511 0. 0000 

5 -0.8090 0.5878 0. 0000 

6 -1.0000 0. 0000 0. 0000 

7 -0.8090 -0.5878 0. 0000 

8 -0.3090 -0.9511 0. 0000 

9 0.3090 -0.9511 0. 0000 

10 0.8090 -0.5878 0. 0000 

Table 8.9. The spatial coordinates of each 𝑘-th node in a STON. 

I convert the spatial coordinates of the nodes from 𝐑3 space to 𝐑4,1 space by applying Equation 

[2.19]. The total number of equation classes is set to be 𝜓 = 10, producing a set of 10-step 

ahead predictions {𝑇1
𝑃, 𝑇2

𝑃, … , 𝑇𝜓=10
𝑃 } , as discussed in Section [8.2.3]. I achieve this by 

producing ten equation classes, with the parameters detailed in Table [8.10], where each 𝜔-th 

equation class incorporates their respective (𝛽0, 𝛽1, 𝛽2)  parameters to produce 𝜙𝜔  number 

(Equation [8.52]) of distinct data chains 𝑻(𝑙2, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔 , 𝑦) (Equation [8.13]), within 

the total historical window [−𝑙1, 0], as defined in Table [8.10].  
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Equation 

Class 

(𝜔) 

Data Chain 𝑻(𝑙2, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦) 

Total Event 

Number 

(𝜙𝜔) 

Shade 

(𝑒𝑞 = 𝑒 𝛽1
10𝑢

) 

1 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 1, 𝛽2 = 1, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
391 𝑒0.01 

2 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 2, 𝛽2 = 2, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
191 𝑒0.02 

3 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 3, 𝛽2 = 3, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
125 𝑒0.03 

4 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 4, 𝛽2 = 4, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
91 𝑒0.04 

5 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 5, 𝛽2 = 5, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
71 𝑒0.05 

6 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 6, 𝛽2 = 6, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
57 𝑒0.06 

7 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 7, 𝛽2 = 7, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
48 𝑒0.07 

8 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 8, 𝛽2 = 8, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
41 𝑒0.08 

9 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 9, 𝛽2 = 9, 𝜆𝜔 , 𝑦 =

[9,8, … ,0])  
35 𝑒0.09 

10 
𝑻(𝑙2, 𝑚, 𝑢 = 10, 𝛽0 = 1, 𝛽1 = 10, 𝛽2 =

10, 𝜆𝜔 , 𝑦 = [9,8, … ,0])  
31 𝑒0.10 

Table 8.10. The data chain parameters for each 𝜔-th equation class, for Case Studies 1, 2 and 3, where 

𝑙1 = 400. 

For all case studies, I adapt the governing expression as defined in Equation [8.55], to produce 

the conditioning expression shown below, where the range of ‘𝑚’ is: [−𝑙𝑖, 0]. 

𝑓(‖𝑉𝑚−𝑁𝜔
𝜔 ‖, ‖𝑆𝑚−𝑁𝜔

1,𝜔 ‖, ‖𝑆𝑚−𝑁𝜔
2,𝜔 ‖, ‖𝑆𝑚−𝑁𝜔

3,𝜔 ‖, … , ‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖, ‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖) = 𝛿𝑇𝑚
𝜔 (8.62) 

Where ‘𝑁’ is the number of lags (𝑁: [1, 𝑁𝑚𝑎𝑥]) and I compute the special magnitudes of the 

emergent hyperfields {‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖, ‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖} using Equation [7.27]. Using Equation 

[8.62], we produce 𝜙𝜔 − 1 number of equations in the conditioning set for each 𝜔-th equation 

class, for the conditioning set. I present an example in Figure [8.23] for 𝜔 = [1,2,3] and the 

number of lags 𝑁 = 1. 
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Figure 8.23. A demonstration of the 𝜙𝜔 − 1 number of equations produced in the conditioning set for 

each 𝜔-th equation class, for 𝜔 = [1,2,3], using Equation [8.62]. 

This process was repeated for each 𝜔-th equation class, to produce 𝜙𝜔 − 𝑁 equations for each 

equation class in the conditioning set (as shown in Table [8.10]). I approximate Equation 

[8.62], as discussed in Section [8.2.3], by constructing simple Multilayer Perceptron (MLP) 

networks, using Python and the ‘Tensorflow’ and ‘Keras’ libraries, for Case Studies 1, 2 and 

3, called ‘MLP A1’, MLP A2’ and ‘MLP A3’, respectively. The parameters selected for MLP 

A1, A2 and A3 are presented in Section [8.3.2], Electronic Appendix [C.1.3] and [C.1.4], 

respectively. For each 𝜆𝜔 -th event, the special magnitudes of the emergent hyperfields 

{‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖, ‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖}, are mapped to the input layer neurons, while 𝛿𝑇𝑚
𝜔 (computed 

using Equation [8.56]) is mapped to the output layer. I combine the equations produced using 

10 equation classes this way to train one MLP, as noted in Section [8.2.3]. After completing 

the training of the MLP to approximate the function ‘𝑓’ in Equation [8.62], I employ the trained 

MLP to find 𝑇𝑚=𝜔
𝑃 , for 𝜔 = [1,2,3, … , 𝜓 = 10] , by performing the mapping from 

{‖𝑉𝜔
𝜔‖, ‖𝑆𝜔

1,𝜔‖, ‖𝑆𝜔
2,𝜔‖, ‖𝑆𝜔

3,𝜔‖}  to 𝑇𝑚=𝜔
𝑃 . I present an example in Figure [8.24] for 𝜔 =

[1,2,3], with 𝑁 = 1 number of lags. 
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Figure 8.24. A demonstration of the mapping 𝑓(‖𝑉𝜔

𝜔‖, ‖𝑆𝜔
1,𝜔‖, ‖𝑆𝜔

2,𝜔‖, ‖𝑆𝜔
3,𝜔‖) = 𝑇𝜔

𝑃 for 𝜔 = [1,2,3], 

using Equation [8.62]. 

I compare the performance against four other standard techniques: multilayer perceptron 

(MLP) networks, long short-term memory (LSTM) networks, ARIMA and Holt-Winter 

methods:  

1) Multilayer Perceptron (MLP) Networks 

For the MLP approach, I construct three MLPs, called ‘MLP B1’, MLP B2’ and ‘MLP B3’ 

with the same parameters as MLP A1, MLP A2 and MLP A3, respectively, except that the 

inputs for MLP B1, MLP B2 and MLP B3 are not the special magnitudes of the emergent 

hyperfields {‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖, ‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖} (as shown in Equation [8.62]), but ten most recent 

historical values of 𝑇𝑚
  (𝜓 = 10), for a given time step index ‘𝑚’, in the conditioning set 

(𝑇𝑚−11
 , 𝑇𝑚−10

 , … , 𝑇𝑚−1
 ). For MLP B1, B2 and B3, I map ten preceding 𝑇𝑚

  values to ten future 

𝑇𝑚
  values, to perform a 10-step ahead prediction, as shown below 

𝑓( 𝑇𝑚−1
 , 𝑇𝑚−2

 , 𝑇𝑚−3
 , 𝑇𝑚−4

 , 𝑇𝑚−5
 , 𝑇𝑚−6

 , 𝑇𝑚−7
 , 𝑇𝑚−8

 , 𝑇𝑚−9
 , 𝑇𝑚−10

 )

= {𝑇𝑚
 , 𝑇𝑚+1

 , 𝑇𝑚+2
 , 𝑇𝑚+3

 , 𝑇𝑚+4
 , 𝑇𝑚+5

 , 𝑇𝑚+6
 , 𝑇𝑚+7

 , 𝑇𝑚+8
 , 𝑇𝑚+9

 } 
(8.63) 

2) Long Short-Term Memory (LSTM) Networks 

I construct an LSTM with the same structure and parameters as presented in Basak et al. (2019), 

which is a state of the art LSTM from 2019 June, using Python and the ‘Tensorflow’ and 

‘Keras’ libraries, to perform the mapping in Equation [8.63], with the following parameters 

selected: two LSTM blocks with 100 units each, a dropout layer after each LSTM layer, each 

with a dropout rate of 0.2 and I set the total number of epochs to be 100. I present a visualisation 

of a standard LSTM block in Figure [8.25]. 
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Figure 8.25. Visualisation of a standard LSTM block, as presented in Greff et al. (2016). 

3) Autoregressive Integrated Moving-Average (ARIMA) 

For the ARIMA model, I set the number of time lags to five and I set the other parameters to 

0, based on the selection criteria in Brockwell et al. (1991) (degree of differencing, order of 

moving average model, seasonality parameters etc.), effectively producing an AR(5) model 

which is in agreement with (Brockwell et al. 1991), as shown below  

 𝑥𝑡 = 𝜙0 + 𝜙1𝑥𝑡−1 + 𝜙2𝑥𝑡−2 + 𝜙3𝑥𝑡−3 + 𝜙4𝑥𝑡−4 + 𝜙5𝑥𝑡−5 (8.64) 

 Where ‘𝑡’ is the discretised time step, ‘𝑥’ is the time series system, 𝜙 is the autoregressive 

coefficient, and 𝐿 = 5 is the total number of time lags. The ‘Econometrics Toolbox’ from 

MATLAB (MATLAB 2018) is used to implement this model. I direct the reader to Brockwell 

et al. (1991) for a detailed description of the method, terminology and equations related to the 

ARIMA model. 

4) Holt-Winters 

The additive Holt-Winters forecasting model (Chatfield 1978) consists of four smoothing 

equations, one for trend, one for the estimate of the de-seasonalised mean level ‘𝑚𝑡’, one for 

the estimate seasonal factor ‘𝐹𝑡’, and one for the estimated trend term ‘𝑟𝑡’, as shown below 

𝑥𝑝𝑟𝑒𝑑(𝑡, ℎ) = 𝑚𝑡 + ℎ𝑟𝑡 + 𝐹𝑡−𝑠+ℎ (8.65a) 

𝑚𝑡 = 𝛼(𝑥𝑡 − 𝐹𝑡−𝑠) + (1 − 𝛼)(𝑚𝑡−1 + 𝑟𝑡−1) (8.65b) 

𝐹𝑡 = 𝛽(𝑥𝑡 − 𝑚𝑡) + (1 − 𝛽)𝐹𝑡−𝑠 (8.65c) 

𝑟𝑡 = 𝛾(𝑚𝑡 − 𝑚𝑡−1) + (1 − 𝛾)𝑟𝑡−1 (8.65d) 
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For a detailed description of the method and equations, I direct the reader to Chatfield (1978). 

For these case studies, I employ an additive Holt-Winters forecasting model with (𝛼, 𝛽, 𝛾) =

(0.8, 0.8, 0.8) based on the selection criteria in Chatfield (1978). Note that the symbols used in 

Equations [8.64] to [8.65d] are exclusive to these equations. 

8.3.2. Case Study 1: Forecasting Motor Temperatures in a Robot 

In Thiruvengadam et al. (2020b), I demonstrated the application of the STONs formulation for 

forecasting the future states of the Australian unemployment rate and the future values of the 

global surface temperature. As mentioned in Section [1.1], I will demonstrate the efficacy and 

utility of the STONs formulation for problems in the context of intelligent reassembling 

robotics. The data chain parameters and STON construction parameters used for this particular 

case study are presented in Tables [8.8], [8.9] and [8.10] and Equations [7.6-7.27], [8.26], 

[8.44-8.48], [8.56] and [8.62] and are identical to the case studies presented in Thiruvengadam 

et al. (2020b). The motivation of this case study is to forecast the temperature of a robot’s motor 

in order to ascertain if a more energy efficient state, which may be achieved using a 

reassembling transformation, is required to maintain or reduce motor temperature. For 

example, a UAV system or drive train (like the ones presented in Figure [8.26]) may require a 

reassembling transformation on one or more of the motors in order to increase performance, 

while minimising/maintaining motor temperatures. The ability of an intelligent reassembling 

robot to forecast stimuli from the environment and adapt to its environment (through 

reassembling transformations) would further advance Objective 4 (as presented in Section 

[1.1]). 

  
Figure 8.26. Left) An image of a UAV system from Villa et al. (2019). Right) A basic schematic of a 

drive train from Hanke et al. (2020). 

In this case study, I investigate the stator yoke thermal sensor measurements, in 5 minute 

intervals, sourced from Hanke et al. (2020), henceforth called the ‘Permanent Magnet 
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Synchronous Motor Temperature’ (PMSMT) dataset. In Hanke et al. (2020), the authors 

evaluated different methods for extracting mathematical models for a three-phase permanent 

magnet synchronous motor (PMSM) and a two-level insulated-gate bipolar transistor (IGBT) 

inverter from measurement data. The extracted models were used for the prediction of system 

states in a model predictive control (MPC) environment of the drive. Using data from 5305.58 

minutes to the 7295.58 minutes (as shown in Figure [8.27]), I predict the future values of stator 

yoke thermal sensor measurements from 7300.58 minutes to 7345.58 minutes. 

 
Figure 8.27. The values of 𝑇𝑚 from 5305.58 minutes to 7295.58 minutes, denoted as 𝑚 = −400 to 

𝑚 = 0, where 𝑇𝑚 is the stator yoke thermal sensor measurement of the 𝑚-th time index. 

As mentioned in Section [8.2.1], different temporal resolutions for the forecasting model may 

be employed, contingent on the availability of lower temporal index data for this time series. 

In this example, a 5-minute index was the lowest temporal unit available. The new emergent 

hyperfields {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} were computed using the respective (𝛽0, 𝛽1, 𝛽2) parameters 

to construct the data chains 𝑻(𝑙2, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦) for each 𝜔-th equation class, according 

to Table [8.10], using Equations [7.6-7.27] with the shade 𝑒𝑞 = 𝑒 𝛽1
10𝑢

 (Equation [8.11]). I 

compute the 𝜙𝜔 number of values of {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for each 𝜔-th equation class and 

their respective values of 𝛿𝑇𝑚
𝜔, according to Equations [8.26], [8.44-8.48] and [8.56]. As an 

example, the complete 𝑉𝑚
𝜔 multivectors for 𝑚 = {−50, −49, … , −46} and 𝜔 = 1, are shown 

in the table below.    
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𝑚 𝑉𝑚
𝜔=1 

-50 -0.0083199𝑒1𝑒2𝑒3𝑒𝑒0.1 + 0.025231𝑒1𝑒2𝑒3�̅�𝑒0.1 - 2.5808×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-49 -0.0077813𝑒1𝑒2𝑒3𝑒𝑒0.1 + 0.023598𝑒1𝑒2𝑒3�̅�𝑒0.1 - 9.8753×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-48 -0.0082298𝑒1𝑒2𝑒3𝑒𝑒0.1 + 0.024958𝑒1𝑒2𝑒3�̅�𝑒0.1 - 6.7261×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-47 -0.0081954𝑒1𝑒2𝑒3𝑒𝑒0.1 + 0.024854𝑒1𝑒2𝑒3�̅�𝑒0.1 - 1.0688×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-46 -0.0078294𝑒1𝑒2𝑒3𝑒𝑒0.1 + 0.023744𝑒1𝑒2𝑒3�̅�𝑒0.1 - 1.5389×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 8.11. The 𝑉𝑚
𝜔 multivectors for 𝑚 = {−50, −49, … , −46} and 𝜔 = 1. 

A sample of the full multivectors of {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} is presented in Electronic Appendix 

[C.2.1], while a sample of the latest 50 values from 𝑚 = −50  to 𝑚 = 0  for the special 

magnitudes of the new emergent hyperfields {||𝑉𝑚
𝜔||, ||𝑆𝑚

1,𝜔||, ||𝑆𝑚
2,𝜔||, ||𝑆𝑚

3,𝜔||} and 𝛿𝑇𝑚
𝜔  for 

𝜔 = 1 are presented in Figures [8.28-8.29].  

 

 
Figure 8.28. The plots of 𝑚 = −50  to 𝑚 = 0  for the new emergent functions 

(‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖), for 𝜔 = 1. 
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Figure 8.29. The plots of 𝑚 = −50 to 𝑚 = 0 of 𝛿𝑇𝑚

𝜔, computed as the difference stator yoke thermal 

sensor measurement, for 𝜔 = 1. 

Note that the emergent hyperfields in Figure [8.28] possess behaviours that are not qualitatively 

reflective of the original 𝛿𝑇𝑚
𝜔 (as presented Figure [8.29]). This suggests that hidden algebro-

geometric structures of the time series evolution, that are very difficult to observe in the original 

dataset, are manifested in the behaviours and evolution of the emergent hyperfields. The 

emergent hyperfields are well-behaved compared to 𝑇𝑚 and are qualitatively more consistent 

than the original dataset, especially ||𝑉𝑚||. They also reflect underlying structures, such as a 

strange periodicity (as can be seen for ||𝑆𝑚
2 ||). This provides sound numerical grounds for 

justifying the postulate that the STON characterisations of time series allows underlying and 

hidden algebro-geometric structures of the system to manifest and allows potential anomalies 

in these emergent values to be reflective of fundamental shifts in the system’s underlying 

equilibrium. The governing expression (Equation [8.62]) was trained using MLP A1, as 

described in Section [8.3.1], using 𝑙1 = 400 (according to Table [8.10]) to predict 𝛿𝑇𝑚=𝜔
𝜔  for 

each 𝜔 -th equation class. I map the emergent hyperfields of the preceding days 

( ‖𝑉𝑚−𝑁𝜔
𝜔 ‖, ‖𝑆𝑚−𝑁𝜔

1,𝜔 ‖, ‖𝑆𝑚−𝑁𝜔
2,𝜔 ‖, ‖𝑆𝑚−𝑁𝜔

3,𝜔 ‖, … , ‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖, ‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖ ) to 𝛿𝑇𝑚
𝜔  by 

setting the number of lags in Equation [8.62] to 𝑁 = 5. This produces a total number of 

instances of training, 𝐼𝑡𝑟𝑎𝑖𝑛 = 1039. MLP A1 has one hidden layer, with 20 neurons, ‘eLu’ 

(exponential linear unit) activation functions and a dropout of 0.2. The training, validation and 

prediction set sizes were set to {860, 179, 10}. MLP A1 was trained for 100 epochs with a 

learning rate of 0.001 and a linear min-max scaling is performed on the data to limit the inputs 

to [−1,1] before training the MLP. I present a visualisation of the mapping of the 20 inputs to 
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one output, as shown in Equation [8.62], for MLP A1, in Figure [8.30]. Whereas in my paper 

Thiruvengadam et al. (2020b), a more complicated two and three hidden layer MLPs were used 

for both MLP and Emergent Hyperfield validation tests (as performed in Case Study 2 and 3 

respectively), in Case Study 1, I have chosen to evaluate a simpler, more robust MLP structure 

with only one hidden layer and reduced neuron counts to further demonstrate that the emergent 

hyperfield inputs themselves are endowed with sufficient, underlying mathematical 

information of the system enabling them to produce accurate, longer horizon forecasts.  

 
Figure 8.30. A visualisation of the mapping of inputs and output to the MLP (as presented in Equation 

[8.62], for 𝑁 = 5). In this case study, MLP A1 is constructed with one hidden layer with 20 neurons.  

The same MLP parameters are used to construct MLP B1 (Figure [8.31]), using the mapping 

of inputs and outputs shown in (Equation [8.63]), and plots of the loss on the training and 

validation data are shown in Electronic Appendix [C.2.2].  
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Figure 8.31. A visualisation of the mapping of inputs and output to MLP B1 (as presented in Equation 

[8.63]). In this case study, MLP B1 is constructed with one hidden layer with 20 neurons.  

As discussed in Section [8.1], there are two ways to measure the efficacy of time series 

forecasting models, absolute percentage error (𝜖𝜔) and the directionality equality (𝐷𝜔), and I 

formally define them in in Equations [8.67] and [8.66], respectively. 

 𝜖𝜔 = |
𝑇𝑚

 −  𝑇𝑚
𝑃

𝑇𝑚
 

| ∗ 100% (8.66) 

 𝐷𝜔 = {1 𝑠𝑔𝑛(𝛿𝑇𝑚
𝜔) = 𝑠𝑔𝑛(𝛿𝑇𝑚

𝑃,𝜔)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  (8.67) 

8.3.3. Case Study 1: Forecasting Motor Temperature in a Robot (Results) 

A comparison of the 10-step ahead (where each time step corresponds to a 5-minute interval) 

predicted values of 𝑇𝑚=𝜔
𝑃 , to the real values from the dataset 𝑇𝑚=𝜔

  are presented at two 

different scales in Figure [8.32]. 
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Figure 8.32. Left) The 10-step ahead predicted values of the stator yoke thermal sensor measurement 

(𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for  𝑚 = −30 to 𝑚 = 10, where each time step corresponds 

to a 5-minute interval. Right) The 10-step ahead predicted values of the stator yoke thermal sensor 

measurement (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for 𝑚 = −4 to 𝑚 = 10, where each time step 

corresponds to a 5-minute interval (zoomed in). 

The real and predicted 𝑇𝑚 differentials of the 𝜔-th Equation Class (𝛿𝑇𝑚=𝜔
𝜔  and 𝛿𝑇𝑚=𝜔

𝑃,𝜔
) and the 

corresponding directionality equality (𝐷𝜔) values, using the emergent hyperfield method, are 

computed and displayed in Table [8.12]. 

Equation  

Class 

 (𝜔) 

Real 𝑇𝑚 differential of the  

𝜔-th Equation Class  

(𝛿𝑇𝑚=𝜔
𝜔 ) 

Predicted 𝑇𝑚 differential of the  

𝜔-th Equation Class  

(𝛿𝑇𝑚=𝜔
𝑃,𝜔

) 

Directionality 

Equality 

(𝐷𝜔) 

1 -0.01 -0.05 1 

2 -0.07 0.04 0 

3 -0.19 -0.16 1 

4 -0.19 0.00 1 

5 -0.17 -0.07 1 

6 -0.25 -0.03 1 

7 0.21 0.07 1 

8 0.21 0.40 1 

9 0.22 0.06 1 

10 0.01 0.14 1 

𝑚𝑒𝑎𝑛(𝐷𝜔) 0.9 

Table 8.12. The 10-step ahead real and predicted 𝑇𝑚 differentials of the 𝜔-th Equation Class (𝛿𝑇𝑚=𝜔
𝜔  

and 𝛿𝑇𝑚=𝜔
𝑃,𝜔

), their corresponding 𝐷𝜔 values and the value of 𝑚𝑒𝑎𝑛(𝐷𝜔). 

The real and predicted 𝑇𝑚 values of each 𝜔-th equation class (𝑇𝑚=𝜔
  and 𝑇𝑚=𝜔

𝑃 ), computed 

using Equation [8.56]), are compiled in Table [8.13].  
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Equation  

Class (𝜔) 

Real 𝑇𝑚 Values of  

the 𝜔-th Equation Class 

(𝑇𝑚=𝜔
 ) 

Predicted 𝑇𝑚 Values of  

the 𝜔-th Equation Class 

(𝑇𝑚=𝜔
𝑃 ) 

Absolute Percentage  

Error (𝜖𝜔) 

1 0.47 0.25 47.32 

2 0.15 0.73 386.49 

3 -0.50 -0.33 33.13 

4 -0.53 0.52 197.56 

5 -0.42 0.14 133.32 

6 -0.87 0.35 140.47 

7 1.67 0.93 44.01 

8 1.71 2.74 60.19 

9 1.76 0.88 49.63 

10 0.60 1.30 116.79 

𝑀𝑒𝑎𝑛(𝜖𝜔) 120.89 

Table 8.13. The 10-step ahead real and predicted 𝑇𝑚 values of each 𝜔-th equation class (𝑇𝑚=𝜔
 ) and 

(𝑇𝑚=𝜔
𝑃 ),  and their respective 𝜖𝜔 values, as defined in Equation [8.66]. 

The results of the two-pronged prediction for all five tested methods are presented in Table 

[8.14]. 

Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead) 

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

120.89% 0.90 

ARIMA 131.32% 0.4 

Holt-Winters 524.88% 0.4 

MLP B1 185.34% 0.6 

LSTM 133.88% 0.3 
Table 8.14. The 10-step ahead prediction performance of the emergent hyperfield and the other 

comparison methods, where each time step corresponds to a 5-minute interval. 

To supplement and compare the results against the analysis presented above, I present a 5-step 

ahead forecasting exercise for the same temporal domain as was performed for the 10 step case. 

A comparison of the 5-step ahead (where each time step corresponds to a 5-minute interval) 

predicted values of 𝑇𝑚=𝜔
𝑃 , to the real values from the dataset 𝑇𝑚=𝜔

  are presented at two 

different scales in Figures [8.32-8.33]. The results of the two-pronged prediction for all five 

tested methods are presented in Table [8.15]. 
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Figure 8.33. Left) The 5-step ahead predicted values of the stator yoke thermal sensor measurement 

(𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for  𝑚 = −30 to 𝑚 = 5, where each time step corresponds 

to a 5-minute interval. Right) The 5-step ahead predicted values of the stator yoke thermal sensor 

measurement (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for 𝑚 = −4 to 𝑚 = 5, where each time step 

corresponds to a 5-minute interval (zoomed in). 

Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(5-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(5-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 5} 

for 𝑖: [1,5] 

139.07% 1 

ARIMA 178.64% 0.7 

Holt-Winters 663.96% 0 

MLP B1 164.84% 0.8 

LSTM 169.66% 0.6 
Table 8.15. The 5-step ahead prediction performance of the emergent hyperfield and the other 

comparison methods, where each time step corresponds to a 5-minute interval. Note the change of the 

STON construction parameters to produce a 5-step ahead prediction (i.e. 𝜓 = 5 and 𝑖: [1,5]). 

As we can see from Table [8.14], for the 10-step ahead prediction, the mean directionality 

equality for the Emergent Hyperfield Method was the highest (𝑚𝑒𝑎𝑛(𝐷𝜔) = 0.9), while the 

other forecasting methods produced significantly worse mean directionality predictions of 

𝑚𝑒𝑎𝑛(𝐷𝜔) = 0.30 to 0.60. The Emergent Hyperfield Method also achieved the lowest mean 

absolute percentage error (𝑚𝑒𝑎𝑛(𝜖𝜔) = 120.89%), while the ARIMA forecasting method 

produced the second lowest mean absolute percentage error (𝑚𝑒𝑎𝑛(𝜖𝜔) = 131.32%). The 

LSTM (𝑚𝑒𝑎𝑛(𝜖𝜔) = 133.88%) and MLP (𝑚𝑒𝑎𝑛(𝜖𝜔) = 185.34%) forecasting methods 

appear to have performed worse, while the Holt-Winters method performed the worst 
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(𝑚𝑒𝑎𝑛(𝜖𝜔) = 524.88%). Similarly, based on the results for the 5-step ahead predictions in 

Table [8.15], the Emergent Hyperfield Method produced the best the mean directionality 

equality results (𝑚𝑒𝑎𝑛(𝐷𝜔) = 1), while the other forecasting methods produced worse mean 

directionality predictions of 𝑚𝑒𝑎𝑛(𝐷𝜔) = 0 to 0.80. The lowest mean absolute percentage 

error was also achieved by the Emergent Hyperfield Method (𝑚𝑒𝑎𝑛(𝜖𝜔) = 139.07%), while 

the MLP ( 𝑚𝑒𝑎𝑛(𝜖𝜔) = 164.84% ), LSTM ( 𝑚𝑒𝑎𝑛(𝜖𝜔) = 169.66% ) and ARIMA 

(𝑚𝑒𝑎𝑛(𝜖𝜔) = 178.64%) methods performed worse. The worst performer is the Holt-Winters 

method, which produced an MAPE of 𝑚𝑒𝑎𝑛(𝜖𝜔) = 663.96%  and a mean directionality 

equality of 𝑚𝑒𝑎𝑛(𝐷𝜔) = 0. 

8.3.4. Case Study 2: Forecasting Australian Unemployment Rates (Results) 

In this case study, I have summarised the results presented in my work, Thiruvengadam et al. 

(2020b), where I predict the future states of the Australian unemployment rate using the 

Australian Unemployment dataset (Figure [16] of Electronic Appendix [C.1.1]) and employing 

the data chain and STON construction parameters presented in Tables [8.8], [8.9] and [8.10] 

and Equations [7.6-7.27], [8.26], [8.44-8.48], [8.56] and [8.62] to compute the emergent 

hyperfields and 𝛿𝑇𝑚
𝜔 (presented in Figures [17-18] of Electronic Appendix [C.1.1] for 𝜔 = 1, 

similar to Figures [8.28-8.29] from Case Study 1) and map them to future states of 𝑇𝑚. A 

sample of the full multivectors of {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} is presented in Electronic Appendix 

[C.2.3]. MLP A2, used for the Emergent Hyperfield Method in this case study, has 2 hidden 

layers, with 100 and 50 neurons, respectively, ‘eLu’ (exponential linear unit) activation 

functions, and a dropout of 0.5 for both layers. The training, validation and prediction set sizes 

were set to {860, 179, 10}. MLP A2 was trained for 1000 epochs with a learning rate of 0.0001 

and a linear min-max scaling is performed on the data to limit the inputs to [−1,1] before 

training the MLP. The same MLP parameters are used to construct MLP B2, as was done for 

Case Study 1 (similar to Figure [8.31]), using the mapping of inputs and outputs shown in 

(Equation [8.63]) and visualisations of the mapping of inputs and outputs for MLP A2 and B2 

are presented in Figures [19-20] of Electronic Appendix [C.1.1] and plots of the loss on the 

training and validation data are shown in Electronic Appendix [C.2.4]. A comparison of the 

10-step ahead predicted values of 𝑇𝑚=𝜔
𝑃  to the real values from the dataset (𝑇𝑚=𝜔

 ) are presented 

at two different scales in Figure [8.34], where each time step corresponds to one-month 

intervals. 
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Figure 8.34. Left) The 10-step ahead predicted values of the seasonally adjusted Australian 

unemployment rate (%) (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for  𝑚 = −20 to 𝑚 = 10, where 

each time step corresponds to a one-month interval. Right) The 10-step ahead predicted values of the 

seasonally adjusted Australian unemployment rate (%) (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for 

𝑚 = −4 to 𝑚 = 10, where each time step corresponds to a one-month interval (zoomed in). 

The real and predicted 𝑇𝑚 values and 𝑇𝑚 differentials for the hyperfield method are presented 

in Tables [49-50] of Electronic Appendix [C.1.2]. The results of the two-pronged prediction 

for all five tested methods are presented in Table [8.16]. 

Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

1.24% 0.71 

ARIMA 1.30% 0.57 

Holt-Winters 3.91% 0.57 

MLP B2 3.95% 0.43 

LSTM 2.44% 0.57 

Table 8.16. The 10-step ahead performance of the emergent hyperfield and the other comparison 

methods where each time step corresponds to a one-month interval. 

As we can see for the Emergent Hyperfield Method, the predicted values of 𝑇𝑚
𝑃 appear to be 

very similar to the manifested/real 𝑇𝑚  values, with only a 𝑚𝑒𝑎𝑛(𝜖𝜔)  value of 1.24%. 

Furthermore, the value of 𝑚𝑒𝑎𝑛(𝐷𝜔) was considerably higher than the other methods (0.71), 

when ignoring the 𝑇𝑚  differentials 𝛿𝑇𝑚=𝜔
𝜔 = 0 , at 𝑚 = {1,2,8}  for the computation of 

𝑚𝑒𝑎𝑛(𝐷𝜔) , because it is almost impossible to achieve without setting an arbitrary zero 
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threshold for the predicted 𝛿𝑇𝑚=𝜔
𝜔  value. To evaluate the efficacy and accuracy of the model 

over different temporal resolutions, I compare the performance of the hyperfield method 

against the state of the art for the two following additional cases: weekly and quarterly (tri-

monthly) forecasts. Due to the unavailability of data, I have linearly interpolated the dataset of 

monthly Australian Unemployment Rates to produce a dataset of weekly Australian 

Unemployment Rates. The data chain parameters (𝛽0, 𝛽1, 𝛽2) have been adjusted to reflect the 

inter- and intra-chain intervals, in accordance with the approach presented in Section [8.2.1] 

(Equations [8.9-8.13]). I recomputed new hyperfields using the weekly dataset for Australian 

Unemployment Rates and retained the data chain parameters for each 𝜔-th equation class, as 

shown in Table [8.10], (i.e. 𝛽0 = 1 and 𝛽1 = 𝛽2 = [1,2, … ,10] for the equation classes 𝜔 =

[1,2, … ,10]). To compute new hyperfields based on quarterly (tri-monthly) data of Australian 

Unemployment Rates, I employ the same monthly dataset and set the data chain parameters for 

each 𝜔-th equation class to be: 𝛽0 = 1 and 𝛽1 = 𝛽2 = [3,6,9, … ,30] for the equation classes 

𝜔 = [1,2,3, … ,10] instead. The results of the 10-step ahead weekly and 6-step ahead quarterly 

(tri-monthly) forecasts are presented in Figure [8.35] and their accuracies are presented in 

Tables [8.17-8.18].  

 

Figure 8.35. Left) The 10-step ahead predicted values of the interpolated weekly Australian 

unemployment rate (%) ( 𝑇𝑚
𝑃 ) compared against the real values ( 𝑇𝑚 ) for 𝑚 = −4  to 𝑚 = 10 

(01/12/2016 Week 1 to 01/03/2017 Week 3), where each time step corresponds to one-week interval. 

Right) The 6-step ahead predicted values of the quarterly (tri-monthly) Australian unemployment rate 

(%) (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for 𝑚 = −12 to 𝑚 = 18 (01/01/2012 to 01/07/2015), 

where each time step corresponds to three-month interval. 
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Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

0.92% 0.80 

ARIMA 2.65% 0.00 

Holt-Winters 2.01% 1.00 

MLP B2 1.95% 0.70 

LSTM 4.01% 0.00 

Table 8.17. The 10-step ahead performance of the emergent hyperfield and the other comparison 

methods, for the interpolated weekly Australian unemployment rate, where each time step corresponds 

to one-week interval. 

Method 

Mean Absolute 

Percentage Error 

(𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(6-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(6-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝑖, 𝛽1 = 𝛽2 = 3𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 6} 

for 𝑖: [1,6] 

3.35% 0.83 

ARIMA 1.30% 1.00 

Holt-Winters 19.43% 0.00 

MLP B2 24.00% 1.00 

LSTM 17.32% 1.00 

Table 8.18. The 6-step ahead performance of the emergent hyperfield and the other comparison method, 

for the quarterly (tri-monthly) Australian unemployment rate, where each time step corresponds to 

three-month interval.  

8.3.5. Case Study 3: Forecasting the Global Surface Temperature Change from NASA 

(Results) 

In this case study, I have summarised the results presented in my work, Thiruvengadam et al. 

(2020b), where I predict the future states of the NASA Goddard Institute for Space Studies 

Surface Temperature Analysis using the GISTEMP dataset (Figure [21] of Electronic 

Appendix [C.1.3]) and employing the data chain and STON construction parameters presented 

in Tables [8.8], [8.9] and [8.10] and Equations [7.6-7.27], [8.26], [8.44-8.48], [8.56] and [8.62] 

to compute the emergent hyperfields and 𝛿𝑇𝑚
𝜔  (presented in Figures [22-23] of Electronic 

Appendix [C.1.3] for 𝜔 = 1, similar to the Figures [8.28-8.29] from Case Study 1) and map 

them to future states of 𝑇𝑚 . A sample of the full multivectors of {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} is 
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presented in Electronic Appendix [C.2.5]. Whereas 𝛿𝑇𝑚
𝜔 was computed in Case Studies 1 and 

2 by employing Equation [8.56], in this case study, we compute 𝛿𝑇𝑚
𝜔 with an addition of a 

constant (set to 5) in the denominator to avoid divisions by zero (for cases where 𝑇𝑚 = 0), as 

shown below 

𝑇𝑚 − 𝑇𝑚−𝜔

𝑇𝑚−𝜔 + 5
= 𝛿𝑇𝑚

𝜔 (8.68) 

Figure [8.36a-b] shows the 10-step ahead predicted values 𝑇𝑚=𝜔
𝑃  compared against 𝑇𝑚=𝜔

 , 

where each time step corresponds to a one-month interval. MLP A3, used for the Emergent 

Hyperfield Method in this case study, has 3 hidden layers, with [100,80,50]  neurons, 

respectively, ‘ReLu’ (rectified linear unit) activation functions, and a dropout of 0.5 for each 

layer. The training, validation and prediction set sizes were set to {860, 179, 10}. MLP A3 was 

trained for 300 epochs with a learning rate of 0.001, and a linear min-max scaling is performed 

on the data, to limit the inputs to [−1,1], before training the MLP. The same MLP parameters 

are used to construct MLP B3, as was done for Case Study 1 (similar to Figure [8.31]), using 

the mapping of inputs and outputs shown in (Equation [8.63]). Visualisations of the mapping 

of inputs and outputs for MLP A3 and B3 are presented in Figures [24-25] of Electronic 

Appendix [C.1.3] and plots of the loss on the training and validation data are shown in 

Electronic Appendix [C.2.6].  

 

Figure 8.36. Left) The 10-step ahead predicted values of the monthly mean temperature anomalies (℃) 

𝑇𝑚
𝑃 compared against the real values 𝑇𝑚 for 𝑚 = −30 to 𝑚 = 10, where each time step corresponds to 

a one-month interval. Right) The 10-step ahead predicted values of the monthly mean temperature 

anomalies (℃) 𝑇𝑚
𝑃 compared against the real values 𝑇𝑚 for 𝑚 = −4 to 𝑚 = 10, where each time step 

corresponds to a one-month interval (zoomed in). 
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The 10-step ahead real and predicted 𝑇𝑚 values of each 𝜔-th equation class (𝑇𝜔
  and 𝑇𝜔

𝑃) are 

computed using Equation [8.68]. The real and predicted 𝑇𝑚 values and 𝑇𝑚 differentials for the 

hyperfield method are presented in Tables [51-52] of Electronic Appendix [C.1.4]. The results 

of the two-pronged prediction for all five tested methods are presented in Table [8.19]. 

Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead) 

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

19.86% 0.90 

ARIMA 13.88% 0.40 

Holt-Winters 70.66% 0.60 

MLP B3 12.69% 0.40 

LSTM 12.89% 0.40 

Table 8.19. The 10-step ahead performance of the emergent hyperfield and the other comparison 

methods, where each time step corresponds to a one-month interval. 

The emergent hyperfield method has the second highest 𝑚𝑒𝑎𝑛(𝜖𝜔) at 19.86%, while the Holt-

Winters method performed the poorest at 𝑚𝑒𝑎𝑛(𝜖𝜔) = 70.66%. However, I have achieved my 

aim in this case study, with a near perfect value for 𝑚𝑒𝑎𝑛(𝐷𝜔) = 0.90, meaning the predicted 

values only failed this metric once out of 10 days, outperforming the ARIMA, LSTM and the 

MLP methods. Note that the emergent hyperfield method’s error does not increase with 

increasing ‘𝑚’, as one would expect practically, due to error propagation. This is because the 

form of Equation [8.62] and the construction of the various STONs of unique 𝜔 classes, avoids 

the utilisation of intermediate values {𝑇𝑚=1
𝑃 , 𝑇𝑚=2

𝑃 , … , 𝑇𝑚=𝜓
𝑃 } in the prediction domain. To 

evaluate the efficacy and accuracy of the model over different temporal resolutions and ranges, 

I compare the performance of the hyperfield method against the state of the art for the two 

following cases: weekly and quarterly (tri-monthly) forecasts, as we had done in Section 

[8.3.4]. Once again, due to the unavailability of data, I have linearly interpolated the monthly 

dataset of GISTEMP to produce a dataset of weekly data points. The data chain parameters 

(𝛽0, 𝛽1, 𝛽2) have been adjusted to reflect the inter- and intra-chain intervals that, in accordance 

with the approach presented in Section [8.2.1], Equations [8.9-8.13]. The results of the 10-step 

ahead weekly and quarterly (tri-monthly) forecasts are presented in Figure [8.37], respectively, 

and their accuracies are presented in Tables [8.20-8.21].  
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Figure 8.37. Left) The 10-step ahead predicted values of the interpolated weekly GISTEMP data (%) 

(𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) for 𝑚 = −4 to 𝑚 = 10 (15/8/2013 Week 3 to 15/12/2013 

Week 1), where each time step corresponds to one-week interval. Right) The 10-step ahead predicted 

values of the quarterly (tri-monthly) GISTEMP data (%) (𝑇𝑚
𝑃) compared against the real values (𝑇𝑚) 

for 𝑚 = −12 to 𝑚 = 30 (15/4/2008 to 15/10/2011), where each time step corresponds to three-month 

interval. 

Method 

Mean Absolute Percentage 

Error (𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝛽1 = 𝛽2 = 𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

5.06% 0.70 

ARIMA 9.35% 0.50 

Holt-Winters 53.39% 0.50 

MLP B3 12.08% 0.50 

LSTM 13.00% 0.50 

Table 8.20. The 10-step ahead performance of the emergent hyperfield and the other comparison 

methods, for the interpolated weekly GISTEMP data, where each time step corresponds to one-week 

interval. 
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Method 

Mean Absolute 

Percentage Error 

(𝑚𝑒𝑎𝑛(𝜖𝜔)) 

(10-step ahead)  

Mean Directionality Equality 

(𝑚𝑒𝑎𝑛(𝐷𝜔)) 

(10-step ahead) 

Emergent Hyperfield Method 

{𝜔 = 𝑖, 𝛽1 = 𝛽2 = 3𝑖, 𝑢 = 10, 

𝑟 = 0.09, 𝑙1 = 400, 𝜓 = 10} 

for 𝑖: [1,10] 

9.89% 1.00 

ARIMA 6.93% 0.90 

Holt-Winters 42.45% 1.00 

MLP B3 14.91% 0.90 

LSTM 14.26% 0.70 

Table 8.21. The 10-step ahead performance of the emergent hyperfield and the other comparison 

method, for the quarterly (tri-monthly) GISTEMP data, where each time step corresponds to three-

month interval. 

As can be seen, the hyperfield method outperforms the tested state of the art methods for the 

metric 𝐷𝜔.  It is either the best or the second best performer when evaluated with respect to the 

metric of 𝑚𝑒𝑎𝑛(𝜖𝜔) for different temporal resolutions and different historical regions of the 

phenomenon under study. Note that the MAPE computed for Case Studies 1 and 3 (as shown 

in Tables [8.14 -8.15] and [8.19-8.21]) are higher (ranging between 5.06% and 97.75%) 

compared to the MAPE computed for Case Study 2 which ranges between 0.92% and 3.35% 

(as shown in Tables [8.16-8.18]). This could be attributed to the fact that 𝑇𝑚 values in Case 

Studies 1 and 3 oscillate about zero with a small range of ±2. Consequentially, small changes 

in the magnitude produces larger percentage error values, compared to the 𝑇𝑚 values in Case 

Study 1, which range between 5.5 and 6. As such, an initial vertical translation of the data as a 

data pre-treatment step, such that it no longer possesses a mean value close to zero, is pre-

figured to improve the interpretation value of the MAPE ( 𝑚𝑒𝑎𝑛(𝜖𝜔)) metric for future 

analyses. Nevertheless, the Emergent Hyperfield Method manages to produce predicted 𝑇𝑚 

values that capture the directionality of the differentials (𝛿𝑇𝑚
𝜔 =

𝑇𝑚 −𝑇𝑚−𝜔

𝑇𝑚−𝜔
) and structure of the 

time series well. For all case studies, the Emergent Hyperfield Method arguably performs with 

unprecedented accuracy in the capturing of cyclical periodicities of future forecasts. This 

reflects that the Emergent Hyperfield Method produces forecasts that are geometrically similar 

to the real forecast outcomes. This geometric similarity means that the morphology/shape of 

the prediction curve and its associated time-step differential directions are very effectively 

anticipated in the forecasting exercise.  
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8.4. Discussion and Conclusion 

Spatio-Temporal Ordinality Networks can be constructed for any time series data using 

numerous synthesis parameters (𝑙𝑖, 𝑚, 𝑢, 𝛽0, 𝛽1, 𝛽2, 𝜆𝜔, 𝑦)  at the discretion of the 

theoretician/specialist. The correlation between some of the hyperfields defined in the case 

studies (such as {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔}) and real-world values were not explored in this work. 

However, it is clear that these extracted functions drive the evolutionary behaviour of the 

system, by virtue of the simplicity of the neural network architecture. In the multilayer 

perceptron we used to approximate the polynomial nature of the function ‘𝑓’ for the emergent 

hyperfield method (Equations [8.62]), I had to use numerous weights and biases (for the 150 

and 230 number of neurons in Case Study 1 and 2, respectively). I expect a polynomial 

approximation exercise to possess a similar order of magnitude of unknown coefficients in the 

fitting exercise. However, a simpler expression, with fewer coefficients and fewer weights, 

would produce poorer models of the governing expression. This ensures that the MLP only 

possesses a minor computational and mathematical role in the STONs formulation, as 

discussed in Section [8.2.3]. 

The historical data captured and embedded in the various hyperfield functions, as 

multivectors, interact to predict the evolutionary behaviour of the system before mapping into 

their respective magnitudes (as shown in Figures [8.28] and Figures [17] and [22] of Electronic 

Appendix [C]). By mapping the multivectors to a single scalar magnitude value much of the 

information latently present in the multivectors would be lost. Arguably, direct multivector 

operations between the various hyperfields would present more elegant and robust governing 

equations. In this model, the application of spatio-temporal ordinality networks using 

hyperfields was not restricted by preconditions of stochasticity in the system itself. One of the 

weaknesses of this methodology is the fact that the hyperfields themselves 

{𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} do not directly or obviously correlate with real world variables governing 

the system, rather, they are meta-input approximations of these hidden variables ([𝑸𝒖,𝒎]). In 

the case studies presented in this chapter, different time series data sets were selected from 

different systems and disciplines ranging from  robotics, economics and environmental science, 

in Case Studies 1, 2 and 3, respectively. By virtue of the emergent hyperfields dampening noise 

from the original time series data (𝑇𝑚), as is evident from Figures [8.28] and Figures [17] and 

[22] of Electronic Appendix [C] and as mentioned in Section [8.1], further work needs to be 

undertaken to fully utilise of these well behaved emergent hyperfields to diagnose fundamental 
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shifts in the underlying equilibrium of the system. 

As can be seen in the case studies, the hyperfield functions were able to produce 10-step ahead 

predictions with low 𝑚𝑒𝑎𝑛(𝜖𝜔)  (mean absolute percentage error) and a high 𝑚𝑒𝑎𝑛(𝐷𝜔) 

(mean directionality accuracy) and I should perform additional tests for other multi-step ahead 

cases in future works, such as three-step, five-step or fifteen-step ahead predictions. I did not 

perform the one-step ahead prediction case, because it is a comparatively simple problem in 

time series forecasting, and I anticipate that the relative performance of the methods will 

naturally hold up for the one-step ahead prediction tests. With a larger historical window size 

(𝑙1 > 400) or more sophisticated machine learning methods, the method could be optimised 

with respect to 𝐷𝜔  and 𝜖𝜔 . Combining multiple predictions from different unitised time 

interval and construction parameters (such as those performed in the case studies) to produce 

averaged probabilistic forecasts is a promising avenue of future development.  While I have 

only used one shade in the case studies for each equation class, utilisation of additional shades 

to analyse more historical sub-windows for each equation class will allow us to extract more 

sophisticated emergent hyperfields that potentially reflect additional structures and 

symmetries. Additionally, developing simultaneous forecasting models using different 𝛽1 and 

𝛽2indices for different temporal resolutions of interest is an avenue for future work. It is my 

expectation that the use of more shades would further enhance the accuracy of the forecasting 

models derived. Additionally, the construction parameter choices of (𝑢, 𝑟, 𝑮, 𝐴𝑖𝑗) as defined in 

Equations [8.13], [7.9], [8.22] and [8.23] for the various emergent hyperfields in the case 

studies were identical. Other selection paradigms and dilation operator types ought to be tested 

and explored in the future to enrich the utility of the framework. Finally, the utilisation of well-

behaved emergent hyperfields as diagnostic tools to detect underlying shifts in the system’s 

mathematical equilibrium is a promising additional avenue of investigation for the future.  

As permanent magnet motors are prevalently used in robotics, by achieving a high 𝐷𝜔 

(Equation [8.67]) and a low 𝜖𝜔  (Equation [8.66]), when forecasting the future states of a 

permanent magnet motor temperature, overheating in the system and failure detection can take 

place for a reassembling robot. By predicting the futures states of stimuli (in real time) in a 

computationally inexpensive but accurate manner, an intelligent reassembling robot has the 

ability to adapt to its environment and potentially engage in reassembling transformation to 

achieve desired task outcomes. In this chapter, I have achieved Objective 4, which is to develop 

a more effective and accurate method of forecasting time series data sensed by a robot from its 
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environment (Objective 4). This is made evident by the performance of the Emergent 

Hyperfield method in more accurately predicting the future states of robot sensory data (Case 

Studies 1) and other general time series data sources (Case Studies 2 and 3) compared to other 

traditional time series forecasting methods that had been investigated in this work. The STONs 

formulation, applied to time series, hidden variables and the analysis of univariate data sets 

certainly presents fertile grounds for further research and disrupts the existing state of the art. 
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Chapter 9: Discussion and Conclusion 

This chapter presents a summary of the various findings and outcomes of the preceding 

chapters and ends with a presentation of general conclusions from the work presented in this 

thesis.  

9.1. Summary of Findings 

In Chapter 3, a novel, universal and generalised characterisation of the morphologies of robots, 

mechanisms and mechanical assemblages as network theoretic representations and Geometric 

Algebraic functions is presented. Additionally, reassembling transformations were introduced 

to mathematically relate the morphologies of distinct robots with one another. The morphology 

trivector method allows every manipulator to possess a unique mathematical signature, with 

which it is possible to reverse-engineer the necessary theoretical transformations between any 

two morphological states or systems. In this chapter, five classes of reassembling 

transformation types were defined and developed, based on both theoretical validity and 

engineering practicality. This framework provides a very economical, efficient, useful and 

insightful method for the advancement of reconfigurable, reassembling robots and in the 

traditional analysis of robotic synthesis and design techniques. Overall, Chapter 3 achieves 

Objective 1, as stated in Chapter 1, which is the development of a comprehensive mathematical 

framework for theoretical reassembling transformations of robots, as the aforementioned 

merits of the morphology trivector method and the reassembling transformation framework 

allows for the effective mathematical characterisations of both morphology and reassembling 

transformations. 

The novel hypervolume method introduced in Chapter 4 unifies the treatment of 

kinematics and statics of both serial and parallel manipulators in a quaternion based 

formulation. This quaternion based formulation underpins the Geometric Algebraic 

hypervolume representation of a manipulator’s pose and morphology dependent screws. The 

hypervolumes codify the kinematic and static capabilities of a robot in a higher-dimensional 

representation. The hypervolumes incorporate the morphological parameters of the robot into 

an index that reflects the system’s static and kinematic performance capabilities at a specific 

end-effector pose and thereby produces rapid approximations of solutions to systems of non-

linear equations with transcendental functions produced by Newtonian modelling paradigms 

for serial statics and parallel kinematics. The approximations are sufficiently accurate that 

hypervolumes can be used to investigate the optimal morphological parameters for the 

synthesis of a robotic system operating in specific workspace regions and this was done in 
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Chapter 5, using the hypervolume based affectation indices. The work presented in this chapter 

advances Objective 2, as stated in Chapter 1, which is to develop a mathematical framework 

that explores the relationship between classical mechanical abilities and a robot’s mechanical 

design, as the hypervolume method allows for a geometry-based approximation of the statics 

and kinematics behaviour of a robotic system. 

In Chapter 5, a novel systematic methodology that allows parallel manipulators to be 

transformed through Type 1 reassembling transformations to augment dynamics performance 

has been presented. A methodology that employs quaternion rotors to produce easily 

manipulable, compact and generalisable Lagrangian dynamics expressions that relate joint 

variables to the end-effector pose allows for deterministic and systematic design optimisation 

through reassembling transformations. The Difference Lagrangian Function is a continuous 

and differentiable function that can be readily solved and adapted for different reassembling 

transformation and optimisation problem types. The Difference Lagrangian Function, by virtue 

of containing embedded difference maps, allows the desired dynamics performance 

augmentation to be explicitly solved for. A reassembling robot, with the transformation 

capabilities described in this chapter, can perform diverse tasks and manoeuvres by essentially 

having continuously changing morphological states. This results in the analysis of 

morphological variations between different robots ‘continuously’ rather than as discrete 

independent motion generating mechanical assemblages, as is the current approach to 

traditional synthesis methodologies. A reassembling transformation applied to a Delta 

manipulator allowed the post-transformed manipulator to achieve the same task manoeuvre 

with a 20.0% reduction in required torques (Case Study 1) and a reassembling transformation 

applied to a Delta manipulator allowed the post-transformed manipulator to achieve 

equilibrium with large desired output external forces or wrench while achieving the same task 

manoeuvre, with only a very marginal increase in required torques (Case Study 2). As a 

consequence, the energy required to perform specific tasks, using the post-transformed robot, 

is significantly reduced when compared to the pre-transformed robot, leading to energy savings 

and improved dynamic efficiency with only minor morphological modifications to the 

manipulator. Due to the generality of this method, these energy savings can be obtained for 

other automation tasks with different trajectories as well. The work presented in Chapter 5 

advances Objective 2, as stated in Chapter 1, which is to develop a mathematical framework 

that explores the relationship between classical mechanical abilities and a robot’s morphology, 

as the effectiveness of this framework has been shown in the case studies, where I have 

demonstrated the augmentation of dynamics performance as desired using a deterministic and 
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systematic mathematical approach that nominates the required reassembling transformation 

procedure explicitly. By achieving this goal with dynamics performance, kinematics and statics 

augmentation are naturally encompassed as a subset problem that can be readily solved in a 

similar manner using the same method with minor adaptations.    

In Chapter 6, using the quaternion rotor method of characterising singularities and near 

singularities and difference maps, it was possible to model the relocation and reduction of 

singularities and near-singularities in a workspace in a systematic manner by analysing the 

determinants of the transformed quaternion based Jacobian matrices and their associated 

transformation indices. As such, a unique approach to kinematic singularity evasion in the 

theoretical workspaces of manipulators has been developed. By relocating singularities and 

near singularities, workspace points with increased mechanical advantage in the neighbouring 

peripheries of singular regions can be exploited for superior dynamic performances in 

manoeuvres, where the procedure would follow an identical methodological approach. An add-

on/additional actuator that gives existing and standard parallel manipulators this 

transformational capability would significantly enhance the operational workspace of a robot 

and overcome one of the most significant drawbacks of parallel robots in comparison to their 

serial counterparts (i.e. the existence of relatively large singular zones in the theoretical 

workspace). By approaching workspace achievability and singularity elimination in terms of 

task and manoeuvre-specific, limited and pre-determined target zones, design constraint 

limitations and considerations of a robot in terms of the total workspace volume and total 

singularities and near singularities in the entire workspace are substantially overcome because 

we are only concerned, at any point in time, with the robot’s operability (in terms of 

achievability of workspace and avoidance of singularities and near singularities, in this case) 

within that specific target zone. When the target zones change in between tasks, subsequent 

optimal transformations can then be effected to maximise workspace achievability and 

minimise singularities and near singularities in the new target zone. Once again in this Chapter, 

just like Chapters 3-5, the robot’s morphological parameters are no longer an absolute and 

unchanging class of characteristics but mutable and evolving, optimised in between 

manoeuvres, to meet the demands of new tasks. In so doing, the work presented in this chapter 

advances Objective 2 of the thesis, which is to develop a mathematical framework that explores 

the relationship between classical mechanical abilities and a robot’s morphology, as the 

effectiveness of this framework has been shown in the case studies, where the singularities and 

near-singularities for a 3-PUS/S parallel manipulator and Gough-Stewart Platform manipulator 

were relocated. One notes also that the quaternion based formulations of position, kinematics, 
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statics and dynamics presented from Chapters 2-6 are methodologically novel in and of itself, 

independent of the reassembling robotics framework as a general approach to the modelling of 

multi-body mechanics. The value and utility of quaternions as mathematical tools to the state 

of the art was extensively detailed in Chapter 1. 

The case studies presented in Chapter 7 demonstrate the ability of the Hyperfield 

Cognition Network (HCN) to produce robust and accurate mappings with a reduced sensitivity 

to adversarial perturbations and smaller sizes in training sets (as evidenced from similarities of 

extracted mathematical forms despite different TPR conditions), computational multiplicity 

and mathematically interpretable results. Additionally, the HCN is a streamlined computational 

architecture that has broader capabilities and plasticity in the training of networks. The HCN, 

with a training to prediction domain ratio (TPR) of 1:1, outperformed both a traditional neural 

network and a modern Multilayer Perception (MLP) in terms of accuracy, despite having a 

lower TPR.  The results generated for both case studies, using the same network, demonstrates 

that computational multiplicity does not adversely limit the performance of the HCN, despite 

the significantly small size of the HCN network. The HCN uses fewer neurons (by two orders 

of magnitude), trains faster, requires less training data (a lower TPR) and produces superior 

performance outcomes compared to the current state of the art. One of the principle advantages 

of the HCN approach is the breadth of potential transfer function shades that can be 

implemented, which is significantly larger than traditional Artificial Neural Network (ANN) 

approaches, by virtue of the computationally streamlined properties of the process centres. The 

fact that the HCN uses significantly fewer neurons than standard neural networks and multiple 

learning exercises can be trained for the same HCN (computational multiplicity) is incredibly 

important for reassembling robotics and intelligent autonomous adaptation in the context of 

field operations. The work presented in this chapter achieves Objective 3 as presented in 

Chapter 1: the development of a more advanced artificial intelligence formulation that produce 

computationally efficient, interpretable and accurate learning models of a robot’s environment.  

As presented in Chapter 8, Spatio-Temporal Ordinality Networks (STONs) can be 

constructed for any univariate time series data using numerous synthesis parameters (such as: 

‘𝑙𝑖’, ‘𝑚’, ‘𝑢’, ‘𝛽0’, ‘𝛽1’, ‘𝛽2’, ‘𝜆𝜔’, ‘𝑦’), at the discretion of the theoretician/specialist. This 

formulation allows systems with hidden and unknown parameters, common in unsupervised 

learning problems prevalent in robotic field operations to be effectively modelled by extracting 

spatio-temporal interdependencies and structures from the historical data, thereby producing 

highly accurate, robust and useful forecasting models. The use of conformal space mappings, 

by virtue of its null basis vectors (points at the origin and infinity), dampens noise and reduces 
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adversarial and parasitic effects of stochasticity in systems. By producing hyperfields from 𝐑4,1 

networks with embedded values of a univariate time series, sudden shifts in the underlying 

equilibrium of the system can potentially be diagnosed by large anomalous deviations of the 

corresponding featurised values of emergent hyperfields. The hyperfield functions were able 

to produce 10-step ahead predictions with low mean absolute percentage errors and a high 

mean directionality accuracy, when compared against existing state of the art methods. The 

hyperfield method as such is a forerunning methodological approach that would supplement a 

reassembling robot in the context of interpreting and forecasting sensed data from its 

environment. The work contained in Chapter 8 advances Objective 4 of the thesis: the 

development of more effective and accurate methods for forecasting time series data sensed by 

a robot from its environment.  

9.2. Conclusions and Future Work  

This thesis has laid the main foundations of Intelligent Reassembling Robotics on a conceptual, 

theoretical and mathematical level without compromising on its utility in real world case 

studies. Although a Geometric Algebra and network theoretic based method was successfully 

employed to develop a comprehensive and mathematical framework for theoretical 

reassembling transformations of robots, further work needs be done to generalise the 

framework to model the dynamics, kinematics and other classical mechanical behaviours of 

reassembling transformations. With more research, new classes of complex hierarchically 

reducible transformations can be devised for a desired and specific type of classical mechanical 

performance variation. A specialist may use a combination of the basic transformation types 

one to four to construct more complicated higher order transformations that are motivated by 

real world applications. When reflecting on the hierarchical relations as presented in Chapter 

3, I suspect that higher order transformations, despite being a more complex sequence of 

mathematical operators, may produce effects in the classical mechanical output spaces that are 

uncharacteristically and non-commensurately simpler or less complex to model. This 

conjecture, although not comprehensively tackled and substantiated in this thesis, is motivated 

by observing the comparatively simple net resultant effects of complex transformations on the 

workspace, such as those seen in Case studies 1 and 2 of Chapter 3. Although the detailed 

exploration of this conjecture has been reserved for future work, if it were demonstrated to be 

true, as I strongly suspect it might, this would significantly enhance the accessibility and value 

of the formulation by allowing higher order reassembling transformations to be explored with 

reduced computational burdens.  
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Although statics-based hypervolumes were used to develop affectation indices that motivate 

optimal reassembling transformations, an additional avenue of investigation is the development 

of hypervolume-type functions for the inverse dynamics problems for serial and parallel 

manipulators. My initial efforts to this end unfortunately, were abortive. It seems the non-linear 

nature of dynamics problems proved to be too challenging for a linearised higher dimensional 

index to overcome. Nevertheless, hypervolumes and their broad methodological provenance, 

as mentioned in Chapter 4, possess methodological value to non-linear modelling problems in 

general applied mathematics. This too is an avenue for future work. 

Putting aside the context of reassembling robotics, one recognises that in Chapter 6, a 

unifying methodology that couples singularity and near singularity characterisation with type 

synthesis parameters that are of concern in the design process has been developed. As such, 

the approach can be interpreted outside the framework of reassembling robotics as a synthesis 

method for singularity reduction. Further work needs to be done to overcome the numerical 

sampling limitations of singularity identification. Although the functions and indices used are 

continuous, the singularity condition characterised by expressions of the form (𝑑𝑒𝑡(𝐽) = 0) 

produce multiple solutions and corresponding geometric configurations in the workspace that 

cannot be readily expressed in end-effector pose coordinates as a continuous function. For this 

reason, a continuous and differentiable singularity and workspace achievability index, although 

desirable, is outside our mathematical reach due to the underlying phenomenology of the 

problem. 

In this thesis, a concerted attempt at utilising standard manipulators as subjects of case 

studies was adopted to demonstrate that the reassembling robotics framework is not a niche 

development at the fringes of the field. In Chapter 1, when outlining the current state of the art 

of reconfigurable robotics and metamorphic linkages one notes the prevalence and ubiquity of 

non-standard robotic structures used in academia. In this thesis, I hope to have demonstrated 

that the framework squarely and comprehensively encompasses both traditional and recent 

states of the art. Nevertheless, further new case studies and that utilise non-standard 

manipulators need to be explored. Extending the reassembling robot learning problem as shown 

in Chapter 7 to other field operations and theoretical simulations for reassembling 

transformations, one recognises the phenomenal potential in the marriage of HCNs and the 

apparatus of the reassembling robotics framework: HCNs that are systematically trained with 

large amounts of transformation input to classical mechanical  performance output data could 

effectively learn to design robots systematically and creatively, potentially replacing human 

specialists. This forms one of the more romantic, primordial questions of this thesis: by 
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mathematically systematising robot morphologies and their transformations and developing 

computational infrastructure to deterministically evaluate design, can the creativity exercised 

by human designers of mechanical systems be closely approximated by machines themselves?  

As shown in Case Study 1 of Chapter 7, initial steps in this direction to an affirmative response 

have clearly been undertaken. To me, the truly disruptive potential of reassembling robotics 

for the future lies in this vein. 

Although effective and accurate methods of forecasting time series data sensed by a robot 

from its environment were developed, additional investigations need to be undertaken to 

explore the efficacy of other construction parameter selection paradigms and dilation operator 

types to produce more accurate forecasts. It is necessary to test different STON construction 

parameters and different governing invariance relations in future investigative endeavours. In 

addition, by conflating multiple different sets of models with different unitised time intervals, 

it is possible to produce a forecast that better captures inter-period fluctuations. The exact 

relation between the STON construction parameters {𝑟, 𝑋𝑘𝑵𝒌, 𝑢} and 𝑎𝑖𝑗
+  matrix branch 

weights associated and their corresponding prediction accuracies of 𝑇𝑚 is still unknown, and 

is reserved for future work. Additionally, it would be prudent to explore the development of 

simultaneous forecasting models using different inter-chain and intra-chain intervals for 

different temporal resolutions and I have explored this in a manuscript that falls outside the 

scope of this thesis. Applying the STONs formulation to environmental sensory data would 

allow a robot to make more intelligent decisions, such as the accurate predictions of trajectories 

of other moving objects for the purposes of collision avoidance or to more accurately predict 

the duration of battery available or the health of its components to maximise the deployment 

time of a robot before it must be recharged or serviced. More importantly, these intelligent 

decisions would take the form of specific reassembling transformations to achieve a desired 

task manoeuvre. Such a stage by stage reassembling transformation case study needs to be 

explored and published in the future to more soundly illuminate the potentialities of 

environmental data (or stimuli) driven reassembling transformations. On this note, future work 

could be undertaken to use environmental sensory data to solve more complicated learning 

problems in the arena of image/video recognition using the hyperfield cognition networks 

themselves. This would result in a methodological marriage of Chapters 7 and 8. It goes without 

saying that the method can be applied to other time series systems in the physical and 

mathematical sciences for which the desired focus is in ascertaining the unitised time interval 
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differential directions, such as in electroencephalogram (EEG) analysis, meteorology and 

supply chain management.  

In conclusion, the methods presented in this work lay the theoretical and mathematical 

foundations for reassembling robot that intelligently adapts to its environment, based on 

changing real-time stimuli from the environment. The methods in this thesis pave the way for 

Intelligent Reassembling Robots to be designed and implemented in industry and also advances 

the state of the art for Geometric Algebra based applied mathematical methods for robotics, 

artificial intelligence and systems modelling.  
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Appendix A. Chapter 4 

A.1 100 Sampled End-Effector Positions for the 3RRR Manipulator 

𝑗 𝑥 𝑦 𝑗 𝑥 𝑦 𝑗 𝑥 𝑦 

1 -0.16 -0.57 41 0.26 0.67 81 0.57 0.36 

2 -0.26 -0.57 42 -0.57 -0.47 82 -0.47 -0.57 

3 -0.16 -0.67 43 -0.47 -0.05 83 0.26 1.09 

4 0.57 0.67 44 -0.57 -0.36 84 -0.57 -0.05 

5 -0.36 -0.16 45 0.36 0.78 85 -0.26 0.16 

6 0.57 0.78 46 0.57 0.47 86 0.05 0.26 

7 -0.05 -0.57 47 -0.26 -0.36 87 -0.05 0.16 

8 0.26 0.57 48 0.36 1.09 88 0.36 0.88 

9 -0.47 -0.26 49 0.67 0.47 89 -0.16 -0.05 

10 -0.36 -0.26 50 -0.26 0.05 90 -0.57 -0.98 

11 0.47 0.57 51 0.47 0.36 91 0.78 0.57 

12 -0.47 -0.36 52 -0.16 -0.88 92 -0.47 0.16 

13 -0.26 -0.67 53 0.57 0.88 93 -0.36 0.16 

14 -0.05 -0.67 54 -0.57 -0.26 94 0.26 1.19 

15 -0.36 -0.57 55 0.47 0.98 95 -0.57 0.05 

16 0.47 0.78 56 -0.26 -0.88 96 -0.16 -0.16 

17 0.67 0.57 57 -0.26 -0.47 97 -0.16 -0.26 

18 -0.16 -0.78 58 -0.36 0.05 98 -0.26 1.09 

19 0.47 0.67 59 -0.16 0.88 99 -0.16 -0.36 

20 0.36 0.57 60 -0.47 0.05 100 -0.16 0.26 

21 -0.36 -0.36 61 0.16 0.67    

22 0.47 0.88 62 0.05 -0.67    

23 0.36 0.47 63 0.36 0.98    

24 -0.36 -0.05 64 0.05 -0.57    

25 0.47 0.47 65 -0.26 0.98    

26 -0.47 -0.47 66 0.16 0.36    

27 0.57 0.57 67 0.05 0.36    

28 0.67 0.67 68 0.36 0.36    

29 -0.47 -0.16 69 -0.16 0.16    

30 0.26 0.47 70 -0.16 0.05    

31 0.16 0.47 71 0.05 0.47    

32 -0.36 -0.47 72 -0.05 -0.88    

33 0.16 0.57 73 -0.16 0.98    

34 0.36 0.67 74 -0.26 0.88    

35 -0.05 -0.78 75 -0.57 -0.16    

36 -0.26 -0.78 76 -0.36 -0.78    

37 -0.26 -0.05 77 0.26 0.36    

38 -0.36 -0.67 78 0.05 -0.78    

39 -0.26 -0.26 79 0.78 0.47    

40 -0.26 -0.16 80 -0.05 0.26    

Table 1. The 100 sampled end-effector positions (𝑋𝐸,𝑗 = [𝑥, 𝑦]) presented for the 3RRR manipulator. 
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A.2 100 Sampled End-Effector Positions for the Delta Manipulator  

𝑗 𝑥 𝑦 𝑧 𝑗 𝑥 𝑦 𝑧 
1 -1.54 0.96 -0.56 51 -0.59 -0.01 -1.46 

2 -0.36 -3.16 0.77 52 1.49 -0.78 1.77 

3 -1.82 0.42 -1.79 53 2.20 -0.66 1.36 

4 -0.70 0.85 0.26 54 0.85 0.40 0.65 

5 -1.43 1.49 0.11 55 -1.62 1.21 0.15 

6 1.44 -1.43 0.52 56 0.53 0.81 0.00 

7 0.53 -0.58 0.66 57 -1.39 3.13 -0.75 

8 1.40 0.55 -1.05 58 0.83 -0.12 1.15 

9 0.97 0.96 1.90 59 0.79 -3.53 1.29 

10 2.00 1.74 0.58 60 -0.25 0.23 1.16 

11 0.64 0.58 0.48 61 -1.35 0.21 1.39 

12 0.99 1.86 -0.55 62 -0.54 -0.65 -0.71 

13 -1.87 -0.95 -1.44 63 0.40 -3.48 0.40 

14 1.35 1.11 0.63 64 1.66 -2.76 -0.02 

15 1.01 1.11 -0.86 65 -1.32 0.03 1.28 

16 -2.19 -0.79 1.24 66 1.26 -0.40 -0.72 

17 -1.42 0.68 -3.20 67 0.95 -1.25 1.70 

18 -1.82 -1.44 -0.78 68 0.76 -0.90 0.95 

19 0.83 0.67 0.10 69 1.56 -0.85 0.55 

20 1.26 -1.48 -1.26 70 -1.68 -1.34 2.37 

21 0.79 -0.08 0.53 71 1.37 -2.33 2.72 

22 1.10 -0.47 0.70 72 0.21 -0.85 -0.68 

23 1.24 -0.33 -1.40 73 1.52 0.51 1.87 

24 1.32 -3.44 1.43 74 -0.12 -1.18 3.20 

25 -1.31 0.21 -1.56 75 -1.78 -2.20 -0.48 

26 1.50 -1.06 -1.90 76 1.28 -0.52 -3.49 

27 -0.61 -0.66 2.86 77 1.38 0.18 -0.97 

28 0.72 0.94 -0.71 78 -2.11 -1.58 0.36 

29 -1.88 -0.94 1.19 79 0.81 2.48 -2.27 

30 1.82 2.11 -0.03 80 -1.34 -0.71 1.93 

31 -0.79 1.96 1.85 81 -1.46 0.61 -0.85 

32 -1.68 1.85 -0.72 82 -0.77 0.95 0.65 

33 1.89 0.92 -2.20 83 -1.50 -1.16 -1.81 

34 0.44 0.26 0.42 84 1.29 0.65 0.13 

35 -0.06 1.06 -1.09 85 1.19 -0.26 -0.88 

36 -0.54 0.95 -0.54 86 0.34 0.71 0.65 

37 -0.19 -1.38 0.30 87 -1.25 1.32 -0.62 

38 1.15 -0.89 1.97 88 2.13 -1.63 -0.31 

39 -1.43 0.12 -3.48 89 -1.15 -0.22 0.89 

40 -0.96 0.73 0.83 90 -0.98 -0.14 -1.36 

41 -0.74 -0.34 1.24 91 0.32 -0.94 -3.13 

42 -0.88 -0.06 -0.60 92 -0.87 -3.20 2.07 

43 0.70 0.40 -1.42 93 -0.49 1.22 -2.53 

44 -1.33 -0.24 0.94 94 1.01 1.65 -2.27 

45 1.76 1.63 -0.72 95 1.28 1.31 0.34 

46 -0.47 -1.02 0.83 96 -1.23 0.73 1.73 

47 -0.74 -0.01 -0.80 97 1.70 1.34 1.82 

48 -1.84 1.16 2.14 98 1.19 -2.01 0.40 

49 -1.35 0.33 3.57 99 -1.31 1.72 0.20 

50 0.55 -1.96 2.24 100 0.76 -0.15 -0.65 

Table 2. The 100 sampled end-effector positions (𝑋𝐸,𝑗 = [𝑥, 𝑦, 𝑧]) presented for the Delta manipulator. 
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A.3 100 Sampled End-Effector Positions for the 6R Manipulator  

𝑗 𝑥 𝑦 𝑧 𝑗 𝑥 𝑦 𝑧 
1 -1.14 0.00 -1.98 51 -0.45 0.68 -1.72 

2 0.00 -0.23 -2.07 52 -1.59 0.68 -2.07 

3 0.23 0.23 -2.07 53 -0.23 0.91 -1.63 

4 -0.23 -0.45 -1.89 54 -0.23 1.14 -1.72 

5 -1.36 -0.91 -1.98 55 0.68 0.68 -1.89 

6 -1.36 0.00 -1.89 56 0.68 -1.59 -1.72 

7 -1.14 0.00 -2.07 57 0.68 -0.45 -2.07 

8 -1.59 0.68 -1.81 58 0.91 -0.23 -1.98 

9 -1.59 0.23 -1.98 59 0.45 -1.36 -1.46 

10 -1.36 0.00 -2.07 60 -0.68 0.45 -1.81 

11 0.00 -0.68 -1.98 61 1.14 1.82 -1.55 

12 -0.68 0.00 -1.81 62 0.91 0.45 -1.89 

13 0.45 -1.14 -1.81 63 0.91 1.36 -1.63 

14 -0.91 -1.59 -1.89 64 -0.23 0.00 -1.72 

15 -1.36 0.68 -1.98 65 0.68 1.14 -1.81 

16 0.91 2.05 -1.37 66 -0.91 -1.59 -1.55 

17 -0.23 0.23 -1.81 67 -0.23 -2.05 -1.63 

18 -1.36 -0.68 -2.33 68 0.45 -1.59 -1.81 

19 -0.45 0.45 -1.81 69 0.91 1.36 -1.55 

20 -1.36 1.36 -1.63 70 -1.36 -0.45 -1.72 

21 1.36 -0.91 -1.81 71 -0.45 -1.14 -1.89 

22 -1.36 1.36 -1.46 72 -1.59 1.82 -0.50 

23 -1.59 0.45 -1.72 73 -1.36 -1.36 -1.81 

24 -1.36 1.14 -1.81 74 0.68 0.91 -1.81 

25 -0.23 0.68 -1.98 75 0.23 -1.59 -1.11 

26 1.14 -1.14 -1.98 76 0.91 0.00 -2.07 

27 -0.68 -1.36 -1.72 77 0.23 -2.05 -1.63 

28 0.45 -0.68 -1.81 78 -0.91 0.23 -1.98 

29 0.68 1.14 -1.63 79 0.68 0.45 -1.72 

30 0.23 -1.14 -1.81 80 0.91 -1.82 -1.55 

31 -1.59 -0.91 -1.89 81 -1.14 -0.68 -2.42 

32 0.23 0.91 -1.63 82 0.91 -0.45 -2.16 

33 -0.68 0.00 -2.24 83 -0.91 0.45 -2.07 

34 0.45 -1.59 -1.46 84 0.00 0.23 -2.33 

35 -1.14 1.36 -1.55 85 -0.23 1.36 -1.63 

36 -1.36 -0.68 -1.81 86 0.45 0.91 -1.98 

37 -0.68 -1.36 -1.98 87 -0.68 1.36 -1.63 

38 -0.23 -0.91 -1.63 88 0.45 -1.36 -1.37 

39 -1.82 0.45 -2.07 89 -0.68 1.14 -1.81 

40 -1.82 0.23 -1.81 90 1.14 0.23 -1.98 

41 -0.23 -1.59 -1.63 91 -0.68 -0.23 -1.55 

42 -1.14 0.68 -1.89 92 -1.14 2.05 -0.85 

43 0.23 -0.91 -1.63 93 0.68 -2.05 -1.37 

44 0.68 0.45 -1.81 94 -1.82 -0.23 -2.07 

45 0.23 -0.23 -1.81 95 0.00 -2.05 -1.02 

46 -0.91 -1.14 -2.16 96 -1.82 -0.45 -1.89 

47 -1.59 -0.45 -1.63 97 -1.36 0.91 -2.07 

48 0.23 0.68 -1.63 98 -1.36 2.05 -0.76 

49 -1.14 0.91 -1.89 99 0.68 1.14 -1.89 

50 0.68 -0.68 -1.81 100 -0.68 -1.36 -1.37 

Table 3. The 100 sampled end-effector positions (𝑋𝐸,𝑗 = [𝑥, 𝑦, 𝑧]) presented for the 6R manipulator. 
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Appendix B. Chapter 7  

B.1. Chapter 7 Case Studies 

B.1.1. Case Study 2: Auto MPG dataset 

𝑛 𝜃0
𝑚 Input variables 

1 𝑒0.4 Engine Displacement 

2 𝑒0.5 Horsepower 

3 𝑒0.6 Weight 

4 𝑒0.7 Acceleration 

5 𝑒0.8 Number of cylinders 

6 𝑒0.9 Model year 

7 𝑒0.11 Country of origin 

Table 4. The seven input variables, using values from the Auto MPG dataset, and their corresponding 

shades, which I have defined for the input multivector (𝜃0
𝑚). 

 𝜃0 = {𝑒0.4, 𝑒0.5, 𝑒0.6, 𝑒0.7, 𝑒0.8, 𝑒0.9, 𝑒0.11} (1.a)  

 𝜙 = {𝑒0.12} (1.b)  

 transfer function shades: {𝑒0.1, 𝑒0.2, 𝑒0.3} (1.c)  

 𝑥𝑖
  

Coordinates 

𝑥 𝑦 𝑧 

𝑥1
𝑝
 -0.697 -0.644 -0.094 

𝑥2
𝑝
 -0.003 -0.003 -0.200 

𝑥3
𝑝
 0.639 0.691 -0.095 

Table 5. The 𝑥𝑖
𝑝

 coordinates of cognitive trajectory 𝑇1, as defined initially in 3D space, before 

conversion to 𝐑4,1 space. 

 

Figure 1. The HCN and cognitive trajectory 𝑇1, where the blue line represents 𝑇1 and the red crosses 

represent the process centres. 
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𝑖 𝑽′𝒊
𝑳𝟏 

1 -0.063394𝑒�̅�𝑒0.1 + 0.39555𝑒1𝑒2𝑒3�̅�𝑒0.1 - 0.03645𝑒1𝑒2𝑒3𝑒𝑒0.1 - 0.18417𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

2 -0.011022𝑒�̅�𝑒0.2 + 0.40514𝑒1𝑒2𝑒3�̅�𝑒0.2 - 0.29686𝑒1𝑒2𝑒3𝑒𝑒0.2 - 0.1083𝑒1𝑒2𝑒3𝑒�̅�𝑒0.2 

3 -0.012247𝑒�̅�𝑒0.3 + 0.45873𝑒1𝑒2𝑒3�̅�𝑒0.3 - 0.08127𝑒1𝑒2𝑒3𝑒𝑒0.3 - 0.28454𝑒1𝑒2𝑒3𝑒�̅�𝑒0.3 

Table 6. The first localised hyperfield (𝑽′𝒊
𝑳𝟏) for 𝑇1. 

The five tests investigated have the following conditions: 

1. The HCN, with the parameters defined in this section, with a TPR of 4:1, referred to as 

‘HCN-𝑇1-4:1’. 

2. The HCN, with the parameters defined in this section, with a TPR of 1:1, referred to as 

‘HCN-𝑇1-1:1’. 

3. A modern MLP with two hidden layers, with 64 neurons in each layer, implemented in 

Python using the ‘Tensorflow’ and ‘Keras’ libraries. This MLP is henceforth referred 

to as ‘MLP A’. For this test, MLP A has a TPR of 4:1 and is trained for 100 epochs. I 

refer to this test as, ’MLP A 4:1’. 

4. MLP A with a TPR of 1:1, which is trained for 100 epochs. I refer to this test as, ‘MLP 

A 1:1’.  

5. The MLP employed in Quinlan (1993) had a TPR of 9:1, contained one hidden layer, 

with up to 6 neurons (the exact number used is not stated) and training terminates when 

the error decreases by less than 10-6. The results of this test will henceforth be referred 

to as ‘MLP 9:1’. 

𝑛 𝑎𝑛,4:1
′  𝑏𝑛,,4:1

′  𝑐𝑛,,4:1
′  𝑎𝑛,,1:1

′  𝑏𝑛,1:1
′  𝑐𝑛,1:1

′  

1 -82.483 0.449 -0.034 -274.053 0.093 -0.009 

2 -39.237 0.048 -1.066 -51.208 -0.297 0.127 

3 -71.250 -0.130 0.069 -116.528 -0.049 0.013 

4 -120.926 -0.038 0.001 -108.037 -0.010 -0.034 

5 1.649 -15.440 14.432 -33.269 0.035 -0.390 

6 123.320 -0.027 -0.038 128.230 -0.030 -0.041 

7 32.668 0.611 3.077 11.155 1.512 17.583 

Table 7. Table of the trained transfer function scalar variables {𝑎𝑛,4:1
′ , 𝑏𝑛,,4:1

′ , 𝑐𝑛,,4:1
′ } and 

{𝑎𝑛,1:1
′ , 𝑏𝑛,,1:1

′ , 𝑐𝑛,,1:1
′ }, corresponding to a TPR of 4:1 and 1:1, respectively. 
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B.1.2. Case Study 3: Yacht Hydrodynamics Dataset 

 

Figure 2. The post-trained HCN, with the cognitive trajectory 𝑇1 (blue line) employed for Case Study 

2 and an additional cognitive trajectory 𝑇2 (green line) is introduced for Case Study 3. The process 

centres of each trajectory are denoted as red crosses. Note that 𝑇1 and 𝑇2 do not actually intersect, 

despite appearing to do so from the viewing angle presented. It is important to note that the additional 

learning exercise undertaken does not affect the computational outcomes of the previous case study and 

that the two trajectories coexist in the same HCN. 

𝑛 𝜃0
𝑚 Input variables 

1 𝑒0.4 Longitudinal position of the centre of buoyancy (‘𝑳𝒄𝒃’) 

2 𝑒0.5 Prismatic coefficient (‘𝒄𝒑’) 

3 𝑒0.6 Length-displacement ratio (‘𝑳𝑫’) 

4 𝑒0.7 Beam-draught ratio (‘𝑩𝑻’) 

5 𝑒0.8 Length-beam ratio (‘𝑳𝑵’) 

6 𝑒0.9 Froude number (‘𝑭𝒏’) 

Table 8. The six input variables, using values from the Yacht Hydrodynamics dataset, and their 

corresponding shades, which I have defined for the input multivector (𝜃0
𝑚). 

𝑥𝑖
  

Coordinates 

𝑥 𝑦 𝑧 

𝑥1
𝑝
 -0.579 -0.595 0.303 

𝑥2
𝑝
 0.068 0.064 0.018 

𝑥3
𝑝
 0.731 0.665 -0.351 

Table 9. The 𝑥𝑖
𝑝

 coordinates of cognitive trajectory 𝑇2, as defined initially in 3D space, before 

conversion to 𝐑𝟒,𝟏 space. 
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𝑖 𝑽𝒊
′𝑳𝟏 

1 -0.0345𝑒�̅�𝑒0.1 + 0.396𝑒1𝑒2𝑒3�̅�𝑒0.1 - 0.0365𝑒1𝑒2𝑒3𝑒𝑒0.1 - 0.184𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

2 -0.0309𝑒�̅�e0.2 + 0.405𝑒1𝑒2𝑒3�̅�e𝑒0.2 - 0.297𝑒1𝑒2𝑒3𝑒e𝑒0.2- 0.108𝑒1𝑒2𝑒3𝑒�̅�e𝑒0.2 

3 0.000350𝑒�̅�𝑒0.3 + 0.459𝑒1𝑒2𝑒3�̅�𝑒0.3 - 0.0813𝑒1𝑒2𝑒3𝑒𝑒0.3 - 0.2854𝑒1𝑒2𝑒3𝑒�̅�𝑒0.3 

Table 10. The first localised hyperfield (𝑽𝒊
′𝑳𝟏) for 𝑇2. 

I conduct six tests and compare these results to those published in Ortigosa et al. (2007) for a 

total of seven tests with the following conditions: 

1. The HCN, with the parameters defined in this section, with a TPR of 4:1, referred to as 

‘HCN-𝑇2-4:1’. 

2. The HCN, with the parameters defined in this section, with a TPR of 1:1, referred to as 

‘HCN-𝑇2-1:1’. 

3. A modern MLP with one hidden layer consisting of 9 neurons, identical to the MLP 

parameters presented in Ortigosa et al. (2007). This MLP is henceforth referred to as 

‘MLP B’. For this test, MLP B has a TPR of 4:1 and is trained for 1000 epochs. I refer to 

this test as ‘MLP B 4:1’. 

4. MLP B with a TPR of 1:1, which is trained for 1000 epochs. I refer to this test as, ‘MLP 

B 1:1’.  

5. To account for the advances in MLPs since 2007, I employ the methods described in 

Buduma and Locascio (2017) to define eight MLPs that have different combinations of 

the following parameters: dropout of 0 or 0.5, L1 regularisation of 0 or 0.01 and one 

hidden layer with 9 neurons or two hidden layers with 9 and 6 neurons. All eight MLPs 

are all trained for 1000 epochs. I find that the MLP which has two hidden layers with 9 

and 6 neurons, no dropout and an L1 regularization value of 0.01, produced the best 

results. I call the MLP with these parameters ‘MLP C’. For this test, MLP C has a TPR 

of 4:1 and is trained for 1000 epochs. I refer to this test as ‘MLP C 4:1’. 

6. MLP C with a TPR of 1:1, which is trained for 1000 epochs. I refer to this test as, ‘MLP 

C 1:1’.  

7. Ortigosa et al. (2007) used an MLP with the same architecture as MLP B. However, as 

previously mentioned they employed a larger dataset of 20664 entries and included 

different input variables to those used in this work. I refer to the results of the test 

conducted in Ortigosa et al. (2007) as ‘MLP G’. 
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𝑛 
HCN-𝑇2-4:1 HCN-𝑇2-1:1 

𝑎𝑛,4:1
′  𝑏𝑛,4:1

′  𝑐𝑛,4:1
′  𝑎𝑛,1:1

′  𝑏𝑛,1:1
′  𝑐𝑛,1:1

′  

1 6.45 81.60 0.04 4.27 88.27 -0.63 

2 3.44 1516.60 0.01 -5.77 499.67 0.01 

3 -1.59 64.45 -459.97 -2.13 69.33 -37.83 

4 -13.48 18.92 0.03 -10.94 38.79 0.02 

5 -5.28 274.98 0.02 -4.66 197.25 0.03 

6 49.23 0.44 5.31 52.09 0.39 5.62 

Table 11. The trained transfer function scalar variables {𝑎𝑛,4:1
′ , 𝑏𝑛,4:1

′ , 𝑐𝑛,4:1
′ } and {𝑎𝑛,1:1

′ , 𝑏𝑛,1:1
′ , 𝑐𝑛,1:1

′ }, 

which correspond to 𝑇𝑃𝑅 = 4: 1 and 𝑇𝑃𝑅 = 1: 1, respectively. 

  

Figure 3. The relationship between 𝜙𝑟𝑒𝑞,𝑚 and 𝜙𝑚, and their corresponding 𝑅 
2 values, for MLP C 4:1 

(left) and MLP C 1:1 (right). 
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Figure 4. The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP C 4:1. 

 

 

Figure 5. The required and predicted 𝜙𝑚 values, in the prediction domain, for MLP C 1:1.  
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𝒄𝒘(𝑇𝑃𝑅 = 4: 1) = −4.34 ∗ 10−3(𝑳𝒄𝒃
 )6 −  1.65 ∗ 10−3(𝑳𝒄𝒃

 )5 −  2.03 ∗

10−4(𝑳𝒄𝒃
 )4 −  1.25 ∗ 10−5(𝑳𝒄𝒃

 )3 −  3.71 ∗ 10−2(𝑳𝒄𝒃
 )2 +  1.65 ∗ 10−2𝑳𝒄𝒃  +

 5.89 ∗ 10−2(𝒄𝒑
 )6 −  2.92 ∗ 10−3(𝒄𝒑

 )5 +  4.71 ∗ 10−5(𝒄𝒑
 )4 −  3.78 ∗ 10−7(𝒄𝒑

 )3 −

 3.85 ∗ 10−1(𝒄𝒑
 )2 −  2.23 ∗ 10−2𝒄𝒑  −  1.97 ∗ 10

−3(𝑳𝑫
 )6 +  1.90 ∗ 10−3(𝑳𝑫

 )5 −

 5.99 ∗ 10−4(𝑳𝑫
 )4 +  9.38 ∗ 10−5(𝑳𝑫

 )3 −  7.28 ∗ 10−3(𝑳𝑫
 )2 −  8.24 ∗ 10−3𝑳𝑫  +

 3.58 ∗ 10−3(𝑩𝑻
 )6 −  1.21 ∗ 10−3(𝑩𝑻

 )5 +  1.32 ∗ 10−4(𝑩𝑻
 )4 −  7.20 ∗

10−6(𝑩𝑻
 )3 −  1.07 ∗ 10−1(𝑩𝑻

 )2 −  4.23 ∗ 10−2𝑩𝑻  +  3.35 ∗ 10
−3(𝑳𝑵

 )6 −  5.22 ∗

10−4(𝑳𝑵
 )5 +  2.64 ∗ 10−5(𝑳𝑵

 )4 −  6.66 ∗ 10−7(𝑳𝑵
 )3 −  9.88 ∗ 10−2(𝑳𝑵

 )2 −

 1.80 ∗ 10−2𝑳𝑵  +  1.15 ∗ 10
−2(𝑭𝒏

 )6 +  7.98 ∗ 10−2(𝑭𝒏
 )5 +  1.81 ∗ 10−1(𝑭𝒏

 )4 +

 2.04 ∗ 10−1(𝑭𝒏
 )3 −  2.47 ∗ 10−2(𝑭𝒏

 )2 +  2.02 ∗ 10−1𝑭𝒏  

(2) 

𝒄𝒘(𝑇𝑃𝑅 = 1: 1) = 2.35 ∗ 10−3(𝑳𝒄𝒃
 )6 +  6.38 ∗ 10−4(𝑳𝒄𝒃

 )5 +  5.64 ∗

10−5(𝑳𝒄𝒃
 )4 +  2.48 ∗ 10−6(𝑳𝒄𝒃

 )3 −  7.84 ∗ 10−2(𝑳𝒄𝒃
 )2 +  2.49 ∗ 10−2𝑳𝒄𝒃  +

 7.04 ∗ 10−2(𝒄𝒑
 )6 +  1.93 ∗ 10−3(𝒄𝒑

 )5 +  1.72 ∗ 10−5(𝒄𝒑
 )4 +  7.62 ∗ 10−8(𝒄𝒑

 )3 −

 4.15 ∗ 10−1(𝒄𝒑
 )2 +  1.33 ∗ 10−2𝒄𝒑  −  3.32 ∗ 10

−3(𝑳𝑫
 )6 +  4.64 ∗ 10−3(𝑳𝑫

 )5 −

 2.10 ∗ 10−3(𝑳𝑫
 )4 +  4.75 ∗ 10−4(𝑳𝑫

 )3 −  3.77 ∗ 10−3(𝑳𝑫
 )2 −  6.15 ∗ 10−3𝑳𝑫  +

 1.87 ∗ 10−3(𝑩𝑻
 )6 −  1.05 ∗ 10−3(𝑩𝑻

 )5 +  1.91 ∗ 10−4(𝑩𝑻
 )4 −  1.73 ∗

10−5(𝑩𝑻
 )3 −  7.95 ∗ 10−2(𝑩𝑻

 )2 −  5.22 ∗ 10−2𝑩𝑻  +  1.14 ∗ 10
−2(𝑳𝑵

 )6 −  1.12 ∗

10−3(𝑳𝑵
 )5 +  3.60 ∗ 10−5(𝑳𝑵

 )4 −  5.74 ∗ 10−7(𝑳𝑵
 )3 −  1.77 ∗ 10−1(𝑳𝑵

 )2 −

 2.04 ∗ 10−2𝑳𝑵  +  1.05 ∗ 10
−2(𝑭𝒏

 )6 +  6.98 ∗ 10−2(𝑭𝒏
 )5 +  1.51 ∗ 10−1(𝑭𝒏

 )4 +

 1.62 ∗ 10−1(𝑭𝒏
 )3 −  2.45 ∗ 10−2(𝑭𝒏

 )2 +  1.90 ∗ 10−1𝑭𝒏  

(3) 

For the purposes of comparison, the expression for 𝒄𝒘 as presented in Holtrop and Mennen 

(1978), Holtrop and Mennen (1982) and Holtrop (1984), is shown below  

 𝒄𝒘 =

{
  
 

  
 

𝑅𝑊−𝐴
∇𝜌𝑔

, 𝑓𝑜𝑟 𝑭𝒏 < 0.4 

𝑅𝑊
∇𝜌𝑔

, 𝑓𝑜𝑟 0.4 < 𝑭𝒏 < 0.5

𝑅𝑊−𝐵
∇𝜌𝑔

, 𝑓𝑜𝑟 𝑭𝒏 > 0.55

 (4) 

Where ‘∇’ is the displacement volume of a ship, ‘𝜌’ is the density of water, ‘𝑔’ is gravitational 

acceleration, ‘𝑭𝒏’ is the Froude number and where the three wave resistance predictions, 

‘𝑅𝑊−𝐴’, ‘𝑅𝑊’ and ‘𝑅𝑊−𝐵’, are defined in the three equations below 
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 𝑅𝑊−𝐴 = 𝑐1𝑐2𝑐3∇𝜌𝑔 exp(𝑚1𝑭𝒏
−0.9 +𝑚4 𝑐𝑜𝑠(𝜆𝑭𝒏

−2)) 

for 𝑭𝒏 < 0.4 
(5) 

 𝑅𝑊 = 𝑅𝑊−𝐴0.4 + (10𝑭𝒏 − 4)(𝑅𝑊−𝐵0.55 − 𝑅𝑊−𝐴0.4)/1.5 

for 0.4 < 𝑭𝒏 < 0.55 
(6) 

 𝑅𝑊−𝐵 = 𝑐17𝑐2𝑐5∇𝜌𝑔 exp(𝑚3𝑭𝒏
𝑑 +𝑚4 𝑐𝑜𝑠(𝜆𝑭𝒏

−2)) 

for 𝑭𝒏 > 0.55 
(7) 

Where ‘𝑅𝑊−𝐴0.4’ is the wave resistance prediction for 𝑭𝒏 = 0.40, ‘𝑅𝑊−𝐵0.55’ is the wave 

resistance prediction for 𝑭𝒏 = 0.55. With reference to Equations [5] to [7], the values for the 

coefficients (𝑐1, 𝑐2, 𝑐3, 𝑐5, 𝑐7, 𝑐15, 𝑐16 and 𝑐17), (𝑚1, 𝑚3, and 𝑚4) and ‘𝜆’ are presented in 

Equations [8] to [19], as detailed in Holtrop and Mennen (1978), Holtrop and Mennen (1982) 

and Holtrop (1984). 

 
𝑐1 = 2.22 ∗ 10

6(𝑐7)
3.79 ∗ (

𝑇

𝐵
)
1.08

∗ (90 − 𝑖𝐸)
−1.37 (8) 

 𝑐2 = exp (−1.89√𝑐3) (9) 

 
𝑐3 =

0.56 · (𝐴𝐵𝑇
 )1.5

𝐵 · 𝑇 · (0.31 · √𝐴𝐵𝑇 + 𝑇𝐹 − ℎ𝐵)
 (10) 

 
𝑐5 =

1 − 0.8𝐴𝑇
𝐵𝑇𝑐𝑀

 (11) 

 

𝑐7 =

{
 
 

 
 0.229 (

𝐵

𝐿
)
0.333

, 𝑓𝑜𝑟 
𝐵

𝐿
< 0.11 

𝐵

𝐿
, 𝑓𝑜𝑟 0.11 <

𝐵

𝐿
< 0.25

0.5 −
0.0625𝐿

𝐵
, 𝑓𝑜𝑟 

𝐵

𝐿
> 0.25

 (12) 

 

𝑐15 =

{
 
 
 

 
 
 −1.69, 𝑓𝑜𝑟 

𝐿3

𝛻
< 512

0.0, 𝑓𝑜𝑟 
𝐿3

𝛻
> 1727

−1.69 +

(𝐿
𝛻
1
3⁄

⁄ − 8.0)

2.36
, 𝑓𝑜𝑟 512 <

𝐿3

𝛻
< 1727

 (13) 

 
𝑐16 = {

8.08 𝒄𝒑 − 13.9 (𝒄𝒑)
2
+ 6.98 (𝒄𝒑)

3
, 𝑓𝑜𝑟 𝒄𝒑 < 0.8

1.73 − 0.707 𝒄𝒑, 𝑓𝑜𝑟 𝒄𝒑 > 0.80
 (14) 

 
𝑐17 = 6919(𝑐𝑀)

−1.33  (
𝛻

𝐿3
)
2.01

(𝑳𝑵 − 2)
1.41 (15) 

 
𝑚1 = 1.40 ∗ 10

−2 ·
𝐿

𝑇
− 1.75 ·

𝛻
1
3⁄

𝐿
− 4.79 ·

𝐵

𝐿
− 𝑐16 (16) 
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𝑚3 = −7.20 (𝑳𝑵)

−0.327 (
𝑇

𝐵
)
0.605

 (17) 

 𝑚4 = 𝑐150.4exp (−0.034(𝑭𝒏)
−3.29) (18) 

 
𝜆 = {

1.45 𝒄𝒑 − 0.03 𝑳𝑵, 𝑓𝑜𝑟 𝑳𝑵 < 12

1.45 𝒄𝒑 − 0.36, 𝑓𝑜𝑟 𝑳𝑵 > 12
 (19) 

Where ‘𝐵’ is the breadth of the ship, ‘𝑇’ is the draught of the ship, ‘𝑇𝐹’ is the after perpendicular 

draught of the ship, ‘𝑐𝑀’ is the midship section coefficient, ‘𝐴𝑇’ is the transverse immersed 

transom area at rest, ‘𝐴𝐵𝑇’ is the transverse build area, ‘ℎ𝐵’ is the vertical position of the centre 

of 𝐴𝐵𝑇 above the keel plane, ‘𝑖𝐸’ is the angle of the waterline at the bow in degrees, with 

reference to the centre plane. I direct the readers to Holtrop and Mennen (1978), Holtrop and 

Mennen (1982) and Holtrop (1984) for a detailed discussion of Equations [4] to [19].  
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B.2. Chapter 7 Appendices 

B.2.1. Values of 𝜃0
𝑚 for Case Study 1A and 1B  

𝑚 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

1 0 0 0 0 0 0 0 0 0 

2 0 0 0 0 0 0.524 0 0 -0.349 

3 0 0 0 0 -0.524 -0.349 0 -0.524 -0.524 

4 0 0 0 0 -0.349 -0.349 0 -0.524 0.524 

5 0 0 0 0 -0.349 -0.524 0 -0.349 -0.349 

6 0 0 0 0 0.524 0 0 -0.349 0 

7 0 0 0 0 0.524 0.524 0 -0.349 -0.349 

8 0 0 0 -0.524 0 -0.349 0 0.524 -0.524 

9 0 0 0 -0.524 -0.524 -0.349 0 0.524 0.524 

10 0 0 0 -0.524 -0.349 -0.524 -0.524 0 -0.349 

11 0 0 0 -0.524 -0.349 0 -0.524 -0.524 0 

12 0 0 0 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

13 0 0 0 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

14 0 0 0 -0.349 0 -0.349 -0.524 -0.349 0.524 

15 0 0 0 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

16 0 0 0 -0.349 -0.349 0 -0.524 0.524 0 

17 0 0 0 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

18 0 0 0 -0.349 -0.349 -0.349 -0.349 0 -0.524 

19 0 0 0 -0.349 0.524 -0.349 -0.349 0 0.524 

20 0 0 0 -0.349 0 -0.524 -0.349 -0.524 -0.349 

21 0 0 0 -0.349 -0.524 0 -0.349 -0.349 0 

22 0 0 0 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

23 0 0 0 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

24 0 0 0 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

25 0 0 0 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

26 0 0 0 0.524 0 0 -0.349 0 0 

27 0 0 0 0.524 0 0.524 -0.349 0 -0.349 

28 0 0 0 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

29 0 0 0 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

30 0 0 0 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

31 0 0 0 0.524 0.524 0 -0.349 -0.349 0 

32 0 0 0 0.524 0.524 0.524 -0.349 -0.349 -0.349 

33 0 -0.1 0.05 0 0 0 0 0 0 

34 0 -0.1 0.05 0 0 0.524 0 0 -0.349 

35 0 -0.1 0.05 0 -0.524 -0.349 0 -0.524 -0.524 

36 0 -0.1 0.05 0 -0.349 -0.349 0 -0.524 0.524 

37 0 -0.1 0.05 0 -0.349 -0.524 0 -0.349 -0.349 

38 0 -0.1 0.05 0 0.524 0 0 -0.349 0 

39 0 -0.1 0.05 0 0.524 0.524 0 -0.349 -0.349 

40 0 -0.1 0.05 -0.524 0 -0.349 0 0.524 -0.524 

41 0 -0.1 0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

42 0 -0.1 0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

43 0 -0.1 0.05 -0.524 -0.349 0 -0.524 -0.524 0 

44 0 -0.1 0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

45 0 -0.1 0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

46 0 -0.1 0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

47 0 -0.1 0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

48 0 -0.1 0.05 -0.349 -0.349 0 -0.524 0.524 0 

49 0 -0.1 0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

50 0 -0.1 0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

Table 12. Table of 𝜃0
𝑚 values from 𝑚 = 1 to 𝑚 = 50. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

51 0 -0.1 0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

52 0 -0.1 0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

53 0 -0.1 0.05 -0.349 -0.524 0 -0.349 -0.349 0 

54 0 -0.1 0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

55 0 -0.1 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

56 0 -0.1 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

57 0 -0.1 0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

58 0 -0.1 0.05 0.524 0 0 -0.349 0 0 

59 0 -0.1 0.05 0.524 0 0.524 -0.349 0 -0.349 

60 0 -0.1 0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

61 0 -0.1 0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

62 0 -0.1 0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

63 0 -0.1 0.05 0.524 0.524 0 -0.349 -0.349 0 

64 0 -0.1 0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

65 0 0.05 -0.1 0 0 0 0 0 0 

66 0 0.05 -0.1 0 0 0.524 0 0 -0.349 

67 0 0.05 -0.1 0 -0.524 -0.349 0 -0.524 -0.524 

68 0 0.05 -0.1 0 -0.349 -0.349 0 -0.524 0.524 

69 0 0.05 -0.1 0 -0.349 -0.524 0 -0.349 -0.349 

70 0 0.05 -0.1 0 0.524 0 0 -0.349 0 

71 0 0.05 -0.1 0 0.524 0.524 0 -0.349 -0.349 

72 0 0.05 -0.1 -0.524 0 -0.349 0 0.524 -0.524 

73 0 0.05 -0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

74 0 0.05 -0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

75 0 0.05 -0.1 -0.524 -0.349 0 -0.524 -0.524 0 

76 0 0.05 -0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

77 0 0.05 -0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

78 0 0.05 -0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

79 0 0.05 -0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

80 0 0.05 -0.1 -0.349 -0.349 0 -0.524 0.524 0 

81 0 0.05 -0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

82 0 0.05 -0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

83 0 0.05 -0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

84 0 0.05 -0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

85 0 0.05 -0.1 -0.349 -0.524 0 -0.349 -0.349 0 

86 0 0.05 -0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

87 0 0.05 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

88 0 0.05 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

89 0 0.05 -0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

90 0 0.05 -0.1 0.524 0 0 -0.349 0 0 

91 0 0.05 -0.1 0.524 0 0.524 -0.349 0 -0.349 

92 0 0.05 -0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

93 0 0.05 -0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

94 0 0.05 -0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

95 0 0.05 -0.1 0.524 0.524 0 -0.349 -0.349 0 

96 0 0.05 -0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

97 0 0.1 0.1 0 0 0 0 0 0 

98 0 0.1 0.1 0 0 0.524 0 0 -0.349 

99 0 0.1 0.1 0 -0.524 -0.349 0 -0.524 -0.524 

100 0 0.1 0.1 0 -0.349 -0.349 0 -0.524 0.524 

Table 13. Table of 𝜃0
𝑚 values from 𝑚 = 51 to 𝑚 = 100. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

101 0 0.1 0.1 0 -0.349 -0.524 0 -0.349 -0.349 

102 0 0.1 0.1 0 0.524 0 0 -0.349 0 

103 0 0.1 0.1 0 0.524 0.524 0 -0.349 -0.349 

104 0 0.1 0.1 -0.524 0 -0.349 0 0.524 -0.524 

105 0 0.1 0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

106 0 0.1 0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

107 0 0.1 0.1 -0.524 -0.349 0 -0.524 -0.524 0 

108 0 0.1 0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

109 0 0.1 0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

110 0 0.1 0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

111 0 0.1 0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

112 0 0.1 0.1 -0.349 -0.349 0 -0.524 0.524 0 

113 0 0.1 0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

114 0 0.1 0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

115 0 0.1 0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

116 0 0.1 0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

117 0 0.1 0.1 -0.349 -0.524 0 -0.349 -0.349 0 

118 0 0.1 0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

119 0 0.1 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

120 0 0.1 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

121 0 0.1 0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

122 0 0.1 0.1 0.524 0 0 -0.349 0 0 

123 0 0.1 0.1 0.524 0 0.524 -0.349 0 -0.349 

124 0 0.1 0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

125 0 0.1 0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

126 0 0.1 0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

127 0 0.1 0.1 0.524 0.524 0 -0.349 -0.349 0 

128 0 0.1 0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

129 -0.1 -0.1 -0.05 0 0 0 0 0 0 

130 -0.1 -0.1 -0.05 0 0 0.524 0 0 -0.349 

131 -0.1 -0.1 -0.05 0 -0.524 -0.349 0 -0.524 -0.524 

132 -0.1 -0.1 -0.05 0 -0.349 -0.349 0 -0.524 0.524 

133 -0.1 -0.1 -0.05 0 -0.349 -0.524 0 -0.349 -0.349 

134 -0.1 -0.1 -0.05 0 0.524 0 0 -0.349 0 

135 -0.1 -0.1 -0.05 0 0.524 0.524 0 -0.349 -0.349 

136 -0.1 -0.1 -0.05 -0.524 0 -0.349 0 0.524 -0.524 

137 -0.1 -0.1 -0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

138 -0.1 -0.1 -0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

139 -0.1 -0.1 -0.05 -0.524 -0.349 0 -0.524 -0.524 0 

140 -0.1 -0.1 -0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

141 -0.1 -0.1 -0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

142 -0.1 -0.1 -0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

143 -0.1 -0.1 -0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

144 -0.1 -0.1 -0.05 -0.349 -0.349 0 -0.524 0.524 0 

145 -0.1 -0.1 -0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

146 -0.1 -0.1 -0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

147 -0.1 -0.1 -0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

148 -0.1 -0.1 -0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

149 -0.1 -0.1 -0.05 -0.349 -0.524 0 -0.349 -0.349 0 

150 -0.1 -0.1 -0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

Table 14. Table of 𝜃0
𝑚 values from 𝑚 = 101 to 𝑚 = 150. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

151 -0.1 -0.1 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

152 -0.1 -0.1 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

153 -0.1 -0.1 -0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

154 -0.1 -0.1 -0.05 0.524 0 0 -0.349 0 0 

155 -0.1 -0.1 -0.05 0.524 0 0.524 -0.349 0 -0.349 

156 -0.1 -0.1 -0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

157 -0.1 -0.1 -0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

158 -0.1 -0.1 -0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

159 -0.1 -0.1 -0.05 0.524 0.524 0 -0.349 -0.349 0 

160 -0.1 -0.1 -0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

161 -0.1 0.05 0 0 0 0 0 0 0 

162 -0.1 0.05 0 0 0 0.524 0 0 -0.349 

163 -0.1 0.05 0 0 -0.524 -0.349 0 -0.524 -0.524 

164 -0.1 0.05 0 0 -0.349 -0.349 0 -0.524 0.524 

165 -0.1 0.05 0 0 -0.349 -0.524 0 -0.349 -0.349 

166 -0.1 0.05 0 0 0.524 0 0 -0.349 0 

167 -0.1 0.05 0 0 0.524 0.524 0 -0.349 -0.349 

168 -0.1 0.05 0 -0.524 0 -0.349 0 0.524 -0.524 

169 -0.1 0.05 0 -0.524 -0.524 -0.349 0 0.524 0.524 

170 -0.1 0.05 0 -0.524 -0.349 -0.524 -0.524 0 -0.349 

171 -0.1 0.05 0 -0.524 -0.349 0 -0.524 -0.524 0 

172 -0.1 0.05 0 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

173 -0.1 0.05 0 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

174 -0.1 0.05 0 -0.349 0 -0.349 -0.524 -0.349 0.524 

175 -0.1 0.05 0 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

176 -0.1 0.05 0 -0.349 -0.349 0 -0.524 0.524 0 

177 -0.1 0.05 0 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

178 -0.1 0.05 0 -0.349 -0.349 -0.349 -0.349 0 -0.524 

179 -0.1 0.05 0 -0.349 0.524 -0.349 -0.349 0 0.524 

180 -0.1 0.05 0 -0.349 0 -0.524 -0.349 -0.524 -0.349 

181 -0.1 0.05 0 -0.349 -0.524 0 -0.349 -0.349 0 

182 -0.1 0.05 0 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

183 -0.1 0.05 0 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

184 -0.1 0.05 0 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

185 -0.1 0.05 0 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

186 -0.1 0.05 0 0.524 0 0 -0.349 0 0 

187 -0.1 0.05 0 0.524 0 0.524 -0.349 0 -0.349 

188 -0.1 0.05 0 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

189 -0.1 0.05 0 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

190 -0.1 0.05 0 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

191 -0.1 0.05 0 0.524 0.524 0 -0.349 -0.349 0 

192 -0.1 0.05 0 0.524 0.524 0.524 -0.349 -0.349 -0.349 

193 -0.1 0.1 0.05 0 0 0 0 0 0 

194 -0.1 0.1 0.05 0 0 0.524 0 0 -0.349 

195 -0.1 0.1 0.05 0 -0.524 -0.349 0 -0.524 -0.524 

196 -0.1 0.1 0.05 0 -0.349 -0.349 0 -0.524 0.524 

197 -0.1 0.1 0.05 0 -0.349 -0.524 0 -0.349 -0.349 

198 -0.1 0.1 0.05 0 0.524 0 0 -0.349 0 

199 -0.1 0.1 0.05 0 0.524 0.524 0 -0.349 -0.349 

200 -0.1 0.1 0.05 -0.524 0 -0.349 0 0.524 -0.524 

Table 15. Table of 𝜃0
𝑚 values from 𝑚 = 151 to 𝑚 = 200. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

201 -0.1 0.1 0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

202 -0.1 0.1 0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

203 -0.1 0.1 0.05 -0.524 -0.349 0 -0.524 -0.524 0 

204 -0.1 0.1 0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

205 -0.1 0.1 0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

206 -0.1 0.1 0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

207 -0.1 0.1 0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

208 -0.1 0.1 0.05 -0.349 -0.349 0 -0.524 0.524 0 

209 -0.1 0.1 0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

210 -0.1 0.1 0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

211 -0.1 0.1 0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

212 -0.1 0.1 0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

213 -0.1 0.1 0.05 -0.349 -0.524 0 -0.349 -0.349 0 

214 -0.1 0.1 0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

215 -0.1 0.1 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

216 -0.1 0.1 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

217 -0.1 0.1 0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

218 -0.1 0.1 0.05 0.524 0 0 -0.349 0 0 

219 -0.1 0.1 0.05 0.524 0 0.524 -0.349 0 -0.349 

220 -0.1 0.1 0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

221 -0.1 0.1 0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

222 -0.1 0.1 0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

223 -0.1 0.1 0.05 0.524 0.524 0 -0.349 -0.349 0 

224 -0.1 0.1 0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

225 -0.05 -0.1 -0.1 0 0 0 0 0 0 

226 -0.05 -0.1 -0.1 0 0 0.524 0 0 -0.349 

227 -0.05 -0.1 -0.1 0 -0.524 -0.349 0 -0.524 -0.524 

228 -0.05 -0.1 -0.1 0 -0.349 -0.349 0 -0.524 0.524 

229 -0.05 -0.1 -0.1 0 -0.349 -0.524 0 -0.349 -0.349 

230 -0.05 -0.1 -0.1 0 0.524 0 0 -0.349 0 

231 -0.05 -0.1 -0.1 0 0.524 0.524 0 -0.349 -0.349 

232 -0.05 -0.1 -0.1 -0.524 0 -0.349 0 0.524 -0.524 

233 -0.05 -0.1 -0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

234 -0.05 -0.1 -0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

235 -0.05 -0.1 -0.1 -0.524 -0.349 0 -0.524 -0.524 0 

236 -0.05 -0.1 -0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

237 -0.05 -0.1 -0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

238 -0.05 -0.1 -0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

239 -0.05 -0.1 -0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

240 -0.05 -0.1 -0.1 -0.349 -0.349 0 -0.524 0.524 0 

241 -0.05 -0.1 -0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

242 -0.05 -0.1 -0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

243 -0.05 -0.1 -0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

244 -0.05 -0.1 -0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

245 -0.05 -0.1 -0.1 -0.349 -0.524 0 -0.349 -0.349 0 

246 -0.05 -0.1 -0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

247 -0.05 -0.1 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

248 -0.05 -0.1 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

249 -0.05 -0.1 -0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

250 -0.05 -0.1 -0.1 0.524 0 0 -0.349 0 0 

Table 16. Table of 𝜃0
𝑚 values from 𝑚 = 201 to 𝑚 = 250. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

251 -0.05 -0.1 -0.1 0.524 0 0.524 -0.349 0 -0.349 

252 -0.05 -0.1 -0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

253 -0.05 -0.1 -0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

254 -0.05 -0.1 -0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

255 -0.05 -0.1 -0.1 0.524 0.524 0 -0.349 -0.349 0 

256 -0.05 -0.1 -0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

257 -0.05 -0.05 0.1 0 0 0 0 0 0 

258 -0.05 -0.05 0.1 0 0 0.524 0 0 -0.349 

259 -0.05 -0.05 0.1 0 -0.524 -0.349 0 -0.524 -0.524 

260 -0.05 -0.05 0.1 0 -0.349 -0.349 0 -0.524 0.524 

261 -0.05 -0.05 0.1 0 -0.349 -0.524 0 -0.349 -0.349 

262 -0.05 -0.05 0.1 0 0.524 0 0 -0.349 0 

263 -0.05 -0.05 0.1 0 0.524 0.524 0 -0.349 -0.349 

264 -0.05 -0.05 0.1 -0.524 0 -0.349 0 0.524 -0.524 

265 -0.05 -0.05 0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

266 -0.05 -0.05 0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

267 -0.05 -0.05 0.1 -0.524 -0.349 0 -0.524 -0.524 0 

268 -0.05 -0.05 0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

269 -0.05 -0.05 0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

270 -0.05 -0.05 0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

271 -0.05 -0.05 0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

272 -0.05 -0.05 0.1 -0.349 -0.349 0 -0.524 0.524 0 

273 -0.05 -0.05 0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

274 -0.05 -0.05 0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

275 -0.05 -0.05 0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

276 -0.05 -0.05 0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

277 -0.05 -0.05 0.1 -0.349 -0.524 0 -0.349 -0.349 0 

278 -0.05 -0.05 0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

279 -0.05 -0.05 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

280 -0.05 -0.05 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

281 -0.05 -0.05 0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

282 -0.05 -0.05 0.1 0.524 0 0 -0.349 0 0 

283 -0.05 -0.05 0.1 0.524 0 0.524 -0.349 0 -0.349 

284 -0.05 -0.05 0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

285 -0.05 -0.05 0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

286 -0.05 -0.05 0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

287 -0.05 -0.05 0.1 0.524 0.524 0 -0.349 -0.349 0 

288 -0.05 -0.05 0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

289 -0.05 0.1 -0.05 0 0 0 0 0 0 

290 -0.05 0.1 -0.05 0 0 0.524 0 0 -0.349 

291 -0.05 0.1 -0.05 0 -0.524 -0.349 0 -0.524 -0.524 

292 -0.05 0.1 -0.05 0 -0.349 -0.349 0 -0.524 0.524 

293 -0.05 0.1 -0.05 0 -0.349 -0.524 0 -0.349 -0.349 

294 -0.05 0.1 -0.05 0 0.524 0 0 -0.349 0 

295 -0.05 0.1 -0.05 0 0.524 0.524 0 -0.349 -0.349 

296 -0.05 0.1 -0.05 -0.524 0 -0.349 0 0.524 -0.524 

297 -0.05 0.1 -0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

298 -0.05 0.1 -0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

299 -0.05 0.1 -0.05 -0.524 -0.349 0 -0.524 -0.524 0 

300 -0.05 0.1 -0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

Table 17. Table of 𝜃0
𝑚 values from 𝑚 = 251 to 𝑚 = 300. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

301 -0.05 0.1 -0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

302 -0.05 0.1 -0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

303 -0.05 0.1 -0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

304 -0.05 0.1 -0.05 -0.349 -0.349 0 -0.524 0.524 0 

305 -0.05 0.1 -0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

306 -0.05 0.1 -0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

307 -0.05 0.1 -0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

308 -0.05 0.1 -0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

309 -0.05 0.1 -0.05 -0.349 -0.524 0 -0.349 -0.349 0 

310 -0.05 0.1 -0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

311 -0.05 0.1 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

312 -0.05 0.1 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

313 -0.05 0.1 -0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

314 -0.05 0.1 -0.05 0.524 0 0 -0.349 0 0 

315 -0.05 0.1 -0.05 0.524 0 0.524 -0.349 0 -0.349 

316 -0.05 0.1 -0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

317 -0.05 0.1 -0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

318 -0.05 0.1 -0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

319 -0.05 0.1 -0.05 0.524 0.524 0 -0.349 -0.349 0 

320 -0.05 0.1 -0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

321 0.05 -0.1 0 0 0 0 0 0 0 

322 0.05 -0.1 0 0 0 0.524 0 0 -0.349 

323 0.05 -0.1 0 0 -0.524 -0.349 0 -0.524 -0.524 

324 0.05 -0.1 0 0 -0.349 -0.349 0 -0.524 0.524 

325 0.05 -0.1 0 0 -0.349 -0.524 0 -0.349 -0.349 

326 0.05 -0.1 0 0 0.524 0 0 -0.349 0 

327 0.05 -0.1 0 0 0.524 0.524 0 -0.349 -0.349 

328 0.05 -0.1 0 -0.524 0 -0.349 0 0.524 -0.524 

329 0.05 -0.1 0 -0.524 -0.524 -0.349 0 0.524 0.524 

330 0.05 -0.1 0 -0.524 -0.349 -0.524 -0.524 0 -0.349 

331 0.05 -0.1 0 -0.524 -0.349 0 -0.524 -0.524 0 

332 0.05 -0.1 0 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

333 0.05 -0.1 0 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

334 0.05 -0.1 0 -0.349 0 -0.349 -0.524 -0.349 0.524 

335 0.05 -0.1 0 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

336 0.05 -0.1 0 -0.349 -0.349 0 -0.524 0.524 0 

337 0.05 -0.1 0 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

338 0.05 -0.1 0 -0.349 -0.349 -0.349 -0.349 0 -0.524 

339 0.05 -0.1 0 -0.349 0.524 -0.349 -0.349 0 0.524 

340 0.05 -0.1 0 -0.349 0 -0.524 -0.349 -0.524 -0.349 

341 0.05 -0.1 0 -0.349 -0.524 0 -0.349 -0.349 0 

342 0.05 -0.1 0 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

343 0.05 -0.1 0 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

344 0.05 -0.1 0 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

345 0.05 -0.1 0 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

346 0.05 -0.1 0 0.524 0 0 -0.349 0 0 

347 0.05 -0.1 0 0.524 0 0.524 -0.349 0 -0.349 

348 0.05 -0.1 0 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

349 0.05 -0.1 0 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

350 0.05 -0.1 0 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

Table 18. Table of 𝜃0
𝑚 values from 𝑚 = 301 to 𝑚 = 350. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

351 0.05 -0.1 0 0.524 0.524 0 -0.349 -0.349 0 

352 0.05 -0.1 0 0.524 0.524 0.524 -0.349 -0.349 -0.349 

353 0.05 -0.05 0.05 0 0 0 0 0 0 

354 0.05 -0.05 0.05 0 0 0.524 0 0 -0.349 

355 0.05 -0.05 0.05 0 -0.524 -0.349 0 -0.524 -0.524 

356 0.05 -0.05 0.05 0 -0.349 -0.349 0 -0.524 0.524 

357 0.05 -0.05 0.05 0 -0.349 -0.524 0 -0.349 -0.349 

358 0.05 -0.05 0.05 0 0.524 0 0 -0.349 0 

359 0.05 -0.05 0.05 0 0.524 0.524 0 -0.349 -0.349 

360 0.05 -0.05 0.05 -0.524 0 -0.349 0 0.524 -0.524 

361 0.05 -0.05 0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

362 0.05 -0.05 0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

363 0.05 -0.05 0.05 -0.524 -0.349 0 -0.524 -0.524 0 

364 0.05 -0.05 0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

365 0.05 -0.05 0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

366 0.05 -0.05 0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

367 0.05 -0.05 0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

368 0.05 -0.05 0.05 -0.349 -0.349 0 -0.524 0.524 0 

369 0.05 -0.05 0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

370 0.05 -0.05 0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

371 0.05 -0.05 0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

372 0.05 -0.05 0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

373 0.05 -0.05 0.05 -0.349 -0.524 0 -0.349 -0.349 0 

374 0.05 -0.05 0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

375 0.05 -0.05 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

376 0.05 -0.05 0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

377 0.05 -0.05 0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

378 0.05 -0.05 0.05 0.524 0 0 -0.349 0 0 

379 0.05 -0.05 0.05 0.524 0 0.524 -0.349 0 -0.349 

380 0.05 -0.05 0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

381 0.05 -0.05 0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

382 0.05 -0.05 0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

383 0.05 -0.05 0.05 0.524 0.524 0 -0.349 -0.349 0 

384 0.05 -0.05 0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

385 0.05 0.1 -0.1 0 0 0 0 0 0 

386 0.05 0.1 -0.1 0 0 0.524 0 0 -0.349 

387 0.05 0.1 -0.1 0 -0.524 -0.349 0 -0.524 -0.524 

388 0.05 0.1 -0.1 0 -0.349 -0.349 0 -0.524 0.524 

389 0.05 0.1 -0.1 0 -0.349 -0.524 0 -0.349 -0.349 

390 0.05 0.1 -0.1 0 0.524 0 0 -0.349 0 

391 0.05 0.1 -0.1 0 0.524 0.524 0 -0.349 -0.349 

392 0.05 0.1 -0.1 -0.524 0 -0.349 0 0.524 -0.524 

393 0.05 0.1 -0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

394 0.05 0.1 -0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

395 0.05 0.1 -0.1 -0.524 -0.349 0 -0.524 -0.524 0 

396 0.05 0.1 -0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

397 0.05 0.1 -0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

398 0.05 0.1 -0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

399 0.05 0.1 -0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

400 0.05 0.1 -0.1 -0.349 -0.349 0 -0.524 0.524 0 

Table 19. Table of 𝜃0
𝑚 values from 𝑚 = 351 to 𝑚 = 400. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

401 0.05 0.1 -0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

402 0.05 0.1 -0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

403 0.05 0.1 -0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

404 0.05 0.1 -0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

405 0.05 0.1 -0.1 -0.349 -0.524 0 -0.349 -0.349 0 

406 0.05 0.1 -0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

407 0.05 0.1 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

408 0.05 0.1 -0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

409 0.05 0.1 -0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

410 0.05 0.1 -0.1 0.524 0 0 -0.349 0 0 

411 0.05 0.1 -0.1 0.524 0 0.524 -0.349 0 -0.349 

412 0.05 0.1 -0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

413 0.05 0.1 -0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

414 0.05 0.1 -0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

415 0.05 0.1 -0.1 0.524 0.524 0 -0.349 -0.349 0 

416 0.05 0.1 -0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

417 0.1 0 0.1 0 0 0 0 0 0 

418 0.1 0 0.1 0 0 0.524 0 0 -0.349 

419 0.1 0 0.1 0 -0.524 -0.349 0 -0.524 -0.524 

420 0.1 0 0.1 0 -0.349 -0.349 0 -0.524 0.524 

421 0.1 0 0.1 0 -0.349 -0.524 0 -0.349 -0.349 

422 0.1 0 0.1 0 0.524 0 0 -0.349 0 

423 0.1 0 0.1 0 0.524 0.524 0 -0.349 -0.349 

424 0.1 0 0.1 -0.524 0 -0.349 0 0.524 -0.524 

425 0.1 0 0.1 -0.524 -0.524 -0.349 0 0.524 0.524 

426 0.1 0 0.1 -0.524 -0.349 -0.524 -0.524 0 -0.349 

427 0.1 0 0.1 -0.524 -0.349 0 -0.524 -0.524 0 

428 0.1 0 0.1 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

429 0.1 0 0.1 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

430 0.1 0 0.1 -0.349 0 -0.349 -0.524 -0.349 0.524 

431 0.1 0 0.1 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

432 0.1 0 0.1 -0.349 -0.349 0 -0.524 0.524 0 

433 0.1 0 0.1 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

434 0.1 0 0.1 -0.349 -0.349 -0.349 -0.349 0 -0.524 

435 0.1 0 0.1 -0.349 0.524 -0.349 -0.349 0 0.524 

436 0.1 0 0.1 -0.349 0 -0.524 -0.349 -0.524 -0.349 

437 0.1 0 0.1 -0.349 -0.524 0 -0.349 -0.349 0 

438 0.1 0 0.1 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

439 0.1 0 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

440 0.1 0 0.1 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

441 0.1 0 0.1 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

442 0.1 0 0.1 0.524 0 0 -0.349 0 0 

443 0.1 0 0.1 0.524 0 0.524 -0.349 0 -0.349 

444 0.1 0 0.1 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

445 0.1 0 0.1 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

446 0.1 0 0.1 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

447 0.1 0 0.1 0.524 0.524 0 -0.349 -0.349 0 

448 0.1 0 0.1 0.524 0.524 0.524 -0.349 -0.349 -0.349 

449 0.1 -0.05 -0.05 0 0 0 0 0 0 

450 0.1 -0.05 -0.05 0 0 0.524 0 0 -0.349 

Table 20. Table of 𝜃0
𝑚 values from 𝑚 = 401 to 𝑚 = 450. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

451 0.1 -0.05 -0.05 0 -0.524 -0.349 0 -0.524 -0.524 

452 0.1 -0.05 -0.05 0 -0.349 -0.349 0 -0.524 0.524 

453 0.1 -0.05 -0.05 0 -0.349 -0.524 0 -0.349 -0.349 

454 0.1 -0.05 -0.05 0 0.524 0 0 -0.349 0 

455 0.1 -0.05 -0.05 0 0.524 0.524 0 -0.349 -0.349 

456 0.1 -0.05 -0.05 -0.524 0 -0.349 0 0.524 -0.524 

457 0.1 -0.05 -0.05 -0.524 -0.524 -0.349 0 0.524 0.524 

458 0.1 -0.05 -0.05 -0.524 -0.349 -0.524 -0.524 0 -0.349 

459 0.1 -0.05 -0.05 -0.524 -0.349 0 -0.524 -0.524 0 

460 0.1 -0.05 -0.05 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

461 0.1 -0.05 -0.05 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

462 0.1 -0.05 -0.05 -0.349 0 -0.349 -0.524 -0.349 0.524 

463 0.1 -0.05 -0.05 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

464 0.1 -0.05 -0.05 -0.349 -0.349 0 -0.524 0.524 0 

465 0.1 -0.05 -0.05 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

466 0.1 -0.05 -0.05 -0.349 -0.349 -0.349 -0.349 0 -0.524 

467 0.1 -0.05 -0.05 -0.349 0.524 -0.349 -0.349 0 0.524 

468 0.1 -0.05 -0.05 -0.349 0 -0.524 -0.349 -0.524 -0.349 

469 0.1 -0.05 -0.05 -0.349 -0.524 0 -0.349 -0.349 0 

470 0.1 -0.05 -0.05 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

471 0.1 -0.05 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

472 0.1 -0.05 -0.05 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

473 0.1 -0.05 -0.05 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

474 0.1 -0.05 -0.05 0.524 0 0 -0.349 0 0 

475 0.1 -0.05 -0.05 0.524 0 0.524 -0.349 0 -0.349 

476 0.1 -0.05 -0.05 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

477 0.1 -0.05 -0.05 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

478 0.1 -0.05 -0.05 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

479 0.1 -0.05 -0.05 0.524 0.524 0 -0.349 -0.349 0 

480 0.1 -0.05 -0.05 0.524 0.524 0.524 -0.349 -0.349 -0.349 

481 0.1 0.1 0 0 0 0 0 0 0 

482 0.1 0.1 0 0 0 0.524 0 0 -0.349 

483 0.1 0.1 0 0 -0.524 -0.349 0 -0.524 -0.524 

484 0.1 0.1 0 0 -0.349 -0.349 0 -0.524 0.524 

485 0.1 0.1 0 0 -0.349 -0.524 0 -0.349 -0.349 

486 0.1 0.1 0 0 0.524 0 0 -0.349 0 

487 0.1 0.1 0 0 0.524 0.524 0 -0.349 -0.349 

488 0.1 0.1 0 -0.524 0 -0.349 0 0.524 -0.524 

489 0.1 0.1 0 -0.524 -0.524 -0.349 0 0.524 0.524 

490 0.1 0.1 0 -0.524 -0.349 -0.524 -0.524 0 -0.349 

491 0.1 0.1 0 -0.524 -0.349 0 -0.524 -0.524 0 

492 0.1 0.1 0 -0.524 -0.349 0.524 -0.524 -0.524 -0.349 

493 0.1 0.1 0 -0.524 0.524 -0.349 -0.524 -0.349 -0.524 

494 0.1 0.1 0 -0.349 0 -0.349 -0.524 -0.349 0.524 

495 0.1 0.1 0 -0.349 -0.524 -0.524 -0.524 -0.349 -0.349 

496 0.1 0.1 0 -0.349 -0.349 0 -0.524 0.524 0 

497 0.1 0.1 0 -0.349 -0.349 0.524 -0.524 0.524 -0.349 

498 0.1 0.1 0 -0.349 -0.349 -0.349 -0.349 0 -0.524 

499 0.1 0.1 0 -0.349 0.524 -0.349 -0.349 0 0.524 

500 0.1 0.1 0 -0.349 0 -0.524 -0.349 -0.524 -0.349 

Table 21. Table of 𝜃0
𝑚 values from 𝑚 = 451 to 𝑚 = 500. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.10 𝑒0.11 𝑒0.12 

501 0.1 0.1 0 -0.349 -0.524 0 -0.349 -0.349 0 

502 0.1 0.1 0 -0.349 -0.524 0.524 -0.349 -0.349 -0.349 

503 0.1 0.1 0 -0.349 -0.349 -0.349 -0.349 -0.349 -0.524 

504 0.1 0.1 0 -0.349 -0.349 -0.349 -0.349 -0.349 0.524 

505 0.1 0.1 0 -0.349 0.524 -0.524 -0.349 0.524 -0.349 

506 0.1 0.1 0 0.524 0 0 -0.349 0 0 

507 0.1 0.1 0 0.524 0 0.524 -0.349 0 -0.349 

508 0.1 0.1 0 0.524 -0.524 -0.349 -0.349 -0.524 -0.524 

509 0.1 0.1 0 0.524 -0.349 -0.349 -0.349 -0.524 0.524 

510 0.1 0.1 0 0.524 -0.349 -0.524 -0.349 -0.349 -0.349 

511 0.1 0.1 0 0.524 0.524 0 -0.349 -0.349 0 

512 0.1 0.1 0 0.524 0.524 0.524 -0.349 -0.349 -0.349 

Table 22. Table of 𝜃0
𝑚 values from 𝑚 = 501 to 𝑚 = 512. 
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B.2.2. Results of the Predicted Values of 𝜙𝑚 from m = 1 to m = 512 for Case Study 1A (HCN-

𝑇1-1:1). 

𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

1 117.95 117.47 0.00 46 118.70 117.87 -0.01 91 98.32 97.79 -0.01 

2 93.67 91.64 -0.02 47 102.97 102.88 0.00 92 107.55 107.69 0.00 

3 101.78 101.54 0.00 48 93.77 95.59 0.02 93 111.66 111.70 0.00 

4 105.68 105.55 0.00 49 75.14 69.76 -0.07 94 124.91 123.18 -0.01 

5 117.16 117.03 0.00 50 110.66 110.48 0.00 95 148.56 142.31 -0.04 

6 140.40 136.16 -0.03 51 155.10 144.07 -0.07 96 115.83 116.48 0.01 

7 110.38 110.33 0.00 52 128.61 131.11 0.02 97 122.46 121.41 -0.01 

8 136.83 132.17 -0.03 53 90.60 89.00 -0.02 98 97.29 95.59 -0.02 

9 102.15 103.17 0.01 54 72.68 63.17 -0.13 99 105.80 105.48 0.00 

10 116.09 115.96 0.00 55 108.78 108.96 0.00 100 109.89 109.49 0.00 

11 95.56 94.76 -0.01 56 105.09 105.08 0.00 101 120.79 120.97 0.00 

12 76.47 68.93 -0.10 57 170.94 155.84 -0.09 102 145.09 140.10 -0.03 

13 154.44 145.64 -0.06 58 123.36 121.56 -0.01 103 114.09 114.27 0.00 

14 120.77 120.12 -0.01 59 97.79 95.73 -0.02 104 141.92 136.12 -0.04 

15 105.48 105.13 0.00 60 104.99 105.63 0.01 105 105.84 107.11 0.01 

16 95.24 97.84 0.03 61 109.41 109.64 0.00 106 119.45 119.90 0.00 

17 76.21 72.01 -0.06 62 121.11 121.12 0.00 107 99.50 98.70 -0.01 

18 112.73 112.73 0.00 63 148.55 140.25 -0.06 108 79.72 72.87 -0.09 

19 156.44 146.32 -0.06 64 116.21 114.42 -0.02 109 159.06 149.58 -0.06 

20 131.62 133.36 0.01 65 117.23 117.28 0.00 110 125.22 124.06 -0.01 

21 92.30 91.25 -0.01 66 92.94 91.46 -0.02 111 108.76 109.07 0.00 

22 73.94 65.42 -0.12 67 101.84 101.36 0.00 112 98.84 101.79 0.03 

23 111.00 111.21 0.00 68 105.56 105.36 0.00 113 79.20 75.96 -0.04 

24 107.15 107.33 0.00 69 117.84 116.84 -0.01 114 116.78 116.68 0.00 

25 173.31 158.09 -0.09 70 139.04 135.97 -0.02 115 160.95 150.26 -0.07 

26 125.28 123.81 -0.01 71 109.16 110.14 0.01 116 135.59 137.31 0.01 

27 99.10 97.98 -0.01 72 136.52 131.99 -0.03 117 96.08 95.19 -0.01 

28 107.46 107.88 0.00 73 101.87 102.98 0.01 118 77.07 69.36 -0.10 

29 111.78 111.89 0.00 74 116.65 115.77 -0.01 119 115.16 115.15 0.00 

30 124.15 123.37 -0.01 75 95.23 94.57 -0.01 120 111.28 111.27 0.00 

31 150.05 142.50 -0.05 76 76.06 68.74 -0.10 121 176.77 162.03 -0.08 

32 117.15 116.67 0.00 77 153.45 145.45 -0.05 122 130.20 127.75 -0.02 

33 116.20 115.22 -0.01 78 120.37 119.93 0.00 123 102.98 101.92 -0.01 

34 92.45 89.39 -0.03 79 106.12 104.94 -0.01 124 111.81 111.82 0.00 

35 99.51 99.29 0.00 80 94.75 97.66 0.03 125 116.34 115.83 0.00 

36 103.52 103.30 0.00 81 75.69 71.83 -0.05 126 128.12 127.31 -0.01 

37 114.39 114.78 0.00 82 112.55 112.55 0.00 127 155.26 146.44 -0.06 

38 139.06 133.91 -0.04 83 155.03 146.13 -0.06 128 121.20 120.61 0.00 

39 109.51 108.08 -0.01 84 132.29 133.18 0.01 129 111.47 111.47 0.00 

40 134.27 129.92 -0.03 85 91.98 91.06 -0.01 130 88.69 85.65 -0.03 

41 100.41 100.92 0.01 86 73.54 65.23 -0.11 131 96.09 95.55 -0.01 

42 113.57 113.71 0.00 87 110.91 111.02 0.00 132 99.75 99.55 0.00 

43 93.77 92.51 -0.01 88 106.94 107.14 0.00 133 110.98 111.03 0.00 

44 75.15 66.68 -0.11 89 173.20 157.91 -0.09 134 132.96 130.16 -0.02 

45 152.62 143.39 -0.06 90 124.51 123.62 -0.01 135 104.87 104.34 -0.01 

Table 23. Table of the prediction domain from 𝑚 = 1 to 𝑚 = 135. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

136 128.75 126.18 -0.02 181 91.30 89.72 -0.02 226 88.96 86.37 -0.03 

137 96.64 97.17 0.01 182 73.12 63.89 -0.13 227 96.56 96.27 0.00 

138 110.08 109.96 0.00 183 109.66 109.67 0.00 228 100.22 100.28 0.00 

139 90.12 88.76 -0.02 184 105.86 105.79 0.00 229 111.94 111.76 0.00 

140 72.10 62.93 -0.13 185 169.05 156.56 -0.07 230 133.63 130.89 -0.02 

141 146.07 139.64 -0.04 186 122.98 122.28 -0.01 231 105.22 105.06 0.00 

142 114.07 114.12 0.00 187 97.41 96.45 -0.01 232 129.71 126.90 -0.02 

143 99.98 99.13 -0.01 188 106.10 106.35 0.00 233 97.18 97.90 0.01 

144 90.16 91.85 0.02 189 110.20 110.35 0.00 234 111.09 110.69 0.00 

145 72.13 66.02 -0.08 190 122.25 121.83 0.00 235 90.49 89.49 -0.01 

146 106.64 106.74 0.00 191 146.44 140.97 -0.04 236 72.33 63.66 -0.12 

147 148.26 140.32 -0.05 192 114.67 115.14 0.00 237 147.21 140.37 -0.05 

148 124.49 127.37 0.02 193 118.39 117.96 0.00 238 114.72 114.85 0.00 

149 87.16 85.25 -0.02 194 94.14 92.13 -0.02 239 100.82 99.86 -0.01 

150 69.78 59.42 -0.15 195 102.76 102.03 -0.01 240 90.51 92.57 0.02 

151 104.85 105.21 0.00 196 106.58 106.03 -0.01 241 72.34 66.74 -0.08 

152 101.20 101.33 0.00 197 117.53 117.52 0.00 242 107.24 107.46 0.00 

153 164.50 152.10 -0.08 198 139.85 136.65 -0.02 243 149.31 141.05 -0.06 

154 117.83 117.81 0.00 199 110.23 110.82 0.01 244 125.69 128.09 0.02 

155 93.45 91.99 -0.02 200 136.92 132.66 -0.03 245 87.48 85.98 -0.02 

156 101.02 101.88 0.01 201 102.52 103.66 0.01 246 69.98 60.15 -0.14 

157 105.04 105.89 0.01 202 116.12 116.45 0.00 247 105.43 105.94 0.00 

158 117.05 117.37 0.00 203 96.36 95.24 -0.01 248 101.71 102.06 0.00 

159 141.30 136.50 -0.03 204 77.17 69.41 -0.10 249 166.46 152.82 -0.08 

160 110.80 110.67 0.00 205 153.23 146.13 -0.05 250 118.56 118.54 0.00 

161 116.22 115.94 0.00 206 121.13 120.61 0.00 251 93.90 92.71 -0.01 

162 92.40 90.11 -0.02 207 105.91 105.62 0.00 252 101.70 102.61 0.01 

163 100.80 100.01 -0.01 208 95.77 98.33 0.03 253 105.73 106.62 0.01 

164 104.54 104.01 -0.01 209 76.70 72.50 -0.05 254 118.28 118.10 0.00 

165 115.76 115.49 0.00 210 113.22 113.22 0.00 255 142.32 137.23 -0.04 

166 137.63 134.63 -0.02 211 154.98 146.81 -0.05 256 111.37 111.40 0.00 

167 108.45 108.80 0.00 212 131.63 133.85 0.02 257 117.02 117.84 0.01 

168 134.48 130.64 -0.03 213 93.14 91.74 -0.02 258 93.19 92.01 -0.01 

169 100.73 101.63 0.01 214 74.65 65.91 -0.12 259 100.38 101.91 0.02 

170 114.49 114.43 0.00 215 111.67 111.69 0.00 260 104.41 105.91 0.01 

171 94.45 93.22 -0.01 216 107.86 107.82 0.00 261 114.83 117.39 0.02 

172 75.59 67.39 -0.11 217 170.68 158.58 -0.07 262 139.58 136.53 -0.02 

173 151.03 144.11 -0.05 218 125.33 124.30 -0.01 263 110.08 110.70 0.01 

174 118.99 118.59 0.00 219 99.28 98.47 -0.01 264 134.91 132.54 -0.02 

175 104.31 103.59 -0.01 220 108.20 108.37 0.00 265 101.02 103.53 0.02 

176 94.02 96.31 0.02 221 112.40 112.37 0.00 266 113.84 116.33 0.02 

177 75.24 70.48 -0.06 222 124.17 123.85 0.00 267 94.62 95.12 0.01 

178 111.26 111.20 0.00 223 148.90 142.99 -0.04 268 75.89 69.29 -0.09 

179 152.85 144.79 -0.05 224 116.59 117.16 0.00 269 152.75 146.01 -0.04 

180 129.71 131.83 0.02 225 111.95 112.20 0.00 270 119.42 120.49 0.01 

Table 24. Table of the prediction domain from 𝑚 = 136 to 𝑚 = 270. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

271 103.40 105.49 0.02 316 108.35 107.29 -0.01 361 102.83 104.83 0.02 

272 94.48 98.21 0.04 317 112.44 111.29 -0.01 362 116.40 117.63 0.01 

273 75.78 72.38 -0.04 318 125.24 122.77 -0.02 363 96.14 96.42 0.00 

274 111.34 113.10 0.02 319 148.76 141.91 -0.05 364 77.01 70.59 -0.08 

275 155.20 146.69 -0.05 320 116.16 116.08 0.00 365 156.34 147.31 -0.06 

276 128.93 133.73 0.04 321 116.66 115.61 -0.01 366 121.67 121.79 0.00 

277 91.44 91.62 0.00 322 92.69 89.78 -0.03 367 105.56 106.79 0.01 

278 73.41 65.79 -0.10 323 100.00 99.68 0.00 368 95.96 99.51 0.04 

279 109.54 111.57 0.02 324 103.99 103.68 0.00 369 76.87 73.68 -0.04 

280 105.90 107.69 0.02 325 115.39 115.17 0.00 370 113.37 114.40 0.01 

281 170.21 158.46 -0.07 326 139.72 134.30 -0.04 371 158.66 147.99 -0.07 

282 124.04 124.18 0.00 327 109.83 108.47 -0.01 372 131.97 135.03 0.02 

283 98.43 98.35 0.00 328 135.23 130.31 -0.04 373 92.83 92.92 0.00 

284 105.77 108.25 0.02 329 100.93 101.31 0.00 374 74.45 67.09 -0.10 

285 110.21 112.25 0.02 330 114.62 114.10 0.00 375 111.52 112.87 0.01 

286 121.42 123.73 0.02 331 94.12 92.89 -0.01 376 107.72 108.99 0.01 

287 148.87 142.86 -0.04 332 75.35 67.06 -0.11 377 175.10 159.76 -0.09 

288 116.64 117.04 0.00 333 153.80 143.78 -0.07 378 126.61 125.48 -0.01 

289 118.00 116.88 -0.01 334 119.35 118.26 -0.01 379 100.19 99.65 -0.01 

290 93.63 91.05 -0.03 335 103.84 103.27 -0.01 380 107.88 109.55 0.02 

291 102.72 100.95 -0.02 336 94.11 95.98 0.02 381 112.42 113.55 0.01 

292 106.43 104.95 -0.01 337 75.34 70.15 -0.07 382 124.46 125.03 0.00 

293 118.31 116.43 -0.02 338 111.28 110.87 0.00 383 152.34 144.17 -0.05 

294 139.46 135.57 -0.03 339 156.14 144.46 -0.07 384 118.89 118.34 0.00 

295 109.64 109.74 0.00 340 129.86 131.50 0.01 385 119.92 119.69 0.00 

296 137.15 131.58 -0.04 341 90.90 89.39 -0.02 386 94.95 93.87 -0.01 

297 102.47 102.58 0.00 342 72.86 63.56 -0.13 387 104.36 103.77 -0.01 

298 116.95 115.37 -0.01 343 109.37 109.34 0.00 388 108.14 107.77 0.00 

299 96.06 94.16 -0.02 344 105.59 105.47 0.00 389 120.74 119.25 -0.01 

300 76.78 68.33 -0.11 345 172.99 156.23 -0.10 390 142.00 138.38 -0.03 

301 153.51 145.05 -0.06 346 124.05 121.95 -0.02 391 111.28 112.55 0.01 

302 121.06 119.53 -0.01 347 98.18 96.12 -0.02 392 140.05 134.40 -0.04 

303 106.60 104.53 -0.02 348 105.65 106.02 0.00 393 104.24 105.39 0.01 

304 95.44 97.25 0.02 349 110.07 110.02 0.00 394 119.46 118.18 -0.01 

305 76.29 71.42 -0.06 350 122.37 121.50 -0.01 395 97.54 96.98 -0.01 

306 113.24 112.14 -0.01 351 149.52 140.64 -0.06 396 77.88 71.15 -0.09 

307 155.01 145.73 -0.06 352 116.72 114.81 -0.02 397 156.94 147.86 -0.06 

308 132.63 132.77 0.00 353 119.00 119.14 0.00 398 123.24 122.34 -0.01 

309 92.81 90.66 -0.02 354 94.56 93.31 -0.01 399 108.71 107.35 -0.01 

310 74.24 64.83 -0.13 355 102.06 103.21 0.01 400 96.88 100.07 0.03 

311 111.69 110.61 -0.01 356 106.15 107.21 0.01 401 77.35 74.24 -0.04 

312 107.74 106.74 -0.01 357 117.30 118.69 0.01 402 115.21 114.96 0.00 

313 172.34 157.50 -0.09 358 142.25 137.83 -0.03 403 158.31 148.54 -0.06 

314 125.15 123.22 -0.02 359 111.81 112.00 0.00 404 135.62 135.59 0.00 

315 98.90 97.39 -0.02 360 137.89 133.84 -0.03 405 94.17 93.47 -0.01 

Table 25. Table of the prediction domain from 𝑚 = 271 to 𝑚 = 405. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

406 75.26 67.64 -0.10 451 101.88 102.49 0.01 496 99.56 101.75 0.02 

407 113.61 113.43 0.00 452 105.86 106.50 0.01 497 79.60 75.92 -0.05 

408 109.52 109.55 0.00 453 117.91 117.98 0.00 498 118.13 116.64 -0.01 

409 177.05 160.31 -0.09 454 141.59 137.11 -0.03 499 163.20 150.23 -0.08 

410 127.65 126.03 -0.01 455 111.04 111.28 0.00 500 138.34 137.27 -0.01 

411 100.62 100.20 0.00 456 137.85 133.13 -0.03 501 96.74 95.16 -0.02 

412 110.43 110.10 0.00 457 102.61 104.12 0.01 502 77.44 69.33 -0.10 

413 114.63 114.11 0.00 458 117.05 116.91 0.00 503 116.48 115.12 -0.01 

414 128.26 125.59 -0.02 459 95.70 95.71 0.00 504 112.38 111.24 -0.01 

415 152.10 144.72 -0.05 460 76.52 69.88 -0.09 505 181.18 162.00 -0.11 

416 118.31 118.89 0.00 461 156.35 146.59 -0.06 506 131.69 127.72 -0.03 

417 122.76 122.76 0.00 462 121.41 121.07 0.00 507 103.80 101.89 -0.02 

418 97.48 96.93 -0.01 463 106.09 106.08 0.00 508 113.29 111.79 -0.01 

419 105.20 106.83 0.02 464 95.51 98.80 0.03 509 117.79 115.80 -0.02 

420 109.48 110.83 0.01 465 76.36 72.97 -0.04 510 130.89 127.28 -0.03 

421 120.50 122.31 0.02 466 113.23 113.69 0.00 511 157.33 146.41 -0.07 

422 146.61 141.44 -0.04 467 158.40 147.27 -0.07 512 122.26 120.58 -0.01 

423 115.09 115.62 0.00 468 132.76 134.32 0.01     

424 142.39 137.46 -0.03 469 92.38 92.20 0.00     

425 105.90 108.45 0.02 470 73.96 66.37 -0.10     

426 119.51 121.25 0.01 471 111.37 112.16 0.01     

427 99.24 100.04 0.01 472 107.44 108.28 0.01     

428 79.54 74.21 -0.07 473 176.48 159.04 -0.10     

429 161.06 150.92 -0.06 474 126.17 124.76 -0.01     

430 125.46 125.41 0.00 475 99.63 98.93 -0.01     

431 108.41 110.41 0.02 476 107.83 108.83 0.01     

432 98.88 103.13 0.04 477 112.25 112.84 0.01     

433 79.24 77.30 -0.02 478 125.28 124.32 -0.01     

434 116.76 118.02 0.01 479 151.85 143.45 -0.06     

435 163.36 151.61 -0.07 480 118.20 117.62 0.00     

436 135.67 138.65 0.02 481 123.46 121.38 -0.02     

437 95.77 96.53 0.01 482 97.78 95.55 -0.02     

438 76.85 70.71 -0.08 483 106.89 105.45 -0.01     

439 114.93 116.49 0.01 484 110.93 109.46 -0.01     

440 111.06 112.61 0.01 485 123.00 120.94 -0.02     

441 179.66 163.38 -0.09 486 146.50 140.07 -0.04     

442 130.89 129.09 -0.01 487 114.74 114.24 0.00     

443 103.48 103.27 0.00 488 144.02 136.08 -0.06     

444 111.42 113.17 0.02 489 106.96 107.08 0.00     

445 116.18 117.17 0.01 490 121.75 119.87 -0.02     

446 128.13 128.65 0.00 491 100.27 98.67 -0.02     

447 157.43 147.78 -0.06 492 80.15 72.84 -0.09     

448 122.64 121.96 -0.01 493 161.60 149.55 -0.07     

449 118.43 118.42 0.00 494 126.63 124.03 -0.02     

450 93.91 92.60 -0.01 495 110.69 109.04 -0.01     

Table 26. Table of the prediction domain from 𝑚 = 406 to 𝑚 = 512. The output multivector 

shades are omitted for the sake of brevity. 
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B.2.3. Results of the Predicted Values of 𝜙𝑚 from m = 1 to m = 512 for Case Study 1B (HCN-

𝑇2-1:1). 

𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

1 65.53 65.26 0.00 46 65.95 65.48 -0.01 91 54.62 54.33 -0.01 

2 52.04 50.91 -0.02 47 57.20 57.15 0.00 92 59.75 59.83 0.00 

3 56.54 56.41 0.00 48 52.10 53.11 0.02 93 62.03 62.05 0.00 

4 58.71 58.64 0.00 49 41.75 38.76 -0.07 94 69.39 68.43 -0.01 

5 65.09 65.01 0.00 50 61.48 61.38 0.00 95 82.54 79.06 -0.04 

6 78.00 75.64 -0.03 51 86.16 80.04 -0.07 96 64.35 64.71 0.01 

7 61.32 61.30 0.00 52 71.45 72.84 0.02 97 68.03 67.45 -0.01 

8 76.02 73.43 -0.03 53 50.33 49.44 -0.02 98 54.05 53.10 -0.02 

9 56.75 57.32 0.01 54 40.38 35.10 -0.13 99 58.78 58.60 0.00 

10 64.49 64.42 0.00 55 60.43 60.53 0.00 100 61.05 60.83 0.00 

11 53.09 52.64 -0.01 56 58.38 58.38 0.00 101 67.10 67.21 0.00 

12 42.48 38.29 -0.10 57 94.96 86.58 -0.09 102 80.61 77.83 -0.03 

13 85.80 80.91 -0.06 58 68.53 67.53 -0.01 103 63.39 63.49 0.00 

14 67.10 66.73 -0.01 59 54.33 53.18 -0.02 104 78.84 75.62 -0.04 

15 58.60 58.40 0.00 60 58.33 58.68 0.01 105 58.80 59.51 0.01 

16 52.91 54.36 0.03 61 60.78 60.91 0.00 106 66.36 66.61 0.00 

17 42.34 40.01 -0.06 62 67.28 67.29 0.00 107 55.28 54.83 -0.01 

18 62.63 62.63 0.00 63 82.53 77.92 -0.06 108 44.29 40.48 -0.09 

19 86.91 81.29 -0.06 64 64.56 63.57 -0.02 109 88.36 83.10 -0.06 

20 73.12 74.09 0.01 65 65.13 65.16 0.00 110 69.57 68.92 -0.01 

21 51.28 50.69 -0.01 66 51.64 50.81 -0.02 111 60.42 60.59 0.00 

22 41.08 36.35 -0.12 67 56.58 56.31 0.00 112 54.91 56.55 0.03 

23 61.67 61.78 0.00 68 58.64 58.53 0.00 113 44.00 42.20 -0.04 

24 59.53 59.63 0.00 69 65.46 64.91 -0.01 114 64.88 64.82 0.00 

25 96.28 87.83 -0.09 70 77.25 75.54 -0.02 115 89.42 83.48 -0.07 

26 69.60 68.78 -0.01 71 60.65 61.19 0.01 116 75.33 76.28 0.01 

27 55.06 54.43 -0.01 72 75.85 73.33 -0.03 117 53.38 52.88 -0.01 

28 59.70 59.93 0.00 73 56.59 57.21 0.01 118 42.81 38.54 -0.10 

29 62.10 62.16 0.00 74 64.80 64.32 -0.01 119 63.98 63.97 0.00 

30 68.97 68.54 -0.01 75 52.90 52.54 -0.01 120 61.82 61.82 0.00 

31 83.36 79.17 -0.05 76 42.26 38.19 -0.10 121 98.21 90.02 -0.08 

32 65.09 64.82 0.00 77 85.25 80.81 -0.05 122 72.34 70.97 -0.02 

33 64.56 64.01 -0.01 78 66.87 66.63 0.00 123 57.21 56.62 -0.01 

34 51.36 49.66 -0.03 79 58.96 58.30 -0.01 124 62.11 62.12 0.00 

35 55.28 55.16 0.00 80 52.64 54.25 0.03 125 64.63 64.35 0.00 

36 57.51 57.39 0.00 81 42.05 39.90 -0.05 126 71.18 70.73 -0.01 

37 63.55 63.77 0.00 82 62.53 62.53 0.00 127 86.26 81.36 -0.06 

38 77.25 74.40 -0.04 83 86.13 81.19 -0.06 128 67.33 67.01 0.00 

39 60.84 60.05 -0.01 84 73.49 73.99 0.01 129 61.93 61.93 0.00 

40 74.60 72.18 -0.03 85 51.10 50.59 -0.01 130 49.27 47.58 -0.03 

41 55.78 56.07 0.01 86 40.86 36.24 -0.11 131 53.38 53.08 -0.01 

42 63.09 63.17 0.00 87 61.62 61.68 0.00 132 55.42 55.31 0.00 

43 52.09 51.39 -0.01 88 59.41 59.52 0.00 133 61.65 61.68 0.00 

44 41.75 37.04 -0.11 89 96.22 87.72 -0.09 134 73.86 72.31 -0.02 

45 84.79 79.66 -0.06 90 69.17 68.68 -0.01 135 58.26 57.96 -0.01 

Table 27. Table of the prediction domain from 𝑚 = 1 to 𝑚 = 135. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

136 71.53 70.10 -0.02 181 50.72 49.84 -0.02 226 49.42 47.98 -0.03 

137 53.69 53.98 0.01 182 40.62 35.49 -0.13 227 53.65 53.48 0.00 

138 61.16 61.09 0.00 183 60.92 60.93 0.00 228 55.68 55.71 0.00 

139 50.07 49.31 -0.02 184 58.81 58.77 0.00 229 62.19 62.09 0.00 

140 40.06 34.96 -0.13 185 93.92 86.98 -0.07 230 74.24 72.72 -0.02 

141 81.15 77.58 -0.04 186 68.32 67.93 -0.01 231 58.45 58.37 0.00 

142 63.37 63.40 0.00 187 54.12 53.58 -0.01 232 72.06 70.50 -0.02 

143 55.54 55.07 -0.01 188 58.94 59.08 0.00 233 53.99 54.39 0.01 

144 50.09 51.03 0.02 189 61.22 61.31 0.00 234 61.72 61.49 0.00 

145 40.07 36.68 -0.08 190 67.92 67.68 0.00 235 50.27 49.71 -0.01 

146 59.25 59.30 0.00 191 81.36 78.31 -0.04 236 40.19 35.36 -0.12 

147 82.37 77.96 -0.05 192 63.70 63.97 0.00 237 81.79 77.98 -0.05 

148 69.16 70.76 0.02 193 65.77 65.53 0.00 238 63.73 63.81 0.00 

149 48.42 47.36 -0.02 194 52.30 51.18 -0.02 239 56.01 55.48 -0.01 

150 38.77 33.01 -0.15 195 57.09 56.68 -0.01 240 50.28 51.43 0.02 

151 58.25 58.45 0.00 196 59.21 58.91 -0.01 241 40.19 37.08 -0.08 

152 56.22 56.30 0.00 197 65.29 65.29 0.00 242 59.58 59.70 0.00 

153 91.39 84.50 -0.08 198 77.70 75.92 -0.02 243 82.95 78.36 -0.06 

154 65.46 65.45 0.00 199 61.24 61.57 0.01 244 69.83 71.16 0.02 

155 51.92 51.10 -0.02 200 76.07 73.70 -0.03 245 48.60 47.77 -0.02 

156 56.12 56.60 0.01 201 56.96 57.59 0.01 246 38.88 33.42 -0.14 

157 58.35 58.83 0.01 202 64.51 64.69 0.00 247 58.57 58.85 0.00 

158 65.03 65.21 0.00 203 53.54 52.91 -0.01 248 56.50 56.70 0.00 

159 78.50 75.83 -0.03 204 42.87 38.56 -0.10 249 92.48 84.90 -0.08 

160 61.55 61.49 0.00 205 85.13 81.18 -0.05 250 65.87 65.86 0.00 

161 64.57 64.41 0.00 206 67.30 67.01 0.00 251 52.17 51.51 -0.01 

162 51.33 50.06 -0.02 207 58.84 58.68 0.00 252 56.50 57.01 0.01 

163 56.00 55.56 -0.01 208 53.20 54.63 0.03 253 58.74 59.23 0.01 

164 58.08 57.79 -0.01 209 42.61 40.28 -0.05 254 65.71 65.61 0.00 

165 64.31 64.16 0.00 210 62.90 62.90 0.00 255 79.07 76.24 -0.04 

166 76.46 74.79 -0.02 211 86.10 81.56 -0.05 256 61.87 61.89 0.00 

167 60.25 60.44 0.00 212 73.13 74.36 0.02 257 65.01 64.92 0.00 

168 74.71 72.58 -0.03 213 51.74 50.97 -0.02 258 51.77 50.57 -0.02 

169 55.96 56.46 0.01 214 41.47 36.62 -0.12 259 55.76 56.07 0.01 

170 63.60 63.57 0.00 215 62.04 62.05 0.00 260 58.00 58.29 0.00 

171 52.47 51.79 -0.01 216 59.92 59.90 0.00 261 63.79 64.67 0.01 

172 41.99 37.44 -0.11 217 94.82 88.10 -0.07 262 77.55 75.30 -0.03 

173 83.91 80.06 -0.05 218 69.63 69.06 -0.01 263 61.16 60.95 0.00 

174 66.11 65.88 0.00 219 55.15 54.71 -0.01 264 74.95 73.09 -0.02 

175 57.95 57.55 -0.01 220 60.11 60.21 0.00 265 56.12 56.97 0.02 

176 52.23 53.51 0.02 221 62.44 62.43 0.00 266 63.24 64.08 0.01 

177 41.80 39.16 -0.06 222 68.98 68.81 0.00 267 52.57 52.30 -0.01 

178 61.81 61.78 0.00 223 82.72 79.44 -0.04 268 42.16 37.95 -0.10 

179 84.91 80.44 -0.05 224 64.77 65.09 0.00 269 84.86 80.57 -0.05 

180 72.06 73.24 0.02 225 62.19 62.33 0.00 270 66.35 66.39 0.00 

Table 28. Table of the prediction domain from 𝑚 = 136 to 𝑚 = 270. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

271 57.44 58.06 0.01 316 60.19 60.23 0.00 361 57.13 57.73 0.01 

272 52.49 54.01 0.03 317 62.47 62.46 0.00 362 64.67 64.83 0.00 

273 42.10 39.66 -0.06 318 69.58 68.84 -0.01 363 53.41 53.05 -0.01 

274 61.85 62.29 0.01 319 82.65 79.47 -0.04 364 42.79 38.70 -0.10 

275 86.22 80.95 -0.06 320 64.53 65.12 0.01 365 86.86 81.32 -0.06 

276 71.63 73.75 0.03 321 64.81 64.26 -0.01 366 67.59 67.14 -0.01 

277 50.80 50.35 -0.01 322 51.49 49.91 -0.03 367 58.64 58.81 0.00 

278 40.78 36.00 -0.12 323 55.56 55.41 0.00 368 53.31 54.77 0.03 

279 60.86 61.44 0.01 324 57.77 57.63 0.00 369 42.70 40.42 -0.05 

280 58.83 59.28 0.01 325 64.11 64.01 0.00 370 62.99 63.04 0.00 

281 94.56 87.49 -0.07 326 77.62 74.64 -0.04 371 88.15 81.70 -0.07 

282 68.91 68.44 -0.01 327 61.01 60.29 -0.01 372 73.32 74.50 0.02 

283 54.68 54.09 -0.01 328 75.13 72.43 -0.04 373 51.57 51.10 -0.01 

284 58.76 59.59 0.01 329 56.07 56.31 0.00 374 41.36 36.75 -0.11 

285 61.23 61.82 0.01 330 63.68 63.42 0.00 375 61.96 62.19 0.00 

286 67.45 68.19 0.01 331 52.29 51.64 -0.01 376 59.84 60.04 0.00 

287 82.70 78.82 -0.05 332 41.86 37.29 -0.11 377 97.28 88.24 -0.09 

288 64.80 64.47 -0.01 333 85.44 79.91 -0.06 378 70.34 69.19 -0.02 

289 65.56 65.56 0.00 334 66.31 65.73 -0.01 379 55.66 54.84 -0.01 

290 52.02 51.21 -0.02 335 57.69 57.40 -0.01 380 59.94 60.34 0.01 

291 57.07 56.71 -0.01 336 52.28 53.35 0.02 381 62.45 62.57 0.00 

292 59.13 58.94 0.00 337 41.85 39.00 -0.07 382 69.15 68.95 0.00 

293 65.73 65.31 -0.01 338 61.82 61.63 0.00 383 84.63 79.58 -0.06 

294 77.48 75.94 -0.02 339 86.75 80.29 -0.07 384 66.05 65.23 -0.01 

295 60.91 61.60 0.01 340 72.14 73.09 0.01 385 66.62 66.53 0.00 

296 76.20 73.73 -0.03 341 50.50 49.69 -0.02 386 52.75 52.18 -0.01 

297 56.93 57.62 0.01 342 40.48 35.34 -0.13 387 57.98 57.68 -0.01 

298 64.97 64.72 0.00 343 60.76 60.78 0.00 388 60.08 59.90 0.00 

299 53.37 52.94 -0.01 344 58.66 58.62 0.00 389 67.08 66.28 -0.01 

300 42.65 38.59 -0.10 345 96.11 86.82 -0.10 390 78.89 76.91 -0.03 

301 85.29 81.21 -0.05 346 68.92 67.78 -0.02 391 61.82 62.56 0.01 

302 67.25 67.03 0.00 347 54.55 53.43 -0.02 392 77.81 74.70 -0.04 

303 59.22 58.70 -0.01 348 58.70 58.93 0.00 393 57.91 58.58 0.01 

304 53.02 54.66 0.03 349 61.15 61.16 0.00 394 66.36 65.69 -0.01 

305 42.38 40.31 -0.05 350 67.98 67.53 -0.01 395 54.19 53.91 -0.01 

306 62.91 62.93 0.00 351 83.07 78.16 -0.06 396 43.26 39.56 -0.09 

307 86.12 81.59 -0.05 352 64.85 63.81 -0.02 397 87.19 82.18 -0.06 

308 73.68 74.39 0.01 353 66.11 65.67 -0.01 398 68.47 68.00 -0.01 

309 51.56 50.99 -0.01 354 52.53 51.32 -0.02 399 60.40 59.67 -0.01 

310 41.25 36.65 -0.11 355 56.70 56.82 0.00 400 53.82 55.62 0.03 

311 62.05 62.08 0.00 356 58.97 59.05 0.00 401 42.97 41.27 -0.04 

312 59.86 59.93 0.00 357 65.17 65.42 0.00 402 64.00 63.90 0.00 

313 95.74 88.13 -0.08 358 79.03 76.05 -0.04 403 87.95 82.55 -0.06 

314 69.53 69.08 -0.01 359 62.12 61.71 -0.01 404 75.34 75.36 0.00 

315 54.95 54.73 0.00 360 76.61 73.84 -0.04 405 52.31 51.96 -0.01 

Table 29. Table of the prediction domain from 𝑚 = 271 to 𝑚 = 405. The output multivector 

shades are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

406 41.81 37.61 -0.10 451 56.60 56.71 0.00 496 55.31 56.84 0.03 

407 63.12 63.05 0.00 452 58.81 58.93 0.00 497 44.22 42.49 -0.04 

408 60.84 60.89 0.00 453 65.50 65.31 0.00 498 65.63 65.11 -0.01 

409 98.36 89.09 -0.09 454 78.66 75.94 -0.03 499 90.66 83.77 -0.08 

410 70.92 70.05 -0.01 455 61.69 61.59 0.00 500 76.85 76.57 0.00 

411 55.90 55.70 0.00 456 76.59 73.72 -0.04 501 53.75 53.18 -0.01 

412 61.35 61.20 0.00 457 57.01 57.61 0.01 502 43.02 38.83 -0.10 

413 63.68 63.42 0.00 458 65.03 64.72 0.00 503 64.71 64.26 -0.01 

414 71.25 69.80 -0.02 459 53.17 52.94 0.00 504 62.44 62.11 -0.01 

415 84.50 80.43 -0.05 460 42.51 38.59 -0.09 505 100.66 90.31 -0.10 

416 65.73 66.08 0.01 461 86.86 81.21 -0.07 506 73.16 71.27 -0.03 

417 68.20 67.36 -0.01 462 67.45 67.03 -0.01 507 57.67 56.92 -0.01 

418 54.16 53.01 -0.02 463 58.94 58.70 0.00 508 62.94 62.42 -0.01 

419 58.45 58.51 0.00 464 53.06 54.65 0.03 509 65.44 64.64 -0.01 

420 60.82 60.74 0.00 465 42.42 40.30 -0.05 510 72.72 71.02 -0.02 

421 66.95 67.12 0.00 466 62.90 62.92 0.00 511 87.41 81.65 -0.07 

422 81.45 77.75 -0.05 467 88.00 81.58 -0.07 512 67.92 67.30 -0.01 

423 63.94 63.40 -0.01 468 73.76 74.39 0.01     

424 79.11 75.53 -0.05 469 51.32 50.99 -0.01     

425 58.84 59.42 0.01 470 41.09 36.64 -0.11     

426 66.39 66.52 0.00 471 61.87 62.08 0.00     

427 55.14 54.74 -0.01 472 59.69 59.92 0.00     

428 44.19 40.39 -0.09 473 98.04 88.12 -0.10     

429 89.48 83.01 -0.07 474 70.09 69.08 -0.01     

430 69.70 68.84 -0.01 475 55.35 54.73 -0.01     

431 60.23 60.51 0.00 476 59.91 60.23 0.01     

432 54.93 56.46 0.03 477 62.36 62.45 0.00     

433 44.02 42.11 -0.04 478 69.60 68.83 -0.01     

434 64.87 64.73 0.00 479 84.36 79.46 -0.06     

435 90.75 83.39 -0.08 480 65.67 65.11 -0.01     

436 75.37 76.19 0.01 481 68.59 67.75 -0.01     

437 53.20 52.80 -0.01 482 54.32 53.40 -0.02     

438 42.70 38.45 -0.10 483 59.38 58.90 -0.01     

439 63.85 63.88 0.00 484 61.63 61.12 -0.01     

440 61.70 61.73 0.00 485 68.33 67.50 -0.01     

441 99.81 89.93 -0.10 486 81.39 78.13 -0.04     

442 72.72 70.89 -0.03 487 63.74 63.78 0.00     

443 57.49 56.54 -0.02 488 80.01 75.91 -0.05     

444 61.90 62.04 0.00 489 59.42 59.80 0.01     

445 64.54 64.26 0.00 490 67.64 66.91 -0.01     

446 71.18 70.64 -0.01 491 55.70 55.13 -0.01     

447 87.46 81.27 -0.07 492 44.53 40.78 -0.08     

448 68.13 66.92 -0.02 493 89.78 83.39 -0.07     

449 65.80 65.56 0.00 494 70.35 69.22 -0.02     

450 52.17 51.21 -0.02 495 61.50 60.89 -0.01     

Table 30. Table of the prediction domain from 𝑚 = 406 to 𝑚 = 512. The output multivector 

shades are omitted for the sake of brevity. 
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B.2.4. Loss Plot of MLP D (TPR=4:1) and MLP D (TPR=1:1) 

 

Figure 6. The loss values for 100 epochs in MLP D (TPR=4:1). 

 

Figure 7. The loss values for 100 epochs in MLP D (TPR=1:1). 
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B.2.5. Loss Plot of MLP E (TPR=4:1) and MLP E (TPR=1:1) 

 

Figure 8. The loss values for 100 epochs in MLP E (TPR=4:1). 

 

Figure 9. The loss values for 100 epochs in MLP E (TPR=1:1). 
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B.2.6. Values of 𝜃0
𝑚 for Case Study 2 

𝑚 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

1 8 455 225 4951 11 73 1 

2 3 70 97 2330 13.5 72 3 

3 4 90 75 2108 15.5 74 2 

4 6 173 115 2595 11.3 79 1 

5 4 151 90 2735 18 82 1 

6 4 134 95 2560 14.2 78 3 

7 4 111 80 2155 14.8 77 1 

8 6 200 85 2965 15.8 78 1 

9 8 304 150 3433 12 70 1 

10 4 122 88 2500 15.1 80 2 

11 4 91 67 1995 16.2 82 3 

12 8 340 160 3609 8 70 1 

13 4 151 88 2740 16 77 1 

14 4 121 115 2795 15.7 78 2 

15 4 116 75 2246 14 74 2 

16 8 429 198 4341 10 70 1 

17 8 350 180 3664 11 73 1 

18 6 225 90 3381 18.7 80 1 

19 8 318 150 4135 13.5 72 1 

20 5 131 103 2830 15.9 78 2 

21 4 97 78 2300 14.5 74 2 

22 8 350 125 3900 17.4 79 1 

23 6 181 110 2945 16.4 82 1 

24 6 163 133 3410 15.8 78 2 

25 8 400 175 4385 12 72 1 

26 4 116 75 2158 15.5 73 2 

27 8 400 150 4464 12 73 1 

28 6 225 95 3785 19 75 1 

29 8 360 150 3940 13 79 1 

30 4 97 88 2100 16.5 72 3 

31 6 232 100 2945 16 73 1 

32 8 302 130 3870 15 76 1 

33 4 98 70 2125 17.3 82 1 

34 8 318 150 4457 13.5 74 1 

35 4 98 68 2135 16.6 78 3 

36 8 454 220 4354 9 70 1 

37 4 98 83 2075 15.9 77 1 

38 4 120 79 2625 18.6 82 1 

39 4 98 76 2144 14.7 80 2 

40 8 318 150 4237 14.5 73 1 

41 4 90 48 1985 21.5 78 2 

42 6 225 85 3465 16.6 81 1 

43 6 250 110 3645 16.2 76 1 

44 6 250 100 3781 17 74 1 

45 4 120 88 3270 21.9 76 2 

46 8 307 200 4376 15 70 1 

47 4 98 65 2045 16.2 81 1 

48 4 121 112 2868 15.5 73 2 

49 4 89 62 1845 15.3 80 2 

50 8 350 155 4502 13.5 72 1 

Table 31. Table of 𝜃0
𝑚 values from 𝑚 = 1 to 𝑚 = 50. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

51 8 302 140 4638 16 74 1 

52 4 89 71 1925 14 79 2 

53 4 97 88 2279 19 73 3 

54 4 121 110 2600 12.8 77 2 

55 8 351 153 4154 13.5 71 1 

56 4 122 85 2310 18.5 73 1 

57 6 232 100 2789 15 73 1 

58 8 318 150 4096 13 71 1 

59 6 232 90 3265 18.2 79 1 

60 8 350 145 3988 13 73 1 

61 4 86 64 1875 16.4 81 1 

62 4 91 68 2025 18.2 82 3 

63 8 307 130 4098 14 72 1 

64 8 360 215 4615 14 70 1 

65 4 121 76 2511 18 72 2 

66 4 151 90 2556 13.2 79 1 

67 4 105 75 2230 14.5 78 1 

68 4 120 97 2489 15 74 3 

69 6 225 100 3233 15.4 76 1 

70 3 70 100 2420 12.5 80 3 

71 8 350 165 3693 11.5 70 1 

72 4 86 65 1975 15.2 79 3 

73 4 97 67 2145 18 80 3 

74 4 91 68 1970 17.6 82 3 

75 8 360 170 4654 13 73 1 

76 8 302 139 3205 11.2 78 1 

77 8 351 148 4657 13.5 75 1 

78 8 318 150 3399 11 73 1 

79 4 90 70 1937 14.2 76 2 

80 6 199 97 2774 15.5 70 1 

81 8 350 145 4440 14 75 1 

82 4 156 92 2620 14.4 81 1 

83 4 89 62 2050 17.3 81 3 

84 8 304 120 3962 13.9 76 1 

85 4 122 86 2220 14 71 1 

86 6 200 95 3155 18.2 78 1 

87 4 98 70 2120 15.5 80 1 

88 4 140 92 2572 14.9 76 1 

89 8 318 150 3940 13.2 76 1 

90 4 113 95 2228 14 71 3 

91 8 351 152 4215 12.8 76 1 

92 4 105 74 2190 14.2 81 2 

93 6 250 105 3353 14.5 76 1 

94 8 350 175 4100 13 73 1 

95 8 305 140 4215 13 76 1 

96 6 225 100 3630 17.7 77 1 

97 4 76 52 1649 16.5 74 3 

98 8 260 110 4060 19 77 1 

99 4 114 91 2582 14 73 2 

100 8 318 140 4080 13.7 78 1 

Table 32. Table of 𝜃0
𝑚 values from 𝑚 = 51 to 𝑚 = 100. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

101 4 121 110 2660 14 73 2 

102 8 302 140 4141 14 74 1 

103 4 140 72 2408 19 71 1 

104 4 116 90 2123 14 71 2 

105 4 119 100 2615 14.8 81 3 

106 8 400 175 5140 12 71 1 

107 6 225 105 3439 15.5 71 1 

108 8 383 180 4955 11.5 71 1 

109 6 258 95 3193 17.8 76 1 

110 6 198 95 2904 16 73 1 

111 4 112 85 2575 16.2 82 1 

112 4 97 67 1985 16.4 77 3 

113 4 97 75 2155 16.4 76 3 

114 8 318 150 3755 14 76 1 

115 4 96 69 2189 18 72 2 

116 8 350 180 4499 12.5 73 1 

117 6 145 76 3160 19.6 81 2 

118 4 134 90 2711 15.5 80 3 

119 4 104 95 2375 17.5 70 2 

120 8 302 140 3449 10.5 70 1 

121 4 97.5 80 2126 17 72 1 

122 4 120 74 2635 18.3 81 3 

123 4 91 69 2130 14.7 79 2 

124 6 250 72 3158 19.5 75 1 

125 6 156 108 2930 15.5 76 3 

126 4 98 79 2255 17.7 76 1 

127 4 85 65 2110 19.2 80 3 

128 6 232 100 2914 16 75 1 

129 6 232 90 3085 17.6 76 1 

130 8 318 150 4077 14 72 1 

131 4 105 74 1980 15.3 82 2 

132 8 390 190 3850 8.5 70 1 

133 6 168 120 3820 16.7 76 2 

134 6 262 85 3015 17 82 1 

135 4 135 84 2295 11.6 82 1 

136 8 302 139 3570 12.8 78 1 

137 4 97 78 2190 14.1 77 2 

138 8 304 150 3892 12.5 72 1 

139 4 122 80 2451 16.5 74 1 

140 4 151 90 2678 16.5 80 1 

141 4 97 88 2130 14.5 71 3 

142 8 350 105 3725 19 81 1 

143 6 250 88 3139 14.5 71 1 

144 4 120 88 2957 17 75 2 

145 8 350 145 4082 13 73 1 

146 4 71 65 1773 19 71 3 

147 4 83 61 2003 19 74 3 

148 8 351 149 4335 14.5 77 1 

149 6 231 110 3907 21 75 1 

150 6 173 110 2725 12.6 81 1 

Table 33. Table of 𝜃0
𝑚 values from 𝑚 = 101 to 𝑚 = 150. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

151 4 140 75 2542 17 74 1 

152 4 89 60 1968 18.8 80 3 

153 4 85 65 1975 19.4 81 3 

154 4 90 70 1937 14 75 2 

155 4 122 86 2226 16.5 72 1 

156 8 455 225 3086 10 70 1 

157 4 107 75 2210 14.4 81 3 

158 6 225 105 3613 16.5 74 1 

159 4 98 80 1915 14.4 79 1 

160 8 400 190 4325 12.2 77 1 

161 4 141 71 3190 24.8 79 2 

162 6 250 88 3021 16.5 73 1 

163 4 68 49 1867 19.5 73 2 

164 8 350 150 4699 14.5 74 1 

165 4 144 96 2665 13.9 82 3 

166 4 97 71 1825 12.2 76 2 

167 4 105 70 2200 13.2 79 1 

168 6 156 122 2807 13.5 73 3 

169 4 86 65 2110 17.9 80 3 

170 4 120 75 2542 17.5 80 3 

171 4 105 63 2125 14.7 82 1 

172 8 350 180 4380 12.1 76 1 

173 4 140 92 2865 16.4 82 1 

174 4 91 68 1985 16 81 3 

175 4 98 60 2164 22.1 76 1 

176 8 400 150 4997 14 73 1 

177 4 151 90 2670 16 79 1 

178 8 351 142 4054 14.3 79 1 

179 6 200 81 3012 17.6 76 1 

180 4 97 75 2171 16 75 3 

181 8 400 150 3761 9.5 70 1 

182 6 250 78 3574 21 76 1 

183 8 351 158 4363 13 73 1 

184 4 97 88 2130 14.5 70 3 

185 4 140 83 2639 17 75 1 

186 4 98 80 2164 15 72 1 

187 6 250 105 3459 16 75 1 

188 8 350 155 4360 14.9 79 1 

189 8 318 145 4140 13.7 77 1 

190 4 135 84 2385 12.9 81 1 

191 8 400 190 4422 12.5 72 1 

192 4 101 83 2202 15.3 76 2 

193 4 107 75 2205 14.5 82 3 

194 4 119 97 2405 14.9 78 3 

195 4 88 76 2065 14.5 71 2 

196 6 232 90 3210 17.2 78 1 

197 4 105 63 2215 14.9 81 1 

198 8 302 129 3169 12 75 1 

199 4 85 70 1945 16.8 77 3 

200 6 250 98 3525 19 77 1 

Table 34. Table of 𝜃0
𝑚 values from 𝑚 = 151 to 𝑚 = 200. 

  



A38 

ELECTRONIC APPENDIX 

m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

201 4 79 67 1950 19 74 3 

202 4 86 65 2019 16.4 80 3 

203 6 200 85 2587 16 70 1 

204 4 119 97 2300 14.7 78 3 

205 6 250 100 3336 17 74 1 

206 4 78 52 1985 19.4 78 3 

207 8 318 210 4382 13.5 70 1 

208 6 225 100 3430 17.2 78 1 

209 4 151 85 2855 17.6 78 1 

210 6 250 100 3329 15.5 71 1 

211 8 350 145 4055 12 76 1 

212 4 140 78 2592 18.5 75 1 

213 4 134 96 2702 13.5 75 3 

214 8 400 230 4278 9.5 73 1 

215 8 305 130 3840 15.4 79 1 

216 6 231 105 3425 16.9 77 1 

217 4 89 71 1990 14.9 78 2 

218 8 260 90 3420 22.2 79 1 

219 4 121 112 2933 14.5 72 2 

220 8 351 153 4129 13 72 1 

221 4 156 92 2585 14.5 82 1 

222 4 97 52 2130 24.6 82 2 

223 4 115 95 2694 15 75 2 

224 8 318 150 3777 12.5 73 1 

225 5 121 67 2950 19.9 80 2 

226 6 250 110 3520 16.4 77 1 

227 6 250 72 3432 21 75 1 

228 8 400 175 4464 11.5 71 1 

229 4 119 92 2434 15 80 3 

230 4 91 70 1955 20.5 71 1 

231 3 70 90 2124 13.5 73 3 

232 4 91 53 1795 17.5 75 3 

233 4 107 72 2290 17 80 3 

234 8 350 165 4274 12 72 1 

235 8 350 160 4456 13.5 72 1 

236 4 79 67 1963 15.5 74 2 

237 6 231 165 3445 13.4 78 1 

238 8 305 145 3880 12.5 77 1 

239 4 108 94 2379 16.5 73 3 

240 4 108 75 2350 16.8 81 3 

241 6 200 88 3060 17.1 81 1 

242 4 97 60 1834 19 71 2 

243 4 140 90 2264 15.5 71 1 

244 4 116 81 2220 16.9 76 2 

245 4 98 65 2380 20.7 81 1 

246 4 135 84 2525 16 82 1 

247 4 85 70 1990 17 76 3 

248 4 120 88 2160 14.5 82 3 

249 4 120 87 2979 19.5 72 2 

250 4 140 72 2565 13.6 76 1 

Table 35. Table of 𝜃0
𝑚 values from 𝑚 = 201 to 𝑚 = 250. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

251 6 200 85 3070 16.7 78 1 

252 4 119 82 2720 19.4 82 1 

253 4 79 70 2074 19.5 71 2 

254 4 141 80 3230 20.4 81 2 

255 6 225 110 3620 18.7 78 1 

256 4 98 90 2265 15.5 73 2 

257 4 107 86 2464 15.5 76 2 

258 8 400 180 4220 11.1 77 1 

259 6 250 105 3897 18.5 75 1 

260 4 85 65 2020 19.2 79 3 

261 4 91 67 1965 15.7 82 3 

262 6 171 97 2984 14.5 75 1 

263 4 97 67 2065 17.8 81 3 

264 4 97 46 1835 20.5 70 2 

265 6 225 95 3264 16 75 1 

266 8 351 138 3955 13.2 79 1 

267 4 108 93 2391 15.5 74 3 

268 4 98 66 1800 14.4 78 1 

269 4 122 86 2395 16 72 1 

270 6 232 112 2835 14.7 82 1 

271 6 199 90 2648 15 70 1 

272 8 307 130 3504 12 70 1 

273 4 105 70 2150 14.9 79 1 

274 6 225 110 3360 16.6 79 1 

275 4 90 48 2335 23.7 80 2 

276 4 91 67 1850 13.8 80 3 

277 4 151 84 2635 16.4 81 1 

278 8 350 170 4165 11.4 77 1 

279 4 121 113 2234 12.5 70 2 

280 6 146 97 2815 14.5 77 3 

281 6 163 125 3140 13.6 78 2 

282 8 318 150 4498 14.5 75 1 

283 4 97 92 2288 17 72 3 

284 8 455 225 4425 10 70 1 

285 4 108 70 2245 16.9 82 3 

286 4 146 67 3250 21.8 80 2 

287 6 231 105 3535 19.2 78 1 

288 6 250 88 3302 15.5 71 1 

289 4 91 67 1965 15 82 3 

290 4 90 48 2085 21.7 80 2 

291 8 318 150 3436 11 70 1 

292 4 110 87 2672 17.5 70 2 

293 4 130 102 3150 15.7 76 2 

294 4 156 105 2745 16.7 78 1 

295 4 91 60 1800 16.4 78 3 

296 4 151 90 2950 17.3 82 1 

297 3 80 110 2720 13.5 77 3 

298 4 140 88 2890 17.3 79 1 

299 6 231 110 3415 15.8 81 1 

300 4 122 96 2300 15.5 77 1 

Table 36. Table of 𝜃0
𝑚 values from 𝑚 = 251 to 𝑚 = 300. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

301 4 79 67 2000 16 74 2 

302 4 97 78 2188 15.8 80 2 

303 4 140 88 2720 15.4 78 1 

304 8 400 170 4668 11.5 75 1 

305 4 120 97 2506 14.5 72 3 

306 6 232 100 2634 13 71 1 

307 4 140 90 2408 19.5 72 1 

308 4 107 90 2430 14.5 70 2 

309 4 97 54 2254 23.5 72 2 

310 4 113 95 2372 15 70 3 

311 8 360 175 3821 11 73 1 

312 8 262 110 3221 13.5 75 1 

313 4 85 70 2070 18.6 78 3 

314 8 304 150 3672 11.5 72 1 

315 6 258 110 3730 19 75 1 

316 6 258 110 3632 18 74 1 

317 8 302 140 4294 16 72 1 

318 4 119 97 2545 17 75 3 

319 6 198 95 2833 15.5 70 1 

320 4 98 63 2051 17 77 1 

321 4 97 46 1950 21 73 2 

322 8 318 135 3830 15.2 79 1 

323 4 98 68 2045 18.5 77 3 

324 5 183 77 3530 20.1 79 2 

325 8 305 145 3425 13.2 78 1 

326 6 232 90 3211 17 75 1 

327 6 258 110 2962 13.5 71 1 

328 6 225 105 3121 16.5 73 1 

329 6 200 85 2990 18.2 79 1 

330 4 90 71 2223 16.5 75 2 

331 4 112 88 2395 18 82 1 

332 6 231 115 3245 15.4 79 1 

333 4 135 84 2370 13 82 1 

334 4 90 75 2125 14.5 74 1 

335 8 440 215 4312 8.5 70 1 

336 6 168 116 2900 12.6 81 3 

337 8 267 125 3605 15 79 1 

338 8 302 137 4042 14.5 73 1 

339 4 72 69 1613 18 71 3 

340 4 121 80 2670 15 79 1 

341 8 400 170 4746 12 71 1 

342 8 318 150 4190 13 76 1 

343 6 155 107 2472 14 73 1 

344 4 81 60 1760 16.1 81 3 

345 6 258 120 3410 15.1 78 1 

346 6 250 100 3278 18 73 1 

347 4 140 72 2401 19.5 73 1 

348 4 121 115 2671 13.5 75 2 

349 4 112 88 2640 18.6 82 1 

350 4 135 84 2490 15.7 81 1 

Table 37. Table of 𝜃0
𝑚 values from 𝑚 = 301 to 𝑚 = 350. 
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m 
𝜃0
𝑚 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

351 4 97 75 2265 18.2 77 3 

352 4 98 68 2155 16.5 78 1 

353 6 232 100 3288 15.5 71 1 

354 8 318 140 3735 13.2 78 1 

355 4 71 65 1836 21 74 3 

356 6 198 95 3102 16.5 74 1 

357 8 260 110 3365 15.5 78 1 

358 6 231 105 3380 15.8 78 1 

359 4 91 53 1795 17.4 76 3 

360 4 112 88 2605 19.6 82 1 

361 8 400 167 4906 12.5 73 1 

362 4 140 89 2755 15.8 77 1 

363 8 304 150 3672 11.5 73 1 

364 4 113 95 2278 15.5 72 3 

365 4 151 90 3003 20.1 80 1 

366 4 85 52 2035 22.2 76 1 

367 4 79 58 1825 18.6 77 2 

368 6 250 100 3282 15 71 1 

369 6 231 110 3039 15 75 1 

370 8 429 208 4633 11 72 1 

371 4 121 98 2945 14.5 75 2 

372 8 304 150 4257 15.5 74 1 

373 4 108 75 2265 15.2 80 3 

374 6 232 100 2901 16 74 1 

375 8 383 170 3563 10 70 1 

376 4 140 88 2870 18.1 80 1 

377 4 98 83 2219 16.5 74 2 

378 8 350 165 4209 12 71 1 

379 8 304 193 4732 18.5 70 1 

380 8 440 215 4735 11 73 1 

381 8 302 130 4295 14.9 77 1 

382 4 140 86 2790 15.6 82 1 

383 8 302 129 3725 13.4 79 1 

384 4 134 95 2515 14.8 78 3 

385 6 225 100 3651 17.7 76 1 

386 4 79 58 1755 16.9 81 3 

387 6 146 120 2930 13.8 81 3 

388 4 156 105 2800 14.4 80 1 

389 6 173 115 2700 12.9 79 1 

390 4 97 78 1940 14.5 77 2 

391 8 429 198 4952 11.5 73 1 

392 6 168 132 2910 11.4 80 3 

Table 38. Table of 𝜃0
𝑚 values from 𝑚 = 351 to 𝑚 = 392. 
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B.2.7. Results of the Predicted Values of 𝜙𝑚 from 𝑚 = 1 to 𝑚 = 392 for HCN-𝑇1-1:1. 

𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

1 12 11.92 -0.68 46 10 10.82 8.21 91 14.5 15.43 6.43 

2 19 17.68 -6.94 47 34.4 35.42 2.97 92 33 34.65 4.99 

3 24 27.67 15.31 48 19 19.25 1.33 93 22 19.06 -13.36 

4 28.8 25.95 -9.88 49 29.8 36.82 23.54 94 13 12.27 -5.61 

5 27 28.08 3.99 50 13 12.50 -3.88 95 17.5 15.71 -10.22 

6 27.5 27.17 -1.19 51 14 12.73 -9.04 96 19 18.74 -1.39 

7 30 28.50 -4.99 52 31.9 34.54 8.27 97 31 33.68 8.66 

8 20.2 24.72 22.40 53 20 24.08 20.38 98 17 16.92 -0.48 

9 16 16.30 1.86 54 21.5 24.63 14.56 99 20 23.09 15.44 

10 35 29.83 -14.77 55 14 13.26 -5.31 100 17.5 18.00 2.84 

11 38 37.63 -0.98 56 19 22.28 17.27 101 24 20.71 -13.69 

12 14 14.57 4.09 57 18 19.17 6.52 102 16 13.76 -14.02 

13 24.5 23.78 -2.94 58 14 13.43 -4.04 103 22 23.22 5.54 

14 21.6 23.71 9.77 59 20.2 23.03 14.01 104 28 24.94 -10.91 

15 26 26.71 2.73 60 13 13.80 6.15 105 32.9 30.01 -8.78 

16 15 13.69 -8.76 61 39 36.56 -6.27 106 13 13.93 7.17 

17 11 13.29 20.82 62 37 36.67 -0.89 107 16 16.54 3.38 

18 19.1 23.66 23.89 63 13 13.73 5.65 108 12 12.92 7.63 

19 15 12.86 -14.26 64 10 10.04 0.43 109 17.5 19.34 10.50 

20 20.3 29.29 44.28 65 22 23.38 6.27 110 23 19.26 -16.27 

21 26 26.69 2.64 66 33.5 27.49 -17.94 111 31 31.09 0.30 

22 23 19.19 -16.56 67 30.9 30.42 -1.57 112 30 32.08 6.94 

23 25 26.41 5.65 68 24 23.39 -2.54 113 28 29.29 4.59 

24 16.2 20.31 25.38 69 22 19.76 -10.17 114 13 15.91 22.38 

25 14 12.66 -9.58 70 23.7 24.23 2.23 115 26 26.45 1.73 

26 24 25.95 8.12 71 15 15.16 1.05 116 12 11.76 -2.03 

27 13 13.85 6.55 72 34.1 35.68 4.65 117 30.7 28.93 -5.75 

28 18 16.37 -9.03 73 33.8 34.42 1.85 118 29.8 28.97 -2.78 

29 18.5 19.41 4.92 74 31 37.04 19.47 119 25 23.75 -5.01 

30 27 25.36 -6.08 75 13 12.23 -5.92 120 17 16.76 -1.42 

31 18 18.23 1.27 76 18.1 20.88 15.35 121 25 24.82 -0.74 

32 13 16.23 24.84 77 14 14.27 1.96 122 31.6 31.72 0.39 

33 36 34.81 -3.31 78 15 15.26 1.75 123 37.3 33.87 -9.19 

34 14 13.20 -5.75 79 29 31.15 7.40 124 15 20.90 39.36 

35 29.5 32.49 10.13 80 18 20.96 16.47 125 19 22.43 18.05 

36 14 12.94 -7.58 81 15 14.23 -5.11 126 26 26.66 2.52 

37 33.5 28.48 -14.99 82 25.8 28.65 11.06 127 40.8 35.06 -14.08 

38 28 30.56 9.14 83 37.7 37.13 -1.52 128 20 19.64 -1.81 

39 41.5 33.62 -18.98 84 15.5 17.06 10.05 129 22.5 20.46 -9.06 

40 14 12.53 -10.52 85 23 24.31 5.70 130 14 12.80 -8.57 

41 43.1 34.98 -18.83 86 20.5 22.05 7.54 131 36 35.72 -0.77 

42 17.6 25.70 46.00 87 32.1 33.68 4.92 132 15 13.29 -11.37 

43 18.5 17.09 -7.62 88 25 23.56 -5.78 133 16.5 17.26 4.62 

44 16 15.57 -2.67 89 13 15.71 20.86 134 38 27.70 -27.11 

45 19 20.94 10.22 90 25 24.82 -0.71 135 32 32.79 2.47 

Table 39. Table of the prediction domain from 𝑚 = 1 to 𝑚 = 135. The output multivector shades are 

omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

136 20.2 19.47 -3.62 181 15 16.07 7.14 226 17.5 18.47 5.54 

137 30.5 30.04 -1.52 182 18 19.47 8.14 227 15 19.77 31.79 

138 15 13.53 -9.78 183 13 12.71 -2.24 228 14 13.05 -6.80 

139 26 23.62 -9.14 184 27 27.41 1.53 229 37 30.41 -17.81 

140 28 27.00 -3.57 185 23 22.61 -1.69 230 26 26.47 1.79 

141 27 26.38 -2.28 186 28 25.43 -9.19 231 18 19.26 6.99 

142 26.6 22.78 -14.38 187 18 17.19 -4.51 232 33 32.80 -0.62 

143 18 19.52 8.44 188 16.9 17.88 5.80 233 32.4 33.14 2.27 

144 23 22.05 -4.12 189 15.5 16.51 6.52 234 13 12.55 -3.46 

145 15 13.62 -9.17 190 30 31.44 4.81 235 12 12.29 2.44 

146 31 30.31 -2.23 191 13 11.73 -9.77 236 26 29.84 14.77 

147 32 29.93 -6.47 192 27 27.66 2.45 237 17.7 17.97 1.52 

148 16 16.01 0.07 193 36 35.75 -0.70 238 17.5 17.28 -1.25 

149 17 14.29 -15.97 194 23.9 27.75 16.10 239 22 23.44 6.56 

150 23.5 27.82 18.40 195 30 27.86 -7.14 240 32.4 33.54 3.53 

151 25 23.24 -7.06 196 19.4 22.40 15.47 241 20.2 26.81 32.72 

152 38.1 36.22 -4.92 197 34.7 35.40 2.02 242 27 29.00 7.42 

153 37 36.43 -1.54 198 13 18.28 40.59 243 28 22.60 -19.28 

154 29 30.24 4.29 199 33.5 32.15 -4.04 244 25 26.68 6.72 

155 21 23.00 9.51 200 18.5 18.69 1.04 245 29.9 33.06 10.57 

156 14 15.90 13.60 201 31 29.33 -5.38 246 29 30.71 5.90 

157 33.7 34.95 3.72 202 37.2 36.21 -2.67 247 32 30.85 -3.59 

158 18 15.91 -11.63 203 21 22.78 8.49 248 36 33.76 -6.22 

159 35.7 32.21 -9.79 204 27.2 28.18 3.61 249 21 19.90 -5.26 

160 15.5 15.34 -1.01 205 15 16.90 12.64 250 26.5 26.57 0.26 

161 27.2 27.09 -0.42 206 32.8 35.73 8.92 251 20.8 24.01 15.41 

162 18 18.95 5.28 207 11 10.49 -4.63 252 31 29.65 -4.35 

163 29 32.02 10.42 208 20.5 20.67 0.81 253 30 27.44 -8.53 

164 13 13.09 0.72 209 23.8 24.28 2.00 254 28.1 26.99 -3.96 

165 32 30.59 -4.40 210 17 17.21 1.24 255 18.6 18.69 0.51 

166 29.5 31.54 6.91 211 13 16.14 24.18 256 26 24.40 -6.16 

167 34.2 32.80 -4.08 212 23 22.93 -0.32 257 28 26.08 -6.86 

168 20 20.23 1.16 213 24 23.57 -1.78 258 16 16.13 0.82 

169 46.6 35.38 -24.07 214 16 7.98 -50.11 259 16 15.11 -5.59 

170 31.3 31.18 -0.39 215 17 19.55 15.00 260 31.8 34.22 7.62 

171 38 36.58 -3.73 216 20.5 19.12 -6.71 261 32 37.91 18.46 

172 16.5 14.15 -14.26 217 31.5 32.87 4.36 262 18 21.09 17.17 

173 24 28.25 17.70 218 23.9 22.53 -5.73 263 32.3 35.75 10.68 

174 34.1 36.77 7.82 219 18 19.25 6.96 264 26 32.33 24.35 

175 24.5 29.09 18.74 220 14 13.06 -6.71 265 19 18.97 -0.17 

176 11 13.88 26.18 221 26 29.56 13.68 266 16.5 19.82 20.15 

177 28.4 26.11 -8.07 222 44 38.33 -12.89 267 26 24.40 -6.14 

178 15.5 19.09 23.14 223 23 23.16 0.68 268 36.1 33.38 -7.55 

179 24 22.16 -7.69 224 15 13.99 -6.70 269 22 22.61 2.78 

180 29 28.42 -2.01 225 36.4 34.60 -4.94 270 22 26.64 21.08 

Table 40. Table of the prediction domain from 𝑚 = 136 to 𝑚 = 270. The output multivector shades 

are omitted for the sake of brevity. 
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𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 
% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 
𝑚 𝜙𝑚,𝑟𝑒𝑞  𝜙𝑚 

% 

Error 

271 21 22.37 6.51 312 20 19.08 -4.59 353 18 17.45 -3.05 

272 18 17.09 -5.04 313 39.4 32.31 -18.00 354 19.4 18.91 -2.54 

273 34.5 32.41 -6.06 314 17 14.23 -16.27 355 32 30.08 -6.01 

274 20.6 21.37 3.72 315 15 14.92 -0.56 356 20 18.87 -5.66 

275 43.4 36.50 -15.90 316 16 14.70 -8.15 357 19.9 21.11 6.09 

276 44.6 37.10 -16.81 317 13 12.18 -6.27 358 20.6 20.83 1.13 

277 26.6 28.91 8.69 318 24 23.25 -3.10 359 33 33.80 2.43 

278 15.5 16.02 3.36 319 22 20.97 -4.67 360 28 29.54 5.51 

279 26 23.64 -9.07 320 30.5 31.00 1.65 361 12 13.36 11.34 

280 22 25.59 16.33 321 26 30.69 18.03 362 25.5 23.98 -5.96 

281 17 22.48 32.26 322 18.2 19.41 6.67 363 14 14.37 2.64 

282 16 13.64 -14.74 323 31.5 30.97 -1.67 364 24 23.74 -1.07 

283 28 24.10 -13.93 324 25.4 28.46 12.07 365 24.3 24.76 1.89 

284 14 12.68 -9.40 325 19.2 19.53 1.73 366 29 31.52 8.71 

285 34 35.40 4.11 326 19 19.26 1.39 367 36 33.45 -7.08 

286 30 27.56 -8.13 327 18 18.26 1.43 368 19 17.56 -7.60 

287 19.2 19.20 0.00 328 18 17.00 -5.58 369 21 18.67 -11.10 

288 19 18.59 -2.16 329 19.8 24.93 25.89 370 11 11.48 4.40 

289 38 38.17 0.45 330 25 28.28 13.10 371 22 21.91 -0.42 

290 44.3 36.95 -16.60 331 34 30.73 -9.63 372 14 12.60 -10.01 

291 18 16.41 -8.83 332 21.5 21.76 1.21 373 32.2 33.44 3.84 

292 25 23.35 -6.59 333 36 32.28 -10.32 374 19 18.90 -0.52 

293 20 21.02 5.10 334 28 27.41 -2.11 375 15 15.57 3.82 

294 23.2 22.76 -1.89 335 14 12.22 -12.73 376 26.4 26.26 -0.53 

295 36.1 35.15 -2.62 336 25.4 28.06 10.46 377 29 25.52 -12.00 

296 27 27.54 1.99 337 19.2 20.60 7.27 378 14 13.00 -7.14 

297 21.5 18.03 -16.16 338 14 13.39 -4.33 379 9 10.10 12.24 

298 22.3 25.35 13.66 339 35 30.33 -13.35 380 13 11.60 -10.74 

299 22.4 23.56 5.18 340 27.4 28.59 4.33 381 15 16.63 10.87 

300 25.5 25.50 -0.01 341 13 13.32 2.46 382 27 29.52 9.32 

301 31 29.54 -4.72 342 16 15.32 -4.24 383 17.6 20.58 16.93 

302 34.3 32.84 -4.26 343 21 21.23 1.08 384 21.1 27.12 28.55 

303 25.1 25.52 1.68 344 35.1 39.13 11.49 385 20 17.59 -12.05 

304 16 14.37 -10.19 345 18.1 19.66 8.64 386 39.1 39.29 0.49 

305 23 22.86 -0.59 346 16 16.23 1.44 387 24.2 27.86 15.13 

306 19 20.62 8.54 347 21 22.89 8.98 388 27.9 25.69 -7.92 

307 20 20.41 2.03 348 25 21.73 -13.08 389 26.8 25.33 -5.49 

308 24 25.10 4.58 349 27 29.67 9.88 390 29 30.68 5.79 

309 23 28.35 23.26 350 27.2 30.14 10.80 391 12 12.85 7.08 

310 24 25.01 4.21 351 26 29.37 12.98 392 32.7 26.14 -20.06 

311 13 13.21 1.58 352 30 31.22 4.06 - - - - 

Table 41. Table of the prediction domain from 𝑚 = 271 to 𝑚 = 392. The output multivector shades 

are omitted for the sake of brevity. 
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B.2.8. Loss Plot of MLP A (𝑇𝑃𝑅 = 4: 1) and MLP A (𝑇𝑃𝑅 = 1: 1) 

 

Figure 10. The loss values for 100 epochs in MLP A (𝑇𝑃𝑅 = 4: 1). 

 

Figure 11. The loss values for 100 epochs in MLP A (𝑇𝑃𝑅 = 1: 1). 
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B.2.9. Values of 𝜃0
𝑚 and 𝜙 

m,𝑟𝑒𝑞 for Case Study 3 

m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

1 -2.3 0.568 4.78 3.99 3.17 0.125 0.11 

2 -2.3 0.568 4.78 3.99 3.17 0.15 0.27 

3 -2.3 0.568 4.78 3.99 3.17 0.175 0.47 

4 -2.3 0.568 4.78 3.99 3.17 0.2 0.78 

5 -2.3 0.568 4.78 3.99 3.17 0.225 1.18 

6 -2.3 0.568 4.78 3.99 3.17 0.25 1.82 

7 -2.3 0.568 4.78 3.99 3.17 0.275 2.61 

8 -2.3 0.568 4.78 3.99 3.17 0.3 3.76 

9 -2.3 0.568 4.78 3.99 3.17 0.325 4.99 

10 -2.3 0.568 4.78 3.99 3.17 0.35 7.16 

11 -2.3 0.568 4.78 3.99 3.17 0.375 11.93 

12 -2.3 0.568 4.78 3.99 3.17 0.4 20.11 

13 -2.3 0.568 4.78 3.99 3.17 0.425 32.75 

14 -2.3 0.568 4.78 3.99 3.17 0.45 49.49 

15 -2.3 0.569 4.78 3.04 3.64 0.125 0.04 

16 -2.3 0.569 4.78 3.04 3.64 0.15 0.17 

17 -2.3 0.569 4.78 3.04 3.64 0.175 0.37 

18 -2.3 0.569 4.78 3.04 3.64 0.2 0.66 

19 -2.3 0.569 4.78 3.04 3.64 0.225 1.06 

20 -2.3 0.569 4.78 3.04 3.64 0.25 1.59 

21 -2.3 0.569 4.78 3.04 3.64 0.275 2.33 

22 -2.3 0.569 4.78 3.04 3.64 0.3 3.29 

23 -2.3 0.569 4.78 3.04 3.64 0.325 4.61 

24 -2.3 0.569 4.78 3.04 3.64 0.35 7.11 

25 -2.3 0.569 4.78 3.04 3.64 0.375 11.99 

26 -2.3 0.569 4.78 3.04 3.64 0.4 21.09 

27 -2.3 0.569 4.78 3.04 3.64 0.425 35.01 

28 -2.3 0.569 4.78 3.04 3.64 0.45 51.8 

29 -2.3 0.565 4.78 5.35 2.76 0.125 0.09 

30 -2.3 0.565 4.78 5.35 2.76 0.15 0.29 

31 -2.3 0.565 4.78 5.35 2.76 0.175 0.56 

32 -2.3 0.565 4.78 5.35 2.76 0.2 0.86 

33 -2.3 0.565 4.78 5.35 2.76 0.225 1.31 

34 -2.3 0.565 4.78 5.35 2.76 0.25 1.99 

35 -2.3 0.565 4.78 5.35 2.76 0.275 2.94 

36 -2.3 0.565 4.78 5.35 2.76 0.3 4.21 

37 -2.3 0.565 4.78 5.35 2.76 0.325 5.54 

38 -2.3 0.565 4.78 5.35 2.76 0.35 8.25 

39 -2.3 0.565 4.78 5.35 2.76 0.375 13.08 

40 -2.3 0.565 4.78 5.35 2.76 0.4 21.4 

41 -2.3 0.565 4.78 5.35 2.76 0.425 33.14 

42 -2.3 0.565 4.78 5.35 2.76 0.45 50.14 

43 -2.3 0.564 5.1 3.95 3.53 0.125 0.2 

44 -2.3 0.564 5.1 3.95 3.53 0.15 0.35 

45 -2.3 0.564 5.1 3.95 3.53 0.175 0.65 

46 -2.3 0.564 5.1 3.95 3.53 0.2 0.93 

47 -2.3 0.564 5.1 3.95 3.53 0.225 1.37 

48 -2.3 0.564 5.1 3.95 3.53 0.25 1.97 

49 -2.3 0.564 5.1 3.95 3.53 0.275 2.83 

50 -2.3 0.564 5.1 3.95 3.53 0.3 3.99 

Table 42. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞values from 𝑚 = 1 to 𝑚 = 50. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

51 -2.3 0.564 5.1 3.95 3.53 0.325 5.19 

52 -2.3 0.564 5.1 3.95 3.53 0.35 8.03 

53 -2.3 0.564 5.1 3.95 3.53 0.375 12.86 

54 -2.3 0.564 5.1 3.95 3.53 0.4 21.51 

55 -2.3 0.564 5.1 3.95 3.53 0.425 33.97 

56 -2.3 0.564 5.1 3.95 3.53 0.45 50.36 

57 -2.4 0.574 4.36 3.96 2.76 0.125 0.2 

58 -2.4 0.574 4.36 3.96 2.76 0.15 0.35 

59 -2.4 0.574 4.36 3.96 2.76 0.175 0.65 

60 -2.4 0.574 4.36 3.96 2.76 0.2 0.93 

61 -2.4 0.574 4.36 3.96 2.76 0.225 1.37 

62 -2.4 0.574 4.36 3.96 2.76 0.25 1.97 

63 -2.4 0.574 4.36 3.96 2.76 0.275 2.83 

64 -2.4 0.574 4.36 3.96 2.76 0.3 3.99 

65 -2.4 0.574 4.36 3.96 2.76 0.325 5.19 

66 -2.4 0.574 4.36 3.96 2.76 0.35 8.03 

67 -2.4 0.574 4.36 3.96 2.76 0.375 12.86 

68 -2.4 0.574 4.36 3.96 2.76 0.4 21.51 

69 -2.4 0.574 4.36 3.96 2.76 0.425 33.97 

70 -2.4 0.574 4.36 3.96 2.76 0.45 50.36 

71 -2.4 0.568 4.34 2.98 3.15 0.125 0.12 

72 -2.4 0.568 4.34 2.98 3.15 0.15 0.26 

73 -2.4 0.568 4.34 2.98 3.15 0.175 0.43 

74 -2.4 0.568 4.34 2.98 3.15 0.2 0.69 

75 -2.4 0.568 4.34 2.98 3.15 0.225 1.09 

76 -2.4 0.568 4.34 2.98 3.15 0.25 1.67 

77 -2.4 0.568 4.34 2.98 3.15 0.275 2.46 

78 -2.4 0.568 4.34 2.98 3.15 0.3 3.43 

79 -2.4 0.568 4.34 2.98 3.15 0.325 4.62 

80 -2.4 0.568 4.34 2.98 3.15 0.35 6.86 

81 -2.4 0.568 4.34 2.98 3.15 0.375 11.56 

82 -2.4 0.568 4.34 2.98 3.15 0.4 20.63 

83 -2.4 0.568 4.34 2.98 3.15 0.425 34.5 

84 -2.4 0.568 4.34 2.98 3.15 0.45 54.23 

85 -2.3 0.562 5.14 4.95 3.17 0.125 0.28 

86 -2.3 0.562 5.14 4.95 3.17 0.15 0.44 

87 -2.3 0.562 5.14 4.95 3.17 0.175 0.7 

88 -2.3 0.562 5.14 4.95 3.17 0.2 1.07 

89 -2.3 0.562 5.14 4.95 3.17 0.225 1.57 

90 -2.3 0.562 5.14 4.95 3.17 0.25 2.23 

91 -2.3 0.562 5.14 4.95 3.17 0.275 3.09 

92 -2.3 0.562 5.14 4.95 3.17 0.3 4.09 

93 -2.3 0.562 5.14 4.95 3.17 0.325 5.82 

94 -2.3 0.562 5.14 4.95 3.17 0.35 8.28 

95 -2.3 0.562 5.14 4.95 3.17 0.375 12.8 

96 -2.3 0.562 5.14 4.95 3.17 0.4 20.41 

97 -2.3 0.562 5.14 4.95 3.17 0.425 32.34 

98 -2.3 0.562 5.14 4.95 3.17 0.45 47.29 

99 -2.4 0.585 4.78 3.84 3.32 0.125 0.2 

100 -2.4 0.585 4.78 3.84 3.32 0.15 0.38 

Table 43. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 51 to 𝑚 = 100. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

101 -2.4 0.585 4.78 3.84 3.32 0.175 0.64 

102 -2.4 0.585 4.78 3.84 3.32 0.2 0.97 

103 -2.4 0.585 4.78 3.84 3.32 0.225 1.36 

104 -2.4 0.585 4.78 3.84 3.32 0.25 1.98 

105 -2.4 0.585 4.78 3.84 3.32 0.275 2.91 

106 -2.4 0.585 4.78 3.84 3.32 0.3 4.35 

107 -2.4 0.585 4.78 3.84 3.32 0.325 5.79 

108 -2.4 0.585 4.78 3.84 3.32 0.35 8.04 

109 -2.4 0.585 4.78 3.84 3.32 0.375 12.15 

110 -2.4 0.585 4.78 3.84 3.32 0.4 19.18 

111 -2.4 0.585 4.78 3.84 3.32 0.425 30.09 

112 -2.4 0.585 4.78 3.84 3.32 0.45 44.38 

113 -2.2 0.546 4.78 4.13 3.07 0.125 0.15 

114 -2.2 0.546 4.78 4.13 3.07 0.15 0.32 

115 -2.2 0.546 4.78 4.13 3.07 0.175 0.55 

116 -2.2 0.546 4.78 4.13 3.07 0.2 0.86 

117 -2.2 0.546 4.78 4.13 3.07 0.225 1.24 

118 -2.2 0.546 4.78 4.13 3.07 0.25 1.76 

119 -2.2 0.546 4.78 4.13 3.07 0.275 2.49 

120 -2.2 0.546 4.78 4.13 3.07 0.3 3.45 

121 -2.2 0.546 4.78 4.13 3.07 0.325 4.83 

122 -2.2 0.546 4.78 4.13 3.07 0.35 7.37 

123 -2.2 0.546 4.78 4.13 3.07 0.375 12.76 

124 -2.2 0.546 4.78 4.13 3.07 0.4 21.99 

125 -2.2 0.546 4.78 4.13 3.07 0.425 35.64 

126 -2.2 0.546 4.78 4.13 3.07 0.45 53.07 

127 0 0.565 4.77 3.99 3.15 0.125 0.11 

128 0 0.565 4.77 3.99 3.15 0.15 0.24 

129 0 0.565 4.77 3.99 3.15 0.175 0.49 

130 0 0.565 4.77 3.99 3.15 0.2 0.79 

131 0 0.565 4.77 3.99 3.15 0.225 1.28 

132 0 0.565 4.77 3.99 3.15 0.25 1.96 

133 0 0.565 4.77 3.99 3.15 0.275 2.88 

134 0 0.565 4.77 3.99 3.15 0.3 4.14 

135 0 0.565 4.77 3.99 3.15 0.325 5.96 

136 0 0.565 4.77 3.99 3.15 0.35 9.07 

137 0 0.565 4.77 3.99 3.15 0.375 14.93 

138 0 0.565 4.77 3.99 3.15 0.4 24.13 

139 0 0.565 4.77 3.99 3.15 0.425 38.12 

140 0 0.565 4.77 3.99 3.15 0.45 55.44 

141 -5 0.565 4.77 3.99 3.15 0.125 0.07 

142 -5 0.565 4.77 3.99 3.15 0.15 0.18 

143 -5 0.565 4.77 3.99 3.15 0.175 0.4 

144 -5 0.565 4.77 3.99 3.15 0.2 0.7 

145 -5 0.565 4.77 3.99 3.15 0.225 1.14 

146 -5 0.565 4.77 3.99 3.15 0.25 1.83 

147 -5 0.565 4.77 3.99 3.15 0.275 2.77 

148 -5 0.565 4.77 3.99 3.15 0.3 4.12 

149 -5 0.565 4.77 3.99 3.15 0.325 5.41 

150 -5 0.565 4.77 3.99 3.15 0.35 7.87 

Table 44. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 101 to 𝑚 = 150. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

151 -5 0.565 4.77 3.99 3.15 0.375 12.71 

152 -5 0.565 4.77 3.99 3.15 0.4 21.02 

153 -5 0.565 4.77 3.99 3.15 0.425 34.58 

154 -5 0.565 4.77 3.99 3.15 0.45 51.77 

155 0 0.565 5.1 3.94 3.51 0.125 0.08 

156 0 0.565 5.1 3.94 3.51 0.15 0.26 

157 0 0.565 5.1 3.94 3.51 0.175 0.5 

158 0 0.565 5.1 3.94 3.51 0.2 0.83 

159 0 0.565 5.1 3.94 3.51 0.225 1.28 

160 0 0.565 5.1 3.94 3.51 0.25 1.9 

161 0 0.565 5.1 3.94 3.51 0.275 2.68 

162 0 0.565 5.1 3.94 3.51 0.3 3.76 

163 0 0.565 5.1 3.94 3.51 0.325 5.57 

164 0 0.565 5.1 3.94 3.51 0.35 8.76 

165 0 0.565 5.1 3.94 3.51 0.375 14.24 

166 0 0.565 5.1 3.94 3.51 0.4 23.05 

167 0 0.565 5.1 3.94 3.51 0.425 35.46 

168 0 0.565 5.1 3.94 3.51 0.45 51.99 

169 -5 0.565 5.1 3.94 3.51 0.125 0.08 

170 -5 0.565 5.1 3.94 3.51 0.15 0.24 

171 -5 0.565 5.1 3.94 3.51 0.175 0.45 

172 -5 0.565 5.1 3.94 3.51 0.2 0.77 

173 -5 0.565 5.1 3.94 3.51 0.225 1.19 

174 -5 0.565 5.1 3.94 3.51 0.25 1.76 

175 -5 0.565 5.1 3.94 3.51 0.275 2.59 

176 -5 0.565 5.1 3.94 3.51 0.3 3.85 

177 -5 0.565 5.1 3.94 3.51 0.325 5.27 

178 -5 0.565 5.1 3.94 3.51 0.35 7.74 

179 -5 0.565 5.1 3.94 3.51 0.375 12.4 

180 -5 0.565 5.1 3.94 3.51 0.4 20.91 

181 -5 0.565 5.1 3.94 3.51 0.425 33.23 

182 -5 0.565 5.1 3.94 3.51 0.45 49.14 

183 -2.3 0.53 5.11 3.69 3.51 0.125 0.08 

184 -2.3 0.53 5.11 3.69 3.51 0.15 0.25 

185 -2.3 0.53 5.11 3.69 3.51 0.175 0.46 

186 -2.3 0.53 5.11 3.69 3.51 0.2 0.75 

187 -2.3 0.53 5.11 3.69 3.51 0.225 1.11 

188 -2.3 0.53 5.11 3.69 3.51 0.25 1.57 

189 -2.3 0.53 5.11 3.69 3.51 0.275 2.17 

190 -2.3 0.53 5.11 3.69 3.51 0.3 2.98 

191 -2.3 0.53 5.11 3.69 3.51 0.325 4.42 

192 -2.3 0.53 5.11 3.69 3.51 0.35 7.84 

193 -2.3 0.53 5.11 3.69 3.51 0.375 14.11 

194 -2.3 0.53 5.11 3.69 3.51 0.4 24.14 

195 -2.3 0.53 5.11 3.69 3.51 0.425 37.95 

196 -2.3 0.53 5.11 3.69 3.51 0.45 55.17 

197 -2.3 0.53 4.76 3.68 3.16 0.125 0.1 

198 -2.3 0.53 4.76 3.68 3.16 0.15 0.23 

199 -2.3 0.53 4.76 3.68 3.16 0.175 0.47 

200 -2.3 0.53 4.76 3.68 3.16 0.2 0.76 

Table 45. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 151 to 𝑚 = 200. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

201 -2.3 0.53 4.76 3.68 3.16 0.225 1.15 

202 -2.3 0.53 4.76 3.68 3.16 0.25 1.65 

203 -2.3 0.53 4.76 3.68 3.16 0.275 2.28 

204 -2.3 0.53 4.76 3.68 3.16 0.3 3.09 

205 -2.3 0.53 4.76 3.68 3.16 0.325 4.41 

206 -2.3 0.53 4.76 3.68 3.16 0.35 7.51 

207 -2.3 0.53 4.76 3.68 3.16 0.375 13.77 

208 -2.3 0.53 4.76 3.68 3.16 0.4 23.96 

209 -2.3 0.53 4.76 3.68 3.16 0.425 37.38 

210 -2.3 0.53 4.76 3.68 3.16 0.45 56.46 

211 -2.3 0.53 4.34 2.81 3.15 0.125 0.05 

212 -2.3 0.53 4.34 2.81 3.15 0.15 0.17 

213 -2.3 0.53 4.34 2.81 3.15 0.175 0.35 

214 -2.3 0.53 4.34 2.81 3.15 0.2 0.63 

215 -2.3 0.53 4.34 2.81 3.15 0.225 1.01 

216 -2.3 0.53 4.34 2.81 3.15 0.25 1.43 

217 -2.3 0.53 4.34 2.81 3.15 0.275 2.05 

218 -2.3 0.53 4.34 2.81 3.15 0.3 2.73 

219 -2.3 0.53 4.34 2.81 3.15 0.325 3.87 

220 -2.3 0.53 4.34 2.81 3.15 0.35 7.19 

221 -2.3 0.53 4.34 2.81 3.15 0.375 13.96 

222 -2.3 0.53 4.34 2.81 3.15 0.4 25.18 

223 -2.3 0.53 4.34 2.81 3.15 0.425 41.34 

224 -2.3 0.53 4.34 2.81 3.15 0.45 62.42 

225 0 0.6 4.78 4.24 3.15 0.125 0.03 

226 0 0.6 4.78 4.24 3.15 0.15 0.18 

227 0 0.6 4.78 4.24 3.15 0.175 0.4 

228 0 0.6 4.78 4.24 3.15 0.2 0.73 

229 0 0.6 4.78 4.24 3.15 0.225 1.3 

230 0 0.6 4.78 4.24 3.15 0.25 2.16 

231 0 0.6 4.78 4.24 3.15 0.275 3.35 

232 0 0.6 4.78 4.24 3.15 0.3 5.06 

233 0 0.6 4.78 4.24 3.15 0.325 7.14 

234 0 0.6 4.78 4.24 3.15 0.35 10.36 

235 0 0.6 4.78 4.24 3.15 0.375 15.25 

236 0 0.6 4.78 4.24 3.15 0.4 23.15 

237 0 0.6 4.78 4.24 3.15 0.425 34.62 

238 0 0.6 4.78 4.24 3.15 0.45 51.5 

239 -5 0.6 4.78 4.24 3.15 0.125 0.06 

240 -5 0.6 4.78 4.24 3.15 0.15 0.15 

241 -5 0.6 4.78 4.24 3.15 0.175 0.34 

242 -5 0.6 4.78 4.24 3.15 0.2 0.63 

243 -5 0.6 4.78 4.24 3.15 0.225 1.13 

244 -5 0.6 4.78 4.24 3.15 0.25 1.85 

245 -5 0.6 4.78 4.24 3.15 0.275 2.84 

246 -5 0.6 4.78 4.24 3.15 0.3 4.34 

247 -5 0.6 4.78 4.24 3.15 0.325 6.2 

248 -5 0.6 4.78 4.24 3.15 0.35 8.62 

249 -5 0.6 4.78 4.24 3.15 0.375 12.49 

250 -5 0.6 4.78 4.24 3.15 0.4 20.41 

Table 46. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 201 to 𝑚 = 250. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

251 -5 0.6 4.78 4.24 3.15 0.425 32.46 

252 -5 0.6 4.78 4.24 3.15 0.45 50.94 

253 0 0.53 4.78 3.75 3.15 0.125 0.16 

254 0 0.53 4.78 3.75 3.15 0.15 0.32 

255 0 0.53 4.78 3.75 3.15 0.175 0.59 

256 0 0.53 4.78 3.75 3.15 0.2 0.92 

257 0 0.53 4.78 3.75 3.15 0.225 1.37 

258 0 0.53 4.78 3.75 3.15 0.25 1.94 

259 0 0.53 4.78 3.75 3.15 0.275 2.62 

260 0 0.53 4.78 3.75 3.15 0.3 3.7 

261 0 0.53 4.78 3.75 3.15 0.325 5.45 

262 0 0.53 4.78 3.75 3.15 0.35 9.45 

263 0 0.53 4.78 3.75 3.15 0.375 16.31 

264 0 0.53 4.78 3.75 3.15 0.4 27.34 

265 0 0.53 4.78 3.75 3.15 0.425 41.77 

266 0 0.53 4.78 3.75 3.15 0.45 60.85 

267 -5 0.53 4.78 3.75 3.15 0.125 0.09 

268 -5 0.53 4.78 3.75 3.15 0.15 0.24 

269 -5 0.53 4.78 3.75 3.15 0.175 0.47 

270 -5 0.53 4.78 3.75 3.15 0.2 0.78 

271 -5 0.53 4.78 3.75 3.15 0.225 1.21 

272 -5 0.53 4.78 3.75 3.15 0.25 1.85 

273 -5 0.53 4.78 3.75 3.15 0.275 2.62 

274 -5 0.53 4.78 3.75 3.15 0.3 3.69 

275 -5 0.53 4.78 3.75 3.15 0.325 5.07 

276 -5 0.53 4.78 3.75 3.15 0.35 7.95 

277 -5 0.53 4.78 3.75 3.15 0.375 13.73 

278 -5 0.53 4.78 3.75 3.15 0.4 23.55 

279 -5 0.53 4.78 3.75 3.15 0.425 37.14 

280 -5 0.53 4.78 3.75 3.15 0.45 55.87 

281 -2.3 0.6 5.1 4.17 3.51 0.125 0.01 

282 -2.3 0.6 5.1 4.17 3.51 0.15 0.16 

283 -2.3 0.6 5.1 4.17 3.51 0.175 0.39 

284 -2.3 0.6 5.1 4.17 3.51 0.2 0.73 

285 -2.3 0.6 5.1 4.17 3.51 0.225 1.24 

286 -2.3 0.6 5.1 4.17 3.51 0.25 1.96 

287 -2.3 0.6 5.1 4.17 3.51 0.275 3.04 

288 -2.3 0.6 5.1 4.17 3.51 0.3 4.46 

289 -2.3 0.6 5.1 4.17 3.51 0.325 6.31 

290 -2.3 0.6 5.1 4.17 3.51 0.35 8.68 

Table 47. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 251 to 𝑚 = 290. 
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m 
𝜃0
𝑚 𝜙 

m,𝑟𝑒𝑞 

𝑒0.4 𝑒0.5 𝑒0.6 𝑒0.7 𝑒0.8 𝑒0.9 𝑒0.11 

291 -2.3 0.6 5.1 4.17 3.51 0.375 12.39 

292 -2.3 0.6 5.1 4.17 3.51 0.4 20.14 

293 -2.3 0.6 5.1 4.17 3.51 0.425 31.77 

294 -2.3 0.6 5.1 4.17 3.51 0.45 47.13 

295 -2.3 0.6 4.34 4.23 2.73 0.125 0.04 

296 -2.3 0.6 4.34 4.23 2.73 0.15 0.17 

297 -2.3 0.6 4.34 4.23 2.73 0.175 0.36 

298 -2.3 0.6 4.34 4.23 2.73 0.2 0.64 

299 -2.3 0.6 4.34 4.23 2.73 0.225 1.02 

300 -2.3 0.6 4.34 4.23 2.73 0.25 1.62 

301 -2.3 0.6 4.34 4.23 2.73 0.275 2.63 

302 -2.3 0.6 4.34 4.23 2.73 0.3 4.15 

303 -2.3 0.6 4.34 4.23 2.73 0.325 6 

304 -2.3 0.6 4.34 4.23 2.73 0.35 8.47 

305 -2.3 0.6 4.34 4.23 2.73 0.375 12.27 

306 -2.3 0.6 4.34 4.23 2.73 0.4 19.59 

307 -2.3 0.6 4.34 4.23 2.73 0.425 30.48 

308 -2.3 0.6 4.34 4.23 2.73 0.45 46.66 

Table 48. Table of 𝜃0
𝑚 and 𝜙 

𝑚,𝑟𝑒𝑞 values from 𝑚 = 291 to 𝑚 = 308. 

 

B.2.10. Loss Plot of MLP B (TPR=4:1) and MLP B (TPR=1:1) 

 

Figure 12. The loss values for 1000 epochs in MLP B (TPR=4:1). 
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Figure 13. The loss values for 1000 epochs in MLP B (TPR=1:1). 

 

B.2.11. Loss Plot of MLP C (TPR=4:1) and MLP C (TPR=1:1) 

 

Figure 14. The loss values for 1000 epochs in MLP C (TPR=4:1). 
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Figure 15. The loss values for 1000 epochs in MLP C (TPR=1:1). 
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Appendix C. Chapter 8 

C.1. Chapter 8 Case Studies 

C.1.1 Case Study 2: Australian Unemployment 

 
Figure 16. The values of 𝑇𝑚 from 01/02/1983 to 01/05/2016, denoted as 𝑚 = −400 to 𝑚 = 0, where 

𝑇𝑚 is the seasonally adjusted Australian unemployment rate (%) of the 𝑚-th month. 

 

 
Figure 17. The plots of 𝑚 = −50 to 𝑚 = 0 for the new emergent functions 

(‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖) for 𝜔 = 1. 



A56 

ELECTRONIC APPENDIX 

 
Figure 18.The plots of 𝑚 = −50 to 𝑚 = 0 of 𝛿𝑇𝑚

𝜔, computed as the monthly difference in seasonally 

adjusted Australian unemployment rate, for 𝜔 = 1. 

 
Figure 19. MLP A2 is constructed with two hidden layers with 100 neurons and 50 neurons each. 
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Figure 20. MLP B2 is constructed with two hidden layers with 100 neurons and 50 neurons each. 

C.1.2. Case Study 2: Results Section 

 Equation 

Class 

(𝜔) 

Real 𝑇𝑚 differential of the 

𝜔-th Equation Class 

(𝛿𝑇𝑚=𝜔
𝜔 ) 

Predicted 𝑇𝑚 differential of the 

𝜔-th Equation Class 

(𝛿𝑇𝑚=𝜔
𝑃,𝜔

) 

Directionality 

Equality 

(𝐷𝜔) 

1 0.000 0.000 n/a 

2 0.000 -0.002 n/a 

3 -0.018 0.001 0 

4 -0.018 0.001 0 

5 -0.018 -0.002 1 

6 0.018 0.005 1 

7 0.018 0.007 1 

8 0.000 -0.016 n/a 

9 0.035 0.002 1 

10 0.018 0.018 1 

𝑚𝑒𝑎𝑛(𝐷𝜔) 0.71 

Table 49. The real and predicted 𝑇𝑚 differentials of the 𝜔-th Equation Class (𝛿𝑇𝑚=𝜔
𝜔  and 𝛿𝑇𝑚=𝜔

𝑃,𝜔
), their 

corresponding 𝐷𝜔 values and the value of 𝑚𝑒𝑎𝑛(𝐷𝜔). 
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Equation 

Class (𝜔) 

Real 𝑇𝑚 Values of 

the 𝜔-th Equation 

Class (𝑇𝑚=𝜔
 ) 

Predicted 𝑇𝑚 Values of 

the 𝜔-th Equation 

Class (𝑇𝑚=𝜔
𝑃 ) 

Absolute 

Percentage 

Error (𝜖𝜔) 

1 5.70 5.70 0.00 

2 5.70 5.69 0.18 

3 5.60 5.70 1.79 

4 5.60 5.70 1.79 

5 5.60 5.69 1.61 

6 5.80 5.73 1.21 

7 5.80 5.74 1.03 

8 5.70 5.61 1.58 

9 5.90 5.71 3.22 

10 5.80 5.80 0.00 

𝑀𝑒𝑎𝑛(𝜖𝜔) 1.24 

Table 50. The real and predicted 𝑇𝑚 values of each 𝜔-th equation class (𝑇𝑚=𝜔
 ) and 𝑇𝑚=𝜔

𝑃  and their 

respective 𝜖𝜔 values. 

C.1.3. Case Study 3: The NASA Goddard Institute for Space Studies Surface Temperature 

Analysis (GISTEMP) 

 
Figure 21. The values 𝑇𝑚, where 𝑇𝑚 is monthly mean the temperature anomalies (℃) from 15/05/1979 

to 15/08/2012, denoted as 𝑚 = −400 to 𝑚 = 0. 
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Figure 22. The plots of 𝑚 = −50 to 𝑚 = 0 for the new emergent functions 

(‖𝑉𝑚
𝜔‖, ‖𝑆𝑚

1,𝜔‖‖𝑆𝑚
2,𝜔‖, ‖𝑆𝑚

3,𝜔‖) for 𝜔 = 1. 

 
Figure 23. The plots of 𝑚 = −50 to 𝑚 = 0 for 𝛿𝑇𝑚

𝜔, computed as the monthly difference in monthly 

mean temperature anomalies, for 𝜔 = 1. 
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Figure 24. MLP A3 is constructed with three hidden layers with [100,80,50] neurons in each layer. 

 
Figure 25. MLP B3 is constructed using 3 hidden layers, with [100,80,50] neurons, respectively. 
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C.1.4. Case Study 3: Results Section 

Equation 

Class 

(𝜔) 

Real 𝑇𝑚 differential of the 

𝜔-th Equation Class 

(𝛿𝑇𝑚=𝜔
𝜔 ) 

Predicted 𝑇𝑚 differential of the 

𝜔-th Equation Class 

(𝛿𝑇𝑚=𝜔
𝑃,𝜔

 

Directionality 

Equality (𝐷𝜔) 

1 0.023 0.004 1 

2 0.027 0.002 1 

3 0.021 0.007 1 

4 -0.018 -0.008 1 

5 0.009 0.010 1 

6 -0.014 -0.006 1 

7 0.005 0.015 1 

8 -0.020 -0.013 1 

9 -0.004 -0.005 1 

10 0.004 -0.023 0 

𝑚𝑒𝑎𝑛(𝐷𝜔) 0.90 

Table 51. The real and predicted 𝑇𝑚 differentials of the 𝜔-th Equation Class (𝛿𝑇𝑚=𝜔
𝜔  and 𝛿𝑇𝑚=𝜔

𝑃,𝜔
), their 

corresponding 𝐷𝜔 values and the value of 𝑚𝑒𝑎𝑛(𝐷𝜔). 

Equation Class (𝜔) 
Real 𝑇𝑚 Values of 

the 𝜔-th Equation Class 

(𝑇𝑚=𝜔
 ) 

Predicted 𝑇𝑚 Values of 

the 𝜔-th Equation Class 

(𝑇𝑚=𝜔
𝑃 ) 

Absolute Percentage 

Error (𝜖𝜔) 

1 0.76 0.65 14.29 

2 0.78 0.64 17.92 

3 0.75 0.67 11.06 

4 0.53 0.59 10.66 

5 0.68 0.69 0.82 

6 0.55 0.60 8.72 

7 0.66 0.72 8.35 

8 0.52 0.56 7.46 

9 0.61 0.60 1.63 

10 0.65 0.50 22.64 

𝑀𝑒𝑎𝑛(𝜖𝜔) 19.86 

Table 52. The real and predicted 𝑇𝑚 values of each 𝜔-th equation class (𝑇𝑚=𝜔
  and 𝑇𝑚=𝜔

𝑃 ) and their 

respective 𝜖𝜔 values. 
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C.2. Chapter 8 Appendices 

C.2.1. A Sample of the Multivectors {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = 0 for 𝜔 = 1, 

in Case Study 1: PMSM Temperature 

Case Study 1: PMSM Temperature 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-50 

-0.0083199𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025231𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.5808×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0067018𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020324𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.9473×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0022408𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0067956𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011513𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.011848𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03593𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.6204×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-49 

-0.0077813𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.023598𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
9.8753×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0065965𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020005𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.9347×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0014209𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0043092𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.4799×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0082752𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.025096𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.5519×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-48 

-0.0082298𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.024958𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
6.7261×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0062012𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.018806𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.8661×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0027039𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0082001𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011893𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0078249𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.02373𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.2929×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-47 

-0.0081954𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.024854𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0688×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0060575𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.01837𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.9419×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0038802𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.011767𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.9885×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00517𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.015679𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011125𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-46 

-0.0078294𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.023744𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5389×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0061416𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.018625𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.4133×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0072348𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.021941𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010025𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0020575𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0062396𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00017806𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-45 

-0.0068676𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020827𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.6728×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0056656𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.017182𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.281×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0082642𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025063𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.2107×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00095059𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0028828𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00025485𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-44 

-0.0073937𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.022423𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.6254×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0055708𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016894𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.2431×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.008546𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025917𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010302𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00095779𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0029047𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00033846𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-43 

-0.0073232𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.022209𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.9875×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0082894𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025139𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.2268×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0083951𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025459𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.1431×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0036693𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.011128𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00040795𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-42 

-0.0069526𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.021085𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.1503×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0085993𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.026079𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.544×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.008653𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.026242𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010215𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0024636𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0074712𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00041312𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-41 

-0.0090298𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.027384𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.8771×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0085977𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.026074𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
8.7595e-07𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0082925𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025149𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.5378×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0030562𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0092684𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00036177𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-40 

-0.0067591𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020498𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.8525×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0091094𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.027626𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.503×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0076796𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.02329𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.9683×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0055295𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016769𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.0002839𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-39 

-0.0055756𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016909𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.1462×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.008469𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.025683𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.1424×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0066946𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020302𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.204×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0063166𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.019156𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00021904𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-38 

-0.0052181𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.015825𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.2358×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.007356𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.022308𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5546×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0059661𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.018093𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.4522×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.008017𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.024313𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.0001439𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 53. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = −38 for 𝜔 = 1, in 

Case Study 1: PMSM Temperature. 
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Case Study 1: PMSM Temperature 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-37 

1.5195×10−5𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
4.6082×10−5𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.9283×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0071345𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.021637𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.8468×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0052146𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.015814𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.8179×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0078446𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.02379𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.3316×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-36 

-0.0040734𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.012353𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.3528×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0064184𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.019465𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.6235×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0044454𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.013481𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
5.5212×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0066406𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020139𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.2808×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-35 

-0.0022929𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0069537𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
5.7125×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0055268𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016761𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
6.2534×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0059183𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.017948𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0157×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.005515𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016725𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.4145×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-34 

0.0020323𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0061632𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.414×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0052289𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.015858𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.19×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0060505𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.018349𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
9.5762×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0043403𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.013163𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.4787×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-33 

0.0019631𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0059535𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
3.9903×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0071047𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.021546𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.7379×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.005382𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016322𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.8756×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0033778𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.010244𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
6.6248×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-32 

0.0037809𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.011466𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.9601×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0036194𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.010976𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.2647×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0048633𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.014749𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.5794×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0023096𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0070041𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.1257×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-31 

0.004682𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.014199𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.3174×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0022444𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0068066𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.6576×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0041707𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.012648𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.8345×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0013318𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0040388𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.0068×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-30 

0.0059326𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.017991𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
6.5663×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0014419𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0043728𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.8448×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0034192𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.010369𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.8424×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0007145𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0021668𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.1259×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-29 

0.0064462𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.019549𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
6.5866×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0031901𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0096745𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.3841×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0028602𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0086741𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.4934×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.000244𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.00073996𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.1047×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-28 
0.0088081𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.026712𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.1244×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00067523𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.0020477𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 
6.8634×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0024524𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0074374𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
6.9011×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00013537𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.00041052𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 
3.4539×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-27 

0.010943𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.033186𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.4499×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0011829𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0035872𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.841×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0020457𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.006204𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.2682×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0021981𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0066661𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.0559×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-26 

0.011369𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.034479𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.5683×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.004402𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.01335𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.2823×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0019271𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0058442𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.6871×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0027004𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0081894𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.9213×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-25 

0.011927𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03617𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
8.9781e-07𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0048875𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.014822𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.2806×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0041468𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.012576𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010736𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0025641𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0077761𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.909×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-24 

0.012008𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.036417𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.0542×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0063424𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.019234𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.5196×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0012432𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0037701𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010044𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0023308𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0070684𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.0435×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 54. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −37 to 𝑚 = −24 for 𝜔 = 1, in 

Case Study 1: PMSM Temperature. 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-23 

0.0096423𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.029242𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.2563×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0056762𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.017214𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.7617×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00035876𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.001088𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011702𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0019745𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.005988𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.2842×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-22 

0.0086295𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.026171𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
9.9531×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0076944𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.023335𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.9366×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00014935𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.00045294𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010982𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0016428𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0049822𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.6272×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-21 

0.0026517𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0080416𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
5.9305×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0082429𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.024998𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.9073×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0049944𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.015146𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010542𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0012976𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0039352𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.0001108𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-20 

0.0043128𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.013079𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0596×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0089363𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.027101𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.3671×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00061264𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0018579𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011812𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00095321𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.0028908𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 0.0001264𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-19 

0.0041665𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.012635𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0573×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.011403𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.034582𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.5228×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0016992𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.005153𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.0001081𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00057742𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.0017511𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 0.0001431𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-18 
0.0036556𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.011086𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.3569×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.012067𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.036594𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.235×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0058316𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.017685𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00010194𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00021654𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.00065668𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 
0.00016068𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-17 

0.0061813𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.018746𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.3441×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.011247𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03411𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
9.1493×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0055088𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.016706𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.3148×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0025811𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0078277𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00018084𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-16 

0.015394𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.046684𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.0568×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.011724𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.035556𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0739×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0065408𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.019836𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.1749×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00052618𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0015957𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00018147𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-15 

0.014454𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.043835𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.9205×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0096295𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.029203𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
9.0215×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0066495𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.020166𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
6.3817×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.001579𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0047886𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00017479𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-14 

0.014262𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.043251𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.4432×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0076209𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.023112𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5856×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0076674𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.023253𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
4.6634×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0014193𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0043043𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00016765𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-13 

0.014975𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.045414𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5753×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0019096𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0057911𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.4779×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0076004𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.023049𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.0835×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0057051𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.017302𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00013611𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-12 

-0.0010025𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0030403𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.6709×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0039016𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.011832𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5903×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.008997𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.027285𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.2719×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.00088206𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.002675𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00012845𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-11 

-0.0095376𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.028924𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.3366×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0022912𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0069483𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.0459×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.010452𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.031699𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.7635×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0018711𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0056744𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011537𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 55. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −23 to 𝑚 = −11 for 𝜔 = 1, in 

Case Study 1: PMSM Temperature. 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-10 

-0.0099874𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.030288𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.8546×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0028764𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0087231𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.4127×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.010285𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03119𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.106×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0054313𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.016471𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.5508×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-9 

-0.005918𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.017947𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.1456×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0049989𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.01516𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.4353×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.010162𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.030818𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5777×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0045791𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.013887𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
6.0529×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-8 

-0.0051698𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.015678𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.1231×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.013098𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03972𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.1347×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0095638𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.029004𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.3351×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0050575𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.015338𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.5908×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-7 

-0.0044128𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.013382𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.9814×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.012799𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.038815𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.7051×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0066265𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.020096𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
7.302×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0044592𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.013523𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.2635×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-6 

-0.0050485𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.01531𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.3125×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0128𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.038818𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.1713×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0053003𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.016074𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.1767×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0049817𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.015108𝑒1𝑒2𝑒3�̅�𝑒0.1 

-5 

-0.0054943𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016662𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.7021×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.010835𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.03286𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
9.765×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0012795𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0038804𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.4723×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0045014𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.013651𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.6529×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-4 

-0.0054873𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.016641𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
4.6331×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.002978𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0090314𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.5179×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

6.399×10−5𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.00019406𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.9267×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0054838𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.01663𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
8.2438e-07𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-3 
-0.0047566𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.014425𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
1.5165×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.011953𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.03625𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.3942×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.00016915𝑒1𝑒2𝑒3𝑒𝑒0.1 
+ 0.00051296𝑒1𝑒2𝑒3�̅�𝑒0.1 
+ 
3.6761×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0068004𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.020623𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.2147×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-2 

-0.0034968𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.010605𝑒1𝑒2𝑒3�̅�𝑒0.1 - 
2.6673×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.01412𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.042822𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.6228×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0008921𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0027054𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.6445×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0060253𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.018273𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
3.6596×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-1 

-0.0039256𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.011905𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.6859×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.0076357𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.023157𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
2.881×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.001654𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.0050159𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
5.4192×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0053624𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.016262𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
7.9946×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0 

-0.0032123𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.0097419𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
8.492×10−6𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

-0.006709𝑒1𝑒2𝑒3𝑒𝑒0.1 + 
0.020346𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
1.9422×10−5𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.010088𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.030593𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00013888𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

0.0046446𝑒1𝑒2𝑒3𝑒𝑒0.1 - 
0.014086𝑒1𝑒2𝑒3�̅�𝑒0.1 + 
0.00011884𝑒1𝑒2𝑒3𝑒�̅�𝑒0.1 

Table 56. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −10 to 𝑚 = 0 for 𝜔 = 1, in 

Case Study 1: PMSM Temperature. 
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C.2.2. Loss Plot of the MLP Training Process in Case Study 1: PMSM Temperature 

 
Figure 26. The loss values for 100 epochs in Case Study 1: PMSM Temperature for the Emergent 

Hyperfield Method (MLP A1, 10-step ahead predictions). 

 
Figure 27. The loss values for 100 epochs in Case Study 1: PMSM Temperature for the MLP Method 

(MLP B1, 10-step ahead predictions). 
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Figure 28.  The loss values for 100 epochs in Case Study 1: PMSM Temperature for the Emergent 

Hyperfield Method (MLP A1, 5-step ahead predictions). 

 

 

Figure 29. The loss values for 100 epochs in Case Study 1: PMSM Temperature for the Emergent 

Hyperfield Method (MLP B1, 5-step ahead predictions). 

 

 

C.2.3. A Sample of the Multivectors {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = 0 for 𝜔 = 1, 

in Case Study 2: Australian Unemployment Rates 

Case Study 2: Australian Unemployment Rates 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-50 

(−0.0028508𝑒1𝑒2𝑒3𝑒 + 

0.00094002𝑒1𝑒2𝑒3𝑒  +
 0.005155𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0070612𝑒1𝑒2𝑒3𝑒 +
 0.0023284𝑒1𝑒2𝑒3𝑒  +
 0.0001151𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00099996𝑒1𝑒2𝑒3𝑒 +
 0.00032973𝑒1𝑒2𝑒3𝑒  −
 3.1082𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0088155𝑒1𝑒2𝑒3𝑒 +
 0.0029068𝑒1𝑒2𝑒3𝑒  +
 0.00039061𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-49 

(−0.00087716𝑒1𝑒2𝑒3𝑒 +
 0.00028924𝑒1𝑒2𝑒3𝑒  +
 0.0051351𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0037718𝑒1𝑒2𝑒3𝑒 +
 0.0012437𝑒1𝑒2𝑒3𝑒  +
 5.5615𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00065787𝑒1𝑒2𝑒3𝑒 −
 0.00021693𝑒1𝑒2𝑒3𝑒  −
 1.1898𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0042542𝑒1𝑒2𝑒3𝑒 +
 0.0014028𝑒1𝑒2𝑒3𝑒  +
 0.00028788𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-48 

(−0.00087716𝑒1𝑒2𝑒3𝑒 +
 0.00028924𝑒1𝑒2𝑒3𝑒  +
 0.0051351𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0027192𝑒1𝑒2𝑒3𝑒 +
 0.00089664𝑒1𝑒2𝑒3𝑒  +
 3.1819𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00021052𝑒1𝑒2𝑒3𝑒 −
 6.9417𝑒 − 05𝑒1𝑒2𝑒3𝑒  −
 4.7591𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0053068𝑒1𝑒2𝑒3𝑒 +
 0.0017499𝑒1𝑒2𝑒3𝑒  +
 0.00023287𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 
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-47 

(−0.0010965𝑒1𝑒2𝑒3𝑒 +
 0.00036155𝑒1𝑒2𝑒3𝑒  +
 0.0051152𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0023245𝑒1𝑒2𝑒3𝑒 +
 0.00076648𝑒1𝑒2𝑒3𝑒  −
 1.1889𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(7.8945𝑒 − 05𝑒1𝑒2𝑒3𝑒 −
 2.6031𝑒 − 05𝑒1𝑒2𝑒3𝑒  −
 8.7417𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0059647𝑒1𝑒2𝑒3𝑒 +
 0.0019668𝑒1𝑒2𝑒3𝑒  +
 0.00013412𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-46 

(−0.00043858𝑒1𝑒2𝑒3𝑒 +
 0.00014462𝑒1𝑒2𝑒3𝑒  +
 0.0051747𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00074559𝑒1𝑒2𝑒3𝑒 +
 0.00024585𝑒1𝑒2𝑒3𝑒  +
 5.1586𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00031578𝑒1𝑒2𝑒3𝑒 −
 0.00010413𝑒1𝑒2𝑒3𝑒  +
 1.2695𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0037279𝑒1𝑒2𝑒3𝑒 +
 0.0012293𝑒1𝑒2𝑒3𝑒  +
 0.00021792𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-45 

(0.0043858𝑒1𝑒2𝑒3𝑒 −
 0.0014462𝑒1𝑒2𝑒3𝑒  +
 0.0052147𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0062278𝑒1𝑒2𝑒3𝑒 −
 0.0020536𝑒1𝑒2𝑒3𝑒  +
 8.7588𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0013947𝑒1𝑒2𝑒3𝑒 −
 0.00045989𝑒1𝑒2𝑒3𝑒  +
 7.2004𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0072366𝑒1𝑒2𝑒3𝑒 −
 0.0023862𝑒1𝑒2𝑒3𝑒  +
 0.00025841𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-44 

(0.00065787𝑒1𝑒2𝑒3𝑒 −
 0.00021693𝑒1𝑒2𝑒3𝑒  +
 0.0052751𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0011403𝑒1𝑒2𝑒3𝑒 −
 0.00037601𝑒1𝑒2𝑒3𝑒  +
 0.00014418𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0010175𝑒1𝑒2𝑒3𝑒 +
 0.00033552𝑒1𝑒2𝑒3𝑒  +
 1.1318𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0014912𝑒1𝑒2𝑒3𝑒 +
 0.0004917𝑒1𝑒2𝑒3𝑒  +
 0.00034379𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-43 

(0.0010965𝑒1𝑒2𝑒3𝑒 −
 0.00036155𝑒1𝑒2𝑒3𝑒  +
 0.0053155𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00096488𝑒1𝑒2𝑒3𝑒 −
 0.00031816𝑒1𝑒2𝑒3𝑒  +
 0.0001686𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−3.5086𝑒 − 05𝑒1𝑒2𝑒3𝑒 +
 1.157𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 4.8843𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00021929𝑒1𝑒2𝑒3𝑒 −
 7.231𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 0.00038082𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-42 

(0.0059208𝑒1𝑒2𝑒3𝑒 −
 0.0019524𝑒1𝑒2𝑒3𝑒  +
 0.005356𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0063594𝑒1𝑒2𝑒3𝑒 −
 0.002097𝑒1𝑒2𝑒3𝑒  +
 0.00018118𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0010789𝑒1𝑒2𝑒3𝑒 −
 0.00035576𝑒1𝑒2𝑒3𝑒  +
 2.515𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.011096𝑒1𝑒2𝑒3𝑒 −
 0.0036589𝑒1𝑒2𝑒3𝑒  +
 0.00041409𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-41 

(0.0024122𝑒1𝑒2𝑒3𝑒 −
 0.0007954𝑒1𝑒2𝑒3𝑒  +
 0.0054378𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00078945𝑒1𝑒2𝑒3𝑒 −
 0.00026031𝑒1𝑒2𝑒3𝑒  +
 0.00023512𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.001114𝑒1𝑒2𝑒3𝑒 +
 0.00036733𝑒1𝑒2𝑒3𝑒  +
 1.0789𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0027631𝑒1𝑒2𝑒3𝑒 −
 0.0009111𝑒1𝑒2𝑒3𝑒  +
 0.00053787𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-40 

(0.0032894𝑒1𝑒2𝑒3𝑒 −
 0.0010846𝑒1𝑒2𝑒3𝑒  +
 0.0055199𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0011403𝑒1𝑒2𝑒3𝑒 −
 0.00037601𝑒1𝑒2𝑒3𝑒  +
 0.00026914𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(7.0173𝑒 − 05𝑒1𝑒2𝑒3𝑒 −
 2.3139𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 6.8044𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0053068𝑒1𝑒2𝑒3𝑒 −
 0.0017499𝑒1𝑒2𝑒3𝑒  +
 0.00065399𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-39 

(0.0041665𝑒1𝑒2𝑒3𝑒 −
 0.0013739𝑒1𝑒2𝑒3𝑒  +
 0.0056027𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014473𝑒1𝑒2𝑒3𝑒 −
 0.00047724𝑒1𝑒2𝑒3𝑒  +
 0.00029947𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(6.1401𝑒 − 05𝑒1𝑒2𝑒3𝑒 −
 2.0247𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 6.0655𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0068419𝑒1𝑒2𝑒3𝑒 −
 0.0022561𝑒1𝑒2𝑒3𝑒  +
 0.00075918𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-38 

(0.0072366𝑒1𝑒2𝑒3𝑒 −
 0.0023862𝑒1𝑒2𝑒3𝑒  +
 0.0056862𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0051753𝑒1𝑒2𝑒3𝑒 −
 0.0017065𝑒1𝑒2𝑒3𝑒  +
 0.00032205𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00074559𝑒1𝑒2𝑒3𝑒 −
 0.00024585𝑒1𝑒2𝑒3𝑒  +
 4.5157𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.012193𝑒1𝑒2𝑒3𝑒 −
 0.0040204𝑒1𝑒2𝑒3𝑒  +
 0.00085331𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

Table 57. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = −38 for 𝜔 = 1, in 

Case Study 2: Australian Unemployment Rates. 
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Case Study 2: Australian Unemployment Rates 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-37 

(−0.00021929𝑒1𝑒2𝑒3𝑒 +
 7.231𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 0.0058128𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0050875𝑒1𝑒2𝑒3𝑒 +
 0.0016776𝑒1𝑒2𝑒3𝑒  +
 0.00039165𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0020526𝑒1𝑒2𝑒3𝑒 +
 0.00067682𝑒1𝑒2𝑒3𝑒  +
 1.3921𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0058331𝑒1𝑒2𝑒3𝑒 +
 0.0019234𝑒1𝑒2𝑒3𝑒  +
 0.0010214𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-36 

(0.0021929𝑒1𝑒2𝑒3𝑒 −
 0.0007231𝑒1𝑒2𝑒3𝑒  +
 0.0058339𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0019298𝑒1𝑒2𝑒3𝑒 +
 0.00063632𝑒1𝑒2𝑒3𝑒  +
 0.00031761𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00063156𝑒1𝑒2𝑒3𝑒 −
 0.00020825𝑒1𝑒2𝑒3𝑒  −
 1.4809𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00065787𝑒1𝑒2𝑒3𝑒 +
 0.00021693𝑒1𝑒2𝑒3𝑒  +
 0.00093248𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-35 

(0.005263𝑒1𝑒2𝑒3𝑒 −
 0.0017354𝑒1𝑒2𝑒3𝑒  +
 0.005919𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0024999𝑒1𝑒2𝑒3𝑒 −
 0.00082433𝑒1𝑒2𝑒3𝑒  +
 0.00032407𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00088593𝑒1𝑒2𝑒3𝑒 −
 0.00029213𝑒1𝑒2𝑒3𝑒  +
 1.2926𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0054384𝑒1𝑒2𝑒3𝑒 −
 0.0017933𝑒1𝑒2𝑒3𝑒  +
 0.00097581𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-34 

(0.0039472𝑒1𝑒2𝑒3𝑒 −
 0.0013016𝑒1𝑒2𝑒3𝑒  +
 0.0060049𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00035086𝑒1𝑒2𝑒3𝑒 −
 0.0001157𝑒1𝑒2𝑒3𝑒  +
 0.00033091𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00042981𝑒1𝑒2𝑒3𝑒 +
 0.00014173𝑒1𝑒2𝑒3𝑒  +
 1.3681𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014035𝑒1𝑒2𝑒3𝑒 −
 0.00046278𝑒1𝑒2𝑒3𝑒  +
 0.0010159𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-33 

(0.0048244𝑒1𝑒2𝑒3𝑒
−  0.0015908𝑒1𝑒2𝑒3𝑒  
+  0.0060913𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0012719𝑒1𝑒2𝑒3𝑒 −
 0.0004194𝑒1𝑒2𝑒3𝑒  +
 0.00033761𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0001842𝑒1𝑒2𝑒3𝑒 −
 6.074𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 1.3406𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0034209𝑒1𝑒2𝑒3𝑒 −
 0.001128𝑒1𝑒2𝑒3𝑒  +
 0.001048𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-32 

(0.0057016𝑒1𝑒2𝑒3𝑒
−  0.00188𝑒1𝑒2𝑒3𝑒  
+  0.0061783𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0021929𝑒1𝑒2𝑒3𝑒
−  0.0007231𝑒1𝑒2𝑒3𝑒  
+  0.00034442𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0001842𝑒1𝑒2𝑒3𝑒 −
 6.074𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 1.3612𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0045174𝑒1𝑒2𝑒3𝑒
−  0.0014896𝑒1𝑒2𝑒3𝑒  
+  0.0010764𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-31 

(0.0024122𝑒1𝑒2𝑒3𝑒
−  0.0007954𝑒1𝑒2𝑒3𝑒  
+  0.0062881𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0014473𝑒1𝑒2𝑒3𝑒 +
 0.00047724𝑒1𝑒2𝑒3𝑒  +
 0.00037766𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00072804𝑒1𝑒2𝑒3𝑒 +
 0.00024007𝑒1𝑒2𝑒3𝑒  +
 6.6484𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0036402𝑒1𝑒2𝑒3𝑒
+  0.0012003𝑒1𝑒2𝑒3𝑒  
+  0.0011452𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-30 

(0.0030701𝑒1𝑒2𝑒3𝑒
−  0.0010123𝑒1𝑒2𝑒3𝑒  
+  0.0063543𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0011842𝑒1𝑒2𝑒3𝑒
+  0.00039047𝑒1𝑒2𝑒3𝑒  
+  0.00036206𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(5.263𝑒 − 05𝑒1𝑒2𝑒3𝑒 −
 1.7354𝑒 − 05𝑒1𝑒2𝑒3𝑒  −
 3.1202𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0014912𝑒1𝑒2𝑒3𝑒
+  0.0004917𝑒1𝑒2𝑒3𝑒  
+  0.0011045𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

-29 

(0.0037279𝑒1𝑒2𝑒3𝑒
−  0.0012293𝑒1𝑒2𝑒3𝑒  
+  0.0064209𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00057016𝑒1𝑒2𝑒3𝑒
+  0.000188𝑒1𝑒2𝑒3𝑒  
+  0.00033791𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0001228𝑒1𝑒2𝑒3𝑒 −
 4.0493𝑒 − 05𝑒1𝑒2𝑒3𝑒  −
 4.8294𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00017543𝑒1𝑒2𝑒3𝑒 +
 5.7848𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 0.0010677𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-28 

(0.0021929𝑒1𝑒2𝑒3𝑒
−  0.0007231𝑒1𝑒2𝑒3𝑒  
+  0.0064879𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0021052𝑒1𝑒2𝑒3𝑒
+  0.00069417𝑒1𝑒2𝑒3𝑒  
+  0.00031792𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00030701𝑒1𝑒2𝑒3𝑒 +
 0.00010123𝑒1𝑒2𝑒3𝑒  −
 3.9997𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0036402𝑒1𝑒2𝑒3𝑒 +
 0.0012003𝑒1𝑒2𝑒3𝑒  +
 0.0010349𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-27 

(0.0046051𝑒1𝑒2𝑒3𝑒
−  0.0015185𝑒1𝑒2𝑒3𝑒  
+  0.0065103𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0011403𝑒1𝑒2𝑒3𝑒
−  0.00037601𝑒1𝑒2𝑒3𝑒  
+  0.00024821𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0006491𝑒1𝑒2𝑒3𝑒
−  0.00021404𝑒1𝑒2𝑒3𝑒  
−  1.3941𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0020613𝑒1𝑒2𝑒3𝑒 −
 0.00067971𝑒1𝑒2𝑒3𝑒  +
 0.00090716𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-26 

(0.00087716𝑒1𝑒2𝑒3𝑒
−  0.00028924𝑒1𝑒2𝑒3𝑒  
+  0.0065778𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0032894𝑒1𝑒2𝑒3𝑒
+  0.0010846𝑒1𝑒2𝑒3𝑒  
+  0.00024541𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(−0.00088593𝑒1𝑒2𝑒3𝑒 +
 0.00029213𝑒1𝑒2𝑒3𝑒  −
 5.606𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0056138𝑒1𝑒2𝑒3𝑒
+  0.0018511𝑒1𝑒2𝑒3𝑒  
+  0.00089086𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-25 

(0.0037279𝑒1𝑒2𝑒3𝑒
−  0.0012293𝑒1𝑒2𝑒3𝑒  
+  0.0066454𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0010965𝑒1𝑒2𝑒3𝑒
−  0.00036155𝑒1𝑒2𝑒3𝑒  
+  0.00024667𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00087716𝑒1𝑒2𝑒3𝑒 −
 0.00028924𝑒1𝑒2𝑒3𝑒  +
 2.5373𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(0.00043858𝑒1𝑒2𝑒3𝑒
−  0.00014462𝑒1𝑒2𝑒3𝑒  
+  0.00088664𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-24 

(0.0026315𝑒1𝑒2𝑒3𝑒
−  0.00086771𝑒1𝑒2𝑒3𝑒  
+  0.006759𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00048244𝑒1𝑒2𝑒3𝑒
+  0.00015908𝑒1𝑒2𝑒3𝑒  
+  0.0003115𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00031578𝑒1𝑒2𝑒3𝑒
+  0.00010413𝑒1𝑒2𝑒3𝑒  
+  1.2964𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0022806𝑒1𝑒2𝑒3𝑒
+  0.00075202𝑒1𝑒2𝑒3𝑒  
+  0.00097421𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

Table 58. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −37 to 𝑚 = −24 for 𝜔 = 1, in 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-23 

(0.0032894𝑒1𝑒2𝑒3𝑒
−  0.0010846𝑒1𝑒2𝑒3𝑒  
+  0.0068277𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00039472𝑒1𝑒2𝑒3𝑒
−  0.00013016𝑒1𝑒2𝑒3𝑒  
+  0.00031294𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00017543𝑒1𝑒2𝑒3𝑒 −
 5.7848𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 2.8973𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00030701𝑒1𝑒2𝑒3𝑒 +
 0.00010123𝑒1𝑒2𝑒3𝑒  +
 0.00095725𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-22 

(0.0019736𝑒1𝑒2𝑒3𝑒 −
 0.00065079𝑒1𝑒2𝑒3𝑒  +
 0.0069197𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0010965𝑒1𝑒2𝑒3𝑒
+  0.00036155𝑒1𝑒2𝑒3𝑒  
+  0.00034206𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00029824𝑒1𝑒2𝑒3𝑒 +
 9.8341𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 5.8238𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0030701𝑒1𝑒2𝑒3𝑒
+  0.0010123𝑒1𝑒2𝑒3𝑒  
+  0.00099523𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-21 

(0.0030701𝑒1𝑒2𝑒3𝑒
−  0.0010123𝑒1𝑒2𝑒3𝑒  
+  0.0070355𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00026315𝑒1𝑒2𝑒3𝑒
−  8.6771𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  0.00039456𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00027192𝑒1𝑒2𝑒3𝑒 −
 8.9664𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 1.0499𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−8.7716𝑒 − 05𝑒1𝑒2𝑒3𝑒 +
 2.8924𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 0.0010841𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-20 

(0.0039472𝑒1𝑒2𝑒3𝑒 −
 0.0013016𝑒1𝑒2𝑒3𝑒  +
 0.0071289𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0016227𝑒1𝑒2𝑒3𝑒 −
 0.00053509𝑒1𝑒2𝑒3𝑒  +
 0.00040165𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00027192𝑒1𝑒2𝑒3𝑒 −
 8.9664𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 1.4178𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0023683𝑒1𝑒2𝑒3𝑒 −
 0.00078094𝑒1𝑒2𝑒3𝑒  +
 0.0011183𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-19 

(0.0043858𝑒1𝑒2𝑒3𝑒 −
 0.0014462𝑒1𝑒2𝑒3𝑒  +
 0.0071759𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.001535𝑒1𝑒2𝑒3𝑒 −
 0.00050617𝑒1𝑒2𝑒3𝑒  +
 0.0003479𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−1.7543𝑒 − 05𝑒1𝑒2𝑒3𝑒 +
 5.7848𝑒 − 06𝑒1𝑒2𝑒3𝑒  −
 1.0749𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0030262𝑒1𝑒2𝑒3𝑒
−  0.00099787𝑒1𝑒2𝑒3𝑒  
+  0.0010536𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-18 

(0.0074559𝑒1𝑒2𝑒3𝑒 −
 0.0024585𝑒1𝑒2𝑒3𝑒  +
 0.0072704𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0050875𝑒1𝑒2𝑒3𝑒
−  0.0016776𝑒1𝑒2𝑒3𝑒  
+  0.00035515𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0007105𝑒1𝑒2𝑒3𝑒 −
 0.00023428𝑒1𝑒2𝑒3𝑒  +
 1.4504𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0095172𝑒1𝑒2𝑒3𝑒 −
 0.0031382𝑒1𝑒2𝑒3𝑒  +
 0.0010971𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-17 

(0.0061401𝑒1𝑒2𝑒3𝑒
−  0.0020247𝑒1𝑒2𝑒3𝑒  
+  0.0073657𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0025438𝑒1𝑒2𝑒3𝑒 −
 0.00083879𝑒1𝑒2𝑒3𝑒  +
 0.00036726𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00050875𝑒1𝑒2𝑒3𝑒 +
 0.00016776𝑒1𝑒2𝑒3𝑒  +
 2.4207𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.005877𝑒1𝑒2𝑒3𝑒
−  0.0019379𝑒1𝑒2𝑒3𝑒  
+  0.0011369𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-16 

0.0021929𝑒1𝑒2𝑒3𝑒
−  0.0007231𝑒1𝑒2𝑒3𝑒  
+  0.0074136𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

−0.0027631𝑒1𝑒2𝑒3𝑒
+  0.0009111𝑒1𝑒2𝑒3𝑒  
+  0.00031714𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

−0.0010614𝑒1𝑒2𝑒3𝑒
+  0.00034998𝑒1𝑒2𝑒3𝑒  
−  1.0022𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

−0.0035964𝑒1𝑒2𝑒3𝑒
+  0.0011859𝑒1𝑒2𝑒3𝑒  
+  0.0010668𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-15 

0.00021929𝑒1𝑒2𝑒3𝑒 −
 7.231𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 0.0074376𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

−0.0051753𝑒1𝑒2𝑒3𝑒
+  0.0017065𝑒1𝑒2𝑒3𝑒  
+  0.00024711𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

−0.00048244𝑒1𝑒2𝑒3𝑒
+  0.00015908𝑒1𝑒2𝑒3𝑒  
−  1.4007𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

−0.0074559𝑒1𝑒2𝑒3𝑒
+  0.0024585𝑒1𝑒2𝑒3𝑒  
+  0.00093879𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

-14 

0.0017543𝑒1𝑒2𝑒3𝑒 −
 0.00057848𝑒1𝑒2𝑒3𝑒  +
 0.0073657𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

−0.0027631𝑒1𝑒2𝑒3𝑒
+  0.0009111𝑒1𝑒2𝑒3𝑒  
+  8.043𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

0.00048244𝑒1𝑒2𝑒3𝑒
−  0.00015908𝑒1𝑒2𝑒3𝑒  
−  3.3336𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

−0.0039472𝑒1𝑒2𝑒3𝑒 +
 0.0013016𝑒1𝑒2𝑒3𝑒  +
 0.0006087𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-13 

(−0.00065787𝑒1𝑒2𝑒3𝑒
+  0.00021693𝑒1𝑒2𝑒3𝑒  
+  0.0073419𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0052191𝑒1𝑒2𝑒3𝑒
+  0.001721𝑒1𝑒2𝑒3𝑒  
+  4.4145𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00049121𝑒1𝑒2𝑒3𝑒
+  0.00016197𝑒1𝑒2𝑒3𝑒  
−  1.5203𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(−0.0088593𝑒1𝑒2𝑒3𝑒
+  0.0029213𝑒1𝑒2𝑒3𝑒  
+  0.00041212𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

-12 

(−0.0048244𝑒1𝑒2𝑒3𝑒
+  0.0015908𝑒1𝑒2𝑒3𝑒  
+  0.0073656𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0092102𝑒1𝑒2𝑒3𝑒
+  0.003037𝑒1𝑒2𝑒3𝑒  
−  2.2287𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(−0.00079822𝑒1𝑒2𝑒3𝑒 +
 0.00026321𝑒1𝑒2𝑒3𝑒  −
 9.2748𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(−0.017368𝑒1𝑒2𝑒3𝑒
+  0.0057269𝑒1𝑒2𝑒3𝑒  
+  0.00034788𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

-11 

(−0.0032894𝑒1𝑒2𝑒3𝑒
+  0.0010846𝑒1𝑒2𝑒3𝑒  
+  0.0072944𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(−0.0049121𝑒1𝑒2𝑒3𝑒
+  0.0016197𝑒1𝑒2𝑒3𝑒  
−  0.00010475𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.1 

(0.00085962𝑒1𝑒2𝑒3𝑒 −
 0.00028345𝑒1𝑒2𝑒3𝑒  −
 2.0905𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.012368𝑒1𝑒2𝑒3𝑒
+  0.0040783𝑒1𝑒2𝑒3𝑒  
+  8.3576𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

Table 59. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −23 to 𝑚 = 11 for 𝜔 = 1, in 

Case Study 2: Australian Unemployment Rates. 
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Case Study 2: Australian Unemployment Rates 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-10 

(0.00087716𝑒1𝑒2𝑒3𝑒
−  0.00028924𝑒1𝑒2𝑒3𝑒  
+  0.0072708𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0019736𝑒1𝑒2𝑒3𝑒
−  0.00065079𝑒1𝑒2𝑒3𝑒  
−  0.00011888𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0013771𝑒1𝑒2𝑒3𝑒 −
 0.0004541𝑒1𝑒2𝑒3𝑒  −
 2.8253𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.002149𝑒1𝑒2𝑒3𝑒
+  0.00070863𝑒1𝑒2𝑒3𝑒  
−  4.3408𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-9 

(−0.0039472𝑒1𝑒2𝑒3𝑒
+  0.0013016𝑒1𝑒2𝑒3𝑒  
+  0.0072234𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0035525𝑒1𝑒2𝑒3𝑒
+  0.0011714𝑒1𝑒2𝑒3𝑒  
−  0.00014718𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0011052𝑒1𝑒2𝑒3𝑒
+  0.00036444𝑒1𝑒2𝑒3𝑒  
−  5.6609𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.012324𝑒1𝑒2𝑒3𝑒
+  0.0040638𝑒1𝑒2𝑒3𝑒  
−  0.00019475𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-8 

(−0.0028508𝑒1𝑒2𝑒3𝑒 +
 0.00094002𝑒1𝑒2𝑒3𝑒  +
 0.0071057𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0014035𝑒1𝑒2𝑒3𝑒
+  0.00046278𝑒1𝑒2𝑒3𝑒  
−  0.00024551𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00042981𝑒1𝑒2𝑒3𝑒
−  0.00014173𝑒1𝑒2𝑒3𝑒  
−  1.9666𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.008333𝑒1𝑒2𝑒3𝑒
+  0.0027478𝑒1𝑒2𝑒3𝑒  
−  0.00047248𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-7 

(−0.0017543𝑒1𝑒2𝑒3𝑒
+  0.00057848𝑒1𝑒2𝑒3𝑒  
+  0.0069889𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0008333𝑒1𝑒2𝑒3𝑒
−  0.00027478𝑒1𝑒2𝑒3𝑒  
−  0.00033365𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00044735𝑒1𝑒2𝑒3𝑒 −
 0.00014751𝑒1𝑒2𝑒3𝑒  −
 1.7629𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0044735𝑒1𝑒2𝑒3𝑒
+  0.0014751𝑒1𝑒2𝑒3𝑒  
−  0.00071537𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-6 

(−0.0041665𝑒1𝑒2𝑒3𝑒
+  0.0013739𝑒1𝑒2𝑒3𝑒  
+  0.0069657𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.001842𝑒1𝑒2𝑒3𝑒
+  0.0006074𝑒1𝑒2𝑒3𝑒  
−  0.00029089𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00053507𝑒1𝑒2𝑒3𝑒 +
 0.00017644𝑒1𝑒2𝑒3𝑒  +
 8.5531𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0079383𝑒1𝑒2𝑒3𝑒
+  0.0026176𝑒1𝑒2𝑒3𝑒  
−  0.00071008𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-5 

(0.0013157𝑒1𝑒2𝑒3𝑒
−  0.00043386𝑒1𝑒2𝑒3𝑒  
+  0.0068502𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0046051𝑒1𝑒2𝑒3𝑒
−  0.0015185𝑒1𝑒2𝑒3𝑒  
−  0.00034951𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.0012894𝑒1𝑒2𝑒3𝑒 −
 0.00042518𝑒1𝑒2𝑒3𝑒  −
 1.1725𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.006184𝑒1𝑒2𝑒3𝑒 −
 0.0020391𝑒1𝑒2𝑒3𝑒  −
 0.00088419𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-4 

(−0.001535𝑒1𝑒2𝑒3𝑒
+  0.00050617𝑒1𝑒2𝑒3𝑒  
+  0.0067812𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00026315𝑒1𝑒2𝑒3𝑒
−  8.6771𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  0.00034353𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00086839𝑒1𝑒2𝑒3𝑒 +
 0.00028635𝑒1𝑒2𝑒3𝑒  +
 1.1966𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(8.7716𝑒 − 05𝑒1𝑒2𝑒3𝑒
−  2.8924𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  0.00092341𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-3 

(−0.0087716𝑒1𝑒2𝑒3𝑒
+  0.0028924𝑒1𝑒2𝑒3𝑒  
+  0.0067126𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0079383𝑒1𝑒2𝑒3𝑒
+  0.0026176𝑒1𝑒2𝑒3𝑒  
−  0.00032785𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0016403𝑒1𝑒2𝑒3𝑒 +
 0.00054088𝑒1𝑒2𝑒3𝑒  +
 3.1356𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.015482𝑒1𝑒2𝑒3𝑒 +
 0.0051051𝑒1𝑒2𝑒3𝑒  −
 0.0009429𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-2 

(−0.0057016𝑒1𝑒2𝑒3𝑒
+  0.00188𝑒1𝑒2𝑒3𝑒  
+  0.0065771𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0032894𝑒1𝑒2𝑒3𝑒
+  0.0010846𝑒1𝑒2𝑒3𝑒  
−  0.00038833𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(0.00092979𝑒1𝑒2𝑒3𝑒
−  0.00030659𝑒1𝑒2𝑒3𝑒  
−  1.2097𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0066226𝑒1𝑒2𝑒3𝑒
+  0.0021837𝑒1𝑒2𝑒3𝑒  
−  0.0011104𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

-1 

(−0.0087716𝑒1𝑒2𝑒3𝑒 +
 0.0028924𝑒1𝑒2𝑒3𝑒  +
 0.0064875𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0064033𝑒1𝑒2𝑒3𝑒
+  0.0021114𝑒1𝑒2𝑒3𝑒  
−  0.00039021𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.00062278𝑒1𝑒2𝑒3𝑒 +
 0.00020536𝑒1𝑒2𝑒3𝑒  −
 3.7545𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.012368𝑒1𝑒2𝑒3𝑒
+  0.0040783𝑒1𝑒2𝑒3𝑒  
−  0.0011547𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

0 

(0.0021929𝑒1𝑒2𝑒3𝑒
−  0.0007231𝑒1𝑒2𝑒3𝑒  
+  0.0074136𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0027631𝑒1𝑒2𝑒3𝑒
+  0.0009111𝑒1𝑒2𝑒3𝑒  
+  0.00031714𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0010614𝑒1𝑒2𝑒3𝑒
+  0.00034998𝑒1𝑒2𝑒3𝑒  
−  1.0022𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

(−0.0035964𝑒1𝑒2𝑒3𝑒 +
 0.0011859𝑒1𝑒2𝑒3𝑒  +
 0.0010668𝑒1𝑒2𝑒3𝑒 𝑒)𝑒0.01 

Table 60. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −10 to 𝑚 = 0 for 𝜔 = 1, in 

Case Study 2: Australian Unemployment Rates. 
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C.2.4. Loss Plot of the MLP Training Process in Case Study 2: Australian Unemployment Rates 

 
Figure 30. The loss values for 1000 epochs in Case Study 2: Australian Unemployment Rates for the 

Emergent Hyperfield Method (MLP A2). 

 
Figure 31. The loss values for 1000 epochs in Case Study 2: Australian Unemployment Rates for the 

MLP Method (MLP B2). 
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C.2.5. A Sample of the Multivectors {𝑉𝑚
𝜔 , 𝑆𝑚

1,𝜔 , 𝑆𝑚
2,𝜔 , 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = 0 for 𝜔 = 1, 

in Case Study 3: GISS Surface Temperature Analysis 

Case Study 3: GISS Surface Temperature Analysis 

𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-50 

(−0.0016227𝑒1𝑒2𝑒3𝑒 +
 0.00053509𝑒1𝑒2𝑒3𝑒  +
 4.7106𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00039034𝑒1𝑒2𝑒3𝑒
−  0.00012871𝑒1𝑒2𝑒3𝑒  
−  7.9437𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−8.7716𝑒 − 06𝑒1𝑒2𝑒3𝑒
+  2.8924𝑒 − 06𝑒1𝑒2𝑒3𝑒  
−  1.8922𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0016666𝑒1𝑒2𝑒3𝑒
−  0.00054955𝑒1𝑒2𝑒3𝑒  
−  4.1433𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-49 

(8.7716𝑒 − 05𝑒1𝑒2𝑒3𝑒
−  2.8924𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  4.8611𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0021885𝑒1𝑒2𝑒3𝑒 −
 0.00072165𝑒1𝑒2𝑒3𝑒  −
 4.4475𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00035964𝑒1𝑒2𝑒3𝑒
−  0.00011859𝑒1𝑒2𝑒3𝑒  
+  6.9925𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0054472𝑒1𝑒2𝑒3𝑒
−  0.0017962𝑒1𝑒2𝑒3𝑒  
−  2.8672𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-48 

(0.0061621𝑒1𝑒2𝑒3𝑒
−  0.0020319𝑒1𝑒2𝑒3𝑒  
+  5.1919𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0093023𝑒1𝑒2𝑒3𝑒 −
 0.0030674𝑒1𝑒2𝑒3𝑒  +
 1.1175𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014228𝑒1𝑒2𝑒3𝑒
−  0.00046914𝑒1𝑒2𝑒3𝑒  
+  1.113𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.017578𝑒1𝑒2𝑒3𝑒 −
 0.0057963𝑒1𝑒2𝑒3𝑒  −
 1.3189𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-47 

(0.0044516𝑒1𝑒2𝑒3𝑒 −
 0.0014679𝑒1𝑒2𝑒3𝑒  +
 6.0866𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0056621𝑒1𝑒2𝑒3𝑒 −
 0.001867𝑒1𝑒2𝑒3𝑒  +
 1.2597𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00072804𝑒1𝑒2𝑒3𝑒 +
 0.00024007𝑒1𝑒2𝑒3𝑒  +
 2.2959𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.012337𝑒1𝑒2𝑒3𝑒 −
 0.0040681𝑒1𝑒2𝑒3𝑒  +
 1.2093𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-46 

(−0.0032674𝑒1𝑒2𝑒3𝑒
+  0.0010774𝑒1𝑒2𝑒3𝑒  
+  6.4932𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0048068𝑒1𝑒2𝑒3𝑒 +
 0.001585𝑒1𝑒2𝑒3𝑒  +
 1.598𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0020938𝑒1𝑒2𝑒3𝑒 +
 0.00069041𝑒1𝑒2𝑒3𝑒  +
 6.7663𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0058682𝑒1𝑒2𝑒3𝑒 +
 0.001935𝑒1𝑒2𝑒3𝑒  +
 2.3863𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-45 

(0.00087716𝑒1𝑒2𝑒3𝑒
−  0.00028924𝑒1𝑒2𝑒3𝑒  
+  6.2537𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00027631𝑒1𝑒2𝑒3𝑒
−  9.111𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  1.0316𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0010166𝑒1𝑒2𝑒3𝑒 −
 0.00033523𝑒1𝑒2𝑒3𝑒  −
 1.1328𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0031052𝑒1𝑒2𝑒3𝑒
−  0.0010239𝑒1𝑒2𝑒3𝑒  
+  1.8422𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-44 

(0.0013157𝑒1𝑒2𝑒3𝑒
−  0.00043386𝑒1𝑒2𝑒3𝑒  
+  6.2537𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00024122𝑒1𝑒2𝑒3𝑒
−  7.954𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  7.8497𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−7.0173𝑒 − 06𝑒1𝑒2𝑒3𝑒
+  2.3139𝑒 − 06𝑒1𝑒2𝑒3𝑒  
−  4.9323𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0033157𝑒1𝑒2𝑒3𝑒 −
 0.0010933𝑒1𝑒2𝑒3𝑒  +
 1.7008𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-43 

(0.0020175𝑒1𝑒2𝑒3𝑒
−  0.00066525𝑒1𝑒2𝑒3𝑒  
+  6.2981𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0004956𝑒1𝑒2𝑒3𝑒
−  0.00016342𝑒1𝑒2𝑒3𝑒  
+  5.2975𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(5.0875𝑒 − 05𝑒1𝑒2𝑒3𝑒
−  1.6776𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  5.1044𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0044384𝑒1𝑒2𝑒3𝑒
−  0.0014635𝑒1𝑒2𝑒3𝑒  
+  1.6815𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-42 

(−0.00032894𝑒1𝑒2𝑒3𝑒
+  0.00010846𝑒1𝑒2𝑒3𝑒  
+  6.5901𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.002706𝑒1𝑒2𝑒3𝑒
+  0.0008923𝑒1𝑒2𝑒3𝑒  
+  5.927𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00064033𝑒1𝑒2𝑒3𝑒
+  0.00021114𝑒1𝑒2𝑒3𝑒  
+  1.259𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0014824𝑒1𝑒2𝑒3𝑒
+  0.00048881𝑒1𝑒2𝑒3𝑒  
+  2.177𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-41 

(0.0032894𝑒1𝑒2𝑒3𝑒
−  0.0010846𝑒1𝑒2𝑒3𝑒  
+  6.7026𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0029341𝑒1𝑒2𝑒3𝑒
−  0.0009675𝑒1𝑒2𝑒3𝑒  
+  4.4807𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.001128𝑒1𝑒2𝑒3𝑒
−  0.00037196𝑒1𝑒2𝑒3𝑒  
−  2.8925𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0062278𝑒1𝑒2𝑒3𝑒
−  0.0020536𝑒1𝑒2𝑒3𝑒  
+  2.1742𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-40 

(−0.00085523𝑒1𝑒2𝑒3𝑒
+  0.00028201𝑒1𝑒2𝑒3𝑒  
+  7.194𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.001807𝑒1𝑒2𝑒3𝑒
+  0.00059583𝑒1𝑒2𝑒3𝑒  
+  9.1458𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00094821𝑒1𝑒2𝑒3𝑒
+  0.00031267𝑒1𝑒2𝑒3𝑒  
+  9.3302𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.004092𝑒1𝑒2𝑒3𝑒 +
 0.0013493𝑒1𝑒2𝑒3𝑒  +
 2.9344𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-39 

(−0.0011403𝑒1𝑒2𝑒3𝑒 +
 0.00037601𝑒1𝑒2𝑒3𝑒  +
 7.3578𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0026315𝑒1𝑒2𝑒3𝑒 +
 0.00086771𝑒1𝑒2𝑒3𝑒  +
 9.7098𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00016491𝑒1𝑒2𝑒3𝑒
+  5.4377𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  1.1279𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.004934𝑒1𝑒2𝑒3𝑒 +
 0.001627𝑒1𝑒2𝑒3𝑒  +
 2.8601𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-38 

(−0.00094295𝑒1𝑒2𝑒3𝑒 +
 0.00031093𝑒1𝑒2𝑒3𝑒  +
 7.3342𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0019912𝑒1𝑒2𝑒3𝑒 +
 0.00065657𝑒1𝑒2𝑒3𝑒  +
 7.218𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00012807𝑒1𝑒2𝑒3𝑒
−  4.2229𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  4.9835𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0045963𝑒1𝑒2𝑒3𝑒
+  0.0015156𝑒1𝑒2𝑒3𝑒  
+  2.2787𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

Table 61. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −50 to 𝑚 = −38 for 𝜔 = 1, in 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-37 

(0.0017763𝑒1𝑒2𝑒3𝑒 −
 0.00058571𝑒1𝑒2𝑒3𝑒  +
 7.4287𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0017236𝑒1𝑒2𝑒3𝑒
−  0.00056835𝑒1𝑒2𝑒3𝑒  
+  6.1904𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00074296𝑒1𝑒2𝑒3𝑒
−  0.00024498𝑒1𝑒2𝑒3𝑒  
−  2.0552𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.001592𝑒1𝑒2𝑒3𝑒
−  0.00052497𝑒1𝑒2𝑒3𝑒  
+  1.9919𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-36 

(0.00024122𝑒1𝑒2𝑒3𝑒
−  7.954𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  7.6717𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−7.0173𝑒 − 05𝑒1𝑒2𝑒3𝑒
+  2.3139𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  6.8455𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00035876𝑒1𝑒2𝑒3𝑒
+  0.0001183𝑒1𝑒2𝑒3𝑒  
+  1.3101𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00090786𝑒1𝑒2𝑒3𝑒
+  0.00029936𝑒1𝑒2𝑒3𝑒  
+  2.0792𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-35 

(0.0025438𝑒1𝑒2𝑒3𝑒
−  0.00083879𝑒1𝑒2𝑒3𝑒  
+  8.0375𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0025789𝑒1𝑒2𝑒3𝑒
−  0.00085036𝑒1𝑒2𝑒3𝑒  
+  9.0719𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00052981𝑒1𝑒2𝑒3𝑒
−  0.0001747𝑒1𝑒2𝑒3𝑒  
+  4.4529𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0049998𝑒1𝑒2𝑒3𝑒
−  0.0016487𝑒1𝑒2𝑒3𝑒  
+  2.567𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-34 

(0.0028069𝑒1𝑒2𝑒3𝑒 −
 0.00092556𝑒1𝑒2𝑒3𝑒  +
 8.3425𝑒 − 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0030438𝑒1𝑒2𝑒3𝑒 −
 0.0010037𝑒1𝑒2𝑒3𝑒  +
 1.0062𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(9.2979𝑒 − 05𝑒1𝑒2𝑒3𝑒
−  3.0659𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  1.9801𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0044165𝑒1𝑒2𝑒3𝑒 −
 0.0014563𝑒1𝑒2𝑒3𝑒  +
 2.9291𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-33 

(0.0014912𝑒1𝑒2𝑒3𝑒
−  0.0004917𝑒1𝑒2𝑒3𝑒  
+  8.8611𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00073243𝑒1𝑒2𝑒3𝑒
−  0.00024151𝑒1𝑒2𝑒3𝑒  
+  1.3988𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00046226𝑒1𝑒2𝑒3𝑒
+  0.00015243𝑒1𝑒2𝑒3𝑒  
+  7.8526𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0011359𝑒1𝑒2𝑒3𝑒 −
 0.00037456𝑒1𝑒2𝑒3𝑒  +
 3.6522𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-32 

(0.00098681𝑒1𝑒2𝑒3𝑒
−  0.00032539𝑒1𝑒2𝑒3𝑒  
+  9.3107𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00039911𝑒1𝑒2𝑒3𝑒 +
 0.0001316𝑒1𝑒2𝑒3𝑒  +
 1.6376𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00022631𝑒1𝑒2𝑒3𝑒
+  7.4623𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  4.7763𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−8.7716𝑒 − 06𝑒1𝑒2𝑒3𝑒
+  2.8924𝑒 − 06𝑒1𝑒2𝑒3𝑒  
+  4.1198𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-31 

(0.0015789𝑒1𝑒2𝑒3𝑒
−  0.00052063𝑒1𝑒2𝑒3𝑒  
+  0.0001004𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−7.4559𝑒 − 05𝑒1𝑒2𝑒3𝑒
+  2.4585𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  2.1172𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(6.491𝑒 − 05𝑒1𝑒2𝑒3𝑒
−  2.1404𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  9.5913𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014999𝑒1𝑒2𝑒3𝑒 −
 0.0004946𝑒1𝑒2𝑒3𝑒  +
 5.1211𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-30 

(0.0005263𝑒1𝑒2𝑒3𝑒
−  0.00017354𝑒1𝑒2𝑒3𝑒  
+  0.00010659𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0012982𝑒1𝑒2𝑒3𝑒
+  0.00042807𝑒1𝑒2𝑒3𝑒  
+  2.3384𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00024473𝑒1𝑒2𝑒3𝑒
+  8.0697𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  4.4238𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0011973𝑒1𝑒2𝑒3𝑒
+  0.00039481𝑒1𝑒2𝑒3𝑒  
+  5.7941𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.1 

-29 

(0.0019078𝑒1𝑒2𝑒3𝑒
−  0.00062909𝑒1𝑒2𝑒3𝑒  
+  0.00010746𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00030262𝑒1𝑒2𝑒3𝑒
−  9.9787𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  1.8446𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00032016𝑒1𝑒2𝑒3𝑒
−  0.00010557𝑒1𝑒2𝑒3𝑒  
−  9.8762𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0023947𝑒1𝑒2𝑒3𝑒
−  0.00078962𝑒1𝑒2𝑒3𝑒  
+  5.1929𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-28 

(0.00098681𝑒1𝑒2𝑒3𝑒
−  0.00032539𝑒1𝑒2𝑒3𝑒  
+  0.00010687𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00067541𝑒1𝑒2𝑒3𝑒
+  0.00022271𝑒1𝑒2𝑒3𝑒  
+  1.2329𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00019561𝑒1𝑒2𝑒3𝑒
+  6.45𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  1.2233𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0001842𝑒1𝑒2𝑒3𝑒
+  6.074𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  4.3541𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-27 

(0.0021271𝑒1𝑒2𝑒3𝑒
−  0.0007014𝑒1𝑒2𝑒3𝑒  
+  0.00010456𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.001057𝑒1𝑒2𝑒3𝑒 −
 0.00034853𝑒1𝑒2𝑒3𝑒  +
 4.8624𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00034648𝑒1𝑒2𝑒3𝑒
−  0.00011425𝑒1𝑒2𝑒3𝑒  
−  1.4934𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0018991𝑒1𝑒2𝑒3𝑒 −
 0.0006262𝑒1𝑒2𝑒3𝑒  +
 3.1791𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-26 

(−0.00070173𝑒1𝑒2𝑒3𝑒
+  0.00023139𝑒1𝑒2𝑒3𝑒  
+  0.00010485𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0024648𝑒1𝑒2𝑒3𝑒 +
 0.00081276𝑒1𝑒2𝑒3𝑒  +
 2.0192𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00070436𝑒1𝑒2𝑒3𝑒
+  0.00023226𝑒1𝑒2𝑒3𝑒  
−  5.6864𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0049384𝑒1𝑒2𝑒3𝑒 +
 0.0016284𝑒1𝑒2𝑒3𝑒  +
 2.6182𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-25 

(0.0015789𝑒1𝑒2𝑒3𝑒
−  0.00052063𝑒1𝑒2𝑒3𝑒  
+  0.00010031𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00060963𝑒1𝑒2𝑒3𝑒 −
 0.00020102𝑒1𝑒2𝑒3𝑒  −
 5.7514𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00061489𝑒1𝑒2𝑒3𝑒
−  0.00020276𝑒1𝑒2𝑒3𝑒  
−  1.5541𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00057454𝑒1𝑒2𝑒3𝑒 −
 0.00018945𝑒1𝑒2𝑒3𝑒  +
 1.0115𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-24 

(−4.3858𝑒 − 05𝑒1𝑒2𝑒3𝑒
+  1.4462𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  0.000102𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0013377𝑒1𝑒2𝑒3𝑒
+  0.00044109𝑒1𝑒2𝑒3𝑒  
−  3.724𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00038946𝑒1𝑒2𝑒3𝑒
+  0.00012842𝑒1𝑒2𝑒3𝑒  
+  4.0549𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.003263𝑒1𝑒2𝑒3𝑒
+  0.001076𝑒1𝑒2𝑒3𝑒  
+  9.096𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-23 

(−0.0010087𝑒1𝑒2𝑒3𝑒
+  0.00033262𝑒1𝑒2𝑒3𝑒  
+  0.00010369𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0023815𝑒1𝑒2𝑒3𝑒
+  0.00078528𝑒1𝑒2𝑒3𝑒  
−  7.8493𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00020876𝑒1𝑒2𝑒3𝑒
+  6.8839𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  5.8781𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0048682𝑒1𝑒2𝑒3𝑒
+  0.0016053𝑒1𝑒2𝑒3𝑒  
+  8.4761𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

Table 62. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −37 to 𝑚 = −23 for 𝜔 = 1, in 

Case Study 3: GISS Surface Temperature Analysis. 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-22 

(−0.0047147𝑒1𝑒2𝑒3𝑒 +
 0.0015547𝑒1𝑒2𝑒3𝑒  +
 9.5534𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0062454𝑒1𝑒2𝑒3𝑒
+  0.0020594𝑒1𝑒2𝑒3𝑒  
−  9.8155𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00077278𝑒1𝑒2𝑒3𝑒
+  0.00025482𝑒1𝑒2𝑒3𝑒  
−  1.8061𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.012258𝑒1𝑒2𝑒3𝑒
+  0.0040421𝑒1𝑒2𝑒3𝑒  
−  1.3514𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-21 

(−0.0045174𝑒1𝑒2𝑒3𝑒 +
 0.0014896𝑒1𝑒2𝑒3𝑒  +
 8.4762𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0048682𝑒1𝑒2𝑒3𝑒
+  0.0016053𝑒1𝑒2𝑒3𝑒  
−  2.0474𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00027543𝑒1𝑒2𝑒3𝑒 −  9.0821𝑒
− 05𝑒1𝑒2𝑒3𝑒  −  2.1317𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.010583𝑒1𝑒2𝑒3𝑒
+  0.0034897𝑒1𝑒2𝑒3𝑒  
−  3.8597𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-20 

(−0.0026315𝑒1𝑒2𝑒3𝑒
+  0.00086771𝑒1𝑒2𝑒3𝑒  
+  7.6354𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0012763𝑒1𝑒2𝑒3𝑒
+  0.00042084𝑒1𝑒2𝑒3𝑒  
−  2.6605𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0007184𝑒1𝑒2𝑒3𝑒
−  0.00023689𝑒1𝑒2𝑒3𝑒  
−  1.2261𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0053331𝑒1𝑒2𝑒3𝑒
+  0.0017586𝑒1𝑒2𝑒3𝑒  
−  5.5426𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-19 

(−0.00046051𝑒1𝑒2𝑒3𝑒
+  0.00015185𝑒1𝑒2𝑒3𝑒  
+  7.3737𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0017149𝑒1𝑒2𝑒3𝑒
−  0.00056546𝑒1𝑒2𝑒3𝑒  
−  2.4046𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00059822𝑒1𝑒2𝑒3𝑒
−  0.00019726𝑒1𝑒2𝑒3𝑒  
+  5.1173𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00028508𝑒1𝑒2𝑒3𝑒
−  9.4002𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  5.6374𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-18 

(7.3975𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0026753𝑒1𝑒2𝑒3𝑒
−  0.00088218𝑒1𝑒2𝑒3𝑒  
−  1.8445𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0001921𝑒1𝑒2𝑒3𝑒 −  6.3343𝑒
− 05𝑒1𝑒2𝑒3𝑒  +  1.1201𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014956𝑒1𝑒2𝑒3𝑒
−  0.00049315𝑒1𝑒2𝑒3𝑒  
−  4.928𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-17 

(−0.00085523𝑒1𝑒2𝑒3𝑒
+  0.00028201𝑒1𝑒2𝑒3𝑒  
+  7.1822𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0016403𝑒1𝑒2𝑒3𝑒
−  0.00054088𝑒1𝑒2𝑒3𝑒  
−  1.5423𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00020701𝑒1𝑒2𝑒3𝑒
+  6.826𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  6.0454𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−4.3858𝑒 − 06𝑒1𝑒2𝑒3𝑒
+  1.4462𝑒 − 06𝑒1𝑒2𝑒3𝑒  
−  4.7319𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-16 

(−0.00010965𝑒1𝑒2𝑒3𝑒
+  3.6155𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  7.0418𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0025043𝑒1𝑒2𝑒3𝑒
−  0.00082577𝑒1𝑒2𝑒3𝑒  
−  1.0735𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0001728𝑒1𝑒2𝑒3𝑒 −  5.698𝑒
− 05𝑒1𝑒2𝑒3𝑒  +  9.3761𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0020043𝑒1𝑒2𝑒3𝑒
−  0.00066091𝑒1𝑒2𝑒3𝑒  
−  4.3398𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-15 

(−0.0020394𝑒1𝑒2𝑒3𝑒
+  0.00067248𝑒1𝑒2𝑒3𝑒  
+  7.3216𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00073243𝑒1𝑒2𝑒3𝑒
+  0.00024151𝑒1𝑒2𝑒3𝑒  
−  2.3541𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00064735𝑒1𝑒2𝑒3𝑒 +
 0.00021346𝑒1𝑒2𝑒3𝑒  +
 1.6761𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0017938𝑒1𝑒2𝑒3𝑒 +
 0.00059149𝑒1𝑒2𝑒3𝑒  −
 3.0415𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-14 

(−0.0037499𝑒1𝑒2𝑒3𝑒
+  0.0012365𝑒1𝑒2𝑒3𝑒  
+  7.3684𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0032806𝑒1𝑒2𝑒3𝑒 +
 0.0010818𝑒1𝑒2𝑒3𝑒  +
 5.2717𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00050963𝑒1𝑒2𝑒3𝑒 +
 0.00016805𝑒1𝑒2𝑒3𝑒  +
 5.7626𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0052893𝑒1𝑒2𝑒3𝑒 +
 0.0017441𝑒1𝑒2𝑒3𝑒  −
 2.3048𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-13 

(0.0023245𝑒1𝑒2𝑒3𝑒
−  0.00076648𝑒1𝑒2𝑒3𝑒  
+  6.8361𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0042323𝑒1𝑒2𝑒3𝑒
−  0.0013956𝑒1𝑒2𝑒3𝑒  
−  5.3373𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0015026𝑒1𝑒2𝑒3𝑒 −
 0.00049546𝑒1𝑒2𝑒3𝑒  −
 1.1729𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00914𝑒1𝑒2𝑒3𝑒 −
 0.0030139𝑒1𝑒2𝑒3𝑒  −
 2.9444𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-12 

(0.0022587𝑒1𝑒2𝑒3𝑒
−  0.00074479𝑒1𝑒2𝑒3𝑒  
+  7.2347𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0035964𝑒1𝑒2𝑒3𝑒 −
 0.0011859𝑒1𝑒2𝑒3𝑒  +
 5.2049𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00012719𝑒1𝑒2𝑒3𝑒 +
 4.194𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 1.1716𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0085216𝑒1𝑒2𝑒3𝑒 −
 0.0028099𝑒1𝑒2𝑒3𝑒  −
 1.3948𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-11 

(0.0019298𝑒1𝑒2𝑒3𝑒
−  0.00063632𝑒1𝑒2𝑒3𝑒  
+  7.3551𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0027499𝑒1𝑒2𝑒3𝑒
−  0.00090676𝑒1𝑒2𝑒3𝑒  
+  2.2914𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00016929𝑒1𝑒2𝑒3𝑒
+  5.5823𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  3.5418𝑒 − 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0071445𝑒1𝑒2𝑒3𝑒 −
 0.0023558𝑒1𝑒2𝑒3𝑒  −
 5.0298𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-10 

(−0.00046051𝑒1𝑒2𝑒3𝑒
+  0.00015185𝑒1𝑒2𝑒3𝑒  
+  7.3793𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00067541𝑒1𝑒2𝑒3𝑒
+  0.00022271𝑒1𝑒2𝑒3𝑒  
+  2.2362𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00068506𝑒1𝑒2𝑒3𝑒
+  0.00022589𝑒1𝑒2𝑒3𝑒 )e0.01 

(0.000557𝑒1𝑒2𝑒3𝑒 −
 0.00018367𝑒1𝑒2𝑒3𝑒  −
 1.1178𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-9 

(−0.0010745𝑒1𝑒2𝑒3𝑒
+  0.00035432𝑒1𝑒2𝑒3𝑒  
+  6.9512𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0013421𝑒1𝑒2𝑒3𝑒
+  0.00044253𝑒1𝑒2𝑒3𝑒  
−  3.5767𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00013333𝑒1𝑒2𝑒3𝑒
+  4.3964𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  1.1626𝑒 − 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0016052𝑒1𝑒2𝑒3𝑒
+  0.00052931𝑒1𝑒2𝑒3𝑒  
−  7.3265𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

Table 63. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −22 to 𝑚 = −9 for 𝜔 = 1, in 

Case Study 3: GISS Surface Temperature Analysis. 
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𝑚 𝑉𝑚
𝜔 𝑆𝑚

1,𝜔
 𝑆𝑚

2,𝜔
 𝑆𝑚

3,𝜔
 

-8 

(0.0012061𝑒1𝑒2𝑒3𝑒
−  0.0003977𝑒1𝑒2𝑒3𝑒  
+  6.5836𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0012017𝑒1𝑒2𝑒3𝑒
−  0.00039626𝑒1𝑒2𝑒3𝑒  
−  7.2465𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00050875𝑒1𝑒2𝑒3𝑒 −
 0.00016776𝑒1𝑒2𝑒3𝑒  −
 7.3396𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0031008𝑒1𝑒2𝑒3𝑒 −
 0.0010225𝑒1𝑒2𝑒3𝑒  −
 1.4045𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-7 

(6.6976𝑒 −
05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0012368𝑒1𝑒2𝑒3𝑒
+  0.00040783𝑒1𝑒2𝑒3𝑒  
−  4.3088𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0004877𝑒1𝑒2𝑒3𝑒
+  0.00016082𝑒1𝑒2𝑒3𝑒  
+  5.8755𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00011403𝑒1𝑒2𝑒3𝑒
−  3.7601𝑒 − 05𝑒1𝑒2𝑒3𝑒  
−  9.9561𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-6 

(−0.0028508𝑒1𝑒2𝑒3𝑒
+  0.00094002𝑒1𝑒2𝑒3𝑒  
+  6.9252𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0041928𝑒1𝑒2𝑒3𝑒 +
 0.0013826𝑒1𝑒2𝑒3𝑒  −
 1.3007𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00059121𝑒1𝑒2𝑒3𝑒
+  0.00019495𝑒1𝑒2𝑒3𝑒  
+  6.0161𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0061577𝑒1𝑒2𝑒3𝑒
+  0.0020305𝑒1𝑒2𝑒3𝑒  
−  3.5495𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-5 

(−0.002785𝑒1𝑒2𝑒3𝑒
+  0.00091833𝑒1𝑒2𝑒3𝑒  
+  6.9929𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.003092𝑒1𝑒2𝑒3𝑒 +
 0.0010196𝑒1𝑒2𝑒3𝑒  +
 1.3141𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00022017𝑒1𝑒2𝑒3𝑒 −
 7.2599𝑒 − 05𝑒1𝑒2𝑒3𝑒  +
 2.8642𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0056138𝑒1𝑒2𝑒3𝑒
+  0.0018511𝑒1𝑒2𝑒3𝑒  
−  1.5446𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-4 

(0.00070173𝑒1𝑒2𝑒3𝑒
−  0.00023139𝑒1𝑒2𝑒3𝑒  
+  6.7431𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.002035𝑒1𝑒2𝑒3𝑒 −
 0.00067103𝑒1𝑒2𝑒3𝑒  −
 2.1427𝑒 −
06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0010254𝑒1𝑒2𝑒3𝑒 −
 0.00033812𝑒1𝑒2𝑒3𝑒  −
 4.5483𝑒 −
07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.002592𝑒1𝑒2𝑒3𝑒
−  0.0008547𝑒1𝑒2𝑒3𝑒  
−  6.9439𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-3 

(−0.0014692𝑒1𝑒2𝑒3𝑒
+  0.00048447𝑒1𝑒2𝑒3𝑒  
+  6.766𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0008026𝑒1𝑒2𝑒3𝑒
+  0.00026465𝑒1𝑒2𝑒3𝑒  
−  5.9455𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.00056752𝑒1𝑒2𝑒3𝑒
+  0.00018714𝑒1𝑒2𝑒3𝑒  
+  3.0964𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(−0.0027324𝑒1𝑒2𝑒3𝑒
+  0.00090098𝑒1𝑒2𝑒3𝑒  
−  5.2814𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-2 

(0.00065787𝑒1𝑒2𝑒3𝑒
−  0.00021693𝑒1𝑒2𝑒3𝑒  
+  6.6983𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0018289𝑒1𝑒2𝑒3𝑒
−  0.00060306𝑒1𝑒2𝑒3𝑒  
−  1.0388𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0005263𝑒1𝑒2𝑒3𝑒
−  0.00017354𝑒1𝑒2𝑒3𝑒  
−  8.8857𝑒
− 08𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0014912𝑒1𝑒2𝑒3𝑒
−  0.0004917𝑒1𝑒2𝑒3𝑒  
−  5.5688𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

-1 

(0.001535𝑒1𝑒2𝑒3𝑒
−  0.00050617𝑒1𝑒2𝑒3𝑒  
+  7.156𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0029911𝑒1𝑒2𝑒3𝑒
−  0.0009863𝑒1𝑒2𝑒3𝑒  
+  4.226𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.00023245𝑒1𝑒2𝑒3𝑒
−  7.6648𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  1.053𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0037543𝑒1𝑒2𝑒3𝑒
−  0.0012379𝑒1𝑒2𝑒3𝑒  
+  4.7786𝑒
− 06𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

0 

(−0.00010965𝑒1𝑒2𝑒3𝑒
+  3.6155𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  7.0418𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0025043𝑒1𝑒2𝑒3𝑒
−  0.00082577𝑒1𝑒2𝑒3𝑒  
−  1.0735𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0001728𝑒1𝑒2𝑒3𝑒
−  5.698𝑒 − 05𝑒1𝑒2𝑒3𝑒  
+  9.3761𝑒
− 07𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

(0.0020043𝑒1𝑒2𝑒3𝑒
−  0.00066091𝑒1𝑒2𝑒3𝑒  
−  4.3398𝑒
− 05𝑒1𝑒2𝑒3𝑒 𝑒)e0.01 

Table 64. A sample of the multivectors {𝑉𝑚
𝜔, 𝑆𝑚

1,𝜔, 𝑆𝑚
2,𝜔, 𝑆𝑚

3,𝜔} for 𝑚 = −8 to 𝑚 = 0 for 𝜔 = 1, in Case 

Study 3: GISS Surface Temperature Analysis. 
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C.2.6. Loss Plot of the MLP Training Process in Case Study 3: GISS Surface Temperature 

Analysis 

 
Figure 32. The loss values for 300 epochs in Case Study 3: GISS Surface Temperature Analysis for the 

Emergent Hyperfield Method (MLP A3). 

 
Figure 33. The loss values for 300 epochs in Case Study 3: GISS Surface Temperature Analysis for the 

MLP Method (MLP B3). 
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