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Abstract

Gravitational waves are vibrations of spacetime which propagate through space

with the speed of light. Binary systems in circular orbit such as neutron star-

neutron star, black hole-black hole or neutron star-black hole pairs are potential

candidates which emit gravitational waves. The amplitude of the gravitational

wave decreases inversely with distance from the source to the detection system.

Detection of the gravitational wave is possible by developing ultra-sensitive mea-

suring devices such as laser interferometric gravitational wave detectors.

The advanced gravitational wave detector allows measurement of strain sensitiv-

ity up to ∼10−24/
√
Hz around 100 Hz. At high frequencies, the sensitivity of such

a detector is limited by the quantum shot noise. To minimize the quantum shot

noise, very high laser power (∼1 MW) in the optical cavity is required. High

power build-up in the cavity results in thermal effects such as thermal lensing of

the optical components and large radiation pressure on the cavity mirrors. Inter-

actions between optical modes in the cavity and the acoustic modes of the mirror

should have negligible effect on the detector sensitivity. However, when two op-

tical modes interact with one acoustic mode of the mirror, they can initiate the

process of three-mode interaction. Under favorable conditions during three-mode

interaction, the amplitude of the mechanical mode of the test mass grows expo-

nentially resulting in parametric instability, which disrupts the normal operation

of the detector.

In this thesis, an experimental technique which can be used to control parametric

instability is presented. A carbon dioxide (CO2) laser thermally tunes the radius

of curvature of a mirror of the Fabry-Pérot cavity. This radius of curvature change

tunes the frequency difference between two optical modes (TEM01 and TEM00)

to match or mismatch with the frequency of the mechanical mode of the mirror.

Matching of the optical beat frequency with the acoustic mode frequency initi-

ates a parametric instability process, while a mismatch suppresses the parametric

instability.

Three important parameters that control the three-mode interaction process are

discussed in this thesis: (i) the beam spot size of CO2 laser for heating, (ii) the
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position of the heating beam on the test mass with respect to the main cavity

beam, and (iii) overlapping of the optical (TEM01) with the acoustic mode. Using

finite element analysis, suitable acoustic modes having good overlap, sufficient

heating power required for a particular beam spot size, as well as the most suitable

location for heating the mirror, were identified. The experiment highlights the

control of the three-mode interaction process on a time scale shorter than that

required for parametric instability to build up and affect normal functioning of

the detector.

The three-mode interaction experiment demonstrated displacement sensitivity of

∼ 10−17 m/
√
Hz in the 80 m sapphire optical cavity, which was sufficient to ob-

serve a thermally excited acoustic mode of sapphire. The experiment also demon-

strates radiation pressure driving of the acoustic mode. Radiation pressure driving

is performed by injecting a higher-order mode along with the fundamental mode

into the optical cavity.

The experiments presented in this thesis were carried out at the High Optical

Power Test Facility (HOPTF), which has been developed by the Australian Con-

sortium for Interferometric Gravitational Astronomy (ACIGA) in collaboration

with the US LIGO project. The HOPTF facility is located near Gingin, Western

Australia, and is operated by the UWA group. The Fabry-Pérot (FP) cavity is

made up of two suspended sapphire mirrors separated by ∼80 m distance, and

has a cavity finesse of ∼1609.



Acknowledgments

I am very thankful to my supervisors: Professor David Blair, Dr. Li Ju and

Dr. Chunnong Zhao for giving me an excellent opportunity to be a part of

their research work. I cherish the unforgettable moments and guidance I received

from them throughout my research project at the University of Western Australia

(UWA). My special thanks to Dr. Li Ju who has been so meticulous in improving

my thesis style and presentation. I thank the Endeavour Postgraduate Award for

supporting my research work at UWA and my stay in Perth.

My research work at the High Optical Power Test Facility, Gingin, would not have

been easy without the help of highly experienced technicians like Steve Pople,

Peter Wilkinson and Mark Dickinson. They have helped me with their skills in

fabrication of small mounts to hold a piezo-electric transducer on a mirror mount,

to big support to hold a high power CO2 laser and its related optical components

for my experiment.

I thank all my friends and fellow PhD students at UWA for their support and

friendship. My special thanks to Andrew Sunderland and Slawek Gras who gave

me the local ambience when I arrived in Perth from India. My thanks to Yaohui

Fan, Jean-Charles Dumas, Andrew Woolley, Pablo Barriga, Lucienne Merrill and

Siddhartha Verma who were my driving partners for the 180 km regular trip from

UWA to Gingin and back. I thank Dr. Chunnong Zhao, who taught me to drive

on Perth roads without blowing horns. I also thank Ms Ruby Chan for helping

me with administrative processes.

Thanks to Indranil Guha, Jinto Thomas and Manoj Gupta for motivation and

lending support during hard times. I highly appreciate the help given by Dr.

H.C. Joshi in improving my thesis. I thank Dr. André Fletcher for proofreading
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Thesis structure

Chapter 1 gives summary of the nature of gravitational waves and their possible

sources of origin. A brief history of earlier gravitational wave detectors, which

includes resonant bar detectors and initial laser interferometers, is given. Key

differences that distinguish the current advanced interferometers located around

the globe are highlighted here. Finally, this chapter discusses the main problem

investigated in this thesis, which arises due to the increase in laser circulating

power in advanced detectors - the three-mode interaction and its control. This

chapter introduces a new concept of thermal tuning of a Fabry-Pérot cavity using

a carbon dioxide (CO2) laser to control three-mode interactions, and hence the

control of parametric instability.

Chapter 2 elaborates on the experimental High Optical Power Test Facility (HOPTF)

at Gingin, Western Australia, and on its layout for carrying out three-mode inter-

action studies. The experimental setup for the three-mode interaction is detailed

here. This chapter discusses the diagnostic techniques used to measure the thermal

tuning of the optical cavity. In this chapter, characterisation of the Fabry-Pérot

cavity is also given using spectral and ring-down methods which provide the values

of finesse and the length of the cavity for the analysis of three-mode interactions.

Chapter 3 deals with the finite element analysis using ANSYS for the simulation

of heating a test mass using a Gaussian laser beam. Thermo-structural analysis

is carried out to obtain the radius of curvature change due to laser beam heating.

This radius of curvature change is estimated for static as well as transient condi-

tions. Modal analysis is also carried out to identify potential mechanical modes

which could participate in the said three-mode interaction processes.

Chapter 4 analyzes the parametric conditions required for a three-mode interac-

tion process. A stabilized CO2 laser performs thermal tuning of an optical cavity

by varying the radius of curvature of a cavity mirror. Thermal deformation is

measured using a Hartmann sensor and a beam profile camera. This chapter

describes the importance of heating beam position on the test mass, and also

confirms that three-mode interaction can be controlled within a few seconds. The

interaction process also reveals several mechanical modes which can initiate para-
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metric instability by three-mode interaction.

Chapter 5 characterizes the three-mode interaction process by radiation pressure

excitation of the mechanical mode of the test mass. Using the analogy of an

electrical feedback circuit, the parametric gain of the optical cavity is calculated.

Chapter 6 concludes with the observation that in Advanced detectors, where the

circulating power reaches ∼1 MW, thermal tuning of the test mass using a CO2

laser can be used to control parametric gain build-up. Potential acoustic modes

of a test mass participating in the three-mode interaction can be identified using

simulation and suitable automation technique could be applied experimentally to

suppress the excitation of the mechanical modes.

In the Appendices, several key formulae and descriptions related to three-mode

interaction and radius of curvature measurements are described. An ANSYS script

used for thermo-structural analysis is also given here. The final appendix lists the

papers published on the research work presented in this thesis.
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Chapter 1

Introduction

1.1 Thesis overview

The goal of this thesis is to develop an experimental method to control the build-

up of parametric instability in high power laser interferometers designed for the

detection of gravitational waves. Parametric instability is initiated when optical

modes interact with the mechanical mode of the mirror under certain favorable

conditions inside the gravitational wave laser interferometer. This thesis discusses

and demonstrates a procedure that can control the interaction between the modes,

which if otherwise left unattended, would affect the detector’s performance. Since

the motivation of this work is the detection of gravitational waves using a laser in-

terferometer, I shall begin with a brief introduction on the nature and occurrence

of gravitational waves, followed by a very brief review of the history of attempts

made to detect these waves using sensitive gravitational wave detectors. The lat-

ter part of this chapter focuses on laser interferometric-based gravitational wave

detectors, which include a description of the design and the key technologies used

in the new generation of the advanced detectors. Finally, the main problem in-

vestigated in this thesis is introduced, i.e. the control of parametric instability by

exploiting the process of three-mode parametric interactions using carbon dioxide

(CO2) laser heating of a cavity test mass.



2 Chapter 1. Introduction

1.2 Gravitational waves

Our understanding of the universe is largely through electromagnetic (EM) waves.

The EM spectrum has opened several techniques to view the universe, such as:

optical astronomy, radio astronomy, X-ray astronomy and infra-red astronomy.

However, gravitational waves (GWs) are expected to offer us a new channel with

which to understand our universe. If EM astronomy gives us eyes with which we

can see the universe, then GW astronomy offers us ears with which to hear it [1].

In 1916, Einsteins general theory of relativity [2] first postulated the existence of

GWs. For three decades, the best evidence of their existence came from the work

of Joseph Taylor and Russell Hulse, who discovered the binary pulsar system PSR

1913+16 in 1974. They observed that if a pair of neutron stars orbit faster and

faster around each other, the binary neutron star can lose energy in the form of

emitted GWs. In 1993, they received the Nobel prize in Physics “for the discovery

of a new type of pulsar, a discovery that opened up new possibilities for the study

of gravitation”. On 14th September 2015, two gravitational wave detectors in

United States simultaneously observed a transient gravitational wave signal [3].

A brief discussion on this current discovery of gravitational wave signals will be

given in Section 1.6. Before Sect. 1.6, I would like to describe the highly sensitive

GW detectors and the challenges involved in the detection of GWs. This thesis

will discuss some of these challenges, and appropriate methods applied to make

the instrument capable of detecting this discovery of the century.

1.2.1 Behavior of gravitational waves

In Newtonian physics, space and time are described as infinitely rigid grids, in

which gravitational waves cannot exist. However, general relativity introduces a
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finite stiffness for space thus defining its elasticity. This stiffness is expressed by

the Einstein field equation given by:

T =
c4

8 · π ·GG, (1.1)

where T is the stress energy tensor, G is the Einstein curvature tensor, c is the

speed of light and G is Newton’s gravitational constant.

The numerical value of c4/8πG in Eqn. 1.1 is 1043N , emphasizing the extremely

high stiffness of space, which is the reason that the Newtonian law of gravitation is

an excellent approximation to our everyday world. Due to this enormous stiffness,

gravitational waves have small amplitude even though their energy density is very

high.

Curvature in spacetime is a consequence of mass-energy distribution [1]. The more

massive is the object, the greater the space-time curvature it creates. When a non-

spherical system of mass-energy distribution causes perturbations in space-time,

and the perturbations propagate as waves with the speed of light, the resulting

waves are called gravitational waves. As acceleration of electric charges generates

EM waves, in a similar manner acceleration of massive objects emit GWs. Unlike

electric charges (which can have two polarities - positive and negative), masses

have only positive values. Hence it is not possible to create an oscillating mass

dipole. However, from conservation of momentum, acceleration of one mass at

the left can create an equal and opposite reaction at the right. Therefore, for a

system of two equal masses, the spacing can change but their center of mass is

not altered. This means that there can exist time-varying quadrupole moments,

but there is no variation in the monopole or dipole moments.
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Figure 1.1 – Lowest order non-spherical deformation of a ring of eight test
masses (when a gravitational waves passes perpendicular to the page) is
highlighted here. The top figure represents the “+” polarization, while the
bottom the “x” polarization.

Emission of GWs can be understood if we consider the dynamic motion of a system

of distributed masses. Any spherically symmetric change in mass distribution will

not create variations in the external gravitational field, and hence no emission of

GWs. Obviously, non-spherical motions of masses must generate GWs. Since the

simplest form of non-spherical deformation is the quadrupole moment, it indicates

that GWs are quadrupole in nature. The effect of a passing gravitational wave

on a ring of eight test masses (as shown in Fig. 1.1) can be explained as follows:

Imagine a ring of eight test masses kept in the plane of the page. A gravitational

wave passing perpendicular to the plane of the page distorts the ring such that

the lowest order non-spherical motion is created when it passes through. On the

ring of masses, the effect will be such that the edge masses move inwards while

the top and bottom masses move apart, as shown in Fig. 1.1. Here, the diagonally

placed masses do not get affected. If the gravitational wave happens to fall on

the system of test masses at a polarization angle of 45o, the diagonal masses move

radially while the top, bottom and edge masses do not have radial motion. This

shows that, unlike for EM waves, GW polarizations have just 45o differences in
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orientations. The amplitude of a GW is measured by the relative change in spacing

between the masses. The GW amplitude, usually represented as h, is given by Δl
L
,

where L is the equilibrium spacing between the test masses and Δl is the change

in the spacing between them.

1.2.2 Sources of gravitational waves

In general relativity, the energy radiated as a GW is given quantitatively by:

LG ∼ G

c5

(
d3D

dt3

)2

, (1.2)

where LG is the gravitational wave luminosity and D is the source quadrupole

moment. The quadrupole moment of a rotating binary star system in a circular

orbit at an angular frequency ω, as shown in Fig. 1.2. The square of the third

time derivative comes out proportional to ∼M2 L4 ω6, and the GW luminosity of

such a system is given by:

LG ∼ G

c5
M2L4ω6, (1.3)

where M is the mass of the binary star system, and L is the distance between the

two stars.

The factor G
c5

is extremely small, and hence GWs would be almost undetectable.

If we assume a black hole system for which the escape velocity approaches c, and

each mass has a radius close to the Schwarzschild radius, rs=2 GM
c2

, the luminosity
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Figure 1.2 – A rotating binary star system with an orbital angular fre-
quency ω has a time-varying quadrupole moment D and generates gravita-
tional waves.

LG can be expressed in relativistic units as:

LG ∼ c5

G

(v
c

)6 (rs
r

)2

, (1.4)

where v is the mean velocity of the mass and c is the velocity of light.

The numerical factor in Eqn. 1.4 is the reciprocal of Eqn. 1.3, which shows that for

relativistic systems such as interacting black holes, the luminosity is in fact quite

enormous [1]. The huge difference in Eqns. 1.3 and 1.4 highlights the difference

between the physics of normal matter and that of black holes. Normal matter

in our Solar System creates negligible curvature of space-time, while a pair of

coalescing black holes creates large distortions of space-time, and generates large

amplitude GWs.

Any source emitting GWs can be characterized by amplitude h and flux F (Wm−2)
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detected at the Earth, or by Luminosity LG, which characterizes the total rate of

energy loss from the system. The relation between flux F and amplitude h can be

written as:

F =
πc3

4G
f 2h2, (1.5)

where f is the GW frequency, h2 is the sum of the squares of the amplitudes for

the two polarizations h2=h2
++h2

X .

Several astronomical sources have been predicted to be potential candidates ra-

diating GWs. They are classified into four main categories: coalescent binaries,

burst sources, periodic sources and stochastic backgrounds.

Coalescent binaries : Coalescing binaries of compact objects such as neutron

stars (NSs) and stellar-mass black holes (BHs) are promising gravitational-wave

(GW) sources for ground-based, kilometer-scale interferometric detectors.

Burst sources : Burst sources are the final coalescences of compact binary sys-

tems comprised of binary neutron stars, binary black holes, or neutron star-black

hole binaries. Burst sources can also be due to the formation of neutron stars and

black holes in supernova events.

Periodic sources : Binary star systems far from coalescence produce periodic

GWs. Rotation of a single non-spherical neutron star and deformed white dwarfs

also emit periodic GWs. Such sources are generally weaker than the burst sources

described earlier.

Stochastic backgrounds : These backgrounds arise due to the integrated effects

of many weak periodic sources in our Galaxy, or bursts emitted from the births

of black holes and neutron stars throughout the universe.
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It should be noted that the amplitude of a GW decreases as 1
r
(where r is the

distance between the source emitting the GW and the detector). Therefore, the

strain amplitudes of the gravitational wave detected on Earth caused by violent

astrophysical events is extremely small. The strain amplitude, defined as h, will

be of the order of 10−21 or smaller, depending upon the distance of the source

from the detector [4] [5].

1.2.3 Early gravitational wave detectors: review

In the 1960s, Joseph Weber of the University of Maryland made an attempt to

measure GW signals. His detector consisted of a massive aluminum cylindrical

bar (Fig. 1.3(a)) weighing 1.2 tons. The incoming GWs would excite mechanical

longitudinal oscillations of the bar which could be measured using piezoelectric

transducers attached to the waist of the cylinder.

(a) (b)

Figure 1.3 – (a) Weber’s first resonant bar detector [6], (b) The cryo-cooled
bar detector of NAUTILIS at Frascati, along with its cryogenic shields [7].
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The Weber detector (at room temperature) was able to detect a strain of the order

of 10−16 [8]. Over the years, bar type detectors were improved in sensitivity with

the introduction of cryogenic cooling (Fig. 1.3(b)), to reduce the noise level. A

network of five cryogenically-cooled bar detectors was operated from 1997 to 2000

under the founding core of the International Gravitational Event Collaboration

(IGEC) [1]. The detectors under IGEC were ALLEGRO [9] at the Louisiana

State University, AURIGA [10] at Padua University, EXPLORER [11] at CERN,

NAUTILUS [11] at the Frascati Laboratory, and NIOBE [12] at the University of

Western Australia. These bar detectors achieved strain amplitude spectral noise

near 10−21/
√
Hz, but within a narrow band of 1-30 Hz [13] near their resonant

frequencies ranging from ∼700 Hz to ∼900 Hz. This network of bar detectors

placed around the globe is shown in Fig. 1.4. Some other resonant-mass detectors,

Figure 1.4 – Network of cryogenically-cooled bar detectors around the
globe. The figure is taken from IGEC [14].

such as spherical antennae [15] [5], have the ability to obtain information about

the polarization and the direction of the source producing GWs. There was also a
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proposal to split the detection band into several optimized detectors of moderate

bandwidths to form a Xylophone configuration [16] [17] covering the full detection

band. The above-mentioned resonant-mass detectors were sensitive in detecting

GWs having h≈10−20, which are estimated to be a very rare event. The detection

of gravitational waves with a strain of ≈10−20 is only possible if the frequency

of the wave matches the resonant frequency of the detector, and the duration

of the wave is comparable to the damping time of the vibration of the bar. To

measure gravitational waves with strain amplitudes much smaller than h≈10−20,

laser interferometers have replaced bar detectors, and are capable of measuring h

with amplitudes smaller by at least an order of magnitude.

1.2.4 Laser interferometers vs. Bar detectors

One advantage of a laser interferometer over a bar detector is that the former has

sensitivity over a wide range of frequencies, and so is not limited to a particular

resonant frequency. A detector based on a Michelson interferometer configura-

tion can measure the relative displacement between mirrors aligned perpendicu-

larly [18] [19] [7], as shown in Fig. 1.5. The amplitude (h) of a gravitational wave

is measured by the relative change in the spacing between the test mass mirrors.

Another advantage of a laser interferometer is that its scale is set by the velocity

of the light, while that of a bar detector is set by the velocity of sound and hence

avoids the non-resonant feature of the bar detector. As laser interferometers have

the advantage to detect GWs over a wide band of frequencies, in principle they

have hundreds of kilometers arm length, while the bar detectors are limited to a

few meters in length to detect GWs of a certain resonant frequency. By increasing

the arm length of a laser interferometer, the relative displacement Δl (Δl=hL)

can be made larger. Due to the sphericity of the Earth, an arm length of hundreds
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Figure 1.5 – Effect of a gravitational wave passing perpendicular to the
plane of the paper on the orthogonal arms of an interferometer. The wave
elongates one arm while compressing the other arm in one half-cycle, and in
the opposite way in the next half-cycle. The relative change in arm length
modulates the phase shifts, which in turn are observed as light intensity
modulations at the photodetector. This schematic depicts one of the linear
polarization modes of the gravitational wave. This figure is taken from B.
P. Abbott et al. [19].

of kilometers is not practical, and therefore interferometer arm lengths are scaled

down to a few kilometers by using resonant cavities, as shown in Fig. 1.6. The

laser beam travels between the mirrors several times to increase the path length

to hundreds of kilometers, as well as to increase the circulating power.

1.3 Laser interferometer gravitational wave de-

tectors

1.3.1 Kilometer-scale laser interferometer gravitational wave

detectors

Current laser interferometers, for gravitational waves detection, are modified ver-

sions of the developments proposed by Moss et al. [20], Forward [21], andWeiss [22].
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In the present-day interferometers, along with a Fabry-Pérot (FP) cavity in each

orthogonal arm, there are two recycling mirrors [23], namely the power recycling

mirror (PRM) and the signal recycling mirror (SRM), as shown in Fig. 1.6.

Figure 1.6 – Current gravitational wave detector is a modified Michelson
interferometer. The detector includes a pair of orthogonally placed FP
cavities in each arm, made up of two mirrors called the input test mass
(ITM) and the end test mass (ETM). The interferometer includes a power
recycling mirror (PRM) and a signal recycling mirror (SRM).

(a) Power recycling mirror (PRM):

The antisymmetric port of the Michelson interferometer is set to operate at a dark

fringe, to minimize the shot noise, i.e. the reflected beams from the arm cavities

interfere destructively at the detector port. If losses in the interferometer are

low, a major part of the laser beam transmitted from the FP cavity reflects back

to the laser source. A mirror is placed between the laser source and the beam

splitter (BS) to redirect the reflected beam from the cavity. This reflected beam

coherently adds in phase with the incoming beam from the laser before entering
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the cavity. The mirror increases the circulating power in the interferometer, and

this technique is known as the power recycling method [24]; the mirror used for

power recycling is called the power recycling mirror (PRM) (Fig. 1.6).

(b) Signal recycling mirror (SRM):

The SRM is a partially reflecting mirror placed at the output port of the interfer-

ometer, as shown in Fig. 1.6. The SRM recycles and increases the storage time

of the signal inside the interferometer. When the interferometer is operated at

a dark fringe, the laser frequency does not reach the SRM. However, a passing

GW would modulate the interferometer arm length to produce upper and lower

sidebands. These sidebands leak from the interferometer towards the SRM, which

reflects and recycles the signal sidebands within the interferometer. Meanwhile,

for signal extraction at the detector port, the SRM is detuned away from the

carrier frequency [25] [26]. With fine tuning, the sideband frequency is shifted

to a lower frequency range, and the interferometer sensitivity is improved to get

a narrow bandwidth. The bandwidth at this detuned position of the SRM is

proportional to the peak frequency. This configuration is called the resonant side-

band extraction (RSE) configuration. In the advanced detector, the SRM will be

detuned such that the response at the photodetector will be maximum without

affecting the power recycling cavity (PRC) or the circulating power.

When both the power recycling and the signal recycling mirrors are used, the

technique is called the dual recycling technique.

1.3.2 Detectors around the world

Direct detection of passing gravitational waves is possible using a single de-

tector with high sensitivity. However, a single detector cannot confirm passing
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gravitational waves because of higher chances of false detection induced by local

disturbances. A single detector also cannot determine the polarization and the di-

rection of the gravitational wave. A series of detectors at different locations across

the globe can verify a gravitational wave signal, as well as pinpoint its source and

polarization. A worldwide network can also reduce the false alarm rate by a coin-

cidence search, and hence obtain more information from a passing wave. Table 1.1

highlights four large-scale gravitational wave detectors constructed during 1990 to

1995, along with their key differences. All the detectors have achieved their pro-

posed designed sensitivity, and are classified as the first generation of gravitational

wave detectors.

The second generation of detectors, referred to as the advanced gravitational

wave detectors, has commenced its operation from 2015 and will carry on to 2018.

The advanced detectors will have improved strain sensitivity (by a factor of 10 [27]

over the initial LIGO). This improvement in strain sensitivity would increase

the observable volume in space by 103 (as the observed volume of space scales

cubically with detector sensitivity). The second generation of detectors include

the Advanced LIGO (USA), Advanced VIRGO (Italy) and KAGRA (Japan). The

detectors in the USA include both the detectors at Livingston and Hanford. Table

1.2 summarizes some of the key features of the second generation of detectors.
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Parameters LIGO [28] VIRGO [29] GEO [30] TAMA* [31]

Sensitivity
∼ 3× 10−23/

√
Hz

at 150 Hz

∼ 10−21/
√
Hz

at 10 Hz

∼ 2× 10−22/
√
Hz

at 600 Hz

∼ 10−21/
√
Hz

at 1 kHz

Length 4 km 3 km 600 m 300 m

Range of

sensitivity

100 Hz

to

37 kHz

10 Hz

to

10 kHz

50 Hz

to

1.5 kHz

200 Hz

to

7 kHz

Tube

diameter
1.2 m 1.2 m 60 cm 40 cm

Pressure 10−7 Torr 10−7 Torr 7.5× 10−7 Torr 7.5× 10−9 Torr

Vibration

isolation

5 passive

stages

6 passive

stages

3 pendulum

stages

Double

pendulum

Seismic

attenuation

≥ 10−9

(100 Hz)

10−11

(10 Hz)

10−7

(50 Hz)

Better than

10−12

above 10 Hz

Input

laser power
10 W 20 W 10 W 10 W

Mirror
11 kg

fused silica

21 kg

VIRGO

grade

Fused silica

∼6 kg

Fused silica

50 kg

sapphire

Mirror

diameter
250 mm 350 mm 250 mm 300 mm

Mirror

loss
75 ppm [32] 1 ppm 0.25 ppm/cm 500ppm/18 cm

Country USA Italy Germany Japan

Status Operational Operational Operational Decommissioned

Table 1.1 – Four large-scale ground-based gravitational wave detectors.
LIGO, VIRGO and GEO are being upgraded to achieve better sensitiv-
ity (by a factor of 10) to detect several sources of gravitational waves per
year. *TAMA is decommissioned, and in its place the future project named
KAGRA will be operational by 2018.
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Parameters Adv LIGO [33] Adv VIRGO [34] KAGRA [35] [36]

Sensitivity
∼ 3x10−24/

√
Hz

at 300 Hz

∼ 3x10−23/
√
Hz

at 300 Hz

< 10−23/
√
Hz

at 80 Hz

Type Dual Recycled Dual Recycled Dual Recycled

Length 4 km 3 km 3 km

Range of

sensitivity
10 Hz to 3 kHz 10 Hz to 10 kHz 9 Hz to 5 kHz

Tube

diameter
1.2 m 1.2 m 80 cm

Pressure 10−9 Torr 10−9 Torr 1.5x10−9 Torr

Vibration

isolation

4-stage

isolation

Superattenuators

combination of

active and passive stages

7-stage

isolation

Seismic

attenuation

≥ 10−12

(10 Hz)

40 dB attenuation

above 4 Hz

< 10−20 m/
√
Hz

gravitational wave

detection bandwidth

Input

laser power
180 W

125 W after

input mode cleaner
200 W

Mirror
40 kg

Fused silica

42 kg

Fused silica

22.8 to 30 kg

Sapphire

Mirror

diameter
340 mm 350 mm 220-250 mm

Power/Signal

recycling mirror

150 mm diameter

75 mm thick

350 mm diameter

100 mm thick

250 mm diameter

100 mm thick

Mirror

loss
75 ppm 37.5 ppm 45 ppm

Country USA Italy Japan

Status Operational (2015) Operational by 2016 Operational by 2018

Table 1.2 – Parameters of advanced gravitational wave detectors are shown.
LIGO and VIRGO will start their Science Runs by 2016, while KAGRA will
start its Science Run by 2018.
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Other proposed ground-based detectors will add to the network of Advanced

detectors in future. One of them is LIGO-India [37]. The detector in India will

have the same sensitivity as the Advanced LIGO-US detectors. A proposed third

generation of ground-based detector is the Einstein Telescope (ET) [38] by the

European Union. ET will have an improved sensitivity compared to the current

advanced generation of detectors, as shown in Fig. 1.7.

Figure 1.7 – Target sensitivity proposed for Einstein Telescope (blue).
Red curve shows the sensitivity curve for initial LIGO and the green curve
shows the sensitivity curve of advanced LIGO. This figure is taken from
http://arxiv.org/pdf/0810.0604v2.pdf

The sensitivity of a ground-based detector is affected by several noise sources:

the seismic and ground-borne disturbances; thermal noise associated with the test

masses and their suspensions; shot noise arising from the fluctuation in the number

of photons falling on the photodetector; and radiation pressure noise arising due

to the circulating laser beam between the interferometer mirrors. Fluctuating

gravitational gradients also set a limit on the interferometer sensitivity for low

frequencies. Different types of noise affecting the ground-based detectors is dealt
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with briefly in the next Section.

1.4 Noise sources limiting the GW detector sen-

sitivity

A ground-based gravitational wave detector is prone to various sources of

noise which affect the detector’s sensitivity. Dominant noise sources are:

(i) Seismic noise,

(ii) Newtonian noise,

(iii) Thermal noise, and

(iv) Quantum noise.

1.4.1 Seismic noise

Noise with a spectrum of 10−6 - 10−8 f−2 m√
Hz

(where f is the frequency)

is generated by ground motion [8]. Ground-based detectors are subjected to this

broadband noise, which includes Earth seismic activity, nearby human activity

and vibration from trees caused by the wind. Coupling of seismic activity with

the interferometer mirrors affects the sensitivity of a gravitational wave detector.

Multi-stage vibration isolation( [39], [40], [41], [42]) is used to suspend the test

mass and to attenuate the horizontal and vertical couplings of the seismic noise

with the detector.

1.4.2 Gravity gradient (Newtonian) noise

Seismic waves, atmospheric pressure fluctuations, vehicles, animals, etc, act

as density perturbations in the neighboring region. The density perturbations
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produce significant fluctuating gravitational forces on the interferometer’s test

masses [43]. Gravity gradient noise is expected to be the limiting factor at low

frequencies for advanced ground-based detectors with high quality seismic isola-

tion systems.

1.4.3 Thermal noise

Thermal noise in the detector is associated with the test mass and its sus-

pension’s Brownian motion. An average energy kBT (where kB is the Boltzmann

constant, and T is the temperature) is present in each resonant mode of the

mechanical system. The distribution of thermal noise is characterized by the

equilibrium between the frictional forces that dissipate energy in these modes

and the fluctuating forces that excite these modes. In a gravitational wave de-

tector, thermal noise is a dominant factor affecting the detector’s most sensitive

frequency band. Thermal noise also becomes the most significant noise source for

the low-frequency region of a gravitational wave detector.

In a laser interferometer gravitational wave detector, thermal noise can be

divided into suspension thermal noise and internal thermal noise of the test mass.

The suspension thermal noise power spectral density can be written as:

x2
p(ω)≈4kBT

ω2
p

Qpmω5
, (1.6)

where Qp is the suspension quality factor, and ωp is the resonant frequency of the

suspension system.

The suspension thermal noise can be minimized by increasing the mass of

the suspended mirror and the suspension quality factor Qp (Eqn. 1.6). By using
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low-loss materials such as fused silica fibers, very high Qp factors can be achieved

( [44]). Materials having high Q-factors such as quartz, silicon and sapphire, are

widely investigated as test masses in prototype interferometer detectors [45], [46]

and [47].

The internal thermal noise of a test mass can be expressed in terms of

power spectral density using Levin’s approach. The power spectral density of

thermally excited displacements of the front face of a test mass mirror can be

written as [48] [49]:

Sx(f) =
2kBT

π2f 2

Wdiss

F 2
0

, (1.7)

where Wdiss is the power dissipated when a notional oscillatory force of peak

magnitude F0 acting on the face of a test mass mirror has an associated pressure

of spatial profile identical to that of the laser beam used to sense the mirror

displacement.

Multiple highly reflective dielectric coatings on the mirror surface are also

sources of thermal noise in advanced gravitational wave detectors. Noise due to

these coatings includes Brownian noise, thermal-elastic noise (expansion of coated

material) and thermal refractive index noise (due to temperature). The power

spectral density of the coating thermal noise, from a Gaussian-profile laser beam,

is given by [48]:

x2(ω) =
4kBT

a
[
φeff (1− σ)

(
√
πωY )

], (1.8)

where σ and Y are the Poisson ratio and Young’s modulus of the mirror, respec-

tively; a and φeff are the spot size of the Gaussian beam incident on the mirror

and the effective loss angle of the mirror, respectively. By increasing the spot size
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of the Gaussian beam, thermal noise due to the mirror coating can be minimized.

1.4.4 Quantum noise

Quantum noise refers to noise that arises from the quantum nature of the

light source, and from the photodetection process used in gravitational wave in-

terferometers. Two forms of quantum noise are:

(a) Shot noise, and

(b) Radiation pressure noise.

(a) Shot noise

Shot noise arises from the fluctuation in the number of photons at the interferom-

eter output. Shot noise, also referred to as the photon counting error, is inversely

proportional to
√
N , where N denotes the number of photons arriving at the pho-

todetector port. The photon shot noise can be expressed in terms of the strain

amplitude sensitivity (h) of the interferometer, and has the form [50]:

hshot(f) =
1

L

√
h̄cλ

2πPin

, (1.9)

where Pin is the power of the incoming laser beam of wavelength λ, and L is the

separation between the suspended mirrors.

Thus, as the laser power Pin increases, the shot noise decreases as
√
Pin.

(b) Radiation pressure noise

Radiation pressure noise arises from quantum fluctuations of the light intensity.

Each photon imparts a momentum on the test mass at each reflection. Radiation

pressure noise is proportional to
√
N , and is expressed in the interferometer’s
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strain amplitude sensitivity term h:

hrp(f) =
1

mf 2L

√
h̄Pin

2π3cλ
. (1.10)

Radiation pressure noise increases by a factor proportional to
√
Pin.

The total noise caused by photon statistics effects (Eqns. 1.9 and 1.10)

shows that the quadrature sum of the shot noise and radiation pressure noise can

be written as:

h(f) =
√

h2
shot(f) + h2

rp(f). (1.11)

It shows that, for a particular frequency of operation, there will be an optimum

laser power within the interferometer which minimizes the effect of these two

sources of optical noise [8]. At frequency f0, the power Popt = πcλmf 2
0 , where

hshot = hrp.

The total noise at this optimum power, Popt, can be expressed as:

hSQL(f) =
1

πfL

√
h̄

m
. (1.12)

This is known as the Standard Quantum Limit (SQL). This SQL becomes the

fundamental limit on the sensitivity of an interferometer, which is independent

of laser power or laser wavelength. By increasing the effective arm length, or by

increasing the mass of the mirror, the SQL can be improved. Fig. 1.8 shows the

total noise spectrum of Initial LIGO. At low frequencies, the radiation pressure

noise is dominant, while at high frequencies shot noise becomes dominant. Fig.

1.8 shows that a fundamental limit to the displacement sensitivity is set as the

laser power is increased.
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Figure 1.8 – The blue line is the achieved strain spectral noise density at
LIGO Hanford. The green line is the designed sensitivity. SQL is shown in
the red line which is formed from the calculated quantum noise shown in
cyan, purple, and pale-yellow, respectively. SQL is improved as the circu-
lating power is increased. This plot is taken from the PhD thesis of T. R.
Corbitt [51].

1.5 Improving the sensitivity of gravitational wave

detectors

Earlier gravitational wave detectors could detect only very strong and rare

gravitational wave sources [8]. To increase the detection rate in a year, improve-

ment in the sensitivity [52] by a factor of 10 is required. LIGO has been upgraded

to Advanced LIGO (Adv LIGO), while VIRGO is being upgraded to Advanced

VIRGO (Adv VIRGO) to achieve a 10-15 times increase in sensitivity over their

earlier configurations. At these increased sensitivity levels, the volume of the

probed space covered by these detectors will increase by a factor of ∼1000, which

means that neutron-star-binary coalescences of 40 per year [8] can be expected.
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The following factors can improve the detector’s sensitivity( [53], [54]): up-

grading the detector configuration, improving vibration isolation and suspension,

using larger test masses, and increasing the circulating laser power within the cav-

ity. Fig. 1.9 shows the proposed sensitivity of the Advanced gravitational wave

detectors( [55], [56], [57]).

Figure 1.9 – Proposed design sensitivities for Advanced gravitational wave
detectors. This sensitivity will be achieved by upgrading and incorporating
key components constituting the whole detector. This plot is taken from
www.ligo.caltech.edu

It is obvious from the previous paragraphs that one of the important param-

eters that will be exploited in Advanced interferometers is the input laser power,

which will increase the circulating laser power within the optical cavity.
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1.6 First direct detection of gravitational waves

At the time of writing this thesis, the Advanced LIGO interferometer in the

USA (detectors in Hanford and Livingston) started its first observational run from

September 12, 2015 to January 12, 2016. On September 14, 2015, 09:50:45 UTC,

the two detectors in the USA simultaneously observed a transient gravitational

wave signal [3]. This signal swept upwards in frequency from 35 Hz to 250 Hz,

with a peak gravitational strain of 1.0 x 10−21, as shown in Fig. 1.10.

Figure 1.10 – Gravitational wave event observed by the two LIGO-US
detectors at Hanford (H1) and Livingston (L1). Left panel shows the signal
observed at H1, and the right panel shows the signal observed at L1. Time
shown is relative to September 14, 2015 at 09:50:45 UTC. Top row left and
top row right show the strain values at H1 and L1, respectively. Second
row shows the theoretical values of strain projected on the detectors in the
35-350 Hz band. Third row shows the residuals obtained after subtracting
the numerical relativity values of the second row from the first row. Fourth
row shows the time-frequency representation of the strain data, which shows
signal frequency increasing with time. This plot is taken from B. P. Abbott
et al. [3].

The signal was found to match the waveform predicted by general relativity

for the inspiral and merger of a pair of black holes, and the ring-down of the
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resulting single black hole. This is the first direct detection of gravitational waves,

and the first observation of a binary black hole merger.

The detector’s configuration at the Hanford and Livingston Observatories

at the time of detection is shown in Fig. 1.11.

Figure 1.11 – (a) Schematic of Advanced LIGO-US detectors at H1 and
L1 at the time of the GW150914 event. Locations of H1 and L1 are shown
in the top left corner with a light travel time calculated as 10 ms. (b) The
instrumental noise for each detector around the time of the signal detection.
The sensitivity is limited by photon shot noise at frequencies above 150 Hz,
and by a superposition of other noise sources at lower frequencies. This
figure is taken from B. P. Abbott et al. [3].

The coincident signals observed by these observatories is named GW150914.

The signal was first detected at Livingston Observatory, and after 6.9 ms at Han-

ford Observatory. The source position of GW150914 is primarily determined by

the relative arrival time, and is localized to an area of approximately 600 deg2.

Only the LIGO-US detectors were operational at the time of GW150914. The

VIRGO detector was being upgraded, and GEO600-which is not sensitive to this

event-was operating but not in observational mode.
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1.6.1 Features of GW150914

The basic features of GW150914 show that the gravitational waves are

formed from the coalescence of two black holes. The orbital inspiral, merger

and final ring-down of GW150914 occurs over 0.2 s, as shown in Fig. 1.12, i.e. the

signal increases in frequency and amplitude over about 8 cycles from 35 to 150

Hz, where the amplitude reaches a maximum.

Figure 1.12 – Top figure shows two black holes of 36 and 29 solar masses
performing the inspiral, merger and the subsequent ring-down. The final
black hole has a mass of 62 solar mass. Estimated gravitational wave strain
amplitude from GW150914 projected onto H1. The bottom plot shows the
Keplerian effective black hole separation in units of Schwarzschild radii, and
the effective relative velocity given by the post-Newtonian parameter. This
figure is taken from B. P. Abbott et al. [3].

To reach an orbital frequency of 75 Hz (half the gravitational wave fre-

quency), the objects must have been very close and very compact. A pair of

neutron stars, although compact, do not have the required mass, while a black

hole-neutron star binary with the deduced chirp mass has a very large total mass,

and would thus merge at a much lower frequency. This leaves black holes as

the only known objects compact enough to reach an orbital frequency of 75 Hz
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without contact.

The fact-sheet of the detected GW [58] in Fig. 1.13 gives the detailed de-

scription of GW150914.

distance, redshift 410 Mpc, 0.09

peak frequency 150 Hz 

QNM frequency 250 Hz

peak strain 10-21

peak luminosity 3.6 x 1056  erg s-1

peak speed 0.6 c

radiated energy 3 M⊙, 5% of mass 

Detector Frame Masses M⊙

total mass 70

chirpmass 30

primary BH 39

secondary BH 31

remnant BH 67

Source Frame Masses M⊙

total mass 65

chirpmass 28

primary BH 36

secondary BH 29

remnant BH 62

mass ratio 0.8

G W  1 5 0 9 1 4 :   F A C T S H E E T

date 14 Sept 2015

time 09:50:45 UTC

observatory LIGO WA, LA

source type black hole binary

SNR 24

false alarm prob. <  2 x 10-7 

false alarm rate 1 in 200,000 yr

chirptime at 35 Hz 200 ms

cycles from 35 Hz 8

remnant size, area 210 km, 

inferred rate 2-400 Gpc-3 yr-1

BH spins

primary < 0.7

secondary < 0.9

remnant 0.7

graviton mass < 1.2 x 10-22 eV

resolved to 600 sq. deg.

orientation face-on/off

sky location      southern hemisphere

CPU hours used ~ 50 million

Figure 1.13 – Fact sheet about the detected gravi-
tational wave GW150914. This table is taken from
www.astro.cf.ac.uk/research/gravity/resources/GW150914-
FactSheet.pdf [58]

During the observational run of the detectors in the two LIGO Observatories,

the circulating laser power in the main cavity was ∼100 kW. Increase in the
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circulating power to ∼1 MW (detector when operated in full power) would mean

addressing main aspects like thermal lensing, parametric instability and radiation

pressure. These three issues are taken up in the next Section of this thesis.

1.7 Concerns with increasing the laser power in

a gravitational wave detector

As mentioned in Sect. 1.4.5, to attain the desired SQL, and hence improve

detector sensitivity, enhancement of laser light power in the interferometer cavity

is needed. However, this enhancement in power brings about various non-linear

effects. Three such effects arising from high circulating power are as follows:

(i) thermal lensing caused by the mirror substrate and its dielectric coating

( [59], [60], [61]),

(ii) parametric instability caused by the radiation pressure-mediated opto-acoustic

oscillations ( [62], [63], [64]), and

(iii) Radiation pressure-induced dynamics on the cavity mirrors [65].

1.7.1 Thermal lensing and its consequences for the test

mass

In a laser interferometer, absorption of laser light occurs at the mirrors of

the FP cavity. Absorbed power converted to heat conducts (depending upon the

thermal conductivity of the material) into the substrate creating a temperature

gradient in the test mass. This temperature gradient introduces deformations in

the test mass due to thermo-optic (the refractive index gradient on the substrate)

and thermo-elastic (thermal expansion of the optical coating) effects. The thermo-

optic and thermo-elastic effects change the optical properties of the test mass,
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which is known as thermal lensing. Fig. 1.14 shows the temperature gradient in a

test mass substrate when a Gaussian beam is incident on it. Thermal lensing can

tune the radius of curvature of the test mass, and can increase the gain factor of an

optical cavity [63] [64]. This happens when the frequency difference between the

optical modes is tuned to match the mechanical mode frequencies of the test mass.

In certain circumstances, an increase in gain factor can affect normal functioning

of the detector.

Figure 1.14 – The incident laser beam of radius r creates a temperature
gradient ΔT (r, z) along the thickness z of the test mass. Thermal expansion
ΔL(r) occurs on the surface of the test mass. This figure is taken from the
PhD thesis of J. Degallaix [66].

To nullify or compensate for the effect of thermal lensing of the test mass

inside the vacuum chamber, several methods have been successfully demonstrated

earlier. One of the methods involves the fixing of heating rings around the cir-

cumference [67] of a compensation plate placed near to the test mass, such that

the temperature gradient created on the compensation plate produces a negative

lens, which compensates for the positive lens formed on the test mass optics due

to the circulating laser beam. Another method of ring heating involves placing

a nichrome heating element suspended off the face of the test mass such that,

through radiative heating, the setup removes the gross axisymmetric part of the

original thermal distortion [68]. A CO2 laser heating technique using adaptive
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optics [69] is also used to compensate for the thermal lensing of the mirror caused

by the circulating beam. Adaptive optics would require selection of a suitable

material for the compensation system which, depending upon the heating beam

shape, produces either a positive or a negative lensing element. Another tech-

nique considered for compensation using a CO2 laser is to image a heat pattern

on the test mass [70]. This system could be made to correct for either excessive

heating or under-heating by simply changing the masks that are used to create

the heat pattern. More information on compensation methods can be found in

the references ( [61], [71], [72], [73], [74]).

1.7.2 Parametric Instability

The performance of an advanced gravitational wave detector can be im-

proved by using bigger and low acoustic loss test masses, and also by increasing

the circulating laser power. Still, the scattering of photons from the test mass sur-

face cannot be ignored. The interactions between the optical and acoustic modes

of the test mass inside the cavity exist, and can be classified as - (i) two-mode

interactions, and (ii) three-mode interactions.

In two-mode interactions, the fundamental cavity mode (TEM00) of fre-

quency ω0 is scattered by the linear oscillations of the mirror mechanical mode [75]

of frequency ωm, into sidebands having frequencies ωs = ω0-ωm (Stokes mode) and

ωa = ω0+ωm (anti-Stokes mode), respectively, as shown in Fig. 1.15(a). The scat-

tered optical modes have the same spatial mode shape as the fundamental mode

(TEM00). In two-mode interactions, the mechanical frequency ωm lies within the

linewidth of the fundamental optical mode (Fig. 1.15(a)).

In a three-mode interaction, a single acoustic mode of frequency ωm of the
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Figure 1.15 – (a) The scattered optical mode has the same spatial distribu-
tion as the fundamental mode. Only one optical and one mechanical mode
participate in the interaction - hence the term two-mode interactions. (b)
The scattered higher-order mode has the spatial distribution of the mechan-
ical mode. Both the fundamental and a higher-order mode (either Stokes
or anti-Stokes) are resonant in the cavity. Two optical and one mechanical
modes participate in this interaction - hence the term three-mode interac-
tions.

test mass scatters the incoming fundamental optical mode (TEM00) of frequency

ω0 to higher-order optical frequencies of ωs = ω0-ωm and ωa = ω0+ωm, respectively.

The scattered higher-order mode has a different spatial mode shape compared to

the TEM00 mode, as shown in Fig. 1.15(b). Unlike two-mode interactions, in

three-mode interactions the sidebands (Stokes/anti-Stokes) are in resonance along

with the fundamental cavity mode. Due to this reason, the signals in three-mode

interactions are strong compared to the two-mode interactions.

In this thesis, only three-mode interaction is studied. The photon-phonon

scattering process in terms of heating (Stokes) and cooling (anti-Stokes) of an
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acoustic mode is illustrated in Fig. 1.16. The higher-order mode frequency ωh in

Figure 1.16 – Coupling between fundamental ω0, acoustic ωm and higher-
order optical modes ωh are shown in this Figure. The scattered fundamental
mode either extracts energy from the acoustic mode to give rise to an anti-
Stokes process, or releases energy to the acoustic mode giving rise to a
Stokes process. Stokes and anti-Stokes modes rarely happen simultaneously
in the large detectors, due to the asymmetric higher-order mode structure
around ω0.

Fig. 1.16 can either be a Stokes process having a frequency ωs=ω0-ωm, or an anti-

Stokes process having frequency ωa=ω0+ωm. Considering energy conservation,

two possibilities can arise from the photon-phonon scattering:

(i) Extraction of energy by the higher-order mode from the acoustic mode resulting

in damping or cooling of acoustic mode, called the anti-Stokes process. From Fig.

1.16, ωh = ω0+ωm.

(ii) The carrier frequency (ω0) pumps energy into the acoustic mode (ωm) resulting

in excitation of the mirror acoustic mode, and hence the higher-order optical

frequency can be given by ωh = ω0-ωm. This is called the Stokes process.

In simpler terms, anti-Stokes causes cold damping, while Stokes process gives
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rise to parametric gain. A third possibility exists when ωs = ωa; however, it is

rare to have a symmetric transverse mode structure - but not impossible. In

long cavities due to intrinsic asymmetry, Stokes and anti-Stokes process are rarely

balanced [63].

The strength of three-mode parametric interaction is defined by the value

of parametric gain R [76], given by:

R = ± 4PcQ1Qm

meffLcω2
m

· Λ

1 + (Δω
δ
)2
, (1.13)

where Pc is the laser beam power circulating within the cavity, Q1 and Qm are the

quality factors of the optical higher-order modes (Stokes and anti-Stokes), and

the acoustic mode, respectively, meff is the effective mass of the mirror acoustic

mode, L is the length of the cavity, c is the velocity of light, ωm is the acoustic

mode frequency, Δω=|ω0-ωh|-ωm , δ is the half-line width of the higher-order mode

(HOM), and Λ is the spatial overlap [77] factor between the higher-order mode

and the acoustic mode. For R >1, the three-mode interaction leads to parametric

instability (PI).

The spatial overlapping factor Λ is defined as:

Λ =
V
(∫

f0 (	r⊥) f1(	r⊥)uzd	r⊥
)2∫ |f0|2 d	r⊥

∫ |f1|2 d	r⊥
∫ |	u|2 dV , (1.14)

which determines the spatial coincidence between the distribution of the mirror

surface displacement in the acoustic mode and the distribution of the laser field

amplitude in the relevant optical higher-order mode. The functions f0 and f1

describe the optical field distributions on the mirror surface of the fundamental

mode and the HOM, respectively; vector 	u describes the spatial displacement in

the acoustic mode, and uz is the component of 	u normal to the mirror surface;
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∫
d	r⊥ and

∫
dV correspond to integration over the mirror surface, and over the

mirror volume, respectively.

The magnitude of the parametric instability depends on three Q-factors,

described as follows: (i) the quality factor of the optical cavity mode, (ii) the

quality factor Q1 of the higher-order optical mode, and (iii) the quality factor

Qm of the mirror acoustic mode. The parametric gain leading to parametric

instability is the result of resonant scattering of carrier photons into higher-order

optical cavity modes by the mechanical modes of the test mass. Simulation has

shown that up to the 7th order of optical cavity modes [63] contribute to the total

parametric gain R. However, R values due to higher-order modes are relatively

small, but are capable enough to initiate parametric instability.

1.8 Research focus

My research focus is on controlling parametric instability by studying the

three-mode interaction process. At the time of writing this thesis, parametric

instability has been observed in the Advanced LIGO detector at Livingston [78]

for a circulating power of 50 kW in the arm, which was quenched by a thermal

tuning technique using ring heaters. Ring heaters, originally designed for thermal

tuning compensation, were used to tune the mirror radius of curvature (ROC) by

tens of meters, and operated the detector with control in instability for more than

12 hours.

My study of three-mode interactions involves the thermal tuning of the end

test mass of the FP cavity using a highly stable CO2 laser. The FP cavity is

made up of suspended sapphire mirrors. The change in radius of curvature of

the ETM controls the mode spacing between the fundamental and higher-order
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optical modes in the cavity. In order to understand the heating of the mirror

using a laser beam, a simulation using ANSYS Finite Element Analysis (FEA)

has been carried out. Modal analysis of the test mass acoustic modes identified

possible ultrasonic modes which could couple with optical higher-order modes in

the cavity.

Two key diagnostic techniques, i.e. the Hartmann sensor and the beam

profile camera, were used to measure the radius of curvature change of the ETM,

and to observe the spot size change in the optical cavity.

The present work consists of three main sections, and is divided into three

main chapters:

(a) Identification of acoustic modes of the test mass favorable for three-mode in-

teractions using finite element analysis (FEA) (Chap. 3),

(b) Three-mode interaction studies in the FP cavity using CO2 laser-assisted

heating. A method will also be demonstrated to measure the sensitivity of the

mechanical modes (Chap. 4), and,

(c) Radiation pressure excitation of mechanical modes favorable for the three-

mode interaction. An experimental method is also devised here to calculate the

parametric gain (R) of an optical cavity by the three-mode opto-acoustic interac-

tion process. The value of R obtained is compared with the theoretically estimated

value, as well as to identify potentially unstable mechanical modes that can lead

to instabilities in a gravitational wave detector (Chap. 5).



Chapter 2

Gingin High Optical Power Test

Facility: Experimental setup for

three-mode interactions study

2.1 Introduction

The Australian Consortium for Interferometric Gravitational Wave Astron-

omy (ACIGA), in collaboration with the LIGO project in the USA, is developing

a High Optical Power Test Facility (HOPTF). This facility is at Gingin, which is

90 km north of the Perth CBD, Western Australia. It serves as a research and

test bed to investigate problems encountered in large-scale advanced LIGO-type

gravitational wave detectors due to the very high power circulating in the inter-

ferometer arms. The facility now has orthogonal arms ∼80 m in length, forming

two independent Fabry-Pérot (FP) cavities. One end of the FP cavity is at the

corner station and the other ends are at the end stations. Each end of the FP

cavity houses a mirror (known as the test mass) inside a vacuum tank. A vibra-

tion isolation system suspends the mirror in vacuum to minimize seismic noise.

Long vacuum pipes made of stainless steel connect the vacuum tanks. Vacuum

better than ∼ 10−6 mbar is obtained in the tank and the pipes using magnetically-
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levitated turbo-molecular pumps. In local parlance, the arms are known as the

East arm and the South arm, based on the direction the arm faces with respect

to the corner station. Fig. 2.1 shows an aerial view of the HOPTF at Gingin.

Figure 2.1 – Aerial view of the High Optical Power Test Facility (HOPTF)
at Gingin. The corner station is connected to two end stations by vacuum
pipes. The building adjacent to the corner station houses the accommoda-
tion and mechanical workshop.

2.2 Layout of the Gingin HOPTF facility

In the present configuration, the corner station of the HOPTF is the main

laboratory. The key facilities such as the high power laser, main optical sys-

tems and the assembly room for vacuum components are accommodated here. A

schematic layout of the facility is shown in Fig. 2.2.
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Figure 2.2 – Schematic layout of the Gingin HOPTF facility. The main lab
houses the laser system, the Input Test Masses (ITMs) of both the cavities
and the mode matching optics for the FP cavity. The circles represent the
vacuum tanks which envelope the vibration isolation systems and the test
masses.

2.2.1 Vacuum system and controls

Each vacuum tank is approximately 3 m in height and 1.5 m in diameter.

These tanks, made of stainless steel, have ports for integrating vacuum compo-

nents and vacuum windows.

Magnetically-levitated turbo-molecular vacuum pumps are connected di-

rectly to the tank to improve conductance. A pneumatically-operated gate valve

isolates the tank and the vacuum pump when the latter is switched off. Vac-
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(a)

(b)

Figure 2.3 – (a) Vacuum tank (3m height) holding the vibration isolators
and the test mass integrated with the vacuum pipe joining the end station.
(b) Turbo-molecular pump, along with its backing pump, attached to the
vacuum tank via a pneumatically-operated gate valve.
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uum better than 2×10−6 mbar is always maintained inside the tank, as well as

in the pipes. One of the tanks attached to the vacuum pump is shown in Fig.

2.3. A self-developed vacuum control software operates the vacuum pumps and

the gate valves. The control system provides proper interlocks for shutting down

the pumps in case of power failure. A network-based control system [79] controls

the vacuum components, as shown in Fig. 2.4. ADAM6050 digital input/output

Figure 2.4 – Screen shot of the vacuum control interface of the South arm.
The green dots indicate that the equipment is switched ON, whereas the red
dots indicates that the equipment is switched OFF. The white dots show
that the equipment is not being operated. The East arm interface also has
similar architecture.

modules acquire data from the vacuum systems. Standard 100 Mbps Ethernet

cable connects these modules to the main network of the Gingin facility. An in-

terface using a Visual Basic program monitors and controls the vacuum systems.

Such a setup enables operation of the vacuum system from any computer on the

Gingin network.

2.2.2 Suspension system for the test mass

The Gingin facility has the following suspension systems:
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(a) East arm suspension

An advanced vibration isolation and suspension system developed by the

University of Western Australia (UWA) group has been successfully installed in

the East arm cavity [40] [80]. A schematic of the suspension system is shown in

Figs. 2.5(a) and (b). The system has an ultra-low-frequency pre-isolator consist-

ing of two horizontal stages (an inverse pendulum and a Roberts linkage) and one

vertical stage (a La Coste stage). All stages have resonant frequencies below 0.1

Hz. The pre-isolation stages are combined with multi-stage self-damped pendu-

lums, where Euler springs are used to obtain vertical normal modes well-matched

to the pendulum frequencies. At the bottom of the multi-stage pendulum chain,

a test mass is suspended from the control mass by four niobium ribbons that are

designed to minimize internal modes, and to provide a high Q-factor.

(b) South arm suspension

In the South arm cavity, the initial LIGO small optics suspension sys-

tem [81] [82] is used. This suspension system is an aluminum cage in which

the test mass is suspended as a pendulum by a single wire-loop of stainless steel.

A picture of the suspension system used in the South arm cavity is shown in Fig.

2.6(a).

To sense and control the motion of the test mass, four small magnets glued

on the rear (anti-reflective) surface of the mirror, as shown in Figs. 2.6(b) and (c),

control the mirror motions for pitch, yaw and translation. A fifth magnet controls

the sideways motion of the test mass, as shown in Fig. 2.6(d). The mirror is care-

fully suspended and aligned in the suspension cage such that the magnets position

themselves at the center of the sensor/actuator head mounted on the suspension

support frame. Each head consists of a shadow sensor, a coil and a housing. The
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(a) 3-D solid-edge drawing of the vibra-
tion isolation system [44].

(b) Cross-section of the vibration isolator developed at
UWA for AIGO. The isolator is a passive design which
consists of an inverse pendulum pre-isolator, LaCoste
linkage, Roberts Linkage, Euler springs and self-damped
pendulums. Residual motion at nanometer level at a
frequency of 1 Hz was achieved. These schematics are
taken from J. C. Dumas PhD thesis (2009) [44].

Figure 2.5 – East arm suspension system for the test mass.
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Figure 2.6 – (a) The initial LIGO suspension cage [81], in which the sap-
phire test mass is suspended. (b) Four sensor/actuator heads attached to
the suspension frame. (c) Four magnets glued to the anti-reflective coating
of the test mass. (d) Fifth sensor/actuator and magnet combination of the
suspension system.

shadow sensor has a light-emitting diode (LED) and a photodiode to measure the

local relative position of the test mass. The current in the coil creates a Lorentz

force on the corresponding small magnet. The photodiode current (induced by

the local position fluctuations) is sent to the suspension control electronics and

then fed back to coil actuators to damp the test mass.

2.2.3 Optical cavity specifications

Currently the two FP arms have different configurations. The East arm

cavity made of fused silica mirrors has a cavity finesse of ∼15000. The South arm

cavity uses sapphire mirrors and has a cavity finesse of ∼1600. The FP optical



2.3. Experimental system layout 45

cavity parameters of the East and South arms are shown in Table 2.1:

Cavity Material Mirror
diameter

Mirror
thickness

Radius of
curvature

Cavity
length

South Arm 79.7 m
ETM Sapphire 150 mm 80 mm 720 m
ITM Sapphire 100 mm 50 mm Flat
East Arm 72.45 m
ETM Fused silica 100 mm 50 mm 37.3 m
ITM Fused silica 100 mm 50 mm 37.4 m

Table 2.1 – Gingin HOPTF facility cavity parameters.

2.3 Experimental system layout

The four main sections of the experimental layout are as follows:

(1) The main laser room houses a high-power laser along with some optical devices

and optical components. They are : a pre-mode cleaner, electro-optic modulators,

an acousto-optic modulator, optical isolators, waveplates, and optical components

as well as power measuring devices.

(2) The injection room consists of mode-matching optics for beam shaping, and

alignment and servo control systems for the feedback control of the FP cavity.

(3) The FP cavity of length 79.7 m is made up of a sapphire ITM and ETM,

respectively.

(4) The end station houses a quadrant photodiode (QPD), a beam profile camera,

a Hartmann sensor and a stabilized 10 W CO2 laser.

A brief description of the four main experimental sections described above

are as follows:
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2.3.1 Main laser room

a: Injection-locked laser system

The laser system has a master slave configuration. The master laser is a

500 mW Non-Planar Ring Oscillator (NPRO) (from InnoLight, Model Mephisto

500NE) with low-noise, ultra-stable output. The 10 W slave laser developed by the

University of Adelaide, South Australia consists of a neodymium-doped yttrium

aluminium garnet (Nd:YAG) crystal slab as the gain medium. A laser diode array

provides collimated planar pumping of the gain medium. A pump light reflector

improves the pumping efficiency of the gain medium. The slave laser mounted on

an integrated base has air-cooling for the temperature control.

The master laser beam is mode-matched and injected into the resonator of

the slave laser. The slave laser is locked to the master laser, and provides high

optical power having greater stability in frequency and power. The optical layout

of the laser system is shown in Fig. 2.7.

b: Pre-Mode Cleaner and other optical devices

The light exiting the laser passes through a half-waveplate, which is rotated such

that maximum s-polarised light is reflected from the polarizing beam splitter

PBS1. The high power laser output is mode-matched to a Pre-Mode Cleaner

(PMC), which is a triangular optical cavity as shown in Fig. 2.8. The PMC

spatially and temporally filters the incident laser beam.

The curved back mirror of the PMC has a piezo-transducer (PZT) which

locks the PMC cavity to the laser by tuning its cavity length. In general, with a

good alignment of the PMC cavity to the TEM00 fundamental mode, the fringe

visibility [84] is higher than 85%. The Electro-Optic modulator (EOM1), kept in
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Figure 2.7 – Optical layout of the injection-locked Nd:YAG laser system
used in the Gingin HOPTF. The PDH technique is applied to obtain long-
term locking. The Electro-Optic Modulator (EOM) is used to phase modu-
late the master laser, creating RF sidebands for PDH locking. The Forward-
Wave (FW) photodetector is used to produce the PDH error signal whereas
the Reverse-Wave (RW) detector monitors the reverse-wave suppression of
the slave laser. The Faraday Isolator (FI) protects the master laser from
the reverse-wave beam of the slave laser. This schematic is taken from D.
J. Hosken’s thesis (2009) [83].

front of the PMC, is used for PDH locking [85] of the PMC to the NPRO. The

fundamental laser beam then passes through a Faraday Isolator (FI) to another

EOM. This EOM2 is used to lock the main FP cavity of the South arm. The beam

exiting the EOM2 passes through WP2, which changes the polarization angle of

the beam before falling on the polarizing beam splitter PBS2. The PBS2 splits

the main beam into two orthogonally polarized (s and p) beams. These beams

are used in the experiment to measure the length and finesse of the cavity, as

well as the ring-down time taken by the circulating beam in the FP cavity. A

Charge-Coupled Device (CCD) kept behind the mirror M4 is used for monitoring

and aligning the two recombined polarized beams on PBS3.
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Figure 2.8 – Layout of optical devices along with the Pre-Mode cleaner.
A high power laser beam from the injection locking system (Fig. 2.7) falls
on a half-waveplate (WP1). This WP1 is aligned w.r.t. the incident laser
so that maximum s-polarized light is reflected and p-polarized transmitted
light is minimized after the polarizing beam splitter (PBS1). The s-polarized
reflected light, after passing through the Electro-Optic modulator (EOM1),
kept at a modulation frequency of 17.9 MHz, produces RF sidebands to lock
the PMC. The laser beam exiting from the PMC passes through a Faraday
isolator (FI) to the next stage of optics. A description of these optics will
be given in Section 2.5.

2.3.2 Injection room

The combined polarized laser beam from PBS3, exiting the main laser room

after reflection from M4, travels to the injection room. In the injection room,

the laser beam passes through an iris aperture. This iris acts as a reference

point. For a good alignment, the reflected beam from the ITM and the incoming

beam should overlap on the iris. The beam exiting the iris is mode-matched to

the cavity fundamental mode using a series of optical components, as shown in
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Figure 2.9 – Optical layout of the injection table. M5 to M9 are optical
mirrors used for mode matching and alignment. Mirror M10 is used to steer
the reflected light from the optical cavity to the polarizing beam splitter
(PBS4). Transmitted light from PBS4 falls on a radio frequency photodiode
(RFPD) used in a feedback control loop to lock the laser to the cavity.
Reflected s-polarized light from the PBS falls on a photodiode (PD), which
is used to measure the cavity parameters like length and finesse. Details of
these measurements are highlighted in Section 2.5.

Fig. 2.9. To ensure maximum coupling of laser power into the FP cavity, the

incident laser beam must be shaped to have a waist which matches the waist

of the optical cavity. Mode matching is carried out by the mirrors M5 (plane

mirror), M6 (convex mirror having -1.0 m radius of curvature), M7 (concave mirror

having +4.0 m radius of curvature), M8 (concave mirror having +10.0 m radius

of curvature) and M9 (plane mirror), respectively. The laser beam enters the FP

cavity with a waist size of ∼8.7 mm on the ITM mirror surface. The laser beam

reflected from the cavity input mirror traces the reverse path, and a fraction of the

beam transmits through mirror M7, and is reflected by M10 towards a polarizing

beam splitter PBS4. PBS4 splits the beam into a pair of orthogonally polarized

(s and p) beams. One p-polarized beam, after reflection from mirror M11, falls

on the RFPD (photodiode) for PDH locking of the cavity to the laser. The s-

polarized beam falls on a photodiode PD for measuring the cavity parameters like
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the length, finesse and the storage time. L1 and L2 are lenses which focus the

polarized beam onto the respective photodetectors.

2.3.3 Fabry-Pérot cavity

In the FP cavity (Table 2.1), the ITM has a flat surface and the ETM

has a radius of curvature of 720 m. The length is 79.7 m. A PDH locking [86]

system locks the FP cavity to the main laser. Details of the FP cavity and its

characterization are taken up in Section 2.5.

2.3.4 End station

The end station of the Gingin HOPTF includes the following:

Figure 2.10 – Layout of the measurement diagnostics for the cavity trans-
mission. The leaking beam from the ETM, after the cavity is locked, is
measured by a CCD beam profile camera after reflection from a beam split-
ter, and by a QPD after transmission from the beam splitter.

(i) Beam profile camera, (ii) Quadrant photodetector, (iii) Hartmann sen-

sor, and (iv) CO2 laser.

(i) Beam profile camera
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The portion of the beam reflected from the beam splitter, as shown in Fig.

2.10, falls on a CCD camera which monitors the shape of the locking beam falling

on the ETM. A computer connected to the camera uses SPIRICON software [87]

to measure the beam parameters, e.g. the major/minor radius and the beam

centroid. The image of the beam formed on the ETM is used to check if the

locked beam is a fundamental or a higher-order optical mode (HOM).

(ii) Quadrant photodetector

A quadrant photodetector (QPD) is used in the experiment to monitor the

fundamental TEM00 and higher-order optical modes. For the fundamental mode

transmitted from the ETM, the beam is aligned to the center of the QPD so that

X and the Y output are zero, while the sum output is maximum. If the beam

happens to be a higher-order mode (for example TEM10 or TEM01), either the

X output or the Y output will be maximum. Calibration of the QPD for the

experiment is carried out as shown in Appendix A.

(ii) Hartmann sensor

A Hartmann sensor (developed by the University of Adelaide) measures the

change in the wavefront of a beam [88] reflected from the test mass. For example,

the beam of light will suffer a wavefront change if the surface of the test mass

deforms due to the interaction with the high-power laser. Thus the wavefront

change is a measure of the test mass surface deformation or the position-dependent

change in refractive index (and hence in the optical path length) of the test mass

through which the light beam is passing.

The sensor consists of a CCD pixel array with a thin metal plate of area 256

mm2 mounted in front of it. The plate has uniformly distributed holes of diam-
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Figure 2.11 – Hartmann sensor setup at the ETM of the 80 m cavity. The
SLED source is collimated using a lens of focal length 15 cm, and is steered
to the test mass with the help of mirrors through a 40 mm clear aperture
input view port. The inset shows the reflected SLED beam, which carries
information about the mirror surface to the Hartmann sensor (in black)
from the exit viewport via a telescopic arrangement.

eter 151 μm with a hole-to-hole spacing of 429 μm. The separation between the

metal plate and the CCD pixel is 10 mm. A superluminescent laser emitting diode

(SLED) [89], as shown in Fig. 2.11, is the reference beam source for the Hartmann

sensor, and a lens collimates the beam and illuminates the ETM. A telescopic ar-

rangement demagnifies the reflected light (from 33 mm to approximately 10.8 mm)

from the ETM, collimates it, and then illuminates the Hartmann plate uniformly.

The light passing through the regular array of aperture holes forms bright spots

on the CCD pixels.

The spots shown in Fig. 2.12 define the positions of the apertures on the

pixels, which form the reference for the ETM surface. Whenever deformation of
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Incident Wavefront
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Figure 2.12 – Schematic diagram of the Hartmann wavefront sensor oper-
ation. An incident wavefront travels along the z-axis through an aperture
array, illuminating an array of pixels on the CCD. This wavefront forms
a reference position corresponding to each illuminated pixel. A distorted
wavefront creates diffracted spots on the CCD pixels, resulting in displace-
ment from the corresponding reference pixels on the CCD. The distorted
wavefront is measured and reconstructed using software. This schematic is
reproduced from Y. Fan’s PhD thesis [71].

the ETM occurs, the wavefront of the reflected light changes, which moves the

bright spots on the pixels. Displacement of the spots on the pixels relative to

their earlier positions determines the deformation of the test mass. A MATLAB

program constructs a wavefront for every movement of the aperture holes read

out by the sensor. This program also processes and restores the demagnified,

deformed wavefront to its original size and shape. Using the actual restored

wavefront reflected from the ETM, the size of the deformation can be calculated.

(iii) The Carbon Dioxide CO2 laser

A CO2 laser is used to change the radius of curvature (ROC) of the ETM

for three-mode interaction studies. A low cost CO2 laser (10W)- see Fig. 2.13

was initially used for heating the test mass. Gold-coated mirrors steered the laser

beam to the ETM. The Zinc Selenide (ZnSe) window allowed the CO2 beam

passing into the vacuum chamber to heat the ETM. A helium-neon laser, along
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the path of the CO2 laser, acts as the guiding beam to assist the alignment. A

lens was initially used to vary the heating beam spot size on the test mass.

Figure 2.13 – Layout of low cost CO2 laser heating setup.

A beam scan profiler measured the quality of the laser beam at the near

field as well as at the far field. The beam profile showed that the output beam

from the CO2 laser is not Gaussian, and has higher-order modes (HOMs). The

beam shape improves with an increase in laser power, but the laser power was not

stable. At some instances, the power fluctuation was more than 50%. Fig. 2.14

shows vertical and horizontal cross-sections of the beam taken on a beam profiler.

A stabilization technique was used to reduce the power fluctuation level of

the CO2 laser beam. The schematic setup of this technique is shown in Fig. 2.15.

The technique involves picking a portion of the CO2 laser beam using a

photodiode (Fig. 2.15). The signal is passed into the stabilization circuit to

initially obtain an offset control signal. This offset control signal is filtered for

the high-frequency part above 100 Hz (the output from the photodiode shows the

presence of high frequencies) by using a low-pass filter. The filtered signal is then

appropriately amplified using a manual knob to fine tune the gain, and a stable
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Figure 2.14 – Beam profile from a low cost CO2 laser shows higher-order
modes in its optical cavity. (a) Cross-section of the beam in X and Y
directions at 250 mm away from the laser. (b) near-field measurement of
the beam along an X cross-section measured at a distance of 50 mm from the
laser, and (c) far-field measurement of the beam along an X cross-section
measured at a distance of 450 mm from the laser.

output from the stabilization circuit is fed into the laser. It was noticed that

the laser power fluctuation was reduced by 20%. During continuous operation,

it was seen that a slight change in laser output causes the gain value from the

stabilization circuit to change. This change affects the output voltage from the

stabilization circuit, and the laser output starts fluctuating. The fluctuation in

output power from this low cost laser can significantly affect the heating process

and the deformation of the test mass to be carried out. Therefore, to have a stable

output laser power, the low cost CO2 laser was later replaced by a better one.

The new laser (a 10 W, continuous wave (CW), water-cooled, 48-series CO2 laser

from Synrad [90]) had an in-built stabilization circuit to provide stable output

power for continuous operation.

The CO2 laser was mounted on a 90x60 cm breadboard. A four-legged

aluminum structure raised the breadboard to allow the heating beam and the
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Figure 2.15 – A portion of the CO2 laser beam (shown in blue color) is
picked off using a beam splitter and made incident on a photodiode. The
photodiode monitors the intensity fluctuations of the CO2 laser, which are
fed to a stabilization circuit. The stabilized output from the circuit is fed
back to the laser to reduce the power fluctuations. The helium-neon laser
(shown in red color) acts as the guiding beam for the CO2 laser.

SLED probe beam to enter the vacuum vessel through a double aperture input

view port, as shown in Fig. 2.16. A visible low power green helium-neon laser

defined the path and the position of the CO2 laser on the ETM.

A CCD camera (not visible in Fig. 2.16), placed on top of the double

aperture input window, helped to align the guiding beam on the ETM. A beam

scan profiler (from Photon Inc.) measured the CO2 laser beam profile at the far-

field and near-field positions along its path. The CO2 beam was found to be a

Gaussian (TEM00), as shown in Fig. 2.17. The output power from the CO2 laser

can be controlled locally or remotely. Six gold-coated mirrors (from Thorlab)

having 98% reflection were used to steer the CO2 laser beam into the tank. A

Zn-Se window was used at the viewport to allow the CO2 laser beam to fall on

the ETM. The incident heating beam, after reflection and transmission, is found

to have a total power loss of 11-18%.

The heating beam, after alignment on the ETM, was measured to have a
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Figure 2.16 – CO2 laser setup for heating of the ETM. On the extreme
left is the guiding beam source. The CO2 laser is mounted just adjacent to
it. The green line represents the guiding beam, and the red line represents
the CO2 laser beam.

divergence of 4.2 mrad (full angle), which is close to the factory specification of

4 mrad [90]. A temperature-controlled chiller connected to the 10 liter reservoir

maintains a temperature of ∼18 oC for regular operation. Appendix B in this

thesis presents a brief description of the CO2 laser.

Figure 2.17 – The far-field (shown in the left panel) is for the CO2 laser
when operated with 15% of total power. The far-field distance is 209 cm
from the CO2 laser output. The near-field (shown in the right panel) is for
CO2 laser, also with 15% of total power. The near-field distance is 30 cm
from the CO2 laser exit.
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2.4 Spot size variation of CO2 laser beam

In the present experiment, steering mirrors increase the travel length of the

CO2 laser beam, as shown in Fig. 2.18(a). As only plane mirrors were used to

steer the beam, the required beam spot size can be obtained on the ETM by

maintaining the path length of the CO2 beam on the bread-board. Fig. 2.18(b)

Figure 2.18 – Comparison of heating beam shape with and without a lens
system. (a) The heating beam is allowed to diverge in its natural form. A
combination of mirrors can be placed to steer the beam in order to increase
the distance between the laser and ETM. By varying the distance between
them, the spot size on the ETM can be varied. (b) The heating beam is
modified using a lens in between the laser and ETM. The shape of the beam
after it travels through the lens changes, and a combination of multiple lens
and mirror systems is required to have the correct spot size on the ETM.
If the spot size has to be varied, the lens and other optics needs to be
realigned, which makes the setup tedious and complicated, especially if the
heating beam setup is installed in a limited space. This also requires a lot
of optics for mode-matching of the heating beam.

shows an alternative layout of a lens-mirror system for varying the heating spot

size on the ETM. It is convenient to change the spot size of the heating beam on

the ETM using a lens-mirror combination. However, this would need high quality
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coated lenses free of aberrations. An imperfect lens would distort the heating

beam shape and critically affect the surface deformation of the test mass.

2.5 Optical cavity parameters: Length and Fi-

nesse

The length and finesse of the FP cavity are important parameters (see Ap-

pendix C) for a three-mode interactions experiment. We used the setup shown in

Fig. 2.19(a) to measure the values of these parameters.

Figure 2.19 – (a) Schematic setup for the length and finesse measurement.
(b) Schematic of finesse measurement using ring-down method.

The Nd:YAG laser exiting the pre-mode cleaner is split at PBS 2, where

the horizontally polarized beam reflects and passes through an AOM (of reso-

nance frequency ∼40 MHz) and the vertically polarized beam is transmitted. The
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transmitted and reflected beams combine at PBS3, and enter the FP cavity after

passing through the mode-matching optics. The transmitted beam is used to lock

the cavity to the fundamental mode, while the beam passing through the AOM

is scanned through a frequency range of a few MHz close to the AOM frequency

of 40 MHz. The transmitted light from the optical cavity falls on a photodiode

(PD), which monitors the change in intensity of the locking beam.

Two consecutive peaks at 39.53 MHz and 41.41 MHz are observed by the PD

when the AOM is scanned from 38 MHz to 42 MHz. These peaks represent the

cavity-locked conditions, and the separation of the two peaks represents a single

free spectral range (FSR). We can see that the FSR is equal to 1.88 MHz, which

gives a value of L= c
2×FSR

, where L is the length of the cavity and c the speed of

light. The calculated value of L comes out to be 79.78±0.50 m.

It is known that the finesse of an optical cavity is given by F= FSR
FWHM

,

where FWHM is the full-width-at-half-maximum of the resonance peak. From the

oscilloscope (DSO) trace, the time axis is converted to a frequency axis, and the

FWHM of the resonance peak obtained during the earlier AOM scan (38 MHz to

42 MHz) is calculated. The calculated value of finesse for repeated measurements

is 1609±61.

An alternate setup, as shown in Fig. 2.19(b), is also used to estimate the

value of finesse of the cavity. This setup calculates the value of finesse using the

ring-down method, where the circulating light is made to decay with time by

giving a tilt on the ITM. The vertically polarized beam from PBS2 is used to

perform the ring-down measurement, whereas the horizontally polarized beam is

dumped. The ring-down curve obtained is exponentially fitted to obtain the value

of ring-down time tc, and using the equation F=πtcc
L
, the finesse value can be
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obtained. The finesse value obtained using this ring-down method is 1702±172.

The variation in the ring-down value of finesse is due to the motion of the ITM,

as the ITM is tilted to perform the ring-down procedure. In all the calculations

involving the value of finesse in our three-mode interaction experiment, the value

of ∼1609 is used.

2.6 Summary

This chapter describes the 80 m HOPTF facility at Gingin, which has two

orthogonal arms forming two independent Fabry-Pérot cavities. One arm houses

a fused silica cavity, whereas the other arm has a sapphire cavity. The fused silica

cavity uses vibration isolation developed by ACIGA, while the sapphire cavity is

suspended with a suspension cage used in initial LIGO. Both the arms can be

evacuated to a vacuum better than 2×10−6 mbar. The main lab of the HOPTF

houses a 10 W low-noise ultra-stable Nd:YAG laser for locking the optical cavity.

It also houses the vacuum tank enclosing the input test mass (ITM) of the optical

cavity. The end test mass (ETM) is present in the vacuum tank at the end stations

80 m from the ITM. The South end station also houses a CO2 laser setup which

is used to perform heating of the ETM. Deformation of the heated test mass is

measured using a Hartmann sensor, as well as with a beam profile camera installed

at the end station.





Chapter 3

Thermal and structural analysis

of a sapphire mirror for frequency

tuning an optical cavity using

Finite Element Analysis

3.1 Introduction

Frequency tuning of a Fabry-Pérot (FP) cavity can be carried out by varying

the radius of curvature (ROC) of the mirror of the optical cavity. The ROC of

the mirror can be varied by heating the mirror surface. In Sect. 1.7 of Chap. 1, we

discussed various thermal compensation methods which can nullify the process of

thermal lensing. In these compensation methods, the test mass surface is heated

to bring the deformed mirror back to its normal state. In this Chapter, we simulate

the heating (using a stabilized CO2 laser) which deforms the surface of the mirror

for a controlled frequency tuning of the optical cavity.

In the analysis described here, the test masses (sapphire mirrors) are as-

sumed to be cylindrical in shape. The CO2 laser beam is concentric with the
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main (Nd:YAG) circulating laser beam at the sapphire test mass. Heating due to

the incident CO2 laser spreads in the radial direction towards the circumference,

as well as along the thickness. The temperature will be higher at the point of in-

teraction of the CO2 laser beam with the test mass, and decreases in the outward

direction. Thermal expansion of the reflective coating, as well as the refractive

index gradient due to temperature variation caused by substrate absorption, cre-

ate the condition of thermal lensing. In this Chapter, we concentrate only on the

thermal expansion of the surface of the sapphire test mass.

This Chapter is arranged as follows: Sect. 3.2 describes how the surface

deformation affects the frequency bandwidth in the optical cavity. In this Section,

we will also compare the advantages of heating on the reflective side of a mirror

over the non-reflective side. A brief explanation of frequency tuning in the optical

cavity (termed as thermal tuning in this thesis) will also be discussed in this

Section. In Sect. 3.3, the radial distribution of temperature, as well as the surface

deformation of the test mass when heated with a Gaussian (CO2) laser beam,

will be studied. An analytical estimation of the temperature gradient on the

surface of the test mass will be given in this Section. A relation between thermal

deformation, incident Gaussian beam power, and the spot size of the beam is also

given in this Section. In Sect. 3.4, the thermo-physical properties and parameters

considered for simulation are dealt with. In Sect. 3.5, Finite Element Analysis

(FEA) using the ANSYS package is used to simulate the surface temperature

and surface deformation of the test mass due to laser beam heating. Static, as

well as transient, simulations are carried out to estimate the magnitude of surface

deformations. Modal analysis of ANSYS is also used to find the mechanical modes

of the mirror (sapphire test mass). A comparison of two heating beam spot sizes

used for thermo-structural simulation is also done, followed by the conclusion in
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Sect. 3.6.

3.2 Determination of Radius of Curvature change

and hence frequency bandwidth of the opti-

cal cavity

To control thermal lensing of the test mass, methods like using a heating

ring, compensation plate, aberrator and compensator, and CO2 laser heating have

been attempted. Degallaix et al. [61] have made a comparative study of annular

heating by radiative ring heaters versus centralized heating by a CO2 laser for

test masses whose thickness-to-radius ratio is greater than 0.8, and arrived at the

following inferences when the heating was performed at the rear surface of the

mirror (i.e. the non-reflective surface).

(i) Substantial deformation of the front reflective face of the test mass takes

place in both methods. (ii) Both methods give the same ROC change for the same

amount of heating power, although the temperature gradients in the substrate are

different. (iii) It was also found that the deformation on the front reflective side

is independent of the radius and shape of the heating pattern.

However, the abovementioned techniques have some limitations. Using the

rear surface (non-reflective side) heating techniques, the ROC of the reflective

(front) surface can only decrease. For an increase of the ROC of the front surface,

central heating has to be performed on the reflective side.

This Chapter investigates the situation when the reflective side of the test

mass is heated with a CO2 laser. It is noted that the experiment reported in this



66
Chapter 3. Thermal and structural analysis of a sapphire mirror for

frequency tuning an optical cavity using Finite Element Analysis

thesis uses test masses whose thickness to radius ratio is 1.06.

The most commonly used test mass materials in the FP cavity of GW de-

tectors are sapphire and fused silica, due to their characteristic material proper-

ties [27], [34]. A comparative list of parameters of both these materials is shown

in Table 3.1. However, we have taken sapphire material for our analysis, as it

has higher thermal conductivity and larger absorption coefficient as compared to

fused silica. These parameters make sapphire a better material to perform ther-

mal tuning and to vary the ROC. The values used for calculation in this thesis

are given in Table 3.1.

Material characteristic property Units Sapphire Fused silica
Refractive index n 1.75 1.45
Thermo-optic coefficient β 10−6/K 13 10
Optical absorption Abssub ppm/cm 50 2
Density ρ kg/m3 3970 2202
Thermal conductivity kth W/m.K 46 1.38
Specific heat C J/kg.K 775 740
Thermal expansion α 10−6 5.1 .55
Young Modulus E GPa 345 73
Poisson ratio 0.27 0.17

Table 3.1 – Comparison of the characteristic values of sapphire vs. fused
silica.

Fig. 3.1(a) shows an optical cavity with mirrors separated by length L. The

ITM and the ETM represent the Input Test Mass mirror and End Test Mass

mirror, and R1, R2 are their respective radii of curvatures (ROCs). The cavity

is locked with a Nd:YAG laser. A continuous-wave CO2 laser with a Gaussian

output beam heats the mirror at its center, as shown in Fig. 3.1(b). The CO2

laser is incident at an angle on the reflective side of one cavity mirror. The CO2

laser heating is performed at an angle so that this heating laser does not affect

other components in the experimental setup. Absorption of CO2 laser optical

power deforms the surface of the mirror and changes its ROC. This change in
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ROC varies the frequency spacing between the optical modes in the cavity, as

mentioned in Sect. 1.7.2 of Chap. 1. By controlling the amount of power incident

on the test mass, the magnitude of surface deformations of the test mass can be

varied. The frequency gap between the optical modes in the optical cavity can be

expressed by [91] :

δν =
c

2πL
cos−1

√
(g1)(g2), (3.1)

Figure 3.1 – (a) ITM and ETM separated by length L having radii of
curvatures R1 and R2 before heating. This condition is termed as the cold
cavity condition. The cavity is locked and the Nd:YAG main beam is seen
circulating in the cavity. (b) A Gaussian CO2 heating beam changes the
ROC of the mirror. The heating of the mirror of an optical cavity with a
CO2 laser is termed here as the hot cavity condition.

where c is the speed of light, and g1, g2=(1 − L
R(1,2)

) are the respective g-

factors of the optical cavity.
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3.3 Heating the mirror surface: Beam spot size

and change in ROC

Let us consider heating a cylindrical mirror with a Gaussian laser beam.

The intensity of a beam falling on the surface of the mirror can be expressed as:

I(r) =
2P

πa2
exp

−2r2

a2 , (3.2)

where I(r) is the beam intensity on the mirror surface, r is the radial distance

from the beam center, P is the power of the heating beam, and a is the laser

beam spot size on the mirror. The surface temperature rise under steady-state

conditions due to the Gaussian beam heat flux absorbed by the test mass can be

written as [92]:

ΔT (r) =
P

2
√
πaκ

exp

{
−2

[
x(r)− r

a

]2}
, (steady − state). (3.3)

In the transient state, the temperature change can be expressed as:

ΔT (r, t) =
P

π
3
2aκ

tan−1

(√
t

τ0

)
exp

{
−2

[
x(r)− r

a

]2}
, (transient− state).

(3.4)

where ΔT(r) is the temperature change over the mirror surface for the steady-

state, and ΔT(r,t) is the time-dependent temperature change. The thermal con-

ductivity of the mirror is given by κ, x(r) is the radial distance from the center

of the mirror, and τ0=
a2

4D
is the diffusion time of heat on the mirror surface. The

term D is the thermal diffusivity, given by κ
ρCp

, where ρ and Cp are the density

and the specific heat capacity of the mirror, respectively.

Equations 3.3 and 3.4 should be considered only as an approximation for cal-
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culating the temperature gradient on the surface of the test mass due to Gaussian

heating. These equations have limitations, as they have been derived assuming

Gaussian heating of an absorbing thin film on a non-absorbing substrate.

Figure 3.2 – Deformation of the test mass due to an incident Gaussian
beam. Direction of propagation of the Gaussian beam is shown by the red
arrow. Change in Sagitta (δ) represents deformation of the surface of the
test mass due to an incident beam of radius a. This deformation produces a
final or effective radius of curvature Reff . Where the laser beam is incident,
a bulge is created due to heat absorption and subsequent expansion. The
center of the bulge has the maximum deformation. The radius of the bulge
represents the radius of curvature change ROC , or the change in sagitta.

Consider a Gaussian beam of spot size a incident on the test mass having

a radius of curvature R, as shown in Fig. 3.2. The heat absorbed by the test

mass creates a deformation on the surface. The largest surface deformation of

the mirror occurs at the position where the Gaussian beam is incident, as shown

schematically in Fig. 3.2. Due to Gaussian heating, a bump or bulge will appear

at the center. The magnitude of the bump or bulge defines the change in radius
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of curvature ROC . The magnitude of the thermal deformation is expressed by a

change in sagitta (δ).

Using simple geometrical considerations, the change in sagitta can be calcu-

lated as (see Appendix D):

δ =
a2

2ROC

, (3.5)

where a is the heating beam spot size, and ROC is the change in radius of curvature

of the mirror surface due to heating. The magnitude of the surface deformation

can also be expressed in terms of the coefficient of expansion, incident laser power

Pa, and the thermal conductivity of the material, and is given by [93]:

δ =
αPa

4πκ
. (3.6)

From Eqns. 3.5 and 3.6, we can derive the value of ROC :

ROC =
2a2πκ

αPa

. (3.7)

Again, the bulge produced on the test mass due to Gaussian heating makes

a positive lens having a radius of curvature given by ROC . If the initial radius of

curvature of the test mass is Ri, and the radius of curvature change is ROC , the

final or effective radius of curvature Reff can be given by the expression:

+1

Reff

=
−1

Ri

+
+1

ROC

(3.8)

where the -ve sign represents a concave surface, and the +ve signs represents a

convex surface.
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If the initial radius of curvature of the mirror Ri is infinity, i.e. the mirror is

flat, then by using Eqn. 3.5, Eqn. 3.8 can be written as:

1

Reff

=
1

ROC

=
2δ

a2
. (3.9)

3.4 Parameters used for the simulation of sur-

face heating of a test mass with a Gaussian

beam

Parameters Values
Mirror material Sapphire
ROC R1 of ITM Flat
Diameter of ITM 100 mm
Thickness of ITM 50 mm
ROC R2 of ETM 720 m
Diameter of ETM 150 mm
Thickness of ETM 80 mm
Thermal conductivity of sapphire 46 W/m.K
Thermal expansion coefficient 5.1x10−6

Length of cavity L 79.7 m
Parametric gain R 0.1
Operating Vacuum Pressure 10−6 mbar

Table 3.2 – Thermophysical values and dimensions of the sapphire optical
cavity.

An academic version of the finite element modelling software ANSYS is used

to perform simulation of heating on a sapphire test mass with a Gaussian beam.

This ANSYS software calculated the temperature distribution over the test mass,

and the deformation of the test mass during the heating process. The effect of

heating on the test mass is simulated for both static as well as transient-state

conditions. The analysis determines the maximum deformation of the sapphire

test mass, and the time taken to reach equilibrium. The parameters used for this
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study are given in Table 3.2.

Thermal analysis using ANSYS provides the temperature gradient on the

mirror during the laser heating process. This temperature gradient is used to

perform a surface structural deformation analysis of the test mass.

The following assumptions are carried out for the ANSYS simulation:

(i) The Gaussian heating beam is incident at the center, and is perpendicular to

the mirror surface,1 as shown in Fig. 3.2,

(ii) Heat is absorbed at the surface of the test mass,

(iii) Heat transfer from the mirror surface to the substrate is due to conduction,

(iv) There is no convective heat loss as the mirror is suspended in vacuum,

(v) Heat loss is solely due to radiation from the mirror surfaces, and

(vi) Room temperature is taken as 293 K.

3.5 Finite Element Analysis (FEA) of sapphire

test mass

FEA analysis is carried out to estimate the value of the thermal and struc-

tural deformations obtained during the laser heating of the test mass.

3.5.1 Study of thermal and structural deformation using

FEA

A cylinder having the same diameter and thickness as the ETM mirror

(Table 3.2) is considered for the temperature gradient study. The cylinder volume

1In Fig. 3.1, the CO2 laser is heating the mirror at an angle. It was seen during simulation
that the magnitude of surface deformation at the center of the mirror remains the same for
perpendicular heating as well as for angular heating.
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is meshed using the free mapped meshing tool of ANSYS. The front surface (area)

of the cylinder is fine-meshed at the center using the ‘arefine’ command. The mesh

density on the front surface is as shown in Fig. 3.3.

The region of mesh density on the surface of the cylinder was selected de-

pending on the heating beam spot size. The fine mesh at the center is to ensure

that the results obtained during computation have minimum error. For simplicity

in the simulation, a flat mirror surface was used instead of a mirror with finite

ROC value. This is because the goal was to find the magnitude of deformation,

and hence the ROC change. The results obtained in an actual heating experiment

can be correlated with the flat surface in the ANSYS simulation.

Figure 3.3 – FEA simulation of sapphire test mass. The central region is
tightly meshed to absorb maximum heating power from the incident laser.

3.5.2 Modal analysis of sapphire test mass

Modal analysis using ANSYS is performed on the sapphire test mass to get

an estimate of the natural frequencies and number of acoustic modes that can
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participate in three-mode interactions. These acoustic modes should have the

same structure as, and also good spatial overlap with, the TEM01 optical mode.

Figure 3.4 – Spatial profile of an acoustic mode of a sapphire test mass
(181.6 kHz). The spatial profile in the Figure shows its similarity to the
higher-order TEM01 optical mode.

One such acoustic mode having a good spatial overlap with the TEM01

optical mode has a frequency of 181.6 kHz (contour plot is shown in Fig. 3.4).

In Chap. 4 of this thesis, we shall discuss more about the acoustic modes of the

sapphire test mass, and their importance in three-mode interactions.

Fig. 3.5 shows a TEM01 optical mode and its cross-section plotted along

with the cross-section of the acoustic mode. The features of the acoustic mode

of sapphire show similarity with the TEM01 optical mode. The spatial overlap

of the two modes is an important factor for three-mode interactions, which will

be discussed in detail in Chap. 4. In Appendix E, an ANSYS script used for the

thermal and structural analysis, along with the script used for modal analysis, is

presented.
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Figure 3.5 – (a) Profile of a TEM01 optical mode. (b) Cross-section of
TEM01 mode showing spatial overlap with the cross-section of the acoustic
mode profile of 181.6 kHz.

3.5.3 Estimation of heating power required for thermal

tuning of the test mass

As discussed in Sect. 3.3, to satisfy the condition for three-mode interactions,

it is necessary to know the amount of heating power required to tune the test mass

surface to the desired ROC. The ROC change can maintain the frequency gap

between the optical modes in the cavity to match the acoustic mode frequency

of the test mass for three-mode interactions. For this sapphire optical cavity, an

acoustic mode of frequency 181.6 kHz is used for the fulfilment of three-mode

interactions.



76
Chapter 3. Thermal and structural analysis of a sapphire mirror for

frequency tuning an optical cavity using Finite Element Analysis

In the cold cavity condition (Fig. 3.1 (a)), the frequency difference between

the fundamental and the higher-order optical mode TEM01 is approximately 203

kHz (using Eqn. 3.1 and substituting values of R1=∞ and R2=720 m). We would

like to thermally tune one of the mirrors of the optical cavity to change the TEM00

and TEM01 mode gap to 181.6 kHz. Eqn. 3.1 is used to determine the ROC of

the test mass for a frequency difference (δν) of 181.6 kHz. It is found that the

required Reff is 893 m, which means it will produce a ROC change of 3.7 km

(using Eqn. 3.8). An estimate of the heating power required for a chosen spot

size, or vice-versa, can be determined using Eqn. 3.7. For a moderate value of

600 mW power, the required beam spot size will be 6.3 mm to produce an ROC

change of 3.7 km.
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Figure 3.6 – Incident heating power corresponding to the heating beam
spot size for an ROC change of 3.7 km. The plot shows that if the heating
beam spot size is increased, the incident power needs to be increased to
obtain a specific ROC change. This plot is made for a frequency gap tuning
of 181.6 kHz.

Fig. 3.6 shows the heating power required for an ROC change of 3.7 km for

different heating beam spot sizes. For our thermo-structural analysis, we have

taken two heating beam spot sizes of 6.3 mm and 10.7 mm, respectively. As the
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locking beam (Nd:YAG) spot size on the ETM is 9.3 mm, we chose one heating

beam smaller than 9.3 mm (6.3 mm), and another heating beam bigger than 9.3

mm (10.7 mm). In the next Section, we shall discuss the effect of these two heating

beam spot sizes on surface deformation. Static and transient analyses using FEA

for the two beam sizes are carried out to estimate the results.

3.5.4 Static FEA analysis of the sapphire test mass during

Gaussian beam heating

A static thermal analysis using two heating beam spot sizes, with their

respective powers, was carried out to determine the steady-state maximum tem-

perature rise at the center of the test mass. The Gaussian beam is distributed

along the radius of the test mass as shown schematically in Fig. 3.7.

Figure 3.7 – Gaussian beam (CO2 laser) is incident on the test mass mirror.
The red dot on the test mass center shows the spot size of the heating beam.

For a spot size of 6.3 mm, the simulation for the steady-state shows a max-

imum value of surface temperature of 296.11 K at the center, and a minimum of

295.41 K at the edge of the test mass (75 mm from the test mass center). At

6.3 mm distance from the center (heating beam spot size), the temperature is
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(a) Temperature variation on the surface of the sapphire test mass in a
steady-state condition, when heated with a laser beam spot size of 6.3
mm at the test mass center.

(b) Cross-sectional view of temperature corresponding to the heating
beam size across the surface of the test mass. Here the heating beam
size is 6.3 mm.

Figure 3.8 – 3-D and cross-section view of test mass surface temperature
when heated using a beam of 6.3 mm.
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295.53 K. A 3-D plot of the temperature gradient obtained from thermal analysis

is shown in Fig. 3.8(a). A cross-sectional view of the surface temperature through

the mirror center is shown in Fig. 3.8(b).

Figure 3.9 – Surface deformation of the sapphire test mass in a steady-
state condition, when heated with a laser beam spot size of 6.3 mm at the
test mass center.

The temperature difference obtained from ANSYS simulation is found to be

consistent with Eqn. 3.3, which represents a temperature gradient in a static con-

dition. The values obtained from the thermal analysis were used for the simulation

of a coupled Thermo-Structural analysis, to estimate the thermal deformation of

the test mass, and to calculate the effective ROC. The surface deformation over

the test mass is shown in Fig. 3.9, and the cross-section of deformation is shown

in Fig. 3.10.

For the thermal lensing situation, the best mathematical approximation is a

quadratic function given by y=ux2+vx+w (the equation of a parabola). The focal

length of a parabolic mirror is given by f= 1
4u
. As the radius of curvature R=2f ,

the value of R can be calculated from the coefficient of x2. The cross-section of the
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deformation obtained in Fig. 3.10 is fitted with the quadratic function to estimate

the ROC change. The value of the ROC change obtained for the heating beam

spot size of 6.3 mm comes out to be ∼4.16 km.

Figure 3.10 – Cross-section of structural deformation of the heated mirror
surface using a beam spot size of 6.3 mm. The blue dotted line represents
the surface deformation of the sapphire test mass. The solid line in cyan
represents the quadratic fit of the simulated data points shown in red dots.
The fitted function is also given in the Figure.

A comparative study with a larger heating spot size was also carried out to

estimate the radius of curvature change of the test mass. As in Fig. 3.6, for an

increase in spot size, the incident power also needs to be increased to obtain a

specific ROC change. For a heating beam spot size of 10.7 mm, the quadratic

fit of the cross-section also gives a radius of curvature change of ∼4.16 km (Fig.

3.11).

The deformation cross-section and the quadratic fitted curves for two spot

sizes (6.3 mm and 10.7 mm, respectively) are shown in Fig. 3.12. All the deformed

data points lie within 95% confidence bound, and the values of R-square for both

the heating beam spot sizes is 0.994.
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Figure 3.11 – Cross-section of structural deformation of the mirror surface
heated using a beam spot size of 10.7 mm.

The results obtained for the two heating beams show that the radius of

curvature change is ∼4.16 km, instead of 3.7 km calculated earlier (Eqn. 3.8).

This change in value suggests that the radius of curvature of the ETM is 735 m

instead of 720 m. This variation in ROC of the ETM is experimentally confirmed,

and will be discussed in Chap. 4.

This static analysis shows that a particular radius of curvature change can

be achieved with two different spot sizes with different incident powers.

3.5.5 Transient FEA analysis of sapphire test mass during

Gaussian beam heating

Transient analysis gives an estimate of the time taken for the mirror surface

to reach the desired ROC. Estimation of this time is critical for the parametric

interaction, and especially for parametric instability control (this will be discussed



82
Chapter 3. Thermal and structural analysis of a sapphire mirror for

frequency tuning an optical cavity using Finite Element Analysis

Figure 3.12 – Prediction bounds of quadratic fitted plot having 95% con-
fidence for both the heating beam spot sizes: (a) 6.3 mm, and (b) 10.7
mm.

in Chap. 4). The onset of parametric instability causes the acoustic vibration to

grow exponentially in amplitude. The time taken for the acoustic mode to build

up depends on the parametric gain factor R, as discussed in Sect. 1.7.2 of Chap.

1. The higher the gain, the faster the ring-up of instability. The acoustic mode

amplitude build up is written as [77]:

X = X0e
λt, (3.10)
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where λ is the ring-up parameter, and is defined as λ = δm(R-1), where δm is the

relaxation rate of the acoustic mode.

For controlling the parametric instability, the time taken to tune the cav-

ity mode gap frequency away from the acoustic frequency (ωm) should be faster

than the time taken by the acoustic mode to ring-up. A transient analysis can

estimate the time taken for an effective thermal tuning of the ROC of the test

mass. Temporal deformation results of the test mass obtained from ANSYS sim-

Figure 3.13 – Exponential growth fit function determines the time taken
for the heating beam to deform the center of the test mass.

ulation are shown in Fig. 3.13. The time taken to approach a certain radius of

curvature change can be found from the fitted exponential growth curve. The plot

shows that the initial radius of curvature change is faster, but that it takes some
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time to reach an equilibrium. However, the Figure also shows that deformation,

and hence the ROC control, is faster than the ring-up time of the acoustic mode

(∼100 s) [94], and therefore thermal tuning can be achieved well before the onset

of parametric instability.

3.5.6 Significance of the heating beam spot size in thermal

tuning of test mass

The ANSYS simulation shows that if the spot size of the heating beam is

known, the power required for a given radius of curvature change can be deter-

mined, and vice versa. In the example given in the previous Section, we have

also seen that two spot sizes give the same radius of curvature change. In some

practical conditions, a larger spot size is convenient. For example, when the laser

output is not stable at low power, the laser has to be operated at higher power

to obtain a stable output. In such cases, the heating beam spot size can be in-

creased with an increase in laser power for thermal tuning purposes. The above

results suggest that a trade-off exists between the selection of a suitable heating

beam spot size and a heating laser power for thermal tuning of the cavity in a

three-mode interaction experiment.

3.6 Conclusion

In this Chapter, we studied the effect of centralized laser heating on the

reflective surface of a sapphire test mass to produce the desired ROC change

for tuning an optical cavity. Thermal and structural analysis of sapphire test

mass using ANSYS in static and transient conditions were used to estimate the

magnitude of deformation due to laser heating. To determine the heating power
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and the spot size required for thermal tuning, modal analysis of the test mass

was used for identifying an acoustic mode of sapphire test mass which can cause

three-mode interactions in the cavity. During the tuning process, the optical

cavity scanned through different frequencies, which can be beneficial to find several

acoustic modes of the test mass. With the parameters considered in this thesis,

it was seen that the desired thermal tuning can be achieved for a sapphire test

mass in shorter time than the ring-up time needed for the parametric instability.





Chapter 4

Thermal tuning of the optical

cavity using a CO2 laser for

Three-Mode interactions

4.1 Introduction

In a gravitational wave detector, higher optical power reduces the photon

shot noise (see Sect. 1.4.4 of Chapter 1). For an aligned optical cavity, an increase

in the input laser power increases the circulating power within the cavity. For

example, in Advanced LIGO, when the input laser power is increased to ∼180 W,

the circulating power reaches ∼800 kW, which improves the shot noise-limited

sensitivity by a factor of 6 [54]. However, Braginsky et al. [76] predicted that at

such a high circulating power inside the cavity, an instability driven by three-mode

opto-acoustic interactions can emerge.

In this Chapter, we attempt to investigate a method for controlling three-

mode interactions by thermal tuning of the radius of curvature (ROC) of the

mirror of a FP cavity. As mentioned earlier, under favorable conditions (see Sect.

1.7.2 of Chapter 1), three-mode interactions can lead to parametric instability,

and thus deteriorate the functioning of the GW detector. To maintain continuity,
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we shall review a few points from Sect. 1.7 of Chapter 1. In a gravitational

wave detector, Fabry-Pérot (FP) cavities are locked to the fundamental TEM00

optical mode of frequency ω0. The test mass internal mode vibration scatters

the incoming fundamental optical mode of frequency ω0 to a higher-order optical

mode (HOM) of frequency ωh. If the frequency difference |ω0-ωh| between the

HOM and the cavity fundamental mode coincides with one of the frequencies ωm

of the acoustic modes of the test mass, and the HOM shape matches with that of

this acoustic mode, the interactions between the optical modes and the acoustic

mode via the radiation pressure force can lead to resonance. In the case when

ωh < ω0, the interaction transfers energy from the incoming laser to the acoustic

mode, which can cause the acoustic mode ωm to build-up exponentially. In the

case when ωh > ω0, the amplitude of the HOM builds up by extracting energy

from the acoustic mode, and hence damping the acoustic mode. These processes of

excitation and damping are known as Stokes and anti-Stokes processes (Fig. 1.16),

respectively. Three-mode interactions refer to those between two optical modes

and one acoustic mode. The parametric gain factor R [76], given in Eqns. 1.13 and

1.14, characterizes these three-mode interactions. An increase in this parametric

gain causes exponential growth of thermal acoustic vibrations. Further, when the

value of R reaches 1, the parametric instability starts developing.

In this Chapter, we shall discuss thermal tuning of a sapphire FP cavity using

a stabilized CO2 laser. The CO2 laser tunes the ROC of one of the cavity mirrors,

thus changing the g-factor. Section 4.2 describes this thermal tuning in relation

to a three-mode interaction process. The salient feature of this tuning process is

that the experimental heating setup is installed outside the vacuum tank holding

the suspended cavity mirrors, as mentioned in Chapter 2, and further explained

in Sect. 4.3. This Section highlights the frequency tuning of the optical cavity by
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thermally tuning the ROC of a cavity test mass mirror using a CO2 laser. In this

Section, we also describe two main diagnostic techniques (beam profile camera and

Hartmann sensor) used to monitor the ROC change of a thermally tuned mirror.

Section 4.4 discusses the results from the three-mode interactions experiment.

These results show the effect of the heating beam spot size and its position on

the mirror. The results Section also describes the ROC change measured using

the beam profile camera and the Hartmann sensor, as well as the thermal tuning

of the cavity for a three-mode interactions process. Several mechanical modes of

sapphire test mass which participate in the three-mode interactions process have

been identified, and appear to be potential candidates for the onset of parametric

instability. This Chapter also suggests that the three-mode interaction process

can be used to make a highly sensitive transducer.

4.2 Concept of thermal tuning of the optical cav-

ity using a CO2 laser

The frequency of a transverse mode in a FP cavity is given by [91]:

νmn =
c

2L
[q + (m+ n+ 1)

cos−1√g1 · g2
π

], (4.1)

where c is the speed of light, q the longitudinal mode number of the cavity, m and

n are transverse mode numbers, L is the length of the cavity, and g(1,2) are the

g-factors of the cavity mirrors, which are given by (1− L
R(1,2)

), where R(1,2) are the

corresponding radii of the mirrors.

For the specific case when m=n=0, Eqn. 4.1 reduces to:

ν00 =
c

2L
[q + 1

cos−1√g1 · g2
π

]. (4.2)
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When m=0 and n=1, Eqn. 4.1 can be written as:

ν01 =
c

2L
[q + 2

cos−1√g1 · g2
π

]. (4.3)

The frequency difference between ν01 and ν00 can be written as:

Δν = ν01 − ν00 =
c

2L
[
cos−1√g1 · g2

π
]. (4.4)

The change in ROC is a measure of the change in the frequency gap between

the TEM00 mode of frequency ν00 and the TEM01 mode of frequency ν01, as per

Eqn. 4.4. By changing the ROC of the mirror, the frequency difference between

Figure 4.1 – Frequency difference between the TEM00 and TEM01 modes
as a function of ROC of the ETM mirror (parameters given in Table 4.1).

the modes can be varied as illustrated in Fig. 4.1. A CO2 laser creates thermal

deformation of the test mass surface as discussed in Chap. 3, which also tunes the

ROC, which in turn tunes the frequency gap between the optical modes in the

cavity.

The relation between the ROC change and the heating power of the CO2

laser has already been discussed in Chap. 3. However, from the perspective of
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thermal tuning for three-mode interactions, some points are repeated in this Sec-

tion for the sake of clarity.

Figure 4.2 – Sagitta δ of a test mass is proportional to R−1. A mirror
before heating is assumed to have a sagitta δi proportional to R−1

i , and
after heating the sagitta δf is proportional to R−1

f . The change in sagitta

δc will be proportional to R−1
c .

The ROC of the mirror can be calculated using Eqn. 4.5, when the mirror

surface is subjected to heating from an incident Gaussian beam. From Fig. 4.2,

the change in sagitta δc can be written as:

δc = δf − δi. (4.5)

Substituting for δc, δi and δf , the change in ROC can be written as:

1

Rc

= (
1

Rf

)− (
1

Ri

). (4.6)

For a flat cylindrical mirror, the initial ROC Ri = ∞. Considering the ther-
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Figure 4.3 – For an increase in the heating spot size, thermal tuning can be
performed with higher laser power. Values of thermal expansion coefficient
and thermal conductivity K of sapphire are taken as 5.1x10−6 K−1 and
46W m−1 K−1 respectively [66] .

mal conductivity κ, and coefficient of expansion α of sapphire test mass, the final

ROC will be equal to the ROC change of the mirror, and can be written as [93]:

|Rf | = |Rc| = 2 · π · κ · a2
α · P , (4.7)

where a is the Gaussian beam spot size falling on the center of the mirror, and P

is the incident power.

Eqn. 4.7 comes from Eqn. 4.6 on substituting Ri = ∞. For a concave surface,

Rf is negative and for a convex surface Rf will be positive. The spot size and the

power needed for a certain ROC can be estimated from Eqn. 4.7. For example, to

have an ROC change of ∼4 km, for two heating beam spot sizes, e.g. 6.3 mm and
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10.7 mm, according to Eqn. 4.7 the incident power has to be 600 mW for 6.3 mm,

and 1.7 W for 10.7 mm, respectively. An estimate o power required or certain

ROC change using two different heating beam spot sizes are shown in Fig. 4.3.

4.3 Three-mode interactions experiment

4.3.1 Experimental setup for thermal tuning of sapphire

test mass using stabilized CO2 laser

This Chapter introduces a new method of changing the g-factor of an optical

cavity. A CO2 laser is used to heat the end mirror of the sapphire optical cavity

to create a localized deformation on the mirror surface. This deformation creates

an ROC change of the mirror, and thus tunes the cavity g-factor.

The schematic layout of the three-mode interactions experiment is shown

in Fig. 4.4. It consists of a suspended FP cavity made up of a pair of sapphire

mirrors separated by a distance of ∼79.78 m. A 1064 nm wavelength Nd:YAG

laser with a TEM00 optical mode provides ∼2 W of input power at the ITM.

The FP cavity locks to the TEM00 optical mode through a Pound-Drever-Hall

(PDH) control system [95]. Around 2 kW of laser power circulates in the cavity.

The spot size of the beam on the ITM is around 8.7 mm, and the spot size of the

beam on the ETM is 9.2 mm. The suspended cavity is kept in high vacuum.

After locking the FP cavity to the fundamental optical mode, the portion

of the beam leaking through the ETM is divided using a beam splitter located

outside the vacuum tank. The beam splitter divides and directs the leaking beam

to a beam profile camera and to a quadrant photodetector (QPD). The beam

profile camera measures the spot size of the main beam falling on the ETM, as
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Figure 4.4 – Experimental layout of the thermal tuning of a FP cavity
with a CO2 laser. The cavity is inside a vacuum envelope of 10−6mbar.
The central Nd:YAG beam is shown in blue. The visible guiding beam
and the CO2 laser are shown in red. A SLED beam in green is shown as
the Hartmann Sensor (HS) source beam reflected from the ETM (end test
mass). ITM is the input test mass, QPD is the quadrant photodetector,
and DSO is the digital storage oscilloscope.

well as the transmitted power from the optical cavity. A QPD is used to fine

tune the optical cavity and to measure the beating between the fundamental and

the higher-order mode. The QPD output is connected to a spectrum analyzer

to measure and acquire the beat signal produced during three-mode interactions.

The experimental setup also includes an illuminated Hartmann Sensor (HS) (Sect.

2.3.4 of Chap. 2) using a superluminescent light emitting diode (SLED) source.

The Hartmann sensor measures the wavefront change of the SLED beam during

heating of the ETM. This wavefront change gives the magnitude of the distortion

of the heated mirror surface.

A 10 W CO2 laser is aligned, with the help of a visible guiding beam with
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the center of the ETM through a Zn-Se window located on the vacuum tank. This

window is located at an angle of 35o with respect to the optical axis of the ETM.

This allows the CO2 laser to heat the ETM only at an angle. In this experimental

setup, this window is the closest location through which the ETM can be heated.

The choice of angle is due to experimental constraint.

In this setup, the CO2 laser is operated in two modes, depending on the

method of heating carried out: (i) using the standard remote supplied with the

CO2 laser, the heating power incident on the ETM was varied in steps of 500 mW,

and (ii) the CO2 laser was triggered in external mode using a signal generator to

vary the heating power. Method (i) was used to carry out heating with known

incident power. It involves presetting the value of heating power on the hand-held

remote and switching on the laser. Method (ii) was used to provide a ramp such

that slow heating of the ETM was carried out. Fine tuning of the ETM can be

carried out using the second method, depending on the rise time of the input

signal.

A lock-in-amplifier (LIA) is used to monitor the beat note between the funda-

mental mode and the higher-order mode on the QPD at the frequency of acoustic

mode. This frequency acts as the reference frequency in the LIA for the three-

mode interaction experiment. The LIA is also connected to the oscilloscope to

measure the amplitude of the reference frequency. The LIA phase locks to the

acoustic reference frequency coming from the QPD, generates a local oscillator

signal at the same frequency, and inputs it to the spectrum analyzer for measure-

ment. The advantage of this method is that it allows for a controlled heating

process. The beat frequency is the acoustic mode frequency of the sapphire ETM.

Details will be discussed in Sect. 4.4 of this Chapter.
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Parameters that are relevant to the experimental setup are shown in Table

4.1.

Cavity parameters Values
ROC R1 of the ITM Flat
ROC R2 of the ETM 720 m
L Length of the cavity 79.7 m
Q1 Quality factor of the optical mode 1.88x1011

Qm Quality factor of the acoustic mode [96] 1.2x106

meff Effective mass of the acoustic mode ∼1 kg
ωm Acoustic mode frequency 181.6 kHz
Λ Overlap factor 1.67
R Parametric gain 10−2

Table 4.1 – Sapphire test mass cavity parameters.

4.3.2 Controlling frequency spacing in an optical cavity

by fine thermal tuning of the ETM with a stabilized

CO2 laser

The mode spacing between the fundamental and the TEM01 HOM during

a cold cavity condition is Δω=2π × 203 kHz (Eqn. 4.4). If an acoustic mode of

the test mass is present at 203 kHz, or close to this frequency, with a good spatial

overlap, a resonance can occur due to three-mode interactions. However, from our

ANSYS simulation, we found that an acoustic mode of the sapphire test mass with

frequency ωm=2π × 181.6 kHz has a good overlap (Fig. 3.4) with the first-order

optical mode. By carrying out fine thermal tuning of the ETM, its ROC can be

varied such that the frequency gap between the optical modes matches 181.6 kHz.

The beat note between a TEM00 and a TEM01 mode was detected using

the QPD. Instead of an ordinary photodiode, a QPD was used to measure the
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displacement of the locking beam on the ETM, as well as to detect the higher-order

modes in the cavity. For a known heating power, the frequency difference between

the optical modes can be matched to the frequency of the acoustic mode. To carry

out this process, heating method (i), as discussed in the previous Section, is used.

This results in a change in the ROC of the ETM to produce a beat frequency

which can be detected with the spectrum analyzer. Before carrying out the three-

mode interactions experiment, the QPD was calibrated for the background noise,

as explained in Appendix A of this thesis.

4.3.3 Monitoring the change in ROC using a beam profile

camera

In optical cavities similar to that of the Gingin high power test facility, the

waist of the circulating laser beam always lies on the ITM. General equations for

the spot sizes on the ITM and ETM of a FP cavity are given by [91]:

S2
ITM =

Lλ

π

√
g2

g1[1− (g1×g2)]
, (4.8)

S2
ETM =

Lλ

π

√
g1

g2[1− (g1×g2)]
, (4.9)

where SITM , SETM are the spot sizes on the ITM and ETM, respectively, λ is the

wavelength of the laser used in the optical cavity, and g1 and g2 are the g-factors

of the cavity.

The g-factor of ITM in our experiment is 1.0, and that of the ETM is 0.8892.

After locking, the spot sizes of the laser beam on the ITM and ETM are 8.76 mm

and 9.28 mm, respectively (calculated using the above equations for λ=1064 nm).
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As the ROC of the ETM deforms due to heating by the CO2 laser, the

corresponding spot size of the laser beam on the ETM varies as [91]:

r2 =
Lλ

π

√
LRi

(1− L
Ri
)
, (4.10)

where r is the Nd:YAG laser beam spot size on the ETM, L is the cavity length,

and Ri is the initial ROC of the ETM. The ratio of the spot sizes on the ETM

when it is cold (rc) and when it is heated (rh) is:

rc
rh

=
[(1− L

Rf
)( L

Rf
)]

1
4

[(1− L
Ri
)( L

Ri
)]

1
4

, (4.11)

where Ri and Rf are the ROCs of the mirror before and after heating, respectively.

A CCD camera was used to measure the transmitted beam from the ETM.

The hardware for the CCD consists of a frame capture card operated using Spiri-

con [87] software. The Spiricon analysis software captures images of the trans-

mitted beam and gives a representation of the beam’s structure. The CCD cam-

era is integrated and operated using the commercially available LabVIEW soft-

ware. LabVIEW extracts and plots the values of the horizontal and vertical cross-

sections of the beam analyzed by the Spiricon software at an interval of 500 ms.

The LabVIEW program also plots the power of the transmitted beam analyzed

by Spiricon. The recorded values are later used to calculate the change in ROC

of the ETM during the heating process.

4.3.4 Arrangement for the Hartmann sensor illumination

The Hartmann sensor measures the wavefront change caused by the ETM

deformation due to CO2 laser heating. A superluminescent light-emitting diode
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(SLED) source is used to illuminate the Hartmann sensor. This SLED beam is

collimated on the ETM using a lens of focal length 15 cm to create a spot size

of ∼16.5 mm, as shown in Fig. 4.5. The reflected beam from the ETM falls on

a Hartmann sensor through a telescopic arrangement (two convex lenses of focal

lengths 15 cm and 5 cm, separated by a distance of 20 cm) to form a spot size of

∼5.3 mm. A schematic of the Hartmann sensor arrangement for the three-mode

interactions experiment is shown in Fig. 4.5.

The spot of the SLED beam on the ETM overlaps the spots formed by the

main Nd:YAG laser as well as the CO2 heating beam. As said for the heating

beam, the SLED beam is also incident at an angle due to experimental constraints.

The telescopic arrangement demagnifies the SLED beam by a factor of ∼3.

The demagnification (DM) factor, in terms of the spot size of the SLED beam on

the ETM and the spot size on the Hartmann sensor, can be written as:

DM =
RETM

RHS

, (4.12)

where RHS is the spot size of the SLED beam on the Hartmann sensor, and RETM

is the spot size of the SLED beam on the ETM. Due to heating, the original ROC

of the test mass ROCETM changes to ROCHS by a factor DM2 [97] on the sensor.

Therefore, the deformed ROC can be written as:

ROCETM = DM2 ∗ROCHS. (4.13)

The Hartmann sensor determines the value of ROCHS from the wavefront images

taken during the experiment. A code written in MATLAB processes these images

to arrive at the deformed ROCETM value.
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Figure 4.5 – Schematic of Hartmann sensor setup consisting of SLED
source beam (green), main Nd:YAG locking beam (red), and the CO2 heat-
ing beam (yellow) incident on the ETM. The dotted line represents the
optical axis of the ETM. A combination of lenses is used to collimate the
SLED beam on the Hartmann sensor. A neutral density filter is placed in
front of the sensor to attenuate the SLED beam.

4.4 Results and Discussion

4.4.1 Effect of heating beam spot size

The heating beam spot size and heating power to tune the ETM to the

required ROC are represented by Eqn. 4.7. A Gaussian beam propagation law

determines the distance between the CO2 laser and the ETM to estimate the

heating beam spot size. The optical path is extended with several flat mirrors (as

shown in Fig. 2.16 and 2.18(a), respectively) to obtain the desired heating beam

spot size.



4.4. Results and Discussion 101

Figure 4.6 – Location of heating spot w.r.t the cavity beam and the mirror.
In this picture O1 represents the common axis. (a) The ETM is heated using
the CO2 laser (yellow in color) at the center of the mirror (blue in color).
The spot size of the CO2 laser is smaller (6.3 mm) than the Nd:YAG spot
size (9.3 mm) (white in color). (b) The heating beam spot size is bigger
(10.7 mm) than the Nd:YAG spot size.

It was mentioned in the previous Chapter that two heating beam spot sizes

(6.3 mm and 10.7 mm, Fig. 4.6) are used to perform thermal tuning of the ETM.

As was mentioned earlier, a trade-off exists between the selection of spot size and

the heating power (Eqn. 4.7) for a particular beat frequency (Eqn. 4.4). This

means that to have a beat frequency of 181.6 kHz in a sapphire optical cavity,

with an ETM ROC of 720 m, the ROC has to be thermally tuned between 890.3

m to 899.7 m. The beat frequency matching the mechanical mode frequency (181

kHz obtained from ANSYS simulation) of the ETM can appear anywhere between

these ROC tunings. Theoretically, for a spot size of 6.3 mm, the heating power

should be ∼600 mW, while for a heating spot size of 10.7 mm, the power should

be 1.7 W. It has been observed that for a 6.3 mm spot size, the power should be

varied from 600 mW to 900 mW, and for a 10.7 mm heating spot size, the power

should be varied from 1.5 W to 1.7 W to obtain the beating signal. Again, due to
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reflection and absorption losses of the heating beam on the steering mirrors and at

the beam input vacuum window, the incident power is expected to deviate from

the theoretically estimated value. The estimated power loss in this experiment

is found to be around 20% before the heating beam falls on the ETM. Both the

heating beams (with spot sizes of 6.3 mm and 10.7 mm) produce the same ROC

change, and hence any beam size can be used for three-mode interactions as long

as the condition shown in Fig. 4.6 is satisfied.

During the cold cavity condition (i.e. when CO2 heating is not being per-

formed), the spot size of the Nd:YAG beam on the ETM is ∼9.3 mm, and the

corresponding spot size on the beam profile CCD camera is ∼1.4 mm. A snap-

Figure 4.7 – Spot of transmitted Nd:YAG beam from the ETM monitored
by the CCD. The Spiricon software records the horizontal (H) and vertical
(V) cross-sections of the image.

shot of the image formed by the transmitted light from the ETM captured by the

CCD camera is shown in Fig. 4.7. When the mirror heating starts (i.e. in the hot

cavity condition), the deformation of the ETM changes the spot size on the CCD

camera. By substituting the values obtained from the camera during the heating

of the ETM, and solving Eqn. 4.11, the final ROC (Rf ) of the ETM can be found.

The horizontal and vertical cross-sections of the beam are extracted from the
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transmitted image falling on the CCD beam profile camera. One such extracted

cross-section (horizontal) is shown in Fig. 4.8. In this case, the ETM is heated by

the 1.2 W CO2 laser with a spot size of 6.3 mm.

Figure 4.8 – ROC change with 1.2 W CO2 laser heating measured w.r.t.
using a CCD camera. The arrows represent the time at which the CO2 laser
is switched ON and switched OFF, respectively. The transmitted power
from the cavity is about 38 mW, with less than 2 mW variation because of
alignment fluctuation.

The vertical axis in Fig. 4.8 shows the ROC of the ETM being tuned when

the heating beam is switched ON at ∼50 s. The ETM is heated for ∼7.5 minutes

before the CO2 laser is switched OFF. The ROC of the ETM appears to be stable

after ∼120 s. The plot also shows the transmitted power from the ETM, which

has fluctuation of ∼ ±1 mW. This fluctuation can be attributed to the movement

in the suspended ETM.

From the plot, it can be seen that the initial rise time, when the heating

is switched ON, is slightly more than 5 s which changes the ROC of the mirror

from 737 m to 830 m. The ROC becomes almost constant at ∼883 m after ∼120
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(a) (b)

Figure 4.9 – The ROC measured with the beam profile camera is fitted
with an exponential growth curve to determine the time constant. (a) The
rise time determined is ∼6.8 s when the ETM is heated with a CO2 beam.
(b) The fall time is fitted with a double exponential curve when the heating
beam is switched OFF. The initial fall time is ∼3 s, and the later portion
takes ∼39 s before the ETM regains its initial ROC.

s. The initial rise in the ROC as soon as the CO2 beam is switched ON is due to

the heat being absorbed locally by the mirror material. This absorption results

in a temperature increase and hence creates a deformation. To estimate the time

taken for the quick deformation process from 48 s to 74 s in Fig. 4.8, the ROC

was fitted with an exponential growth curve. It was found that the time taken for

the ROC to change from 737 m to 830 m is ∼6.8 s, as shown in Fig. 4.9(a). As

time progresses, the heat diffuses or spreads into the substrate till an equilibrium

is achieved. The diffusion of heat depends on the thermal conductivity of the

substrate material and occurs at a slower rate compared to the initial rise time.

The heating was carried out for around 467 s for the ROC to become constant.

After the CO2 laser is switched OFF, the fall time of the ROC of the ETM

is calculated. To measure the fall-time, the data after 467 s (Fig. 4.8) were taken

and fitted exponentially, as shown in Fig. 4.9(b). It can be seen that the fall

time has a double exponential fit. The initial fall time is ∼3 s, and the later
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exponential had a fall time of ∼39 s. The initial fall time is found to be faster

than the initial rise time when the heating beam was incident on the ETM. The

fast fall time is due to the switching OFF of the CO2 laser. Switching OFF causes

an abrupt termination of the heating source. This termination causes a change in

the temperature gradient on the surface of the ETM, which results in restoring the

initial shape of the ETM. The slow fall time is due to global thermal dissipation

from the substrate to the ambient atmosphere, which occurs at a slower rate.

4.4.2 Result from the Hartmann sensor: ROC of the ETM

As discussed in Sect. 2.3.4 of Chap. 2, the Hartmann sensor can measure

the deformation of the surface of the sapphire ETM during thermal tuning. The

Hartmann sensor measures the transient phenomena of the mirror deformation

as the ROC of the mirror is tuned. A typical wavefront change measured by

the Hartmann sensor is shown in Fig. 4.10. The Hartmann sensor was setup to

capture each frame at 38 ms. Each image shown in Fig. 4.10 was acquired after

averaging of 50 frames, which means that each image was captured at an interval

of ∼1.9 s. For the experiment performed here, the SLED beam incident on the

reflective surface of the ETM had a spot size of 33 mm. The heating spot size of

the CO2 laser was kept at 6.3 mm. In Fig. 4.10, 0 s represents the heating of the

ETM by the CO2 laser. The blue color in the image represents the less deformed

surface of the mirror, while the red color represents the large deformation of the

reflective surface. At 0 s, when the heating is switched ON, the wavefront of the

reflected SLED beam starts to change. The color code shows that at -1.98 s,

most of the reflective surface in the central region is blue. The color at the edges

shows that these regions have more deformation compared to the central portion

highlighting the concave surface of the ETM.
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Figure 4.10 – Reconstructed temporal images of heating of sapphire with
a CO2 laser. The images of the deformed mirror are demagnified and pro-
jected into the Hartmann plate. The horizontal and vertical axes are the
dimensions of the plate, which are aprox. 11 x 11 mm. This Figure shows
only the important time sequences as the heating progresses. The wavefront
change due to deformation with time is represented by the color code. Areas
in red have larger optical path difference, and the areas in blue have optical
path differences which are small.

As heating starts, the color slowly changes. This change in color signifies

wavefront distortion in the central portion. The Gaussian heating beam changes

the temperature of the mirror instantly, as can be seen at 1.98 s. As the heat

gets absorbed by the mirror substrate, the wavefront shows a slight change, as

can be seen from 3.96 s to 5.95 s. These parts signify the global distribution of

temperature due to the heating process. Once equilibrium heating of the mirror

is achieved, the central region of the mirror maintains the distortion from 7.93 s

to 79.32 s. A change is observed between 35.69 s to 39.66 s, which can be due to

disturbances on the mirror motion affecting the heating process. As the heating

beam is switched OFF after 79.32 s, the image is seen to be varying from 81.31 s

onwards. It is observed that after switching OFF, the surface distortion changes at

a slow rate, and takes ∼10 s to come back to the original shape. This time delay

is due to the slow thermal relaxation time of the mirror test mass to dissipate
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heat to the surroundings. Unlike for the CCD beam profile camera, which sees

the transmitted beam from the ETM, the Hartmann sensor measurement is from

the SLED beam reflected from the surface of the ETM, and hence the original

ROC is observed within 10 s, as compared to the CCD camera which takes around

39 s to see the original shape. This is because the wavefront for the beam profile

camera has to travel through the ETM substrate thickness, which takes some time

to regain its original form and hence causes the delay. From the ANSYS analysis

carried out in the previous chapter, the temperature difference due to laser heating

was found to be less than 1 K. Therefore the temperature dependence of the index

of refraction is negligible and hence should not affect the delay.

The magnitude of the deformation of the ETM is calculated by reconstruct-

ing the wavefront change captured by the Hartmann sensor, as shown in Fig.

4.11. Reconstruction is carried out using a code written in MATLAB. As seen

from Fig. 4.5, the spot size of the SLED beam falling on the ETM (33 mm) is

demagnified (10.8 mm) by a factor of ∼3 before falling on the Hartmann sensor.

The Hartmann data are initially meshed to the size of the Hartmann plate (11

mm×11 mm). The meshed data are magnified by the square of the magnification

factor (Eqn. 4.13) to obtain the actual portion of the deformed ETM. The vertical

and horizontal cross-sections of these meshed data are extracted for estimating

the ROC change. The ROC change is estimated by fitting a quadratic function

to the extracted cross-section plot, as shown in Fig. 4.12.

For comparison, FEA simulated data are also shown in Fig. 4.12. The ROC

change measured with the Hartmann sensor is 725 m, while the FEA simulation

gives a value of 735 m (a difference of +1.3%). Fig. 4.12 shows that the Hartmann

sensor data have a standard error of 1.7 nm.
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Figure 4.11 – Deformation of the ETM measured with a Hartmann sensor.
The SLED beam forms a spot size of 33 mm diameter on the mirror. The
CO2 heating spot size for the data shown here is 6.3 mm.

The standard error was calculated by taking the standard deviation of Hart-

mann sensor data before CO2 laser heating is carried out. The data from the

Hartmann sensor is prone to the following disturbances: (i) ground motion, (ii)

vibrations of the platform on which the sensor is installed. These vibrations are

essentially from mechanical devices like the vacuum pumps and air compressor

in the vicinity, and (iii) the movement of the suspended ETM which distorts the

reflected wavefront of the SLED beam falling on the Hartmann sensor. The com-

bined effect of these abovementioned disturbances are also present in the sensor’s

measured data during the CO2 laser heating. In the data reported here we have

ignored the figure error of the reflective side of the ETM, and have also assumed

that the CO2 laser heating is constant with time.
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Figure 4.12 – Deformation of the ETM measured using the Hartmann
sensor. The data are quadratically fitted to obtain the ROC. Simulated
data from FEA show a good quadratic fit, which gives a theoretical estimate
of the ROC obtained during heating.

4.4.3 Effect of heating position

The position of the heating beam on the test mass plays a crucial role in

carrying out a three-mode interactions study. The position of the heating beam

with respect to the main cavity beam is adjusted in such a way that their centers

coincide (as discussed in Fig. 4.6). A detailed analysis of the consequences in

mismatch between the heating beam and the main beam is explained in this

Section. It is assumed that the main beam is locked exactly at the center of the

ETM. A mismatch between the heating beam center with the other two centers

(i.e. of the mirror and the main beam) is considered here as an off-center heating,

as shown in Fig. 4.13.



110
Chapter 4. Thermal tuning of the optical cavity using a CO2 laser for

Three-Mode interactions

Figure 4.13 – CO2 heating is off-centered w.r.t. the main beam. O1 rep-
resents the line passing through the centers of the mirrors and the main
beam, respectively, while O2 represents the line passing through the center
of the heating beam. (a) The heating beam spot is small compared to the
main beam spot. (b) The heating beam spot is large compared to the main
beam spot.

Let us consider a mirror (in this experiment, the ETM has an ROC of 720

m), as shown in Fig. 4.14. The main cavity Nd:YAG beam is locked at the center

of the mirror along the line OA-1. A portion of the main beam is transmitted

from the ETM to the beam profile camera, which is used to determine the cavity

beam size on the ETM. As shown in Fig. 4.14, two cases of the CO2 laser heating

condition, namely Case-1 and Case-2, are considered. In the experimental setup,

the heating beam is projected at an angle of 35o w.r.t. the surface of the ETM.

Fig. 4.14 represents the actual scenario; however, for the calculation, this angle is

ignored and only the matching of the centers of the beam is considered. We will

consider Case-2 only, as Case-1 is an ideal condition.

In Case-2, the magnitude of the deformation at the heating point is given by
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Figure 4.14 – Picture shows a portion of a locked FP cavity. The mirror
in consideration is the ETM, where the main cavity beam is locked along
the line OA-1. ETM has a ROC which is thermally tuned using a CO2

laser (shown in yellow color). Two cases are considered for heating. Case-1
represents heating of the ETM along the line OA-1, and is termed as center
heating. Case-2 represents heating of the ETM along the line OA-2, and is
termed as off-center heating. The ROC change due to Case-1 is shown by
the red dotted line. It creates a sagitta δc center. The ROC change due to
Case-2 is shown by the bold black line, and the sagitta formed is denoted
as δc off−center. The distance between OA-1 amd OA-2 is shown as ‘d’.

δc off−center (Eqn. 4.5), and at the center is δ0 off−center. At a distance d from the

line OA-2 lies OA-1, to which the beam profile camera is aligned. The ANSYS

simulation carried out for the comparison of results between center and off-center

heating shows that the ROC changes are different for these two cases. ANSYS

simulation for d=8 mm (for example) is carried out to validate the ROC change.

A marked change is observed when the ROC along the line OA-1 is measured for

Case-2. The structural deformation shown in Fig. 4.15 shows that, for off-center

heating, the ROC change at the off-center location calculated using the quadratic
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fitting function is ∼1785 m, and at the center the ROC change is ∼5000 m.

Figure 4.15 – The difference between δc off−center and δ0 off−center gives
a negative lens formation. The negative lens is shown as the red dash-dot
line.

A simple calculation is carried out to determine the nature of the deforma-

tion. The difference between the sagittas δ0 off−center and δc off−center gives the

following relation:

δ0 off−center − δc off−center =
a2

2
[

1

R0 off−center

− 1

Rc off−center

], (4.14)

where a2 is the heating beam spot size, and for the purpose of simulation it is taken

as 6.3 mm; R0 off−center and Rc off−center are the ROC changes corresponding to

δ0 off−center and δc off−center, respectively.

Substituting the values of R0 off−center and Rc off−center in Eqn. 4.14, the

value of δ0 off−center-δc off−center is found to be ∼-7.14 nm. The negative sign

shows that a negative lens is formed due to off-center heating along OA-1. In Fig.
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4.15, this result is shown as the red dash-dot line.

An experimental measurement is carried out to confirm the effect of negative

lens formation due to off-center heating. For analysis, the beam size of the hori-

zontal cross-section of the image formed by the CCD beam profile is considered.

Initially, the ETM is heated along OA-1 so that Case-1 is satisfied. Fig. 4.16(a)

shows that the cross-section of the beam is increased. This happens only if the

thermal deformation is for a positive lens. Then, the heating beam is shifted by

a few mm such that heating occurs along OA-2, so that Case-2 is satisfied. Fig.

4.16(b) shows that the cross-section of the image is decreased when the ETM is

heated by the heating beam. This could happen only if the thermal deformation

is negative, i.e. only if a negative lens is formed.

(a) (b)

Figure 4.16 – Spot size of the main (Nd:YAG) beam falling on the CCD
camera: (a) when the heating CO2 beam is concentric with the main beam
on the ETM, (b) when the heating beam is partially off-centered w.r.t. the
main beam. The deformation w.r.t. the no heating position signifies the
presence of a positive or a negative lens.

A heating beam with a smaller spot size compared to the main beam could

create a negative lens. The reason is that the heating beam could move within the

main beam, thus creating an asymmetric heating. The overlapping between the
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centers of two spots (i.e. the Nd:YAG beam and the heating CO2 laser beam) has

to match if the error (negative lens formation) has to be minimized or be absent.

For a larger heating spot size compared to the main beam spot, a slight mismatch

between the beam centers will not create a large asymmetry in heating.

4.4.4 Thermal tuning of the FP cavity and three-mode

interactions

Earlier Sections of this Chapter describe the use of a CO2 laser as an effective

tool for thermal tuning of the test mass. With careful alignment procedures, as

described in earlier Sections of this Chapter, a FP cavity can be tuned so that the

frequency gap between the fundamental and certain higher-order modes matches

to the frequency of a mechanical mode of the test mass. Using a CO2 laser,

thermal tuning of the ROC of the ETM provides favorable conditions for three-

mode interactions.

4.4.4.1 Identification of modes for three-mode interactions

Three-mode interactions, as mentioned earlier, generally involve 2 optical

modes and 1 acoustic mode. For the cold cavity condition, the prominent mode

circulating in the cavity would be the fundamental mode (TEM00), as shown in

Fig. 4.17(a). However, if the necessary and sufficient condition for the hot cavity is

satisfied, with the change in ROC due to thermal tuning, the higher-order optical

mode (TEM01)(Fig. 4.17(b)) becomes resonant in the optical cavity.

Simulation using ANSYS-FEA identified several mechanical modes of a sap-

phire test mass which have similar mode structures as higher-order optical modes,

and thus can contribute to three-mode interactions. We identified five acoustic
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(a) (b)

Figure 4.17 – (a) Fundamental mode during the cold cavity condition. (b)
A TEM01 HOM.

modes that show a very good structural resemblance with the TEM01 optical

mode. These five modes, along with their cross-sections, are shown in Fig. 4.18.

Figure 4.18 – Mechanical mode shapes of a sapphire test mass. The plots
next to each mode shape are the vertical cross sections taken along the dark
dotted lines. Images of these modes of sapphire show structural resemblance
with the TEM01 optical mode.

We start the analysis for the three-mode interactions by taking a mechanical

mode of the sapphire test mass at a frequency of 181.4 kHz. The reason for taking

this mechanical mode of frequency 181.4 kHz is because it is the first acoustic mode
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that appears during the thermal tuning of the ETM. It is seen that the product

of the TEM01 optical mode with the acoustic mode at the central region of the

ETM gives a maximum value, as shown in Fig. 4.19.

Figure 4.19 – Mode shapes: (a) Contour plot of sapphire ETM at 181.5
kHz, (b) Vertical cross-section of the 181.5 kHz mode at the center of the
test mass, (c) Product of the TEM01 optical mode with an acoustic mode
of sapphire.

The overlap indicated in Fig. 4.19 is for the optical mode positioned at the

center of the test mass. It can be shown that the integrated output of the product

of the modes also depends on the relative positions of the mode shapes (Eqn.

1.14). In order to validate that the integral output indeed varies with the relative

position among the modes, the integrated values of the products were calculated

with the main beam at different locations on the test mass. It is seen that the

integrated value highly depends on the locations of the beam on the surface of

the test mass. Any slight movement or deviation in the main beam with respect
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to the test mass will change the integral value. Fig. 4.20 shows the integration

of the modes as the main beam is scanned across the diameter of the test mass.

As the beam is moved across the mirror diameter, the maximum amplitude of

integration is observed when the centers of the two modes match. For all the

mechanical modes, the integrated values at the central region are high except for

the mechanical mode of 176.4 kHz, which is more spread out in the central area

compared to other mechanical modes over the ETM surface.
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Figure 4.20 – The integrated values of the product of acoustic mode and
optical mode amplitudes as a function of the laser beam position on the test
mass for five mechanical modes.

4.4.4.2 Observation of thermally excited acoustic modes of sapphire

To observe three-mode interactions and to study the thermally excited acous-

tic modes of the sapphire test mass, controlled heating is performed using the setup

shown in Fig. 4.4. The CO2 laser is operated by using a voltage ramp of 0 to 1.5

Volts at 10 mHz with a function generator, and varying the heating power from

0 to 1.5 W. Slow heating takes into account the relaxation time of the sapphire
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ETM (∼ 28 s). As the heating power varies, the frequency difference between the

optical modes |ω0-ωh| sweeps through several acoustic modes ωm. All the acous-

tic modes with frequencies matching the optical beat frequencies, and similar in

shape with the TEM01 mode, get amplified. When the three-mode interaction

condition is satisfied, the transmitted beam from the FP cavity falling on the

QPD has the maximum beat signal.

Fig. 4.21 shows the output signal at the QPD, as ramped heating is per-

formed on the ETM. It can be seen that, at a certain heating power (∼0.75 W),

the amplitude of the signal is maximum, indicating the optimum value of the ROC

which matches the beating optical modes with the acoustic mode frequency.

Figure 4.21 – Amplification of the beating frequency of the ETM acoustic
mode during controlled thermal tuning using a CO2 laser. The line in blue
color shows the ramping of the CO2 heating power.

As the heating power increases, the condition required for the three-mode

interactions for this particular frequency mode deteriorates, but eventually it will

continue to tune the cavity to meet the condition for three-mode interactions with



4.4. Results and Discussion 119

other acoustic mode frequencies. Various other peaks observed are shown in Fig.

4.22 as the heating power is varied.
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Figure 4.22 – Plot shows acoustic mode peaks observed during slow ramp-
ing of the CO2 laser heating power. Each curve represents an acoustic
mode frequency whose amplitude varies as the heating power is ramped.
Each peak’s maximum value corresponds to the optimum heating power
(shown along the x-axis) needed to excite the respective acoustic mode.

Comparing the experimentally observed peaks (Fig. 4.22) with the simulated

result (Fig. 4.20) shows variation in the relative maximum peak amplitude. The

variation in relative amplitude of the modes could be due to the relative position

between the optical and the acoustic modes, with the optical beam not falling on

the central region of the ETM where the beat signal were to be maximum.

The relative amplitude of mode 173.7 kHz (Fig. 4.22) is rather low compared

to the simulation in Fig. 4.20 where the ANSYS simulation shows a mode of 172.8

kHz. This difference could be due to the existence of two acoustic modes close to

each other. Due to mode splitting, the 172.8 kHz mode (having a high Q-factor,

as seen in the Table 4.3) is not able to build up as the heating ramp was fast and

favored the excitation of 173.7 kHz.
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Information from Fig. 4.22 can now be used to excite a particular acoustic

mode by providing a known heating power. For example, to excite the acoustic

mode frequency of 181.6 kHz, CO2 laser heating of 0.8 W should be incident on

the ETM to observe the beat signal. The slow ramp heating is now replaced by

a known heating power to observe stable three-mode interactions. The DSO is

replaced with a spectrum analyzer to observe the spectrum of beating peaks. The

spectra obtained by the spectrum analyzer are analyzed using a computer via

a GPIB connector and LabView program. The prominent acoustic frequencies

which appeared during heating are shown in Fig. 4.23.
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Figure 4.23 – The plot shows the individual acoustic mode frequency ob-
served when a fixed heating power is applied on the mirror. The respective
heating power for each mechanical mode is shown by an arrow in the plot.

Six acoustic mode frequencies are seen in Fig. 4.23 on application of fixed

heating power on the ETM. It can be seen that there are two acoustic peaks

excited with a heating power of 0.9 W. They are expected to be the result of mode
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Acoustic mode frequency
from ramp heating

Acoustic mode frequency
from fixed heating

181.6 kHz 181.59 kHz
180.2 kHz 180.5 kHz
177.0 kHz 176.9 kHz
173.7 kHz 171.8 kHz
154.8 kHz 156.2 kHz

Table 4.2 – Variation in mechanical mode frequencies from two different
techniques.

splitting due to a non-symmetric boundary condition. It is not surprising that

one of them has smaller amplitude than the other, because the mode frequency

of the smaller amplitude peak would have a larger difference to the cavity mode

gap than the other.

Table 4.2 shows the comparison of different mechanical mode frequencies

measured from two different techniques that are highlighted in Fig. 4.22 and

Fig. 4.23. We have estimated that fluctuations in the CO2 laser heating power

is not significant to create a variation in temperature and hence the frequency

variation. Calculation shows that the temperature variation is less than 23 mK

for the extreme case of 5.7 W heating power applied on the ETM for the excitation

of 154.8 kHz mechanical mode.

Examining Fig. 4.22 we see that some of the marked mechanical frequencies

(173.7 kHz and 154.8 kHz) signal shows two distinct peaks for very close heating

power. This could be due to the fixtures attached to the ETM which change the

boundary conditions of the mirror. Fixtures include glued components for the

mirror suspension, standoff for the magnets used for mirror alignment, etc. They

all would change the boundary conditions and can cause mode shape splitting.

When a fixed heating power is applied on the ETM, there is a possibility that a

close but different acoustic mode gets excited thus leading to a slight frequency
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difference, as seen on comparing Fig. 4.22 and Fig. 4.23.

Using the peaks from Fig. 4.23, the ROC of the ETM is calculated from

Eqns. 4.6 and 4.7, respectively. The Q-factors of these significant peaks are also

calculated by fitting the peaks with Lorentzian curves. The Q-values of the re-

spective acoustic modes, along with the ROC of the mirror, are given in Table

4.3. For the frequency of 181.6 kHz the Q-factor is highest, which signifies that it

has a very narrow bandwidth compared to other acoustic modes, and can be used

to measure the sensitivity of the FP cavity.

Observed test

mass acous-

tic resonant

mode fre-

quency (kHz)

ROC (m) Q-factor

156.23 1200 1.61±0.1x105

171.86 990 4.19±0.54x105

177.65 930 2.52±0.11x105

180.5 902 1.4±0.19x105

181.60 890 2.14±0.23x106

Table 4.3 – Acoustic modes along with their ROC and Q-factor values.

4.4.5 Three-mode interactions as a sensitive transducer

In the three-mode interaction being discussed here (anti-Stokes), we have

seen that a single signal sideband is coherently amplified when the frequency gap

between the optical modes (TEM00 and TEM01) is equal to the frequency of the
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mechanical mode. When the cavity is thermally tuned using the CO2 laser, the

optomechanical coupling improves as a result of the product of quality factors of

the optical and acoustic mode, as shown in Eqn. 1.13. The higher-order optical

mode that is resonant in the cavity also carries the resonantly enhanced signal

sideband. The amplitude of this signal sideband transmitted from the ETM and

falling on the QPD is proportional to the displacement of the mechanical mode

on the ETM surface. With a good spatial overlap between the TEM01 and the

mechanical mode, the amplitude of the signal sideband will be high. As all the

modes are resonant in the optical cavity, high displacement sensitivity of the signal

is expected even with a very low optical power. A noise spectrum measured during

three-mode interaction for a fixed heating CO2 laser power is shown in Fig. 4.24.

Figure 4.24 – The figure shows the spectral displacement sensitivity of an
acoustic mode of frequency 181.5 kHz excited during three-mode interac-
tions [98]. The noise floor is ∼ 10−17m/

√
Hz. The laser circulating power

is ∼1 kW and the finesse value is ∼1609. The heating power of the CO2

laser was ∼0.7 W.

The spectrum in Fig. 4.24 is fitted with a Lorentzian curve to determine its

Q-factor, and this was found to be ∼2x105. This measured Q value was found
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to be lower than the previously measured value. It is because this spectrum was

taken over several averages during which there was a slight frequency drift, causing

broadening of the peak. The signal-to-noise ratio of this peak was calculated to

be more than 60 dB.

Using the Q-factor obtained from the Lorentzian fit (Fig. 4.24), the theo-

retical estimate of the noise amplitude can be calculated using Eqn. 4.15.

x2 =
4kBT

mQ[(Ω2 − ω2)2 + Ω2

Q2 ]
, (4.15)

where kB is the Boltzmann constant, T is the ambient temperature taken as 293

K, m is the effective mass of the mode which is taken as 0.28 kg, Ω is the angular

frequency, ω is the mechanical mode of sapphire test mass, and Q is the Q-factor

of the mechanical mode and is taken as 2x105.

It is seen that the calculated value of the amplitude of thermal noise will be

∼ 5.8x10−12m/
√
Hz and that the off-resonance displacement sensitivity will be

∼ 6.2x10−20m/
√
Hz. From Fig. 4.24, it is seen that the thermal noise measured

was ∼ 4.3x10−15m/
√
Hz, and that the off-resonance displacement sensitivity was

∼ 3.6x10−18m/
√
Hz. The off-resonance displacement sensitivity difference can be

due to QPD electronic noise. It was seen that the dark current noise was negligible

(see Appendix A) which means that the noise floor measured in Fig. 4.24 is due

to the thermal noise.

The resonance amplitude of the thermal peak can be increased by improving

the overlap between the optical and the acoustic modes. For the given FP cavity

parameters, the overlap along with proper thermal tuning make the three-mode

interaction a highly sensitive transducer.
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4.5 Conclusion

A precise and controlled thermal tuning of the mode gap between TEM00

and TEM01 modes using CO2 laser heating has been demonstrated in this Chap-

ter. Experimentally, the interactions between one acoustic and two optical modes

by thermal tuning of one of the mirrors (ETM) of the cavity has also been demon-

strated. Multiple acoustic modes of the ETM excited by three-mode interactions

can be observed by thermally tuning the ROC of the mirror. Three-mode inter-

actions allow very high sensitivity measurements, because the signal sideband is

amplified by the optical resonance of the transverse mode. The fact that many

thermally excited modes are visible with good signal-to-noise ratio shows that,

in general, three-mode interactions yield a high sensitivity. This is expected, be-

cause it benefits from the resonant gain of the optical higher-order mode inside

the cavity. It has also been pointed out that in the thermal tuning experiment,

three-mode interactions rely on the TEM01 mode, and are only sensitive to cer-

tain mode shapes with good overlap. In general, any higher-order optical mode

can give rise to three-mode interactions, provided the overlap is good and the fre-

quencies match. In this Chapter, diagnostic tools like the Hartmann Sensor and

beam profile camera were used to determine the ROC change of the test mass,

and to calculate the g-factor. Thermal tuning of the test mass using a CO2 laser

was efficient, and the ROC change can be achieved on a timescale of ∼5 seconds

(the mechanical frequency is 181.6 kHz for the sapphire test mass). If the power

required for tuning to a certain ROC is known, CO2 laser tuning can be achieved

at faster timescale of few seconds. The only criterion that would affect the heat-

ing process will be the time required for global distribution of heat on the test

mass. The heating power required for thermal tuning will vary from material to

material depending on the thermal diffusivity of the test mass, and is likely to be
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much slower in fused silica. This technique can be used to control the parametric

instability by carefully tuning, and hence avoiding, three-mode resonances in a

gravitational wave interferometer.



Chapter 5

Estimation of parametric gain

with low optical power

5.1 Introduction

Parametric gain of three-mode interactions highly depends on overlapping

between the optical and the acoustic modes, as described in Chapter 4. The

greater the overlap, the larger will be the gain. Three-mode interactions can

be thought of as a feedback process where the acoustic mode(s) of the mirror

scatter the incoming fundamental cavity mode to higher-order modes, and these

higher-order modes in turn affect the acoustic mode of the mirror via radiation

pressure. In a descriptive way, the process of three-mode interactions in an optical

cavity can be explained as shown in Fig. 5.1. The fundamental optical mode

(TEM00) of the cavity (shown by the letter a) interacts with the thermal motion

of the mirror (shown by the letter b). A portion of this incident TEM00 beam

is scattered to a higher-order mode (HOM) (shown by the letter c). The HOM

shown in this figure is the TEM01 mode. This HOM later interacts with the

TEM00 cavity mode (shown by the letter d). These pairs of optical cavity modes

having different frequencies on interaction produce a beat frequency. When the

beat frequency matches the acoustic mode frequency of the mirror, coupled with a
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good spatial overlap (shown by the letter f), the interaction between them sustains

the resonance of the HOM.

Figure 5.1 – Schematic diagram showing the process taking place during
three-mode interaction. The sequence of events is as follows: The TEM00

optical mode (a) interacts (shown by ⊗) with the acoustic mode thermal
motion (b) of the mirror, and scatters a portion of the TEM00 mode into
a higher-order optical mode (HOM), shown by (c). This HOM interacts
with the TEM00 mode, shown by (d), inside the optical cavity to form a
beat signal shown by (e). The beat signal will have the same shape as the
scattered HOM. The beat signal having the same shape, as well as the same
frequency, interacts with the acoustic mode of the mirror (shown by (f)) to
preserve the resonance of the HOM. The symbol ⊕ represents addition of
thermal noise to the acoustic mode of the mirror.

In the nearly flat1 optical cavity of the Gingin HOPTF, the dominant scat-

tering process is the anti-Stokes [99] scattering, as shown in Fig. 5.2. In the

anti-Stokes process, as explained in Chap. 1, the HOM extracts energy from the

acoustic mode. However, with a low power of ∼1000 W circulating in the Gingin

cavity, the effect of radiation pressure is too small to sustain the process. To

1The ROC of the ITM is infinity, and the ROC of the ETM is 720 m.
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substantiate the radiation pressure effect in the Gingin cavity, the TEM00 mode

is optically modulated with a known frequency of the acoustic mode, and injected

into the optical cavity - this will be explained in Sect. 5.2.

Figure 5.2 – Diagram of an anti-Stokes process. ω0 is the carrier frequency,
ωm is the acoustic frequency, and ωh=ω0+ωm is the higher-order mode
(HOM) frequency.

In the Gingin optical cavity, thermal tuning using a CO2 laser is carried

out to create a three-mode interaction process, as explained in Chap. 4. The

thermal tuning changes the radius of curvature (ROC) of the mirror, and tunes

the frequency difference between the TEM00 and TEM01 optical cavity modes

to match the mechanical mode frequency ωm of the sapphire test mass. The

strength of interactions between the HOM optical mode and the acoustic mode

depends on the spatial overlap, as mentioned earlier in Sect. 1.6.3 of Chap. 1. The

spatial overlap factor (Λ), along with the information of the optical cavity and

mirror acoustic mode, is needed to determine the gain of the anti-Stokes process

defined by the parametric gain value R (Eqn. 1.13 in Chap. 1) of the three-mode

interactions. In this Chapter, we calculate the parametric gain of the sapphire

optical cavity by considering the process of three-mode interactions as a feedback
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loop (Fig. 5.1). The parametric gain can be determined by establishing an analogy

with closed and open feedback electrical circuit loops, as will be discussed in the

following Section.

5.2 Method of calculating the Gain value for

three-mode interaction process

The analogy of three-mode interactions with a closed loop electrical system

can be used for the estimation of the parametric gain R. In an optical cavity,

the mechanical modes of the mirror interact with the optical mode via scattering,

and the optical mode interacts with the mechanical mode via radiation pres-

sure. In general, as explained in Fig. 5.1, the three-mode interactions involve the

following: (i) the scattering of the TEM00 optical cavity mode to the TEMmn

optical cavity mode by the acoustic modes of the mirror, (ii) optical beat fre-

quency matching the acoustic mode frequency of the mirror, and (iii) radiation

pressure exerting force on the mechanical mode of the mirror. This Chapter will

deal with the radiation pressure force acting on the mirror acoustic mode. As

shown in Chap. 4, in the Gingin experimental setup, the thermal tuning method

will be required to frequency match the optical modes with the acoustic mode of

the mirror for exhibiting three-mode interactions. In general, for the Advanced

LIGO-type detectors, conditions for the three-mode interactions are satisfied, as

the cavity power is very high and there are a few acoustic modes with strong spec-

tral and spatial overlap which can lead to parametric instability (i.e. parametric

gain R>1) [100]. In long optical cavities, there are numerous (∼ 103) acoustic

modes [100] which have R> 10−2, and these can become potential candidates to

initiate parametric instability. For such acoustic modes, CO2 laser thermal tuning

becomes important to detune the cavity from the three-mode interaction process.



5.2. Method of calculating the Gain value for three-mode interaction
process 131

In this experiment, as the |R| value is much less than 1, a TEM01 optical mode is

injected externally to enhance the scattering process, thus allowing the calculation

of the gain of three-mode interactions. This injection provides radiation pressure

on the test mass, thus enabling three-mode interactions, as shown in Fig. 5.3, and

enhancing the anti-Stokes process. It can be noted that the shaded portion of Fig.

5.3 shows the three-mode interaction process discussed in Fig. 5.1. The unshaded

portion represents the excitation of the acoustic mode when the switch is ON.

The TEM01 mode (shown by the letter i) provides a radiation pressure force to

the mirror and excites the mechanical mode of the mirror. As the TEM01 mode

is injected into the cavity, the power of the transmitted beat frequency increases.

In general, such a relay system can be used to measure the value of paramet-

ric instability gain R of an optical cavity. Since the gain of parametric instability

is directly proportional to the cavity power, a cavity can be operated with low

power to identify potentially unstable acoustic modes which could result in para-

metric instability when the cavity is in high power. We explain here the radiation

pressure excitation of the acoustic mode by modulating the TEM00 optical mode

with a TEM01 optical mode.

Consider Fig. 5.4(a), where only a TEM00 cavity mode is incident into the

optical cavity through the ITM. A portion of this TEM00 mode is scattered into

the higher-order cavity mode (TEM01) after reflection from the ETM having

an acoustic mode that has good spatial overlap with the TEM01 mode. The

beat signal between the TEM00 and TEM01 optical cavity modes is transmitted

through the ETM to a readout detector (QPD), as explained in Fig. 5.4.
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Figure 5.3 – Mimicking of actual radiation pressure effect is carried out
by modulating the TEM00 mode with the frequency of the acoustic mode
using a switch (shown by the processes (g) and (h)). When the switch
turns ON, the beat signal gets amplified, mimicking the radiation pressure
effect (as shown by (i)) on the acoustic mode of the mirror. As soon as the
switch is OFF, the beat signal rings-down, which means that the radiation
pressure effect is absent. The unshaded portion of the schematic mimics the
radiation pressure effect.
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(a) (b)

Figure 5.4 – (a) TEM00 optical mode incident on the optical cavity is
modulated with an acoustic mode. The upper sidebands, along with the
TEM00 mode injected into the optical cavity, excite the mechanical mode
of the sapphire ETM. The combined effect of thermal tuning, radiation
pressure, and upper sideband excitation helps the TEM01 mode to resonate
inside the cavity. The amplitude of the TEM01 optical signal measured by
the QPD will depend on the thermal tuning of the ETM. The red dashed
line shows the excitation process in the cavity due to the modulation fre-
quency. (b) The modulation frequency of 181.6 kHz is switched off. The
QPD measures the ring-down of the excited beat frequency.

Let us assume E00 is the amplitude of the incident TEM00 optical mode.

The radius of curvature (ROC) of the ETM is thermally tuned for the three-mode

interaction condition (Δω=|ω0-ωh|-ωm, where ω0, ωh and ωm are the frequencies

of TEM00, TEM01 and acoustic modes, respectively) to be satisfied. By thermal

tuning, the beating between the optical modes can be controlled. Let ES
01 represent

the amplitude of the scattered higher-order optical mode. In order to characterize

and to demonstrate radiation pressure excitation of the mirror acoustic modes

of the ETM, let us modulate the incident TEM00 beam to create a higher-order

mode sideband of TEM01. The modulation arrangement involves using a steering

mirror with a piezoelectric transducer (PZT). The mirror produces a reciprocating

motion when a time-varying signal (for example, a sine wave) is applied to the
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PZT. The carrier frequency reflected from the mirror carries the information of

the modulated frequency into the optical cavity. Here, the modulation frequency

is selected such that the frequency gap between the TEM00 and TEM01 optical

modes matches the acoustic mode frequency ωm of 181.6 kHz as shown in Fig.

5.4(a). The transmitted beam from the ETM falling on the QPD produces a

voltage output which can be written as:

VQPD = ε
eZ

hν
P, (5.1)

where P is the power of the transmitted beam, ε is the quantum efficiency of the

QPD, h is Planck’s constant, e is the electronic charge, ν is the optical frequency

and Z is the impedance.

The optical power P is related to an electric field E by P=|E|2. Therefore,

VQPD = K|E|2, (5.2)

where K=ε eZ
hν
.

If the modulated TEM00 beam is used to exert a radiation pressure force

on the mirror, and if the amplitude of the TEM01 higher-order mode is E01, the

voltage measured (Vdrive) by the QPD in a closed-loop system (from Eqn. 5.2) can

be written as [101]:

Vdrive = K TETM |E00 + E01|2. (5.3)

As the beating between the E00 and E01 electric field terms produces ES
01 (scattered
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higher-order mode), the expression for Vdrive becomes:

Vdrive = K TETM |E00 + (E01 + ES
01)|2, (5.4)

where TETM is the transmission coefficient of the ETM, E00 is the amplitude

of the TEM00 mode, E01 is the amplitude of the TEM01 mode, and ES
01 is the

amplitude of the scattered TEM00 to TEM01 mode. The gain of this closed loop

can be determined from the amplitude E01 of the modulating signal. Eqn. 5.4 can

be expanded as:

Vdrive = K TETM E2
00+K TETM(E01 + ES

01)
2
+2K TETM |E00(E01 + ES

01)|. (5.5)

As the first two terms do not have an oscillating frequency part, they correspond

to a DC term. This DC term, when mixed with a reference oscillating signal in

the spectrum analyzer, gets filtered off. Now Eqn. 5.5 can be written as:

Vdrive = 2K TETM |E00(E01 + ES
01)|. (5.6)

If the modulating source is switched off, i.e. if E01 = 0, Eqn. 5.6 can be

written as:

Vno−drive = 2K TETM |E00E
S
01|. (5.7)

In analogy with a closed-loop electrical system, the ratio of the output to

input represents the gain of the system. For this optical cavity, Eqns. 5.6 and 5.7

give the input and the output parameters, respectively. Therefore, the gain of the
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optical cavity can be written as:

Gain = | E00E
S
01

E00(E01 + ES
01)

|. (5.8)

The gain value of R can be positive or negative depending on the interaction

being a Stokes (ωh=ω0-ωm) or anti-Stokes (ωh=ω0+ωm) process, respectively. In

this work, as the anti-Stokes process is dominant, the parametric gain is negative,

and the absolute value |R| is used. The amplitude of the TEM01 optical mode

created from scattering (ES
01) is much smaller than the driving field E01. Therefore,

Eqn. 5.8 reduces to:

Gain ≈ |E
S
01

E01

| = |R|. (5.9)

The magnitude of the voltage measured by the QPD is a measure of the

radiation pressure excitation of the mechanical mode of the mirror. When the

modulation of the TEM00 beam is terminated, the output of the QPD should

exhibit a ring-down feature which is a signature of the acoustic mode excitation

under the influence of radiation pressure through three-mode parametric interac-

tions. Therefore, the gain defined in Eqn. 5.9 can also be written as:

|R| =
Vno−drive

Vdrive

, (5.10)

where Vdrive is the maximum peak voltage measured by the QPD when a driving

voltage is applied to the PZT, and Vno−drive is the maximum peak voltage of the

ring-down measured by the QPD. From the above Eqn. 5.10, the parametric gain

R of an optical cavity using three-mode interactions can be determined.
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5.3 Experimental setup for the characterization

of three-mode interactions

The experimental setup for finding the parametric gain R by radiation pres-

sure excitation is shown in Fig. 5.5. The ∼80 meter FP cavity is frequency-locked

to a Nd:YAG laser, as described in Chap. 2 of this thesis. The input power of the

laser incident into the cavity is close to 3 W, and the circulating power is ∼1 kW.

Figure 5.5 – Schematic of the radiation pressure experiment. The ETM is
thermally tuned using the CO2 laser to observe the thermal noise peak at
181.6 kHz. The mirror is actuated at the 181.6 kHz acoustic mode frequency
of the cavity test mass. The blue dotted boxes represent the schematic of
the laser table, the injection table with the mode-matching optics, and the
80m FP optical cavity.

The beam exiting the pre-mode cleaner falls on a mirror glued on a piezo-

electric transducer (PZT). This mirror acts as a steering mirror, and also mod-

ulates the laser beam coming from the pre-mode cleaner at a known acoustic
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mode frequency ωm, as described in the previous Section. An amplifier connected

to a function generator drives the PZT at ωm=181.6 kHz. Light reflected from

the steering mirror propagates through mode-matching optics before entering the

optical cavity. The cavity is initially locked to the TEM00 mode without any

modulation given to the PZT. The radius of curvature of the ETM is thermally

tuned to match the frequency difference between the fundamental and the TEM01

mode to match the acoustic mode at 181.6 kHz. Thermal tuning is carried out

with a CO2 laser (∼1.2 Watts) having a heating spot size of 10.7 mm, as described

in Chap. 4. The beat signal transmits through the ETM and falls on the QPD

connected to the spectrum analyzer, which measures the frequency of the beat

signal. A reference frequency is set in the spectrum analyzer such that the beat

signal can be down-converted to a lower frequency which can be easily detected.

The spectrum analyzer is used to record the down-converted frequency spectrum

in the time domain.

The higher-order optical mode is injected into the cavity by exciting the

PZT (giving a time-varying signal) at the mechanical mode frequency of 181.6

kHz. PZT excitation is done only after observing the beating signal on the QPD

during the thermal tuning process. This acoustic mode frequency is selected as

its Q-value is higher (∼ 106) compared to other acoustic modes (see Chap. 4) and

also, as the ETM is thermally tuned from the beat frequency of 203 kHz (Eqn. 4.4

of Chap. 4) using a CO2 laser, 181.6 kHz is the first observable mechanical peak.

The modulated laser beam has two sidebands at ±181.6 kHz in the TEM01 mode,

in which the upper sideband is dominant, as explained in Fig. 5.2. The modulated

laser beam injected into the cavity sustains and keeps the beat frequency in reso-

nance. Once a desired amplification of the beat signal is observed on the output

port of the QPD, the PZT excitation is terminated. In this experimental setup,
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switching OFF of the excitation is performed manually. With no more excitation

of the modulated beam, the radiation pressure applied on the ETM ceases, which

causes the transmitted beam to decay in intensity with a ring-down feature.

5.4 Results

When the TEM01 mode is injected, the QPD measures the amplitude of

the transmitted TEM01 mode. After driving is stopped, the QPD measures the

TEM01 mode amplitude generated by the acoustic mode scattering, which is the

amplitude of the acoustic mode. The radiation pressure excitation measured by

the QPD is shown in Fig. 5.6. The result demonstrates that the acoustic mode is

driven when the PZT is switched ON at a known frequency (181.6 kHz). When

the PZT is switched OFF, the QPD measured a ring-down feature, as shown in

the inset of Fig. 5.6. This feature indicates that PZT modulation indeed causes

a radiation pressure excitation of the acoustic mode of the mirror. Fig. 5.6 shows

the voltage-time output of the down-converted signal measured by the QPD. The

beat frequency is down-converted to a 5 Hz output in the spectrum analyzer,

having a voltage amplitude of 65±0.5 mV. In this plot, the driving applied to the

PZT is switched OFF at 109 ms. After the PZT is switched off, the QPD output

shows irregular oscillations for ∼31 ms. This could be due to the fact that the

cavity is trying to regain its actual length after the effect of radiation pressure

ceases. It can also be attributed to the residual motion of the steering mirror. In

order to avoid these oscillations in our ring-down measurements, the signal after

∼140 ms is used for our analysis. The ring-down feature of the acoustic mode can

only be observed if a magnified Fig. 5.6 is inspected from ∼140 ms onwards. The

inset in Fig. 5.6 shows a zoomed portion of the ring-down.
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Figure 5.6 – Plot shows the ring-down curve for 181.6 kHz. The initial
sinusoidal curve represents excitation of the PZT. Inset displays the ring-
down of the acoustic mode fitted with a decaying damped sine function.

To obtain the gain of the three-mode interaction process, the transmitted

power from the ETM is measured by the QPD. The ring-down feature of the me-

chanical mode, as shown in Fig. 5.6 (inset), shows that the maximum amplitude is

∼0.15 mV. Substituting this measured value in Eqn. 5.10, the value of parametric

gain estimated is:

|R| =
Vno−drive

Vdrive

= =
0.15mV

65mV
= 2.3× 10−3. (5.11)

The ring-down feature observed is also a measure of the Q-factor of the
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Figure 5.7 – Acoustic mode ring-down due to radiation pressure excitation
is fitted with the exponential function shown in the figure. The quality factor
calculated from the ring-down value is estimated to be 1.1x106.

.

acoustic mode. From Chap. 4, the best achievable Q-factor for the sapphire test

mass has been of the order of ∼ 106. Fig. 5.7 shows another plot of ring-down

observed during the experiment. Here only the ring-down feature is highlighted,

and the time on the x-axis of the graph is adjusted such that the start of the ring-

down is set to zero. The observed ring-down amplitude was then fitted (Fig. 5.7)

to estimate the quality factor (Q) of the acoustic mode. The Q-factor measured

here, using this ring-down technique, is ∼1.1x106 which is obtained using the

equation Qm= π ωm

2π
τm, where τm is the ring-down time of ∼2 s.

As a time-varying excitation is provided to the PZT, to observe a good

ring-down feature of the mechanical mode, the switching OFF needs to be per-

formed when the radiation pressure excitation is at maximum. Sometimes, the

switching OFF at the maximum peak is missed, due to which there is a possibility

that the ring-down signal level becomes weak, and may not be clear enough for
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measurements.

5.4.1 Comparing experimental results of parametric gain

R with theory

The equation for parametric gain (as defined in Chap. 1) is as follows:

R = ±4PcQ1Qm

MLcω2
m

· Λ

1 + (Δω
δ
)2

, (5.12)

where Pc is the laser beam power circulating within the cavity, Q1 and Qm are

the Q-factors of the optical HOM and the acoustic mode, respectively, M is the

mass of the ETM, L is the length of the cavity, c is the velocity of light, ωm is the

acoustic mode frequency, Δω=|ω0-ωh|-ωm , δ is the half-line width of the HOM,

and Λ is the spatial overlap [77] factor between the HOM and the acoustic mode.

For R >1, the mode interaction leads to parametric instability (PI).

The equation for Δω is given by (Chap. 4):

Δω

2π
= Δν = ν01 − ν00 =

c

2L
[
cos−1√g1 · g2

π
] . (5.13)

The value of the overlapping factor Λ (Eqn. 1.13 of Chap. 1) is theoretically

calculated using the mechanical mode of 181.6 kHz obtained from ANSYS. The

optical field distributions of the TEM00 and TEM01 modes for a spot size of ∼9

mm (the spot size of the Nd:YAG beam on the ETM) on the surface of the mirror

are simulated using MATLAB (Fig. 5.8). The Nd:YAG beam is scanned over

the surface of the ETM to obtain the values of overlapping factor at an interval

of 1 mm. An ideal Gaussian beam is assumed for the scan over the surface of

the ETM, and the diffraction loss at the edges of the ETM mirror is ignored in
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(a) TEM00 mode (b) TEM01 mode (c) Mechanical mode of sap-
phire ETM

Figure 5.8 – Different modes participating in 3-mode interaction. The
mechanical mode frequency considered here is 181.6 kHz.

the calculation. The overlapping factor Λ obtained from the integration of the

optical and acoustic modes, and the displacement of the nodes of the mirror (as

per Eqn. 1.14) is shown in Fig. 5.9. At the geometric center of the mirror, the

overlapping factor Λ is calculated as 3.4. Knowing the value of Λ, Eqn. 5.12 is

used to determine the value of parametric gain. The parameters shown below

were used for theoretical estimations of the value of R:

Power Pc : 1000 Watts

Q-factor of the mechanical mode : 1.1 x 106

Finesse F : 1609

Length of the optical cavity : 79.7 m

FSR : 1.8 x 106

Q-factor of the optical mode ( F∗ωlaser

2∗π∗FSR
) : 2.4 x 1011

Mass M of the ETM (density of sapphire 3970 kg
m3 ) : 7 kg

Frequency of the mechanical mode ( ωm

2∗pi): 181.6 kHz

Substituting the above values and the value of Λ in Eqn. 5.12, the parametric

gain comes out to be R=1.6 x 10−2.
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Figure 5.9 – Values of overlapping factor Λ when the beam is scanned
through the ETM surface at an interval of 1 mm.

.

A factor of seven variation is seen in the value of R between the theoretical

calculations and the experimental measurements. This variation may be due to

the influence of some variable parameters like power (Pc) of the circulating laser

creating a weak radiation pressure coupling of energy between the optical and

mechanical modes, or the reduction in the Q-factor measurement of the mechanical

mode. Spatial overlap (Λ) among the mechanical and the higher-order optical

modes can also affect the parametric gain of the system. This can happen when

the orientation of the ETM mechanical mode with respect to the optical higher-

order mode is not well matched, affecting the overlap factor (Λ) (Eqn. 5.12). In

the present experiment, it appears that the TEM00 mode is locked ∼7 mm above

or below the center of the ETM (Fig. 5.9). If the cavity beam is aligned to match

the center of the ETM, the improvement in Q-factor as well as in the Λ value

can improve the value of R (Eqn. 5.12). Nevertheless, the experiment shows that

the gain of three-mode interactions can be studied in analogy with an electrical

feedback loop. In general, the gain of any optical cavity can be calculated by
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operating the cavity at lower power.

5.5 Conclusion

In this Chapter, radiation pressure driving was used to characterize and cal-

culate the parametric gain value of three-mode interactions. Radiation pressure

driving can be carried out by injecting a high-order mode along with the fun-

damental optical mode in an optical cavity. By using a frequency of 181.6 kHz,

which matched the mechanical mode frequency of the sapphire ETM test mass,

the excitation of the mechanical modes of the sapphire test mass was performed.

By using an analogy with an electrical feedback loop, the gain of the Gingin opti-

cal cavity was estimated. It can be seen that the experimentally observed value of

gain R was less than the theoretically calculated value by approximately one order

of magnitude. This variation may have been due to measurement uncertainties,

as well as to approximations used in theoretical assumptions. It can be concluded

that by using this method, potentially unstable acoustic modes that can lead to

parametric instability in a gravitational wave detector can be identified. High-

power detectors can be operated at lower circulating power to identify unstable

acoustic modes, and corrective actions can be taken.
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Conclusion

Three-mode interaction investigations were carried out in the Gingin sapphire

optical cavity by thermal tuning of the ETM using a CO2 laser. This optical

cavity is a test-bed to investigate problems arising when a high power laser beam

circulating in the cavity interacts with the suspended Fabry-Pérot (FP) mirrors.

In general, when advanced gravitational wave detectors operate at extremely high

powers, it is highly likely that parametric instability would disturb the normal

operation of the instrument. By addressing appropriate methods and techniques,

the parameters causing or leading to instabilities can be compensated well before

the detector becomes unstable.

In this thesis, parametric instability was understood by the process of three-

mode opto-mechanical interactions at low power. In our nearly flat-flat mirror

cavity, by heating of a mirror surface with a CO2 laser, we have investigated an

effective method for controlling the parametric instability process. CO2 laser heat-

ing of a mirror surface of the cavity was used to frequency tune different optical

modes by varying the cavity g-factor. This method detuned the cavity from the

three-mode interaction process, thus preventing excitation of mechanical modes

of the mirror and controlling parametric instability. Using CO2 laser thermal

tuning, we could also measure the gain factor of the optical cavity to identify po-

tentially unstable mechanical modes which could have good spatial overlap with
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the higher-order optical modes. These unstable mechanical modes could then be

avoided by controlled thermal tuning of the cavity mirror. CO2 laser thermal

tuning was found to be faster than the time required for the mechanical modes to

ring-up, and hence could prevent three-mode interactions from building up. The

measurements above were carried out at a low circulating power of ∼1000 W.

6.1 Results summary

6.1.1 Three-mode interaction

CO2 laser heating was performed on the sapphire End Test Mass (ETM)

of an ∼80 m FP cavity to tune the optical mode gap between the fundamental

TEM00 and higher-order TEM01 modes, to match the acoustic mode frequency

of the sapphire mirror (ETM). By this process, the experiment was able to excite

several acoustic modes of the sapphire test mass in the frequency band 151 to

182 kHz. This was made possible by thermally deforming the mirror surface to

the order of ∼ 10−9 m. This deformation varied the radius of curvature (ROC)

of the mirror by ∼4 km. The signal-to-noise ratio of the excited acoustic modes

was exceptionally good, which showed that three-mode interactions had very high

sensitivity for thermal tuning. It was demonstrated that the interaction of these

modes could probe acoustic modes with a sensitivity of ∼10−17m/
√
Hz.

The excitation of acoustic modes critically depended on the locking laser

beam position on the mirror. This position defined the spatial overlap factor be-

tween the optical and mirror mechanical modes, which in turn defined the para-

metric gain of the system. In Chapter 4, two diagnostic techniques are described

which were used to measure the change in ROC (i.e. deformation of the mirror

surface) of the ETM. These diagnostic techniques consisted of: (i) the Hartmann
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sensor, and (ii) the beam profile camera. Analytical results using FEA (ANSYS

simulations) showed a close match (> 95%) with the experimental results obtained

from the above diagnostics.

CO2 laser heating was found to be quicker compared to other heating tech-

niques. The test mass ROC could be tuned to match the mechanical mode fre-

quency on a timescale of ∼5 seconds, provided prior information on the amount

of heating power to tune the required ROC was known. A transient form of heat-

ing could also be applied on the mirror surface in the form of a ramp, with the

condition that the ramp speed be comparable to the relaxation time of the mirror

material.

CO2 laser heating can be one of the effective methods in controlling para-

metric instability. However, as the CO2 laser beam was injected from the outside,

a portion of the heat was lost to the surroundings either due to absorption or

scattering by the steering mirrors. A loss of around 20% in the heating power

was estimated in the present work. By accounting for the absorption loss during

interaction with the optical components along the path, the output laser power

could be appropriately controlled in the experiment.

Three-mode interactions in this experiment relied on the TEM01 scattered

optical mode. In reality, any higher-order modes can be used to excite the mirror

mechanical modes, provided a good spatial overlap is created, and the optical

frequencies are tuned to match the acoustic mode frequency. In the context of

gravitational wave detectors, the CO2 laser tuning method can frequency tune the

optical cavity away from the resonant condition required for three-mode interac-

tions well ahead of the onset of parametric instability. With respect to practical

applications, three-mode interactions due to CO2 laser tuning can be used to



150 Chapter 6. Conclusion

make a highly sensitive opto-mechanical transducer, by extracting energy from

the mirror mechanical modes even at a very low circulating power.

6.1.2 Parametric instability condition

In Chapter 5, three-mode interactions by CO2 laser thermal tuning exper-

imentally demonstrated the technique to measure the overlapping factor Λ, and

calculate the parametric gain value R of an optical cavity, in order to understand

the parametric instability process. Although these measurements were made for

relatively low circulating power (∼1 kW), this technique can be used in other

large-scale FP cavities or interferometers having higher circulating powers (∼1

MW) by operating the detector at low power. Three-mode interactions can be

used to identify highly unstable acoustic modes, thereby allowing us to design

reliable control schemes to damp these modes.

It can be seen that our experimental results are seven times smaller compared

to theoretically calculated results for the parametric gain value. This variation

can be due to the locking of the main beam away from the center of the ETM,

suggesting that three-mode interaction is very sensitive to the position on the

test mass. The R value obtained from the experiment was 0.0023, while the

theoretically estimated value was 0.0160. An estimated error propagation of 0.044

was introduced in the calculation of R from the parameters of Pc, F and Qm

respectively.

6.1.3 Analytical results using FEA Simulation

In Chapter 3, mirror heating using a Gaussian laser beam for three-mode

interaction was discussed. This chapter highlights the relation between the ROC
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change, heating beam spot size and the power required for the desired ROC.

It has been found that the heating beam power is directly proportional to

the heating beam spot size. This chapter demonstrated the effect of two heating

beam spot sizes; one was smaller (6.3 mm) than the locking beam spot size (9.3

mm) on the ETM, and the other was larger (10.7 mm). This chapter focused on

centralized heating of the highly reflective surface to produce the required ROC

change.

Using ANSYS simulation, acoustic modes of sapphire were identified to de-

termine the heating power and spot size required to observe three-mode interac-

tions. Static, as well as transient, analyses were used to determine the magnitude

of deformation, as well as the time required to reach the desired ROC. It was ob-

served that the desired ROC change could be obtained in ∼2-3 seconds. Smaller

spot size is advisable if the thermal tuning laser output is stable at low power.

If the laser output fluctuates at low power, it is desirable to use a larger heating

beam for thermal tuning. In this thesis, we used a heating beam size of 10.7 mm,

as our CO2 laser was not stable for low-power and small spot size operation.

6.1.4 Gingin High Optical Power Test Facility

The experimental setup for three-mode interactions was discussed in Chap-

ter 2. This chapter discussed the major facilities of the HOPTF at Gingin. Four

main sections of HOPTF were described here. They were the main laser room,

the injection room, the Fabry-Pérot (FP) cavity and the transmission room. Mea-

surement techniques (using a Hartmann sensor and beam profile camera) used for

the experiment were detailed in this chapter. Installation of the CO2 laser with

respect to the ETM was described here. Heating beam characterization, measure-
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ment of CO2 beam quality, as well as varying the heating beam spot size, were

also discussed in this Chapter.

This chapter also discussed two techniques carried out to determine the

length and finesse of the HOPTF sapphire cavity at Gingin. The length of the

cavity was found to be ∼79.7±0.5 m. The finesse value was calculated using

two techniques, namely the FWHM technique and the ring-down technique. The

FWHM measurement gave a finesse value of 1609±61, while the ring-down gave

1702±72.

6.2 Future work

With the recent detection of gravitational waves from source GW150914 by

the two detectors in the USA, efforts are going on to commission Advanced LIGO-

US detectors to reach design sensitivity. Current observation has been carried out

at ∼ ( 1
10
)th of the design circulating power. Operation with full circulating laser

power will allow detection of binaries like GW150914 with 3 times better SNR.

Increase in circulating power will also result in parametric instabilities due to

the three-mode interaction process. For low circulating power, the parametric

instability observed in the LIGO-US detectors has been quenched by thermal

tuning of the optical resonance of the associated mechanical mode of the test

mass. However, at higher power, the detector can experience uncontrolled growth

of acoustic modes, thus compromising the performance and control of the detector.

Future work will involve the understanding of the beating of the scattered

optical modes to identify all acoustic modes of the test mass used in a gravitational

wave detector. This beating can be carried out by injecting several higher-order

optical modes, and allowing them to beat among themselves so that unknown
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acoustic modes of the test mass (if any) could be excited.

Gravitational wave detectors can implement a three-mode interactions ex-

perimental technique to identify acoustic modes of the test mass used in the

detector. Being highly sensitive, three-mode interactions can be used to moni-

tor initiation of the parametric instability process, and corrective action can be

taken. Corrective measurements involve thermal tuning of the test mass using a

CO2 laser to check the optical frequency difference from matching with the test

mass acoustic mode frequency, which can be carried out by stabilizing the radius

of curvature of the test mass. Although front surface heating may or may not

be applicable for the detector as a whole as a corrective action, the heating of

the reflective surface is a tool for the investigation and identification of unstable

acoustic modes of the test masses.

Future work also involves identification of probable scattered optical modes,

and their counterparts in acoustic modes, which create a good spatial overlap for

the three-mode interaction. Using ANSYS, a database of all the potential acoustic

modes participating in the three-mode interaction with the test masses needs to

be created when the detector is operational at its designed power level. Such a

database can help the operation of a gravitational wave detector at high powers,

by automatic thermal tuning of the radius of curvature of the specific test mass

with the CO2 laser. Care should be taken not to introduce vibration noise to

the test mirror due to Doppler contamination of the CO2 light in operating an

interferometer as gravitational wave detector. The CO2 source should be mounted

on a platform with sufficient vibration isolation.

Development of an auto-tuning mechanism requires control software, as well

as hardware, which can change the radius of curvature of the test mass within
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a certain time duration much smaller than the ring-up time required for an un-

stable acoustic mode signal to build up. An interferometer’s break lock time for

different acoustic mode frequency excitations can be incorporated in the software,

which can then send commands to the respective hardware components during

operation for corrective action. Such a control system can be made individually

for the different test masses before a real-time monitoring global control system

is established to control parametric instability for the entire gravitational wave

detector.

It can also be pointed out that thermal tuning alone will not be sufficient

enough to control the parametric instability. Other methods for controlling para-

metric instability include: electrostatic feedback, which involves suppressing the

Q-factor of the acoustic modes; optical mode feedback, by injecting an anti-phase

higher-order mode with appropriate power to suppress the excited higher-order

mode; and resonant damping technique, which has the potential to damp many

test mass acoustic modes simultaneously in combination with thermal tuning.

Automation of the abovementioned techniques associated with a particular fre-

quency range can be used in sequence for unstable modes in real-time such that

the parametric gain factor is kept low, thus controlling the growth of parametric

instability.
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Appendix A

Calibrating the quadrant

photodetector to monitor the

beating signal

This Appendix contains calibration of a QPD for three-mode interaction experi-

ment.

Figure A.1 – (a) A,B,C and D denotes four quadrants of a QPD. QPD
has three output terminals. One terminal reads horizontal signal namely
(A+C)-(B+D), second terminal reads the vertical signal namely (A+B)-
(C+D) and the third terminal is the sum of all the four quadrants namely
(A+B+C+D). (b) First higher order mode TEM01 along with TEM00 mode
can be detected by the vertical terminal. (c) First higher order mode TEM10

along with TEM00 mode can be detected by the horizontal terminal.
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Appendix A. Calibrating the quadrant photodetector to monitor the

beating signal

Schematic of a QPD arrangement is shown in Fig. 4.4. QPD measures differ-

ential output produced by the higher order (first-order) mode as mentioned in

the chapter 2 of this thesis. As, a TEM01 mode is involved in the three-mode

interaction, calibration of QPD helps to measure the beating signal with a good

signal to noise ratio. Like any other photodiodes, QPD’s are also sensitive to

the noise of different amplitude levels. Following procedures were carried out to

calibrate the QPD for the experiment: The QPD was biased with the biasing

voltage. Light falling on the QPD was completely blocked to measure the dark

current noise and the electronic noise of the circuit. One output terminal of the

QPD, either vertical or horizontal was used to measure and record the spectrum

produced. Let the spectrum recorded be SPdarkcurrent. The QPD was then illu-

minated with the main cavity light to create photocurrent. The differential signal

produced by the locked cavity beam (TEM00) was measured on other terminal

and the DC voltage level was measured on the sum terminal. Let the recorded

spectrum be SPlaser. Later, the main laser light was blocked and the QPD was

illuminated by white light (white light constitutes different wavelengths). White

light creates a fluctuating photocurrent of the same magnitude as produced by

the laser light. The DC level of the white light was observed on the sum terminal

and the spectrum created by the differential signal assumed as SPwhitelight. If

SPlaser=
√
SPdarkcurrent

2 + SPwhitelight
2, then the laser light incident on the QPD

is quantum noise limited, otherwise the laser light has some extra noise.

It was seen that the dark current noise was negligible and SPlaser=SPwhitelight.

This means that the experiment was free of any noise contribution from the main

laser.



Appendix B

Characterizing the CO2 beam

This Appendix contains the design of CO2 heating beam setup

Figure B.1 – Alignment of CO2 laser with the beam steering mirrors.
Visible guiding beam (green dotted line) shows the path of IR beam of
CO2. The mirrors Mz are flat gold coated mirrors. A water tank having a
submersible pump was used to cool the CO2 laser. The flow rate of water
as well as water temperature was controlled by a separate cooling unit. The
water temperature was maintained at 18◦C.
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A Matlab code was used to determine the beam size and Guoy phase of a prop-

agating Gaussian beam. The code uses ABCD matrices to determine the effects

on a propagating Gaussian beam due to the optical components on the path.

Figure B.2 – Snapshot of the program calculating the spot size and the
Guoy phase of a propagating Gaussian beam.



Appendix C

Fundamental optical cavity

relations

This Appendix contains the fundamental equations for an optical cavity.

In an optical cavity of two mirrors with radii of curvature R1 and R2 separated

by length L, following parameters can be defined: (i) the cavity g-factor, (ii) the

spot sizes on the pair of mirrors when the cavity is in resonance, (iii) the Free

Spectral Range (FSR) of the cavity, and (iv) the cavity Finesse.

(i) The cavity g-factor is defined as:

g = g1g2, (C.1)

g(1,2) = 1− L

R(1,2)

, (C.2)

where g1,2 are the g-factors of mirrors of radius of curvature R(1,2), and L is the

distance between the mirrors forming the optical cavity.

(ii) Spot sizes on the mirrors:

Spot sizes on the mirrors are given by the equation:

w2
etm =

Lλ

π

√
g1

g2(1− g1g2)

(C.3)
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w2
itm =

Lλ

π

√
g2

g1(1− g1g2)

(C.4)

where w2
etm and w2

itm are the spot sizes on ETM and ITM respectively.

(iii) Light in the optical cavity will be in resonance when its length L equals an

integral multiple of λ
2
. The frequency difference between two identical resonance

peaks transmitted from the FP cavity is known as the free spectral range (FSR).

The FSR is written as:

FSR =
c

2L
, (C.5)

where c is the velocity of light.

(iv) Light leaking from the cavity can be used to measure the frequency width, loss

inside the resonator, circulating laser power etc. The Full Width Half Maximum

(FWHM) of the transmission peak characterises the bandwidth resolution of the

cavity. The narrower the transmitted peak, the lower will be the cavity loss and

the better resolved will be the peak frequency. The ratio of the FSR to the FWHM

of the transmitted peak defines a dimensionless quantity called the finesse. The

finesse F is written as:

F =
FSR

FWHM
, (C.6)

(v) The loss in an optical cavity is a measure of the cavity decay time tc expressed

as:

tc =
F

2π(FSR)
, (C.7)

Eqn. C.7 accounts for all losses in a resonator.



Appendix D

Relation between Sagitta and

ROC

This Appendix contains the relationship between sagitta and ROC of the mirror

Figure D.1 – Sagitta δ of a test mass is shown here. ROC represents the
radius of curvature of the test mass, a represents length of a chord. In the
experiment a represents the heating beam spot size.

ROC =

√
a2 + (ROC − δ)2, (D.1)

δ = ROC −
√
ROC

2 − a2 (D.2)

Using binomial theorem and ignoring higher order polynomial terms, the Eqn.
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D.2 reduces to:

δ =
a2

2 ∗ROC

(D.3)



Appendix E

ANSYS scripts

This Appendix contains the ANSYS scripts which were used to simulate surface

heating of the ETM by a Gaussian beam. It also contains the code for finding all

the acoustic modes of sapphire from 154 kHz to 181 kHz.

!*******************************************************

!** main file

!*******************************************************

/units,si

/filename, Gaussianheat, 1 ! Heating a surface with a Gaussian beam

/Title, Heating mirror

/prep7

et,1,solid70

et,2,link34

CSYS,1

et,2,surf152,,,,1,1

keyopt,2,9,1 ! Radiation option

r,2,1,0.568e-07 ! Stefan Boltzmann constant

mp,kxx,1,46 !thermal conductivity of sapphire mirror

mp,c,1,775 ! specific heat of sapphire mirror

mp,dens,1,3970 ! density of sapphire mirror

mp,emis,2,1 ! Black body emissivity

cylind,0.075,,0.080 ! sapphire mirror dimension

! MESHING OPTION

SMRT,6
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MSHAPE,1,3D

MSHKEY,0

!*

CM,_Y,VOLU

VSEL, , , , 1

CM,_Y1,VOLU

CHKMSH,’VOLU’

CMSEL,S,_Y

!*

VMESH,_Y1

!*

CMDELE,_Y

CMDELE,_Y1

CMDELE,_Y2

!*

/USER, 1

/VIEW, 1, 0.212970193038 , 0.415239959976E-01, 0.976175934263

/ANG, 1, 0.291359206947

/REPLO

FLST,5,1,5,ORDE,1

FITEM,5,2

CM,_Y,AREA

ASEL, , , ,P51X

CM,_Y1,AREA

CMSEL,S,_Y

CMDELE,_Y

!*

!*

AREFINE,_Y1, , ,1,0,1,1

CMDELE,_Y1

!*

FLST,5,1,5,ORDE,1

FITEM,5,2

CM,_Y,AREA

ASEL, , , ,P51X

CM,_Y1,AREA
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CMSEL,S,_Y

CMDELE,_Y

!*

!*

AREFINE,_Y1, , ,1,0,1,1

CMDELE,_Y1

!*

type,2

real,2

mat,2

n,50000,0.1,0.1,0.1

esurf,50000

d,50000,temp,293

tunif,293

spctemp,4,293

!GAUSSIAN FUNCTION APPLIED

*DEL,_FNCNAME

*DEL,_FNCMTID

*DEL,_FNCCSYS

*SET,_FNCNAME,’sap’

*SET,_FNCCSYS,1

! /INPUT,D:\ANSYS_codes_sunil\six_hundred_mwatt_heating.func,,,1

*DIM,%_FNCNAME%,TABLE,6,22,1,,,,%_FNCCSYS%

!

! Begin of equation: 1.2/({PI}*0.006325^2)*exp(-2*{X}^2/0.006325^2)

*SET,%_FNCNAME%(0,0,1), 0.0, -999

*SET,%_FNCNAME%(2,0,1), 0.0

*SET,%_FNCNAME%(3,0,1), 0.0

*SET,%_FNCNAME%(4,0,1), 0.0

*SET,%_FNCNAME%(5,0,1), 0.0

*SET,%_FNCNAME%(6,0,1), 0.0

*SET,%_FNCNAME%(0,1,1), 1.0, -1, 0, 0.006325, 0, 0, 0

*SET,%_FNCNAME%(0,2,1), 0.0, -2, 0, 2, 0, 0, -1

*SET,%_FNCNAME%(0,3,1), 0, -3, 0, 1, -1, 17, -2
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*SET,%_FNCNAME%(0,4,1), 0.0, -1, 0, 3.14159265358979310, 0, 0, -3

*SET,%_FNCNAME%(0,5,1), 0.0, -2, 0, 1, -1, 3, -3

*SET,%_FNCNAME%(0,6,1), 0.0, -1, 0, 1.2, 0, 0, -2

*SET,%_FNCNAME%(0,7,1), 0.0, -3, 0, 1, -1, 4, -2

*SET,%_FNCNAME%(0,8,1), 0.0, -1, 0, 0, 0, 0, 0

*SET,%_FNCNAME%(0,9,1), 0.0, -2, 0, 1, 0, 0, -1

*SET,%_FNCNAME%(0,10,1), 0.0, -4, 0, 1, -1, 2, -2

*SET,%_FNCNAME%(0,11,1), 0.0, -1, 0, 2, 0, 0, -4

*SET,%_FNCNAME%(0,12,1), 0.0, -2, 0, 1, -4, 3, -1

*SET,%_FNCNAME%(0,13,1), 0.0, -1, 0, 2, 0, 0, 2

*SET,%_FNCNAME%(0,14,1), 0.0, -4, 0, 1, 2, 17, -1

*SET,%_FNCNAME%(0,15,1), 0.0, -1, 0, 1, -2, 3, -4

*SET,%_FNCNAME%(0,16,1), 0.0, -2, 0, 0.006325, 0, 0, 0

*SET,%_FNCNAME%(0,17,1), 0.0, -4, 0, 2, 0, 0, -2

*SET,%_FNCNAME%(0,18,1), 0.0, -5, 0, 1, -2, 17, -4

*SET,%_FNCNAME%(0,19,1), 0.0, -2, 0, 1, -1, 4, -5

*SET,%_FNCNAME%(0,20,1), 0.0, -1, 7, 1, -2, 0, 0

*SET,%_FNCNAME%(0,21,1), 0.0, -2, 0, 1, -3, 3, -1

*SET,%_FNCNAME%(0,22,1), 0.0, 99, 0, 1, -2, 0, 0

! End of equation: 1.2/({PI}*0.006325^2)*exp(-2*{X}^2/0.006325^2)

!-->

FLST,2,1,5,ORDE,1

FITEM,2,2

/GO

!*

!*

SFA,P51X,1,HFLUX, %SAP%

FLST,2,4,5,ORDE,2

FITEM,2,1

FITEM,2,-4

SFA,P51X, ,RDSF,1,4,

FINISH

/SOL

/STATUS,SOLU

SOLVE
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!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!extracting temperature

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

/POST1

!*

/EFACET,1

PLNSOL, TEMP,, 0

PATH,sap,3,30,20,

PPATH,1,0,-0.075,0,0.080,0,

PPATH,2,0,0,0,0.08,0,

PPATH,3,0,0.075,0,0.08,0,

/PBC,PATH,1

/REPLOT

/PBC,PATH,0

!*

PATH,SAP

!*

PDEF,sap,TEMP, ,AVG

/PBC,PATH, ,0

!*

PLPATH,SAP

PRPATH,SAP

!!!!!!!!!!!!!!!!!!!!!!!!!!!!

! STRUCTURAL ANALYSIS CODE

!!!!!!!!!!!!!!!!!!!!!!!!!!!!

/PREP7

ETCHG,TTS

EPLOT

mp,ex,1,345e+09 ! YOUNGS modulus

mp,prxy,1,0.27 !POISSON ratio

mp,alpx,1,5.1e-6 ! THERMAL expansion

LDREAD,TEMP,,, , ,’file’,’rth’,’ ’
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ASEL,S, , , 2

NSLA,S,1

NPLOT

/VIEW,1,,,1

/ANG,1

/REP,FAST

FLST,2,4,1,ORDE,2

FITEM,2,5

FITEM,2,-8

!*

/GO

D,P51X, ,0, , , ,UZ, , , , ,

ALLSEL,ALL

EPLOT

/VIEW, 1, 0.238486816496 , 0.158524745726E-01, 0.971016342503

/ANG, 1, -0.480082573195E-01

/REPLO

FINISH

/SOL

/STATUS,SOLU

SOLVE

!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!extracting deformation UZ

!!!!!!!!!!!!!!!!!!!!!!!!!!!!

/POST1

!*

/EFACET,1

PLNSOL, UZ,, 0

PATH,sap,3,500,20,

PPATH,1,0,-0.075,0,0.080,0,

PPATH,2,0,0,0,0.08,0,

PPATH,3,0,0.075,0,0.08,0,

/PBC,PATH,1

/REPLOT

/PBC,PATH,0
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!*

PATH,SAP

!*

PDEF,sap,UZ, ,AVG

/PBC,PATH, ,0

!*

PLPATH,SAP

PRPATH,SAP

!*******************************************************

!** CODE FOR MODAL ANALYSIS

!*******************************************************

/prep7

mp,dens,1,3970

mp,ex,1,345e+09 ! YOUNGS modulus

MP,PRXY,1,0.17 ! Poisson’s ratio

!mp,kxx,1,46 !thermal conductivity

CYL4,0,0,0.075

!*

/NOPR

/PMETH,OFF,0

KEYW,PR_SET,1

KEYW,PR_STRUC,1

KEYW,PR_THERM,0

KEYW,PR_FLUID,0

KEYW,PR_ELMAG,0

KEYW,MAGNOD,0

KEYW,MAGEDG,0

KEYW,MAGHFE,0

KEYW,MAGELC,0

KEYW,PR_MULTI,0

KEYW,PR_CFD,0

/GO

!*

/COM,
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/COM,Preferences for GUI filtering have been set to display:

/COM, Structural

!*

!*

!ET,1,PLANE55, ! USE THIS ELEMENT FOR THERMAL ANALYSIS

!et,2,link32

ET,1,PLANE42

!*

ET,2,SOLID45

!*

SAVE

ESIZE,0.0025,0,

MSHAPE,0,2D

MSHKEY,0

!*

CM,_Y,AREA

ASEL, , , , 1

CM,_Y1,AREA

CHKMSH,’AREA’

CMSEL,S,_Y

!*

AMESH,_Y1

!*

CMDELE,_Y

CMDELE,_Y1

CMDELE,_Y2

!*

TYPE, 2

EXTOPT,ESIZE,10,0,

EXTOPT,ACLEAR,0

!*

EXTOPT,ATTR,0,0,0

MAT,1

REAL,_Z4

ESYS,0

!*
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FLST,2,1,5,ORDE,1

FITEM,2,1

VEXT,P51X, , ,0,0,0.080,,,,

/REPLOT,RESIZE

!*

ANTYPE,0

LDREAD,TEMP,,, , ,’file’,’rth’,’ ’

ematwrite,yes

/USER, 1

/VIEW, 1, 0.401304395701 , 0.963608437125E-01, 0.910861882938

/ANG, 1, 1.19653378770

/REPLO

ASEL,S, , , 2

NSLA,S,1

NPLOT

/VIEW,1,,,1

/ANG,1

/REP,FAST

FLST,2,4,1,ORDE,4

FITEM,2,3522

FITEM,2,3570

FITEM,2,3616

FITEM,2,-3617

!*

/GO

D,P51X, ,0, , , ,UZ, , , , ,

ALLSEL,ALL

NPLOT

EPLOT

/VIEW, 1, 0.207911690818 , -0.512154545923E-02, 0.978134192529

/ANG, 1, -0.623740525399E-01

/REPLO

FINISH

/SOL

/STATUS,SOLU

SOLVE
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FINISH

/POST1

SET,LIST

!*

!*

/EFACET,1

PLNSOL, U,Z, 0,1.0

FINISH

/SOL

FINISH

/PREP7

!*

ANTYPE,2

SAVE

!*

MSAVE,0

!*

MODOPT,LANB,200

EQSLV,SPAR

MXPAND,200, , ,0

LUMPM,0

PSTRES,1

!*

MODOPT,LANB,200,154000,181000, ,OFF

FINISH

/SOL

/STATUS,SOLU

SOLVE

SAVE

FINISH

/POST1

/SHOW,WIN32C

SET,FIRST

/VIEW,1,,,1

/ANG,1

/REP,FAST



183

/PLOPTS,INFO,3

/CONTOUR,ALL,18

/PNUM,MAT,1

/NUMBER,1

/REPLOT,RESIZE

! /UIS,ABORT,1

/SHOW,WIN32

/REPLOT,RESIZE

/USER, 1

/VIEW, 1, 0.389082332790 , 0.184035020819 , 0.902632843089

/ANG, 1, 1.65361172505

/REPLO

ASEL,S, , , 2

NSLA,S,1

NPLOT

/VIEW,1,,,1

/ANG,1

/REP,FAST

NLIST,ALL, , ,XYZ,NODE,NODE,NODE

!*

PRNSOL,U,Z

SAVE

ALLSEL,ALL

NPLOT

EPLOT

!*

/EFACET,1

PLNSOL, U,Z, 0,1.0

/VIEW,1,,,1

/ANG,1

/REP,FAST

SAVE

FINISH





Appendix F

Publications

This Appendix contains a collection of papers published during my thesis.

Paper 1 is a conference proceeding paper from AMALDI 10. It describes various

diagnostic techniques for measuring changes in g-factor of the cavity.

Paper 2 gives an analogy of CO2 laser heating technique with a spectrometer,

where the test mass ROC can be thermally varied to observe several acoustic

peaks of a sapphire test mass.

Paper 3 discusses how an optical cavity can be used as a highly sensitive

transducer using a three-mode interaction technique.

Paper 4 demonstrates how radiation pressure excitation can be used as an

effective tool to estimate the parametric gain of an optical cavity by three-mode

interaction technique.
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Abstract. Three mode interactions could induce parametric instability in advanced
gravitational wave detectors with high optical power circulating in the cavities. One of the
conditions for parametric instability to occur is when the cavity frequency difference between
fundamental mode and the high order mode matches the test mass acoustic mode frequency. The
optical mode spacing is a function of cavity g-factor (radius of curvature). At the Gingin High
Optical Power Facility, we have an 80 meter optical cavity particularly designed for studying high
optical power effects in advanced gravitational wave detectors such as parametric instabilities.
Here we present the recent results of thermal tuning the cavity g-factor by heating the test
mass surface with a CO2 laser to investigate the 3-mode interactions. Observation of test mass
thermal noise peaks above 160 kHz enhanced by 3 mode interaction is presented.

1. Introduction

Advanced gravitational wave detectors are aiming to detect frequent gravitational wave signals
at least once a year, with the sensitivity able to reach a distance of 200MPc [1]. To achieve
this sensitivity, the detectors will use extremely high optical power inside the arm cavities to
reduce quantum shot noise limit. However, high optical power, together with low optical and
mechanical loss test masses could induce parametric instability in a gravitational wave detector.
At Gingin high optical power facility, an 80m optical cavity is used to investigate parametric
instabilities and method for parametric instability control. Currently, spontaneous parametric
instability has not been observed due to the low power level in the instrument. However, 3-mode
interaction was observed [2] and possible control strategies was proposed [3,4,5]. Here we present
further studies of 3-mode interaction using CO2 laser thermal tuning method.

1.1. Three Mode Parametric Interaction and Parametric Instability

Gravitational wave detectors consist of a pair of Fabry-Perot (FP) cavities [6]. Thermal motion
of the test mass will scatter the incoming fundamental optical mode of frequency (ω0) to higher
order optical modes. The higher order optical modes provide a back action force on the test
mass mirrors through radiation pressure creating a resonance condition which leads to further
amplification of the higher order optical mode. If the beating frequency between a resonant
higher order optical mode (ωh) and the fundamental optical mode matches the acoustic mode
frequency (ωm) of the test mass mirror, as well as when the optical mode shape has a good
spatial overlap with the acoustic mode then, 3-mode interaction will occur. This either amplifies

Amaldi 9 and NRDA 2011 IOP Publishing
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or dampen the mechanical motion of the test mass. Amplification of the mechanical mode could
lead to parametric instability, whereas damping leads to the cooling of the mechanical mode.

A quantitative discussion on parametric instability can be described using parametric gain
R [7]. Instability occurs when the value of R is greater than 1. The gain can be defined as

R =
4PcQ1Qm

meffLcω2
m

· Λ

1 + (Δω
δ )2

(1)

where Pc is the power of the laser circulating within the cavity, Q1 and Qm are the quality
factors of higher order optical mode and the acoustic mode, meff is the effective mass of the
mirror acoustic mode, L is the length of the cavity, c is the velocity of light, ωm is the frequency
of the acoustic mode, Δω=|ω0-ωh|-ωm , δ is the half-line width of the higher order mode and Λ
is the spacial overlap factor between the optical and the acoustic mode.

With a reasonably good spatial overlap, parametric gain R will be maximum at Δω=|ω0-ωh|-
ωm = 0, i.e the frequency difference between the higher order optical mode and the fundamental
mode becomes equal to the acoustic mode of the test mass. The frequency difference (mode
gap) of the fundamental mode and the high order mode is given by

|ω0 − ωh| = ωm (2)

ω0 − ωh =
c

L
[cos−1

√
(1− L

R1
) · (1− L

R2
)] (3)

where R1 and R2 are the radius of curvature of the input test mass (ITM) and the end test mass
( ETM) respectively and L is the length of the cavity. It can be seen that mode gap can be
tuned by changing the radius of curvature of the cavity mirrors as shown in eqn.(3). By heating
the test mass mirror, we change the radius of curvature of the test mass as shown in fig.1. We
could either tune the |ω0-ωh| away from ωm to reduce parametric instability in the case of R >
1, or tune |ω0-ωh| close to ωm to cool the test mass mode.

Figure 1. Fig.a Frequency spacing between the modes when the cavity is cold. Fig.b Thermal
tuning of the ETM changes the radius of curvature of the mirror. This change in radius of
curvature tune the spacing between the optical frequencies to match the acoustic mode frequency.

We use a CO2 laser to perform a localized heating to create a deformation on the surface of
the test mass which changes the radius of curvature as shown in the figure 1.
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2. Experimental setup for thermal tuning

Experimental setup is shown in figure 2. A stabilized CO2 laser heats one of the test masses and
creates a localized deformation. We use two diagnostic tools to measure the radius of curvature
change of the heated test mass. They are (i) Hartmann sensor and (ii) a beam profile CCD
camera. Table I shows the optical cavity parameters. Calculation using equation (2) shows that

Figure 2. Experimental setup of thermal tuning of the cavity

the frequency difference (Δω) between the fundamental mode TEM00 and the first higher order
optical mode TEM01 is 1.298 MHz (f = Δω

2π = 206kHz).

PARAMETERS VALUES
Test mass material Sapphire
ROC R1 ITM Flat
ROC R2 ETM 720m
Length of the cavity L 77m
Q1 quality factor of optical mode 1.88x1011

Qm quality factor of acoustic mode 2x106

meff effective mass of the acoustic mode 0.25 kg
ωm acoustic mode frequency 181.6 kHz
Λ overlap factor 1.67
R Parametric gain 0.1

Using FEA simulation, an acoustic mode at 181.6 kHz is identified. This acoustic mode has a
good spatial overlap with the first order optical mode. By thermal tuning the radius of curvature
of the mirror we can adjust the frequency spacing between the optical modes to match the
acoustic mode frequency as shown in figure 1(a) and figure 1(b). To tune the frequency spacing
from 206 kHz to 181.6 kHz, a radius of curvature change of 1.5 km is needed. The heating power
and spot size of the heating beam needed for thermal tuning is estimated using the following
equation:

Rc =
4 · π · k · a2
2 · α · P (4)

where Rc is the radius of curvature change of the heated test mass, k is the thermal conductivity
of the test mass, a is the heating spot size, α is coefficient of thermal expansion of the material
and P is the laser heating power.
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2.1. Hartmann sensor

Our Hartmann sensor [8] consists of a metal plate 16x16mm with uniformly distributed holes of
151μm in diameter and hole to hole spacing 429μm. The plate is kept at a distance of 10mm
from the CCD pixel photodiode array. A super luminescent laser emitting diode (SLED) source
beam is collimated before illuminating the test mass, and the reflected beam is demagnified and

Figure 3. Hartmann sensor: Deformation of ETM at the place heated using a CO2 laser. The
spot size falling on the Hartman sensor is a de-magnified image of the mirror surface illuminated
using a Hartmann source (HS) beam.

collimated to fall on the Hartmann sensor using a telescopic arrangement as shown in figure 2.
The CCD read the position of the illuminated holes and compares these positions with any new
position that has formed during the deformation. Data obtained from the pixels are processed
and the localized deformation of the test mass due to CO2 heating is measured. A typical front
surface deformation during CO2 heating measured by the Hartmann sensor is shown in figure
3.

2.2. Beam profile camera

A beam profile camera measures the leaking transmitted light from the locked Fabry-Perot
cavity. The image on the camera is proportional to the spot size of the beam on the ETM.

Figure 4. Transient radius of curvature change measured using CCD camera (lower curve). The
upper curve is the transmitted power. Region a to b shows the mirror before heating, b denotes
the instant when CO2 laser is switched ON, c and g denotes the equilibrium state attained by
the mirror during heating, d and h denotes the region when the CO2 laser is switched OFF and
e denotes when the cavity is unlocked.
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Using the Spiricon software we measure the horizontal and vertical crossection of the spot on
the camera. Figure 4 shows the variation in the spot size as ETM is heated with the CO2 laser.

3. Results

Figure 5(a) and figure 5(b) shows the spectrum of the acoustic mode of 181.6 kHz without and
with CO2 thermal tuning. A frequency gap of 181.6 kHz of the optical cavity, corresponds to a
radius of curvature of 923m of the ETM. CO2 laser heating of the ETM showed that at 650mW
heating power, the acoustic thermal noise peak value is maximum as shown in figure 5(c). The
value of heating power is consistence with the radius of curvature obtained from equation 4.

(a) (b)

(c)

Figure 5. (a) Frequency spectrum observed without heating (b) Thermal noise peak of 181.6
kHz is observed due to the 3 mode interaction, (c) Variation of thermal noise peak of 181.6 kHz
with CO2heating power.

4. Conclusion

We have observed 3-mode interactions with controlled thermal tuning using a CO2 laser. The
experimental result is consistent with the theoretical calculation. The CO2 laser thermal tuning
provides an effective method for 3-mode interaction study and possibly for parametric instability
control. This research is supported by the Australian Research Council and is part of the
Australian Consortium for Gravitational Astronomy.
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Three-mode opto-acoustic interactions can excite acoustic modes of the mirrors of an optical cavity. This

was achieved when the frequency difference between the fundamental and higher order optical mode

matches the frequency of appropriate acoustic mode of the mirror. The excitation also critically depends

on the spatial overlap between acoustic and optical modes. In this Letter, we use a controlled CO2 laser

to thermally change the radius of curvature of one mirror of an 80 m Fabry–Pérot cavity for three-

mode interaction. Several acoustic modes of the cavity end mirror were observed with quality factors of

∼ 105–106 at the thermal noise level.
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1. Introduction

In an optical cavity, parametric interactions [1] can occur due

to the nonlinear coupling among the cavity carrier fundamental

mode, higher order optical modes circulating in the cavity, and

acoustic modes of the cavity mirrors. Such opto-mechanical cou-

pling can excite acoustic modes of the cavity mirrors. In a gravita-

tional wave detector [2], where the intra-cavity circulating power

is approaching 1 MW, these excited mirror acoustic modes will af-

fect the locking of the detector [3]. On the other hand, it has also

been shown that three mode interactions can be used to create

very sensitive transducers [4].

Three-mode interactions can be briefly explained as follows:

When a Fabry–Pérot (FP) cavity is locked to the fundamental

TEM00 mode of frequency ω0, the mirrors acoustic modes will

scatter a portion of this TEM00 mode into optical modes other

than the fundamental. Let us take a scattered optical mode with

frequency ωh . If (i) the difference between the frequencies of the

scattered optical mode and the fundamental optical mode, i.e.

|ω0 −ωh|, matches an acoustic mode of frequency ωm of the mir-

ror, and (ii) the scattered optical mode shape has a good spatial

overlap with the acoustic mode shape of the mirror, then the inter-

action between the optical and the acoustic mode gives a resultant

condition which can be explained by an energy transfer [5–7] pro-

cess between ω0, ωh and ωm . As a constant flow of energy in the

* Corresponding author. Current address: Institute for Plasma Research, Bhat,

Gandhinagar, India. Tel.: +91 79 23962216.

E-mail address: sunil.9798@gmail.com (S. Susmithan).

form of photons circulates in the FP cavity, two conditions can re-

sult: (i) if ω0 >ωh , the mirror acoustic mode absorbs the incoming

laser photons causing the acoustic mode amplitude to build up [8],

and (ii) if ωh > ω0, the scattered optical mode extracts energy

from the acoustic mode causing damping [9] of the acoustic mode

amplitude.

Three-mode parametric interactions can be characterized by a

parametric gain [1] R given by:

R = ±4Pc Q 1Qm

MLcω2
m

· Λ

1+ (
�ω
δ

)2 (1)

where Pc is the circulating power within the cavity, Q 1 and Qm

are the respective quality factors of the higher order optical mode

and the acoustic mode, M is mass of the mirror, L is the cavity

length, c is the speed of light, �ω= |ω0 −ωh| −ωm , δ is the half-

line-width of the higher order mode and Λ is the spatial overlap

[10] factor between the optical and acoustic mode. For R > 1, the

interactions lead to parametric instability (PI).

Three-mode parametric interactions have previously been ob-

served using an intra-cavity thermal compensation plate [11,12],

and using thermal tuning of this plate to change the cavity

g-factor. In this Letter we present results obtained using direct

thermal heating of a cavity mirror using a CO2 laser [13] to tune

the cavity g-factor. CO2 laser heats a central spot on the mirror

surface, thermally tuning the radius of curvature (ROC) in a very

short relaxation time of a few seconds. As the CO2 laser power

is varied, the TEM01 frequency (scattered optical mode) is con-

tinuously changed, such that the acoustic frequency for high-gain

three-mode interactions is tuned through a range of ultrasonic

0375-9601/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
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Fig. 1. Frequency difference between TEM00 and TEM01 modes, as a function of ROC

of one mirror. This frequency difference can be maintained by thermally tuning the

mirror’s ROC.

frequencies. This tuning causes the three-mode gain to sweep

across the frequencies of the test mass ultrasonic modes in the

same way that the tuning of a grating spectrometer displays an op-

tical spectrum as a photodetector is swept across diffraction angles.

Thus our system displays the spectrum of the test mass ultrasonic

modes. Because of the high displacement from the three-mode in-

teraction, intrinsic thermal excitation of the modes is sufficient to

observe the acoustic mode spectrum. However, not all frequencies

are observed because some fail to have a sufficient mode shape

overlap, as discussed further below. The acoustic frequency detec-

tion sensitivity is position-dependent, and critically depends on the

surface overlap between the optical mode and the acoustic mode.

Our goal is to characterize the use of a CO2 laser as a tool for

tuning and controlling three-mode interactions, and to study the

feasibility of monitoring the test mass acoustic frequencies using

three-mode interactions. In Section 2, we highlight the principle

of changing the cavity g-factor by thermal tuning. In Section 3,

we show the experimental setup and different techniques used to

measure the change in g-factor. In Section 4, we present experi-

mental results of controlled CO2 laser heating for tuning the cavity

g-factor, and the spectrum of the test mass acoustic modes.

2. Principle: Control of optical cavity frequency spacing using a
CO2 laser

The frequency of a transverse mode in an FP cavity is given by

[14]:

ωmn = πc

L

[
q + (m + n + 1)

cos−1 √
g1 · g2

π

]
, (2)

where q is the longitudinal mode number of the cavity, m and

n are the transverse mode numbers, L is the cavity length, and

g(1,2) are the g-factors of the cavity mirrors, which are given by

(1− L
R(1,2)

), where R(1,2) are the ROCs of the mirrors.

For simplicity, we take the example of parametric interaction

with the first-order optical mode (m = 0, n = 1 and q ∼ 108).

A change in ROC is a measure of the change in the frequency gap

between the TEM00 and the TEM01 mode, which is calculated from

Eq. (2).

A plot of this frequency difference between TEM00 and TEM01

modes as a function of one mirror’s ROC is shown in Fig. 1. We

used a CO2 laser to create a thermal deformation of the test mass

mirror surface in order to tune the ROC, and hence the frequency

gap.

Let us assume that the initial ROC of the mirror is Ri , and that

the ROC required by heating is R f . We consider a cylindrical mir-

ror of radius r, thermal conductivity k, coefficient of expansion α,

Fig. 2. Heating power of CO2 laser required to control the mirror ROC. By varying

the heating spot size, we can increase or decrease the heating power for a given

ROC. Initial ROC of the mirror is taken as 720 m.

heated by a Gaussian CO2 beam of spot size a, on the geometric

center of the mirror. The heating power P required to tune the

frequency spacing of the cavity is given by [15,16]

P = 2 ·π · k · a2
α

[(
1

Ri

)
−

(
1

R f

)]
. (3)

Eq. (3) is a convenient static formula describing the complex

transient phenomena of thermal distortion [17]. It shows the rela-

tion between heating power and heating spot size on the test mass

for a certain required ROC. We used CO2 spot sizes of 6.3 mm and

10.7 mm, respectively, to heat the mirror surface. Fig. 2 shows the

ROC change of a cavity mirror as the heating power is varied. We

could either vary the spot size or the CO2 laser power to tune the

ROC of the mirror.

3. Experimental setup

In our experiment, the suspended FP cavity is 79.6 m long, with

one flat input test mass (ITM) mirror, and one curved end test

mass (ETM) mirror with an ROC of 720 m. The test mass mirrors

are made from high quality sapphire having the following dimen-

sions: (i) ITM, diameter = 100 mm and thickness = 50 mm, and

(ii) ETM, diameter = 150 mm and thickness = 80 mm. We used

the CO2 laser to thermally change the ROC of the ETM.

The mode spacing between the fundamental and the first-order

optical mode at the cold cavity condition is �ω = 2π 203 kHz

(from Fig. 1). If an acoustic mode of the test mass exists at

203 kHz, or close to this frequency, with a good spatial overlap,

then due to the three-mode interaction, resonance would occur.

From ANSYS simulation, we have identified a test mass acoustic

mode of frequency ωm = 2π 181.6 kHz which has a good overlap

(Λ ∼ 0.1) with the first-order optical mode. From Fig. 1 we can

see that if the ROC is changed to ∼ 900 m, the cavity frequency

gap could be changed from 203 kHz to 181.6 kHz. From Fig. 2, we

can also see that this would require ∼ 600 mW of CO2 laser heat-

ing power if we use a heating spot size of 6.3 mm, or ∼ 1.8 W for

a heating spot size of 10.7 mm.

A schematic layout of the experiment is shown in Fig. 3. A sin-

gle frequency Nd:YAG laser with a TEM00 optical mode provides

around 2 W of input power at the ITM. The circulating laser power

in the cavity is approximately 700 W. The FP cavity is locked to

the TEM00 optical mode through a Pound–Drever–Hall control sys-

tem [18]. The Nd:YAG beam spot size on the ITM and on the ETM

are 8.7 mm and 9.2 mm, respectively. A small portion of the cavity

light leaks from the ETM and falls on a beam profiler CCD cam-

era kept outside the vacuum tank. This CCD camera measures and
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Fig. 3. Schematic layout for thermal tuning of an FP cavity with a CO2 laser. Mirrors

ITM and ETM are in a vacuum envelope of ∼ 10−6 mbar. The central Nd:YAG beam

is shown in bold red. The CO2 laser incident on the ETM is shown in yellow line.

The Hartmann source beam, reflecting from the ETM and entering the Hartmann

sensor, is shown in green. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this Letter.)

displays the cross-section as well as the power of the laser beam

leaking out from the cavity. These measurements can be used to

calculate the relative circulating power within the cavity, as well

as to measure any change in the cavity spot size on the ETM.

A CO2 laser is used to heat the ETM surface. The deformation

of the ETM produced by this CO2 laser heating is measured with

a Hartmann sensor. A brief description about the CO2 laser, beam

profiler and Hartmann sensor is provided in Sections 3.1, 3.2 and

3.3, respectively.

At a particular heating power, the frequency difference between

the optical modes matches the acoustic mode frequency. The beat-

ing signal between the TEM00 and TEM01 modes is detected using

a quadrant photodetector (QPD) kept outside the vacuum tank, as

shown in Fig. 3.

3.1. CO2 laser setup

A 10 W, CW, water-cooled, 48-series CO2 laser from Synrad was

used to heat the ETM surface. The actual output laser power can

be varied from 0–10 W by a controller. The beam from the CO2

laser was positioned at an angle of 35◦ with respect to the front

surface of the ETM to adapt to the position of the viewport on the

vacuum tank. A visible low power He–Ne guiding beam overlap-

ping with the CO2 laser beam was used for alignment, since the

CO2 laser wavelength is invisible. The beam shape from the CO2

laser was measured at near field, as well as at the far-field, using a

beam scan (Model-Photon Inc.) device. The output laser beam had

a near-Gaussian profile, as shown in Fig. 4.

3.2. Beam profile CCD camera: Monitoring the ROC change by

measuring the beam spot size on the ETM

The spot size of the laser beam on the mirror is directly related

to the mirror ROC and the cavity length, and is given by [14]:

r2α

√
LRi(

1− L
Ri

) , (4)

where r is the laser beam spot size on the mirror, L is the cavity

length, and Ri is the ROC of the ETM.

Eq. (5) gives the ratio between the spot size measured on the

ETM when the mirror is cold (ri) and when the mirror is heated

(r f ).

ri

r f
=

[(
1− L

R f

)(
L
R f

)] 1
4

[(
1− L

Ri

)(
L
Ri

)] 1
4

, (5)

(a)

(b)

Fig. 4. Near and far-field CO2 laser profiles. Gaussian profile at (a) 30 and

(b) 209 cm.

where Ri and R f are the ROCs of the mirror before and after heat-

ing, respectively.

A CCD camera was used to measure the transmitted beam leak-

ing out of the ETM. Spiricon software was used to measure the

horizontal and vertical cross-sections of the beam, as well as the

power of the leaking beam falling on the camera. Labview soft-

ware was used to record and plot the values at intervals of 500 ms.

These recorded values were later used to calculate the change in

ROC of the ETM during the heating process.

3.3. Hartmann sensor: Measuring the ROC change due to heating

A Hartman sensor [19] was used to measure the ETM defor-

mation caused by the CO2 laser heating. A brief review about the

principle as well as the setup of the Hartmann sensor is described

below.

The Hartmann sensor developed by the University of Adelaide

consists of a CCD pixel array, coupled with a thin metal plate

of area 256 mm2 with uniformly distributed holes of diameter

151 μm, and a hole-to-hole spacing of 429 μm. The metal plate is

kept at a distance of 10 mm from the CCD pixels. A superlumines-

cent laser emitting diode (SLED) shown in Fig. 3, was used as the

source beam for the Hartmann sensor; this beam was collimated

by a lens and illuminated on the ETM. The reflected beam con-

taining the information of the ETM surface was demagnified and

collimated onto the Hartmann plate using a telescopic arrange-

ment. This reflected light illuminates the plate uniformly, forming

bright spots of the holes on the pixels. These spots define the po-

sitions of the apertures on the pixels, which form the reference

position of the surface of the cold ETM.

When the ETM was heated by the CO2 laser, the surface defor-

mation changes the path of the reflected light and the movement

of the bright spots on the pixels was observed. The displacement

of spots on the pixels with respect to their earlier reference posi-
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Fig. 5. ROC change with 1.2 W CO2 laser heating, measured using a CCD camera.

The arrows represent the time at which the CO2 laser is switched ON and OFF

respectively. The transmitted power from the cavity is about 38 mW, with less than

2 mW variation, generally due to alignment fluctuation.

tions determines the extent of deformation of the test mass. Each

displacement of the apertures was read out by the sensor, and a

wavefront was constructed using a MATLAB code. The source beam

falling on the ETM had a diameter of 33 mm, which was demagni-

fied to approximately 10.8 mm. The deformed wavefront obtained

from the Hartmann sensor was processed and magnified by the

value of the demagnification factor to obtain the exact dimension

of the reflected wavefront on the ETM.

4. Results and discussion

4.1. Measurement of ETM ROC change when heated with a CO2 laser

The heating spot size, and the power required to tune the mir-

ror to the required ROC, are described by Eq. (3). A Gaussian beam

propagation law was used to determine the distance between the

CO2 laser and the ETM in order to estimate the heating spot size

on the ETM. A Finite Element Analysis (FEA) package ANSYS simu-

lation was used to estimate the ROC change of a flat surface, when

heated with a laser power of 1.2 W for a spot size a of 6.3 mm.

The results obtained from ANSYS differed by a factor of 1.6 when

compared with Eq. (3). This variation has been confirmed by the

deformation model carried out by Winkler et al. [16].

At the cold cavity condition, i.e. when the CO2 heating is off,

the spot size is 9.2 mm. The corresponding cavity spot size on the

CCD camera is 1.4 mm. When the mirror is being heated (hot cav-

ity condition), the change in ETM ROC corresponds to the change

of the spot size on the CCD camera. Substituting the values ob-

tained from the camera during heating of the ETM, and solving

Eq. (5), the ETM ROC can be found.

Fig. 5 shows the change of ETM ROC when it was heated with

a 1.2 W CO2 laser having a spot size of 6.3 mm. A loss of 18% is

incurred by the incident heating beam, as it reflects from the steer-

ing mirrors and transmits through the vacuum window, before it

hits the ETM. From Fig. 5, it is seen that the rise time is very fast

and takes slightly more than 5 s to change the mirror ROC from

737 m to 830 m. The relaxation time of the test mass when the

heating is switched off is even shorter than the rise time. The re-

laxation time consists of two exponential fits. The initial fall time

is less than 5 s, which is due to switching off the CO2 laser. The

second fall time is about 28 s, which is due to the global thermal

dissipation of the test mass, which cools at a slower rate. The same

mechanism is applicable for heating as well, where, due to local-

Fig. 6. Deformation of the ETM measured using the Hartmann sensor. The data

are quadratically fitted to obtain the ROC. Simulated data from FEA shows a good

quadratic fit, which gives a theoretical estimate of the ROC obtained during heating.

ized heating, the initial rise time is fast, and due to the global heat

diffusion, the deformation occurs at a slower rate.

The Hartmann sensor also gives a good estimate of the change

in the mirror ROC during heating. A wavefront change is recon-

structed [13] during the heating process from where the horizontal

and vertical cross-sections of the wavefront are extracted to calcu-

late the deformation, and hence the change in ROC. The ROC (R f )

is determined using Eq. (3). As the CO2 heating beam forms a spot

size of 6.3 mm on the ETM, a cross-section of 80% of the central re-

gion of the Hartmann beam is taken to determine the ROC change.

A cross-section obtained for 1.2 W heating is shown in Fig. 6.

The data was quadratically fitted to estimate the ROC change

of the mirror. The ROC change measured with the Hartmann sen-

sor was 725 m, while the FEA simulation gives a value of 735 m,

showing a deviation of 1.3%. A plot of the Hartmann sensor data

and the simulated data is shown in Fig. 6. The Hartmann sen-

sor data has a standard error of 1.7 nm, which is calculated from

the standard deviation of the mean of data measured before the

test mass heating is carried out. This error was mainly due to the

acoustic vibration of the optical components.

4.2. Thermal tuning of the FP cavity and the three-mode interaction

Using ANSYS simulation, we have identified some acoustic

modes of sapphire which could be amplified using CO2 laser ther-

mal tuning by three-mode interaction. We studied acoustic mode

frequencies within the 150–182 kHz range. Fig. 7(a) shows 5 dif-

ferent mechanical mode shapes each with their cross-section taken

along the dotted line.

As the Nd:YAG beam position was moved over the mirror sur-

face, the product between the acoustic mode, TEM00 and the

TEM01 optical modes reveals the best locations to have a good spa-

tial overlap (Λ), such that the condition for three-mode interaction

is satisfied as described in Eq. (1). A plot showing the integration

of the product between the modes for the best optimum alignment

of the acoustic with the optical mode is shown in Fig. 7(b).

Controlled heating was performed using the setup shown in

Fig. 3. The CO2 laser-controlled voltage was ramped from 0 to 3.0 V

at 10 mHz using a function generator to vary the output power

from 0 to 6.0 W. Ramping was slow enough to change the cavity

g-factor (and thus the optical mode spacing) smoothly because of

the high thermal conductivity of sapphire. As the heating power

was varied from 0 to 6.0 W, the optical mode frequency difference

|ω0 −ωh| sweeps through the acoustic frequency ωm , and an am-

plification of the acoustic mode signal was observed using a QPD.
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(a) Five mode shapes of sapphire are shown in this figure. In color, the blue shade represents minimum amplitude of the modes, while the red represents maximum

amplitude of the modes. Dark vertical dotted lines show the locations of the cross-section of the acoustic modes, plotted adjacent to the respective mode shapes.

(b) The integrated value of the product between acoustic mode, TEM00 and TEM01 optical mode amplitudes when the main Nd:YAG beam is locked at different positions on

the mirror. The integrated value is directly proportional to the spatial overlap factor Λ. The Nd:YAG beam position is varied between −20 to +20 mm over the surface of

the mirror.

Fig. 7. (a) Mode shapes of 5 different modes of sapphire, (b) amplitude of 5 different modes as the Nd:YAG beam is scanned over the surface of the mirror. (For interpretation

of the references to color in this figure, the reader is referred to the web version of this Letter.)
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Fig. 8. Amplification of thermal noise of the ETM acoustic mode during controlled

thermal tuning using a CO2 laser. Amplitudes of the peaks are determined by the

product between the acoustic and the TEM01 optical mode.

Fig. 9. Acoustic mode frequencies observed during the heating process. The signal-

to-noise ratio as a function of acoustic mode frequency depends on the spatial

overlap factor Λ.

Fig. 8 shows the output signal measured at the QPD using a

lock-in amplifier, which was set to a known acoustic frequency as

the laser heating power was slowly ramped up. It was seen that, at

a certain heating power, the amplitude of the beating signal was

high at the set acoustic frequency ωm , showing a consistency with

the ANSYS simulation results in Fig. 7(b). It is important to note

that the ramping speed should be less than the relaxation time of

the mirror, to avoid errors in the measurement.

The peaks at acoustic mode frequencies are due to the scat-

tering sideband amplification resulting from the fact that heat-

ing causes the cavity frequency spacing |ωh − ω0| between the

optical modes to get closer to ωm . As this frequency difference

matches the ωm value, the maximum signal amplification is ob-

served. On further increasing the laser heating power, the ROC

changes, thereby creating a mismatch between the optical mode

frequency difference and the current acoustic mode.

The spectroscopy of interaction between the acoustic and opti-

cal modes observed during laser heating is shown in Fig. 9. Some

Table 1
Q values of acoustic modes, during thermal tuning of the ETM.

Observed test mass acoustic

modes (kHz)

ROC (m) Q -factor

156.23 1200 1.61× 105

171.86 990 1.48× 105

177.65 930 1.93× 105

181.60 890 1.77× 106

of the prominent acoustic frequencies which appear during heat-

ing are recorded in Table 1. Of the set of frequencies that were

observed, the frequency 181.6 kHz was seen to have the highest

Q -factor. The Q -factor was measured by fitting a Lorentzian pro-

file to the measured peak.

Comparing Figs. 8 and 9, we observed that some of the fre-

quencies are either shifted, or some new frequencies are seen. This

is due to the fact that the data in Fig. 9 were reproduced at a

different time using a different method. Different acoustic modes

have different vibration amplitude distributions on the ETM sur-

face. When the main beam is locked at a certain position on the

ETM, the spatial overlap value of the optical mode and the acous-

tic mode determines the amplitude of the signal. Only those modes

with sufficiently high value of Λ can be seen at a specific beam lo-

cation. We have seen that for the data obtained in Fig. 9, the main

Nd:YAG beam was locked approx. 20 mm away from the ETM cen-

ter.

5. Conclusion

The three-mode interaction can be used to monitor multiple

test mass acoustic modes by thermally tuning the ROC and there-

fore finds a resemblance with a spectrometer. A precise and con-

trolled thermal tuning of the cavity mode gap between the TEM00

and TEM01 modes using CO2 laser heating has been demonstrated.

We have experimentally shown three-mode interaction between

the acoustic and optical modes by thermal tuning of the mirror.

The fact that the multiple thermally excited modes are visible, with

good signal-to-noise ratio, shows that the three-mode interaction

has very high sensitivity in general. This is expected because it

benefits from the resonant gain of the optical high order mode.

We found that observations are critically dependent on the laser

spot position. This is not unexpected because Λ in Eq. (1) de-

pends critically on the overlap geometry of the acoustic and optical

modes. We should point out that, in our experiment, three-mode

interactions rely on the TEM01 mode, and are only sensitive to

acoustic modes having good overlap with the TEM01 mode. How-

ever, in general, any higher order optical modes can give rise to

three-mode interaction, provided the overlap is high and the fre-

quencies match.

We demonstrated the use of various diagnostic tools to deter-

mine the ROC change of the test mass, and thus the g-factor and

the cavity mode spacing. Sapphire, having a very high thermal dif-

fusivity, each acoustic modes can be resolved in a time scale of

∼ 5 s. However if we want to obtain steady state resolution of

modes and maintain peak signal we need to take into account the

global test mass relaxation time (∼ 28 s) and ramp the heating

power slowly, typically over 100 s. To obtain a stable peak (as seen

in Fig. 8), slow ramping is always preferable. Fast ramping will not

provide sufficient heating to the mirror so as to see a significant

full height of any peak. The acoustic peaks can be missed due to a

combination of thermal relaxation and spectrum analyzer integra-

tion time.

This technique could be used to control the parametric instabil-

ity by carefully tuning to avoid three-mode resonances in a gravi-

tational wave interferometer detector. The heating power required

for thermal tuning will vary from material to material, depending
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on the thermal diffusivity of the test mass – the tuning is likely to

be much slower in fused silica.
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Three-mode optomechanical interactions have been predicted to allow the creation of very high sensitivity
transducers in which very strong optical self-cooling and strong optomechanical quantum entanglement are
predicted. Strong coupling is achieved by engineering a transducer in which both the pump laser and a single
signal sideband frequency are resonantly enhanced.Herewe demonstrate that very high sensitivity can be achieved
in a very simple system consisting of a Fabry-Perot cavity with CO2 laser thermal tuning. We demonstrate a
displacement sensitivity of∼1× 10−17 m/

√
Hz, which is sufficient to observe a thermally excited acoustic mode

in a 5.6 kg sapphire mirror with a signal-to-noise ratio of more than 20 dB. It is shown that a measurement
sensitivity of ∼2× 10−20 m/

√
Hz limited by the quantum shot noise is achievable with optimization of the

cavity parameters.

DOI: 10.1103/PhysRevA.84.063836 PACS number(s): 42.25.Fx, 07.60.Ly, 42.50.Wk

I. INTRODUCTION

Optomechanical coupling provides a means of studying
the quantum behavior of macroscopic mechanical degrees
of freedom and also enables high-sensitivity probes for
quantum-noise-limited measurements [1]. Experiments have
demonstrated optical cooling of mechanical oscillators [2].
Theoretical studies have focused on the creation of quantum
entanglement of mechanical and optical degrees of freedom
for quantum information [3–6] and on using such systems
for probing mechanical energy quantization [7,8]. Recently,
a cryogenic 10 MHz micromechanical oscillator has been
cooled to its quantum ground state using sideband cooling [9].
On the kilometer scale, laser interferometer gravitational-
wave detectors at the Laser Interferometer Gravitational-Wave
Observatory (LIGO) [10] and VIRGO project [11] have
achieved a displacement sensitivity of 10−19 m/

√
Hz at around

100 Hz, while on a small scale the high-frequency thermal
noise of a mechanical oscillator has also been measured with
similar sensitivity [12]. Using high displacement sensitivity
and feedback cooling, a LIGO interferometer test mass has
been cooled to an effective temperature of 1.4 μK [13],
corresponding to an occupation number of about 200 quanta.
In most optomechanical systems to date, a single TEM00

optical mode is coupled to a mechanical oscillator mode. For
such two-mode systems the cavity acts like a low-pass filter
which filters out high-frequency signal sidebands and therefore
compromises the sensitivity at high frequencies. This effect is
observed in laser interferometer gravitational-wave detectors
[14,15]. Minimizing thermal noise and maximizing elec-
tromechanical coupling requires minimization of the losses
of both optical and mechanical modes. However, this makes
the narrow-band-filtering situation even worse. A solution to
this problem is to introduce a second electromagnetic mode
resonant at the mechanical sideband frequency to form a

three-mode optomechanical system. When the mode spacing
correctly matches the acoustic mode frequency, it has been
predicted that such a three-mode transducer can have very high
sensitivity, immunity to laser noise, and require only relatively
low laser power [16].
Three-mode optomechanical interactions involving pairs of

optical modes were first investigated theoretically by Bragin-
sky et al. [17] in the context of long-baseline gravitational-
wave detectors. They showed that such interactions could
induce parametric instability in the high-optical-power cavities
of advanced gravitational-wave detectors through an interac-
tion that can inject optical energy into selected acoustic modes
to the point of instability. Zhao et al. [18] and many others
[19–21] extended this analysis to include realistic-mode-shape
modeling. In 2009, Zhao et al. [16] pointed out that three-
mode interactions can be harnessed to create a general opto-
acoustic parametric amplifier (OAPA), which can function as a
high-sensitivity transducer with the capability of cooling a
mechanical mode down to the quantum ground state. The
high sensitivity arises because the single sideband signal is
coherently amplifiedwhen the frequency gap is equal to the fre-
quency of the mechanical mode. This occurs without compro-
mising the optical power that defines the optomechanical cou-
pling strength. Dobrindt and Kippenberg [22] confirmed this
analysis in the context of a four-mode transducer using three
optical modes, and discussed the experimental challenge of
engineering appropriatemode gaps. The single sideband three-
mode transducer system discussed here solves the engineering
problem through optical design and thermal tuning, is simple
to implement, and has a sensitivity similar to a four-mode
system.
The mode and frequency structure of the three-mode

interaction is shown in Fig. 1. The fundamental optical mode at
ω0 is scattered by themechanical motion of the test mass atωm.
This creates two sideband modes: one at ω0 − ωm (also called

063836-11050-2947/2011/84(6)/063836(6) ©2011 American Physical Society
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(b)

FIG. 1. (Color online) (a) Schematic of three-mode interaction
in an optical cavity. Here, the anti-Stokes mode ω1 has a similar
mode shape to the internal acoustic mode of the end mirror and has
a frequency of ω1 = ω0 + ωm. (b) Mode shapes of TEM01 mode and
optical mode scattered from the end mirrors. (c) Frequency structure
of the two optical modes and sidebands. The laser is tuned to the
fundamental TEM00 modewith frequencyω0. Themechanicalmotion
induces two sidebands, but only one resonates in the high-order
optical mode at ω1 and gets amplified.

the Stokes mode) and the other at ω0 + ωm (the anti-Stokes
mode). With the correct frequency gap between the high-order
mode at ω1 and the fundamental mode (i.e., |ω1 − ω0| = ωm),
one sideband mode (the anti-Stokes mode in the case shown
in the figure) becomes resonant. If the mode-shape overlap
is large, as defined by the overlap integral (discussed below)
between the mode shape of the high-order mode and the mode
shape of the acoustic mode, the optomechanical coupling can
be large. The high-order mode carries the resonantly enhanced
signal sideband. Because all the modes are resonant, high
displacement sensitivity is achieved with relatively low optical
power and sensitivity increases with cavity finesse. When
correctly tuned, the optomechanical coupling and sensitivity
scale as the product of two optical and one acoustic quality
factor, all of which can be very large ∼106 to 1010 [16].
This confers a large advantage compared with two-mode
transducers.
It is interesting that the three-mode transducer is equivalent

to the signal recycling configuration used for amplifying the
signal sidebands in gravitational-wave detectors [23]. For
the experiment described here, we used a TEM01 mode for
the second optical mode.

II. THREE-MODE OPTOMECHANICAL
TRANSDUCER THEORY

The formalism for the three-mode interaction has been
presented previously in general form in Refs. [22,23]. We
summarize some of the results for the coherence of this paper.
The three-mode interaction can be described by the following
Hamiltonian:

Ĥ = 1
2h̄ωm

(
q̂2m + p̂2m

) + h̄ω0â
†â + h̄ω1b̂

†b̂

+ h̄G0q̂m(â†b̂ + b̂†â)+ Ĥext. (1)

Here, q̂m and p̂m are the position and momentum of the
mechanical mode, â and b̂ are the annihilation operators for
the fundamental optical cavitymode and the high-order optical

cavity mode (the TEM00 mode and the TEM01 mode, respec-
tively, in this experiment),G0 ≡ [�h̄ω0ω1/(mωmL2)]1/2 is the
optomechanical coupling constant with � representing the
spatial overlap between the TEM01 mode and the mechanical
mode with m being the test mass mechanical mode effective
mass and L being the cavity length, and Ĥext is the coupling
between the cavitymodes and the injection external continuous
mode âin and b̂in and is given by Ĥext = ih̄(

√
2γ0â†âin +√

2γ1b̂†b̂in − H.c.) with γ0 and γ1 being the decay rates of
the cavity modes and H.c. being the Hermitian conjugate.
From the above Hamiltonian, we can derive the equations

of motion for the linearized dynamics (in the rotating frame
at ω0):

¨̂qm + 4γm ˙̂qm + ω2mq̂m = Ḡ0(b̂ + b̂†)+ Fth + Fsig, (2)
˙̂b + (γ1 + i�)b̂ = −iḠ0q̂m +

√
2γ1b̂in, (3)

where� ≡ ω1 − ω0, γm is the mechanical mode damping rate
or the mechanical mode half linewidth, Ḡ0 ≡ G0ā where ā
is the zero-order intracavity intensity of mode TEM00, b̂in
is the vacuum fluctuation component in TEM01 mode since
there is no TEM01 mode injected, Fth is the thermal Langevin
force, and Fsig is the signal that we seek to probe. We neglect
the intensity change of the TEM00 mode, since it is almost
constant and only determines the optomechanical interaction
strength. The above linear dynamics can be easily solved and,
from the standard input-output relation [24]

b̂in(t)+ b̂out(t) =
√
2γ1b̂(t), (4)

we can obtain the TEM01-mode output b̂out(t) that we detect.
In our experiment, which is described below, we detect the
cavity transmission signal that includes the TEM01 and TEM00

modes. These modes beat at the quadrant photodetector (QPD)
and give information on the TEM01 mode. Because the TEM00

mode is constant, by detecting the amplitude of the beating
signal of the cavity transmission, we detect the amplitude
quadrature b̂1 = (b̂out + b̂

†
out)/

√
2 of the TEM01 mode. Ideally,

if we can detect both the amplitude and phase quadratures, we
can optimize the detection sensitivity since both quadratures
contain information on the mechanical-mode amplitude. This
can be done by introducing a local oscillator in the TEM01

mode to beat with the cavity transmission. In the experiment
reported here, where the sensitivity is still far from the standard
quantum limit, we demonstrate high detection sensitivity with
single-quadrature detection.
The displacement noise spectrum for the amplitude quadra-

ture is [25],

S11(
) = h̄Lc
[
(
+ ωm)2 + γ 21

][
(
− ωm)2 + γ 21

]
4ω0I0γ1ω2m

+ h̄ω0I0

γ1Lc
|χ |2 + 4mγmkBT |χ |2. (5)

In Eq. (5), the first term is the quantum shot noise, the
second term is the quantum radiation-pressure noise, and the
last term is the thermal noise. Here, I0 is the intracavity
power for the TEM00 mode, c is the speed of light, m is the
effective test mass, γm is the mechanical mode linewidth, kB is
the Boltzmann constant, T is the environmental temperature,
and χ (
) = m[−(
2 − ω2m)− iγm
]−1 is the mechanical

063836-2
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FIG. 2. (Color online) Theoretical displacement noise spectrum
density. The dashed line shows the shot noise, the dash-dotted line
shows the thermal noise, and the radiation-pressure noise is not
shown because it is negligible. The parameters used are those for
the experiment described in this paper.

response function. In the above calculation, we have ignored
the correlation between the shot noise and the radiation-
pressure noise, because the radiation-pressure noise is neg-
ligibly small in our experiment.
Figure 2 shows the quantum-limited noise spectral density

(green dashed line) and the thermal noise at room temperature
(black dash-dotted line). The parameters used for this figure are
for the experimental setup described below and the quantum
noise here is dominated by the shot noise. It can be seen from
Eq. (5) that the shot noise term has a minimum when
 = ωm,
which is at the three-mode resonance defined in Fig. 1. This is
because the measurement shot noise at the QPD is constant at
all frequencies but the signal sideband is coherently amplified
by the TEM01 cavity resonance. This increases the signal-to-
shot-noise ratio by the cavity resonance factor. At the optical
power level used in the experiment described here the quantum
backaction noise is still much smaller than the shot noise.

III. EXPERIMENTAL RESULTS

A 77 m high optical power cavity is used to investigate
the three-mode interactions. The experimental setup is shown
in Fig. 3. We use an Nd:YAG laser at a wavelength of
1064 nm. The laser is frequency locked to the 77 m Fabry-
Pérot cavity. After passing through the mode-matching optics,
the remaining optical power that enters the cavity is about
3.0± 0.3 W. With a cavity finesse of 1.3± 0.1× 103, the
intracavity power is 300± 50 times as much as the input
power, achieving almost 1 kW of circulating power.

FIG. 3. (Color online) Thermal tuning radius of curvature of
cavity end mirror for three-mode interaction using CO2 laser
heating and signal detection at cavity transmission using quadrant
photodetector (QPD).

The original mode gap between TEM00 and TEM01 modes
is ∼201.6 kHz. In order to satisfy the resonant condition for
the three-mode interaction, we need to tune the frequency
gap between the TEM00 and TEM01 mode to match the
mechanical-mode frequency. The frequency gap depends on
the radius of curvature of themirrors according to the following
relation:

ω0 − ω1 = c

L

[
arccos

√(
1− L

R1

)(
1− L

R2

)]
. (6)

Here, R1 and R2 are the radii of curvature of the input test
mass (ITM) and end test mass (ETM) mirrors, respectively.
This is achieved by thermally tuning the radius of curvature

of test masses using CO2 laser heating to create thermal
deformation. Because the sapphire test mass has a high
thermal conductivity, this thermal tuning is relatively fast.
We can tune the radius of curvature by a few percent within
seconds [28].
When the resonant conditions are satisfied and the spatial

distribution of the sideband from the mechanical mode
coincides with the TEM01 mode, the sideband signal will be
enhanced by the cavity resonance. The amplitude quadrature
of the TEM01 mode is proportional to the displacement of
the ETM surface. The mixing between the TEM01 mode and
the TEM00 mode creates a signal proportional to the test
mass mechanical mode displacement. As the spatial profile
of the TEM01 mode is antisymmetric, we use a quadrant
photodiode (QPD) for differentially detecting the signal. This
detection scheme has immunity to TEM00 noise because the
differential detection cancels the common TEM00 noise and
the high-finesse cavity is an excellent low-pass filter that
reduces TEM00 noise at frequencies higher than the cavity
linewidth. However, TEM01 noise, such as beam jitter noise,
can still couple to the signal. An appropriate suspended mode
cleaner [14] can reduce the TEM01 noise effectively but is not
used in the current setup.
As we vary R2 of the ETM by adjusting the CO2

laser heating power we observe a high-Q-factor acoustic
mode around 181.6 kHz. The amplitude of the signal is a
function of the CO2 heating power. We optimize the heating
power to obtain maximum signal amplitude. In principle,
the CO2 heating also causes temperature-dependent changes
of the mechanical mode resonance frequency. However, the
maximum heating power used was less than 1 W and
changes from this mechanism are less than those due to
ambient temperature changes (demonstrated by simulation and
experimental observation).
Figure 4 shows the QPD output signal as a function of

the CO2 heating power on the ETM. We can see clearly that
there is an optimum heating power at which the mechanical
sideband is enhanced by the cavity resonance.
The finite element simulation results show several acoustic

modes near 181 kHz, but one particular mode has high
overlap with the TEM01 mode and very small vibration
amplitude at the suspension point, implying low losses into
the suspension wires and high Q factor. The effective mass
is 0.28 kg and the overlap with the TEM01 mode is 0.4,
according to the simulation. This mode shape is shown in
Fig. 5.
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FIG. 4. (Color online) QPD signal at mechanical mode frequency
as a function of CO2 heating power. The black dots are the measured
data; the blue solid line is the Lorentzian fit. The major fluctuations
come from the fluctuation of suspended test-mass-mirror orientation
due to seismic noise, since the auto-alignment system is difficult to
implement with a thermally tuned cavity.

Figure 6 shows the signal spectrum at optimum heating
power together with the theoretical prediction of the thermal
noise and radiation-pressure noise (a zoom in of the top central
part of Fig. 2).
To estimate the amplitude of the thermal noise, we use the

theoretical value of the thermal noise spectrum, which from
Eq. (5) can be expressed as

x2 = 4mγmkBT |χ |2 = 4kBT

mQ
[ (

2 − ω2m

)2 + 
2

Q2

] , (7)

where Q = ωm/2γm is the mechanical quality factor of the
test mass. We measured the Q factor of the mechanical
mode by resonantly exciting the mode using an electrostatic
actuator and recording the ringdown curve. From the ringdown
curve we determined the Q factor for this particular mode
to be 1.2± 0.2× 106. The three-mode interaction for this
mechanical mode is in the regime of parametric cooling.
However, the cooling factor is very small (∼10−2), so that
the change ofQ is only 1%, which is within the measurement

FIG. 5. (Color online) Finite element model of the 181.6 kHz
mechanical resonance of the test mass. (a) Two dimensional mode
shape; (b) mode shape cross-section distribution along the center Y
direction of the test mass. This model took into account the two flat
surfaces at the circumference of the test mass and the crystalline
anisotropy of the sapphire test mass (with different Young’s moduli
along different crystal axes).

FIG. 6. (Color online) Experimental three-mode interaction spec-
trum. The dots show the measured data, which are fit by a Lorentzian
curve (solid line). The dash-dotted line shows the calculated thermal
noise spectrum; the dashed line shows the calculated shot noise.

uncertainty. Thus, this effect is not included in the theoretical
thermal noise calculation.
The Lorentzian curve fit of the experimental peak in Fig. 6

gave aQ factor of∼ 5×105, which is lower than the ringdown
measurement. This is because the data shown in Fig. 6 is taken
over several averages during which there is a slight frequency
drift, causing broadening of the peak.
The temperature coefficient of resonance frequency change

of sapphire is ∼5× 10−5 Hz/K (depending on the crystalline
axis) [26]. The heat capacity of sapphire [760 (J/K)/kg]
ensures that frequency change during a typical measurement
is less than the frequency resolution of the experiment
of 0.6 Hz, which corresponds to a temperature change of
the test mass of 65mK. Thus, the thermal tuning has negligible
effects on the test mass parameters except for the radius-of-
curvature change that arises from surface expansion at the
hot spot and the associated global-shape change of the test
mass.
The total transmitted power on the QPD was measured to

be about 4.0± 0.2 mW. To estimate the noise contribution to
the QPD output, we blocked the cavity transmitted laser light
and then illuminated it with a white light to create the same
photocurrent. By comparing the QPD differential outputs with
and without white light we determined the shot-noise level
to be about half of the QPD electronic noise. Since the noise
spectra are the same with both the cavity transmitted light and
the white light on the QPD, we concluded that the transmitted
laser light technical noise is negligible and is shot-noise
limited at ∼181.6 kHz. The estimated radiation-pressure
force that could drive the test mass internal mode motion
is much smaller than the thermal noise. For this reason, we
identify the resonance peak we measure as the thermal noise
peak. By using the calculated thermal noise as a calibrator,
we converted the measured data to the displacement noise
spectrum as shown in Fig. 6. It should be noted that it is
rather difficult to independently calibrate the thermal noise
peak amplitude because cavity alignment fluctuations cause
changes in the laser spot positions on the test mass, thereby
causing fluctuations in the spatial overlap parameter � which
determines the magnitude of the scattering between TEM00

and TEM01 modes.
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FIG. 7. (Color online) Expected achievable three-mode inter-
action sensitivity with improved cavity and photodetector (PD)
parameters (cavity finesse 1500, ETM transmission 100 ppm, PD
quantum efficiency 0.8). Solid line shows the thermal noise spectrum;
dashed line shows the shot noise; dotted line shows the radiation-
pressure noise.

We can see in Fig. 6 that the noise level off resonance is
∼10−17 m/

√
Hz, limited mainly by the sum of photodetector

electronic noise and quantum shot noise. The sensitivity of
this experiment can be improved in a straightforward fashion
by increasing the cavity finesse, the ETM transmissivity, and
the photodetector’s quantum efficiency, as well as to add a
suspended mode cleaner to filter out high-order modes before
the cavity injection. Figure 7 shows the calculated thermal
noise, the shot noise and the radiation-pressure noise of the
system with a cavity finesse of 15 000 (achievable with

typical commercially available good quality mirrors), ETM
transmission of 100 ppm, QPD quantum efficiency of 0.8 [27],
input power of 5 W, and the same mechanical parameters as
in the current experiment. The three-mode parametric cooling
effect is obvious in Fig. 7, as shown by the increased acoustic
mode linewidth. The thermal noise is still the dominated
noise near the resonance. The quantum shot noise limits the
off-resonance sensitivity. The best displacement sensitivity
achievable is close to 2× 10−20 m/

√
Hz.

IV. CONCLUSIONS

In conclusion, we have demonstrated the intrinsic high sen-
sitivity of a three-mode opto-acoustic parametric transducer.
The measurement scheme has intrinsic immunity to laser
amplitude and phase noise. The technique has applications
to ground-state cooling of kilogram-scale test masses, quan-
tum nondemolition measurements, measurement of radiation-
pressure noise, and to the precision monitoring of test mass
modes in gravitational-wave detectors.
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Three-mode parametric instabilities may compromise stable operation of gravitational wave detectors.

Instabilities manifest as varying radiation pressure distributions, derived from beating between two

optical modes, exciting mirror acoustic modes in Fabry–Pérot cavities. Here we report the first

demonstration of radiation pressure driving of ultrasonic acoustic modes via pairs of optical modes

in gravitational wave type optical cavities. In this experiment ∼ 0.4 W of TEM01 mode and ∼ 1 kW

of TEM00 mode circulated inside the cavity, an ∼ 181.6 kHz excitation was observed with amplitude

∼ 5 × 10−13 m. The results verify the driving force term in the parametric instability feedback model

(Braginsky et al., 2001) [1]. The interaction parametric gain was (3.8± 0.5)× 10−3 and mass-ratio scaled

opto-acoustic overlap 2.7± 0.4.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Advanced laser interferometer gravitational wave detectors

now under construction [2,3] aim to achieve a strain sensitivity

h ∼ 10−23/
√
Hz at ∼ 100 Hz. To achieve this sensitivity without

recourse to quantum squeezing, it is necessary to balance the shot

noise and the radiation pressure noise. To achieve this balance

at 100 Hz requires the optical power in the arm cavities to ap-

proach 1 MW. These conditions are also such that three mode

parametric interactions can become strong, giving rise to paramet-

ric instability [4]. Such instability arises when the thermal noise

fluctuations in the surface profile of a cavity mirror (for a par-

ticular high quality factor mirror acoustic mode), scatters carrier

light into a transverse optical mode. The scattered mode in turn

beats with the fundamental cavity mode. The beating creates a

time varying radiation pressure force distribution on the mirror.

If the force distribution overlaps the acoustic mode shape, and if

the transverse mode is resonant in the cavity and has the appro-

priate phase, the radiation pressure force acts in phase with the

thermal fluctuations, thereby providing a positive feedback. If this

feedback force is large enough, it can overcome the acoustic losses

of the mode, leading to exponential growth of the acoustic mode.

The Stokes interaction, for which the cavity transverse mode is

lower than the carrier frequency, satisfies the phase requirement.

It is instructive to consider the interaction in the quantum pic-

ture as illustrated by the Feynman diagram in Fig. 1. The high

occupation number of the carrier ensures that the 3-mode interac-

* Corresponding author. Tel.: +61 8 64881263.

E-mail address: carl.blair@uwa.edu.au (C. Blair).

Fig. 1. Three-mode interaction. TEM00 undergoes pair creation, to produce a phonon

in the mirror and a resonant TEM01 photon.

tion (represented by a 3-quanta vertex) is dominated by photon–

phonon pair creation. A carrier photon decays coherently into a

transverse mode photon and a phonon. The phonons contribute

to the occupation number of the acoustic mode, and if the rate

of this process exceeds the thermal relaxation rate of the mode,

the acoustic mode occupation number will increase with time. The

process is only efficient for opto-acoustic systems that satisfy a

triple resonance condition, and even when resonant, high optical

power is required to achieve instability in gravitational wave detec-

tors. Triple resonance means that the carrier, the transverse mode

and the acoustic mode must satisfy ω0 =ω1 +ωm where ω0 is the

carrier frequency, ω1 is the transverse mode frequency and ωm

is the acoustic mode frequency.

Braginsky et al. [4] derived the parametric gain R (see Eq. (1))

of the parametric instability process from a classical viewpoint.

If the parametric gain exceeds unity for a particular acoustic mode,

the mode will grow exponentially. The experiment described here

is part of a research program aiming to determine the best way of

controlling instability.

0375-9601/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
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Fig. 2. Experimental layout, showing laser, pre-mode cleaner, mechanical excitation of TEM01 using a piezo mirror, the PHD locking loop, the laser cavity with end mirror

radius of curvature tuned using CO2 laser heating and readout of the transmitted beam using a quadrant photo detector (QPD).

R = 4P Qm

McLω2
m

(
Q sΛs

1+ (�ωs/γs)2
− QaΛa

1+ (�ωa/γa)2

)
(1)

Here P is the stored power in the cavity, m represents the mechan-

ical oscillator, subscripts s and a denote the Stokes and anti-Stokes

modes, Q represents the quality factors of the mechanical and op-

tical modes, M is the mass of the test mass, L is the length of

the cavity, γ represent the optical mode relaxation rates and Λ

the overlap factors (which include the mass ratio between the test

mass total mass M and the mechanical oscillator effective mass).

In the configuration of current experiment (near flat–flat cav-

ity), only the anti-Stokes process satisfies the resonance condition.

A miniature system with the same configuration might find ap-

plication in macroscopic quantum experiments [5], in which the

triple resonance reduces the power requirement significantly for

reaching the quantum noise limit [6]. Three-mode parametric in-

stability can be broken down into components in the feedback loop

model [7] (see Fig. 3). Two of these have been verified: (a) Ther-

mal tuning: It was predicted in 2005 that PI can be tuned through

thermally induced radius of curvature variations in the cavity mir-

rors [8]. This tuning of the resonant interaction was demonstrated

in 2008 [9]. (b) Acoustic generation of transverse optical modes:

The acoustic generation of a specific resonant transverse mode has

amplitude determined by the overlap parameter – a number that

determines the overlap between the acoustic and optical modes.

This was reported by Zhao et al. [10]. In 2011 thermally excited

transverse modes were detected, and three mode interactions were

shown to enable high sensitivity spectroscopy of thermally ex-

cited acoustic modes [11]. The third component of three mode

interactions is the one that closes the feedback loop: radiation

pressure excitation via the beating of the carrier with a low am-

plitude transverse mode. Here we report the first observation of

such radiation pressure excitation in a long optical cavity designed

as a sub-scale version of a gravitational wave detector cavity. The

specific interaction being studied is the three mode interaction be-

tween a TEM00 mode, a TEM01 mode tuned about 181.6 kHz above

the TEM00 and a mirror acoustic mode at 181.6 kHz. The system

is shown schematically in Fig. 2. The cavity power is only about

1 kW, and spontaneous parametric instability cannot be achieved.

However by artificially increasing the transverse mode power we

can mimic the conditions of instability, and measure the excita-

tion of the acoustic mode by observing its free ring down. This

Fig. 3. Schematic block diagram of the three-mode opto-acoustic feedback loop. Both

TEM00 and TEM01 modes are injected into the cavity. The beating between these

two signals is detected at the measurement point, and provides the radiation pres-

sure field on the mirror. The radiation pressure field and thermal noise both excite

acoustic mode resonances of the mirror. When the injected TEM01 mode is switched

off the exponentially decaying beat signal demonstrates the radiation pressure ex-

citation.

mechanism would result in instability if the parametric gain R was

greater than unity [1]. In the experiment described here we used

the anti-Stokes process which normally induces cooling rather than

instability. The first term inside the bracket of Eq. (1) is negligible

because of �ωs is very large. However, in our experiment the para-

metric gain R � 1. To mimic the high gain regime we artificially

generate TEM01 power. Our results are dominated by the inserted

TEM01 power. In this situation the parametric gain has little effect

on the results, although in a higher power experiment the negative

parametric gain would lead to suppression of the driving term.

2. Experimental setup

The experimental layout is shown in Fig. 2. The Nd:YAG laser

(1064 nm) is frequency locked to the 80 meter suspended cavity.

The laser beam first passes through a pre-mode cleaner (PMC) to

create a pure TEM00 mode. The beam from the PMC is reflected

by a piezo actuated mirror. The actuator is driven at a frequency

matched to the mechanical resonant mode of the end test mass
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(ETM) mirror to generate TEM01 mode modulation sidebands. The

TEM00 mode carrier with TEM01 mode sidebands are injected into

the 80 meter suspended cavity. The CO2 laser power is adjusted to

tune the radius of curvature of the ETM until the cavity mode fre-

quency gap between TEM01 mode and TEM00 mode matches the

ETM acoustic mode frequency. This causes the TEM00 carrier and a

single TEM01 sideband to resonate simultaneously inside the cav-

ity. The beat frequency between the TEM00 and TEM01 is precisely

tuned to the resonant frequency of the acoustic mode of interest

of the ETM, at 181.6 kHz. The transmitted beam is monitored us-

ing the quadrant photo-detector (QPD). When the TEM01 is being

injected, the QPD mainly measures the amplitude of the transmit-

ted TEM01 mode. After the driving is stopped, the QPD measures

the TEM01 mode amplitude generated by acoustic mode scattering,

and therefore the amplitude of the acoustic mode. The measured

ring-down curve of the signal after the excitation is switched off

proves the radiation pressure excitation of the acoustic mode.

3. Experimental results

Assuming that the injected TEM00 mode and TEM01 mode am-

plitude inside the cavity are E00 and E01, the excitation drives the

acoustic mode amplitude to Xm that scatters a part of the TEM00

mode into TEM01 mode with amplitude of E201. If the power trans-

mission of the ETM is T , the QPD detection efficiency is g , then

the output of the QPD at the acoustic mode frequency and the DC

component are:

Vdrv = 2gT
∣∣E00(E01 + E S

01

)∣∣ (2)

VDC = gT |E00|2 (3)

Immediately after turning off the driving (E01 = 0), the output

of the QPD at the acoustic mode frequency is:

Vrd = 2gT
∣∣E00E S

01

∣∣ (4)

Here E S
01 is proportional to the acoustic mode amplitude and

should ring down as the acoustic mode rings down. In the case of

current experiment, the parametric gain R is much smaller than

unity. Hence the TEM01 created by scattering should be much

smaller than the driving field, i.e.: E S
01 � E01. The parametric gain

in the feedback loop model is the open loop gain. If we break the

loop at the TEM01 injection point and measure E S
01 relative to E01,

then the parametric gain is given by:

|R| = 2gT

∣∣∣∣ E00E S
01

E01

∣∣∣∣ ≈
∣∣∣∣ Vrd

Vdrv

∣∣∣∣ (5)

Here we define time zero as the time that the driving signal is

stopped. By measuring the ring-down time we obtain the Q -factor

of the acoustic mode. Note that when there is no injection of the

driving field, the thermal excitation is the dominate source of the

acoustic mode vibration. If the parametric gain was large, it would

act to damp the ring-down signal. However for this experiment the

low value of R means that this effect is very small.

Fig. 4 shows the output of the QPD y axis. Initially, the injection

of the driving TEM01 mode field transmitted through the cavity,

beats with the TEM00 mode field and creates a high amplitude out-

put at 181.6 kHz. The spectrum analyzer is used to down-convert

the signal frequency to 5 Hz for easy detection, with amplitude

of 64 ± 0.5 mV. In the top curve of Fig. 4, the driving applied

to the PZT was turned off at 0.109 seconds (top). The QPD out-

put then can only be seen in the zoomed in graph (bottom curve

of Fig. 4) because of the small amplitude. In this figure the ref-

erence time (the moment the driving was turned off) has been

set to zero. The measurement presented here could be affected

by the cavity ring-down time and by electromagnetic transients.

Fig. 4. Raw data, showing the moment the driving was switched off (top) and

zoomed in to view the ring down (bottom).

For this reason the first 0.035 seconds are not used in the analy-

sis. We can clearly see the ring-down curve after turning off the

driving. The curve fitting of the ring-down curve shows the ring-

down time of ≈ 0.5± 0.1 seconds, corresponding to a mechanical

Q -factor of Qm ≈ (3 ± 1)× 105. The ring-down amplitude at the

time the driving was turned off was Vrd(0)= 0.24± 0.03 mV. Us-

ing Eq. (5) we use this result to determine the parametric gain

R ≈ (3.8 ± 0.5) × 10−3. Using Eq. (1) we can now determine the

mass scaled overlap factor to be 2.7±0.4, using the effective mass

ratio of ≈ 13 from the ANSYS simulations, this can be translated

to a naught to unity bounded overlap factor of approximately 0.21.

The following parameters were used in the experiment:

M = 5.6 kg, P = 103 W, L = 77 m

ωm = 2π × 181.6× 103 Hz

Qm = (3± 1)× 105, Q s = 2× 1011 (6)

The overlap parameter derived experimentally is about 51%

of the expected value for perfect alignment of the optical and

acoustic modes used in this experiment. In multiple experiments

we observed high sensitivity to alignment. This was expected

because the overlap parameter is strongly modulated by lat-

eral displacement of the optical modes relative to the test mass



C. Blair et al. / Physics Letters A 377 (2013) 1970–1973 1973

acoustic modes as investigated by Heinert et al. [12]. This also

points to a simple method of reducing the parametric gain of a

single mode near the threshold of instability, by finely adjusting

the spot positions on the mirror test masses.

4. Conclusion

By injecting a high order mode simultaneously with the fun-

damental mode into an optical cavity we have demonstrated the

radiation pressure driving term in the theory of three mode para-

metric instability. We have demonstrated a simple method for

measuring the parametric gain and the overlap factor of three

mode interactions at relatively low optical power. The technique

can be used in long baseline interferometer gravitational wave de-

tectors to identify and characterize potentially unstable acoustic

modes in situ when the detector is operating at low optical power.

This can allow the design of appropriate control schemes that will

mitigate instabilities that will occur when sensitivity demands re-

quire operation at high optical power. We have also shown that

parametric gain can be tuned by adjusting the laser beam spot po-

sitions so as to change the opto-acoustic overlap parameter.
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