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Abstract 10 

Dielectric measurements of reservoir rocks are used to estimate important petro-physical 11 

properties such as water filled porosity and pore surface textures. However, complex 12 

dielectric polarisation processes that occur in rocks are strongly dependent on frequency, 13 

making physically meaningful interpretation of broadband dielectric data difficult. At high 14 

frequency (> 10MHz) dielectric permittivity primarily relates to the volume fractions of 15 

constituents (i.e. saturation, minerals), while at lower frequency (< 10 MHz) interpretation is 16 

complicated by interfacial polarisation, electro-diffusion phenomena and ohmic conduction. 17 

The ability to de-convolve these electrical processes is critical for interpreting petro-physical 18 

properties from broadband dielectric data. Here we demonstrate the application of Tikhonov 19 

regularisation methods to compute dielectric relaxation time distributions from broadband 20 

(40Hz to 110MHz) dielectric data for ten shale core samples at varying partial saturation.  21 

Furthermore, via the Kramers-Kronig relation, the contribution from in-phase conduction 22 

currents to the imaginary component of the dielectric response was quantified. The evolution 23 

of dielectric polarisation processes with increasing moisture content was analysed directly 24 

from changes in relaxation time distributions. It was found that the dominant polarisation 25 

mechanism, up to a critical partial saturation, occurred as surface polarisation within the 26 

electrical double layer (EDL). Above this critical partial saturation electro-diffusion 27 

mechanisms acting between the Stern and Diffuse layers resulted in a large low frequency 28 

response.  This work provides valuable insight into dielectric polarisation mechanisms in 29 

shales, and demonstrates such measurements are sensitive to EDL properties and electro-30 

diffusion length scales that are potentially relevant to characterising pore-scale properties in 31 

shales.  32 

Key Points: 33 

 Tikhonov regularisation methods were applied to compute dielectric relaxation time 34 

distributions from broadband dielectric data (40 Hz to 110MHz)   35 

 Dielectric relaxation time distributions for a range of shale samples were determined 36 

as a function of water saturation 37 

 At a critical partial saturation, electro-diffusion mechanisms acting between the Stern 38 

and Diffuse layers dominated the low frequency dielectric permittivity. 39 
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1. Introduction 40 

 41 

The complex broadband (Hz to GHz) dielectric response of moisture containing rocks arises 42 

from a range of polarisation processes related to individual molecules, interfacial charge 43 

phenomena and electrochemical potentials (Knight et al., 2010; Lesmes & Morgan, 2001). 44 

Several authors have highlighted the potential of using electrical relaxation times to extract 45 

important hydraulic properties of rocks such as permeability (Titov et al. 2010; Revil & 46 

Florsch 2010), textural properties of pore surfaces (Kenyon, 1984) and pore body and throat 47 

sizes (Osterman et al., 2016; Revil, 2013). However, despite many experimental studies (e.g. 48 

Swanson et al., 2015) and theoretical considerations (e.g. Leroy et al., 2008; Leroy et al., 49 

2017a; Leroy et al., 2017b), a complete model for broadband dielectric polarisation in 50 

permeable rocks is still yet to be realised (Binley et al., 2010). 51 

There are two general modelling approaches used to describe broadband dielectric dispersion 52 

data for heterogeneous systems. The most widely used are Cole-Cole type models (Cole & 53 

Cole, 1941; Davidson & Cole, 1951; Havriliak & Negami, 1966) that implement empirical 54 

fitting parameters to effectively broaden or skew the well-known Debye model  for a single 55 

dipole (Debye, 1912). These models are powerful in their simplicity, but require a priori 56 

assumptions regarding which model (e.g. Cole-Cole, Cole-Davidson, Havrilak-Negami etc.), 57 

the number of models (e.g. number of representative dipole polarisation processes) (Loewer 58 

et al., 2017) and their relative contributions in domains where multiple overlapping models 59 

have been applied.  Alternatively, broadband dielectric dispersion data can be modelled using 60 

a continuous distribution of relaxation times reflecting a distribution of  individual Debye-61 

like polarisation events (Morgan & Lesmes, 1994; Schäfer et al., 1996; Usmanov, 1990). 62 

Critically, this method does not require a priori information like Cole-Cole type models and 63 

the resultant relaxation time distributions can be analysed directly in terms of unique dipolar 64 

polarisation events. Very few examples of fitting dielectric relaxation time distributions to 65 

data pertaining to geological material can be found in the literature; the few examples have 66 

largely been limited to time domain (induced polarisation) measurements (Nordsiek & Weller, 67 

2008; Tarasov & Titov, 2007; Tong et al., 2006). For reference, time domain (TD) techniques 68 

measure the voltage across a sample due to the application of a step current, while frequency 69 

domain (FD) methods measure the ability of a sample to pass sinusoidal current. 70 

Here we demonstrate the successful application of Tikhonov regularisation methods to 71 

compute continuous distributions of dielectric relaxation times directly from broadband (40 72 

Hz – 110 MHz) frequency domain data for ten shale rock samples. The evolution of dielectric 73 

relaxation distributions was studied as a function of water content, with measurements of 6 74 

incremental saturation states ranging from dry to fully saturated. Analysis of the relaxation 75 

time distributions obtained as moisture content increased reveals new insights into the 76 

consequent changes in electrical double layer (EDL) polarisation. Furthermore, we quantify 77 

the contribution of in-phase conduction currents by using inverted relaxation time distribution 78 

models and the Kramers-Kronig relation to link the solutions obtained for the real and 79 

imaginary components of the dielectric permittivity.  80 
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2. Background and Theory 81 

2.1 Effective Electrical Parameters 82 

In an applied electrical field (�⃗� ), the effective current density (𝐽𝐸⃗⃗  ⃗) of a homogenous material 83 

is composed of two parts: conduction currents (𝐽𝐶⃗⃗  ⃗) and displacement currents (𝐽𝐷⃗⃗  ⃗), 84 

𝐽𝐸⃗⃗  ⃗ = 𝐽𝐶⃗⃗  ⃗ + 𝐽𝐷⃗⃗  ⃗#(1)#  

where, 85 

𝐽𝐶⃗⃗  ⃗ = 𝜎�⃗� #(2)#  

and, 86 

𝐽𝐷⃗⃗  ⃗ = 𝜀
𝜕�⃗� 

𝜕𝑡
 . #(3)  

Here 𝜎 is the electrical conductivity and 𝜀 the dielectric permittivity (Wagner et al., 2011). 87 

Conduction currents are defined as an ordered translation of free charge, which for rocks 88 

corresponds primarily to the translation of charge-carrying ions present in fluids within the 89 

pore space. The magnitude of conduction is related to the electronic charge, concentration 90 

and drift velocity (Fuller & Ward, 1970; Revil & Glover, 1997) of the mobile charges being 91 

translated. Displacement currents broadly relate to the time dependent polarisation processes 92 

of charges (Fuller & Ward, 1970), which can occur from an atomic scale to macro 93 

assemblages of molecules. The extent of electrical polarisation is related to the density of 94 

effective dipoles, their polarizability and mobility.  95 

In a time varying electrical field (�⃗� ) with angular frequency 𝜔 = 2𝜋𝑓 , the relationship 96 

between the complex frequency dependence of conductivity and displacement currents can be 97 

derived from Maxwell’s equations (Fuller & Ward, 1970; N. Wagner et al., 2011), 98 

𝐽𝐸⃗⃗  ⃗(𝜔) = 𝜎∗(𝜔)�⃗� =  𝜀∗(𝜔)
𝜕�⃗� 

𝜕𝑡
##(4)  

where 99 

𝜀(𝜔)
∗ = [𝜀(𝜔)

′ +
𝜎(𝜔)

"

𝜔𝜀0
] − 𝑖 [𝜀(𝜔)

" +
𝜎(𝜔)

′

𝜔𝜀0
] ##(5)  

and 100 

𝜎(𝜔)
∗ = [𝜎(𝜔)

′ + 𝜀(𝜔)
" 𝜔] + 𝑖[𝜎(𝜔)

" + 𝜀(𝜔)
′ 𝜔]. #(6)  

The imaginary permittivity (𝜀(𝜔)
" ) and real conductivity (𝜎(𝜔)

′ ) relate to the in-phase current 101 

density components, respectively, while real permittivity (𝜀(𝜔)
′ ) and imaginary conductivity 102 

(𝜎(𝜔)
" ) components are those occurring in quadrature (i.e. with a phase shift of 90 degrees). 103 

Formulating in terms of these fundamental electrical properties highlights that measured 104 

quantities in the laboratory are effective electrical parameters (𝜎∗(𝜔) and 𝜀∗(𝜔)) that reflect 105 

composites of complex conduction and polarisation processes. It is also useful to normalise 106 

𝜀∗(𝜔) by the dielectric permittivity of free space 𝜀0  and report the relative permittivities 107 

𝜀𝑟 = 𝜀∗/𝜀0 . The sign convention adopted in eq. 5 and 6 are those given by Ward and 108 
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Hohmann (1988) and ensure that the effective parameters will be positive values (Knight & 109 

Endres, 2005). However, other valid notations appear in the literature (Fuller & Ward, 1970; 110 

De Lima & Sharma, 1992). 111 

 112 

2.2 Maxwell-Wagner and Surface Polarisation Models  113 

Dielectric dispersion observed in moisture containing rocks arises from several polarisation 114 

mechanisms of effective dipoles that vary in mobility and size. At high electric field 115 

frequencies (>1 GHz) only small mobile dipoles, which typically correspond to individual 116 

molecules, and atomic and ionic structures can be polarised. As frequency is reduced, less 117 

mobile and larger effective dipoles related to restricted molecules, assemblages of molecules, 118 

and surface effects start contributing to the measured displacement current, as do electro-119 

diffusion processes. Numerous models have been developed to describe electrical processes 120 

in rocks, which can be broadly divided into those derived from bulk properties (Bruggeman, 121 

1935; Hanai, 1962; Maxwell, 1891; Sillars, 1937; Wagner, 1924) and those that incorporate 122 

surface related mechanisms (i.e. conduction and polarisation of surface charges) ( Knight et 123 

al., 2010; O’Konski, 1960; Leroy et al., 2008; Leroy et al., 2017a; Leroy et al., 2017b; 124 

Schwarz, 1962).  125 

For composite dielectrics, seminal work by Maxwell (1891) derived a model for the dielectric 126 

permittivity and conductivity of a two layer dielectric by considering its response in terms of 127 

an equivalent circuit containing a resistance and capacitance in series with values set by bulk 128 

dielectric properties of both phases. This was extended to describe a dilute suspension of 129 

spheres by Wagner (1924).  Bruggeman (1935) extended this work further by deriving a self-130 

consistent differential model for 𝜀′𝑚𝑖𝑥  in an attempt to account for interactions between 131 

inclusions. Hanai (1962) built upon Bruggeman’s work by deriving models for the complex 132 

dielectric permittivity (ε
*
), which are applicable to concentrated suspensions of spheres. The 133 

underlying basis for these models is that bulk dielectric properties of individual phases can be 134 

combined using mixing rules and some geometrical considerations to calculate the effective 135 

electrical properties of a composite. These models, however, do not consider the distribution 136 

of dielectric phases and they also treat the interface between phases as inert. Experimentally, 137 

Maxwell-Wagner-Bruggeman-Hanai (MWBH) theories have been shown to successfully 138 

describe experimental results well for most moisture containing rocks at frequencies above 139 

10 MHz. However, at frequencies lower than this, contributions from surface processes to 140 

conduction and displacement currents can be much stronger than those accounted for by bulk 141 

effect models alone (Chelidze & Guéguen, 1999).  142 

The interaction of an electrolyte and a charged surface leads to the adsorption and 143 

complexation of counterbalancing ions at the interface forming an electrical double layer 144 

(EDL). EDL’s strongly control both the extent of surface polarisation and conduction effects 145 

in clay rich rocks. The structure of an EDL is described as a layer of adsorbed counter-ions 146 

known as the Stern layer, which can be adsorbed as inner-sphere or outer-sphere surface 147 

complexes (Hiemstra & Van Riemsdijk, 2006). Extending outward to the bulk electrolyte 148 

phase for charged materials in dilute aqueous electrolytes exhibiting a high surface electrical 149 
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potential (such as clay montmorillonite in contact with 1 mM NaCl for example) a diffuse 150 

layer of counter-ions exists at an elevated concentration relative to the bulk electrolyte (Leroy 151 

et al., 2015). 152 

O’Konski (1960) considered polarisation of charge carriers within an EDL moving 153 

tangentially along the surface of a spherical particle with radius a. In this approach, the 154 

surface conductivity (σs) is considered to account for the mobility of charges in the EDL and 155 

displacement normal to the surface is not permitted. The relaxation time (τs) for establishing 156 

polarisation was hence derived, 157 

𝜏𝑠 =
𝑎(𝜀2 + 2𝜀1)

8𝜋𝜎𝑠
#(7)  

where ε1 and ε2 are the dielectric permittivities in the low frequency limit corresponding to 158 

the electrolyte and particle respectively. Schwarz (1962) argued that O’Konski’s approach of 159 

expanding MWBH theory to include ohmic surface conductance around the particle was not 160 

enough to account for experimental observations, with dielectric permittivities many orders 161 

of magnitude higher than their constituents found for some composite materials.  Instead, the 162 

relaxation time for polarisation in the EDL (Figure 1) should be considered to be controlled 163 

by the diffusion of surface bound ions (Ds),  164 

𝜏𝑠 =
𝑎2

2𝐷𝑠
##(8)  

Comparisons of these surface diffusion models to experiments with suspensions of 165 

polystyrene spheres in an electrolyte solution showed improved agreement (Schwarz, 1962). 166 

However, these models do not account for interaction between the Stern and Diffuse layers 167 

and the diffusion of free ions in the Diffuse layer. Although applicable to a wide range of 168 

materials, these electrical layer models fail to capture the very large low frequency dielectric 169 

response observed for both colloidal systems (Rosen et al., 1993) and clay and sand mixtures 170 

(Okay et al., 2014).  171 

These models were later improved to allow for counteracting diffusional fluxes of counter 172 

and co-ions which can arise in the presence of a deformed EDL, with respect to electroneutral 173 

conditions (Dukhin & Shilov, 1974; Fixman, 1980). The driving force for this flux is a result 174 

of electrochemical potentials that arise between the diffuse layer and the distorted charge 175 

distribution of the polarised Stern layer. These diffusive fluxes of ions occur out of phase 176 

with the applied field and result in very large displacement currents. The characteristic 177 

relaxation times for these systems are also controlled by diffusion; however, in this case it is 178 

the bulk diffusion (𝐷) of counter and co-ions across a length scale l, which reflects the 179 

compositional front associated with the electrochemical potential, 180 

𝜏𝐷 =
𝑙2

2𝐷
#(9)  
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The exact dielectric polarisation mechanisms that occur in clay rich rocks are complex and 181 

likely to be a convolution of multiple different phenomena dependent on various length and 182 

time scales. Having a better fundamental understanding of the different polarisation process 183 

enables the interpretation of observed relaxation times in terms of various length scales. This 184 

in turn may lead to more accurate applications of dielectric relaxation time models to 185 

determine various key properties of rock samples that are otherwise difficult to determine (e.g.  186 

pore surface textures, cation exchange capacity etc.).  187 

 188 

Figure 1. Conceptual schematic of EDL polarisation process occurring primarily in the 189 

Stern layer with characteristic relaxation time 𝜏𝐸𝐷𝐿. Tangential polarisation of counter-ions 190 

in the Stern layer results in a deformed EDL, which in turn can result in diffusive fluxes (𝐷𝑖) 191 

of counterions to and from the diffuse layer. If concentration gradients of ionic species are 192 

sufficiently sustained diffusional exchange with bulk phase ions may also contribute to the 193 

measured response. 194 

2.3 Dielectric Relaxation Time Models 195 

For a single dipole, the frequency dependent complex dielectric permittivity, 𝜀(𝜔)
∗ ,  is given 196 

by the Debye model, 197 

ε(ω)
∗ − ε∞ = 

Δε

1 + iωτ
#(10)  

Here 𝜏 is the characteristic relaxation time, 𝜀∞ is dielectric permittivity at the high frequency 198 

limit and 𝛥𝜀 is the difference in permittivity between the high and low frequency limits. 199 

While the Debye model eloquently describes the response of a single dipole, heterogeneous 200 

rocks exhibit complex dielectric responses where multiple dipolar polarisation events occur at 201 

varied length scales. To better represent such an ensemble of relaxation processes that occur 202 

in many complex dielectrics, the most widely used approach has been to empirically alter the 203 
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exponential form of the Debye model by broadening (Cole & Cole, 1941) or by combining 204 

broadening with functional asymmetry (Havriliak & Negami, 1966). The Havriliak-Negami 205 

(HN) adaptation is one such model and takes the form, 206 

𝜀(𝜔)
∗ − 𝜀∞ = 

𝛥𝜀

(1 + (𝑖𝜔𝜏)𝛼)𝛽
, #(11)  

where both 𝛼 and 𝛽 are empirical fitting parameters ranging between 0 and 1. Note that if 𝛽 207 

is set to 1 the HN equation reduces to the Cole-Cole equation (Cole & Cole, 1941), and if 𝛼 is 208 

set to one it reduces to the Cole Davidson equation (Davidson & Cole, 1951). Although 209 

capable of fitting complex dielectric response data, the relationship of the values obtained for 210 

these empirical fitting parameters with physical processes is ambiguous.  211 

Alternatively, the complex dipolar polarisation processes occurring in rocks can be better 212 

described by a continuous distribution of Debye-like processes,  213 

𝜀(𝜔)
∗ − 𝜀∞

𝛥𝜀
= ∫

𝑔(𝜏)

1 + 𝑖𝜔𝜏
𝑑𝜏,

𝜏𝑚𝑎𝑥

𝜏𝑚𝑖𝑛

 (12) 

where 𝑔(𝜏) represents the probability distribution of characteristic relaxation times. Analysis 214 

of the dielectric response data using this form provides distinct benefits over parametrised 215 

methods as the various polarisation mechanisms can be analysed directly as distributions of 216 

characteristic relaxation times. Numerically, however, this analysis is more difficult as the 217 

solution to Equation 12 is ill-conditioned (i.e., many of the solutions for 𝑔(𝜏) are linearly 218 

dependent and noise in the signal can disproportionately impact the solution). One way to 219 

overcome the numerical problems associated with the ill-conditioned nature of the integral 220 

equation is through the use of regularisation methods, as developed for example by Tikhonov 221 

(Tikhonov, 1963). Regularisation methods have been applied for the analysis of dielectric 222 

materials (e.g. Usmanov, 1990), with good demonstrations exhibited for microporous glass 223 

for example (Schäfer et al., 1996).  However, examples of regularisation being applied to 224 

time domain (TD) data of rocks (Tarasov & Titov, 2007; Titov et al., 2010) are sparse and 225 

limited in the range of relaxation processes observed. Furthermore, examples of analysis of 226 

frequency domain (FD) data for rocks have been limited to simple least squares fitting 227 

(Morgan & Lesmes, 1994) and transforming FD data to TD (Nordsiek & Weller, 2008) with 228 

limited success.  229 

3. Methods 230 

3.1 Samples 231 

This study focused on ten shale samples obtained at different depths from the same well in 232 

the Permian basin in Texas, U.S.A.; in their native state they contained both oil and gas. After 233 

acquisition from the well the samples were air dried, and thus still contained remnant 234 

formation salt. The porosity of the samples, as measured by water immersion porosimetry 235 

(Kuila et al., 2014) ranged between 2% and 8% and had clay contents which ranged between 236 

9  and 32% by volume. Dielectric measurements were made on thin discs which were 8 mm 237 
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thick and 25.4 mm in diameter. The flat surfaces of the shale samples were cut with a 238 

tolerance of ±0.08 mm.  239 

3.2 Saturation Protocol  240 

First, the as received samples were left in different RH environments allowing them to reach 241 

several different partial saturation states. Specifically, the samples were exposed to RH 242 

conditions at (23  1) ˚C of 99%, 75%, 43% and 23% generated by placing saturated salt 243 

solutions of potassium sulfate, sodium chloride, potassium carbonate and potassium acetate, 244 

respectively, into temperature-controlled glass desiccators (Greenspan, 1977). The shale 245 

samples were removed periodically for weighing and equilibrium saturation was determined 246 

when the mass had stabilised to within ± 0.0005 g; this process typically took 6 weeks. The 247 

effect of exposing the shale samples to different RH environments was to hydrate or 248 

dehydrate them through the addition or removal of H2O vapour, which effectively dilutes or 249 

concentrates any electrolytes in the pore space.  250 

Following this, the samples were placed under vacuum for 48 hrs and then pressure saturated 251 

(150 bar) with a 1% NaCl solution for a further 48 hrs. Finally, the samples were dried in a 252 

vacuum oven at 105˚C for 3 weeks. Electrical measurements are sensitive to temperature, 253 

hence it was necessary for the samples to be at room temperature before ‘dry’ measurements 254 

were made. To achieve this cooling the samples were set in a desiccator with an RH of 11% 255 

for 20 minutes just prior to being measured.  256 

3.3 Dielectric Measurements  257 

Dry rocks are mostly good insulators and exhibit a flat dielectric response across a broad 258 

range of frequency. Rocks saturated with even a small fraction of conducting pore fluid 259 

exhibit both conductive and dielectric behaviours, which are markedly dependent on 260 

frequency. When the effective electrical parameters are measured, if the electrodes are in 261 

direct contact with the conducting pore fluid saturating the rock, ohmic conduction dominates 262 

the electrical response at frequencies less than 100 kHz. Furthermore, the effects of electrode 263 

polarisation can adversely affect measurements (Jonscher, 1977). In this work, we are 264 

primarily concerned with dielectric polarisation. To minimise the effects of ohmic conduction 265 

and electrode polarisation we have made measurements with a regenerated cellulose sheet 266 

that acted as a blocking film in place between the sample and electrodes (Josh et al., 2016). 267 

The ratio of the cellulose film to sample thickness was ~ 0.0025-0.005 which is expected to 268 

have negligible contribution to the measured permittivity (Richert, 2009) besides reducing 269 

direct ohmic conduction and electrode polarisation. Repeat measurements were made without 270 

the blocking film in place to record the equivalent conductivity with the influence of ohmic 271 

conduction included.  272 

At each partial saturation state, capacitance and resistance measurements were made using 273 

the three terminal parallel plate method, which includes the addition of a guarding electrode 274 

that minimises stray edge effects (Figure 2). Samples were placed in between the two platens 275 

(20 mm sensing diameter) with a small compression force applied using a manual hydraulic 276 
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pump to ensure a firm surface contact. The dielectric measurement cell was connected to an 277 

Agilent 4294A impedance analyser which has a basic impedance accuracy of ±0.08% over 278 

the measurement range. The conductance and resistance was measured for 201 frequencies 279 

logarithmically spaced between 40 Hz to 110 MHz. Parasitic capacitance contributions 280 

associated with the transmission lines and terminals were subtracted from the experimental 281 

data by conducting calibration measurements at the beginning of each experimental run. 282 

After each measurement the samples were rotated 180° and a repeat measurement was made, 283 

with the average of the two measurements reported here.  284 

For a parallel plate arrangement, the real and imaginary relative dielectric permittivity are 285 

calculated from the measured capacitance (𝐶𝑝) and resistance (𝑅𝑝) by, 286 

𝜀𝑟
′ =

𝐶𝑝𝑑

𝜀0𝐴
, ##(13)  

and 287 

𝜀𝑟
" =

𝑑

2𝜋𝜔𝜀0𝑅𝑝𝐴
, ##(14)  

where 288 

𝜎 =  
𝑑

𝑅𝑝𝐴
, #(15)  

𝑑  is the distance between the two electrode plates, 𝐴  is the cross sectional area of the 289 

electrodes, and 𝜎 is equivalent conductivity.  290 

 291 

Figure 2. Conventional three-electrode dielectric cell (figure adapted from (Josh, 2017)). 292 

Depicted are (a) external circuit diagram, (b) Schematic of electrical field in sensitive region.  293 

 294 

3.4 Relaxation Time Distributions  295 

To solve for 𝑔(𝜏)  from logarithmically spaced data we first introduce the following 296 

normalization condition,  297 

∫ 𝑔(𝜏)𝑑(ln 𝜏)
𝜏𝑚𝑖𝑛

𝜏𝑚𝑎𝑥

= 1##(16)  
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Then the measured real and imaginary components of the dielectric permittivity can be 298 

represented by a calculation based on a specified 𝑔(𝜏) 299 

𝜀(𝜔)
′ = 𝜀∞ + (𝛥𝜀)∫

𝑔(𝜏)

1 + 𝜔2𝜏2
𝑑(𝑙𝑛𝜏)

𝜏𝑚𝑖𝑛

𝜏𝑚𝑎𝑥

##(17)  

𝜀(𝜔)
" = (𝛥𝜀)∫

𝑔(𝜏)𝜔𝜏

1 + 𝜔2𝜏2
𝑑(𝑙𝑛𝜏)

𝜏𝑚𝑖𝑛

𝜏𝑚𝑎𝑥

##(18)  

This more mathematically complex representation is a Fredholm integral of the first kind. 300 

The task then becomes to solve the inverse problem to determine 𝑔(𝜏) from the measured 301 

complex dielectric permittivity. Regularisation methods, such as minimizing the residual 302 

norm, can be used to solve these Fredholm integrals for approximate solutions but discrete 303 

noisy signals can lead to unrealistic, highly oscillatory solutions. A well-established method 304 

for generating robust solutions for noisy data is Tikhonov regularisation (Tikhonov, 1963) 305 

where the minimisation quantity, H, is defined as (Kim & Kim, 1998), 306 

𝐻(𝛼) = ∑[𝜀𝑗
𝑒𝑥𝑝

− 𝜀𝑗
𝑒𝑠𝑡]

2
+ 𝛼‖𝑔(𝜏)‖

𝑗

##(19)  

where 𝜀𝑗
𝑒𝑥𝑝

 are the experimental data, 𝜀𝑗
𝑒𝑠𝑡  is the estimated solution and 𝛼‖𝑔(𝜏)‖  is the 307 

penalty term which balances the impact of noise to the fidelity of the final answer. The 308 

summation extends over both the real and imaginary components (i.e. contains 2N elements 309 

where N is the number of frequencies at which 𝜀𝑗
𝑒𝑥𝑝

 were measured). In our implementation 310 

the penalty term is proportional to the second derivative of 𝑔(𝜏) with respect to (ln 𝜏), 311 

‖𝑔(𝜏)‖ = ∫ [𝑔"(𝜏)]2𝑑(ln 𝜏)
0

𝐷

##(20)  

The magnitude of the penalty term is governed by the smoothing coefficient 𝛼. Translating 312 

this to matrix form we get, 313 

𝐻(𝒈, 𝛼) = |𝑹𝒈 − 𝒔|2 + 𝛼‖𝑳𝒈‖##(21)  

𝑹 is the transfer matrix (the discrete complex combination of Equations 17 and 18), 𝒈 is the 314 

discrete probability distribution vector of dielectric relaxation times, 𝒔 is the measured signal 315 

(complex combination of Equations 13 and 14), and ‖𝑳𝒈‖ is the discrete penalty term as 316 

detailed in Equation 20 with L the second derivative operator.  Equation 21 is solved to 317 

render 𝒈 as the solution distribution.   318 

The selection of the smoothing parameter, , is an important step. If the magnitude of penalty 319 

function is too small then the solution appears under-regularised resulting in a highly 320 

oscillatory and generally unphysical 𝒈 distribution. Conversely, if the penalty function is too 321 

large, then not enough weight is given to the exact analytical solution resulting in very broad, 322 

under-defined 𝒈 distribution (Connolly et al., 2017). To select the alpha value we have used 323 

the automated method of generalized cross validation (GCV), which is described in detail 324 

elsewhere (Hollingsworth & Johns, 2003; Wahba, 1977; Wilson, 1992). The basis of the 325 
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GCV method is to sequentially remove data from 𝒔 and determine which value of 𝛼 for the 326 

regularised solution best predicts the omitted data. Scores are assigned to a defined range of 327 

𝛼 values, with the 𝜶 that minimizes the GCV score being selected as the optimal smoothing 328 

parameter.  329 

The aforementioned regularisation process was coded in MATLAB (© 1994-2018 The 330 

MathWorks Inc.) and used for all subsequent analyses. The minimisation of 𝐻(𝒈, 𝛼) was 331 

solved for 201 logarithmically spaced relaxation times (𝒈) bound by the maximum and 332 

minimum experimental frequencies (𝑓= 40 – 1x10
8
 Hz, where 𝜏 = 1 2𝜋𝑓)⁄ , while a vector of 333 

40 𝛼 values logarithmically spaced between 10
-1 

and 10
3
 was deployed. Example of a typical 334 

GCV plot for a shale at the 6 saturation state measured is shown in Figure 3. 335 

 336 

Figure 3. Example smoothing parameter selection from GCV score. Black diamonds indicate 337 

optimum α. 338 

4. Results and Discussion 339 

4.1 Experimental Results 340 

For the ten shale samples studied, changes in complex dielectric response observed with 341 

varying sample saturation were consistent across the sample set. 342 

 343 

Figure 4 shows sample experimental data for the real and imaginary relative permittivity of 344 

one of the shale samples at the six moisture saturation conditions measured. In the dry state, 345 

the real part of the dielectric response was relatively flat with minimal dispersion, ranging 346 

from about 7 at 100 MHz to about 10 at 40 Hz. At the first RH condition (23%), at 347 
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frequencies < 10 MHz, the real part of the dielectric response rapidly increased to several 348 

hundred as frequency decreased to ~1 KHz, where a low frequency plateau was observed.  In 349 

the high frequency range (10-100 MHz) the real part of the dielectric response began to 350 

converge toward a plateau. With increasing saturation the plateau in the low frequency region 351 

remained fairly constant, until at a critical saturation (typically occurring for samples exposed 352 

to greater than RH 75-99%) the real part of the dielectric response began to increase again at 353 

frequencies around 1 kHz and lower. At full saturation this effect was greatest, with some 354 

real relative permittivity values at 40 Hz reaching several tens of thousands for some samples. 355 

This low frequency transition to higher real permittivity as moisture content increased was 356 

coupled with a sharp increase in the imaginary component of the permittivity at sub-kHz 357 

frequencies. These variations in the permittivity responses are consistent with a system 358 

transitioning from purely dipolar polarisation to a combination of dipolar and charge carrier 359 

polarisation processes (Jonscher, 1977).  360 

 361 

Figure 4. Sample real (a) and imaginary (b) relative dielectric permittivity corresponding to 362 

one of the shale samples. This was measured using blocking film to minimise ohmic 363 

conduction and electrode polarization effects. 364 

4.2 Data Analysis  365 

The regularisation procedure produced good fits to the real and imaginary components of the 366 

measured dielectric response over the entire frequency range and was stable in the presence 367 

of experimental noise. An example of a typical fit and corresponding relaxation time 368 

distribution is shown in Figure 5 for a shale sample at 43% RH. The root mean square error 369 

normalised by Δε (e.g. RMSE/Δε) for 𝜀(𝜔)
′  and 𝜀(𝜔)

"  was 0.05% and 0.06%, respectively. 370 

Fitting a model relating a distribution of dipolar relaxation times in this way has the 371 

advantage of identifying, quantifying the magnitude and linking relaxation times for physical 372 

polarisation mechanisms to the measured dielectric permittivity. The alternative approach 373 

would be to conduct parametric fits of several Debye, Cole-Cole or Havirialak-Negami 374 

(Loewer et al., 2017) functions, which would require a priori assumptions about the choice of 375 

model and the number of functions to fit.  376 
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 377 

Figure 5. a) Measured dielectric response of a Shale sample at 43% RH and model fit for the 378 

distribution of dielectric relaxation times, and b) corresponding distribution of relaxation 379 

times.  380 

 381 

4.3 Conduction Currents 382 

At low frequencies, charge carriers have sufficient time to track the oscillating field resulting 383 

in a dominant conduction current. Conversely, at high frequency, the ability for charge 384 

carriers to follow the field diminishes and displacement currents dominate (Fuller & Ward, 385 

1970; Jonscher, 1977).  To examine the extent to which conduction affects the observed 386 

dielectric response at low frequencies, we extend equations 17 and 18 and account for 387 

conduction in the measured dielectric permittivity: 388 

𝜀(𝜔)
′ =

𝜎(𝜔)
"

𝜔𝜀0
+ 𝜀∞ + (𝛥𝜀)∫

𝑔(𝜏)

1 + 𝜔2𝜏2
𝑑(𝑙𝑛𝜏)

𝜏𝑚𝑖𝑛

𝜏𝑚𝑎𝑥

##(22)  

 389 

𝜀(𝜔)
" =

𝜎(𝜔)
′

𝜔𝜀0
+ (𝛥𝜀)∫

𝑔(𝜏)𝜔𝜏

1 + 𝜔2𝜏2
𝑑(𝑙𝑛𝜏)

𝜏𝑚𝑖𝑛

𝜏𝑚𝑎𝑥

##(23)  

Using the regularisation steps previously outlined, we obtain a solution of 𝑔(𝜏) against the 390 

capacitance data (i.e. 𝜀(𝜔)
′  only) using equation 17. Then, via the Kramers-Kronig relation, we 391 

generate the model solution for the imaginary component (e.g. equation 18) of the 392 

permittivity using the approximate 𝑔(𝜏)  solution derived from on the real part of the 393 

permittivity data . This model solution, 𝜀(𝜔)
′′ (𝐾𝐾)

, is then compared against the measured values 394 

for the imaginary permittivity (i.e. 𝜀(𝜔)
" ). Assuming 𝜎(𝜔)

′ ≫ 𝜎(𝜔)
" , which to a first order 395 

approximation should be true at frequencies < 1 MHz , then the differences between 𝜀(𝜔)
′′ (𝐾𝐾)

 396 

and the experimental data will be related to in phase conduction current. This assumption is 397 

based on the fact that mathematically, 𝜎(𝜔)
"  is an odd function and must go to zero at the 398 

origin, and on a physical and intuitive basis charge translation is better able to track the 399 

electric field at low frequencies (Fuller & Ward, 1970). Results for two shale samples that 400 

exhibit varying degrees of low frequency (< 10 kHz) polarisation are shown in Figure 6.  401 
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 402 

Figure 6. The regularised solutions fit only to the real component of the permittivity (top), 403 

corresponding imaginary component of the permittivity calculated from the resultant g() 404 

and the KK relations, together with the experimental 𝜀(𝜔)
"  data (middle), and the values of σ’ 405 

extracted from the differences, plotted as function of frequency (bottom) for two different 406 

shale samples (left and right respectively). 407 

The increase in a sample’s moisture content driven by humidity produced negligible 408 

contributions to in-phase conductivity up to a RH of 43%. At higher values of RH, 409 

conduction increased at frequencies below a critical value which also increased with moisture 410 

content. Above RH 43%, the conduction magnitude was also largely independent of 411 

frequency. Comparison of the two shale samples indicates that the contribution of conduction 412 

to the dielectric response was significantly greater for one of them, with the critical frequency 413 

where conduction effects become resolvable occurring at a higher frequency and being more 414 

sensitive to moisture content. We suspect the observed onset of conduction arises from 415 

mechanisms associated with counter diffusion currents between the Stern and Diffuse layers 416 

( Leroy & Revil, 2009; Okay et al., 2014). However, contribution of diffusion of ions 417 
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between the bulk electrolyte and EDL, as well as electrode polarisation effects cannot be 418 

completely discounted. In this case, the electrochemical potential that results from a 419 

deformed EDL drives the mass diffusion of ions as the system moves to electro-neutrality 420 

(Shilov et al., 2000).  The magnitude of the conduction relates to the number of charge 421 

carriers, as well as the critical frequency associated with the electrostatic activation energy a 422 

charge carrier needs to overcome in order to exchange from the diffuse layer to the bulk. 423 

 424 

4.4 Characteristic Relaxation Times  425 

 426 

Sample dielectric relaxation time distributions calculated using Equation 21 for the same two 427 

shale samples reported in 6  are shown in Figure 7. For the ‘dry state’ measurements, the 428 

dominant relaxation times were slow and on the order of 10
-1

 – 10
-3

 s with values of Δε 429 

ranging only from ~10-20. The origins of this low frequency dispersion is likely related to 430 

concentrated ions in the EDL with retarded motion (Saint-Amant & Strangway, 1970) and 431 

small amounts of clay interlayer water (Vasilyeva et al., 2014).  432 

At the lowest RH condition (23%), the magnitude of Δε dramatically increased and the 433 

dominant relaxation time observed ranged from 10
-3

 – 10
-4

 s. Subsequent increases in 434 

moisture resulted in a downward shift of the dominant relaxation time, while the magnitude 435 

of Δε contribute by this polarisation process remained relatively constant. This observation is 436 

better described by the phenomenological model for EDL polarisation (Schurr, 1964; 437 

Schwarz, 1962) than by a MW-type polarisation. For example, the interfacial nature of MW 438 

effects and their restriction to the Stern layer means increases in water should not change the 439 

characteristic relaxation time as the charges are strongly bound by electrostatic forces. 440 

Furthermore, MW effects alone cannot account for the magnitude of the low frequency 441 

dielectric constants observed ( Knight & Endres, 1990; Lesmes & Morgan, 2001).  442 

In contrast, increased water vapour saturation will result in a decrease in charge concentration, 443 

which in turn will result in the expansion of the diffuse part of the EDL (Bohn & Mcneal, 444 

1983) and an increase in the counter-ion diffusivity (Bourg & Sposito, 2011). From 445 

numerical studies of the Debye- Falkenhagen dynamics, a decrease in charge density would 446 

result in an increased characteristic relaxation time (opposite to that observed) while an 447 

increased counter-ion diffusivity would reduce the apparent relaxation time (Singh & Kant, 448 

2013). Hence, our experimental results suggest that the increased surface diffusion of charge 449 

carriers in the EDL is the controlling factor in the observed shift in relaxation times between 450 

10
-3

-10
-6

 s (τEDL) as RH is increased.  The relatively constant magnitude of Δε suggests that 451 

for relative humidities between 23% and 45%, polarisation is constrained to surface diffusion 452 

processes in the Stern layer. 453 
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 454 

Figure 7. Evolution of dielectric relaxation time distributions after exposure to different RH 455 

environments for the same shale samples reported in Figure 6 (left and right respectively). 456 

Key domains with different dominant polarisation mechanisms are identified: Maxwell-457 

Wagner (τMW), surface diffusion polarisation (τEDL) and electro-diffusion between EDL layers 458 

(τD).  Arrows indicate trend with increasing saturation. Due to the difference magnitudes of 459 

Δε for the fully saturated, partially saturated and dry states they have been presented 460 

separately for clarity. 461 

Across all samples, at either RH 75% or 99%, there was a sharp increase in Δε that is related 462 

to a polarisation process with characteristic relaxation times ~10
-2

-10
-1

 s. Furthermore, at a 463 

fully saturated conditions this polarisation mechanism completely dominates (Figure 7 464 

bottom panel). This very large low frequency dielectric response is consistent with the onset 465 

of a coupled electro-diffusional mechanism acting between the diffuse part of the EDL and 466 

the Stern layer, giving rise to large in-phase displacement currents and slow relaxation times 467 

(τD) (Chelidze & Guéguen, 1999).  468 

Figure 8 shows the change in dominant relaxation time peaks within the EDL region 469 

(10
-3

 to 10
-6

 s) as a function of the mass of additional moisture for all ten samples. At some 470 

critical saturation, the characteristic relaxation time observed in this EDL region reached a 471 

minimum, coinciding with the onset of counteracting diffusion flux of ions associated with 472 

EDL polarisation as indicated by the appearance of a significant peak at 10
-2 

to 10
-1

 s. 473 
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Definitive interpretation of this observation is complex, however, possible explanations 474 

include a) some kind of dilute limit for the diffusion of counter-ions in the diffuse layer has 475 

been reached, or b) that activation energy associated with diffusional exchange between the 476 

Stern and Diffuse layers has become less than the activation energy associated with the 477 

tangential movement of counter-ions in the EDL.  478 

 479 

Figure 8. Change in dominant peak locations of EDL surface polarisation relaxation times 480 

with increasing moisture content. At a critical saturation the EDL relaxation time reaches a 481 

minimum and a new large peak emerges in the diffusive relaxation time region (not shown). 482 

Results have been presented in three graphs for clarity and were separated by which 483 

saturation [(a) 0.5-1.0%, (b) 1.0-1.5% and (c) 1.5-2.0%] the minimum EDL relaxation time 484 

was observed. 485 

5. Conclusion 486 

Dielectric relaxation time distributions were directly calculated from broadband (40 Hz to 487 

110 MHz) frequency domain (FD) dielectric response data for ten shales samples at six 488 

variable saturation states.  The evolution in the dielectric response with moisture content was 489 

driven by polarization processes restricted to the tangential diffusion of ions at the surface up 490 

to an apparent critical partial saturation. Thereafter, the polarisation was seemingly 491 

dominated by counteracting diffusional fluxes between the Stern and Diffuse layer.  Future 492 

work will extend the analysis such that the relaxation time analysis can be readily converted 493 

into diffusion lengths, hence allowing for microstructure quantification in these inherently 494 

complex structures. Furthermore, quantification of surface polarisation processes may also 495 
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provide insight into pore surface properties and mineral contents (i.e. cation exchange 496 

capacity and clay content). 497 
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