
Chapter 4

Dissipation of NLIWs by Bottom

Boundary-Layer Turbulence

ABSTRACT

Motivated by the need for improved rapid NLIW risk assessments on the Western Australian

Northern shelf, this study aims to understand how bottom boundary-layer [BBL] turbulence affects the

growth and propagation of NLIWs. We measured the energy content and the rate of energy dissipation

for large amplitude NLIWs of depression at a near-flat 250 m deep site. Turbulent losses in the BBL

were at least an order of magnitude larger than interior losses and were characterised by an order

100 km dissipation length-scale. This dissipation length-scale was the same order of magnitude as

the steepening length-scale of the internal tide, and comparable to the distance between the mooring

and a steep inshore topographic feature [inshore shelf-break]. The loss of wave energy due to BBL

turbulence is thus likely to impact the fate of these waves as they propagate inshore and ultimately

interact with the steep bathymetry inshore of the measurement site. We also present a derivation of a

bottom-drag term for use within a Korteweg - De Vries [KdV] model. While the form is similar to

that presented by Holloway et al. [1997], we used our observations to estimate the coefficients in the

bottom-drag term. A suite of KdV and variable coefficient KdV simulations using this parameterisation

suggested that NLIWs at our site may lose up to 30% of their energy through BBL turbulence as they

propagate inshore. The limitations of the application of weakly-nonlinear theory to the study of wave

dissipation are discussed. Despite the limitations, our observations indicate that NLIW energy loss due

to bed friction is significant and its effect must be parameterized for any useful model of internal wave

evolution over the continental shelf.

4.1 Introduction

Prediction of extreme NLIW events is critical for the safe and efficient operation of many offshore

industries. Deterministic prediction is challenging as NLIW formation is highly sensitive to the back-

ground ocean stratification and interaction with other flow features [e.g. eddies or other internal waves].

Stochastic prediction of NLIWs is challenging as fully resolved NLIW simulations using nonhydrostatic

Reynolds-Averaged Navier Stokes [RANS] solvers are typically computationally expensive, preventing

large numbers of simulations. This is particularly challenging when applied to risk assessments, where

rapid evaluation is required. Simplified physical models, like the Korteweg - De Vries [KdV] equation,
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enable quantification of extreme current risk in time frames unattainable by more computationally-

expensive RANS models, and this has been a major motivator for the revival of KdV for application

on the Western Australian Northern Shelf [Rayson et al., 2019, Manderson et al., 2019, Duffin et al., in

press]

Understanding the ways NLIWs lose energy to turbulence is key to predicting how they transform

as they propagate across the shelf [Moum et al., 2007a, Grimshaw et al., 2003], and tools for prediction

of NLIW risk assessment must therefore account for these dissipative processes. In this paper we aim

to use new observations of near-bottom turbulence beneath NLIWs to understand (1) how NLIWs

lose energy to turbulence as they propagate across the wide Western Australian Northern Shelf, and

(2) the implications for NLIW risk assessments. We focus here on the use of weakly-nonlinear KdV

theory, as it is perhaps the most common model choice for describing NLIWs in the ocean [Helfrich and

Melville, 2006]. While more complex models exist, KdV models are very useful where rapid, high-level

assessments are required, including in situations beyond the limits of its formal applicability [Holloway

et al., 1997, 1999, Stanton and Ostrovsky, 1998, Apel, 2003, Chen et al., 2019].

While turbulent losses are not considered in classical KdV theory, there have been numerous

attempts to parameterise these effects. Spigel and Imberger [1980] developed a damping time-scale for

two-layer basin-scale seiching motions in enclosed basins, based on an empirical model for bottom-

boundary layer [BBL] dissipation in lakes. Horn et al. [2001] evaluated this time-scale for field

observations in North American lakes, and developed an alternate formulation for use with their own

laboratory experiments. They demonstrated that viscous boundary effects could damp internal wave

steepening and even prevent formation of NLIWs, though they did not attempt to incorporate this

process into a modified KdV equation. Grimshaw et al. [2003] presented results from a modified

KdV equation containing a linear viscosity term describing interior losses, and a linear drag term,

describing losses in a laminar BBL. They mention, but do not test a quadratic drag term for turbulent

BBLs, which is likely more appropriate for ocean based simulation. Unlike Horn et al. [2001], who

described the effects during the steepening process, Grimshaw et al. [2003] considered the effects of

BBL energy loss on the degeneration of fully formed solitons, and did not contrast their results to field

observations. Holloway et al. [1997] utilised a quadratic drag term for dissipative losses in a turbulent

BBL; concluding that bottom friction appreciably limits wave growth on the continental shelf. They

argued that the inclusion of a bottom friction term, as empirical as it was, improved the efficacy of

KdV in emulating the waves they observed on the Western Australian Northern Shelf. Their choice of

coefficient for their drag term is unclear, and does not appear to be supported by observation. Here

we present a systematic approach to estimating this coefficient by directly observing boundary layer

dissipation under NLIWs, and converting these results into appropriate parameterisation within the

KdV framework.

The structure of our paper is as follows. In Section 4.2 we review the field experiment and the

analysis techniques relevant to this study, and in Section 4.3 we present the observations. We introduce

the KdV equation in Section 4.4 and the Holloway et al. [1997] parameterisation of the nonlinear

boundary dissipation term, including a derivation of this term from weakly non-linear theory. This

derivation considers the relationship between wave amplitude, modal structure, wave energy and

turbulent dissipation. This section introduces a number of coefficients which we estimate using the

observations presented in Section 4.3. This process makes clear the limitations of the quadratic drag

term. In section 4.5 we use this observationally-motivated parameterisation in a sequence of KdV
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Figure 4.1: Map of the field site [yellow circle]. Grey contours are at 25m intervals, and the depths
of the black contours are marked. Bathymetry data are a subset of the Geoscience Australia 250 m
gridded product. The red dashed line is the transect used in the KdV and vKdV analysis.

simulations [based around our observed environment] to investigate the significance of turbulent BBL

dissipation. We conclude with a discussion of the results, limitations and potential extensions of the

work [Section 4.6].

4.2 Field Experiment

The field data were collected as part of the 2017 Kimberley Internal Soliton, Sediment and Mixing

Experiment [KISSME] in the Browse Basin on Western Australia’s Northern Shelf. The mooring site

was in a total depth of approximately 250 m on a near-flat portion of the shelf [Figure 4.1]. Offshore

of this near-flat region the shelf slopes gently from 250 m to 650 m over a distance of around 100

km [average slope 0.4%, Figures 4.1 and 4.2]. Two shelf-breaks enclose the basin; a dramatic outer

shelf-break drops off rapidly from around 1000 m depth, and a smaller inshore shelf-break rises 250 to

around 100 m depth.

This paper focuses on the trains of strong mode-1 waves observed in early April, and predominantly

uses the SP250 and NP250 through-water-column moorings and the bottom-lander. The through-

water-column ADCP on the SP250 mooring was upward looking, sampling at 1 minute intervals with 4

m cells starting at 13 m ASB. The NP250 mooring used two upward looking ADCPs; one sampling at 1
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Figure 4.2: Bathymetry profile for the transect shown in Figure 4.1. The full profile plotted here
[black] is larger than the extent of the transect in Figure 4.1 [red dashed]. The black dashed vertical
line near x = 170 km indicates the mooring site location, and the locations of the inner and outer shelf
breaks are shown.

Figure 4.3: Example KE calculation for a single wave. a) Horizontal velocity ũ1 in the direction of
wave propagation. (b) Vertical velocity ũ3. (c) KE per unit volume KEV . (d) KE per unit area of sea
floor KEA.
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Figure 4.4: Example APE calculation for a single wave. (a) Density [ρ]. (b) Isopycnal displacement
[ξ]. (c) APE per unit volume [APEV ]. (d) APE per unit area of seafloor [APEA].
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Figure 4.5: (Left) Spatial mean/maxima [black dots/black crosses] of APEA vs spatial mean/maxima
of η2 for all waves at both sites. The solid fit line is for the spatial mean data, while the dashed fit line
(overlaid) is for the spatial max data. (Right) as for the left panel but KEA against η2

minute intervals with 2 m cells starting at 4 m ASB, and the second sampling at 1 minute intervals with

4 m cells starting at 98 m ASB. Thermistors on both moorings spaced at ten metre intervals [reducing

to 5 m near-bed], sampling at either 2 Hz or every 15 s in the case of combined temperature-pressure

sensors. More details of the site, moorings, and bottom lander are given in Chapter 2, Chapter 3 and

Rayson et al. [2019].

In addition to observations described previously, this paper uses vertical microstructure profiles

taken in the vicinity of the lander using a Rockland Scientific [RSI] Vertical Microstructure Profiler

[VMP] equipped with two RSI shear probes. The profiler free-fell from near the surface at approximately

0.5 ms−1, sampling shear at 512 Hz, and was attached to an approximately 150 m tether. This tether

restricted sampling to the upper portion of the water column. Casts were made over two sampling

periods during the mooring deployment trip. The first sampling period [Apr-2 to Apr-3] roughly

corresponded to the barotropic spring-tides and the second [Apr-5 to Apr-6] to the baroclinic neaps.

We use the terminology spring casts and neap casts for consistency with Chapter 3. Within each

sampling period, microstructure and CTD profiling were alternated continuously for nominally 9 hours,

with approximately 30-minute blocks dedicated to each type of profiling. Station keeping in the strong

currents affected the exact timing of casts and duration of each sampling period. In this paper we

present only one 30-minute group of microstructure profiles from the spring cast period. This group

captured the leading wave in the largest mode-1 NLIW-train of the entire mooring record, and no

other casts captured any significant NLIWs.

4.3 Energetics

4.3.1 Internal wave energy density

Wave energy [E] consists of a kinetic energy component [KE], and a potential energy component

[APE]:
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E = KE +APE [kg.m2s−2] (4.1)

The KE per unit volume of water [indicated by the subscript V ] is:

KEV =
1

2
ρ0ũiũi [kg.m−1s−2] (4.2)

where the simplification of a constant reference density [ρ0] has been used, ũi is the wave-induced

velocity in the xi direction, and the repeated index represents summation across all three velocity

components. We align the x1 direction with the direction of wave propagation and u3 with the vertical,

and use (x1,x3)=(x,z) interchangeably [note the change in convention for the direction x1 between this

chapter and Chapters 2 and 3]. Herein tildes are used to denote the wave-induced perturbation from a

[slowly varying] background state, which we represent with a hat, i.e. the instantaneous velocity [u] is

decomposed according to:

ui(z, t) = ûi(z) + ũi(z, t) + u′i(z, t) (4.3)

where u′i(z, t) is a turbulent component. We have omitted the time dimension from the background ûi

in Equation 4.3 as it is slowly varying [i.e. on time-scales that are long compared to the waver period].

KEV was evaluated with Equation 4.2 using the ADCPs at the SP250 and NP250 through-water-column

moorings. No compensation was made for beam spread.

The determination of APE is more complex, and many formulations exist [see Kang and Fringer,

2010]. Here we use the simple linear approximation

APEV =
ρ0b̃

2

2N̂2
[kg.m−1s−2] (4.4)

[Rayson et al., 2012, Kang and Fringer, 2010] where the buoyancy perturbation b̃ is:

b̃ =
−gρ̃
ρ̂

[ms−2] (4.5)

We define the KEA [APEA] as the kinetic [available potential] energy per unit area of seafloor:

KEA =

∫ H

0
KEV dz [kg.s−2]

APEA =

∫ H

0
APEV dz [kg.s−2]

(4.6)

where H is the total depth. Prior to vertical integration, profiles of KEV and APEV were extended to

both the sea floor and sea surface by nearest neighbour extrapolation. Sample time-series obeservations

of KEV and KEA [APEV and APEA] are given in Figure 4.3 [Figure 4.4] for a single wave-train.

To quantify bulk energy and energy dissipation under NLIWs, we define the wave average operator

meanX() as the mean observed value under an entire wave footprint, excluding periods where the

absolute value of the wave amplitude [η] was below15 m. Here the wave amplitude η is calculated by

modal fitting of the buoyancy perturbation [see Chapter 3]. As isotherm displacement was dominated

by the first mode [Chapter 3], we used only the first mode in this fit [i.e. η here is equivalent to A1

in the terminology of Chapters 2 and 3]. We used this averaging technique [meanX()] to calculate
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meanX(APEA), meanX(KEA), and also meanX(η). Similarly, we define maxX() as the maximum

observed value over the same interval.

For our observations, maxX(APEA) reached around 7×104 kg.s−2, and meanX(APEA) was around

a factor of two lower [Figure 4.5]. The maxX(KEA) was around 4× 104 kg.s−2, with meanX(KEA)

again around a factor of two smaller. For a given wave amplitude, averaged KEA was around half the

average value of APEA. The deviation from scaling with η2 was greater for KEA than APEA, which

is likely due to greater measurement uncertainty for the ADCP velocity compared to wave-induced

temperature variation measured with thermistor chains. If the wave-speed can be accurately determined,

the beam spread correction technique of [e.g. Scotti et al., 2005], can be used to reduce uncertainty

in the estimates of KEV . We attempted this correction, resulting in an order 10% change to the

computed KEA. As this correction was a similar order to the error in wave speed, estimated here by a

lagged correlation between moorings, confidence in the fidelity of the adjustment was low. Given this,

and the many other approximations in this paper, we used the raw ADCP estimates in this analysis,

but note this as a potential source of error.

4.3.2 Dissipation of internal wave energy by BBL turbulence

NLIWs lose energy in the bottom boundary-layer due to the production [P ] of turbulent kinetic energy

[TKE], which is then lost to either viscous dissipation [ε] or irreversible mixing of the ambient fluid [B].

Assuming a steady state balance with no horizontal transport [Chapter 3], and no transport of TKE

across the edge of the BBL, integrating the TKE equation across the BBL gives:∫ δ

0
P (z)dz =

∫ δ

0
ε(z)dz +

∫ δ

0
B(z)dz [m3s−3] (4.7)

where δ is the boundary layer thickness. We define the rate of wave energy conversion to turbulence

per unit area of seafloor PBBL = ρ0
∫ δ
0 P (z)dz [kg.s−3]. Similarly DBBL = ρ0

∫ δ
0 ε(z)dz and BBBL =

ρ0
∫ δ
0 B(z)dz are the rate of viscous dissipation of TKE per unit area of seafloor and the rate of energy

converted lost by irreversible mixing per unit area of seafloor, respectively.

In classical turbulent boundary-layers, energy dissipation increases exponentially towards the bed.

While our instruments offer estimates of production and dissipation at isolated heights, they offer no

estimate in the lower 40 cm, where the greatest contributions to PBBL and DBBL occur. We estimate

P (z) over the lower portion of the BBL using inertial-sublayer scaling [see Chapter 3], i.e. we assume

P (z) is given by:

P (z) =
u2∗|u∗|
κz

[m2s−3] (4.8)

and the friction velocity u∗ is defined as:

|τb| = ρ0u
2
∗ = ρ0Cd(z)ũ1(z)

2 [kg.m−1s−2] (4.9)

Here τb is the bed shear stress and Cd is a quadratic drag coefficient which depends on the height at

which ũ1 is observed. This also assumes that the observation height is within the inertial-sublayer, i.e.,

it is defined for z < zISL where zISL ≈ δ/10 is the outer edge of the inertial-sublayer.

The analyses of Chapter 2 and Chapter 3 support the use of this relation near the bed. Specifically,

in Chapter 2 it was shown that the right hand side of Equation 4.8 [called εRS in Chapter 2] was
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equivalent to ε estimated by inertial subrange fitting under these waves [see Figure 2.3]. In Chapter 3

it was shown that P ≈ ε at 0.49 m ASB. These results together validate the accuracy of Equation 4.8

at this height to within experimental uncertainty.

Equation 4.8 is strictly only valid for the inertial-sublayer, however, which we estimate in Chapter

3 to be valid over up to around 10-15% of the total boundary-layer thickness. The bulk of the total

production occurs very near to the bed, so small errors in the treatment of the outer portion are not

critical. We thus assume this to be valid right to the outer edge of the BBL [i.e. to z = δ].Equation 4.8

is clearly invalid at z = 0, however, and we define a viscous lengthscale δν as the lower bound. The

total production is then

PBBL ≈ ρ0
∫ δν

0
P (z)dz + ρ0

∫ δ

δν

u2∗|u∗|
κz

dz (4.10)

From log-layer theory we estimate that δν ≈ 10ν
u∗

[see Appendix C], and we that the first term on

the right hand side is negligible, i.e.

PBBL ≈ ρ0
∫ δ

10ν/u∗

u2∗|u∗|
κz

dz (4.11)

Taking a constant boundary-layer thickness of 10 m [i.e. not accounting for pumping of the

mixing-layer] it can be shown that for our sea-bed configuration the mean value of P (z) [Pmean] is

approximately the value at 10% of the total δ [Appendix C], which is within the inertial-sublayer

[Marusic et al., 2013]. That is:

Pmean =
PBBL
δ
≈ P (z = 0.1δ) =

u2∗|u∗|
κ(0.1δ)

[m2s−3] (4.12)

The time rate of TKE production per unit area of sea floor [PBBL] is then:

PBBL = ρ0δPmean = ρ0
u2∗|u∗|
0.1κ

[kg.s−3] (4.13)

The BBL production PBBL was calculated from the time-series of u∗ at 0.49 m ASB, which was

shown to be representative of direct estimates of ε [and thus P by the demonstrated relation P ≈ ε]
at this height [Chapter 2 and Chapter 3]. Again we used a constant boundary-layer thickness of 10

m in this assessment and law of the wall scaling was used for the entire boundary-layer as described

in Section 4.4. The calculated maxX(DBBL) exceeded 1 Wm−2 under the largest NLIW, with the

spatiotemporal mean value typically around a factor of three smaller [Figure 4.6].

4.3.3 Interior dissipation

Estimates of interior [outside of either top and bottom boundary-layers] dissipation were made using

the measurements of vertical velocity shear from the VMP. Segments of 8192 samples were used in the

spectral calculations, giving one estimate approximately every 7 m in the vertical. Power spectra of

shear were calculated by averaging individual power spectra for 1024 sample [1 m] subsegments, which

overlapped one another by 50%. Power spectra were corrected for sensor motion [Goodman et al.,

2006] and for spatial averaging due to the sensor geometry [Macoun and Lueck, 2004]. Dissipation was

then estimated using a maximum likelihood estimation [MLE] method which uses either the resolved

portion of the inertial subrange or the viscous subrange as per the Nasmyth empirical spectrum [for
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Figure 4.6: (left) PBBL estimated by Equation 4.13 against the cube of wave amplitude η. (right)
Determination of the coefficient mε by least squares fitting according to Equation 4.33. The mean and
maximum over the wave extent are shown.

more details see Bluteau et al., 2016].

The highest recorded interior dissipation for the wave of April 3 at 8:00 AM was around 10−6

m2s−2 at a depth or around 100 m ASB [Figure 4.7], which is around 2 orders of magnitude smaller

than the peak value observed in the BBL at 0.49 m ASB [Chapter 2 and 3]. Typical interior values

were usually orders of magnitude below this peak value [Figure 4.7].

We estimated the lower limit of the total dissipation in the interior [DINT ] by integrating these

dissipation profiles vertically [i.e. excluding the wind affected surface layer] and multiplying by the

reference density. We refer to this as a lower limit as we only profiled the upper 150 m of the water

column. The peak value of DINT under the NLIW trough was approximately a factor of 60 smaller

than the peak DBBL. DINT , however, accounts only for viscous dissipation of TKE, and not for losses

due to mixing. While mixing was neglected for the BBL, it is likely more significant in the total energy

loss in the interior. We did not calculate B in the interior, but based on typical assumed mixing

efficiencies of 0.2 for the ocean’s interior we infer that BINT � DINT . Unless DINT is much greater in

the lower portion of the water column, where we did not sample, it is likely that losses in the bottom

boundary layer still dominate.

This result differs to that of Moum et al. [2007a] and Shroyer et al. [2010], who concluded that

interior energy losses dominated boundary losses. Moum et al. [2007a] followed an approximately

15 m internal solitary-like wave [ISW] of depression shoaling over a 30 km transect on the Oregon

shelf, with with depths ranging from 175 m to 75 m [average slope of 0.3%]. They reported interior

losses dominating in depths of 120 to 150 m [η/H ∼0.1] where there was an appreciable change in

bottom slope, and a closer balance between boundary and interior losses in depths of 75 to 100 m

[0.15< η/H <0.2]. Shroyer et al. [2010] followed numerous waves of depression over transects ranging

from depths of 50-150 m with variable bottom slope, but did not explicitly report BBL dissipation

values. We also note that neither Moum et al. [2007a] nor Shroyer et al. [2010] made direct estimates
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Figure 4.7: April 3 Microstructure casts. (Top) Plots of microstructure dissipation [ε], excluding the
wind affected surface layer. Missing data in the lower half of the water column are due to the length of
the tether [≈ 150 m] (Bottom) Depth integrated interior dissipation Dint.

of turbulence in the BBL, and it is not clear how close they extended Equation 4.13 to the bed. The

variability of instantaneous interior dissipation values in the waves followed by Moum et al. [2007a]

and Shroyer et al. [2010] suggest that the single observation of interior losses we have made is likely

insufficient for a thorough comparison of PBBL and PINT . Nevertheless, boundary losses appear much

stronger than interior losses at our site.

4.4 Parametric BBL dissipation in a weakly non-linear framework

The classical form of the KdV equation for the evolution of wave of amplitude η is:

∂η

∂t
+ cl

∂η

∂x
+ αη

∂η

∂x
+ β

∂3η

∂x3
= 0 [ms−1], (4.14)

where cl is the linear wave speed,

α =
3cl
∫ H
0 (dφdz )3dz

2
∫ H
0 (dφdz )2dz

[s−1] (4.15)

is the non-linear steepening coefficient, and

β =
cl
∫ H
0 φ2dz

2
∫ H
0 (dφdz )2dz

[m3s−1] (4.16)

is the dispersion coefficient. In Equations 4.15 and 4.16, φ(z) is the modal structure function of the

wave-induced buoyancy perturbation. In the absence of background currents, φ(z) and cl are related to

the background stratification N̂2(z) by the hydrostatic shear-free Taylor-Goldstein equation [Equation

4.17 in Chapter 3]:
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dφ(z)

dz
+
N̂2(z)

c2l
φ(z) = 0 (4.17)

Equation 4.14 is derived from the two-dimensional Euler [i.e. inviscid] equations, and thus does not

account for dissipative losses. Holloway et al. [1997] suggested two additional terms to parameterise

these unresolved losses:

∂η

∂t
+ cl

∂η

∂x
+ αη

∂η

∂x
+ β

∂3η

∂x3
+ kD

cl
h2
η|η| − νh

∂2η

∂x2
= 0 [ms−1], (4.18)

The last term on the left attempts to parameterise interior losses, where νh is a horizontal eddy viscosity.

The primary focus of the present study [and that of Holloway et al., 1997] is BBL dissipation, as we

have a longer record of boundary observations, and our results demonstrate that it is this term which

dominates at the mooring site.

The second last term on the left-hand side is the turbulent BBL dissipation term, where the small

parameter kD is a function of the seabed roughness [Grimshaw et al., 2003, Holloway et al., 1997], and

h is a vertical length-scale. Holloway et al. [1997] use

h =

√
β

cl
[m], (4.19)

which they call the effective depth. Holloway et al. [1997] refer to kD as a parameter representing the

Chezy friction coefficient, however, Chezy friction is dimensionally inconsistent with their term and not

applicable to ocean flow. The value of kD = 0.0025 they used is comparable to a drag coefficient [Cd]

applicable at 100 cm above a sandy bed [Soulsby, 1983]. For turbulent BBLs a quadratic drag-law can

be used to parameterise the effects of bottom friction through either a drag force in the momentum

equations or a loss term in the energy equations . It is not clear which method was used by [Holloway

et al., 1997], and it is not clear how they arrived at kD ≈ CD.

Here we provide a derivation for this term based on energy loss in a turbulent BBL, which

demonstrates how the boundary turbulence we observed [Chapters 2 and 3] relates to the reduction of

wave amplitude. We use these observations to estimate a value for kD = f(Cd) which can be used in a

weakly non-linear predictive tool.

As demonstrated in Figure 4.5, for large amplitude NLIWs:

KEA ∼ η2

APEA ∼ η2
(4.20)

thus from Equation 4.1:

[kg.s−2] EA = e1 ×KEA ∼ η2 [m2] (4.21)

where e1 is an order 1 coefficient which accounts for the relative partitioning between kinetic and

potential energy for an internal wave. Taking the time derivative of 4.21:

[kg.s−3]
∂

∂t
EA = e1

∂

∂t
KEA ∼

∂

∂t
η2 = 2η

∂η

∂t
[m2s−1] (4.22)
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We define
[
∂
∂tEA

]BBL
as the rate at which NLIWs lose energy by production of BBL turbulence, i.e.:

[ ∂
∂t
EA

]BBL
= PBBL [kg.s−3] (4.23)

For use within the KdV framework, where η is the only state variable, we require a relation for the loss

of amplitude by boundary turbulence. Combining Equations 4.22 and 4.23, this is:

[m.s−1]
[∂η
∂t

]BBL
∼ 1

2η
PBBL [kg.m−1s−3] (4.24)

If we can treat e1 as a constant we can estimate the total energy by knowledge of the KE alone,

i.e. we do not need to resolve APE directly within the KdV framework. Moum et al. [2007b] found

e1 ≈ 5 under the peak of ISWs of elevation on the Oregon shelf, but 〈e1〉X ≈ 2, where 〈〉X represents a

horizontal integral in the wave propagation direction and the integration limits used were greater than

the extent of the ISW. For our observations we found e1 ≈ 3 [Figure 4.5], and we use this value for

the remainder of this paper. We note that under linear waves KE ≈ APE, and thus using e1 ≈ 3 is

effectively tuning the model to the nonlinear component. As we will demonstrate below, the bulk of

dissipation occurs after steepening, and thus this is not expected to impact the results significantly.

All that remains to complete a parameterisation of bottom friction is (1) a relationship between η

and KEA [Section 4.4.1] and (2) a relationship between η and PBBL [Section 4.4.2]. Combined, these

provide a term for the reduction of wave amplitude for use in a KdV framework 4.4.3].

4.4.1 η vs. KE

For a KdV wave with constant cl, KE is related to η by the weakly nonlinear stream function

ψ(x, z, t) ≈ η(x, t)clφ(z) +H.O.T [m2.s−1] (4.25)

where H.O.T represent terms higher than first order. We truncate Equation 4.25 at first order [i.e.

ψ(x, z, t) ≈ η(x, t)clφ(z)] and we calculate the wave-induced horizontal velocity-field, which is in the x

direction only, by:

ũ1(x, z, t) =
∂ψ(x, z, t)

∂z
≈ η(x, t)cl

dφ(z)

dz
[m.s−1] (4.26)

Substituting 4.26 into 4.2, we find the horizontal kinetic energy [HKE] per unit volume to be:

HKEV =
1

2
ρ0ũ

2
1(z) ≈

1

2
ρ0

[
m0η(x, t)cl

dφ(z)

dz

]2
[kg.m−1s−2] (4.27)

where m0 is an order 1 coefficient. We vertically integrate this for the horizontal kinetic energy per

unit area of seafloor:

HKEA =

∫ H

0
HKEV dz =

1

2
ρ0

[
m0η(x, t)cl

]2 ∫ H

0

[dφ(z)

dz

]2
dz [kg.s−2] (4.28)

Due to the normalisation condition on φ, the integral on the right hand side of equation 4.28, which

Grimshaw et al. [2003] refer to as I, can be represented approximately by I ≈ m1,0/Lz, where Lz is a
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vertical length-scale of the flow, and the order of m1,0 depends on the choice of Lz. We chose h as this

vertical length-scale for consistency with the approach of Holloway et al. [1997], noting that h� H.

We then have

HKEA ≈
m1

2

ρ0η
2c2l
h

[kg.s−2] (4.29)

where m1 = m1,0 ×m2
0. The vertical kinetic energy (V KE) is found by a similar procedure, though in

practice the V KE � HKE [Figure 4.3], and so we use the approximation KE ≈ HKE. With this

approximation, substituting equation 4.29 into 4.21 we arrive at a relation for the wave energy as a

function of amplitude:

EA =
e1m1

2

ρ0c
2
l

h
η2 [kg.s−2] (4.30)

Using maxX(KEA)/maxX(η2), a nominal c of 1 ms−1 and density of 1024 kgm−3 we determine

m1 ≈ 3/4 [Equation 4.29], and thus e1m1 ≈ 9/4 ≈ 2.

4.4.2 η vs. P

To determine PBBL as a function of η we combine 4.13 and 4.9:

PBBL ≈ ρ0Cd(z < zISL)3/2
ũ1(z < zISL))2|ũ1(z < zISL)|

0.1κ
[kg.s−3] (4.31)

The value of ũ1(z < zISL) cannot be determined from Equation 4.25, as this equation has free-slip top

and bottom boundary-conditions, and thus no boundary-layer. We assume that the boundary-layer

is very thin with respect to the total flow depth [δ � H; see Chapter 3], and thus setting z = 0 in

Equation 4.26 gives us the approximate velocity at the edge of the boundary-layer. As the velocity at

the edge of the inertial-sublayer is the same order as the velocity at the edge of the boundary-layer, we

can substitute ũ1(z = 0) for ũ1(z < zISL) in Equation 4.9, provided that the value of Cd is chosen for

a reference height which represents the edge of the inertial-sublayer, i.e. z = δ/10.

Using the same scaling for the integral of the modal structure function, we conclude:

ũ1(z = δ/10) ≈ m0
ηcl
h

[m.s−1] (4.32)

Equation 4.32 suggests that when η approaches h, the peak velocity is the same order of magnitude as

the linear phase speed. Combining equations 4.32 and 4.31:

PBBL ≈ ρ0mεC
3/2
d

(ηcl
h

)2∣∣∣ηcl
h

∣∣∣ [kg.s−3] (4.33)

Here Cd can be estimated from knowledge of the seabed [Soulsby, 1983] or direct observations of

the mean horizontal velocity and turbulent stress in the inertial-sublayer [Chapter 3], and then

mε = m3
0/(0.1κ) can be determined from a field estimate of PBBL e.g. by equation 4.13. Using a Cd of

0.0016 [the value determined in Chapter 3, adjusted to a height of 0.1δ = 1 m ASB], we performed
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a linear fit of the left and right hand sides of equation 4.33, using our observations and found that

mε ≈ 5 [second panel, Figure 4.6].

We note here that the P used was the total estimated P , which includes contributions from

the [near-bottom shear in the] barotropic tide. The observed turbulence cannot be separated into

contributions from individual processes as it is highly non-linear. The NLIW bottom currents are

around 3 times the magnitude of the barotropic BBL currents at the time of arrival. As P scales on

the cube of u∗, we assume that the observed boundary losses were dominated by the contribution of

the NLIWs.

4.4.3 Degradation of wave amplitude

The degradation of NLIW amplitude by BBL turbulence can be found approximately by combining

the time derivative of Equation 4.30

∂

∂t
EA = e1m1η

ρ0c
2
l

h

[∂η
∂t

]
[kg.s−3] (4.34)

with the results of 4.23 and 4.33, and assuming positive cl we find

[∂η
∂t

]BBL
≈ mε

e1m1
C

3/2
d

cl
h2
η|η| [m.s−1] (4.35)

Absorbing mε, e1, and m1 into a single coefficient m5 and comparing to Equation 4.18 we see

kD = f(Cd) ≈ m5C
3/2
d [−] (4.36)

Using the values of mε, e1, and m1 determined above, m5 ≈ 2. For the value of Cd = 0.0025 used in

Holloway et al. [1997], kD = m5C
3/2
d is approximately one order of magnitude smaller than Cd [Black

cross in Figure 4.8]. The present formulation thus results in significantly lower total drag at this value

of Cd than was applied in Holloway et al. [1997], where it was assumed that kD ≈ Cd.
We note that while this parameterisation reduces wave energy at a physically reasonable rate, this

method does not physically represent the communication between the BBL and the interior, i.e. the

mechanisms by which BBL turbulence actually reduces KE and APE in the interior. Such is an

inherent limitation of the application of weakly-nonlinear theory to dissipative flows. Nonetheless the

present approach is expected to improve the skill of predictions guided by weakly-nonlinear in many

real oceanic settings.

4.4.4 Time-scale for wave degradation through BBL turbulence

We define a time-scale for the dissipation of a NLIW by BBL turbulence as:

TD = EA/PBBL [s] (4.37)

Dividing Equation 4.30 by Equation 4.33 yields:

TD =
β

2m5C
3/2
d ηc2l

[s] (4.38)

This time-scale can also be derived following Horn et al. [2001] i.e. forming a timescale for dissipation

of wave amplitude by balancing the unsteady term and the BBL dissipation term in Equation 4.18,
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Figure 4.8: Drag coefficient Cd, as used in Holloway et al. [1997], vs. kD = m5C
3/2
d for various

values of m5. The red line indicates m5 = 2 as determined from the field data assessment. The black
cross shows the intersection of the value of Cd used by Holloway et al. [1997] against the m5 = 2 as
determined from the field data assessment.

and modifying this following Section 4.4.3 to yield a timescale for dissipation of wave energy.

We evaluate TD for the wave which passed the site at 8 AM on April 3 2017 [Figures 4.3 and 4.4].

Based on the background buoyancy frequency profiles for the day [Figure 4.9], the wave amplitude was

approximately 70 m [at SP250], while cl and β were 1.2 ms−1 and 3.9× 103 m3s−1, respectively [Table

4.1]. Taking m5 = 2 [see above] and Cd ≈ 0.002 estimated for this site in Chapter 3 [see Chapter 3

Section 3.6.3], we estimate the dissipation time-scale at the moment the wave passed the mooring

to be TD ∼ O(105) s, giving a nominal dissipation length-scale of LD ≈80 km, which is comparable

to the ≈50 km propagation distance between the study site and the inner shelf break of [Figure 4.1

and 4.2]. It is not expected that BBL turbulence would dissipate the wave energy entirely before

the wave reaches the inner-shelf break [Figure 4.2], as the turbulence levels would be expected to

drop dramatically as the wave amplitude decreases [i.e. TD becomes greater as η decreases], and the

instantaneous LD would thus increase as the wave propagates. Nonetheless, this scaling suggests that

dissipation is important over the length scale of the continental shelf, and parameterisation of bottom

drag is required if these simple models are to be used in a predictive risk assessments on the shelf.

We compare this to the steepening time-scale for the same wave, found by balancing the unsteady

term and the steepening term in the KdV equation:

TS ∼
c2l

αη0ω
[s] (4.39)

where η0 and omega are the amplitude and frequency of the linear internal tide. As KdV environmental

parameters vary in space, it is not the local value of α and cl which are relevant to our mooring

observations, but rather the characteristic parameters for a transect over which the waves steepened.

We evaluated the KdV environmental parameters for a 100 km transect in the direction of wave

propagation [Chapter 2], spanning from the 650 m contour at the outer-shelf break to the mooring site

[Figure 4.1]. We assumed a spatially uniform stratification above a depth of 250 m that was equal

to the observed background ρ̂(z), and a constant N̂ below a depth of 250 m, and recalculated the

modal structure functions and KdV environmental parameters for each point in space. Even though
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Figure 4.9: Density and mode-1 structure functions Apr-3.

Table 4.1: Spatially averaged KdV environmental parameters over the transect in Figures 4.1 and
4.10.

α [s−1] β [m3s−1] cl [ms−1]

Spatial average over transect -0.005 10000 1.5

stratification was horizontally uniform, environmental parameters changed greatly due to changes in

depth [Figure 4.10]. The spatial averages for the transect were 〈α〉L ≈ −0.005 s−1, 〈β〉L ≈ 10000m3s−1

and 〈cl〉L ≈ 1.5ms−1.

Using these values, and taking the η0 ≈ 35m from the amplitude of the semidiurnal internal tide

at the site, we estimated LS ≈ 60km for the transect. LS is thus approximately equivalent to the LD

evaluated at the site. This distance is approximately 40% shorter than the total length of the transect

we used; however, the waves we observed were well past the initial steepening point described by LS .

We note that the stratification likely varies over 100 km, however, β and cl are not greatly sensitive

to the exact stratification [not shown]. Although α is sensitive to the stratification [Rayson et al.,

2019, Manderson et al., 2019], the sensitivity is greater in less that 400 m of depth, and the exact

representation of stratification is less important in deeper waters farther from our observation site. We

also note that the waves likely refract along curved 2D trajectories, and that 1D weakly-nonlinear

theory with no background currents does not describe all of the necessary physics. Notwithstanding,

this simple assessment shows that observations of mode-1 non-linear internal wave trains we observed
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Figure 4.10: Spatially variable KdV parameters constructed by applying the April 3 density profiles
at the 250 m site uniformly over the shelf. A constant N̂ was assumed for locations deeper than 250 m.
Dashed vertical lines represent the virtual mooring.
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at our mooring site, propagating from the North-West, were consistent with the steepening of a linear

semidiurnal internal tide originating at the outer shelf break. Finally we note that waves propagating

onto the shelf are expected to shoal [Small, 2001, Djordjevic and Redekopp, 1978], and we have not

accounted for this in this simple length-scale assessment.

4.5 Weakly non-linear numerical simulation

In this section we undertake a series of constant coefficient KdV simulations [Section 4.5.1] and a series

of variable coefficient KdV [vKdV; Section 4.5.2] simulations to investigate the sensitivity of NLIW

development to the parametrisation of bottom friction derived as derived above.

4.5.1 Constant coefficient KdV

We solved 4.18 using a second-order finite difference spatial discretisation and an implicit-explicit tem-

poral discretisation, where the linear terms are discretised implicitly and the non-linear terms are discre-

tised explicitly [Rayson et al., unpublished manuscript; https://github.com/mrayson/iwaves].

The full domain was 200 km long with a virtual mooring at 105 km, and an 80 km sponge boundary

at the right hand side. The transect and the environmental parameters for the test section are shown

in Figure 4.1 and Figure 4.10, respectively. This ∼100 km working transect from the outer shelf-break

to the mooring was shown in Section 4.4.4 to be an appropriate domain for the evolution of linear

internal tides into trains of NLIWs of depression.

We used a uniform horizontal grid with 50 m spacing and a time step of 4 s. The IMEX scheme

was stable with a longer timestep, but computational efficiency was not critical for the small number

of simulations used here. The code allows the specification of initial [IVP] and boundary [BVP] value

problems. Here we used a BVP with the initial condition being a state of rest [η(t = 0, x) = 0], and

the left hand boundary condition representing mode-1 semidiurnal internal tidal forcing:

η(t, x = 0) = η0 sin(2πωt)[1− 1/ exp(t/tr)] (4.40)

where 1/ω is the M2 semidiurnal forcing period of 12.42 hours. The ramp up time tr was chosen such

that 1/ exp(t/tr) was less than 0.01 by the time t = π/ω.

Each simulation used the spatial averages described in Section 4.4.4, a horizontal viscosity νh = 0

and η0 = 35 m. This νh was chosen as we observed that the boundary losses dominated interior losses

[Section 4.3.3]. Holloway et al. [1997] also effectively excluded this term by using a very small νh. As

in Section 4.4.4, η0 was chosen to reflect the magnitude of the semidiurnal internal tide at the site. We

ran 9 simulations, each with a different value of kD = m5C
3/2
d from the set of [0, 0.000025, 0.00005,

0.0001, 0.0002, 0.0004, 0.0008, 0.0016, 0.0032], with kD = 0.0002 being the most realistic value [to one

significant figure] based on the field data assessment [Section 4.3].

As α < 0 nonlinear steepening favors waves of depression, which form as shocks at the rear face of

the internal tide. We tracked the rear-face of the internal tide as it propagated through the domain

using a sliding window with width equal to half an internal tide wavelength [Figure 4.11]. We focus on

the second rear-face of the internal tide, as the first was influenced by initialisation effects while the

second wave the was stable and not influence by any initial conditions [not shown]. The temporally

varying spatial limits of the window xw are given by:
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Figure 4.11: KdV timeseries output. Amplitude [η] of the rear face of the internal tide tracked across
the model domain [xw; Equation 4.41] at wave time [tw] intervals corresponding to 1/4 internal tide
period [black lines]. ηp is printed in black for windows where ηp < −η0. Amplitude [η] for the first
window where ηp is associated with a NLIW shock [blue lines]. Each row is for a different value of

kD = m5C
3/2
d [printed on graph]. Row 2, where kD = 0.0002, represents the friction case tuned to our

field measurements. Horizontal grey lines mark +/- η0 and the vertical dashed pink line marks the
position of the virtual mooring.
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Figure 4.12: (Top) Peak [negative] wave amplitude ηp as a function of kD for the constant coefficient
KdV simulations at the time the leading shock passed the virtual mooring [i.e. tw = 18.6h]. ηp

is printed on the graph at 3 locations marked by the black crosses, and these points can be cross
referenced against Figure 4.11. (Bottom) as with the Top row but for peak wave energy Ep.
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xw(tw) = c× tw + [−λ/4, λ/4] (4.41)

where λ is the wavelength of the mode-1 internal tide, and the wave time tw is the time since the

tracked wave is at the left boundary, where tw = 0 corresponds to the time the second rear face is at

the left boundary. That is tw = t− 1.5× 2π/ω, where t is the simulation time.

We defined a peak [negative] wave amplitude as the minimum wave amplitude in the sliding window

as a standard metric for wave energy that can be compared across the simulations:

ηp(tw) = min
(
η(tw, xw)

)
(4.42)

The peak energy for each window is then Ep(tw) =
(
ηp(tw)

)2
.

The introduction of bottom friction reduced both the linear and nonlinear components of the

internal tide, though the effects on the non-linear shocks were stronger [Figure 4.11]. Comparing the

zero drag case with the realistic drag case, there was a 34% reduction in the peak energy [Ep] when the

wave passed the mooring [Figures 4.11 and 4.12]. By comparison, the reduction in the energy of the

linear component [judged by the peak positive η] was only 20%. Bottom drag appeared to have little

effect on the time to the first appearance of shocks on the rear-face, which was around 15 hours in each

simulation. This is in agreement with the Horn et al. [2001] steepening time-scale with a coefficient of 6

[Figure 4.11; c.f. a coefficient of 2π as Rayson et al. [2019] suggests]. However, friction did significantly

delay the time until the shock amplitude first exceeded the amplitude of the linear component [blue

lines in Figure 4.11].

When friction was increased to kD = 0.0008 shocks still formed, but they passed the virtual mooring

[x = 110 km] with a peak amplitude below the initial amplitude as nonlinear steepening was balanced

by friction [Figure 4.11]. When friction was further increased to kD ≈ 0.0016, i.e. kD ≈ Cd in line

with Holloway et al. [1997] [see Section 4.4.3], shocks passed the mooring with ηp only 40% of the

initial amplitude. For the waves we observed, this would require improbably large initial amplitudes

not observed on the Western Australian Northern Shelf.

To test the sensitivity of our choice of (1) NLIW transect, (2) spatially averaged environmental

parameters, (3) the assumption of horizontally uniform stratification, and (4) the amplitude η0 and

linearity of the incoming internal tide at the shelf break, we ran a series of test simulations. Our key

aim was to test how sensitive the choice of the KdV environmental parameters was to the percentage

of energy lost after a propagation distance of one steepening length-scale. The sensitivity tests

demonstrated that the NLIWs lost around 20-40% of their energy over a distance one steepening length

for a wide range of different background conditions [Appendix D].

4.5.2 Variable coefficient KdV [vKdV]

Beyond the inclusion of spatially variable environmental parameters, vKdV simulations must account for

changes in amplitude as the wave propagates into different water depths. In the absence of dissipation,

energy flux divergence must be zero along the wave path. To conserve energy flux, the amplitude of

the [non-dissipative] linear waves travelling into shallower waters must increase by a factor of

a(x) = 1/
√
Q(x) [−], (4.43)

where in the absence of background currents, Q(x) is given by:
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Q =
c3l
∫ H
0 (dφdz )2dz

(cl)
3
0

∫ H
0 (dφ0dz )2dz

[−] (4.44)

[Small, 2001, Djordjevic and Redekopp, 1978]. Here the subscript 0 indicates a reference quantity,

which can be taken as an offshore value. The dissipative vKdV equation is formed by the inclusion of

an additional term into Equation 4.14 which accounts for this linear amplification, i.e.:

∂η

∂t
+ cl

∂η

∂x
+ αη

∂η

∂x
+ β

∂3η

∂x3
+

c

2Q

dQ

dx
η + kD

cl
h2
η|η| − νh

∂2η

∂x2
= 0 [m.s−1] (4.45)

We solved 4.45 using the same IMEX scheme described above for the background conditions shown in

Figure 4.10. A lower η0 of 27 m was used in the vKdV simulations compared to the KdV simulations,

as the NLIW now amplifies as it propagates on-shelf.

Waves in the vKdV simulations steepened to form shocks slightly earlier [Figure 4.13] than the KdV

simulations. This was due to the much greater α in deeper water, although the effect is offset somewhat

by the lower initial amplitude. Shock formation did not occur until after the waves had begun to

appreciably shoal. The vKdV simulations also had a greater number of total shocks when passing the

virtual mooring, particularly in the low and realistic drag simulations. The NLIW amplitude does not

increase to the same extent after the waves pass the mooring [not shown] as α effectively vanishes in

the vKdV simulations, but remains constant in the KdV simulations. In such cases, cubic non-linearity

would likely become significant, and should be incorporated into Equation 4.45. The present vKdV

simulations are intended to demonstrate the effect of realistic turbulent losses in the BBL, and the

investigation of higher order terms or exact wave shapes is beyond the present scope. Despite these

differences, the key result of the KdV simulations is repeated in the vKdV simulations: approximately

30% of the energy in Ep is lost at the location of the virtual mooring with realistic friction.

4.6 Summary and Conclusions

Motivated by the operational need for rapid NLIW prediction on the continental shelf, we have

investigated the role of bottom boundary-layer [BBL] dissipation in reducing the NLIW amplitude

[energy] predicted by a KdV formulation. We estimated that, at our mooring site, boundary losses were

an order of magnitude greater than interior losses. We have explored this through assessment of field

observations on the Western Australian Northern Shelf, and determined that the time-scale for wave

dissipation through BBL turbulence is comparable to the steepening time-scale of weakly-nonlinear

theory, suggesting that understanding BBL turbulence is important for predicting NLIW intensities

on the shelf. Our mooring site was approximately one dissipation length-scale offshore from a steep

topographic feature [the inner shelf, Figure 4.2]. A significant portion of wave energy, as measured at

our site, is likely lost prior to reaching the inner shelf break. As this would reduce wave steepness it

would also likely affect the breaker mechanism [see Nakayama et al., 2019], and thus mixing rates [see

Jones et al., 2020], and so this study of internal wave dissipation has much broader impact than the

application to operational forecasting.

We have incorporated the BBL dissipative losses into a KdV framework by including a dissipation

term similar in form to that suggested by Holloway et al. [1997], but have used field observations to

inform the value of the small parameter kD. The weakly-nonlinear simulations suggest that NLIWs

propagating into the site lose 20-30% of their energy as they propagate inshore over a distance of
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Figure 4.13: As per Figure 4.11 but for the vKdV simulations, and with grey lines indicating the
initial amplitude scaled by the amplification factor, i.e. +/− η0/a(x).
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order 100 km. While there are limitations to the present formulation, the parameterisation is expected

to reduce uncertainty in stochastic NLIW risk assessments informed by weakly-nonlinear KdV-type

theory.

It is acknowledged that the observed waves we investigated were very large amplitude, and some

exceed the formal limitations of weakly-nonlinear theory. Further, we note the potential for experimental

errors in the observations used to estimate the value of kD = m5C
3/2
d . As such, the order 1 coefficient

m5 that we advanced may be influenced by these methodological and observational errors. The future

development of this parameterisation would benefit from a similar observations spanning a wider variety

of initial wave shapes over a wider range of bottom slopes and water depths.

While not explicitly tested here, the parameterisation could be extended to weakly-nonlinear models

which include higher order terms, background currents, or wave refraction, for example. Natural

extensions to the present formulation include a spatially variable boundary-layer thickness, accounting

for BBL pumping by NLIWs [Chapters 2, and 3], and provision of a spatially variable bottom boundary

roughness.
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Chapter 5

Conclusions

This thesis has used novel field observations of the oceanic bottom-boundary layer [BBL] beneath

large amplitude internal waves on Western Australia’s Northern shelf to answer a number of questions

of scientific and engineering importance. Specifically it has sought to understand: (1) what factors

control transport in the boundary layer beneath non-linear internal waves and internal tides; (2) what

is the thickness of the boundary-layer in stably stratified oscillatory flows; (3) what is the nature of

turbulence within the boundary-layer and the thickness of the inertial-sublayer; and (4) how does energy

dissipation in the BBL influence the occurrence and intensity of extreme currents on the continental

shelf?

Chapter 2 analysed the enhancement of sediment transport by non-linear internal waves, and was

in many respects in qualitative agreement with previous field, laboratory and numerical studies on this

topic. However, the results revealed a transport mechanism which differs appreciable from previous

studies. Vertical sediment transport was confined to a bottom mixing-layer [BML] by the presence of a

thin but relatively strong pycnocline [MLP], which overlay this BML. The enhanced vertical transport

of sediment was due to a combination of turbulent stirring within the mixing-layer, and the expansion

and subsequent contraction of the mixing-layer induced by the baroclinic motions in the interior. The

relative phasing of these processes led to an efficient vertical pumping mechanism of fine sediments by

the NLIWs of depression in the presence of a BML, which has implications for cross shelf transport.

Having demonstrated the significance of the bottom-mixing layer to near-bed sediment transport,

the dynamics of this layer was investigated in Chapter 3 over a greater period of time, and wider

range of forcing conditions. The results show that while the mixing-layer was a persistent feature, the

thickness was variable. As well as expansion and contraction of the layer due to pumping at internal

wave frequencies, the mixing-layer thickness also showed spring-neap variability. The results were in

reasonable agreement with a model for the average mixing-layer thickness, which assumes the layer

thickness to be a function of the fundamental forcing frequency, the background stratification, and the

average bed stress. Many more observations are required for confidence in the model coefficients and

to define the limits of applicability.

Turbulence statistics within the mixing-layer were in general agreement with the hypothesis that an

inertial-sublayer forms on each phase of the tidal cycle, growing to around 15% of the total mixing-layer

thickness. Above this inertial-sublayer, the response of the outer boundary layer to internal wave

forcing was more complex. Vertical profiles of mean horizontal velocity were not only modulated by

stratification effects in the mixing-layer and the mixing-layer pycnocline, but were also influenced

by the vertical velocity associated with the interior internal wave field. Turbulence spectra in the
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outer boundary-layer were also modulated by NLIWs, providing an additional feedback mechanism for

modulation of the horizontal velocity profiles due to local vertical turbulent momentum transport.

The results of Chapters 2 and 3 have direct application both to the interpretation of near-bed flow

observations beneath internal waves and to the setup of numerical simulations concerned with near-bed

processes beneath internal waves. These results were built upon in Chapter 4, and directed towards a

very different application: prediction of extreme current events on the continental shelf. This chapter

used a KdV framework with parametric bottom friction, tuned to the field observations, to explore

the influence of boundary turbulence on the development of NLIWs, and makes recommendations

for improved parameterisation of boundary dissipation within the weakly non-linear KdV model. It

does not specifically advocate the use of a KdV framework over any of the many alternatives for

NLIW prediction. The analysis demonstrates that bottom friction has a substantial capacity to

dampen internal wave energy, and must be considered in NLIW risk assessments in offshore engineering

operations. Beyond the direct engineering application, the dissipation in the bottom mixing-layer may

minimise how much NLIW energy reaches the mid and inner shelf, and thus may modulate cross-shelf

transport and mixing rates in these areas.

While this observational study has added to the growing understanding of the turbulent bottom

boundary-layer beneath NLIWs, it leaves many questions unanswered. It is hoped that these de-

tailed measurements will motivate the next generation of process-oriented numerical simulations, and

guide the design of future field, laboratory, and shelf scale numerical assessments. Below are some

recommendations for future studies.

1. The adjustment of a turbulent mixing-layer to extreme NLIW forcing. Process-

oriented numerical simulations have provided many valuable insights into the stability of laminar

boundary-layers under laboratory-scale NLIWs, and more recently into the transition of laminar

boundary-layers to turbulence after the passage of NLIWs. These studies should be extended

to understand how pre-existing active turbulent boundary-boundaries [typical of the ocean]

adjust to NLIW forcing. Questions of particular interest include the ways in which NLIW-

induced vertical strain affects the efficiency of mixing and transport of momentum near the bed.

Observations, such as those in the present study, could be used to define more realistic near-bed

stratification and pre-existing turbulence conditions in such simulations. Key elements which

must be represented realistically are the turbulence intensity, the range of turbulence lengthscales,

near-bed stratification, and the boundary-layer thickness. The latter is critical as it controls the

collocation of non-hydrostatic pressure fields and boundary-induced vorticity fields, which affects

the stability of laminar boundary layers, and likely also affects the adjustment of turbulence.

The establishment of a turbulent BBL prior to NLIW forcing will require long integration times,

and thus considerable computational expense. Ongoing improvements in numerical codes will be

key to address questions of this scale.

2. NLIW breaking mechanisms with realistic near-bed conditions. In Chapter 2 it was

argued that any fluid originating in the bottom-boundary in the ocean, which can reach mid-depth

in published idealised NLIW simulations, would likely be constrained to the BBL by the effects of

near-bed stratification. This same concept relates to the classification of NLIW breakers observed

in idealised 2-layer settings. In such settings, the class of collapsing breakers are characterised by

the laminar bottom boundary layer separating from the bed, interacting with the pycnocline,

and consequently destabilising the rear face of the wave. Given the implications of wave breaking
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for global mixing, classifications of wave breaker should account for the separation of turbulent

[not laminar] BBLs and the energetic constraints associated with realistic near-bed stratification.

3. Investigation of the combined effects of barotropic-baroclinic tidal boundary-layers.

Combined barotropic-baroclinic forcing is common for BBLs on the continental shelf. While

the lower portion of such BBLs may resemble classical unstratified boundary-layers, the outer

portion is certainly modulated under this combined barotropic-baroclinic forcing. The question

is: how does this modulation manifest itself, and can it ever be accurately described? Beyond

pure scientific interest there is a pragmatic [and perhaps more pressing] question for engineering

design, which is how to interpret the typical single point engineering-type measurements made

well beyond the actual log-layer in the ocean.

Process-oriented simulation again has advantages here as the nature of interior motions can

be controlled. An important scaling parameter is the ratio of the baroclinic wavelength to the

boundary layer thickness, which is typically very large in the field. LES codes with periodic

boundary conditions will require an integer number of baroclinic wave-lengths to ensure continuity

is maintained, and thus large numerical domains will be required. This is not an issue in the

barotropic only case, as the mean-flow is effectively 1D and relatively short periodic domains can

be used in the horizontal directions.

4. Investigation of the effects of slow mean-flow rotation. Tidal flows are often idealised by

consideration of flow in a 2D [x-z] plane. On the continental shelf, however, tidal flows generally

rotate, typically with a significant asymmetry between the major and minor elliptical axes. When

a two dimensional [x-z] oscillatory flow reverses, the sign of the bed stress reverses and the

boundary-layer which formed in the previous half cycle decays in the absence of ongoing local

shear production or turbulent transport. In a stratified flow, actively forced boundary-attached

eddies will only occupy the full mixing-layer thickness for a portion of the flow cycle. If the forcing

pressure gradient rotates, rather then truly reversing, turbulence may be able to continuously

adjust. If boundary attached eddies are able to permanently occupy the full extent of the

mixing-layer, this will affect the growth rate of the mixing-layer [the mixing is effectively unaware

of any unsteadiness in the flow]. The boundary-layer in the present results appears to behave

qualitatively similarly to planar flow, though understanding the adjustment of high Reynolds

number turbulent boundary-layers in response to rotating pressure gradients in (x,y) space may

be significant in many regions.

5. Understanding the spatial and temporal coherence of the bottom mixing-layer and

mixing-layer pycnocline. Spatially variable bottom mixing-layer (BML) and mixing-layer

pycnocline [MLP] dynamics will affect the low frequency near-bed circulation at the basin scale.

There are presently many knowledge gaps in regard to the prediction of spatio-temporal BML

dynamics in coastal regions such as the Browse Basin, where the present study was focused.

The nature of BMLs and MLPs will vary on the continental shelf due to the spatio-temporal

variability in boundary mixing, ambient stratification, and forcing timescales. The efficiency

of mixing where there are multiple constraining timescales is poorly understood. In addition,

as the mixing-layer likely enhances horizontal mixing by shear flow dispersion, the horizontal

density gradients may be weaker in the BML than in the interior. If this occurs, the temperature

gradient across the MLP would be variable across the shelf as a consequence. Last, the nature of
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CHAPTER 5. CONCLUSIONS

the BML and MLP may vary due to variations in the mechanisms responsible for re-stratification

of the near-bed fluid. Such mechanisms are inadequately understood at present, but are likely

highly basin dependent 3D processes which would be poorly represented by idealised 1D or 2D

modeling.

6. Validation of KdV friction parameter. More observations of TKE production beneath

NLIWs would give greater confidence in the boundary friction parameterisation provided here.

Observations should span a wider variety of initial wave shapes [including linear waves and

internal solitary waves] over a wider range of bottom slopes, bottom roughness, and water depths.

A relation between the form derived here from consideration of energetics, and a form derived

from conservation of momentum and drag force would be insightful, and may further elucidate

the validity of the assumptions.
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Appendix A

ADV QAQC

QAQC is divided into QAQC performaed on the raw 64 Hz data, and QAQC performed on the

individual 5-minute sub-segments. QAQC performed on the raw data consisted of a threshold analysis

on instrument diagnostic information and a phase-space spike detection algorithm Goring and Nikora

[2002]. Removed data were replaced by linear interpolation. In energetic flows, some spectra contained

small, short bandwidth spikes at high frequency, believed to be due to vibration of the instrument

mount. These did not materially affect either stress, TKE, or dissipation estimates, and so were not

removed.

The following tests were performed on the 5-minute sub-segments, and where they failed the entire

sub-segment was discarded from the final mean and/or turbulence records.

1. Low raw data quality Where more than 5% of a 5-minute sub-segment failed the raw data

QAQC it was discarded from both mean AND turbulence records.

2. Frozen turbulence hypothesis 5-minute blocks violating RMS(u′1)� u1 were discarded from

the turbulence record only [not from the mean record].

3. Stationarity test We performed a runs test for stationarity [Bendat and Piersol, 2000] on each

5 minute block of the turbulent velocity record using 30-second sub sections. We performed

the test on both the mean and standard deviation, and in the event that either test failed, the

segment was rejected from the turbulence record only [not from the mean record].

4. Frame interference This was done last as it requires a valid estimate of dissipation from the

ISR method [ε] . The lander frame, T-string, mounted instruments and associated battery packs

created a flow obstruction, with the potential to perturb the flow at the ADV locations. The effect

on mean flow measurements was generally minor, though the effect on the turbulent field was at

times significant. Frame interference was evaluated by comparing ε, with an independent estimate

of dissipation made using the mean velocity, i.e. by distance to the wall scaling and the quadratic

drag law εCd = (
√
Cd|u1|)3/κz. Segments where ε/εCd > 10 were not removed, but rather flagged

as being potentially affected by frame wake. We then evaluated the direction of mean flow, and

arcs where there were repeated individual flagged sub-segments, were flagged. Flagged arcs

that could be explained by physical obstructions on the frame [e.g. other instruments, battery

canisters or structural members of the frame] were identified as being influenced by frame wakes.

Any sub-segments where flow was between these arcs were removed from both the mean and

turbulence records.
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Segments with |u1| below 0.05ms−1 were excluded from this analysis as εCd approaches zero

around flow reversal yet historical turbulence may remain, thus ε/εCd < 10 becomes very large

even in the absence of frame interference. We note that this method detects the presence of

turbulent wakes, but does not detect gentle mean flow deflection beyond the turbulent wake

itself.

For the ADV at 0.49 m, frame interference was identified to have occurred over the arc from

325 degrees clockwise to 100 degrees, and the arc from 190 degrees clockwise to 270 degrees.

Flow was through this second arc only during flow reversal. For the ADV at 1.4 m, interference

occurred over the arc from 20 degrees clockwise to 200 degrees, corresponding to the majority of

the on-shelf flow phase.

Table A.1 below contains statistics of the data removed through the various tests.

Table A.1: Percentage of sub-segments rejected through the various QAQC tests

Description Applied to NLIW OTHER LS
0.49 m
ASB

1.4 m
ASB

0.49 m
ASB

1.4 m
ASB

0.49 m
ASB

1.4 m
ASB

4 Frame Interference Mean&Turb 35 66 45 52 28 50

1 Low Quality Raw Data Mean&Turb 0 1 0 0 0 0

2 Stationarity Turb 12 5 11 12 10 8

3 Taylor’s FT Hypothesis Turb 7 6 8 5 8 3
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Adaptation of Valipour et al. [2015]

data

Valipour et al. [2015] calculated the traditional Weatherly and Martin [1978] boundary layer thickness

[Equation 3.13] at the frequency of their data [u∗ and N0], and presented the averaged result over

four multi-day periods. They did this also for an alternate equation simplified for the unstratified

limit [δfML = 0.3u∗/f ], and again they presented only the averaged result. We used this result and the

inertial period for their location to estimate their average u∗ for each time-period [Table B.1 column 8].

They present a third formulation also, which is applicable in the buoyancy-dominated limit

[δNML = 1.3u∗/(fN)1/2] . We use this, the inertial period for their location, and the friction velocity

estimate to estimate their average N0 [Table B.1 column 9]. From here we have the necessary information

to evaluate the data of Valipour et al. [2015] against the mixing-layer thickness model of Equation 3.15.

Table B.1: Lake Erie [inertial period 18 hours] boundary-layer thickness and forcing conditions during
the experiment of Valipour et al. [2015]. The first 7 columns are directly from Valipour et al. [2015].
We estimated the final two columns by the methods described in this appendix.

Day of 2009 Forcing
ω
h−1

〈δOBSML 〉
m

〈δWM79
ML 〉
m

〈δfML〉
m

〈δNML〉
m

〈u∗〉
ms−1

〈N0〉
s−1

120-122 Seiches 1/14 16.2 16.7 11.9 6.6 2.1 5.6e-4

127-129 Seiches 1/14 4 2.9 2.0 3.6 1.2 5.9e-4

171-173 Poincare 1/17 2.3 5.6 4.0 5.6 1.8 3.6e-4

171-173 Poincare 1/17 3.3 6.9 5.0 7.3 2.4 3.9e-4
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Appendix C

Estimating bulk TKE production in

the BBL

In this appendix we describe the process we used to estimate the vertically integrated production

of TKE over the entire BBL for use in a KdV parameterisation of BBL losses, and to estimate bulk

production from a single point observation of turbulece in the inertial-sublayer. The assumptions herein

are fit for this purpose, but not necessarily for other purposes. We denote this bulk BBL production

PBBL, i.e.:

PBBL = ρ0

∫ δ

0
P (z)dz (C.1)

Production profiles [P (z)] within complex geophysical BBLs are not known analytically. If the

lower portion of the BBL is an inertial-sublayer, dissipation in this region scales as:

P (z) =
u2∗|u∗|
κz

(C.2)

We can vertically integrate this to estimate the the total TKE production within this sub-layer,

however we must know the limits over which it is applicable. In classical [steady, unstratified, zero

pressure gradient] BBLs, the inertial-sublayer occupies 10-15% of the total BBL thickness, and our

field observations were in agreement with this value [Chapter 3]. The lower limit of the log-layer is less

certain, with estimates ranging from tens to thousands of non-dimensional wall-units z+ = z/z0. Our

observations approximated hydrodynamically smooth flow, for which z0 is defined as:

z0 =
ν

9u∗
(C.3)

Assuming the start of the inertial sub-layer is z+ ≈ 100, and taking an order of magnitude estimate

of u∗ ≈ 1 cms−1 which we observed during energetic periods [Chapter 3], the inertial-sublayer would

begin at z ≈ 1 mm ASB. If we neglect the production in this lowest 1 mm of the flow, we now have:

PBBL ≈ ρ0
∫ 0.1δ

1mm

u2∗|u∗|
κz

dz + ρ0

∫ δ

0.1δ
P (z)dz (C.4)

In practice, provided z0 is small, the majority of the total BBL procuction occurs within this in the

inertial-sublayer, and thus the accurate representation of the outer portion production profile is less

important. For simplicity then, we make the approximation that the inertial sub-layer approximation
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is valid over the entire BBL, and thus:

PBBL ≈ ρ0
∫ δ

1mm

u2∗|u∗|
κz

dz (C.5)

With this lower limit and a 10 m BBL [δ = 10 m; see Chapter 3], we found that the average

production in the BBL is approximately equal to the production at z = 0.1δ [Figure C.1], which is

within the limit where C.2 is expected to hold. We therefore have a simple estimate for bulk production:

PBBL ≈ ρ0δP (z = 0.1δ) ≈ ρ0
u2∗|u∗|
κ0.1

(C.6)

And this is the estimate we used in our KdV model. We also used this approach to estimate the

bulk production from the field data assessment. Naturally this is expected to vary spatially due to

changes in the seabed-roughness. We also note that as production is so much greater near-bed, the

assumed lower limit in Equation C.2 does make a material difference to the mean production. Starting

at 1 m ASB, rather than 1 mm ASB, the average production [and hence bulk production] differs by

a factor of 3. We note that while PBBL [C.6] is not explicitly a function of δ, the coefficient 0.1 is

affected by both δ and the inner length-scale [roughness or viscous length-scale].

Figure C.1: Assumed production profile [solid black] for a 10 m thick BBL. The black dashed line
indicates 10% of the BBL thickness. The red line indicates the average BBL production from 1mm
ASB to 10 m ASB with 1 mm increments. This average intersects the assumed profile near 0.1δ. For
reference, the lower ADV measurement height [0.49 m ASB] is indicated by the black dotted line.
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KdV Sensitivity

In Section 4.5.1 we ran a number of flat-bottom KdV simulations to test the sensitivity to realistic

energy losses in the BBL, with the key result that around 30% of wave energy may be lost as waves

propagate on-shelf over a distance of one steepening lengthsale [Ls]. As the method for deriving the

environmental parameters for these simulations involved many assumptions, this appendix serves to

demonstrate that the key result is not unique to the chosen parameters.

A base case simulation [Table D.1] used the same configuration described in Section 4.4.4. To test

the sensitivity to each of the environmental parameters we ran multiple cases with varying values of

η0, α, β, and νh. For each case [i.e each set of KdV environmental parameters] we ran 9 simulations,

each with a different value of kD = m5C
3/2
d from the set of [0, 0.000025, 0.00005, 0.0001, 0.0002,

0.0004, 0.0008, 0.0016, 0.0032], with kD = 0.0002 being the most realistic value based on the field data

assessment. For the 15 total cases there were thus a total of 135 simulations. The values of η0, α β, cl

and νh for each case are given in Table D.1. Unlike in Chapter 4, where 4.18 was solved using finite

difference methods, this sensitivity test was performed using spectral methods in the Dedalus framework

[Burns et al., 2020]. The full domain was 185 km, represented by 2048 Chebychev polynomials, with a

virtual mooring at 100 km. The initial condition was a state of rest [η(t = 0, x) = 0], and a 20 km

sponge boundary was used at the right-hand boundary. Otherwise the configuration was as in Chapter

4.

In Section 4.5.1 it was shown that the introduction of realistic bottom friction resulted in an

approximately 30% reduction in the peak energy [Ep] at the time the wave passed the mooring. This

result was not greatly sensitive to η0 between 30 and 45 m, with Ep reducing by 25-30% between the

no friction and realistic friction cases [Figure D.1 Panel 1]. The greater loss in energy for the high

η0 cases was counteracted by greater non-linear steepening, which acts to elevate Ep in the high η0

simulations.

The response to variable α was more complicated. When the absolute value of α was reduced to

0.003 s−1 minimal steepening was observed before the train reached mooring, and energy loss between

no friction and realistic friction cases was only ∼ 10% [Figure D.1 Panel 2], With α = −0.003 s−1

NLIW shocks formed which exceeded η0, and the energy loss between no friction and realistic friction

cases again reached ∼ 25%. In larger |α| simulations the energy loss between no friction and realistic

friction cases was 20% or greater, and there was little effect of increasing |α| beyond 0.006 [Figure D.1

Panel 2].

Energy loss between no friction and realistic friction cases was not greatly sensitive to νh, though

above νh = 1 m2s−1 the losses due to this interior friction term dominated the boundary losses, while
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Table D.1: Environmental parameters in each set of KdV simulations. Deviations from the base case
are indicated in bold.

Case code η0 α β cl νh
0 [BASE CASE] 35 -0.005 10000 1.5 0

1 35 -0.005 10000 1.5 0.1

2 35 -0.005 10000 1.5 1

3 35 -0.005 10000 1.5 10

4 35 -0.005 6000 1.5 0

5 35 -0.005 8000 1.5 0

6 35 -0.005 12000 1.5 0

7 35 -0.003 6000 1.5 0

705 35 -0.004 6000 1.5 0

8 35 -0.006 6000 1.5 0

805 35 -0.007 6000 1.5 0

9 35 -0.008 6000 1.5 0

0.1 30 -0.005 10000 1.5 0

0.2 40 -0.005 10000 1.5 0

0.3 45 -0.005 10000 1.5 0

the results for νh = 0.1 m2s−1 barely differed to those at νh = 0 [Figure D.1 Panel 3]. We did not

attempt to parameterise interior losses using field observations, as the horizontal viscosity mechanism

does not replicate the spatio-temporally patchy nature of NLIW turbulence [e.g. Shroyer et al., 2010].

Nonetheless, based on our limited microstructure observations, νh = 10m2s−1 appears to greatly

overestimate the time-integrated energy loss.

The time integrated energy loss term was very sensitive to β. This is expected as β, enters directly

into the turbulent loss term through the equivalent depth h. Having said this, β is relatively insensitive

to stratification [c.f. α]. As such, the wide range of β used here is rather unrealistic.

The key result of section 4.5.1 is, as expected, sensitive to the choice of environmental parameters.

Within reasonable ranges, however, the result that realistic bottom losses reduce peak wave energy by

20-30% over a propagation distance of 1 steepening length-scale is maintained.
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Figure D.1: Sensitivity of KdV to environmental parameters. As per Figure 4.12 but sweeping
through all of the other environmental parameters. The tw is given in the upper left of each panel and
the legend indicates the parameter we are sweeping through. The blue curve in each panel is the base
case. Note that in these spectral tests we plot a slightly different time than was used in Figure 4.12
[tw = 19.6 h vs. tw = 21.7].
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