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Abstract

The coherent interaction of laser radiation with widely spaced mirror test

masses is used to measure gravitational wave induced motions in interfero-

metric gravitational-wave detectors. A century after the predictions of Ein-

stein and Schwarzschild, gravitational waves were directly detected for the

first time by interferometric gravitational wave detectors. This was the first

direct observation of a merging binary black hole system. This discovery

enhances the significance of improving sensitivity of gravitational wave in-

terferometers in the future.

The sensitivity of first generation gravitational wave (GW) detectors such as

LIGO reached the quantum shot noise limit in the high frequency part of the

spectrum. In the second generation detectors, quantum radiation-pressure

noise dominates at low frequencies, while shot noise dominates at high fre-

quencies. A region around 100Hz is limited by classical test mass thermal

noise, but as better optical coatings and test masses become available, future

detectors should be limited mostly by quantum noise. This thesis investigates

theoretical schemes and experimental demonstrations towards sensitivity en-

hancement of gravitational wave detectors via optomechanical interactions

and the three-mode parametric instabilities caused by these interactions.

This thesis is a collection of publications that I worked on with the UWA

gravitational wave research group. In Chap. 1, I introduce background of

gravitational waves and their detectors, especially on the fundamentals of

ground-based laser interferometric gravitational wave detectors. In Chap.

2, I introduce the properties of optical cavities, Gaussian beams and a cou-
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pled cavity with a membrane in the middle. I discuss the concept of optical

springs and Hamiltonian descriptions of optomechanical systems. In Chap.

3, I describe the experimental designs used for two independent experimen-

tal projects in Chaps. 4 and 5, including the optical and mechanical designs.

I also present some experimental characterizations of the 85 mm coupled

optomechanical system, which is the critical part of these two projects. In

Chap. 4, I report on the observation of the optomechanically induced trans-

parency (OMIT) and demonstrate the frequency-dependent noise ellipse ro-

tation via optomechanical interactions. This is an innovative application of

optomechanical systems in the sensitivity enhancement of laser interferomet-

ric gravitational wave detectors. In Chap. 5, I present a realization of the

linear negative dispersion via optomechanical interactions, which can poten-

tially be used to improve the sensitivity of laser interferometric detectors. In

Chap. 6, I analyze the application of this optomechanical negative dispersion

system in the configuration of a white-light signal-recycling interferometer.

We discuss the improvements in the sensitivity of such an interferometer. In

Chap. 7, I report on the observation of three-mode parametric instabilities

in long optical cavities, and their suppression by dynamic transverse mode

frequency modulation. In Chap. 8, I describe the conclusion and future work.
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Chapter 1

Introduction

In 1915, Albert Einstein predicted in his theory of general relativity that

gravity is due to a curvature of spacetime [1]. Spacetime is interpreted as

space in three dimensions and time as a fourth dimension. The existence

of large masses or energies distort the spacetime, which we observe as grav-

ity. When massive objects change rapidly, gravitational waves are emitted

as ripples of spacetime curvature and take away energy from their sources.

Einstein predicted that gravitational wave amplitudes would be very small,

and suggested they would not be useful in a practical way.

In 1974, Hulse and Taylor discovered the first binary pulsar PSR 1913+16. In

1979, they published a paper to announce the confirmation of the existence

of gravitational waves from observations of the energy loss of the pulsar sys-

tem [2, 3] . The discovery demonstrated the existence of gravitational waves,

but cannot provide information on the rich variety of nonlinear curvature

phenomena [4]. The astrophysics community came to realize that direct de-

tections of gravitational waves could provide more information of relativistic

systems and a new test of general relativity.

In this chapter, I present a brief introduction to gravitational waves and their

detection. More details can be found in review papers [5, 6, 7, 8]. Among the

experiments to detect gravitational waves, ground-based laser interferomet-

1



2 CHAPTER 1. INTRODUCTION

ric detectors are one of the most promising detectors. I introduce different

gravitational waved detectors,focusing on the ground-based interferometers.

I introduce the fundamentals and noises of the interferometric detectors. In

Sect. 1.4.1, I introduce quantum noise in interferometers and the background

of some proposals for sensitivity improvements. The proposals are related to

the specific projects in Chaps. 4, 5 and 6.



1.1. SIMPLE DESCRIPTIONS OF GRAVITATIONALWAVES IN THEORY3

1.1 Simple descriptions of gravitational waves

in theory

In Albert Einstein’s general theory of relativity, the Einstein field equations

describe the fundamental interaction of gravitation as a result of spacetime

curvature being distorted by matter and energy. The Einstein field equations

can be written in the form:

Gμν + Λgμν =
8πG

c4
Tμν , (1.1)

where Gμν is the Einstein tensor, gμν is the metric tensor, Λ is the cosmo-

logical constant, G is Newton’s gravitational constant, c is the speed of light

in vacuum and Tμν is the stress-energy tensor. Modern physics shows that

the cosmological constant is very small. The relation beteween the Einstein

tensor and the stress-energy tensor becomes:

Gμν =
8πG

c4
Tμν . (1.2)

Here, the coupling constant 8πG/c4 is an extremely small number, of order

10−43 kg−1·m−1·s2. This illustrates the extremely high stiffness of spacetime

curvature, and explains why gravitational waves have a small amplitude but

a high energy density.

The relative motion of a gravitational wave source is a sum of contribu-

tions from two different polarizations, each with time-evolving transverse

waveforms: h+(t) and h×(t). As shown in Fig. 1.1, a gravitational wave

propagating in the z-direction squeezes and stretches the separations of test

particles in a plane perpendicular to the z axis. The waveform is a combina-

tion of its two component polarizations: h+(t) (“plus”) polarization pushes

test particles together along the x direction and pushes them apart along the

y direction when h+(t) is positive, and reverses when it is negative; h×(t)

(“cross”) polarization squeezes and stretches along the directions at a 45◦

angle from the x and y axes. The polarizations of gravitational waves should

be taken into consideration in the designs of gravitational detectors, which
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will be discussed later in Sect. 1.3.2.

Phase

Figure 1.1: Deformation of a free-falling particle ring when a passing gravita-
tional wave travels perpendicular to the plane of the ring. The two sequences
correspond to the effects on matter by two polarizations h+ and h× of grav-
itational wave signals, in one period cycle.

The waveforms of gravitational wave signals depend on the types of emission

sources. An ideal example of a gravitational waveform is shown in Fig. 1.2

for a binary system inspiral. Due to radiating GWs, such a binary system

will lose energy and speed-up to generate a chirp in its end-of-life stage. Be-

fore the end, both the frequency and the strength of the gravitational waves

increases rapidly. At last, the two objects merge into one as shown in Fig.

1.3. The gravitational wave strain with two polarizations h+(t) and h×(t)

provides the information of binary’s distance from the Earth, the masses of

its component bodies, their orbital eccentricity e and so on.
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Figure 1.2: The dimensionless amplitude of an inspiral gravitational wave
binary source. The frequency is changing approximately from ∼ 400 to
∼ 3000 Hz. Credit: A. Stuver/LIGO.

The waveforms of gravitational wave carries detailed information about their

sources. A direct detection of gravitational waves can provide more informa-

tion about interesting astronomy sources. In Sect. 1.2, I give some examples

of interesting astrophysical sources of gravitational waves.

1.2 Gravitational waves: sources, significance

and detection

The waveforms of gravitational waves carry detailed information about their

sources. Here are some examples of interesting astrophysical sources of grav-

itational waves:

Compact binaries: Compact binaries are made up of at least one white

dwarf, neutron star (NS) or black hole (BH) orbiting close to its compan-

ion. The gravitational waveforms for colliding neutron stars are useful tools

for revealing the mass-radius relations of neutron stars [9]. Observations of

these sources will help us to understand stellar population models and the

evolution of stars.
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Black hole mergers: A super-massive black hole (SMBH) is a black hole

with a mass of over a million times the mass of the sun. When two galaxies

merge, the massive super black holes in their centers also spiral in together

and emit strong gravitational radiations. Measuring these mergers can illus-

trate interesting properties of black holes and galaxy evolution.

Figure 1.3: An artist’s impression of two stars orbiting each other and
progressing to a merger with resulting gravitational waves. Image ref:
NASA/CXC/GSFC/T. Strohmayer.

Extreme-mass-ratio inspirals: In the cores of galaxies, compact objects

may sink towards the super-massive black holes. For example, when a small

black hole spirals into a large black hole, the waveforms carry the signature

which maps out the spacetime geometry around the black hole [10], as well as

providing us with more information about stellar systems in galactic centers.

The Big Bang: During the early stages of the universe, tiny fluctuations

in spacetime were greatly stretched during a period of inflation. Stochastic

gravitational waves distort the Cosmic Microwave Background, which can be

detected. A detection of the gravitational wave background would allow us to

understand the mechanisms in the inflation era of the universe, to distances

much further than we can see using electromagnetic radiation.

In order to obtain more information about those astronomical sources, there

is an ongoing effort to detect gravitational waves using interferometers on the

ground and in space, and through pulsar timing arrays. A global community

of scientists and engineers is currently working towards the first detection of
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gravitational waves. An introduction to these detectors is given in detail in

the following Sect. 1.3.

1.3 History of Detectors

In the early 1960s, Joseph Weber first proposed the detection of gravitational

wave signals using a massive aluminium bar as the antenna. There is an on-

going effort towards achieving better gravitational wave detection sensitivity

by various schemes. Here, I give a brief introduction to various different de-

tectors. The characteristic strain sensitivities of these detectors and various

sources are shown in Fig. 1.7.

1.3.1 Resonant Gravitational wave detectors

In the early 1960s, Weber constructed the first suspended high quality-factor

bar antenna. It was a 1.2-ton aluminum cylinder with a length of 1.5 m and

diameter of 61 cm. The first longitudinal mechanical mode of the bar antenna

was ∼1.66 kHz at room temperature [11]. When the incoming gravitational

waves match its resonant frequency, the aluminium bar vibrates sympatheti-

cally. The gravitational wave signals are exceedingly weak and hard to detect

when they reach the surface of the Earth. Therefore, a series of piezoelectric

crystals were mounted around the bar to transfer tiny mechanical strains to

voltage outputs. Weber’s bars were kept in a vacuum chamber at room tem-

perature. The thermal noise of the aluminum bars significantly limited the

sensitivity strain to about 10−16. Based on Weber’s bar, many room temper-

ature resonant-mass gravitational wave detectors were constructed [12, 13].

In the second and third generation of resonant detectors, the major improve-

ments were to lower the temperature using cryogenic techniques, to enhance

suspension systems and to use electromechanical resonant transducers [14].

In the 1990s, a gravitational wave detection network of five bar antennas was

operating: Explore (1990), Allegro (1991), Niobe (1993), Nautilus (1995) and

Auriga (1997) [15, 16].
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Figure 1.4: (a) A picture of a cryogenic Niobe bar detector and (b) the design
of the superconducting parametric transducer. (a) Niobe bar: 1.5 tones, 3
m×30 cm, T= 4 K, liquid helium supplied at 0.5 Liters per hour, with
cryogenic vibration isolation. The measured quality factor is Q = 2.3× 108.
(b) Annealed niobium bending flap created a secondary resonator. The re-
entrant cavity was used to measure motion between two resonators. Chokes
can reduce radiation loss and the parts were assembled using very thin epoxy
resin [17, 18].

Among them, the Niobe project was constructed in the University of West-

ern Australia (UWA). Using the Niobe bar, as shown in Fig. 1.4 (a), they

demonstrated a high intrinsic Q-factor of 2.3×108 at 4 K, a world record for

any metal [17].

In 1993, Blair et al. realized a high-Q niobium resonant mass gravitational

radiation antenna with a superconducting parametric transducer [18]. As

shown in Fig. 1.4 (b), the parametric transducer they used was a non-

contacting microwave re-entrant cavity, whose capacitance was modulated

by the relative motion of the antenna and a mechanical bending flap. The

bending flap acted as a mechanical transformer to match the bar impedance

to the impedance of the transducer. This detector was the first use of high

performance optomechanics with microwaves [18].

In a similar way, a stabilized Nd:YAG laser provides a low noise optical os-

cillator for optical parametric transducers. The laser interferometric gravita-

tional wave detectors, like LIGO and LISA, use optical cavities as parametric
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transducers, which are introduced in Sect. 1.3.2 and 1.3.3.

In the Niobe bar experiment, they observed intrinsic cold damping of a para-

metric transducer. This phenomena is similar to optical cooling which is

commonly used in optomechanical interactions. The details about optome-

chanical interactions will be discussed in Chap. 2.

1.3.2 Ground-based laser interferometric gravitational

wave detectors

As shown in Fig. 1.1, gravitational waves traveling towards the plane of the

detector interact with test masses by squeezing objects in one direction while

stretching them in the perpendicular direction. Therefore, the current state-

of-art interferometric detectors are L-shaped to maximize their interactions

with gravitational waves.

An interferometer detector uses four test masses hanging by isolation systems

to form two optical arm cavities (see Fig. 1.5 (a)). The two arm cavities

are perpendicular to each other. The light travels back and forth inside

the optical cavities of length L. Using the same principle of the Michelson

interferometer, the interference signal of the output is proportional to the

length difference ΔL of the two arm cavities. Fig. 1.5 (b) and (c) give a

schematic diagram of the interferometer interacting with gravitational waves

coming from a certain direction, i.e. normal to the interferometer plane. In

this simplified case, one arm cavity is stretched while the other is compressed.

The differential motion of two arms is proportional to the gravitational wave

signal. In the general case, the fractional length difference ΔL/L is equal to

a combination of the two polarization components:

ΔL

L
= F+h+(t) + F×h×(t) ≡ h(t), (1.3)

where the coefficients F+ and F× are of order unity and depend on the di-
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rection to the gravitational-wave source and the orientation of the detector.

Here, h(t) is the gravitational-wave strain acting on the detector.

Figure 1.5: (a) A schematic diagram of a Fabry-Pérot Michelson interfer-
ometer; (b) and (c) are the responses of a laser interferometer interacting
with a gravitational wave coming from a certain direction, i.e. normal to
the interferometer plane. The length difference ΔL is exaggeratedly drawn,
whereas actual displacements are very small.

The gravitational-wave strain sensitivity is related to the length of the arm

cavities, which offers the reason for proposing the 4 km LIGO. From the

relation of the Einstein tensor and the stress-energy tensor in Eq. 1.2, we

can see that a gravitational wave has an exceedingly small amplitude, and

the spacetime curvature is very stiff as explained in Sect. 1.1. Because of
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the very high impedance of spacetime and the low impedance of matter and

electromagnetic fields, it is very hard to realize impedance matching and im-

prove the efficiency of gravitational wave detection.

In a laser interferometric detector, high finesse Fabry-Pérot optical cavities

are used as arm cavities to enhance the effective length of the optical path and

signal readout. One side of each of the test masses is polished and coated

to form a mirror with high reflectivity, low transmissivity and low optical

losses. The other side is polished and anti-reflection coated. The incident

light is separated by the beam splitter and travels many times inside the cav-

ity. The responses of the cavity due to gravitational waves are in anti-phase,

and the differential length changes induced by the gravitational wave will

be extracted from the output port readout. More details about technologies

in state-of-the-art laser interferometric gravitational wave detectors can be

found in Sect. 1.4.

There is a planned global network of multiple interferometers to verify de-

tections and to localize the sources of gravitational waves. A location map of

detectors and collaborating partners is shown in Fig. 1.6. The initial LIGO

has been operational from 2005 to 2007. The initial LIGO detectors reached

their design sensitivity in 2006, achieving a strain sensitivity of ∼ 10−22 in

the 100 Hz detection frequency band[8]. The strain sensitivity of different

laser interferometric gravitational wave detectors can be found in Fig. 1.7.

The new generation, the Advanced LIGO detector, will be over ten times

more sensitive in a broader frequency band than initial LIGO (see Sect. 1.4).

1.3.3 Laser Interferometer Space Antenna

The ground-based interferometers are used to detect gravitational waves

around 10−104 Hz. The low frequency sensitivity is limited by various sources

of noise, e.g. seismic noise. A space-based interferometric antenna, the Laser

Interferometer Space Antenna (LISA), was proposed and developed as a low

frequency gravitational wave detector. LISA is designed to be sensitive at
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Figure 1.6: A network of multiple interferometers. LIGO Hanford: two
detectors, 4 km and 2 km; LIGO Livingston: one detector, 4 km; GEO600:
600 m [19], Germany; Virgo: 3 km, Italy [20]; Kagra: 3 km, Japan [21];
AIGO: 80 m, Australia.

frequencies within 10−4−10−1 Hz, with a strain sensitivity of 4×10−21 Hz−1/2

at 1 mHz (see Fig. 1.7). LISA consists of three spacecraft 5 million kilome-

ters apart in a triangle, each of which has a pair of laser sources and test

masses to measure the gravitational wave-induced strain of spacetime curva-

ture. Each spacecraft houses a gravitational reference sensor (GRS), which

is a test mass assembly with supporting subsystems. Micronewton thrusters

are used in the drag-free control system to position the spacecraft. With

this technology, each spacecraft freely follows its own Keplerian path and no

station keeping is required. The LISA Pathfinder with two test masses will

be launched first, to test the drag-free control systems and the feasibility of

laser interferometry in space[22].

1.3.4 Pulsar Timing Arrays: using pulsars as a gravi-

tational wave detector

The International Pulsar Timing Array (IPTA) project is proposed to de-

tect ultra-low frequency gravitational waves (∼ 10−9 to 10−8 Hz). Details

about this technique can be found in the literature [23, 24]. In brief, the

observed times-of-arrival (TOAs) are influenced by many factors, including
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gravitational-wave signals. Usually, a prediction of arrival times can be ob-

tained by considering a pulsar model with all known parameters and details

of the pulse propagation. Gravitational waves are not by default included in

a pulsar timing model. The deviation between the predicted TOAs and the

observed ones, known as “timing residuals”, may contain effects induced by

gravitational waves. The typical residuals induced by gravitational waves are

smaller than 100 ns [25]. For the majority of pulsars, the TOA uncertain-

ties are ∼1 ms and their long-term timing irregularities make the detection

very difficult. Therefore, the millisecond pulsars become the preferred can-

didates because of their exceptional stability and small irregularities. The

root-mean-square TOA residual uncertainties for PSR J0437-4715 achieved

by the Parkes radio telescope are ∼60 ns with the best results of ∼30 ns at an

observing frequency of ∼3 GHz [25]. Various new telescopes will be able to

improve the signal-to-noise-ratio of existing timing projects within ∼10 years.

Figure 1.7: Characteristic strain sensitivity vs. frequency for a variety of
detectors and sources [26].
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1.4 Noises in Advanced laser interferometric

gravitational wave detectors

The current generation of ground-based laser interferometric gravitational

wave detectors, Advanced LIGO and Advanced Virgo, are now under con-

struction and operation. In Feb 2015, LIGO Hanford’s H1 detector has

achieved a two-hour full lock with all of the detectors’ core control systems

engaged. It can detect signals down to 10 Hz, instead of 40 Hz in the initial

LIGO. These improvements in sensitivity will increase the detection range for

neutron star binary coalescence from the current average horizon of about 50

million light years to a horizon distance of 500 million light years. This ac-

cesses a 1000 times larger volume of the universe, taking the likely event rate

from once in decades to once in weeks. To achieve this sensitivity enhance-

ment, all the subsystems needed to be improved. The sensitivity of Advanced

LIGO is limited by quantum shot noise at the high frequency range. In the

low frequency range, the sensitivity is mainly limited by thermal noises, seis-

mic vibrations, Newtonian gravity noise and some other noises.

On September 14, 2015 at 09:50:45 UTC the LIGO Hanford, WA, and Liv-

ingston, LA, observatory sites simultaneously detected a transient gravita-

tional wave as GW150914. This observation was confirmed to be produced

by the coalescence of two black holes. The signal reached a peak strain of

1.0 × 10−21 in frequency from 30Hz to 250Hz. This was the first direct de-

tection of gravitational waves. And it was the first observation of a binary

black hole and its merger [27]. This discovery led to a demand for further

sensitivity improvements of gravitational wave interferometers in the future.

As better optical coatings and test masses become available, future detectors

should be limited mostly by quantum noise.
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1.4.1 Quantum vacuum fluctuations and sensitivity en-

hancements

Two fundamental sources of quantum mechanical noise set a barrier for im-

proving the sensitivity of a laser interferometric detector: (a) fluctuations in

phase of output photons (quantum shot noise), and (b) fluctuations in radi-

ation pressure on the masses (quantum radiation-pressure noise) [28]. The

quantum shot noise and quantum radiation pressure noise are the uncertain-

ties in phase quadrature and amplitude quadrature correspondingly, which

are limited by the Heisenberg uncertainty principle.

1.4.1.1 Quantum noise in an interferometer and its quantum limit

In an interferometer, vacuum fluctuations entering from the asymmetric (out-

put) port contribute as the noise sources, while the carrier light is injected

from the symmetric (input) port. All field components are symmetrically

present in both arm cavities. As shown in Fig. 1.5, the interference of the

stable laser light towards the symmetric port is constructive, while the inter-

ference towards the asymmetric port is destructive. According to the phase

relation at the beam splitter [29], asymmetric field components, returning

from the interferometer arms to the asymmetric port, cannot be separated

from a gravitational-wave signal.

In principle, a laser interferometric detector is a position-sensing device,

which is sensitive to the position difference ΔL of two end mirrors (see Fig.

1.5). As the input laser power increases, the fluctuations in the number

of output photons decrease, but the momentum perturbations by radiation

pressure forces increase (see Fig. 1.8). The radiation-pressure spectral den-

sity SF is proportional to the laser power I0, while the shot-noise spectral

density Sx is proportional to 1/I0. Their product is subject to the Heisenberg

Uncertainty principle and can be no smaller than �
2 [30]. This fundamental

limit is known as the Standard Quantum Limit (SQL). In a conventional in-

terferometer, the shot noise and radiation pressure noise are not correlated.
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The net detector noise spectrum is:

Sh(Ω) =
1

L2
(Sx +

SF

μ2Ω2
), (1.4)

where μ is the reduced mass of four test masses. In a broadband interferom-

eter, the single-sided spectral density of the SQL is:

SSQL(Ω) =
8�

mΩ2L2
, (1.5)

where Ω is the angular frequency, m is the mass of each of the test masses,

� is the reduced Planck constant, and L is the arm length.
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Figure 1.8: The square root of the quantum noise spectral density
√
Sh

in conventional interferometers. Common values of parameters: L=4 km,
γ = 2π × 100 Hz. For initial LIGO (m=30 kg), the spectral density of
quantum noise and the SQL are the thick blue curve and the thick black
line, respectively. If increasing the laser power, the radiation pressure noise
increases while the shot noise decreases. If we reduce the mass of each test
mass, the SQL increases as indicated by the black dashed line. The red curve
shows the conventional spectrum with a reduced input laser power ISQL.

Fig. 1.8 demonstrates the spectral density of quantum noise. We can see that

the SQL depends on the mass of the test masses and cavity length. The input

laser power required to reach the SQL at a frequency γ is ISQL = mL2γ4/4ω0,
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where ω0 is the carrier light frequency.

1.4.1.2 Squeezed vacuum injection and sensitivity improvements

As proposed by Caves in 1980 [28] , a squeezed vacuum state can be used

to decrease the shot noise while increasing the radiation pressure noise, or

vice versa. In a conventional interferometer, the squeezed vacuum input at

a fixed squeeze angle can improve the sensitivity below the SQL in a narrow

frequency band (see the noise curve in Fig. 1.9).
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squeezed�variational

variational output

FD squeezed input

squeezed input

SQL

conventional

Figure 1.9: The square root of the quantum noise spectral density
√
Sh for

several interferometer designs. The values of parameters are based on initial
LIGO: m= 30 kg, L= 4 km, γ = 2π × 100 Hz, laser input power I0 = ISQL

. The noise curves are: (i) the noise for a conventional interferometer; (ii)
standard quantum limit (SQL)

√
SSQL; (iii) the noise for squeezed input

at a fixed squeezed angle, squeezed factor e−2R = 0.1; (iv) the noise for
optimized frequency-dependent squeezed input, input squeezed factor
e−2R = 0.1; (v) the noise for a variational-output interferometer with
optimized frequency-dependent homodyne phase; and (vi) the noise for a
squeezed-variational interferometer with input squeezed factor e−2R = 0.1,
optimized input squeezed angle π/2 and output homodyne phase.

In 2001, Kimble et al. [31] proposed possible broadband interferometer de-

signs that involved the used of pairs of successive filter cavities for realizing
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frequency-dependent squeezing of the input squeezed light, or frequency-

dependent homodyne detection in which the output field of the detector

is filtered in a frequency-dependent way. The basic idea is to suppress the

amplitude noise at the low frequency where the radiation pressure noise dom-

inates, and to squeeze the phase noise at the high frequency where the shot

noise dominates (see Fig. 1.9). The sensitivity of such designs across the

entire freequency band can be improved below the SQL. To match the filter

cavity bandwidth to the corner frequency of ground-based laser interferom-

eters, Kimble et al. [31] proposed to use kilometer-long optical cavities with

a narrow bandwidth. As an innovative application of optomechanical inter-

actions, we experimentally realize the demonstration of frequency-dependent

squeezing using optomechanically-induced transparency (OMIT). Instead of

a very long filter cavity, we achieve required tunable narrow bandwidths from

3 Hz to several-hundred Hz in an 85-mm optomechanical cavity. The band-

widths were effectively reduced by a factor of more than 103. This is one of

my postgraduate research projects and details are given in Chap. 4.

1.4.1.3 Power recycling and signal recycling

In 2001 and 2002, Buonanno and Chen showed that the combination of high

power and a signal recycling cavity can create significant quantum correla-

tions within the interferometer [32, 33]. In initial LIGO, a power-recycling

mirror (PRM) is placed between the laser source and the beam splitter. This

power-recycling mirror forms a slightly over-coupled power-recycling cavity

with the interferometer. For initial LIGO, the power-recycling mirror has

a transmissivity of ∼ 3% and a gain of ∼ 60, while the arm cavity stored

power is ∼ 10 − 20 kW. For Advanced LIGO, the designs call for storing

0.5− 1 MW optical power in the arm cavity. As illustrated in Fig. 1.8, this

will improve the shot noise limited sensitivity by a factor of 10− 50 or even

higher. With circulating power increasing, a parametric instability can occur

due to optical spring effects, which will be discussed in Chap. 2. An observa-

tion of parametric instabilities in long optical cavities is presented in Chap. 7.
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In addition to power recycling, Advanced LIGO also implements signal re-

cycling mirror for broadband detection. As shown in Fig. 1.10, a signal

recycling mirror is placed at the output port to form a signal recycling cavity

with the arm cavities. The signal recycling mirror reshapes the sensitivity

curve in two ways: (a) by adjusting the length of the signal recycling cavi-

ties, the coupled resonance can be detuned to match the frequency contents

of astrophysical sources; and (b) when the reflectivity of the signal recycling

mirror increases, the sensitivity at the coupled resonance enhances but the

signal recycling bandwidth decreases.

Figure 1.10: Advanced LIGO optical configuration. The rigid bow-tie cavity
is used to remove the RF sidebands and the higher-order spatial modes.

In order to achieve a broadband sensitivity enhancement, optical cavities

with a negative dispersion medium are proposed to create white-light signal

recycling cavities. In Chap. 5, we report the realization of linear negative

dispersion in a double-pumped optomechanical cavity. We make a proof-

of-principle demonstration of using the optomechanical device to realize an

active filter which possesses interesting optical properties. Tunable negative
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dispersion is demonstrated. In Chap. 6, we analyze the sensitivity improve-

ments by using the doubled gain negative dispersion cavity to build up a

white-light signal-recycling cavity.

Figure 1.11: Advanced LIGO noise budget. The Advanced LIGO interfer-
ometers are operating in the broadband configuration with an anti-resonant
signal recycling cavity. [6]

1.4.2 Thermal noise in mirrors and suspension system

The uncertainty in the motion of the test masses is induced by stochastic fluc-

tuation of forces, including thermal fluctuations. As a fundamental source

of displacement noise, thermal noise affects the sensitivity of the interferom-

eters in two ways: mirror thermal noise and suspension thermal noise (see

Fig. 1.11).

There are several types of mirror thermal noise: (i) the mirror coating Brow-
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nian noise is dominant in test mass thermal noise terms. It arises from

mechanical dissipation in the coatings, which is determined by materials and

layer structures; (ii) the mirror coating thermo-optic noise includes thermal

elastic noise; (iii) substrate Brownian noise does not limit the sensitivity of

modern detectors in substrates with a loss as low as 10−8 or better.

The suspension thermal noise comes from loss in the fused silica fibres, which

are used to suspend the mirror as a pendulum. In the suspension design of

the Advanced LIGO, the fibres are fabricated to be thin on the mirror but

about twice as thick near the ends. This could effectively reduce the level of

thermal noise.

1.4.3 Imperfections in the mirror shape and scattering

from residual gas

Imperfections in the mirror shape, or “figure error”, can introduce optical

losses and optical mode distortions. Recent work in our group demonstrates

that mirror figure errors can modulate the frequency of higher optical modes

and suppress parametric instability (see Chap. 7). The test-mass mirros

in Advanced LIGO have a radii of curvature (RoC) of ∼ 2000 m. If the

RoC of the end test mass changes 1 m from the nominal value of 2242 m

(corresponding to a sagittal change within a beam diameter ∼ 0.3 nm), the

TEM10 cavity mode frequency will change by ∼ 13 Hz. Fluctuations in the

residual gas also produce phase noise in the interferometer arms, which is

ignorable (see Fig. 1.11).

1.4.4 Seismic vibrations

Apart from earthquakes, the second largest component of ground motion is

a low frequency vibration at ∼ 0.1 Hz. For a quiet site, the displacement

spectrum is given by:

X(f) = 10−8(
1Hz

f
)2

m√
Hz

. (1.6)
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For example, the seismic noise spectral density is ∼ 10−10 m/
√
Hz at 10 Hz.

To reach a strain sensitivity ∼ 10−21/
√
Hz, suspension isolation systems of

a km-scale detector should be able to suppress seismic vibration by a factor

of ∼ 108 at 10 Hz. In the Advanced LIGO, multi-stage suspension isolation

systems will be developed to effectively decouple the test masses from the

ground vibrations.



Chapter 2

Fundamentals of Optical

Cavities and Optomechanics

The coherent interaction of laser radiation with test mass mirrors is used to

measure gravitational wave-induced motions in interferometric gravitational-

wave detectors. The two test masses in each arm cavity form an optical

cavity. Generally, an optical cavity consists of several mirrors that support

standing waves at certain resonant frequencies. In Sect. 2.1, I introduce

the fundamental concepts of optical cavities and Gaussian beams. In Sect.

2.2, I introduce the interesting optical properties of a coupled optical cavity

with a high Q−factor silicon nitride membrane in the middle. This setup

is constructed for the table-top optomechanical experiments, of which the

details are given in Chaps. 4 and 5. In Sect. 2.3, I discuss the concepts of

the optical spring in optical cavities, which are essential in optomechanical

interactions. In Sect. 2.4, I give a Hamiltonian description for optomechanical

interactions, which is used for analyzing the dynamics of our optomechanical

systems.

23
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2.1 Introduction of optical cavities and Gaus-

sian beams

The simplest optical cavity is the Fabry-Pérot cavity consisting of two facing

mirrors. A reflective layer is coated on the mirror surface for allowing the

build-up of light power inside the cavity. The light near the resonant frequen-

cies travels back and forth inside the cavity. The optical power can build up

inside an optical cavity. The characteristics introduced in this Section are

basic but very useful for a successful experimental design.

2.1.1 Resonance, bandwidth and finesse of optical cav-

ity

As illustrated in Fig. 2.1, a portion of incident light goes into the cavity, built-

up inside the cavity and transmits to the outside. For those fields which can

be resonant inside the cavity, the length L of the cavity must be an integer

number times the electromagnetic wavelength λ. In the frequency domain, it

requires the frequency of the resonant electromagnetic fields to be an integer

number times the free spectrum range ΔfFSR of cavity, where ΔfFSR = c/2L

and c is the speed of light. A cavity acts as a filter with resonance peaks,

evenly separated in the frequency domain. In the interferometer, the carrier

laser injected from the symmetric port is resonant in the arm cavity. The

gravitational wave signals are sidebands around the carrier frequency.

When the frequency of the light is slightly offset from the resonance, some

light can still get transmitted. The change in the transmitted intensity is

proportional to the change in laser frequency. The resonance of an optical

cavity has a bandwidth γ, which depends on the reflectivity R1, R2 and cav-

ity length L. The bandwidth is inversely proportional to the cavity storage

time τ . The storage time is an important physical quantity representing the

quality of a cavity. The longer a cavity is and the higher the reflectivities

are, the more narrow the bandwidth is. The initial LIGO requires a very
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Figure 2.1: A schematic diagram of a Fabry-Pérot cavity. The left hand-
side diagram illustrates the input-output of cavity and intra-cavity optical
build-up. The right hand-side plot shows the standing wave and resonance
conditions. The red dots are the nodes of the standing wave.

narrow bandwidth of ∼ 2π × 100 Hz in a 4-kilometer-long arm cavity.

The intra-cavity gain of an optical resonator can also be described by finesse

F = πΔfFSR/γ. The finesse F quantizes the loss of stored energy inside

a cavity. If we switch off the incident light, the laser power will ring down

with time. The typical ringdown time scale τ is related to F through F =

2πΔfFSRτ . Due to the frequency fluctuations of the laser source, we have

to lock the laser frequency to the resonant frequency of a cavity by feedback

control. A brief introduction about the Pound-Drever-Hall laser frequency

stabilization method is presented in Sect. 2.1.4.

2.1.2 Input-output relation and effective power build-

up

++ --

Figure 2.2: A schematic diagram of the electromagnetic fields inside a cavity.
The signs of the reflectivity are noted by +/−. r1,2 and t1,2 are the reflectivity
and transmissivity coefficients, respectively.
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As shown in Fig. 2.2, we have a simple Fabry-Pérot cavity with two coated

mirrors. The amplitudes of the electromagnetic fields in a round trip can be

given by:

E1(t) = r1E4(t) + t1Ein(t), Eref(t) = −r1Ein(t) + t1E4(t)

E2(t) = E1(t− L/c), E3(t) = r2E2(t),

E4(t) = E3(t− L/c), Et(t) = t2E2(t),

where we can get the input-output relations and circulating power in the

frequency domain as:

rcav(ω) =
Eref

Ein

=
−r1 + r2(r

2
1 + t21)e

2iωL/c

1− r1r2e2iωL/c
, (2.2a)

tcav(ω) =
Et

Ein

=
t1t2e

iωL/c

1− r1r2e2iωL/c
, (2.2b)

Pcav(ω) = | E1

Ein

|2 = t21
1 + r21r

2
2 − 2r1r2 cos (2ωL/c)

. (2.2c)

In a high finesse optical cavity (r21,2 ∼ 1), we have the expansion as cos (2ωL/c) =

1− (δω)2/2Δf 2
FSR +O(δω)4 where δω ≡ [ω]mod(2πΔfFSR). Near the resonance

of the cavity where δω � ΔfFSR, we can ignore the higher-order term and

obtain a Lorentzian circulating power:

Pcav(ω) ≈ Acav

1 + (δω/γ)2
, (2.3)

where the cavity power amplification factor Acav = 4t21/(t
2
1 + t22)

2. Here, we

use the approximations: r1,2 =
√
1− t21,2 ≈ 1 − t21,2/2. The bandwidth γ is

the half width at half maximum (HWHM) of circulating power as:

γ ≈ ΔfFSR(
1− r1r2√

r1r2
), (2.4)

where the finesse of the cavity is:
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F =
πΔfFSR

γ
≈ π

√
r1r2

1− r1r2
. (2.5)

2.1.2.1 Effective power build-up

Regarding the mirror parameters, a simple Fabry-Pérot cavity can be divided

into three cases:

• when T1 < T2 + Ploss, the cavity is called under-coupled

• when T1 = T2 + Ploss, the cavity is called perfect-coupled

• when T1 > T2 + Ploss, the cavity is called over-coupled

where Ploss is the optical absorption and scattering in the cavity.

The differences among them have to be considered in the application of cav-

ities in laser systems because their phase responses are different. In optome-

chanical systems, a strong optomechanical coupling requires a large circulat-

ing power. With the same total optical loss (T1 + T2 + Ploss), the circulating

power is larger in an over-coupled cavity. From the cavity power amplification

factor Acav = 4T1/(T1+T2+Ploss)
2, we can see that a high circulating power

requires low total optical losses and a high portion of T1. Hence, most com-

monly used cavities are impedance matched or over-coupled. In aLIGO-type

detector, the end test masses are required to have ultra-low transmissivity

for effective power build-up and reducing entry of vacuum fluctuations.

2.1.3 Gaussian beam, mode matching and higher-order

optical modes

In the previous section, we do not consider the transverse geometry properties

of electromagnetic fields. In this section, we consider the transverse beam

geometry as a sum of ’spatial modes’. The optical fields propagating along

the z-axis can be written as:
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E(t, x, y, z) =
∑
j

∑
n,m

ajnmunm(x, y, z) exp(i(ωjt− kjz)), (2.6)

with unm as spatial functions, ajnm as the complex amplitude factors, ωj as

the angular frequency and kj = ωj/c.

2.1.3.1 Gaussian beam profile

In laser systems, the spatial modes of particular interest are the Gaussian

modes. By solving the paraxial Helmholtz equation [34], we can get the

lowest-order Hermite-Gauss mode, which is usually called a Gaussian beam:

u(x, y, z) = u0
w0

w(z)
exp (−x2 + y2

w2(z)
) exp (ik

x2 + y2

2R(z)
− ikz − iφ). (2.7)

Here, φ(z) = arctan (λz/πw2
0) is the Gouy phase shift as the longitudinal

phase delay, R(z) is the radius of curvature of the wavefronts, w(z) is the

beam size at position z and w0 is the waist size. A Gaussian beam has a

circular cross-section and a Gaussian distribution radial intensity:

I(r) =
u2
0w

2
0

w2(z)
exp (− 2r2

w(z)2
), (2.8)

with 
r = 
x+ 
y. The beam size w(z) is defined as the radius at which the in-

tensity is 1/e2 times the maximum intensity I(0). When designing an optical

path, it is very important to compare the beam size w(z) with the apertures

of all optical components.

Fig. 2.3 shows the beam profile of the lowest-order Hermite-Gauss mode on

the optical axis (z-axis). A Gaussian beam can be divided into two sections:

(i) a near field, a region within the Rayleigh range zR, and (ii) a far field, far

away from the waist. The Rayleigh range is the distance from the waist to

the place where the area of the cross-section is doubled. It describes how far

the beam is collimated. It can be written as:
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zR =
πw2

0

λ
, (2.9)

and the beam size w(z) at different positions z can be written as:

w(z) = w0

√
1 + (

z

zR
)2. (2.10)

with the beam waist at z = 0.

near field far field

beam waist

Figure 2.3: Beam profile of the lowest-order Hermite-Gauss mode. This
cross-section along the r-z-plane illustrates the beam size w(z) along the
optical axis (z-axis). The position of minimum beam size w0 is called the
beam waist.

Another parameter, which is useful for matching the Gaussian beam profile

to an optical cavity, is the radius of curvature of the wavefront at a given

point z:

R(z) = z +
z2R
z
, (2.11)

where the beam has a maximum curvature at the Rayleigh range, where

z = zR.
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2.1.3.2 Cavity stability criterion and mode matching

The cavity mirrors can be flat, concave or convex. A stable cavity should be

able to produce periodic refocussing of the intra-cavity beam. Assume we

have two cavity mirrors with radii of curvature R1 and R2 in a cavity with a

length of L, the stability criterion is:

0 ≤ g1g2 ≤ 1, g1,2 = 1− L

R1,2

. (2.12)

In order to achieve optical stability, we need to design an optical path with

optical systems to match the incident beam profile to the cavity geometry

profile. This is usually called mode-matching. The optical losses induced by

misalignments are discussed in detail in Ref. [35].

In the stable region, an important design is a confocal resonator, where

both geometry factors g1 and g2 are equal to zero. In a confocal cavity,

the mirrors are located at the Rayleigh range, where the radius of curvature

is the minimum.

2.1.3.3 Gaussian beam propagation and ABCD law

When a Gaussian beam propagates in free space, its beam profile follows the

above equations. In practice, the beam travels through some optical systems

and its profile will be modified. For example, we can use a set of lenses

to realize mode-matching between the laser source and the optical cavity.

In order to calculate the effects of those optical systems , a complex beam

parameter q(z) is defined as q(z) ≡ z + izR. Substituting q(z) into Eq. 2.11,

we obtain the following relation:

1

q(z)
=

1

R(z)
− iλ

πnw2(z)
, (2.13)

with n as the index of refraction, where n = 1 for air.

We consider a Gaussian beam propagating through a thin lens with focal

length f . The initial beam parameter is q(z), while the resulting beam
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parameter is q(z′). According to the imaging law, we have the following

relation as:

1

R(z′)
=

1

R(z)
− 1

f
. (2.14)

Assuming the thickness of the lens is ignorable, the beam size of the Gaussian

beam will not be changed by the lens (w(z) = w(z′)). Substitute w(z) =

w(z′) into Eq. 2.13, we can calculate the resulting beam parameters [36]:

q(z′) =
Aq(z) + B

Cq(z) +D
. (2.15)

with the ABCD matrix of a thin lens (or a curved mirror) as:

[
A B

C D

]
=

[
1 0

−1/f 1

]
, (2.16)

From the ABCD matrix in Eq. 2.16, the beam waist size and position of the

resulting beam can be obtained from the following relations:

z′ = − f(z2 − zf + z2R)

z2 − 2zf + f 2 + z20
, z′R =

f 2zR
z2 − 2zf + f 2 + z2R

. (2.17)

2.1.3.4 Higher-order Hermite-Gauss modes and mode spacing

The higher-order Hermite-Gauss mode with transverse mode number (n, m)

can be written as:

unm(x, y, z) = un(x, z)um(y, z) exp [ikz, (2.18)
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with

un(x, z) =(
2

π
)1/4(

exp [i(2n+ 1)φ(z)]

2nn!w(z)
)1/2×

Hn(

√
2x

w(z)
) exp [−i

kx2

2R(z)
− x2

w2(z)
], (2.19a)

and Hn(x) are the Hermite polynomials of order n.

The first Hermite polynomials are shown in Fig. 2.4. Higher-order polyno-

mials can be computed recursively by:

Hn+1(x) = 2xHn(x)− 2nHn−1(x). (2.20)

Figure 2.4: Hermite-Gauss modes of order n = 0, 1, 2, 3. The Hermite poly-
nomials are: H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, H3(x) = 8x3 − 12x.

According to Eq. 2.18, the higher-order Hermite-Gauss modes have a phase

shift with the fundamental mode. In a Fabry-Pérot cavity, the resonant

frequency of higher-order transverse modes are given as [34]:

fnmp = pΔfFSR +
ΔfFSR

π
(n+m+ 1) arccos (±√

g1g2), (2.21)

Here, p is the longitude mode number, g1,2 is the geometry factor. The sign

‘+’ is used for near planar cavities (R1, R2 � L), while ‘−’ corresponds to
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near concentric cavities (R1 = R2 ∼ L/2). The frequency spacing of adjacent

order optical modes is:

δfms =
arccos (±√

g1g2)

π
. (2.22)

The resonant frequency of a planar cavity, a confocal cavity and a concentric

cavity are given as:

• fnmp/ΔfFSR = p, for planar cavities R1 = R2 = ∞

• fnmp/ΔfFSR = p+ (n+m+ 1)/2, for confocal cavities R1 = R2 = L

• fnmp/ΔfFSR = p+ (n+m+ 1), for concentric cavities R1 = R2 = L/2
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Figure 2.5: Schematic diagrams of Hermite-Gauss modes in different types
of cavities. Cavities are: (a) a near planar cavity, (b)an ideal confocal cavity
and (c) a near concentric cavity. The colors stands for different longitude
modes and the number stands for the order (n+m) of the transverse modes.

In Fig. 2.5, we give examples of Hermite-Gauss modes in three different

types of cavities: (a) near planar cavities, (b) ideal confocal cavities and (c)

near concentric cavities. The frequency spacing between the fundamental

mode and the higher-order modes can be adjusted by changing the geometry

factors. In the table-top experiments in Chap. 4 and 5, we are only interested
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in the fundamental mode so we choose a cavity with L/2 < R1 = R2 < L

(see Sect. 3.2.1). In the three-mode parametric instability experiment (see

Chap. 7), we tuned the higher-order mode frequency spacing to match up

with the mechanical resonant frequency. We used a CO2 laser to change the

radius of curvature of the end mirror by heating the mirror surface.

2.1.4 Pound-Drever-Hall laser stabilization technique

The Pound-Drever-Hall (PDH) laser frequency stabilization is used for sta-

bilizing the frequency of an existing laser. As mentioned before in Sect.

2.1.1, it is a crucial technique for most optical experiments, including the in-

terferometric gravitational-wave detectors. The basic idea behind the PDH

technique is simple: a laser’s frequency is measured by a Fabry-Pérot cavity,

and the output is fed back to the laser source to stabilize the laser’s frequency

[37].

frequency

reflectivity
lowpass filter mixer

function
generator

HV amplifier

Falary
rotator

polarized
beam-splitter

LASER EOM

Figure 2.6: The left panel is a plot of reflectivity intensity as a function of
frequency. The right panel is a experimental diagram for the PDH technique.
EOM is electro-optic modulator.

As shown in the left panel of Fig. 2.6, the reflected intensity follows a

Lorentzian distribution, which is symmetric about resonance. If the laser

frequency shifts off resonance, you cannot tell whether the frequency should

be reduced or increased. A natural way of controlling the laser frequency

is to monitor its reflected intensity. However, the derivative of the reflected

intensity is antisymmetric about resonance and can be used to stabilize the

laser frequency. This is the basic concept of the PDH technique.
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In the experiment, the laser beam with frequency ωc passes through an

electro-optic modulator (EOM) to generate two sidebands with frequencies

ωc ± Ω0. The phase modulation is generated by a local oscillator. There-

fore, a carrier beam with a lower and an upper sidebands is injected into

the optical cavity. We measure the reflected power with a high-frequency

photodetector. In the output of the photodetector, we are interested in the

Ω0 scillating intensity terms arising from the interference between the carrier

and the sidebands. The Ω0 terms can be filtered out by using a phase shifter,

a mixer and a low-pass filter, and the output is known as the error signal

Ierror. In a high finesse cavity where the frequency of the carrier beam is

near the cavity resonance and the modulation frequency Ω0 is high enough

(Ω0 � γ) that the sidebands are totally reflected, the error signal becomes

Ierror ∼ Im{rcav(ω)}, (2.23)

where rcav is the reflection coefficient of a high-finesse Fabry-Perot cavity

given by Eq. 2.2a.
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reflectivity
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Figure 2.7: The Pound-Drever-Hall error signal Ierror vs f in the units of
ΔfFSR. (a) theoretical error signal intensity. (b) experimental error signal
read by an oscilloscope for optical cavity used in table-top experiments in
this thesis. The free spectrum range is ΔfFSR ≈ 1.7 GHz. The modulation
frequency is Ω = 12 MHz. The cavity finesse is ∼ 2× 104.

An example plot of the error signal is shown in Fig. 2.7. Near the resonance

of a high-Finesse cavity, the error signal is approximately proportional to δω,



36 CHAPTER 2. OPTICAL CAVITY AND OPTOMECHANICS

where this approximation is based on the condition that δω < γ. Here, δω

is the deviation of the laser frequency from resonance and γ is the cavity’s

bandwidth. That is, the error signal is linear near resonance. Therefore, we

can use the standard tools of control theory to suppress the laser frequency

fluctuations.

2.2 Properties of a coupled cavity with a mem-

brane in the middle

In the table-top optomechanical experiments presented in Chaps. 4 and 5, we

built an 85-mm high finesse Fabry-Pérot cavity with a thin vibrating mem-

brane at its center. In this type of system, the resonant frequency detuning

is periodic in the membrane displacement along the cavity axis (z axis). In

such a coupled cavity, the optical absorption by the membrane changes in

different positions. Therefore, the linear optical properties (transmission,

reflection and finesse) are functions of the position δz.

++ --

Figure 2.8: A schematic diagram of the optical fields in the coupled system.
δz = 0 is located at a node of the standing electromagnetic wave in the middle
of the cavity. The reflectivity and transmissivity of the cavity mirrors and
the dielectric membrane are (r1, t1), (r2, t2) and (rd, td), respectively. L is the
total length of the cavity. L1 and L2 are the lengths of the left- and right-
hand halves of the cavity, where L = L1 + L2.

As shown in Fig. 2.8, our one-dimensional model consists of two cavity mir-

rors and a thin dielectric oscillator. The dielectric membrane placed in the

middle of two cavity mirrors has a thickness Ld and index of refraction nd.

The membrane’s electric field reflectivity rd and transmissivity td are given
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by [38]:

rd =
(n2

d − 1) sin(kndLd)

2ind cos (kndLd) + (n2
d + 1) sin (kndLd)

, (2.24a)

td =
2nd

2ind cos (kndLd) + +(n2
d + 1) sin (kndLd)

, (2.24b)

where k is the wavenumber of the incident electromagnetic fields on the

membrane. Here, rd and td are generally complex. If nd is real, rd and

td have a common complex phase φd = arctan [−2n tan (kndLd)/(n
2 + 1)].

Usually, n is complex and the imaginary part determines the membrane’s

optical absorptions. The relations of the electromagnetic fields in Fig. 2.8

are listed as follows:

E1(t) = r1E4(t) + t1Ein(t), (2.25a)

E2(t) = itdE1(t)e
ikL + rdE3(t)e

2ikL2 , (2.25b)

E4(t) = rdE1(t)e
2ikL1 + itdE3(t)e

ikL, (2.25c)

E3(t) = r2E2(t), (2.25d)

Eref(t) = −r1Ein(t) + t1E4(t), (2.25e)

Etrans(t) = t2E2(t), (2.25f)

In our experiments, we need to build a high finesse over-coupled cavity with

a low absorption membrane. By assuming that r1,2 = 1 and Im(nd) = 0,

we find the resonant frequency detuning of the coupled cavity by solving the

relations of the electromagnetic fields in the lossless cavity as:

E2(t) = itdE1(t)e
ikL + rdE2(t)e

−2ikL2 , (2.26a)

E1(t) = rdE1(t)e
−2ikL1 + itdE2(t)e

ikL, (2.26b)

with rd = |rd|eiφd and td = |td|eiφd , the above equations give the resonant

condition as:
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|rd| cos (2kδz) = cos (kL+ φd), (2.27)

which give the resonant frequency as:

ω(z)

ΔfFSR
= 4nπ − 2φd ± 2 arccos[|rd| cos (4δz

λ0

)], n = 1, 2, 3..., (2.28)

where ΔfFSR = 2L/c and the wavelength λ0 is the incident laser wavelength.

Therefore, the cavity detuning depends on the position of the membrane

inside the cavity as:

Δω = ± c

L
arccos [|rd| cos (4δz

λ0

)]. (2.29)
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Figure 2.9: Cavity detuning Δω as a function of membrane position δz. The
resonant frequency of two of the cavity’s longitudinal modes are plotted in
the units of the cavity free spectral range. The different colors mean different
power reflectivity |rd|2 of the membrane: Green (0.0), Blue (0.4), Red (0.85)
and Black (1.0). Here, the membrane thickness is Ld = 50 nm and we vary
the index of refraction.

Fig. 2.9 shows the cavity detuning Δω as a function of membrane position δz



2.2. COUPLED OPTICAL CAVITY 39

for several reflectivities of the membrane. Here, the reflectivities of the mem-

brane is varied by setting the membrane thickness (Ld = 50 nm) and changing

the index of refraction. When both of the cavity mirrors are perfectly reflec-

tive where |rd|2 = 1, the resonant frequency ω(z) is linearly proportional to

the position δz of the oscillator. As shown in Fig. 2.8, when δz increases, the

resonant frequency of the left half cavity increases while that of the right half

cavity decreases. When δz is changed by λ0/4, a mode-crossing happens. If

we slightly reduce the power reflectivity of the oscillator, the optical fields ex-

change between the two half cavities. This results in an optical mode mixing,

which will cause non-degeneracy and avoid mode-crossings. When the oscil-

lator becomes transparent, as the green line shows, the resonant frequency

is dependent on the membrane position z.

From the relations of the electromagnetic fields shown in Fig. 2.8, the reflec-

tivity and transmissivity response of the coupled cavity also depends on the

membrane position δz as:

rMIM = −r1 +
t21[rde

ik(L−2δz) − (r2d + t2d)r2e
2ikL]

1− rdeikL[r1e−i2kδz + r2ei2kδz] + r1r2(r2d + t2d)e
2ikL

, (2.30a)

tMIM =
it1t2tde

ikL

1− rd[r1eik(L−2δz) + r2eik(L+2δz)] + r1r2(r2d + t2d)e
2ikL

. (2.30b)

As introduced above, the cavity finesse is inversely proportional to the total

optical losses. In a coupled cavity, the total optical losses are contributed

by the transmissivity of the cavity mirrors and the optical absorption of the

oscillator. According to Ref. [39], the finesse of the coupled cavity FMIM(δz)

is a periodic function of the mechanical position z with period equal to a

half-wavelength λ0/2 of the optical mode. In Chap. 3, we will show the

experimental results of rMIM(δz), tMIM(δz) and FMIM(δz) as a function of the

membrane position δz.
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2.3 Optical spring

As mentioned above, the radiation pressure forces generated by the detuned

optical field in the cavity behave like optical spring forces acting on the

mechanical oscillator, such as the test masses in a LIGO detector. In this

section, we will introduce some simple pictures of the optical spring effect.

2.3.1 Optical spring and mechanical resonant frequency

frequency position

(a)

(b)

(c)

Figure 2.10: A schematic diagram showing the optical spring effect. The
end mirror of the cavity acts as the mechanical oscillator with a mechanical
frequency ωm. The optical field at a fixed frequency ω0 is injected into the
cavity with a resonant frequency ωc. The cavity length is slightly tuned by
±δz so that the resonant frequency of the cavity is shifted by δωc.

Assume that we have a vibration-isolated mechanical oscillator with a low

mechanical resonant frequency ωm, which is the end mirror in Fig. 2.10. A
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strong optical field at the fixed frequency ω0 is injected into the cavity with a

resonant frequency ωc. As shown in Fig. 2.10 (a), the optical field resonates

in the cavity so that ωc = ω0. When the position of the end mirror is slightly

changed by z = ±z0+δz, where |z0| � λ0/4 and δz is the position fluctuation,

the resonant frequency of the cavity is shifted by δωc(z) = c/2(L+ z). With

the condition that δz � L, δωc(z) can be approximated as:

δωc(z) ≈ c

2L
(1− ±z0 + δz

L
+O[z]2). (2.31)

Here, the higher-order term O[z]2 is ignorably small. In the linear term,

±z0/L is the steady part and δz/L is the small fluctuating part. As shown

in Figs. 2.10 (b) and (c), the resonant frequency ωc of the cavity decreases

when the cavity length increases by z0, and vice versa.

The optical radiation pressure force Frp acting on the mechanical oscillator

is proportional to the power intensity Ic of the intra-cavity optical field. The

spring constant of the optical spring is kos = −d(Frp)/d(z), thereby we have:

kos ∝ −d(Ic)

d(z)
= − dIc

d(δωc)

d(δωc)

d(δz)
=

c

L2

dIc
d(δωc)

. (2.32)

In Fig. 2.10 (b), the frequency derivative of the optical power intensity is

negative, therefore the optical spring constant is negative and the optical

spring is a positive spring. Similarly, the optical spring constant is positive

in the case shown in Fig. 2.10 (c). From Eq. 2.32, we can see that the optical

spring effect changes the mechanical resonant frequency in a tunable way. In

a strong coupling scheme, the optical spring could be quite rigid. In Sect.

2.4, we will analyze this effect using Hamiltonian descriptions.

2.3.2 Optical spring and mechanical damping

In the above section, we treat the optical spring as a lossless spring which can

modify the mechanical resonant frequency. In this part, we will discuss the

damping effect of the optical spring, which has many applications in optome-
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chanics [40]. Optomechanical interactions happen when the carrier light at

the frequency ω0 is modulated by the vibrations of the mechanical oscillator

to generate two optical sidebands at the frequency (ω0 ± ωm). The beat of

the carrier and the sideband lights generates a radiation pressure force act-

ing on the mechanical oscillator with a time delay τ . Thus, the radiation

pressure force introduces a dissipation term to the mechanical response of

the oscillator in such an approximation form: Frp ∝ |a0|(as + a∗s)x(t − τ) ≈
|a0|(as + a∗s)[x(t) + ẋ(t)τ ]. Here, the second term is the dissipation term,

which creates an optomechanical bandwidth γos and reshapes the mechani-

cal response.

The dissipation process introduced by the optical spring effect is an irre-

versible thermodynamics process. In a simple cavity with a mechanical os-

cillator, the energy is exchanged between the cavity modes and the outside

optical fields, which contains an infinite number of degrees of freedom. The

cavity modes are a mixing of the mechanical mode and the intracavity opti-

cal modes. If the cavity is perfectly isolated from the outside optical fields,

the bandwidth of the cavity is zero and only the carrier optical mode exists

in the cavity, thereby γos = 0 and no dissipation process happens. Once the

cavity mirrors are not perfectly reflecting, the outside optical fields and the

intracavity fields have energy exchanges. According to the fluctuation dissi-

pation theorem, due to the infinite degrees of freedom of the outside optical

fields, the thermodynamics dissipation process between the cavity modes and

the outside optical fields is irreversible.

From another viewpoint as shown in Fig. 2.11 (a), we can see that two scat-

tering processes occur simultaneously in the optomechanical interactions:

Stokes and anti-Stokes scattering processes. In the Stokes scattering pro-

cess, the optical fields transfer energy to the oscillator and generate a lower

sideband field (Stokes sideband) at the frequency (ω0 − ωm). In the anti-

Stokes scattering process, the optical fields absorb energy from the oscillator

and create an upper sideband field (anti-Stokes sideband) at the frequency

(ω0 + ωm). As shown in Fig. 2.11 (b), the sideband fields are filtered by
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Stokes

anti-Stokes

red-detuned

blue-detuned

(a) (b)

Figure 2.11: (a) Schematic diagrams of the Stokes and anti-Stokes processes.
(b) The frequency relationship of the optical fields inside a cavity. A carrier
optical field at the frequency ω0 is injected into the cavity with the resonant
frequency ωc. The frequencies of the sideband generated by the Stokes and
anti-Stokes processes are (ω0 − ωm) and (ω0 + ωm), respectively. The Stokes
and anti-Stokes sidebands are the lower and upper sidebands, respectively,
in (b).

the transfer function of the cavity. When the carrier light is red-detuned

in the cavity, the amplitude of Stokes sideband is smaller than that of the

anti-Stokes sideband, thereby on the whole the energy of the mechanical os-

cillator is absorbed by the cavity optical field and eventually dissipates into

the bath outside. As discuss above, this process is irreversible and introduces

a mechanical damping. This is called the optical cooling process. When the

carrier light is blue-detuned, the optical heating process happens with anti-

damping on the mechanical oscillator. The optical cooling scheme was used

in our experiment shown in Chap. 4. The optical heating scheme was ap-

plied in the demonstration of negative dispersion in a table-top experiment

in Chap. 5, and in the observation of the three-mode parametric instability

in a long cavity in Chap. 7.
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2.4 Quantization and Hamiltonian description

In the above sections, we introduce the properties of an optical cavity, a cou-

pled cavity with a membrane in the middle and the optical spring effect. In

this section, we will discuss the second quantization of the electromagnetic

field. We discuss the Hamiltonian descriptions of the coupled cavity and the

optical spring effect.

2.4.1 Second quantization of the electromagnetic field

The electromagnetic potential can be expressed in the form of A(t, x) =∑
k Ak(t)e

ikx, where Ak is the expansion parameter and k is the wave vec-

tor. Substituting this into the wave equation for the vector potential �2A−
Ä/c2 = 0, we have Äk(t) + ω2

kAk(t) = 0, where ωk = ck. According

to [41], the electromagnetic potential can be written as the “generalized

coordinate”Ak and the “generalized momentum”Ȧk in terms of:

Ak =

√
2πc2

ωk

[âk + â∗−k], (2.33a)

Ȧk =− ick

√
2πc2

ωk

[âk − â∗−k], (2.33b)

Therefore, the vector potential can be written asA(t, z) =
∑

k

√
2πc2/ωk[âke

ikz+

â∗ke
−ikz], and the energy is ε = 1/2

∑
k ωk[âkâ

∗
k + â∗kâk]. In quantum mechan-

ics, the canonical quantization condition for the vector and its time deriva-

tives will lead to [âk, âk′ ] = �δk,k′ . The normalization of the operators by√
� gives ε =

∑
k �ωk(â

′
kâk +1/2). The âk (â′k) is the annihilation (creation)

operator. The term
∑

k �ωk/2 in the energy equation is the ground state

energy of the electromagnetic field. Here, we introduce the fundamental con-

cepts of the expressions of the electromagnetic fields in quantum mechanics.

The systems studied in this thesis are either coupled cavities with a dielec-

tric oscillator or a single cavity with an end mirror as an oscillator. In the
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following section, we will introduce the Hamiltonian description of such op-

tomechanical systems.

2.4.2 Hamiltonian descriptions

In a single cavity with the end mirror as the oscillator, the single-mode

approximation is valid within the free spectrum range ΔfFSR. The following

Hamiltonian approach can be used to describe the optomechanical system:

Ĥ = Ĥcav + Ĥm + Ĥint + Ĥγ, (2.34)

where Ĥcav = �ωcâ
†â is the Hamiltonian of the intra-cavity mode, where

ωc is the resonant frequency of the cavity. Ĥm = p̂2/2m + mω2
mx̂

2 is the

Hamiltonian of the mechanical oscillator with the mechanical resonant fre-

quency ωm. Ĥint = �g0â
†â is the Hamiltonian of the linear optomechan-

ical interaction, where g0 is the linear optomechanical coupling strength.

Ĥγ = i�
√
2γ(−ââ†in + h.c) describes the interaction between the intra-cavity

field â and the external electromagnetic field âin.

Assume that a pumping field at frequency ωp is injected into the cavity and

maintains a strong optical field āpe
−iωpt. In the rotating frame at frequency

ωp, we have the linearized equations of motion as:

m¨̂x(t) +mγm ˙̂x(t) +mω2
mx̂(t) = −�g0āp[â

†(t) + â(t)] + ξ̂th(t), (2.35a)

˙̂a(t) + (γ + iΔ)â(t) = ig0āpx̂(t) +
√
2γâin(t), (2.35b)

where the detuning is given by Δ = ωc − ωp. γm, and γ are the bandwidths

of the mechanical oscillator and the cavity, respectively. Here, â stands for

the sideband fields and ξ̂th(t) is the thermal force on the oscillator. The term

�g0āp[â
†(t) + â(t)] represents the radiation pressure forces generated by the

beat of the carrier field and the sideband fields. The intra-cavity steady am-

plitude of the pumping field is āp(t) =
√
2γāin(t)/(γ − iΔ), where āin(t) is
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the operator of the input optical fields.

In the Fourier domain, the same rotating frame where Ω = ω − ωp, the

linearized equations of motion can be written as:

χm(Ω)x̂(Ω) = −�g0āp[â(Ω) + â†(−Ω)] + ξ̂th, (2.36a)

χcav(Ω)â(Ω) = ig0āpx̂(Ω) +
√

2γâin(Ω), (2.36b)

with the mechanical response function χm(Ω) = −m(Ω2 + iγmΩ − ω2
m) and

the cavity response function χcav(Ω) = γ − i(Ω−Δ).

In Eq. 2.36a, â(Ω) and â†(−Ω) are the anti-Stokes and Stokes sideband fields

generated from the carrier field by the modulation of the mechanical oscil-

lations. Then, the beat of the carrier field and the sideband fields has the

optical spring effect, which will modify the mechanical response function and

generate the radiation pressure noise force F̂rad(Ω). When the sideband field

inputs are vacuum fluctuations, the quantum radiation pressure noise force

can be written as:

F̂rad(Ω) = 2�g0āp
√
γ
(−γ + iΩ)âin1(Ω) + Δâin2(Ω)

[γ − i(Ω−Δ)][γ − i(Ω + Δ)]
, (2.37)

where âin1(Ω) = [â(Ω)+ â†(−Ω)]/
√
2 and âin2(Ω) = [â(Ω)− â†(−Ω)]/

√
2i are

the amplitude quadrature and phase quadrature of the input vacuum fields,

with the correlation function as [âin1(Ω), â
†
in2(Ω

′)] = i2πδ(Ω− Ω′).

The effective mechanical resonant frequency and bandwidth can be written

as:

ω̃2
m = ω2

m − 2�g20 ā
2
pΔ(Ω2 −Δ2 − γ2)

m[γ2 + (Ω−Δ)2][γ2 + (Ω +Δ)2]
, (2.38a)

γ̃m = γm +
4�g20 ā

2
pΔγ

m[γ2 + (Ω−Δ)2][γ2 + (Ω +Δ)2]
. (2.38b)



2.4. QUANTIZATION AND HAMILTONIAN DESCRIPTION 47

When the pumping field is blue-detuned in the cavity (Δ < 0), the effective

mechanical bandwidth is reduced due to the anti-damping effect of the opti-

cal spring. When the pumping field is red-detuned in the cavity (Δ > 0), γ̃m

is increased due to the damping effect of the optical spring. This is consistent

with the discussion of the optical spring effect in Sect. 2.3.2. In the following

chapters, we use the Hamiltonian method to describe the optomechanical

interactions in the different systems.

In this chapter, we introduce the fundamental concepts and properties of

the optical cavity, coupled cavity system, the optical spring effect and the

Hamiltonian descriptions of the optomechanical systems. In Chap. 3, we

will discuss the experimental design and characterizations of the tabletop

optomechanical system we used for the projects in Chaps. 4 and 5.
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Chapter 3

Experimental Design for the

Tabletop Optomechanical

System

In this thesis, I present two independent experimental projects for my post-

graduate study: (i) demonstration of frequency-dependent noise ellipse rota-

tion via optomechanical interactions in Chap. 4, and (ii) linear negative dis-

persion with a gain doublet via optomechanical interactions in Chap. 5. The

basic principle of these projects is to achieve a required frequency response

of the coupled system via optomechanical interactions. In both experiments,

I use an 85 mm high finesse Fabry Pérot cavity with a high Q−factor silicon

nitride membrane in the middle as the oscillator. In Sect. 3.1, I will discuss

the experimental requirements and designs, including the optical and the me-

chanical designs. In Sect. 3.2, I present the experimental characterizations

of the coupled cavity system.

49
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3.1 Experimental Requirements and Designs

In this section, we discuss the experimental requirements and designs for

two major parts: (a) Optical properties: the optical cavity and the optical

path; (b) Mechanical properties: the frame and adaptor of the coupled cavity

system and the vibration isolation system.

3.1.1 Parameters for the optical cavity and the me-

chanical oscillator

According to the requirements in our optomechanical experiments, we need

to build a table-top high finesse optical cavity ∼ 10 cm, which gives a free

spectrum range ΔfFSR = 1.5 GHz. With the accessible cavity mirrors, we

can build an over-coupled cavity with a total optical loss Lopt of ∼ 300 ppm,

with the transmissivity of the cavity mirrors as T1 ∼ 220 ppm and T2 ∼ 20

ppm. This results in a finesse F = 2π/Lopt ∼ 2 × 104. The corresponding

half-bandwidth of the cavity is γ = 2πΔfFSR/F ∼ 50 kHz.

As both of the table-top optomechanical experiments are conducted in the

resolved sideband regime, the optical bandwidth γ should be much smaller

than the mechanical resonant frequency ωm. We choose to use the first-order

mechanical mode and the optical fundamental mode because the optimal

overlapping factor between them is easier to achieve. The resonant frequency

of the first-order mechanical mode of the high-stressed silicon nitride mem-

brane we use is ∼ 400 kHz, which satisfies the requirement.

In order to reduce optical scattering losses in the optical path, all the small

apertures have to be taken into consideration: (a) The membrane is fab-

ricated in a silicon window with dimensions of 1 mm×1 mm×50 nm. To

achieve comparably large overlapping factor and low optical scattering losses,

the beam spot size on the membrane could be ∼ 0.3 mm. The membrane is

placed in the middle of the cavity so that we choose a near confocal cavity

with the beam waist ∼ 0.15 mm in its center. The radius of curvature of the
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cavity mirrors are 10 cm for a ∼ 10 cm cavity, which gives a beam waist size

of ∼ 0.12 mm. (b) The optical components with small apertures need to be

considered in the mode-matching of the optical path, including the Faraday

Isolator (FI, 6 mm), the electro-optic modulator (EOM, 2 m), the acousto-

optic modulator (AOM, 3 mm) and the Faraday Rotator (FR, 6 mm).

As we need to use a confocal cavity, we have to consider the optical mode

spacing between the fundamental mode and the higher-order modes. As

introduced in Sect. 2.1.3.4, a near confocal cavity has optical modes cross-

ing. If the mode spacing between the fundamental optical mode and the

higher-order optical mode is equal to the resonant frequency of a mechanical

mode, some unnecessary optomechanical interactions will happen, including

the three-mode parametric instability. Then, the power of the optical fun-

damental mode decreases and the mechanical oscillator becomes unstable.

The details of the parametric instability are introduced in Chap. 7. The

parametric instability should be avoided in the experiments conducted in

the table-top system. Therefore, the cavity length was chosen to be 85 mm,

in which the first several higher-order modes are far enough from the optical

fundamental mode.

membrane
High Q-factor Si3N4 membrane windows

Silicon frame size:    5mm* 5mm* 0.2mm
SiN membrane size:  1mm*1mm*50 nm
SiN membrane mass: 40 ng
Transmissivity         :  85%          

Figure 3.1: Plots and parameters of the cavity and the silicon nitride mem-
brane oscillator used in the table-top experiments in Chaps. 4 and 5.

In the above paragraphs, the selection criteria for the parameters of the op-

tical cavity and the mechanical oscillator are described. Fig. 3.1 shows some
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of the cavity parameters and the silicon nitride membrane. The length of the

cavity is 85 mm, and the radius of curvature of the cavity mirrors is 100 mm.

The mode spacing between optical modes in sequence is δfms = 0.45ΔfFSR,

with a free spectrum range of 2π × 1.77 GHz. The cavity mirrors have a

transmissivity of ∼ 220 ppm and ∼ 20 ppm, respectively. The finesse will be

∼ 20000. The mechanical oscillator is chosen to be a high-stressed silicon ni-

tride membrane. The resonant frequency of the first-order mechanical mode

is ∼ 400 kHz. The characterization of the optical cavity and the mechanical

membrane will be presented in Sect. 3.2. In the following section, we will

discuss about the optical path and the mode matching.

3.1.2 Designs of the optical path

When the cavity parameters are chosen, the waist size and position of the

Gaussian beam in the cavity is determined. As introduced in Sect. 2.1.3.3,

the beam profile obeys the relation in Eq. 2.11 when a Gaussian beam prop-

agates in free space. Therefore, we need to use a set of lenses to realized

the mode-matching between the laser source and the optical cavity. This

process is usually called optical mode-matching. Here we have a Nd:YAG

laser with a beam waist size of 0.18 mm. The beam waist size in the opti-

cal cavity is 0.13 mm. The optical path between two beam waists should be

around 2 m to 4 m for allowing the settlements of all the optical components.

Using the ABCD matrix in Sect. 2.1.3.3, we calculate the beam size w(z) of

the Gaussian beam along the optical axis (z axis). In this mode-matching,

we use three optical lenses with focal lengths and locations as: L1(200 mm,

300 mm), L2 (300 mm, 1450 mm) and L3 (300 mm, 2585 mm). The distance

between the source and the cavity is ∼ 3100 mm. The Gaussian beam size

and Guoy phase of the mode-matching are shown in Fig. 3.2. All the small

apertures are considered.
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Figure 3.2: The beam size and Guoy phase of the Gaussian beam along the
optical axis. L200 and L300 stand for lens with focal length of 200mm and
300 mm. The laser source is located at the origin. FI is the Faraday Isolator.
EOM is electro-optic modulator. AOMs are acosto-optic modulators.

3.1.3 Designs of the solid parts of the coupled cavity

system

After the coupled cavity parameters are decided, a solid frame and adapters

need to be designed for mounting the cavity mirrors and the membrane.

There are several requirements for those solid parts, as follows:

• The cavity frame should have a low coefficient of thermal expansion,

thereby the resonant frequency is not sensitive to the environmental

temperature changes. We choose Invar, a nickel-iron alloy, as the ma-

terial for the cavity frame. The coefficient of thermal expansion for

invar and standard steel is about 1 ppm per K, and 10 ppm per K,

respectively. In an 85 mm metal frame, a change of 1 K in the tem-
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perature introduces a change of the frame length of ∼ 0.1λ0 for the

invar and ∼ 1λ0 for the standard steel, where λ0 is the wavelength of

the laser. As shown in Fig. 3.3, the cavity mirrors are mounted on the

cross-sections of the cylinder invar bar. The cross-section of the invar

bar is machined by electrical discharge with an accuracy of 0.1 μm.

The design drafts of the cavity parts are shown in Fig. 3.3.

(a)

(b) (c)

(d)

(e)

Figure 3.3: Design drafts for the optical cavity. The drafts are: (a) cross-
section of the invar bar, (b) the side view of the invar bar, (c) the assembled
optical cavity, (d) the mirror clamp, and (e) the cavity mirror.

• The position and tilt of the membrane should be adjustable in the

vacuum tank. As shown in Fig. 3.4, the silicon membrane is glued

onto a piezoelectric actuator (PZT), which can continuously adjust the

membrane position xm on the optical axis (z direction). The thickness

of the PZT is proportional to the input voltage so that xm ∝ VPZT. The

tuning range of the PZT is ∼ 2λ0 where λ = 1064 nm. The PZT is fixed

on an aluminium slip, which is screwed onto the mirror mount. The

spring washers are used to avoid vertical dropping of the strip. The

mirror mount is a commercial motorized vacuum compatible mount,

which can tilt the membrane in two directions. The mirror mount is

mounted on a vacuum compatible translation stage. Both the mirror

mount and the translation stage use picomotor piezo linear actuators

with minimum motion < 30 nm each step. The translation stage is

mounted on the left part of the invar bar with four screws.
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PZT holder

screws with
spring washer

PZT

membrane

spring washer
translation stage picomotor actuator

mirror mount

(a) (f) (c)

(b) (d) (e)

Figure 3.4: Design drafts of the membrane, the PZT, the PZT holder and
the motorized adjusting parts. (a). The membrane is 5mm×5mm×0.2mm
for the silicon frame and 1mm×1mm×50nm for the silicon nitride window.
The square PZT is 5mm×5mm×2mm. The PZT holder is an aluminum strip
screwed onto the mirror mount in (c) by three holes. The spring washers in
(b) are used for tightening the screws and preventing the vertical dropping
of the strip. (c) and (d) are the vacuum compatible mirror mount and trans-
lation stage. The mirror mount can adjust two angular degrees of freedom
of the membrane in the vertical plane. The translation stage has a traveling
range of 0.5 inch along the optical axis. Both the mirror mount and the
translation stage use the picomotor piezo linear actuators in (e). The pico-
motor actuator travels in a minimum step of < 30 nm over a total range of
0.5 inch.

• All the mechanical parts should be vacuum compatible. Usually, some

mechanical parts, like blind screw holes, will trap some gas, which leak

slowly into the vacuum and make it worse. In our design, all the blind

holes are taken into consideration by either drilling through holes or

drilling holes on the screws. In Fig. 3.5, we show the assembled cavity
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design from a different view. The stick-out parts at both the front and

the back of the invar bar are used to be fixed on the vacuum tank. The

vacuum tank is bolted on the optical table.

Stick-out Stick-out Stick-out

membrane

PZT

mirror mount

translation stage

(a) (b)

Figure 3.5: Assembled coupled cavity system. (a) The sideview draft of the
coupled cavity. (b) The back (left) view picture of the coupled cavity. The
stick-out parts of the invar bar are used to be mounted on the vacuum tank.

3.1.4 Designs of vibration isolation system

In our experiment, we have two major vibration noises: (a) seismic noises

from the ground, and (b) vibration noises from the vacuum turbo, which

connects to the vacuum tank through vacuum tubes.

In order to reduce the seismic noise from the ground, we use four air legs

to support the optical table with the same pressure. The air legs are pneu-

matic isolation mounts. Fig. 3.6 shows the pictures of the air leg, the blade

spring for adjust pressure and the air gauge for pressure reading. All the

optical components, including laser source and the vacuum tank are located

on the same optical table. This helps to suppress the seismic noise at a low

frequency range from around 0.1 Hz to 100 Hz.
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(a) (b)

air leg
air gauge

blade 
spring

air leg

Figure 3.6: Pictures for the pneumatic isolation mounts. (a) We install four
air legs at the four corners of the optical table.

The vacuum turbo has a turning frequency of 1.5 kHz. Usually, the turbo is

connected to the vacuum tank by some steel tubes and valves. During our

experiment, we find 1.5 kHz noises in the signals of the mechanical mode,

which comes from the vibration of the turbo. As shown in Fig. 3.7, we add

a heavy cement bin between the turbo and the vacuum tank. The vibration

at the vacuum tank xtank is inversely proportional to the mass of the cement

bin as xtank ∝ xturbo/mbinχbin, where the mechanical response χbin of the bin

can be treated as a constant. In addition, a rubber damper is added between

the tube and the vacuum tank for further damping the vibration.

3.2 Experimental characterizations

In this section, we will discuss the experimental characterizations of our

designs. In Sect. 3.2.1, we present the characterization of the high finesse op-

tical cavity, including finesse, mode-matching and a precise characterization
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(a) (b)
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optical
table
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valve
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tube

Figure 3.7: Isolation designs for suppressing the turbo vibration noise. The
turbo is located on the ground and the tubes are connected through a massive
cement bin connected for isolation purpose. In (b), a ball-shape rubber
damper is added before the connection of the tube and the valve of the tank.

of the cavity mirrors. In Sect. 3.2.2, we introduce a low-loss resin for binding

the membrane frame to the PZT. We discuss the gas damping rate on the

membrane and measure the Q−factor of the mechanical resonator at differ-

ent pressures. In Sect. 3.2.4, we measure the reflectivity, transmissivity and

finesse of the coupled cavity system as functions of the membrane position

along the optical axis.

3.2.1 Characterization of the high finesse 85 mm cavity

As discussed in Sect. 2.1.2.1, strong optomechanical interactions require high

circulating power inside the cavity. Therefore, we build an over-coupled cav-

ity with T1 ∼ 220 ppm and T2 ∼ 20 ppm. As the transmissivity and optical

losses of the cavity mirrors cannot be tested in our lab, we use the properties
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of the optical cavity to characterize them. As introduced in Sect. 2.1, the

finesse F of the cavity, the transmissivity |tcav|2 and reflectivity |rcav|2 of the
cavity at the resonant frequency are functions of T1, T2 and L. Here, T1 is

the transmissivity of the front cavity mirror, T2 is the transmissivity of the

back cavity mirror and L is the optical scattering and absorption losses. By

measuring F , |tcav|2 and |rcav|2, we can derive the solutions for T1, T2 and L.

The experimental setup is shown in Fig. 3.8. The finesse F is measured by

detecting the optical decay time at the cavity transmission. The input and

transmitted optical power are measured by a power-meter before and after

the cavity. The reflectivity of the cavity is monitored by the photo-detector

at the reflection output. The percentage Copt of the light coupled to the

fundamental mode of the cavity is adjusted by a pair of tilting mirrors.

servo lowpass mixer

FGHV amplifier

EOM AOM

FR

PBS

PD-R PD-T

M1 M2

LASER

PM

Oscilloscope

Tilting mirrors

PM

L300L300L200

AC DC

Figure 3.8: Optical setup for measuring the finesse, the reflectivity and trans-
missivity of the cavity. The laser frequency is locked to the cavity resonance
frequency by the Pound-Drever-Hall laser frequency stabilization method
[37]. The reflectivity is measured by the photo detector PD−R. The trans-
missivity is detected by the photo detector PD−T and a power meter (PM).
The transmissivity of each anti-reflection (AR) coated fused silica windows
of the vacuum tank was separately measured to be 98.3 %.

3.2.1.1 Measurement of the Cavity Finesse

The finesse of the cavity was measured by detecting the decay time of the

light leaking out of the cavity [42]. The incident light is modulated by a
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Acousto-Optic Modulator (AOM) near the laser source. The AOM gener-

ates an 80 MHz frequency shift and 20.3 milirad separation angle. As the

distance between the AOM and the cavity is ∼ 2 m, the angle separation

results in a beam spot change of ∼ 40 mm at the position of the cavity. The

response time of the AOM and the photo-detector PD−T is measured to be

less than 100 ns. The measured ringdown (decay) time of our cavity is of

the order of 1 μs. Therefore, the AOM can be used as an high-speed optical

shutter for our measurement. The result of the cavity ringdown is shown in

Fig. 3.9. The decay time is 2.02 μs and the finesse is 22400.
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Figure 3.9: Transmitted intensity detected by PD−T [43]. Ten samples are
measured. The finesse is 22400.

3.2.1.2 Measurement of the Optical Mode-matching

When an input Gaussian beam is imperfectly mode-matched to an optical

cavity, the optical field couples to off-axis spatial modes. A mismatch of the

input beam waist is one of the factors. Here, we measure the input beam

profile between the lens L300 and the cavity input mirror M1. According to
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Ref. [44], we estimate the percentage Copt of light coupling to the fundamen-

tal mode due to the mismatch of the beam waist.

The waist size and position of the input Gaussian beam can be estimated

by measuring the incident beam profile at several positions. As shown in

Fig. 3.10, the beam profiles of eight positions were measured with spatial

separations of 50 mm. As discussed in Sect. 3.1.2, the theoretical beam

waist size of the 85mm optical cavity is 0.13 mm. Here, the measured beam

waist size is 0.165 mm. According to theoretical analysis in [44], the coupling

percentage Copt is 92.3%.
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Figure 3.10: The incident beam profile measurement. The beam waist was
measured to be 0.165mm.

3.2.1.3 Cavity characterization and solutions for T1, T2 and L

In a high finesse optical cavity, the cavity reflectivity and transmissivity at

the resonant frequency in Eq. 2.2 can be written as:

Rout = 1− Copt + CoptR0, Tout = CoptT0, (3.1)

where R0 = |rmax
cav |2 and T0 = |tmax

cav |2 with
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rmax
cav =

−r1 + r2(r
2
1 + t21)

1− r1r2
, tmax

cav =
t1t2

1− r1r2
, (3.2)

where r1 =
√

1− T1 − L/2, r2 =
√

1− T2 − L/2, and Copt is the percentage

of the light coupled to the fundamental mode of the cavity. In order to

reduce the measurement error, we recorded a set of resonant reflectivities

and transmissivities of the cavity with different coupling percentage Copt.

From Eq. 3.1, we have the linear relation as:

1−Rout

1−R0

=
Tout

T0

= Copt, (3.3)

where R0 and T0 can be obtained from the linear fitting of Rout and Tout.

Here, R0 and T0 are functions of T1, T2 and L. Those equations together

with the finesse F give solutions of T1, T2 and L.

tilting
mirror

tilting
mirror

vacuum tank

silica window

(a) (b)

power meter

test for the transmissivity of 
the AR coated fused silica window

Figure 3.11: Pictures of the optical path before the optical cavity and a test
for the transmissivity of the anti-reflection (AR) coated fused silica windows
of the vacuum tank. The red lines show the optical paths.

As shown in Fig. 3.11, the coupling percentage Copt is changed by adjusting

one of the tilting mirrors. The transmissivity of the cavity is measured by

detecting the optical power at the input port and the transmission port by a

power meter. The reflectivity of the cavity is monitored by a photo detector

at the reflection port. The light is injected to the cavity through the anti-

reflection (AR) coated silica window of the vacuum tank. The transmissivity



3.2. EXPERIMENTAL CHARACTERIZATIONS 63

of the AR coated silica window is measured to be 98.3%, of which the testing

setup is shown in Fig. 3.11.
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Figure 3.12: The reflectivity and transmissivity of the TEM00 of the cavity.
The fitted value of the linear derivative is -2.09 and its standard error is
0.006. The confidence level for the linear fitting is 99%.

Fig. 3.12 shows the data and fitting for the reflectivity and transmissivity

of the TEM00 mode of the cavity. The fitted linear derivative is -2.09. The

fitted R0 and T0 are 0.56 and 0.21. The measured finesse of the cavity is

22400. Therefore, the solutions for T1, T2 and L are 245 ppm, 17 ppm, and

18.5 ppm, respectively.

3.2.2 Characterization of the silicon nitride membrane

In the coupled cavity, the mechanical oscillator is a high Q−factor stoichio-

metric silicon nitride membrane window. In order to adjust the position and

alignment of the membrane in the vacuum, it was attached to a piezoelectric

actuator which was glued to motorized optical mounts attached to the invar
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cavity spacer. To reduce the bonding loss, the membrane frame was bonded

onto the actuator with Yacca gum, a natural resin with low intrinsic loss

[45]. In this part, we will discuss the bonding design using the Yacca gum.

Then, we will discuss the mechanical losses introduced by the background

gas pressure and show the experimental result.

3.2.2.1 Properties of the Yacca gum and the bonding design

Xanthorrhoea tree

Yacca gum

Figure 3.13: Pictures of the Xanthorrhoea tree and the Yacca gum in the
solid and powder forms.

As shown in Fig. 3.13, the Yacca gum comes from a kind of the Australian na-

tive grass trees (division: Spermatophytes, family: Xanthorrhoeaceae, genus:

Xanthorrhoea). It was used by the Australian Aborigines as an adhesive for

attaching objects. The resin is glassy and translucent. It is naturally found

as polyhedrons and 5−50 mm in diameter, whereas it can be crushed into

powder. The resin stays hard at the room temperature, starts melting at ∼70
◦C, and becomes fluid at ∼ 120 ◦C. In Ref. [45], Schedwy et al. measured the

losses Lbonded ∝ 1/Qbonded introduce by different bonding agents: Yacca gum

(5.37 × 10−6), cyano-acrylate (1.56 × 10−5) and epoxy resin (5.37 × 10−5).

Among them, the Yacca gum has the lowest acoustic loss, thereby we use it

as the bonding resin between the membrane frame and the PZT (also for the
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bonding between the PZT and the aluminum PZT holder).

PZT holder

PZT

membraneYacca gum
in Ethanol

(a) (b)

Figure 3.14: Picture of the Yacca gum powder dissolved in the Ethanol and
the bonding designs. (a) The Yacca gum powder can be dissolved in the
Ethanol and becomes a sticky glue. (b) A thin layer of this glue is applied to
the corner of the PZT, where the corner of the membrane frame is attached.
It takes 1 to 2 days for the Ethanol to evaporate, and then a thin and solid
Yacca gum layer is formed. The picture in (b) shows the design for holding
the membrane horizontally until the Yacca gum becomes dry.

As discussed in Sect. 3.1.1, the silicon nitride membrane is a very thin and

fragile membrane fabricated in a silicon frame. Usually, we apply the Yacca

gum powder on the surface of the objects, and then use an electrical hot

plate to heat the object to ∼120 ◦C for the Yacca gum to melt. However, in

our experiment, the PZT and the membrane could be easily damaged during

the heating procedure. Therefore, we dissolve the Yacca gum powder in the

Ethanol shown in Fig. 3.14 (a). A thin and solid Yacca gum layer is formed

after the Ethanol evaporates. A thin layer of the dissolved Yacca gum is used

for bonding the corner of the membrane frame to the corner of the PZT. A

small bonding area is required for reducing the acoustic losses. Fig. 3.14 (b)

shows the design for holding the membrane horizontally until the Yacca gum

becomes dry and firm.
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3.2.3 Acoustic loss introduced by the background gas

pressure

PZT

membrane

vacuumHe-Ne laser

photodetector

source spectrum analyser

Figure 3.15: Schematic diagram for measuring the Q−factor of the mem-
brane. A He-Ne laser is injected on the membrane with a small angle to the
normal line of the membrane plane. The He-Ne light is modulated by the
vibration of the membrane and generates sideband fields. The beat of the
carrier field and the sideband fields is proportional to the membrane motion
xm, which is detected by a photodetector. A spectrum analyzer is used for
providing a driving signal source for the PZT and measuring the spectrum
amplitude of the mechanical motion xm. When the driving source is switched
off, the mechanical motion starts to ringdown and the ringdown curve can
be recorded by the spectrum analyzer. The pressure inside the vacuum tank
is monitored by a vacuum gauge shown in Fig. 3.7 (b).

As shown in Fig. 3.15, we used a He-Ne laser to measure the ringdown time

τ of the mechanical oscillation amplitude in different pressures. The quality

factor is given by Q = πfτ . Fig. 3.16 shows a ringdown curve of the me-

chanical vibration xm when the driving signal is switched off.

When the background gas pressure Pgas > 10−2 mbar, the size of the mem-

brane is ignorable compared with the mean free path of the background gas.

This satisfies the requirements for the non-interacting gas molecule model

[46]. The background gas leads to a mean damping force dp/dt = −γgasp/2.

The background gas damping rate is γgas = 16Pgas/(πρmdv̄gas), where d = 50

nm is the membrane thickness and v̄gas =
√

3RT/Mgas is the gas mean speed



3.2. EXPERIMENTAL CHARACTERIZATIONS 67

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

Time (s)

A
m

pl
itu

de
 (a

. u
.)

raw data
exclude data
fitted curve

Figure 3.16: Ringdown curve of the mechanical mode as a function of time (s)
at pressure Pgas = 3× 10−5 mbar. The measured ringdown time is τ = 1.18
s and the corresponding Q−factor is 1.46×106.
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Figure 3.17: Measured membrane quality factor as a function of the back-
ground gas pressure. The black line is based on the theoretical model.

[47]. The quality factor is given byQ = 2πωm/(γm+γgas). Fig. 3.17 shows the

Q−factor of the membrane at a different background gas pressure. When the
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background gas pressure Pgas is smaller than 3×10−5 mbar, the gas damping

was negligibly small and the membrane quality factor was ∼ 1.5× 106 at its

mechanical resonance ∼ 400 kHz.

3.2.4 Finesse of the Coupled Cavity System

As introduced in Sect. 2.2, the reflectivity rMIM(δz), transmissivity tMIM(δz)

and finesse FMIM(δz) of the coupled cavity system depends on the position

δz of the membrane along the optical axis. In Fig.3.18, we will present the

experimental result of FMIM(δz) as a function of δz. The position of the mem-

brane is changed continually by varying the voltage applied on the PZT. In

different positions, the optical power in each sub-cavity and associated op-

tical loss are different, which results in the changes in FMIM(δz). The data

are in close agreement to the theoretical model.
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Figure 3.18: Coupled cavity finesse FMIM(δz) as a function of membrane
position δz. Optical wave length is λ0 = 1064 nm. The empty cavity finesse
is F = 22400. The membrane index of refraction n = 2 + 2.5× 10−5i.

In this chapter, we introduce the requirements and experimental character-

izations of the table-top coupled cavity system. In Chaps. 4 and 5, we will



3.2. EXPERIMENTAL CHARACTERIZATIONS 69

present two experimental projects, where this coupled cavity system is used.
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Chapter 4

Demonstration of

frequency-dependent noise

ellipse rotation via

optomechanical interactions

Cavities with extremely narrow bandwidths of 10− 100 Hz are required for

realizing frequency-dependent squeezing to enable gravitational wave detec-

tors to surpass the free mass standard quantum limit over a broad frequency

range. Hundred-meter-scale high finesse cavities have been proposed for this

purpose. Optomechanically-induced transparency (OMIT) enables the cre-

ation of optomechanical cavities in which the bandwidth limit is set by the

extremely narrow bandwidth of a high Q-factor mechanical resonator. Us-

ing an 85 mm OMIT cavity with a silicon nitride membrane, I demonstrate

a tunable bandwidth from 3 Hz up to several hundred Hz and frequency-

dependent noise ellipse rotation using classical light with squeezed added

noise to simulate quantum squeezed light. The frequency-dependent noise

ellipse angle is rotated in close agreement with predictions.

In Sect. 4.1, I introduce the background of frequency-dependent squeezing

and its application in laser interferometric gravitational wave detectors. I

71
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also introduce the OMIT effect and consider the noise issues in the optome-

chanical system. In Sect. 4.2, I discuss the optomechanical dynamics using

the Hamiltonian description method introduced in Sect. 2.4. I show the

damping γopt caused by the optical spring effect and the input-output rela-

tion of the coupled system will be deduced. The theoretical prediction of

the angle rotation will be described. In Sect. 4.3, I discuss the experimental

setup and results. In Sect. 4.4, I show the conclusion for this project. The

relevant publication is Jiayi Qin, Chunnong Zhao, Yiqiu Ma, Xu Chen, Li

Ju, David G. Blair, “Classical demonstration of frequency-dependent noise

ellipse rotation using Optomechanically-Induced Transparency”, Phys. Rev.

A 89, 041802(R) (2014).
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4.1 Introduction

The coherent interaction of laser radiation with widely spaced mirror test

masses is used to measure gravitational wave induced motions in interfero-

metric gravitational-wave detectors. The sensitivity of first generation gravi-

tational wave (GW) detectors such as LIGO reached the quantum shot noise

limit in the high frequency part of the spectrum. In the second generation

detectors now under construction, quantum radiation-pressure noise is ex-

pected to dominate at low frequencies, while shot noise will dominate at

high frequencies. A region around 100 Hz is limited by classical test mass

thermal noise, but as better optical coatings and test masses become avail-

able, future detectors should be limited mostly by quantum noise.

In the late 1960s, Braginsky pointed out that there exists a Standard Quan-

tum Limit (SQL) in gravitational wave detectors [48, 49], and proposed that

quantum non-demolition (QND) devices could beat the SQL [49]. In 2001,

Kimble et al. [31] proposed QND interferometer designs that involved the

use of pairs of successive filter cavities for realizing frequency-dependent

squeezing (FDS) of the input squeezed light, or frequency-dependent (FD)

homodyne detection in which the output field of the detector is filtered in

a frequency-dependent way. They pointed out that the sensitivity of such

designs across the entire frequency band can be improved below the SQL.

Recently Chelkowski et al. demonstrated FD squeezed vacuum using a short

filter cavity in the MHz range [50]. In 2012, Stefszky et al. demonstrated

11.6 dB squeezing in the aLIGO detection band [51].

To match the filter cavity bandwidth to the corner frequency of ground-based

laser interferometers where the shot noise becomes higher than the radiation

pressure noise, the filter cavity must meet very demanding specifications that

require very long optical cavities with very low optical losses. To optimize

the sensitivity, adjustable cavity bandwidth and offset frequency locking are

also required. For example, an aLIGO type GW detector requires tens-meter

scale filter cavities with bandwidths of ∼100 Hz to optimize sensitivity [52].
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In order to realize FDS in tabletop filter cavities, Ma et al. proposed using the

optomechanically-induced transparency (OMIT) effect to achieve a tunable

narrow bandwidth [53]. The idea of OMIT is analogous to the electromag-

netically induced transparency (EIT) phenomena discovered in three-level

atomic systems [54]. This phenomenon was widely recognized and applied in

various fields of optics [55, 56, 57, 58]. Recently, Mikhailov et al. proposed

to use EIT to create FD squeezed vacuum for GW detectors. However, the

high optical loss of EIT is still an issue [59].

The OMIT phenomenon has been studied and demonstrated by various re-

search groups. Weis et al. [60] presented OMIT phenomena in a toroidal mi-

crocavity and achieved a tunable bandwidth of 50−500 kHz compared with

the 15 MHz bandwidth of the optical mode. Recently, Karuza et al. [61]

demonstrated the OMIT effect in a membrane-in-the-middle setup at room

temperature. They reported a maximum signal time advance τT ≈ −108 ms

of a probe pulse, which implies an OMIT bandwidth much narrower than

those mentioned above [60].

In reference [53], Ma et al. theoretically investigated using optomechanical

interactions to achieve a tunable narrow bandwidth in a tabletop filter cavity.

This configuration allows possible realization of FDS in a table-top experi-

ment.

The experimental challenges of such a device are the stringent demands for

very low temperature and a very low-loss optical cavity if optical dilution were

used. The optical dilution is realized by using optomechanical interactions

to increase the effective Q−factor of a given mechanical resonator. To evade

quantum back-action of strong optical dilution, Chang et al. [62] and Ni et

al. [63] proposed using a nonlinear quadratic optical trap. Recently, Korth

et al. [64] proposed detecting quantum back-action in the outgoing field and

actively feeding back to the system. The requirement for a low-temperature

operation of such a device is [53]:
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8kBT

Qm

< �Γopt, (4.1)

where T is the environmental temperature, Qm is the mechanical Q-factor

and Γopt is the effective cavity bandwidth. For an OMIT cavity with Γopt ≈
2π × 100 Hz, the temperature requirement is T/Qm < 6.0 × 10−10 K. In

2008, Zwickl et al. reported that a silicon nitride membrane has mechanical

Q > 106 at 293 K and Q > 107 at 300 mK [65]. Recently, Jayich et al. ob-

served a mechanical quality factor Q > 4× 106 of a silicon nitride membrane

placed at the center of an optical cavity at 400 mK [66].

In this chapter, I present a proof-of-principle demonstration in a room tem-

perature system. Here, the ratio of the temperature to the mechanical Q-

factor is ∼ 2× 10−4 K, where the quantum squeezed vacuum cannot be ob-

served due to the thermal noise. Therefore, I use a noise-added signal light

to mimic the squeezed light in the room temperature system. The spectrum

densities of the radiation pressure force and the thermal force are compared

in Sect. 4.2. A control beam is injected into the same port to generate the

OMIT effect.

I demonstrate frequency-dependent noise ellipse rotation in a tunable OMIT

cavity in which the bandwidth can be tuned from 3 Hz to several hundred

Hz. In [53], a quantum squeezed vacuum is injected into and detected from

the reflection port of an OMIT cavity with a highly reflective end mirror.

In order to measure the noise ellipse rotation of the single-mode signal field

by the lock-in technique [67], I detect the beating of the signal field and

the control field at the transmission port of the coupled system. This result

proves that the OMIT cavity has the same amplitude and phase response as

a simple filter cavity, which can rotate the noise ellipse of a classical signal

light with squeezed added noise in close agreement with the theoretical phase

response. This shows the potential of FD squeezed vacuum generation in a

small-scale compact system with future implementations of low temperature

environments and proper optical dilution.
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4.2 Optomechanical dynamics

Optomechanical interactions in this setup happen when beating between the

control and signal optical fields creates a radiation pressure that induces me-

chanical motion. This mechanical motion then modulates the control field

to produce an upper sideband which has the same frequency as the signal

field, but 180 degrees out of phase, as indicated in Fig. 4.1. That is, the

optomechanical interaction causes the signal field to be reduced and creates

the OMIT effect. The bandwidth of an OMIT cavity is determined by the

sum of the mechanical damping γm and the optomechanical damping Γopt

associated with optomechanical damping of the membrane by a red-detuned

control field. Using a mechanical oscillator with a sufficiently high Q-factor,

this tunable optomechanical damping dominates over the mechanical damp-

ing, and thus sets the bandwidth of the system.

outputisolator

Laser

signal light

oscillator

M1 M2

Figure 4.1: Configuration schematics (top) and frequency relationships (bot-
tom). The signal light with squeezed added noise having frequency ω respect
to cavity resonance ωc is injected into an optical cavity with a high Q−factor
membrane in the middle which acts as an oscillator at the resonant frequency
ωm. The position of the membrane is chosen to introduce a linear optome-
chanical coupling. The radiation pressure from the beating between the
signal beam ωs = ωp + Ω and the control laser ωp coherently drives the me-
chanical oscillator which in turns creates sidebands destructively interfering
with the signal beam, which in effect rotates the noise ellipse angle.
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As shown in the top panel of Fig. 4.1, the control laser at frequency ωp main-

tains a strong control field āpe
−iωpt in the cavity at the resonant frequency ωc.

A weak signal light is injected into the same port (M1) as a small input term

δâin = âsine
−iωst. The frequency difference Ω between the control field (ωp)

and signal field (ωs ≡ ωc + ω) needs to be close to the mechanical resonant

frequency ωm for efficient driving of the mechanical mode.

The Hamiltonian which describes this system is given by:

Ĥ = �(ωc +G0x̂)â
†â+ Ĥm + Ĥγ. (4.2)

Here, Ĥm = p̂2/2m+mω2
mx̂

2/2 is the Hamiltonian of the mechanical oscilla-

tor. Hγ = −i�
√
2γ1ââ

†
in− i�

√
2γ2âb̂

†
in+h.c describes the interaction between

the intra-cavity field â and external electromagnetic fields âin and b̂in with

half-bandwidths γ1 = cT1/4L and γ2 = cT2/4L through the cavity mirrors

M1 and M2, respectively. G0 is the linear optomechanical coupling strength

[68, 69].

Since the signal light âsin in our experiment is a classical field, we neglect the

vacuum fluctuation. In the rotating frame at frequency ωp, we have:

χ(Ω)x̂(Ω) = −�Ḡ0[â(Ω) + â†(−Ω)] + F̂th, (4.3a)

â(Ω) =
Ḡ0x̂(Ω)

Ω−Δ+ iγ
+

i
√
2γ1â

s
in(Ω)

Ω−Δ+ iγ
, (4.3b)

where γm and γ = γ1+γ2 are the bandwidths of the mechanical oscillator and

the cavity, χ(Ω) = m(ω2
m −Ω2 − iγmΩ) is the mechanical response function,

and Ḡ0 is defined as G0ā. We choose the detuning to be Δ = ωc − ωp ∼ ωm.

Since the lower sideband of the laser is far-detuned from the cavity resonance,

we only have the upper sideband injection:

â(Ω) ≈ Ḡ0

iγ
x̂(Ω) +

√
2γ1
γ

âsin(Ω). (4.4)
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We make use of the near resonance approximation: Ω − Δ = ω � γ. Sub-

stitute (4.4) into the radiation pressure force term in (4.3a), the equation of

motion for mechanical oscillator can be written as:

χeff(ω)x̂(Ω) = −
√
2γ1�Ḡ0

γ
âsin(Ω) + F̂th, (4.5)

in which the effective mechanical response function χeff(ω) is: χeff(ω) ≈
−2mωm(ω−δ+ iγm)− i�Ḡ2

0/γ. In our system, the thermal force F̂th with the

spectral density Sth
FF = 4mγmkBT ∼ 10−30 N2/Hz [70] is negligible compared

with the radiation pressure force of beating field with the spectral density

Sn
FF ≈ 2γ1(�Ḡ0|δâsin|)2/γ2γm ∼ 10−21 N2/Hz for measurements shown in Fig.

4.4.

Substituting (4.5) into (4.4) and using the relation between the transmitted

field and injected field âtrans =
√
2γ2â, we have an effective transmissivity:

t(Ω) = 2
√
ηc(1− ηc)

Ω− ωm + iγm
Ω− ωm + iγm + iΓopt

, (4.6)

where the cavity coupling parameter is ηc = γ1/(γ1 + γ2). The characteristic

frequency Γopt is defined to be equal to �Ḡ2
0/2mωmγ and is tunable, princi-

pally through Ḡ0 which depends on the control light input power [60].

When we inject the signal light with squeezed added noise into the system

at different frequencies, we will observe a rotation of the noise ellipse at the

cavity output. The rotation angle θ(Ω) is determined by the phase response

φ(Ω) of the cavity transmissivity t(Ω), which is given by:

θ(Ω) = φ(Ω) = − arctan
Γopt(Ω− ωm)

(Ω− ωm)2 + γmΓopt

, (4.7)

which is shown as theoretical curves in Fig. 4.4 (b) and (c).

When the frequency detuning |Ω − ωm| �
√
γmΓopt, the phase φ(Ω) of the
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system transmissivity can be written as:

φ(Ω) = − arctan (
Γopt

Ω− ωm

), (4.8)

which is equivalent to the transmissivity phase response of a simple Fabry-

Pérot cavity with the resonant point at Ω = ωm.

4.3 Experiment setup and results

servo lowpass filter mixer

FG2HV amplifier

EOM

AOM1 AOM2

+80 MHz (-80 MHz+  )

FRPBS2 PBS4PBS1

PBS3

PD-L

PD-R

PD-T

10MHz ref

FR

Spectrum Analyzer

M1 M2

SiN membrane

(A+  A)cos    t 

BEOM
2

FG1

LASER

Lock-in

Figure 4.2: OMIT experimental setup. The 85 mm long cavity sits in a
vacuum chamber with a central silicon nitride membrane oscillator( 1 mm×1
mm×50 nm, effective mass 40 ng). The green line represents the locking light
for stabilizing the laser frequency to the cavity resonance using the Pound-
Drever-Hall (PDH) method [37]. The blue line represents the control light,
with polarization orthogonal to the locking light. The broadband electro-
optic modulator (BEOM) generates an upper-sideband from the control light,
which is our signal light (red line). The Δ ∼ 400 kHz for the control light
was created using a pair of 80 MHz AOMs in the locking path.
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4.3.1 Experimental scheme for realizing the OMIT ef-

fect and observing the noise ellipse rotation

In the experimental setup shown in Fig. 4.2, weak signal light is generated by

passing the carrier control light through a broadband electro-optic modulator

(BEOM). The BEOM modulates the control light and generates an upper-

sideband, which is our signal field. The lower sideband (ωp−Ω) generated by

the BEOM is far detuned from the cavity resonance, so it is totally reflected

and can be neglected at the transmission port. This method guarantees a

common optical path for the signal light and the control light so as to avoid

the fluctuating phase difference from an unlocked optical path. By adding

random noise δA to the voltage amplitude A, we increase the amplitude un-

certainty of the signal light to simulate “phase squeezed light”, where the

amplitude noise is larger than the phase noise.

The core elements of this OMIT apparatus consists of an 85 mm high-finesse

optical cavity with a high-stress silicon nitride membrane, which has a qual-

ity factor of ∼ 1.5 × 106 at the mechanical resonance. The properties and

experimental characterizations are introduced in Chap. 3. By changing the

frequency separation between the signal field and control fields, I observed

the angle rotation of noise ellipses of the signal light from the beating of the

signal and control fields at the transmission port, which is shown in Fig. 4.4

(d).

The optical cavity was mounted on an invar spacer machined by electrical

discharge machining with an accuracy of 0.1 μm, and fixed in a vibration-

isolated vacuum tank. The mirrors M1 and M2 were clamped at the ends of

the spacer. We built an over-coupled cavity. The transmissivity T1 of M1

was chosen to be much larger than that of M2 (T1 = 245 ppm, T2 = 17 ppm,

Loss = 18.5 ppm). This experiment was conducted at room temperature

using a 1064nm Nd:YAG laser.

The mechanical oscillator in this study was a high Q-factor stoichiometric
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silicon nitride membrane window. In order to adjust the position and align-

ment of the membrane in the vacuum, the membrane frame was bonded onto

a piezoelectric actuator with Yacca gum, a natural resin with low intrinsic

loss [45]. After gluing, I measured the quality factor of the membrane with

a He-Ne laser to characterize the extra mechanical loss γgas introduced by

the background gas. When the background gas pressure Pgas is smaller than

3 × 10−5 mbar, the gas damping was negligibly small and the membrane

quality factor was ∼ 1.5× 106 at its mechanical resonance ∼ 400 kHz.

4.3.2 Experimental results for the optomechanically-

induced transparency

In this system, the bandwidth of the OMIT cavity can be changed in two

ways: (a) the input power of the control light can be adjusted by a half-wave

plate before a polarized beam splitter (PBS3 in Fig. 4.2); (b)the coupled

cavity bandwidth γ and the optomechanical coupling strength G0 can be

tuned by changing the position and alignment of the membrane in the cavity

[68, 69]. I achieved a widely tunable bandwidth of the OMIT cavity, chang-

ing from 3 Hz to several hundred Hz.

In order to achieve an extremely narrow bandwidth, I tuned the position and

alignment of the membrane and reduced the control light input power until

the characteristic frequency Γopt was close to the mechanical bandwidth γm.

In Fig. 4.3, I show the experimental results for the lowest bandwidth 3−15 Hz.

Here, I define an normalized transmissivity amplitude as tn(Ω) ≡ t(Ω)/t0,

where t0 is the transmissivity amplitude of the signal light in the absence of

the control field. The experimental data points in Fig. 4.3 (c) and (d) are

well matched with the theoretical model, shown as the black solid lines.

The results in Fig. 4.4 show that the OMIT effect can be used to create

cavities with tunable bandwidth down to a few Hz. I now demonstrate that

such cavities have the appropriate phase response, and that they rotate the
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angle of the noise ellipse of the signal light as required for a simple filter cavity.
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Figure 4.3: Detected OMIT transmissivity. (a)Normalized transmissivity
amplitude |tn(Ω)| vs. frequency offset Δf(Hz), where Δf ≡ Ω/2π−402.5kHz.
The control light powers were 0.5, 1.3, 2.7 and 4.0 mW, respectively. (b)
Transmissivity amplitude vs. frequency difference Ω/2π (kHz) in a span of 200
kHz. The coupled cavity full bandwidth was 170 kHz in this measurement.
(c) Normalized transmissivity amplitude dip depth value |1−tn(Ω = ωm)| vs.
the control light input power. (d) OMIT cavity full bandwidth vs. the con-
trol light input power. The full bandwidth data correspond to a Lorentzian
transmissivity for the OMIT cavity. In this measurement, the mechanical
resonance frequency was ωm = 2π × 402.7 kHz.
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4.3.3 Frequency-dependent noise ellipse rotation

In order to characterize the noise ellipse rotation of the signal light, we tuned

the OMIT cavity bandwidth to several hundred Hz and demonstrate the noise

ellipse rotation in phasor diagram. The phase response and the rotation an-

gles of the noise ellipses were detected by a lock-in technique (see Fig. 4.2

and [67]). I take results for the coupled cavity with bandwidth of ∼ 600 Hz

as an example.
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Figure 4.4: OMIT cavity transmissivity amplitude |t(Ω)| (a), phase φ(Ω) (b)
and rotation angle θ(Ω) (c) of the noise ellipse as a function of Δf (kHz). The
frequency offset is defined as Δf ≡ Ω/2π − 390kHz. In this measurement,
the mechanical resonance frequency was ωm = 2π × 394.6 kHz.
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Figs. 4.4 (a) and (b) show the experimental results for the amplitude |t(Ω)|
and the phase φ(Ω) of the OMIT cavity transmission. The bandwidth intro-

duced by the control light is γopt = 2π×546 Hz. The data and the theoretical

model are in good agreement.

The phase drop in the vicinity of the OMIT cavity (|Ω − ωm| <
√
γmΓopt)

resonance was measured and shown in Fig. 4.5. Within ∼4 Hz around the

resonant frequency, the transmissivity signal is too small to be detected.
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Figure 4.5: The phase φ(Ω) of the OMIT cavity transmission. The minimum
sweep step was 0.25 Hz and the intensity of the signal at the resonance was
very small.

Fig. 4.4 (c) shows the measured rotation angles θ(Ω). As shown in Fig. 4.4

(c), the measured results for angle rotation of the noise ellipses well match

both the theoretical model and the previous measurement of the phase φ(Ω).

Fig. 4.6 shows the corresponding normalized noise ellipses in phasor diagrams

[71]. In each phasor diagram, the horizontal axis is the amplitude quadrature

and the vertical axis is the phase quadrature. The color bar indicates the

density of probability for the signal light. As the frequency offset increases,

the rotation pattern changes from 0◦ (off resonance) to 90◦ anticlockwise.

Near the resonance, it flips by −180◦. Above resonance, the rotation pattern
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changes from −90◦ to 0◦ anticlockwise.
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Figure 4.6: Contour plots of the normalized noise ellipse in phasor diagram at
different frequency offsets Δf corresponding to Fig. 4.4 (c). In each phasor
diagram, the horizontal axis is the amplitude quadrature and the vertical
axis is the phase quadrature. The frequency offset Δf of the OMIT cavity
resonance is 4.6 kHz.

4.4 Conclusion

In this chapter, I have shown an extremely narrow cavity bandwidth cre-

ated by optomechanical interactions in an optical cavity with a silicon nitride
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membrane in the middle. Classical light with a noise ellipse simulating quan-

tum squeezed light was injected into the cavity. This demonstrates frequency-

dependent noise ellipse rotation. The rotation angle follows the theoretical

prediction in the detection band of advanced gravitational wave detectors. To

use the current setup to develop a system for realizing frequency-dependent

squeezed vacuum in GW detectors in the future, it will be necessary to cool

the resonator to the mK temperature range, and dilute the mechanical losses

by optical springs as discussed in references [53] and [64].



Chapter 5

Linear negative dispersion via

optomechanical interactions

Optical cavities containing a negative dispersion medium have been proposed

as a means of improving the sensitivity of laser interferometric gravitational

wave (GW) detectors through the creation of white-light signal recycling

cavities. Here we demonstrate that negative dispersion can be realized using

an optomechanical cavity pumped by a blue-detuned doublet. We used an

85 mm cavity with an intra-cavity silicon nitride membrane. Tunable neg-

ative dispersion is demonstrated, with a phase derivative dϕ/df from −0.14

deg·Hz−1 to −4.2× 10−3 deg·Hz−1.

In Sect. 5.1, I introduce the background of negative dispersion phenomena

and the realization of linear negative dispersion via optomechanical interac-

tions. I make a proof-of-principle demonstration of using the optomechani-

cal device to realize an active filter which possesses some interesting optical

properties. In Sect. 5.2, I discuss the optomechanical dynamics of the linear

negative dispersion system. In Sect. 5.3, I present the experimental setup

and results. Sect. 5.4 gives the conclusion of this project. The relevant pub-

lication is Jiayi Qin, Chunnong Zhao, Yiqiu Ma, Li Ju, and David G. Blair,

“Linear negative dispersion with a gain doublet via optomechanical interac-

tions”, Opt. Lett. 40, 2337-2340 (2015).

87
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5.1 Introduction

In 1839, W.R. Hamilton pointed out that the group velocity of a wave is

different from its phase velocity [72]. In 1881, Lord Rayleigh [73] commented

that a pulse of light travels at the group velocity (rather than the phase

velocity) inside a medium. He further developed the theory of anomalous

dispersion and first demonstrated anomalous dispersion for mechanical os-

cillator [74, 75]. Later, Sommerfeld and Brillouin theoretically showed that

dispersion is anomalous inside an absorption line, where the group velocity

exceeds c, the light velocity in vacuum [76].

More recently, anomalous dispersion has been investigated in various schemes.

In 1970, Garrett and McCumber [77] studied the properties of Gaussian light

pulses in absorptive media. In 1971, Casperson and Yariv [78] demonstrated

that the velocity of ultrashort pulses through a high-gain medium is a func-

tion of the gain, and agrees with the theoretical results. In 1981, Chu et al.

[79] experimentally verified the theoretical predictions in [77] showing that

pulses propagating in samples of GaP:N tuned to the bound A-exciton line

propagate with little pulse shape distortion, at a group velocity that either

exceeds c or becomes negative. In 1985, Segard and Macke [80] demonstrated

significant pulse advances ∼ 2 μs with negligible distortion through a linear

molecular absorber at millimeter wavelengths.

More recently, negative dispersion was observed in atomic systems via elec-

tromagnetical interactions. This effect is caused by atomic coherence in de-

generate two-level systems. It leads to negative dispersion at the resonant

frequency of an atomic transition. In 1990, Harris et al. [81] first proposed

using electromagnetic interactions to obtain a resonantly enhanced suscepti-

bility while simultaneously inducing transparency of the medium. In 1991,

Boller et al. [82] reported the first observation of electromagnetically induced

transparency (EIT) in an opaque atomic transition. They achieved an en-

hancement in transmitted intensity from exp(-20) to exp(-1) by introducing

a coupling laser. In the following decades, large normal dispersions were
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measured in EIT systems [83] and extremely slow optical group velocities

were demonstrated [84, 85, 86]. In 1999, Akulshin et al. [87] realized steep

negative dispersion up to dn/dν � −6 × 10−11 Hz−1 in coherently prepared

Rb Vapor, which implies a negative group velocity Vg � −c/2300. However,

the light pulse experienced large absorptions and severe distortions in those

experiments [88, 89].

In 1994, Steinberg and Chiao [90] realized that, in a medium with a gain

doublet, there exists a transparent region with anomalous dispersion be-

tween the two gain peaks. In 2000, Wang et al. [91] reported gain-assisted

linear negative dispersion in atomic caesium gas. In 2011, Safavi-Naeini et

al. [92] reported an optically tunable delay of 50 nanoseconds and superlumi-

nal light with 1.4 microsecond signal advance in a nanoscale optomechanical

crystal. In 2012, Ivanov et al. [93] observed a ‘fast light’ effect in a cryogenic

microwave resonator.

The concept of using a negative dispersion medium to improve the broad-

band sensitivity of gravitational wave detectors was first proposed by Wicht

et al. [94] in 1997. In 2007, Salit et al. [95] proposed a practical design

for a white-light signal recycling GW interferometer by putting a negative

dispersion medium inside the recycling cavity. By taking into account the

quantum noise and stability of the system, Ma et al. [96] excluded the possi-

bility of using such a double-pumped optomechanical filter for improving the

shot-noise-limited sensitivity of GW detectors in the stable regime. In order

to achieve sensitivity improvement, one approach is to explore the unsta-

ble regime with additional feedback control for stabilization, as proposed by

Miao et al. [97]. The other approach is to use multiple control fields, instead

of just two, to construct an optical filter that has a different spectral shape,

e.g., the one considered by Zhou et al. [98] but using atomic systems.

In this Chapter, I make a proof-of-principle demonstration of using the op-

tomechanical device to realize an active filter which possesses interesting opti-

cal properties. I report on the experimental realization of a gain-assisted lin-
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ear negative dispersion in an optomechanical system with two blue-detuned

control beams. Using an 85 mm optical cavity coupled with a silicon ni-

tride membrane, we demonstrate optically tunable negative dispersion that

is equivalent to replacing the cavity with a negative dispersion medium, which

has a phase derivative dϕ/df from −0.14 deg·Hz−1 to −4.2× 10−3 deg·Hz−1.

Our result shows the potential possibility of using such optomechanical sys-

tems to build white-light signal recycling cavities in laser interferometric

gravitational wave detectors to improve the sensitivity subject to the signifi-

cant reduction of the mechanical resonator’s thermal noise. Such a free-space

optomechanical filter can be an alternative but less lossy solution compared to

atomic systems where the light has to go through the medium [96, 97, 98, 99].

Our demonstration shows the feasibility of using optomechanical interactions

to achieve a required optical response.

5.2 Optomechanical dynamics of cavity with

a blue-detuned doublet

Optomechanical interactions can be used to create linear negative dispersion

in the scheme shown in Fig. 5.1. Two control beams maintain strong fields

ā±e−i(ωp±δ0)t in the cavity at the resonant frequency ω0. A weak signal light

δâin = âsine
−iωst is injected into the same port (M1). The frequency differences

between the control fields central frequency ωp and the signal fields need to

be close to the mechanical resonant frequency ωm for effective driving of the

mechanical mode.

The Hamiltonian which describes this system is given by:

Ĥ = �(ω0 + g0x̂)â
†â+ Ĥm + Ĥγ. (5.1)

Here, Ĥm = p̂2/2m + mω2
mx̂

2/2 is the free Hamiltonian of the mechanical

oscillator. Hγ = −i�
√
2γ1ââ

†
in − i�

√
2γ2âb̂

†
in + h.c describes the interaction

between the intra-cavity field â and external electromagnetic fields âin and b̂in,
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3 3

oscillator

M1 M2

Figure 5.1: Configuration schematics (top) and frequency relationships (bot-
tom). The signal light of frequency ωs is injected into an optical cavity with
a silicon nitride membrane in the middle which acts as an oscillator at the
mechanical resonant frequency ωm. The resonant frequency of the coupled
cavity is ωc. The position of the membrane is chosen to introduce a linear
optomechanical coupling. The radiation pressure forces from the beatings
between the signal light at frequency ωs = ωp − ω and the control beams at
frequency ωp ± δ0 drive the mechanical oscillator which in turn create side-
bands destructively interfering with the signal light, which in effect create
linear negative dispersion.

with bandwidths γ1 = cT1/4L and γ2 = cT2/4L through the cavity mirrors

M1 and M2, respectively. g0 is the linear optomechanical coupling strength.

Since the signal light âsin(ω) in our experiment is a classical field, we neglect

the vacuum fluctuation term and b̂in. In the rotating frame at frequency ωp

where ω = ωp − ωs, we have:

x̂(ω±) = −χ−1
m (ω±)�g0[ā∓â†(ω ± 2δ0) + ā±â†(ω)

+ ā∗∓â(−ω) + ā∗±â(−ω ∓ 2δ0)], (5.2a)

â(ω) = χ−1
c (ω){−ig0[ā+x̂(ω+)

+ ā−x̂(ω−)] +
√
2γ1â

s
in(ω)}. (5.2b)

where ω± = ω±δ0 and χm(ω±) = m(ω2
m−ω2

±−iγmω±), χc(ω) = [−i(ω−Δ)+

γ] are the mechanical and optical susceptibilities, respectively. The γm and
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γ = γ1 + γ2 are the bandwidths of the mechanical oscillator and the cavity,

respectively. I choose the frequency detuning to be Δ = ωp − ωc ∼ ωm. In

this system where δ0 � γ, I make use of the near resonance approximations:

ω − Δ � γ, ω − Δ ± 2δ0 � γ. Thus, the optical susceptibilities can be

approximately written as: χc(ω ± 2δ0) ∼ χc(ω) ∼ γ.

Since the optical anti-Stokes sidebands â(−ω) and â(−ω∓2δ0) are far detuned

when γ � 2ωm, they can thus be safely ignored. This approximation is called

the resolved sideband approximation. Here, the Stokes sidebands under the

above near resonance approximation can be written as:

â†(ω) ≈ ig0
γ
[ā∗+x̂(ω+) + ā∗−x̂(ω−)]

+

√
2γ1
γ

âs†in(ω), (5.3a)

â†(ω ± 2δ0) ≈ ig0
γ
ā∗∓x̂(ω±). (5.3b)

Substituting (5.3) into the radiation pressure force terms in the equations of

motion for mechanical displacement in Eq. (5.2a) leads to:

[
χeff(ω+) i

√
Γ+Γ−

i
√
Γ+Γ− χeff(ω−)

]
×

[
x(ω+)

x(ω−)

]
=

[
β+

β−

]
as†in(ω). (5.4)

The optomechanical anti-damping rates Γ∓ are given by:

Γ± =
�g20|ā±|2
2mωmγ

, (5.5)

and can be tuned by changing the control field power. The effective me-

chanical response function χeff(ω±) = χm(ω±)/2mωm + i(Γ+ + Γ−) where

in the near-resonance case, we have χm(ω±) ≈ −2mωm(ω± − ωm + iγm).

The parameters β± are defined as β± ≡ −√
2γ1Γ±/g0ā∗±. The beat between

the signal field and one control field ā+ creates a radiation pressure force
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that induces the mechanical motion x(ω+). This mechanical motion x(ω+)

then modulates the control fields â+ and â− to produce Stokes sidebands

at frequencies ω and ω + 2δ0, respectively. The anti-damping rates Γ+ and

Γ− in χeff(ω+) are caused, respectively, by the beat between â(ω) and the

control field ā+, and between â(ω + 2δ0) and the control field ā−. The field

at frequency ω also interacts with the control field â− to create a radiation

pressure force. This force drives the mechanical motion x(ω−) and gives rise

to the interaction terms
√
Γ+Γ− in (5.4). The terms on the bottom line of

(5.4) are similarly explained.
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Figure 5.2: Theoretical reflectivity and transmissivity in the double gain
scheme: (a) reflectivity amplitude Ar, (b) reflectivity phase ϕr, (c) transmis-
sivity amplitude Atrans and (d) transmissivity phase ϕtrans. The parameters
are: γm = 340 Hz, Γ+ = 170 Hz, Γ− = 140 Hz, ωm = 378.55 kHz, the
frequency detuning Δ− ωm = 9 kHz in χc(ω).

Substituting (5.4) into (5.3a) and using the input-output relations: â†r =
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−â†in +
√
2γ1â

†, â†t =
√
2γ2â

†, we have the effective reflectivity and transmis-

sivity as:

r(ω) = −1 + 2ηc
1

(1− iχϕ)
, (5.6a)

t(ω) = 2
√
(1− ηc)ηc

1

(1− iχϕ)
, (5.6b)

where χϕ = Γ+/[ω − ωm + δ0 + iγm − iΓ−] + Γ−/[ω − ωm − δ0 + iγm − iΓ+]

and the cavity coupling parameter is ηc = γ1/(γ1 + γ2). In Fig. 5.2, we

give the theoretical reflectivity and transmissivity using parameters which

are matched to our measurement results in Fig. 5.4. In our experiment,

we detect the signals at the transmission port. To build white-light signal

recycling cavities in GW interferometers, the reflection output will be used

instead of the transmission one, to reduce quantum noises coupled from the

transmission port.

5.3 Experimental setup and results

5.3.1 Experimental scheme for realizing linear nega-

tive dispersion with a gain doublet

In our experimental setup shown in Fig. 5.3, the key element is an 85 mm

high-finesse optical cavity containing a high stress silicon nitride membrane,

which has a quality factor of ∼ 1.5× 106 at its fundamental mechanical res-

onance ∼ 378.5 kHz, measured at vacuum level of 10−5 mbar [101]. The

experiment was conducted at a relatively low vacuum (∼ 10−2 mbar) to use

the gas damping to stabilize the system since the blue-detuned control light

will create negative-damping. The Q-factor was reduced to ∼ 103. However,

active or passive cooling can be used to stabilize the system and to suppress

thermal noise in future practical systems.

Our optical cavity is mounted on an invar spacer machined by electrical
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Figure 5.3: Experimental setup. The 85 mm long cavity sits in a vacuum
chamber with a central silicon nitride membrane oscillator ( 1 mm×1 mm×50
nm, effective mass 40 ng, index of refraction n = 2+ 2.5× 10−5i) [100]. The
green line represents the locking light for stabilizing the laser frequency to the
cavity resonance using Pound-Drever-Hall (PDH) locking [37]. The blue lines
represent the control fields, with polarization orthogonal to the locking light.
The broadband electro-optic modulator (EOM) generates a lower-sideband
from the control light, which is our signal light (red line) with input power
∼ 0.2 mW. The frequency differences between the locking and control fields
were created using pairs of ±80 MHz acousto-optical modulators (AOMs)
in the optical paths. BS and PBS are beam splitter and a polarized beam
splitter. FR is a faraday rotator.

discharge machining with an accuracy of 0.1 μm, and fixed in a vibration-

isolated vacuum tank. The mirrors M1 and M2 are clamped at the ends of

the spacer. The membrane frame is bonded onto a piezoelectric actuator

with Yacca gum, a natural resin with low intrinsic loss [45]. The transmis-

sivity T1 (T2) of M1 (M2) is 245 ppm (17 ppm), which was measured in an

empty cavity. The experiment was conducted at room temperature using a

1064 nm Nd:YAG laser [101].

To create a wide linear negative dispersive region, two blue-detuned con-

trol fields at frequencies ωp ± δ0 were injected into the cavity. The field â−
passes through a broadband EOM to generate the weak signal light âsin. Us-

ing a lock-in amplifier [101], we measured the transmission of the cavity by
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Figure 5.4: Experimental transmissivity in the double gain scheme: (a)Atrans;
(b) ϕtrans; (c) and (d) combine transmissivity data and the theoretical result
at 2δ0 = 3.7 kHz. The parameters are the same as in Fig. 5.2.

detecting the beat signals between the signal and the control fields at the

transmission port. In Fig. 5.4, we show experimental results for the trans-

mission amplitude and phase at different frequency offsets δ0. In Fig. 5.5

(a), we show the linear region of transmission phase for a frequency offset

δ0 = 3.7 kHz with linear curve fitting. While there are some small distortions

in the phase response at large frequency offsets, the linear negative dispersion

region is well behaved within the expected uncertainties.

In Fig. 5.5(b), we show the first-order derivatives of transmission phase at

different frequency offsets, which range from −0.14 deg·Hz−1 to −4.2× 10−3

deg·Hz−1. The experimental results are well-matched with the theoretical
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Figure 5.5: (a) Zoomed-in linear transmission phase for frequency offset δ0 =
3.7 kHz. (b)Linear derivatives of transmissivity phase vs. frequency offset
2δ0 at the frequency (ωm − 0.28kHz).

model.

5.4 Conclusion

In this Chapter, I demonstrated a realization of tunable negative dispersion

in an optomechanical cavity with an intra-cavity silicon nitride membrane.

Double pumping was used to create a wide linear negative dispersion regime.

This system has similar performance to an atomic gas system with a gain

doublet, and could be a less lossy alternative.

The technique described here can be extended to broadband sensitivity im-

provement using double-gain blue-detuned cavities with feedback control [97].

Practical systems would require a mechanical resonator with a high Q-factor

to environment temperature ratio, as discussed in [97]. Optical dilution can

be used to increase the mechanical Q-factor by a factor of one hundred,
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or even more [102]. This demonstration illustrates the potential of using

optomechanical interactions to achieve the required active optical filter re-

sponse for improving the sensitivity of gravitational wave detectors.

In Chap. 6, I propose a white-light signal recycling interferometer configura-

tion using this linear negative dispersion optomechanical system. I discuss

the sensitivity enhancement of such an interferometer configuration, and the

noises and instability issues.



Chapter 6

White-light signal recycling

cavity via optomechanical

interactions

Inspired by the negative dispersion in atomic systems, we experimentally

demonstrated a linear negative dispersion with a gain doublet via optome-

chanical interactions. In Chap. 5, I presented the observation of optically

tunable negative dispersion in a table-top optomechanical cavity with two

blue-detuned pumping fields. I have briefly discussed the potential possibil-

ity of using such optomechanical systems to build white-light signal recycling

cavities subject to a significant reduction of mechanical resonator’s thermal

noise. In this Chapter, I discuss a practical design of white-light signal recy-

cling cavities by implementing a double pumped negative dispersion cavity.

In Sect. 6.1, I give a brief introduction to the white-light signal recycling cav-

ity and its realizations. In Sect. 6.2, I describe the scientific goal to construct

such a white-light signal recycling interferometer. In Sect. 6.3, I present a

general analysis of our design, including the configuration, its full dynam-

ics and strain sensitivity. In Sect. 6.4, I give some detailed derivations and

discussions about the results from the previous Section.

99
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6.1 Background

As introduced in Sect. 1.4.1.3, a signal recycling mirror is placed at the output

port to form a signal recycling cavity with the input test mass of the inter-

ferometer. The signal recycling mirror can modify the frequency response

of the sensitivity spectrum. The resonant frequency of the signal recycling

cavity can be adjusted by changing its length. When the location and the

reflectivity of the signal recycling mirrors change, the strain sensitivity and

the bandwidth of the signal recycling cavity also change. There are two ex-

treme cases that are well known and have been discussed in the literature

[32]: (a) when the signal recycling cavity is anti-resonant, the interferome-

ter is operated at the extreme resonant-sideband-extraction (ERSE) mode

which gives a broadband sensitivity curve at the cost of losing the strain

sensitivity amplitude. Advanced LIGO implements this configuration for

broadband detection [103]. (b) when the signal recycling cavity is resonant,

the interferometer works at the extreme signal-recycling (ESR) mode. In this

configuration, we can increase the reflectivity of the signal recycling mirror

to improve the strain sensitivity amplitude. However, there is a trade-off be-

tween the sensitivity and the bandwidth of the cavity. For a known waveform

from a compact binary inspiral, the square of the signal-to-noise ratio (SNR)

is proportional to the bandwidth and strain sensitivity [104]. Therefore, it

would be a great improvement if we could increase the sensitivity-bandwidth

product.

In 1997, Wicht et al. [94] proposed a concept of a white-light signal recycling

cavity in interferometers for allowing a broadband detection without sacrific-

ing the strain sensitivity. In a white-light cavity, the round-trip phase delay

is compensated by the phase advance of an intra-cavity negative dispersion

medium. Wicht et al. [94] demonstrated that a negative dispersion can be

achieved in strongly driven double-Λ atomic systems. The idea of negative

dispersion in a transparent region of a doubled pumped gain medium has

been theoretically discussed [90] and experimentally demonstrated [87, 91].

The negative dispersion phenomena were demonstrated by Pati et al. [105]
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and Yum et al. [106] in different types of active atomic systems. As discussed

by Kuzmich et al. [107], the double gain medium is subjected to quantum

noise in the amplification process. By considering the additional quantum

noise and lasing instability, Ma et al. [96] pointed out that the net sensitiv-

ity cannot be improved by using the negative dispersion of the double gain

atomic system when it is stable (no lasing). In another paper, Miao et al. [97]

presented enhancements in the bandwidth of GW interferometers by using

unstable optomechanical filters. The system they proposed is unstable but

can be controlled by an external feedback loop.

In our design, the signal recycling cavity is operated at the detuned sig-

nal recycling mode. The resonant frequency of the signal recycling cavity

is shifted to a target frequency of gravitational wave signals from compact

binaries. The double pumped optomechanical cavity is placed in the sig-

nal recycling cavity to broaden the bandwidth of the optical resonance. By

searching the parameter region of the negative dispersion cavity, we can im-

prove the bandwidth without significant reduction in peak sensitivity value.

6.2 Scientific goal

Observations of coalescing binaries will shed light on the neutron-star pop-

ulation and their mass distribution in distant galaxies [7]. The coalescence

event itself can provide rich information about the neutron star equation of

state. Compact binaries of either neutron stars or black holes are among the

most important potential sources for ground-based interferometric detectors.

Although the amplitudes are less at low orbital frequencies (larger orbital

diameters), the binary systems dwell much longer at these frequencies. Most

of the energy is emitted at the low frequencies for a longer period. We can

obtain a higher detection rate of GWs from compact binaries by enhancing

the bandwidth and the signal gain of the interferometer. This is the scientific

goal for constructing the white-light signal recycling interferometers.

Matched-filtering is a good way to estimate the signal-to-noise ratio (SNR),
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and thus, the relative advantages of different detectors. For a known wave-

form h(f), the optimal SNR with a known template is:

SNR = 2

√∫ ∞

0

df
|h(f)|2
Sh(f)

, (6.1)

where Sh(f) is the single-sided noise spectral density, and f is the frequency.

For inspiral waves from compact binary systems under the lowest post-

Newtonian approximation [108, 109], the GW amplitude is given by:

|h(f)| = G5/6μ1/2M1/3

√
30π2/3c3/2D

f−7/6Θ(fmax − f), (6.2)

with

M = (M1 +M2), μ =
M1M2

M1 +M2

, (6.3)

whereM1, M2, M and μ are the single, total and reduced masses of the binary

system and D is the distance from the source to the detector. Usually, we

take the GW frequency at the last stable circular orbit as the upper cut-off

frequency:

fmax = 4400 Hz(
M⊙

M
). (6.4)

Beyond the upper cut-off frequency fmax, the dynamical behavior of the bi-

nary system cannot be treated adiabatically, because the system transits into

the non-adiabatic merger stage. Due to the fact that the seismic noise domi-

nates the sensitivity curve of the GW detection at low frequencies, the lower

cut-off frequency is usually taken to be fmin �10 Hz.

Our white-light signal recycling design is targeted at neutron star-neutron

star (NS-NS) binary systems. For example, for a binary system with M =

(1.4+1.4)M⊙, the upper cut-off frequency is ∼ 1.6 kHz. Due to the classical

noises at the low frequencies, the resonant frequency of the signal recycling

cavity can be tuned to several hundred Hz, e.g. 300 Hz, to optimize the signal-
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to-noise ratio. The peak sensitivity value can be improved by increasing the

reflectivity of the signal recycling mirror. In the following Sections, we will

show that a broadband detection can be achieved by using the white-light

signal recycling design.

6.3 Configuration and General descriptions

Optomechanical Cavity

ITM ETMPRM

signal recycling 
beam splitter

beam
splitter

Figure 6.1: Configuration of laser interferometric gravitational wave detectors
with a white-light signal recycling cavity. ITM, ETM, PRM are the input-
test mass, the end-test mass and the power-recycling mirror. â is the vacuum
field injected from the output port. b̂ is the output field. The fields ĉ, d̂, ê,
f̂ , n̂, m̂, n̂, p̂, q̂ are the optical fields at the indicated surfaces of the optical
components in the interferometer.

6.3.1 General introduction of our configuration

Let us consider a configuration where a negative dispersion optomechanical

cavity is placed in the signal recycling cavity. As shown in Fig. 6.1, an aux-

iliary mirror Maux is located after the beam-splitter of the interferometer to
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form a cavity with the input test masses (ITMs) which is effectively trans-

parent for sideband fields. Assume that the negative dispersion cavity is

replaced by a perfectly reflective mirror. The signal recycling beam-splitter

(SR beam-splitter) with two perfectly reflective mirrors forms a simple cav-

ity with each of the end test masses (ETMs). The resonance frequency and

bandwidth of the interferometer depends on the location and reflectivity of

the SR beam-splitter. Then, we implement a negative dispersion cavity in

the signal recycling cavity shown in Fig. 6.1. The round-trip phase of side-

band fields at the frequency ω0 ± Ω traveling in the signal recycling cavity

can be canceled by the phase advance generated by the negative dispersion

system, where ω0 is the frequency of the carrier field. The negative dispersion

system we propose here is a double gain optomechanical system with a linear

negative dispersion between two gain peaks. The reflectivity in the linear

negative dispersion region is close to 1, where the sensitivity of the interfer-

ometer almost remains the same. This, in principle, can realize a white-light

signal recycling interferometer. In the following subsections, I will briefly

introduce the full configuration of this interferometer design including the

negative dispersion system, and discuss the phase cancelation conditions and

some potential problems.

6.3.2 Brief introduction of negative dispersion cavity

To achieve a white-light cavity design, the negative dispersion cavity should

have a response of rnd = r̃nde
iφND such that the phase φND can cancel the

round trip phase 2(Ω +Δ)L/c. We assume that the end mirror of the nega-

tive dispersion cavity is perfectly reflective. According to the optomechanical

dynamics in the previous experiment discussed in Chap. 5, we have the re-

flectivity as:

rnd(Ω) = −1 +
2

1− iχϕ(Ω)
, (6.5)

where χϕ(Ω) = γopt/[Ω+Δ+δ0+i(γm−γopt)]+γopt/[Ω+Δ−δ0+i(γm−γopt)].

Here, γopt is the optomechanical bandwidth of a single pumping field, and 2δ0

is the frequency difference between two pumping fields (see Fig. 6.2). The
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3 3

oscillator

M1 M2

(a)
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Figure 6.2: (a) Configuration schematics and (b) frequency relationship. The
signal light of frequency ωs is injected into an optical cavity with a mechanical
oscillator in the middle which acts as an oscillator at the resonant frequency
ωm. The resonant frequency of the coupled cavity is ωc. The position of the
oscillator is chosen so that the optomechanical coupling is linear. The radia-
tion pressure forces from the beatings between the signal light at frequency
ωs = ωp−ω and the control beams at frequency ωp± δ0 drive the mechanical
oscillator which in turn create sidebands destructively interfering with the
signal light, which in effect creates a linear negative dispersion.

mechanical bandwidth γm should be larger than 2γopt to make the system

stable. When |χϕ| � 1, we can approximate the rnd given in Eq. 6.5 as rnd ≈
e2iχϕ . Therefore, 2χφ describes the phase advance created by the negative

dispersion system. To compensate for the phase delay in the interferometer,

the following condition should be satisfied:

2dχϕ

dΩ
|Ω+Δ=0 = −2L

c
, (6.6)

this is the negative phase derivative of the negative dispersion system, which

in our case is:

δ20 − (γm − γopt)
2

[δ20 + (γm − γopt)2]2
=

L

2γoptc
. (6.7)

Besides the phase advance, the amplitude response of our negative dispersion

system shows a gain behavior. The amplitude r̃nd of the reflectivity at the

resonant frequency Ω +Δ = 0 is:
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r̃nd = −1 +
2(δ20 + (γm − γopt)

2)

δ20 + (γm − γopt)2 − 2(γm − γopt)γopt
. (6.8)

The above reflectivity has an absolute value which is larger than 1 with the

existence of the pumping fields. Therefore, the negative dispersion cavity

behaves like a gain medium, which will potentially cause a lasing instability

in the interferometer. In Sect. 6.4.3, we will describe a method of using feed-

back control to stabilize this lasing instability .

Since the reflected field should also satisfy the Bosonic commutation relation:

[q̂, q̂†] = 1, where p̂ and q̂ are the input and output optical fields of the

negative dispersion cavity shown in Fig. 6.1. Because r̃nd > 1, we have the

commutation [rndp̂, r
†
ndp̂

†] > 1. Therefore, there must be a noise term in

the output field q̂ of the negative dispersion system, where the thermal bath

makes a great contribution. A reduction in the ratio of the temperature to the

mechanical Q-factor can improve the thermal noise strain sensitivity, which

will be discussed in Sect. 6.4.2. A practical system would require a mechanical

resonator with a low ratio of the environment temperature to mechanical Q-

factor. This can be realized by using conventional cryogenic refrigeration and

optical dilution techniques. This dilution is realized by using optomechanical

interactions to increase the effective Q-factor of the mechanical resonator.

Tis strong optical dilution will introduce quantum back-action noise, which

can be evaded by using a nonlinear quadratic optical trap as proposed by

Chang et al. [62] and Ni et al. [63]. In 2013, Korth et al. [64] proposed

another scheme by detecting quantum back-action in the outgoing field and

actively feeding back to the system. Therefore, it is potentially possible to

be close to the fundamental limit of the thermal bath, which is named as the

quantum thermal noise. The quantum thermal noise is contributed by the

zero point fluctuations of the mechanical oscillator. The strain sensitivity of

the quantum thermal noise in our negative dispersion system is much lower

than that of the quantum noise (cf. Sect. 6.4.2).
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6.3.3 Full dynamics of the white-light signal recycling

configuration

The sensitivity of a signal-recycled laser interferometer without a negative

dispersion medium has been studied in previous literature [110, 111]. In [110],

Buonanno and Chen showed that quantum shot noise and quantum radia-

tion pressure noise are dynamically correlated in a detuned signal-recycled

interferometer. They found that there are two resonant dips in the noise

curve. The higher frequency dip comes from the optical resonance of the

interferometer. The recycling process enhances the strain sensitivity due to

the signal recycling mirror. The other dip comes from the optomechanical

resonance which results from the optical spring effect. Associated with this

optical spring, the test masses will suffer from an anti-damping effect which

needs to be controlled by feedback control.

When the negative dispersion system is added into the signal recycling cavity,

the sensitivity curve will be reshaped. The bandwidth of the optical reso-

nance will be broadened when the phase cancelation condition in Eq. 6.7 is

satisfied. The value of the optical resonance dip in the noise curve has almost

no change because the reflectivity amplitude r̃nd ∼ 1. The optomechanical

dips of the sensitivity curve may disappear when the detuning is comparable

to the broadened bandwidth. However, the bandwidth is broadened in a

limited frequency span in our configuration. The unbalanced sideband fields

still beat with the carrier field and generate anti-damping forces on the test

masses. Therefore, the instability of the optical spring effect still exists.

From the relations of the optical fields in the interferometer configuration

shown in Fig. 6.1, we have the input-output relation written in the quadrature

picture as:

[
b̂1

b̂2

]
=

1

4Msd

[

[
C11 C12

C21 C22

][
â1

â2

]
+
√
2α

[
D1

D2

]
h

hSQL

], (6.9)
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where â1 (b̂1) and â2 (b̂2) are the amplitude and phase quadratures of the

input (output) fields at the asymmetric port. Here, β ≡ ΩL/c is the single-

trip phase delay in the arm cavity, φ ≡ LΔ/c is the single-trip phase delay

in the signal recycling cavity, α ≡ TITMγ
2/Ω2 is the optomechanical cou-

pling constant, the SQL for GW detection is hSQL =
√

8�/mΩ2L2 and τ is

the transmissivity coefficient of the SR beam-splitter. The denominator Msd

comes from two feedback loops, thereby containing two potential instabili-

ties: (1) the lasing instability as I will discuss in detail later, and (2) the

optical spring instability. The derivation of this input-output relation Eq.

6.9 is given in Sect. 6.4.

At the detection port, we use a homodyne scheme and the output is bζ =

b1 sin ζ + b2 cos ζ, where ζ is the detection angle of the homodyne detection.

The sensitivity Sζ can be written as:

Sζ =
h2
SQL

2α

|Cζ1|2 + |Cζ2|2
|Dζ |2 , (6.10)

with Cζ1 = (C11 sin ζ + C21 cos ζ), Cζ2 = (C12 sin ζ + C22 cos ζ) and Dζ =

(D1 sin ζ +D2 cos ζ).

In Fig. 6.3, we compare the sensitivity curve of the white-light signal re-

cycling interferometer with the sensitivity of the broadband detectors and

aLIGO with the parameters used in Ref. [103]. The reflectivity of the SR

beam splitter in the white-light signal recycling configuration is higher than

those of the other configurations. Hence, we increase the peak sensitivity

at the resonance of the interferometer. The detuning of the signal recycling

cavity is chosen to be 2π × 300 Hz. This sensitivity curve includes the noise

induced by the zero point fluctuations of the mechanical oscillator at ab-

solute zero K. The two glitches come from the quantum thermal noise, of

which the frequencies correspond to the frequencies for the two gain peaks

in the negative dispersion cavity. From this Figure, we can see that this

white-light configuration with chosen parameters has a better sensitivity in

the frequency range of 100-600 Hz.
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Figure 6.3: The square root of the noise strain sensitivity Sn and frequency
(Hz) of different interferometer configurations. Strain sensitivity Sn(f) is in
terms of the standard quantum limit (SQL) at the frequency of the arm-cavity
bandwidth γ where hSQL(γ) = 2× 10−24 Hz−1/2. The intra-cavity circulating
power is 800 kW. For the white-light cavity configuration, the reflectivity
intensity of the SR beam splitter is chosen to be ρ2 = 0.99, which are 0.8
for the SR mirrors in other configurations. The detunings are chosen to be
2π × 300 rad·s−1. We choose that γopt = 2π × 100rad·s−1 and γm = 2.1γopt.
The quantum thermal noise of the negative dispersion system is included in
the noise of the white-light signal recycling interferometer.
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If we detect the signal in this 100-600 Hz frequency range, we have improve-

ments in signal-to-noise ratios of different configurations, compared with that

of the conventional configuration, as follows:

Table 6.1: Parameters for different configurations

Configuration LPB HPB SR ζ = 0.8π WLC
Percentage 0.4 0.9 1.14 1.5

Here, LPB, HPB, SR and WLC are low-power broadband, high power broad-

band, signal-recycling and white-light signal-recycling configuration, respec-

tively. It implies that the white-light-cavity configuration behaves better

than other configurations in a broadened bandwidth around the optical res-

onant frequency.

6.4 Specific analysis

6.4.1 Derivation of input-output relation

As discussed in Sect. 6.3, the auxiliary mirror Maux is used to make the

ITMs effectively transparent to sideband fields (see Fig. 6.4 A). As shown

in Fig. 6.4 B, The SR beam-splitter and negative dispersion system can be

regarded as an effective optical (ND-SR) system, with effective reflectivity

and transmissivity coefficients (ρ1, τ1) for fields entering from the bottom

side, and (ρ2, τ2) for fields entering from the upper side. From the relations

of the sideband fields, we have approximated values for the ND-SR system

as ρ1 ≈ −ρ2, ρ2 ≈ ρ2rnd and τ1 = τ2 ≈ τ(1 + rnd) when τ 2 � 1. Here, ρ and

τ are the reflectivity and transmissivity coefficients for the signal recycling

(SR) beam splitter, and rnd = r̃nde
iφnd is the reflectivity coefficient of the

negative dispersion system we use (see Sect. 6.3.2). Then, the ND-SR sys-

tem and the end-test masses (ETMs) can be effectively treated as a simple

cavity. In such an effective simple cavity, one single-trip phase delay of the

sideband fields is Φ = (β + φ), where β is the single-trip phase delay in the

arm cavity and φ is the single-trip phase delay in the signal recycling cavity
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effectively
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Figure 6.4: Schematic diagrame of the white-light signal recycling interferom-
eter. A. The effective path for sideband field through the input-test masses
(ITMs), the end-test masses (ETMs), the beam splitter and Maux. B: The
effective optical system (ND-SR system) including the signal-recycling beam
splitter and the negative dispersion system. The effective reflectivity and
transmissivity coefficients of the ND-SR system are (ρ1, τ1) for fields entering
from the bottom side, and (ρ2, τ2) for fields entering from the upper side.

between Maux and the SR beam splitter.

The whole interferometer can be regarded as two feedback loops: (a) the

optical feedback loop due to the high reflectivity of the SR beam-splitter,

and (b) the optomechanical feedback loop due to the optical spring effect on

the test masses. In the absence of the carrier fields, only the optical feedback

loop exists. As shown in Fig. 6.5, we have the open loop transfer function for

the optical feedback loop as Go(Ω) = τ1τ2e
2iΦ. The ND-SR system introduces

a feedback H = ρ2/τ1τ2 into the closed loop transfer function Gc(Ω) = 1/(1−
HG0(Ω)). Therefore, the closed loop transfer function can be written as:

b̂− ρ1â =
τ1τ2e

2iΦ

1− ρ2e2iΦ
â, (6.11)

The denominator of the closed loop function can be written as 1−ρ2r̃nde
i(φnd+2Φ),



112 CHAPTER 6. WHITE-LIGHT SIGNAL RECYCLED CAVITY

GW

Optical Spring

+ + +

Figure 6.5: A flow chart of the feedback loops in the white-light signal recy-
cling interferometer.

where the phase delay 2Φ is compensated by the phase advance φnd. In the

perfect case when φnd + 2Φ = 0, the closed loop gain is approximately a

constant in the entire frequency span, i.e. a perfect white-light-cavity. Also

note that, as discussed in Sect. 6.3.2, the negative dispersion system we used

is a gain system with a reflectivity r̃nd > 1, which could induce a potential

instability.

With the existence of the carrier fields in the arm cavities, the radiation

pressure back-action forces will introduce another optomechanical feedback

loop. The total open loop transfer function can be written as:

b̂ = τ1τ2e
2iΦâ+ i

√
ατ2e

iΦ h

hSQL

, (6.12)

where the second term is the gravitational wave signal, and the SQL for GW

detection hSQL =
√
8�/mΩ2L2. When considering the close loop transfer

function, we have the radiation back-action force as Frp ∝ √
α{ĉcav(Ω) +

ĉ†cav(−Ω)}, where ĉcav is the intracavity fields of the arm cavities. The ra-

diation pressure forces introduce a mixing of sideband fields ĉcav(Ω) and

ĉ†cav(−Ω). These radiation pressure forces will modify the mechanical re-

sponses of the test masses, and in turn change the closed loop transfer func-
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tion of the interferometer. The relations of optical fields are listed as follows:

b̂ = ρ1â+ τ2f̂ , f̂ = eiφd̂, (6.13a)

ê = τ1â+ ρ2f̂ , ĉ = eiφê, (6.13b)

f̂ = [ê− αi

2
(ê+ ê†−)]e

2iβ + i
√
αeiβ

h

hSQL

, (6.13c)

where, in the sideband picture, the input-output relation is:

b̂ =[ρ1 +
τ1τ2(1− ρ†2e

2iΦ∗
−)e2iΦ

Msd

]â− iατ2e
iΦ

2Msd

[τ1e
iΦâ+ τ †1e

iΦ∗
− â†−]

+
i
√
ατ2e

iΦ(1− ρ†2e
2iΦ∗

−)

Msd

h

hSQL

,

with the common denominator Msd as:

Msd = (1− ρ2e
2iΦ)(1− ρ†2e

2iΦ∗
−) +

αi

2
(ρ2e

2iΦ − ρ†2e
2iΦ∗

−), (6.15)

where Φ∗
− ≡ ΩL/c − φ, ρ†2 ≡ ρ†2(−Ω) and τ †1,2 ≡ τ †1,2(−Ω). Following the

Caves-Schumaker two-photon formalism, we have the quadrature amplitudes

of the two-photon modes â1 = (â+ + â†−)/
√
2 and â2 = (â+ − â†−)/

√
2i. Sub-

stituting Eq. 6.14 into the quadrature amplitudes of the two-photon modes,

we have the quadrature input-output relation as:

[
b̂1

b̂2

]
=

1

4Msd

[

[
C11 C12

C21 C22

][
â1

â2

]
+
√
2α

[
D1

D2

]
h

hSQL

], (6.16)
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with

C11 = C22 =4ρ1Msd + 2[τ1τ2e
2iΦ(1− e2iΦ

∗
−ρ†2) + τ †1τ

†
2e

2iΦ∗
−(1− e2iΦρ2)]

− i(τ1e
iΦ + τ †1e

iΦ∗
−)(τ2e

iΦ − τ †2e
iΦ∗

−), (6.17a)

C12 =2i[τ1τ2e
2Φ(1− e2iΦ

∗
−ρ†2)− τ †1τ

†
2e

2iΦ∗
−(1− e2iΦρ2)]

+ (τ1e
iΦ − τ †1e

iΦ∗
−)(τ2e

iΦ − τ †2e
iΦ∗

−), (6.17b)

C21 =− 2i[τ1τ2e
2iΦ − τ †1τ

†
2e

2iΦ∗
− + (ρ2τ

†
1τ

†
2 − ρ†2τ1τ2)], (6.17c)

D1 =i2[(τ2e
iΦ − τ †2e

Φ∗
−) + e2iβ(ρ2τ

†
2e

iΦ − ρ†2τ2e
iΦ∗

−)], (6.17d)

D2 =2[(τ2e
iΦ + τ †2e

iΦ∗
−)− e2iβ(ρ2τ

†
2e

iΦ + ρ†2τ2e
iΦ∗

−)], (6.17e)

which are the elements for the input-output relation in Eq. 6.9. Here, â1 (b̂1)

and â1 (b̂2) are the amplitude and phase quadrature of the input (output)

fields at the output port. These are used for the quantum noise strain sen-

sitivity curve of the white-light signal recycling interferometer shown in Fig.

6.3. In the following section, we will discuss the contribution of the thermal

bath to the strain sensitivity in our configuration.

6.4.2 Contribution of the thermal bath to the strain

sensitivity in our configuration

In the previous Section, we discuss the input-output relation of the interfer-

ometer in our configuration by considering the quantum shot noise and the

quantum radiation pressure noise. Here, we will discuss the contribution of

the thermal bath to the strain sensitivity.

As briefly discussed in Sect. 6.3.2, the reflected field q̂ from the negative dis-

persion system should satisfy the Bosonic commutation relation: [q̂, q̂†] = 1.

Because the negative dispersion system has a gain larger than 1, we have

the commutation [rndp̂, r̂
†
ndp̂

†] > 1. Therefore, there must be an additional

noise term in the output field q̂ so as to satisfy the Bosonic commutation

relation. In this negative dispersion system, the thermal bath contributed as
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the addition noise.

The thermal bath fluctuating force has a spectral density which can be writ-

ten as [112]:

Sth(Ω) = 4mγm(
1

2
�Ω +

�Ω

e�Ω/kBTth − 1
). (6.18)

Here, the first term stands for the ground state energy of the thermal bath

in the low temperature limit where Tth = 0. This term results from the

zero point fluctuation of the mechanical oscillator in its thermal bath. The

quantum thermal fluctuating noise spectral density can be written as Sth =

2mγm�Ω. The blue curve in Fig. 6.6 shows the quantum thermal noise spec-

tral density with the chosen parameters in our configuration. The two glitches

comes from the gain peaks in the double pumped negative dispersion system.

There exist lasing instabilities at the frequencies of the two glitches, which

can be stabilized by linear feedback control systems discussed in Sect. 6.4.3.

The second term represents the thermal noise in the high temperature limit

when kBTth � �Ω. Then we have the thermal bath noise spectral density

Sth = 4mγmkBTth. In Fig. 6.6, we show the thermal noise strain sensitivity

of our configuration with different ratios of the temperature to the Q-factor

Qm of the oscillator .

Substituting the thermal bath term into the input-output relation of the

negative dispersion system (Ref. Eq. 4.3a and theoretical derivation in Chap.

5), we have:

q̂(Ω) = rnd(Ω)p̂(Ω) + κth(Ω)ξ̂th(Ω), (6.19)

where κth(Ω) = (1−rnd(Ω))/
√
4mωm�γopt and ξ̂th(Ω) is the associated Brow-

nian force with correlation function 〈ξ̂th(Ω)ξ̂th(Ω′)〉 = Sthδ(Ω − Ω′). Substi-

tuting Eq. 6.19 into the relations of the optical fields in 6.14, and using the

homodyne scheme, the input-output relation of the interferometer is:
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b̂ζ =
1

4Msd

[Cζ1â1 + Cζ2â2 +
√
2αDζ

h

hSQL

+N th
ζ ξ̂th], (6.20)

where N th
ζ ∝ κth is the input-output factor for the thermal noise. The

thermal noise strain sensitivity curves are shown in Eq. 6.6 by using the

above input-output relation. In the next section, we will discuss the feedback

control for stabilizing the lasing instability in the negative dispersion system.
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Figure 6.6: The square root of the spectral density
√

Sn(f) of the thermal

noise as a function of frequency f . The angular frequency ω = 2πf .
√
Sn(f)

is measured in units of the standard quantum limit at the frequency of the
arm-cavity bandwidth γ where hSQL(γ) = 2 × 10−24 Hz−1/2. The red line
stands for the quantum shot noise and the quantum radiation pressure noise
with the same parameters used in Fig. 6.3. The blue curve is for the noise of
the zero point fluctuations of the mechanical oscillator at the absolute zero
point Tth = 0K. The green and purple curves are for the thermal noise with
different ratios of the temperature to the Q-factor of the oscillator.
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6.4.3 Instability control

As discussed above, there exist two instabilities in the white-light signal

recycling interferometer. According to the linear control theory [113], the

stationary linear feedback control process causes no fundamental changes in

the sensitivity of the gravitational wave detectors because both the signal

and the noise are fed back with the same proportion. One of the instabilities

is the optomechanical instability caused by optical spring effect due to the ra-

diation pressure back-action forces acting on the test masses. The feedback

control of the optomechanical instability has been discussed by Buonanno

and Chen in refs. [110, 111, 114]. They proved that the linear feedback

control system of the optomechanical instability will not affect the output

sensitivity strain of the interferometer. Here, we discuss the other instabil-

ity, the lasing instability caused by the gain of the negative dispersion system.

Assume that we detect the output field b̂ζ(Ω) of the homodyne detection

and send it through an electric filter with a filter function f fb(Ω). Then

the output voltage signal is applied to the piezoelectric transducer (PZT)

where the mechanical oscillator is mounted in the negative dispersion system.

According to the input-output relation of the negative dispersion system, we

have:

q̂(Ω) = rnd(Ω)p̂(Ω) + κth(Ω)ξ̂th(Ω) + F fb(Ω)b̂ζ(Ω), (6.21)

where F fb(Ω) = mΩ2(1− rnd)f
fb(Ω)/(2�g0ap), g0 is the optomechanical cou-

pling strength, and ap is the amplitude of each pumping field in the negative

dispersion system. Substituting Eq. 6.21 into the input-output relation of

the interferometer, we can see that the linear feedback control loop provides

a common factor Kfb for the input-output relation as:

b̂ζ =
Kfb

4Msd

[Cζ1â1 + Cζ2â2 + 2
√
2αDζ

h

hSQL

+N th
ζ ξ̂th]. (6.22)

Here, the input-output relation is modified but the strain sensitivity remains

the same. In Appendix 6.6, I analyze the instability of the white-light signal
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recycling configuration using the Nyquist stability criterion. I provide an

example of a feedback control system for evading the lasing instability.

6.5 Summary

In this Chapter, I present a practical design of a white-light signal recycling

interferometer by using a negative dispersion system. The negative dispersion

system is a coupled optomechanical system pumped by two blue-detuned

optical fields. A linear negative dispersion has been demonstrated in such

an optomechanical system in a previous publication [115]. I present the

broadened strain sensitivity in the white-light signal recycling interferometer.

I prove that the signal-to-noise ratio can be improved if the thermal noise in

the negative dispersion medium can be suppressed and the instabilities can

be controlled properly.
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6.6 Appendix: analysis of lasing instability

using Nyquist stability criterion

As introduced in Sect. 6.4.1, the interferometer without the signal recycling

mirror has an open loop transfer function G0(s), where Laplace variable

s = jΩ + σ, j =
√−1 and σ is the real part of s. By implementing the

ND-SR system at the output, we introduce a feedback H(s) into the closed

loop transfer function of Gc(s) = G0/(1 −H(s)G0(s)). Stability can be de-

termined by examining the roots of the denominator M(s) = 1−H(s)G0(s).

If M(s) has any root in the right-half complex plane, the system is unstable.

When the denominator M(s) cannot be analytically factorized, the Nyquist

contour can be used for determining the stability of the closed loop system.

In our configuration, the denominator Msd(Ω) cannot be analytically fac-

torized because of the e2iΦ and e2iΦ
∗
− terms. Therefore, we need to use the

Nyquist contour of Msd(Ω) to determine the stability of our system.

We construct the Nyquist contour which encompasses the right-half of the

complex plane of s:

• a path traveling up the jΩ axis, from [−j∞, 0] to [0,+j∞],

• a semicircular arc, with radius r → ∞, that starts at +j∞ and travels

anticlockwise to −j∞.

In the right-half complex plane, the number of the contour encirclements of

the origin is Nr, while the numbers of the zeros and poles of the denom-

inator Msd are Zr and Pr. By the Argument Principle [116], the relation

Nr = Zr −Pr must be satisfied. In our system, the denominator Mnd has no

poles, so that Nr = Zr, and thus our system has instabilities only if Nr �= 0.

Here, we focus on the lasing instability, thereby eliminating the instability

caused by the optical spring effect by assuming the optomechanical coupling

strength α = 0. Then, we provide an example of a feedback control loop for

suppressing this lasing instability. In this case, the denominator becomes:
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M(Ω) = (1− ρ2e
2iΦ)(1− ρ†2e

2iΦ∗
−). (6.23)

Figure 6.7: Nyquist contour ofM(Ω) in the absence of the negative dispersion
system. The right panel is a zoomed-in plot for the left panel. The colors
mean Red (Ω ∈ [0, 200γ]) and Blue (Ω ∈ [−200γ, 0]), which indicate the
directions of the contour. The red dot is the origin. The origin is excluded
by the contour.

In Fig. 6.7, I analyze the Nyquist contour of M(Ω) in the absence of the

negative dispersion system by assuming that rnd = 1. The right panel is a

zoomed-in plot of the left panel. The red spot is the origin of the complex

plane. From the Figure, we can see that the contour excludes the origin,

which indicates that there is no instability in our system. This proves that

the system is stable without the negative dispersion system.

In Fig. 6.8, we analyze the Nyquist contour of M(Ω) in the presence of the

negative dispersion system. The contour encircles the origin twice, which are

related to the lasing instabilities in the negative dispersion system.

As shown in Chap. 5, the negative dispersion system has two gain peaks,

which come from the two pumping fields via optomechanical interactions.

Thus, these gain peaks generate the lasing instabilities by amplifying the
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Figure 6.8: Nyquist contour of M(Ω) in the presence of the negative disper-
sion system. The right panel is a zoomed-in plot of the left panel. The origin
is included by the contour.

sideband fields in the interferometer. A double band-stop (notch) filter can

be used to suppress the two gain peaks. Here we give an example of a perfect

filter function F fb(Ω) in Eq. 6.21, without consideration of feedback noises,

as:

F fb(Ω) =

√
2(−1 + ft(Ω))

[−1 + ft(Ω) + ft†(−Ω)]τ
, (6.24)

with

ft(Ω) = e
− (γm−0.5γopt)

2

(ω+δ0+Δ)2 + e
− (γm−0.5γopt)

2

(ω−δ0+Δ)2 − 0.99. (6.25)

This is a band-stop (notch) filter. We substitute the above filter function into

Eq. 6.21 and get the added common factor Kfb(Ω) for the modified input-

output relation in Eq. 6.22. The common factor Kfb(Ω) has no zeros. The

contour of the modified denominator Msd(Ω)/Kfb(Ω) is shown in Fig. 6.9. In

this case, the contour excludes the origin, so the system becomes stable.
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Figure 6.9: Nyquist contour of F (Ω) with linear feedback control loop. The
right panel is a zoomed-in plot for the left panel.



Chapter 7

Parametric Instability in Long

Optical Cavities and

Suppression by Dynamic

Transverse Mode Frequency

Modulation

Three-mode parametric instability (PI) has been predicted in Advanced grav-

itational wave detectors. Here we present the first observation of this phe-

nomenon in a large-scale suspended optical cavity designed to be comparable

to those of advanced gravitational wave detectors. These results show that

previous modelling assumption that transverse optical modes are stable in

frequency except for frequency drifts on a thermal deformation timescale are

unlikely to be valid for suspended mass optical cavities. We demonstrate

that mirror figure errors cause a dependence of transverse mode frequency

offset on spot position. Combined with low frequency residual motion of sus-

pended mirrors, this leads to transverse mode frequency modulation which

suppresses the effective parametric gain. We show that this gain suppression

mechanism can be enhanced by laser spot dithering or fast thermal mod-

ulation. Using Advanced LIGO test mass data and thermal modelling, we

123
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show that gain suppression factors of 10-20 could be achieved for individual

modes, sufficient to greatly ameliorate the parametric instability problem.

In Sect. 7.1, I introduce the background of three-mode parametric instabil-

ities in Advanced interferometers and discuss the phenomena which reduce

the average parametric gain of the candidate modes. In Sect. 7.2, I intro-

duce the theory of the three-mode parametric instability and the effect of

transverse mode frequency modulation. In Sect. 7.3, I discuss the observa-

tions of the parametric instability in a high optical power cavity. I show the

frequency modulations due to the figure errors of the cavity mirrors. Sect.

7.4 is the conclusion of this project. This chapter is a joint research effort

with Chunnong Zhao, Li Ju, Qi Fang, Carl Blair and David Blair. I made

the contribution to the data acquisition and observations of the parametric

instability. The relevant publication is Phys. Rev. D 91, 092001 (2015).
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7.1 Introduction

Advanced laser interferometric gravitational wave detectors are currently be-

ing commissioned [117, 118]. Once they reach target sensitivity, they have a

high probability of observing gravitational waves, especially from the coales-

cences of binary neutron stars. Target sensitivity requires very high optical

power in the detector optical cavities, which can give rise to radiation pres-

sure induced instabilities.

In 2001, Braginsky et al. [119, 120] predicted that optomechanical inter-

actions in such detectors could lead to a new form of instability, called a

three-mode parametric instability. In an interferometer, photons from the

main carrier mode are scattered by thermally excited acoustic modes in the

test masses. The carrier photon creates a phonon-photon pair. If the phonon

is resonant in an acoustic mode, and the photon is resonant in an interfer-

ometer cavity transverse mode, this scattering process will occur resonantly.

As introduced in Chap. 2, when the scattered photons have lower frequency

than the carrier photons, energy conservation requires the phonon to increase

the occupation number of the acoustic mode. If the acoustic energy injection

by this mechanism exceeds the characteristic losses of the acoustic mode, the

scattering will lead to an exponential growth of the acoustic mode occupa-

tion number. Braginsky showed that the amplitude of this scattering process

could be large if the spatial 2D surface amplitude distribution of the acoustic

mode overlaps the spatial intensity distribution of the optical mode, thereby

causing three-mode parametric instability.

Subsequently, Zhao et al. [121] demonstrated that for realistic interferometer

designs there was a substantial risk of instability, because the high acoustic

mode density in the 50-150 kHz range led to numerous accidental overlaps of

both mode shape and frequency. Such instabilities could not be completely

avoided through optical design. This led to research focussed on observation

and study of three-mode interactions [122], and on methods for suppressing

instability [123, 124, 125, 126, 127].
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Strigin et al. [128] extended the theory to a dual recycling interferometer

detector and showed that the multi-cavity coupling could reduce the effec-

tive bandwidth to a sub-Hz range. If the high order cavity mode involved in

parametric instability is resonant in both the arm cavities and the recycling

cavity, extremely high three-mode parametric gain could occur. Detailed

analysis of a dual recycling interferometer with realistic test masses by Gras

et al. [129] showed that the highest gain could reach ∼ 1000, corresponding

to acoustic ring-up times ∼seconds.

Recently modelling that takes into account large acoustic amplitudes, and

using parameters close to those of Advanced LIGO (aLIGO) has shown that

the growth of instability saturates. Danilishin et al. showed that parametric

instability is likely to grow on a timescale of minutes for realistic parameters

[130, 132].

Three-mode parametric interactions are extremely sensitive to test mass mir-

ror parameters. This extreme sensitivity was emphasised by Ju et al. [133]

who showed that mirror radius of curvature changes corresponding to wave-

front deformations of 10−6λ could easily be observed by monitoring three-

mode interactions in Advanced interferometers.

To date, three-mode instability has been reported in one free space cavity ex-

periment using a picogram membrane in a 10 cm cavity [130], and in aLIGO

[131].

At the Gingin High Optical Power Facility [134], a 74 m optical cavity has

been set up to be comparable to the conditions of Advanced interferometers.

This paper is based on observations in this facility which, while demonstrat-

ing instability, have revealed a phenomenon that suppresses the exponential

growth of instability at low amplitudes.

Previous modelling has ignored two real world aspects of practical suspended
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mass interferometers: a) that mirrors after coating have figure errors ∼ 1 nm

RMS over the central diameter of 160 mm, and b) that the laser spot posi-

tion on the mirrors fluctuates due to residual low frequency seismic motion.

The presence of figure errors means that the average radius of curvature of

the region of the mirror intercepted by the laser beam depends on the beam

location. This radius of curvature determines the transverse mode frequency

offset. Because low frequency fluctuations of the spot position cause the laser

spot to intercept different regions of the mirror surface, it follows that there

will be dynamical modulation of the optical transverse mode frequency offset.

The frequency modulation causes the parametric gain to be time dependent,

and if the modulation amplitude exceeds the transverse mode optical band-

width, the gain can be strongly modulated. This can create a situation where

parametric instability does not have time to develop because it is only on-

resonance intermittently, and for too short a time for instability to grow to

problem levels.

In this Chapter, I show that the above phenomenon is likely to reduce the

average parametric gain of the candidate modes most likely to become un-

stable, thereby significantly reducing the risk of instability. Results are con-

firmed by modelling and by measurements on a 74 m optical cavity at Gin-

gin. Recognition of this frequency modulation suppression mechanism also

leads to methods by which suppression can be enhanced either by modulated

thermal actuation or spot position dithering at frequencies below the gravi-

tational wave sensitivity band.

In Sect. 7.2, I summarize the theory of parametric instability and present

modelling results showing how individual unstable modes can be suppressed

by seismic induced frequency modulation. In Sect. 7.3, I present results

obtained with the Gingin high optical power cavity: both the observation of

parametric instability and the frequency modulation that greatly reduces the

risk of instability. I discuss the results obtained, and their implications for

aLIGO. I also present thermal actuation modelling results to estimate the

suppression factors achievable.
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7.2 Theory of Parametric Instability and Ef-

fect of Transverse mode frequency mod-

ulation

In this Section, I discuss the optomechanical dynamics of three-mode para-

metric instability. I introduce the concept of the parametric gain R which

characterizes the ratio of acoustic energy input to mirror acoustic mode

losses. I also discuss the suppression of the parametric instability by op-

tical transverse mode frequency modulation.

7.2.1 Optomechanical dynamics of three-mode para-

metric instability

Figure 7.1: Configuration schematics (top) and frequency relationships (bot-
tom). The frequency difference between the fundamental mode at frequency
ω0 and the higher-order optical mode at frequency ω1 is close to the me-
chanical resonant frequency ωm of the test mass. The frequency detuning of
this three-mode interaction is defined as Δm = (ω0 − ω1)− ωm. The Stokes
process happens so that the energy of the fundamental mode is scattered to
the higher-order optical mode (ω1).

Three-mode opto-acoustic interactions occur when the frequency difference
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between an optical carrier mode at frequency ω0 and a higher-order trans-

verse mode at frequency ω1 is appropriately tuned to the frequency of an

acoustic mode at frequency ωm. The frequency detuning of this three-mode

interaction is defined as Δm = (ω0 −ω1)−ωm. The parametric gain R char-

acterizes the ratio of acoustic energy input to mirror acoustic mode losses.

If R > 1, the system is mechanically unstable, and the acoustic mode will

grow exponentially until either non-linearities cause saturation [132], or else

the cavity loses lock. In this experiment, we are concerned only with small

amplitude excitation so can ignore non-linearities. The magnitude of R de-

pends on cavity input power, on acoustic and optical mode losses, and on

the spatial overlap between the relevant modes. For any pair of acoustic and

optical modes, the gain R can be expressed as [119]:

R =
PΛω1

MωmL2γmγ0γ1

1

1 + (Δm/γ1)2
, (γm � γ1). (7.1)

Here, P is the input power to the cavity, γ0, γ1 and γm are the half-bandwidth

of the two optical modes and the acoustic mode of the test mass, respectively.

M is the mass of each test mass and L is the length of the cavity. The Λ

is the overlap factor including the mass to effective mass ratio as defined

in [119]. As introduced in Sect. 2.1.3.4, the optical mode spacing Δω is a

function of the radii of curvature (ROC) of the mirrors of the optical cavity,

and is given by

Δω =
c

L
(m+ n) arccos (±√

g1g2), (7.2)

where g1,2 = 1 − L/R1,2 are the geometry factors, where R1 and R2 are the

radii of curvature of the input test mass (ITM) and the end test mass (ETM)

of the cavity. Here, m and n are integers describing the order of the optical

mode. The sign ‘+’ is used for near-planar cavities (R1, R2 � L), while ‘−’

corresponds to near-concentric cavities (R1 = R2 ∼ L/2). Eq. 7.2 assumes

perfect figure errors. In Sect. 7.2.2, we will consider that, in the case of figure

errors, the mode spacing is defined by the average radius of curvature at the

laser spot position, averaged over the effective spot size.
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7.2.2 Theoretical model of the Transverse Mode Fre-

quency Modulation

Eq. 7.1 considers only the Stokes process where parametric amplification or

instability processes occur due to a single high-order optical mode. Here,

we want to analyze the transverse mode frequency modulation caused by

the figure errors and laser spot position dithering on the test masses. We

focus particularly on the case where dynamic detuning causes Δm to be time-

dependent. We consider the case of harmonic detuning, given by

Δm(t) = Δm0 cosωdt, (7.3)

where ωd is a dynamic tuning frequency. In suspended mass interferometers,

the test mass mirrors are supported by low frequency pendulums which iso-

late against vibration. The test mass positions are controlled by feedback,

but finite residual motion is inevitable because of the requirement that the

test masses be inertial within the gravitational wave signal band.

Thus, in practice, test masses can be expected to have significant motion

at pendulum normal mode frequencies 0.1−1 Hz. This gives rise to a mod-

ulation in the laser spot position. If the mirrors are imperfect, the mirror

radius of curvature (averaged over the laser spot size) will vary smoothly

with spot position. In this case, modulation in spot position can modulate

the transverse mode frequency offsets, thus causing time-dependent detuning

fluctuations.

Spot position motion will also modulate the modal overlap parameter. How-

ever, for millimeter scale motions, the overlap parameter modulation is small

compared with the effect of detuning, and is ignored in the following analysis.

Assuming that Δm(t) changes according to Eq. 7.3, the parametric gain is

given by:
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R(t) =
Rmax

1 + (a cosωdt)2
, (7.4)

where a = Δm0/γ1 is the normalized frequency detuning modulation ampli-

tude. Eq. 7.4 allows estimation of the effects of modulation on the growth

of parametric instability. As discussed above, modelling has shown that the

characteristic ring-up timescale for parametric instability in a detector sim-

ilar to aLIGO is likely to be ∼ 102 s [132]. Since ωd is fast compared with

such ring-up times, one would expect to observe modulated signal growth.

Figure 7.2: Acoustic mode amplitude ring up curves for various detuning
amplitudes. Here we assume maximum gain Rmax = 6, an acoustic mode
ring down time τ = 6 s and a dynamic modulation frequency of 0.1 Hz. For
comparison, cases for on resonance (a = 0) with Rmax = 6 and Rmax = 1.45
are also plotted.

Fig. 7.2 shows examples of possible acoustic mode ring-up signatures. We

assume parameters comparable to those of the experiment reported in this

paper: fd = ωd/2π = 0.1 Hz, Rmax = 6, and a normalized detuning amplitude

a =1, 2, 4 and 10. It is sufficient to choose a typical acoustic mode decay
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time τ without needing to specify the acoustic mode frequency. We chose to

use τ = 6 s, corresponding to an acoustic quality factor Qm = 106 and 4×106

for frequencies 50 kHz and 200 kHz, respectively. Results are compared with

acoustic mode ring-up curves in the absence of dynamic detuning (a = 0)

for R = 6. In the case of a = 4, the ring-up slope is equivalent to that of a

system with a = 0 and R = 1.45 as indicated in the Figure. This represents

a gain suppression factor ∼ 4. Clearly in all cases, frequency modulation

suppresses the effective parametric gain as determined by the average slope

of the ring-up curves. For a = 10 we see that instability has been replaced by

a modulated acoustic mode amplitude which while not harmonic, is stable

in time. The equivalent parametric gain Ra in the presence of harmonic

dynamic detuning is given by:

Ra =
Rmax√
1 + a2

. (7.5)

Figure 7.3: Effective parametric gain suppression as a function of dynamic
detuning amplitude a.

The suppression of effective parametric gain as a function of modulation am-

plitude a is shown in Fig. 7.3. Parametric gain can be suppressed by an order
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of magnitude for a = 10.

In this analysis, these examples illustrate the suppression of the parametric

gain due to the figure errors and the seismic-induced frequency modulation.

More detailed analysis about the effect of the frequency modulation is pre-

sented in a published paper [135]. In Ref. [135], we also use aLIGO test mass

mirror metrology data to estimate the frequency modulation for small spot

position motions in aLIGO. Data on aLIGO optical cavities indicate that the

same phenomenon will act to reduce the risk of parametric instability for the

highest parametric gain modes. In the next Section, I present to experimen-

tal setup and results of the observation of parametric instability in a high

power optical cavity.

7.3 Experimental setup and results

7.3.1 Experimental setup

I studied three-mode parametric instabilities at the Gingin High Optical

Power Facility. The experimental setup is shown in Fig. 7.4. A 74 m long op-

tical cavity with fused silica test masses is suspended from high performance

vibration isolators [136, 137] by a modular 4-wire test mass suspension sys-

tem developed at UWA. The test masses are installed in two large vacuum

chambers connected by a 400 mm vacuum pipe. The system was assembled

in clean room conditions, and uses a hydrocarbon-free vacuum system to

enable high optical power densities to be achieved.

Both test masses are 50 mm in diameter and 50 mm thick, with mass ∼0.8

kg. The nominal RoCs of the two test masses are 37.5 m and 37.4 m. The test

masses have a very sparse mode spectrum compared to aLIGO test masses,

so that three-mode parametric interactions need to be tuned to specific can-

didate acoustic modes. This is achieved by using a power-stabilized CO2

laser to thermally tune the RoC of the ITM to create three-mode tuning for

the specific candidate acoustic modes [138]. The dominant test mass residual
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Figure 7.4: Schematic diagram of the experimental setup: the laser light
from a seed laser is amplified by a 50 W fibre laser amplifier. The high
optical power laser beam is injected into the 74 m long optical cavity. The
seed laser is frequency locked to the long cavity using PDH locking. The
cavity transmitted beam is detected by a quadrant photodiode (QPD). The
differential signal from the QPD measures the beating between the cavity
fundamental mode and the first-order optical mode.

angular motions are at frequencies of 0.15 Hz.

The measured cavity finesse is 1450±300. The light source is a 50W fibre

laser amplifier fed by a 400mW Nd:YAG NPRO seed laser. The seed laser

is frequency locked to the long cavity using PDH locking [139]. The cavity

transmission is detected by a quadrant photodiode (QPD). The differential

output of the QPD measures the beating between the cavity fundamental

mode and the first-order optical mode, while the sum of the QPD output

measures the total cavity transmitted power. A spectrum analyzer (Agilent

89410A) and a PC are used to analyze and record the signal.

Using the ANSYS software package, we first analyzed the test mass acoustic

mode structure and frequencies. Based on this simulation, we then identified

one particular acoustic mode that has good overlap with the cavity first-order
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mode, and minimum vibration amplitude at the suspension point to mini-

mize the mechanical loss introduced by the suspension. Our target mode,

with simulation frequency 150.49 kHz, is in the range for easy CO22 laser

thermal tuning. The mode amplitude distribution on the test mass surface is

shown in Fig. 7.5. The overlap factor, taking into account the mode effective

mass, is ∼16. The measured mode frequency is ∼150.2 kHz (depending on

the temperature). The measured mechanical Q-factor using the ring-down

method is ∼ 3.4× 106 .

Figure 7.5: The test mode acoustic mode amplitude distribution on the mir-
ror surface.

7.3.2 Experimental results of frequency mode spacing

modulation

Three-mode interaction conditions are achieved by tuning the TEM00 and

TEM10 mode spacing close to 150.2 kHz using CO2 laser thermal tuning.

Measurement of the tuning is relatively easy because residual laser beam-

jitter noise gives rise to a small amount of TEM10 mode power inside the

cavity which beats with the TEM00 at the QPD, allowing the TEM10 offset

frequency to be monitored as a beat note. This provides a means for moni-

toring the mode spacing by measuring the cavity transmitted power on the
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QPD where the two modes are mixed.

Figure 7.6: The correlation between horizontal spot position of the ITM alone
and the transverse mode frequency indicates that the frequency detuning is
caused by the spot position change. The solid line is the linear fit to the
measurement data. The spread of the data is due to the fact that the laser
spot position is also changing at the ETM.

The mode spacing was observed to fluctuate with a typical peak to peak am-

plitude ∼few kHz. To confirm that these fluctuations were associated with

beam spot positions on the test masses, we recorded the cavity mode spacing

and the beam position simultaneously for the ITM. Fig. 7.6 shows the mode

spacing as a function of the beam position on the ITM in the horizontal direc-

tion. The beam position was determined by recording the video of the CCD

camera and then analyzed by referencing it to the test mass diameter. In

the horizontal direction, there is a linear correlation between increased mode

spacing with increased beam position. The solid line in Fig. 7.6 is a linear

least squares fit to the measurement data. The relatively large scatter is due

to the fact that we recorded only the ITM beam position, while the ETM

beam position is also not stable. The effect is more difficult to measure along
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the other axis because the suspensions introduce much smaller vertical beam

position fluctuations. However, the single axis correlation is sufficient to con-

firm our conjecture that mirror figure errors translate into dynamic detuning.

I do not have precise metrology of our test mass mirror profiles. However, the

observed fluctuations are consistent with the mirror figure error specification

of 1 nm. It is interesting to note that, in principle simultaneous measurement

of spot positions on both test masses, and transverse mode frequency offset,

could be used to allow precise metrology of both test masses.

7.3.3 Observation of Parametric Instability

When the cavity is correctly tuned, the three-mode interaction occurs, and

the signal at the QPD becomes dominated by the beating between the TEM00

and TEM10 modes at the acoustic mode frequency. The signal is proportional

to the acoustic mode amplitude, the TEM00 mode power and the TEM10

mode detuning. The signal is normally most easily observed by mixing the

acoustic frequency with a local oscillator, combined with a low pass filter, so

as to reduce the signal frequency to <10Hz.

As discussed above, residual motion causes cavity detuning. The residual

motion amplitude depends on environmental noise, which excites the sus-

pension normal modes. Most of the time, I observe dynamic detuning with a

frequency amplitude of 1−5 kHz. Even under these circumstances the acous-

tic mode signal, at a frequency ∼150.2 kHz, can normally be clearly observed.

Wind forces on the laboratory, microseismic activity and human activity all

contribute to degrading the residual motion. During quiet times the residual

motion is reduced, and for times of ∼30 seconds the detuning amplitudes

can be less than a few cavity bandwidths. In these short periods of time,

conditions are suitable for observing three-mode parametric instability.
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Figure 7.7: The QPD differential output signal at the test mass acoustic
mode frequency (150.28 kHz). The signal was down-converted to ∼0.91 Hz
by mixing with a local oscillator signal. The solid line is a fitting curve of 0.91
Hz with parametric gain Rmax = 6 and detuning amplitude a=2. The growing
signal envelope (dashed line) is consistent with suspension modulation at 0.15
Hz. The effective parametric gain R is ∼1.45.

To observe the signature of parametric instability we increased the cavity

circulating power to ∼ 30 kW. For periods of time ∼10 to 30 seconds, when

the dynamic detuning is low, the acoustic signal can be observed ringing up

with time, as shown in Fig. 7.7. In this case, the acoustic signal frequency

was down-converted to 0.91 Hz as discussed above.

Observations under best-tuned quiet conditions show the acoustic signal

growing for times ∼14 seconds. This amplitude growth is modulated but

more complex than the single modulation frequency model used in Sect. 7.2,

due to the presence of several low-frequency modulations associated with the

angular motion of both test masses. Beating also occurs, due to the fact

that the two test masses have closely spaced suspension normal modes. This

beating causes the detuning amplitude to vary periodically over timescales of

∼ 30 seconds. The effective parametric gain R, based on observed ring-ups

during times of minimum detuning amplitude such as shown in Fig. 7.7, is
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R ∼1.45.

In Fig. 7.7, I have fitted to a double frequency of a single 0.15 Hz suspension

mode to model the dynamic detuning. This gives a modest fit to the data,

but a complete fit is not possible due to the stochastic nature of the seismic

excitation of the normal modes.

7.4 Conclusion

Three-mode parametric instability was observed in a suspended high power

optical cavity designed to mimic conditions comparable to those expected in

advanced gravitational wave detectors. I, with other students in our group,

have observed time dependent growth of a 150.2 kHz acoustic mode, consis-

tent with a new model of parametric instability for suspended mass optical

cavities. The gain R in the parametric instability regime is lower than previ-

ously expected, and is modulated by low-frequency residual motion. Results

are consistent with a new model for the build up of instability in which trans-

verse mode frequency fluctuations act to reduce the parametric instability

power build up through dynamic detuning, which itself is caused by residual

motion in the presence of nm-level mirror figure errors. Data on aLIGO op-

tical cavities indicate that the same phenomenon will act to reduce the risk

of parametric instability for the highest parametric gain modes. Mirror im-

perfections have beneficial effects in this regard. Results also point to simple

methods for reducing parametric gain by thermal modulation of test masses,

or by low frequency dithering of the test masses. Further studies on full scale

detectors, to quantify the dynamic detuning and bandwidths of transverse

modes, are needed to quantify these effects.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

In this thesis, I investigated several schemes for sensitivity enhancement of

aLIGO-type gravitational wave detectors. Optomechanical interactions and

optical spring effects are the key to these schemes. The first scheme in Chap.

4 showed the potential of frequency-dependent squeezed vacuum generation

in a small compact system, which can enable gravitational wave detectors

to surpass the free-mass standard quantum limit over a broad frequency

range. The second scheme in Chaps. 5 and 6 showed the potential of us-

ing an optomechanical system to build white-light signal recycling cavities

in laser interferometric gravitational wave detectors for improving sensitiv-

ity. In those two schemes, the sensitivity improvements are subject to the

significant reduction of mechanical resonators’ thermal noise. One poten-

tial method is to use optical dilution, which is discussed in the future work.

In Chap. 7, I reported the observation of three-mode parametric instability

caused by optical spring effects in a suspended high power optical cavity . I

also demonstrated a phenomenon that suppresses the exponential growth of

instability at low amplitudes. The following paragraphs are the conclusions

for each chapter.

In Chap. 4, I showed an extremely narrow cavity bandwidth created by op-

141
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tomechanical interactions in an optical cavity with a silicon nitride membrane

in the middle. I used a noise-added signal light to mimic the squeezed light

in a room temperature system in which a control light is injected into the

same port to generate the OMIT effect. I demonstrated frequency-dependent

noise ellipse rotation in a tunable OMIT cavity in which the bandwidth can

be tuned from 3 Hz to several hundred Hz. The rotation angle follows the the-

oretical prediction in the detection band of advanced gravitational wave de-

tectors. This result proves that the OMIT cavity has the same amplitude and

phase response as a simple filter cavity, which can rotate the noise ellipse of

a classical signal light with squeezed added noise in close agreement with the

theoretical phase response. This shows the potential of frequency-dependent

squeezed vacuum generation in a small-scale compact system, with future

potential implementations in low temperature environments and proper op-

tical dilution.

In Chap. 5, I made a proof-of-principle demonstration using the optome-

chanical device to realize an active filter which possesses an interesting optical

property. I reported the experimental realization of a gain-assisted linear neg-

ative dispersion in an optomechanical system with two blue-detuned control

beams. Using an 85-mm optical cavity coupled with a silicon nitride mem-

brane, I demonstrated optically tunable negative dispersion that is equivalent

to replacing the cavity with a negative dispersion medium, which has a phase

derivative dϕ/df from −0.14 deg·Hz−1 to −4.2× 10−3 deg·Hz−1. Our result

shows the potential of using such optomechanical systems to build white-light

signal recycling cavities in laser interferometric gravitational wave detectors

for improving the sensitivity subject to the significant reduction of the me-

chanical resonator’s thermal noise. Such a free-space optomechanical filter

provides a low loss alternative solution when compared to atomic systems.

This demonstration shows the feasibility of using optomechanical interactions

to achieve a required optical response.

In Chap. 6, I discussed a practical design of white-light signal recycling cav-

ities by implementing the linear negative dispersion system as demonstrated
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in Chap. 5. In this design, the signal recycling cavity is operated at the

detuned signal recycling mode. The resonant frequency of the signal recy-

cling cavity is shifted to a target frequency for gravitational wave signals

from compact binaries. The double-pumped optomechanical cavity is placed

in the signal recycling cavity to broaden the bandwidth of the optical reso-

nance. By searching the parameter space of the negative dispersion cavity,

the bandwidth can be improved without significant reduction in the peak

sensitivity.

In Chap. 7, I reported on the observation of three-mode parametric instabil-

ity in a suspended high power optical cavity designed to mimic conditions

comparable to those expected in advanced gravitational wave detectors. The

gain in the parametric instability regime is lower than previously expected,

and modulated by low frequency residual motion. The results are consistent

with a new model for the evolution of the instability in which the transverse

mode frequency fluctuations act to reduce the parametric instability power

build-up through dynamic detuning, which itself is caused by residual mo-

tion in the presence of nm-level mirror figure errors. The results also point

to simple methods for reducing parametric gain by thermal modulation of

test masses, or by low frequency dithering of the test masses. Further studies

on full-scale detectors to quantify the dynamic detuning and bandwidths of

transverse modes are needed to quantify these effects.

8.2 Future Work

8.2.1 Optical Dilution

Sensitivity improvements of aLIGO-type detectors can be achieved by using

optomechancial narrow-band filters for frequency dependent squeezing, and

using the white light cavities if thermal noise can be sufficiently suppressed.

One potential approach to ultra-low thermal noise optomechanics is to use

quantum noise-free optical dilution. This dilution is realized by using the op-
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tical spring effect where the optical spring significantly exceeds the stiffness

of the mechanical spring. In 2014, Ma et al. [53] analyzed a dilution scheme

where the resonator sits in the middle of an optical cavity that is similar

to the dispersion cavity cooling scheme [140]. Ma et al. also showed that a

high reflectivity end mirror enables total destructive quantum interference

to cancel the radiation pressure noise. In the future, we can demonstrate

this noise-free optical dilution in a coupled optomechanical system. As dis-

cussed in Chap. 4, the experiment was demonstrated classically using a noise-

enhanced squeezed light at room temperature. By implementing cryogenic

devices and using optical dilution, we will be able to use quantum squeezed

light as the signal light and demonstrate frequency-dependent squeezed light.

8.2.2 Demonstration of white-light cavity

In Chap. 5, I demonstrated the linear negative dispersion in an optome-

chanical system. In Chap. 6, I theoretically analyzed the sensitivity im-

provement of a white-light signal recycling interferometer by using the neg-

ative dispersion system. In the next research project, I want to demonstrate

the white-light cavity using the negative dispersion optomechanical system.

Some improvements are needed: (a) The membrane will be damped by an

optical spring or optical cooling. As discussed in Chap. 6, the mechanical

bandwidth γm needs to be larger than the optomechanical bandwidth 2γopt

caused by the pumping fields. Instead of the gas damping used in previous

demonstrations, I will use the optical spring to cool the mechanical resonator.

(b) The cryogenic technique and optical dilution will be used to suppress the

thermal noise in the optomechanical system.
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8.2.3 Realization of speed-sensitive interferometer by

using optomechanical sloshing cavity

The pioneering works of the speed-meter were done by Braginsky and Khalili

[141] (for a microwave system) and then by Purdue and Chen [142] (for

a laser interferometer). For the speed sensitive interferometer, the basic

idea is to add an additional filter cavity to the main interferometer, which

allows the signal light to slosh between the additional cavity and the main

interferometer. In the design of Ref. [142], the length of the sloshing cavity

is kilometer long, which could be quite challenging and expensive to be built;

instead, I could use a short optomechanical cavity with a narrow bandwidth

(OMIT) to replace the long sloshing cavity. We will investigate the sensitivity

of the speed sensitive interferometer using the OMIT cavity.
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