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Abstract

Time and frequency can be measured better than any other quantity. Thus wher-

ever high precision measurements must be undertaken one tries to perform a time

or frequency measurement. In optical physics, sensing and reference devices are

usually made in the form of an optical resonator because the enhancement of the

optical field in the resonator greatly improves the sensitivity and/or the precision

of the measurement. Generations of scientists have worked on the improvement,

the design and further applications of optical resonators. Among the various types,

the whispering-gallery-mode-resonator (WGMR) has attracted increasing attention

since 1980s. Within the last decade, the research enthusiasm around WGMRs has

reached a pinnacle with a series of breakthroughs in fields including, but not limited

to, novel laser sources, compact frequency comb generation, ultra-sensitive biosen-

sors, cavity quantum electrodynamics (CQED) and optomechanical cooling.

This work presents the development of an optical resonator mainly aimed at the

realisation of compact high precision thermometer and optical frequency reference

using crystalline WGMRs. With either high speed diamond turning machining or

hand shaping and raw polishing followed by fine surface polishing, ultra-high quality

(Q) factors of above 109 have been achieved in both CaF2 and MgF2 WGMRs in

this project. Investigation on the surface roughness that prevents the achievement

of higher Q factors has been conducted with both atomic force microscopy (AFM)

experiments and theoretical/numerical analysis. We also report thermally induced

frequency shifts and oscillatory behaviours in CaF2 and model these observations

with coupled mode theory.

We have addressed a common difficulty when relatively high optical intensity

must be coupled into the resonator; here one finds frequency instability or self-

oscillatory behaviour. In this case a self-thermal-locking technique based on dual

mode self-referencing technique was developed and the frequency shifts due to am-

bient temperature shifts were also suppressed substantially. The dual-mode self-

reference technique was extended into WGMR using isotropic material through the

different thermo-optic coefficients of two modes of different wavelengths, rather than

the conventional approach using different polarisations. A thermometer based on
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such a self-reference scheme yields a resolution of 80 nK/
√

Hz with CaF2 WGMR

and 30 nK/
√

Hz with MgF2 WGMR; the best resolution reported to my knowledge.

By actively controlling the intracavity power, the frequency stability of the laser

locked to the resonance mode could be further improved. The limitations of such

technique are analysed in detail.

On the other hand, coupling between orthogonally polarised modes was also

observed. This phenomenon may compromise the performance of the dual-mode

thermometer. The fundamental reasons for such phenomenon are presented and

a novel triple-mode temperature stabilisation technique is proposed for refractive

index and bio-particle sensing. With this technique, using a pair of modes to sense

and subsequently stabilise the difference frequency fluctuations of another pair of

modes, considerable suppression of thermal noise that usually dominates the noise

floor can be achieved, while the detection limit or detectivity, a key factor that

evaluates the performance of such sensors can be significantly improved.
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Chapter 1

Introduction to Whispering-

Gallery-Mode-Resonator

1.1 History and Background

The term“Whispering Gallery” [1, 2, 3] originally came from Lord Rayleigh’s fa-

mous paper [4] which looked at the phenomenon that the circular walls of St. Paul’s

Cathedral in London can guide acoustical waves through continual reflections. This

allows listeners on one side of the building to hear whispers from people talking on

the other side. Such phenomena also happens in other architectures including the

City Hall in San Francisco, St. Peter’s Basilica in the Vatican City, and the Temple

of Heaven in Beijing.

A similar effect can be found when electromagnetic (EM) waves travel in cylin-

drical or spherical shaped dielectrics where the refractive index is higher than that

of the surrounding medium. When the incident angle of the wave satisfies the con-

ditions of total reflection, and the wavelength of the wave is appropriate, after each

roundtrip the light constructively interferes and we see a build up of wave energy

in the dielectric. Sometimes such phenomena is also termed morphological depen-

dent resonance (MDR) [5] following Gustav Mie’s pioneering studies of scattering

of light trapped inside liquid droplets [6]. Throughout this thesis we will use the

term whispering-gallery-mode (WGM). Moreover, this work focuses on the WGM

resonance with optical waves. Therefore, despite the fact that microwave WGM has

attracted significant interest in fundamental research and applications [7, 8, 9, 10],

the term WGM is understood to refer to optical WGM in this thesis.

Over the past few decades, following the pioneering work by Braginsky, Gorodet-

sky and Ilchenko in 1980s [11], the research enthusiasm in WGM resonators (WGMR)

reached an unprecedentedly high level due to their outstanding properties allied with

1
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a b

c d

Figure 1.1: Some architectures that show whispering-gallery effect: (a) Dome of
St. Paul’s Cathedral in London; (b) City Hall in San Francisco; (c) St. Peter’s Basil-
ica in the Vatican City; (d) Temple of Heaven in Beijing

technological breakthroughs in other interdisciplinary fields such as semiconductor

micro fabrication, laser nano engineering, chemical science and material science, etc.

For example, WGMRs made from materials including liquid droplets [12], silica [13],

semiconductor [14], polymer [15], etc. have been reported. Meantime, a variety of

techniques have been reported to fabricate WGMRs, including direct lithographic

patterning [16], mechanical turning and polishing [17], as well as surface-tension [18]

based approach. Moreover, various resonator geometries including microspheres [13],

disks [19], rings [20], toroids [21], cylinders [22], and bottles [23], have been demon-

strated.

The relatively economical manufacturing process, the compactness, the low op-

tical energy loss and the long photon storage time, and high energy density, make

the WGMR a powerful platform for many fundamental scientific projects as well as

various applications.

Major research topics involved with WGMR include nano-particle and biological

sensing [24, 25], optical frequency conversion [26], laser frequency stabilisation [27],

optical comb generation [28], optical signal processing [29], cavity quantum electro-

dynamics (CQED) [16], optomechanics laser cooling [30] and optical and acoustical

wave generation [31]. In the foreseeable future, the increasing interests in WGMR-
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related research fields is likely to continue as more advances and progress appear on

the horizon.

1.2 Thesis Outline

In the following sections in this chapter the basic theoretical description of WGM

and its elementary properties will be introduced. Methods to calculate the most

relevant parameters of these properties will be presented and the coupling schemes

used in this project, including high index prism coupling and tapered fibre coupling,

will be explained. This will provide a fundamental theoretical and experimental

background for this project.

Chapter 2 will firstly explain the resonator fabrication process in this work.

Then the dominant loss mechanism that limits the Q-factors, which is the surface

scattering loss, will be studied by measuring the surface profiles of various resonators

and calculating optical loss introduced by surface roughness using volume current

method. The calculated Q-factors that are limited by the surface scattering loss will

be compared with experimental results.

Chapter 3 details the experimental setup for measuring the preliminary frequency

stability of WGMRs. Different types of technical and fundamental noises are dis-

cussed so as to provide an overall description of the frequency instability of the

device. This chapter also presented several experiments to measure the effects of

noises. The major issue, the technical temperature fluctuation of the resonator, is

identified as the bottleneck for the frequency reference’s performance.

In Chapter 4 a dual-mode thermometry scheme is proposed to resolve the issue

of the technical temperature fluctuation confirmed in the last chapter. We carry

out experiment to suppress the temperature instabilities of the resonator. The

performance of the thermometer and its various noises are discussed. Improved

frequency stability of the resonator is demonstrated, followed by discussion on the

shortfalls of the technique.

Chapter 5 presents a triple-mode scheme using the dual-mode thermometry tech-

nique to suppress noise level in WGMR-based refractometry. The sensing principle

is derived and results of a proof-of-concept experiment are presented. We also make

comprehensive analysis to interpret the experimental results in order the confirm

the predicted improved detection limit.

Chapter 6 introduces the self-modulated oscillations in CaF2 resonators and then

derives power threshold and oscillatory frequency of the oscillations. In the last part

of this chapter a dual-mode self-thermal-locking technique, which is another develop-

ment of the dual-mode thermometry technique, is proposed and demonstrated. The
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experiment setup and results are presented, showing the successful implementation

of the proposed technique.

In chapter 7 some we show observed interesting mode-interactions and polari-

sation conversion. The underlying mechanisms for such phenomena are discussed

and analysed. Careful measurements with numerical simulations are carried out to

verify the model. Finally the implications of such phenomena in several applications

with WGMR are discussed.

The final chapter, chapter 8, reviews and concludes the work described in this

thesis. It also gives an outlook into the potential development of future work.

1.3 Analytical Expression of WGM

R

Figure 1.2: Ray optics picture of a resonant WGM. R is the radius of the resonator.
The number of the resonant wavelength around the circumference, m, is 10.

In a simple ray optics picture as illustrated in Figure 1.2, a WGMR with a radius

R can resonate with a wave with wavelength λ when it is equal to an integer multiple

m of the circumference of the resonator:

mλ = 2πRneff (1.1)

where neff is the effective refractive index of the mode, λ is the resonance wavelength

in vacuum, m is the mode number, which equals the number of wavelength along

the circumference. One should note that, when the resonator size is much larger

than the operating wavelength, most of the optical field will be contained in the

resonator; and in this case the effective refractive index neff can be simplified as the

resonator’s material refractive index ns. The spacing in optical frequency between

two successive modes, the frequency spectral range (FSR) in frequency ∆ν, can be



1 Introduction to Whispering-Gallery-Mode-Resonator 5

derived [1]:

∆ν =
c

2πRneff

(1.2)

Laser

WGMR

HWP

PBS

HWP

FPC

CRO

FG

Figure 1.3: FSR measurement experiment scheme. HWP: half-wave plate; PBS:
polarisation beam splitter; FPC: Fabry-Perot cavity; FG: function generator; CRO:
oscilloscope. The function generator sends saw-wave signal to laser’s frequency
modulation port so the laser is frequency scanning. The Fabry-Perot cavity has
a known FSR of 7.5 GHz.

Fig. 1.3 shows the experimental setup for measuring the FSR of a WGMR. A

Fabry-Perot cavity with a known FSR was used in the experiment to provide a

frequency scale reference. Fig. 1.4 presents a recorded spectra of the WGMR and

the Fabry-Perot cavity. The extremely dense spectrum of the WGMR arises from

its much higher mode density because it is a 3D resonator rather than the 1D Fabry-

Perot cavity.

To obtain the optical field distribution of the WGM as well as an accurate reso-

nance frequency, Maxwell’s equations need to be solved with the correct boundary

conditions. The solution to Maxwell’s equations in an isotropic dielectric sphere

can be derived to solve vectorial Helmholtz equation to determine the optical fields

[1, 32, 33]:

∆ ~E + k(r)2 · ~E = 0 (1.3)

where k(r) is the wavenumber in the local medium. Analytical solutions can be

found by using Debye’s potentials method to solve a set of scalar equations [1]. Two

types of solutions, TE (transverse electric) and TM(transverse magnetic) modes can
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Figure 1.4: Blue trace is the scanned transmission spectrum of a CaF2 sphere. The
measured FSR of 13.3 GHz corresponds to the sphere’s diameter of 5 mm. The red
trace is the transmission of a Fabry-Perot cavity with known FSR of 7.5 GHz for
the purpose of calibration.

be derived from the scalar equations with the expression

~ETE = E0
fl(r)

k0r

1√
l(l + 1)

~∇Ylm(θ, φ)× ~r (1.4)

~BTE = − i

k0c
~∇× ~ETE (1.5)

and

~ETM = − i

k0cn2
~∇× ~BTM (1.6)

~BTE = −iE0

c

fl(r)

k0r
~∇Ylm(θ, φ)× ~r (1.7)

where ~ETE(TM) and ~BTE(TM) are the electric and magnetic field vectors of TE (TM)

polarisation. Ylm(θ, φ) is the scalar spherical harmonic functions with the expression

Ylm(θ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Pl,m(cos(θ))eimφ (1.8)

where Pl,m is the associated Legendre function. fl(r) is the solution to the Riccati-
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Bessel equation, expressed as

fl(r) =

nsk0rJl(nsk0r) r < R

ak0rHl(k0r) r > R
(1.9)

where Jl and Hl are the spherical Bessel and Hankel functions of the first kind and

a is a real constant.

By matching the boundary conditions to satisfy the field continuity at the di-

electric sphere’s boundary, the resonance frequency as well as the constant a can be

determined.

For isotropic spheres with diameters much larger than the wavelength, high ac-

curacy approximations have been developed. A refined asymptotic solution for cal-

culation of the mode resonance frequencies with excellent accuracy has been given

as follows [32]:

νres =
c

2πn0

[
l + 1/2

M
− aq
M

(
l + 1/2

2
)1/3 +

−p
(M2 − 1)1/2

+
a2
q

20M
(
l + 1/2

2
)−1/3 + · · · ]

(1.10)

where n0 denotes the refractive index of the surrounding medium, M = ns/n0 while

ns is the refractive index of the dielectric sphere. aq is the qth zero of the Airy

function, and p is the polarisation parameter expressed by

p =

1 TE

1
M2 TM

(1.11)

For resonators with radius much lager than the optical wavelengths, it is rea-

sonable to assume that the polarisation direction of the electromagnetic field can

be approximated as constant along the spherical coordinate axes. From this ap-

proximation, the field in a dielectric sphere with radius of R become separable in

spherical coordinates [33] as

Ψl,m,n(r, θ, φ) = Nsψr(r)ψθ(θ)ψφ(φ) (1.12)

ψr(r) =

Jl(knsr) r < R

Jl(knsR) exp[−αs(r −R)] r > R
(1.13)

ψθ(θ) = exp[−m
2
θ2]HN(m

1
2 θ) (1.14)
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Figure 1.5: Calculated normalised intensity profiles of some TE modes with mode
number l = 100 in a silica microsphere with radius of 10µm: (a) N = 0, q = 1; (b)
N = 1, q = 1; (c) N = 0, q = 2; (d) N = 2, q = 2.

ψφ(φ) = exp[±imφ] (1.15)

where Ns is a constant, and N = l−m. The evanescent field decaying rate αs is de-

fined as αs = ( l(l+1)
R2 −k2n2

0)1/2. In this expression, the Associated Legendre functions

are represented by the Hermite-Gauss functions, which simplifies the integration of

the field. For TE modes, ~E = θ̂Eθ = θ̂Ψl,m,n, and Er = Eφ = 0. For TM modes,

the magnetic field is parallel to the sphere surface, leads to ~H = θ̂Hθ = θ̂Ψl,m,n,

Hr = Hφ = 0. Then based on the Maxwell’s equations, the ~H fields of the TE

modes and the ~E fields of the TM modes can be determined. Fig. 1.5 presents some

intensity profiles of different modes calculated with Eq. 1.10-1.15. The detailed

mode numbers are shown in the caption of the figure.

For most practical WGMRs with non-spherical geometries, exact solutions to the

Maxwell’s equations do not exist. However, approximation can be made to obtain

the field distribution and the resonance frequency [34, 35, 36]. In [36], I. Breunig, et

al. derived the field distribution for WGMRs with major radius Rmax (the maximal

distance to the rotational axis) and minor radius Rmin (the curvature radius of the

rim in polar direction) as

Ψm,N,q(r, θ, φ) = NsAi(r/µm − αq) exp(−θ2/(2θ2
m))HN(θ/θm) exp(imφ) (1.16)
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where Ns is a constant, Ai is the Airy function, θm = (Rmax/Rmin)3/4/m1/2, µm =

Rmax/2
1/3m2/3, αq is the qth root of the Airy function equation Ai(−α) = 0. N =

l−m and q are the number of the polar maxima and the number of radial maxima

of the field intensity. Ψm,N,q(r, θ, φ) is the electrical field distribution for TE mode

distribution or magnetic field for TM mode, and similar to the spherical field, the

corresponding magnetic field spatial distribution for TE mode and electrical field

distribution for TM mode can be calculated by Maxwell’s equations.

The resonant frequency can be given as:

νres =
mc

2πRns

[
1 +

αq
21/3m2/3

+
(2N + 1)

√
Rmax

2m
√
Rmin

]
(1.17)

While the study on the analytical solution to WGM in isotropic dielectric res-

onators is extensive, there have been only very limited theoretical studies on WGM

in anisotropic resonators. Since the Debye’s potential method becomes much more

complicated due to the anisotropy in the resonator medium, the theoretical analysis

appears difficult. In [37] the authors developed an analytical theory for uniaxial

spherical resonators, obtaining the corrected asymptotic formula for resonance fre-

quency in WGMRs with small anisotropy with relatively good accuracy. However, a

complete solution to this issue is still yet to be obtained, and competent theories will

need to be pursued as anisotropic materials such as MgF2, quartz, and LiNbO3, etc.

show many extraordinary properties that are highly suitable for various applications.

1.4 Numerical Methods

Exact analytical solutions to WGM only exist for a few common geometries such as

the sphere and cylinder. For many real WGMRs with geometries such as toroid [21],

bottle shape [23] and wedge disk [38] as well as most crystalline resonators shaped

with diamond turning and manual polishing techniques, including the resonators in

this work, those existing exact analytical solutions are not adequate to describe the

electric magnetic fields involved. This leads to a need for numerical methods such as

finite element methods (FEM) [39] and finite difference time domain (FDTD) [40]

methods, which in many circumstances can produce very accurate results.

A quasi-TE/TM method was presented [41, 42] to simplify the problem into 2-

dimensional (2D) situation, reducing the complexity substantially while satisfying

the accuracy required for many experiment related calculations. However, as Mark

Oxborrow pointed out in [43], this method could lead to uncontrolled error in some

cases due to the fact that actually WGM fields are not pure TE/TM polarisation

states. To cope with this problem, Oxborrow started with a full vectorial assumption
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but later simplified the 3-dimensional (3D) equations into 2D equations without com-

promising the 3D physics by taking the advantage of the azimuthal symmetry. This

method has been widely used in WGM numerical simulations since. Throughout

this thesis we make use of Oxborrow’s method for FEM calculations. Commercial

FEM software COMSOL [44] was used in various FEM analysis in this work and

for the optical mode simulation the partial-differential-equation module provided by

the software is used. In Fig. 1.6 FEM computed field intensity profiles with different

mode numbers and polarisations are shown.

While Oxborrow’s approach achieves both high accuracy and efficiency, and is

also capable of simulating anisotropic resonators, the WGMR must have axial sym-

metry. The method cannot deal with situations where the coupling element’s effect

on the mode is not negligible, or, when an object, such as a particle, gets attached

to the surface of the WGMR, thus breaking the axial symmetry. The later case,

however, is extremely interesting for WGMR based nano-particle or biological sens-

ing applications. In recent years, more FEM methods with different perspectives

have been proposed and developed to overcome such difficulties. Some of these have

been implemented with good efficiency, demonstrating promising results [45, 46] and

showing great potential in term of practicability.

1.5 Losses and Quality Factors

Loss mechanisms in the WGMR include radiation loss, absorption loss, scattering

loss and coupling loss. Altogether they determine the resonator’s capability of stor-

age of light, which is reflected by the quality factor (Q-factor or Q), one of the most

important parameters for most applications:

Q = ωτ = ω/κ (1.18)

where ω is the resonance angular frequency, τ is the photon storage time and κ is

the loss rate. The Q-factor that considers all loss mechanisms is usually referred to

as loaded Q-factor or total Q-factor (Qtot), which is expressed as

Q−1
tot = Q−1

0 +Q−1
ex (1.19)

where Q0 is the intrinsic Q-factor and Qex denotes the Q-factor related to the loss

introduced by coupling from resonator to the environment. Qex will be discussed

later in this chapter. Q0, which contains several contributions, can be expressed as

Q−1
0 = Q−1

rad +Q−1
abs +Q−1

sca (1.20)



1 Introduction to Whispering-Gallery-Mode-Resonator 11

x-coordinate position (m)

y
-c

o
o

rd
in

a
te

 p
o

si
ti

o
n

 (
m

)
n=1

m-l=0

TM

n=1

m-l=0

TE

n=1

m-l=1

TE

n=2

m-l=0

TM

n=1

m-l=3

TM

n=2

m-l=2

TE

(a) (b)

(f)(e)

(d)(c)

Figure 1.6: FEM simulated mode EM field intensity profiles of (a, b, c) CaF2 sphere
with diameter of 1 mm and (d, e, f) MgF2 sphere with diameter of 100µm. The white
curvatures depict the resonator surfaces. The white arrows show the direction of
the electric field. The mode numbers and polarisation are indicated in each picture.
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In the above equation, Qrad, Qabs and Qsca denote radiation Q-factor, absorption

Q-factor and scattering Q-factor respectively. The radiation loss rate, absorption

loss rate and scattering loss rate contribute to the intrinsic loss rate τ0 as

τ−1
0 = τ−1

rad + τ−1
abs + τ−1

sca (1.21)

In the following sections, each of these loss mechanisms will be elaborated.

1.5.1 Radiation Loss

In the literature the radiation loss is also called tunnelling loss [47] or whispering-

gallery loss [48]. Since the surface of the WGMR is not absolutely flat, transmission

occurs when light is incident on the resonator surface. As a result the total internal

reflection is not complete or ”total” anymore, and the transmitted light causes energy

loss. Detailed analysis of the radiation loss can be found in [1, 49]. Usually radiation

loss is taken into consideration only when the resonator size is below a few tens of

micrometers. This kind of loss decreases as the resonator size increases because

the mode energy is further from the surface, showing that the Qrad approximately

exponentially depends on the resonator radius [41]. For millimetre scale WGMRs

in this project, the radiation loss is negligible, as other loss mechanisms dominate

the radiation loss more than tens of orders [50]. Therefore in the rest of the thesis

the radiation loss is not considered.

1.5.2 Absorption Loss

Absorption loss is caused by the intrinsic material absorption as well as the absorp-

tion of light by residual substances on the surface. Unlike amorphous materials that

attract water on the surface [51], crystalline materials do not form a water layer on

its surface after some certain amount of time. Moreover, the WGMRs in this project

all went through cleaning procedures as in [52], therefore in this work consideration

will only be put on the intrinsic material absorption. The absorption Q-factor can

be calculated with

Qabs =
2πn

λα
(1.22)

where α is the material’s absorption coefficient. For commercial high-quality MgF2

and CaF2 crystals like those used in this project the absorption coefficient of the

materials are at the level of 2× 10−5 cm−1 [53], corresponds to a Qabs above 4× 109

at laser wavelength range around 1µm.
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1.5.3 Scattering Loss

Scattering loss includes the surface scattering loss and the internal scattering loss.

Internal scattering might be induced by the inhomogeneities in the material caused

by impurities. Another reason for the internal scattering is of more fundamental

basis, which is caused by the refractive index and material density inhomogeneities

induced by dynamical fluctuations [54]. The surface scattering loss is mainly caused

by the scattering of light by the roughness at the surface of the resonator.

Crystalline materials (CaF2 and MgF2) in this work are of very high quality,

which should allow the material impurity related scattering loss to be negligible.

Research done by other groups have demonstrated surface scattering loss limited

Q-factor of above 1010 in resonators made of the similar materials [55, 56, 57].

Therefore it is deduced that the surface scattering loss is the dominant part of

scattering loss since the highest Q-factor achieved in this work is ∼ 2 × 109. This

assumption is also supported by the fact that in this work the Q-factors of TE

modes are generally higher than the Q-factors of TM modes. As being discussed in

[54], if the scattering loss happens internally such as those caused by the thermal

dynamic inhomogeneities and material impurities, TM modes should have higher

Q-factors as the geometry allows more of the scattered light to be reflected back to

the TM modes. However, TM modes have a more intensive field on the interface

compared to the TE modes, leading to larger surface scattering loss. Therefore

the experimentally observed higher Q-factors of TE modes implies that the surface

scattering loss is the dominant scattering loss mechanism.

Different approaches have been used to calculate surface scattering loss of WGMRs

[1, 51, 54, 58]. While these studies showed relatively satisfying agreement between

theories and experiments, some argued that some of these theoretical analysis are

Ad-Hoc [59]. It was also pointed out that most theoretical studies ignore the possible

cavity enhanced Purcell effect [60] that causes more scattered light to be scattered

back into the optical mode than to outside space. Furthermore, none of these studies

considered the power spectral density (PSD) of the surface roughness, thus limiting

their usefulness only to the common Gaussian spectrum type roughness. Further

research on this topic is still to be done in order to find better quantity agreement

between calculations and experiments. In the next chapter, a detailed theoretical

method for calculating WGMR scattering loss induced by surface roughness of a

particular spatial frequency will be presented.
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1.5.4 Coupling Loss

In most cases, to couple light efficiently into a WGMR, an evanescent field cou-

pling object such as a high refractive index prism [61, 62] or a tapered fibre [63]

is required. When the coupling conditions (phase matching and spatial overlap)

are satisfied, light from the coupling object will be transferred into the resonator

through tunnelling effect. On the other hand, light stored in the resonator will also

flow into the coupling object, thus causing another loss mechanism, the coupling

loss. The coupling mechanism will be presented in detail in the next section.

1.6 Coupling Light into WGMR

Except for a few cases, such as the deformed WGMR in which free space coupling

can have relatively high efficiency [64, 65], or WGMR with engraved diffraction

gratings [66, 67] or introduced scattering centres [68], in most situations a coupling

object is required to achieve acceptable coupling efficiency through evanescent field

coupling [22, 69]. The coupling object can be a high index prism [61, 62], a tapered

fibre [63], a waveguide [70], a fibre taper tip [71], or a angle polished fibre tip [72],

the first two of which are used in this project as schemed in Fig. 1.7. The evanescent

field outside of the prism or angle polished fibre tip is created by the total reflection

at the proximity of the interface where total reflection occurs. It is also well known

that at the outside medium an evanescent field exists when light passes through

a tapered fibre or a waveguide. When the tapered region usually is only a few

hundred nanometers to a few micrometers in diameter, the portion of the energy

in the evanescent field can be much higher than the usual fibre and the decaying

length of the evanescent field that extends outwards has a scale length of a few

micrometers [73]. When a WGMR is brought close to the coupler bringing spatial

overlap between the two fields, while the phase velocities of the fields in coupler and

the WGMR are matched, efficient coupling can occur.

To achieve efficient coupling, both the spatial overlap and the field phase match-

ing between the WGM field and the evanescent field have to be satisfied. Detailed

analysis such as the optimal incident beam angle and shape for prism coupling or

the optimal radius for the fibre taper can be found in [61, 74, 75].

The practical efficient coupling condition for prism coupling can be summarised

as follows:

sinφin =
nr

np

(1.23)

where φin is the incidence angle of the laser beam shone on total reflection surface

of the prism. nr and np denote the refractive indices of the resonator and the
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a b

Figure 1.7: Two major coupling schemes used in this project. (a) Prism coupling;
(b) tapered-fibre coupling.

prism respectively. Naturally, np > nr is required. This condition makes the phase

velocity of the incident beam along the reflection surface of the prism equal to the

phase velocity of the WGM, thereby satisfying the phase matching condition.

The spatial overlap condition means that the evanescent field at the total reflec-

tion spot of the prism and the evanescent field of the WGM should overlap spatially

to exchange energy. The evanescent field magnitude follows an exponential decay

(see Eq. 1.13) so efficient coupling only happens when the surface of the prism and

the resonator are very close to each other, usually within a few micrometers, to

achieve satisfying coupling efficiency. The coupling strength, on the other hand the

coupling loss as well, can be adjusted by adjusting the distance between the prism

and the resonator. When the coupling loss rate is the same as the intrinsic loss rate,

the coupling efficiency is at the maxima and this coupling situation is called critical

coupling. The detailed explanation of different coupling situations including under-

coupling, critical-coupling and over-coupling will be provided later in this section

based on couple-mode theory.

One also notes that it is important to match the sizes of the focused incident

Gaussian beam and the WGM [74]. This condition is expressed as:

cosφin =

√
Rv

Rh

(1.24)

where Rv is the vertical radius of curvature of the resonator and Rh is the horizontal

radius of curvature of the resonator. Usually, Eq. 1.23 and Eq. 1.24 cannot satisfy

both, so coupling efficiencies over 80% have been rarely reported. It is possible

to achieve the size matching condition by adjusting the round Gaussian beam into

elliptical beam with appropriate optics. In [61] the authors presented the recipe for

the vertical angular size ∆φv and the horizontal angular size ∆φh of the indecent
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beam to achieve optimal coupling condition for spherical WGMR:

∆φ2
v =

√
n2

s − 1

n2
pkR(cosφin)2

(1.25)

∆φ2
h =

ns +
√
n2

s − 1

n2
pkR

(1.26)

where R is the radius of the spherical resonator and k is the wavenumber 2π
λ

.

The coupling Q-factor Qc is also presented:

Qc =

√
2π5/2n

1/2
s (n2

s − 1)

(n2
p − n2

s )1/2
(
R

λ
)3/2 exp(2k

√
n2

s − 1d) (1.27)

From this expression it is clearly shown that Qc increases exponentially with an

increased d, which is the gap between the WGMR and the prism. It means that the

coupling loss decreases exponentially as the distance between the resonator and the

prism increases.

In this project, the incident angle and the angular size were chosen roughly

according to the rules presented above. Then fine tuning of the angle and angular

size through adjustable optics and different cylindrical lens were applied until the

coupling efficiency was acceptable for the experiments. In most cases in this work, for

fundamental WGMs (optical modes that have only one local field intensity maxima

in the cross plane), the optimal prism coupling efficiency at critical coupling situation

is around 60%.

Besides prism coupling, tapered fibre coupling [76] is another popular coupling

method due to the relative easy fabrication process, simple coupling setup [63],

and capability of delivering nearly unity coupling efficiency (99.97%) [77]. The

tapered fibres used in this work were manufactured in the Queensland Quantum

Optics Laboratory in University of Queensland. After the buffer was removed and

cleaned with acetone, commercial single mode fibres were clamped between two

metal clamps. A hydrogen torch was used to heat the central position of the clamped

fibre and one clamp was slowly moved to stretch the fibre, so to taper the fibre.

Meanwhile a laser’s output was coupled into one end of the fibre and a photodetector

was detecting the light intensity out of the other end of the fibre. After a few tens of

seconds, oscillation of the photodetector’s output voltage showed that the tapered

fibre became multimode. The tapering process continued until the photodetector’s

output voltage level didn’t oscillate anymore, meaning the tapered fibre was single

mode again. Then the tapering process was stopped and the tapered fibre could be

used after it is fixed on a metal rack and removed from the fixing clamps.
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The thinnest part of the tapered fibre is typically around 1µm and it is quite

fragile. In the most tapered part the original fibre core and the cladding are mixed

due to material melting and the light is guided by index contrast between the mixed

silica and air rather than between core and cladding. When light is transmitted

through the tapered fibre, the evanescent field at the tapered region tends to attract

floating particles and dust, and these attached particles can have high absorption

of the light, and then heat up the fibre, even melting the tapered region into two

parts. Therefore, especially when using high optical power, operation in a very clean

environment is essential.

The phase velocity in the tapered fibre depends on the refractive index of the

fibre and the waist diameter of the local region of the fibre. The detailed analysis

can be found in [75, 76, 78, 79]. Like the situation with prism coupling, the coupling

strength can be tuned by changing the distance between the tapered part and the

resonator. Because the tapered fibres in this work were not very tightly mounted in

a rig, it was found that the fibre would be attracted by an electrostatic force to the

resonator when the distance between them is within a few micrometers. Therefore

the coupling strength was tuned by moving the resonator along the tapered fibre

while it was in contact with the fibre. One benefit of this is that it would stabilise the

coupling strength fluctuations as it stabilises the tapered fibre position fluctuations

due to the ambient air current and thermal effect [80]. Coupling efficiency of > 95%

were realised with tapered fibre in this project.

1.7 Coupling Mechanism Description

Based on coupled-mode theory [81, 82, 83], the system can be described with

dEc

dt
= −[

ω

2Q0

+
ω

2Qex

+ i∆ω]Ec + i
κ

τr

Ein (1.28)

In Eq. 1.28, ω is the resonance angular frequency of the resonator, ωl is the an-

gular frequency of the laser light. ∆ω = ωl − ω is the detuning of the input field

angular frequency with respect to the resonator mode resonance frequency. Ec is

the intracavity field, related to the intracaivty power as Pc = |Ec|2
τr

and τr equals
2πRn
c

is the round-trip time with c denoting the speed of light and R denoting the

radius of the WGMR. κ =
√
ωτr/Qex denotes the coupling coefficient. The exci-

tation field Ein is related to the input power by |Ein|2 = Pinτr. The transmission

field Etran = Ein + iκEc is the interference of the input light field and the field of

the light coupled out of the resonator by the coupler [84]. Naturally the normalised

transmission is written as Ttran = |Etran|2/|Ein|2. In steady state, the time derivative
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in Eq. 1.28 is set to zero, the normalised transmission can be derived as

Ttran = 1− ω2

Q0Qex

1

δ2 + ∆ω2
= 1− 4δ0δex

δ2 + ∆ω2
(1.29)

and the on-resonance intra-cavity power is given by

|Ec|2 =
1

τr

2Q0

Q0 +Qex

|Ein|2 (1.30)

where δ = ω
2

1
Qtot

. Obviously the transmission shows a Lorentzian dip with the full-

width-at-half-maximum (FWHM) bandwidth of 2δ = ω
Qtot

. In practice the coupling

coefficient or the coupling loss can be tuned by changing the distance between the

prism or the tapered fibre and the WGMR as indicated by the Qex’s dependence

on the gap distance in Eq. 1.27. Combining Eq. 1.27 with Eq. 1.29 and Eq. 1.19,

the evolutions of the loaded Q, and mode transmission, can be followed as the

prism-resonator gap changes. Fig. 1.8 shows the evolution of the Lorentzian shape

spectrum of a WGM as the distance between the coupling prism and the resonator

decreases. Fig. 1.9 shows the experimentally observed normalised coupled-in power

and the mode bandwidth as the resonator approaches the prism, accompanied with

the theoretical calculations. For tapered fibre coupling situation it can be tuned by

moving the resonator along the fibre taper so the waist diameter of the coupling

part of the tapered fibre is being tuned, as stated in the previous section.

Traditionally there are three different regimes to characterise the coupling status.

The first one is called undercoupled, which means Qex > Q0 and the intrinsic loss is

the dominant loss. From Eq. 1.29 it is easy to find out that in undercoupled regime

increasing the coupling loss will increase the coupling coefficient or the coupling

contrast. The second regime is termed critical coupling. At critical coupling Qex =

Q0, and the coupling contrast reaches its maximum. One must note that due to

imperfect aperture matching and spatial overlap conditions, when critical coupling

is reached, the transmission amplitude does not vanish but stays at the minimum

level when the laser frequency is at the centre of resonance. Experimentally, the

critical coupling regime can be found by tuning the coupling strength (i. e. adjusting

the distance between the resonator and the coupler) to find the position where the

transmission is a minimum. At this point, the resonance mode bandwidth is exactly

the twice of its intrinsic bandwidth. The third regime, the overcoupled regime,

means that Qex < Q0. In this regime the coupling loss is the dominant loss and thus

increasing the coupling coefficient will decrease the contrast. Because in the over-

coupled regime the coupling efficiency is lower than in the critical coupling regime

and the resonance bandwidth is wider than in the other two regimes, this coupling



1 Introduction to Whispering-Gallery-Mode-Resonator 19

Tr
a

n
sm

is
si

o
n

 A
m

p
li

tu
d

e
 (

A
. U

.)
D

e
cre

a
sin

g
 P

rism
-R

e
so

n
a

to
r G

a
p

Figure 1.8: The evolution of a WGM spectrum as the prism-resonator gap decreases.
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to make the contrast to be 1 at critical coupling. The discrepancies at the right
side of the picture are probably due to the coupling to high order modes. The
critical coupling position is indicated by the dashed line and the undercoupled and
overcoupled regimes are at the left and right sides of the critical coupling position
respectively.

status is usually not preferable for frequency stabilisation and most optical nonlinear

frequency generation applications. In Fig. 1.9, we see experimental results that

illustrate the three regimes: the bandwidth keeps increasing as the coupling situation

transits from undercoupled to overcoupled and that the normalised coupled-in power

(contrast) reaches maximum at critical coupling.

1.8 Q-Factor Measurement

A very simple way to measure the loaded Q-factor of a resonator mode is to mea-

sure the bandwidth of the mode resonance as a laser is scanning across the mode

resonance frequency based on the relation Q = ω
2δ

, where 2δ is the resonance band-

width. Although this method provides good accuracy when the mode bandwidth

is much wider than the laser linewidth, the measured result will be lower than the

real Q-factor when the laser linewidth is not substantially narrower than the mode

width, since we observe the convolution of the laser linewidth and the mode line-

shape. Moreover, if the laser is not stable enough to scan across the mode frequency

with an even speed, or the scanning speed is so high so the steady state assumption
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in Eq. 1.28 does not stand anymore, then the spectra will be distorted, thus leading

to error in measurement.

Ring-down measurement is a Q-factor measurement technique that directly mea-

sures the photon storage time of the resonator mode and it is not limited by the

laser linewidth [85, 86, 87]. A simple approach to such a measurement is to use a

fast frequency sweeping laser to sweep through the cavity resonance mode. When

the stored light in the resonator is being coupled out through the coupling object, it

interferes with the frequency sweeping input light from the laser. Such interference

will form an oscillation transmission spectra in time domain, and the envelope of

the ring-down oscillation is the photon decay time of the resonator mode.

Directly solving the transmission Ttran with Eq. 1.28 with a linear laser frequency

sweeping rate ωl illustrates the ring-down patterns. Fig. 1.10 shows the ring-down

patterns of a resonance of the same Q-factor and with different laser scanning speeds.

One can find that the changing scanning speed only modifies the beat frequency of

the pattern but does not change the overall decaying rate of the pattern. Fig. 1.11

presents different ring-down patterns of resonances with different Q-factors, showing

that the decaying rate is proportional to the Q-factor.

In Fig. 1.12 are two experimentally measured ring-down patterns with varied

laser scanning speeds. The fitted numerical simulations are also presented. The

fitting yields the Q-factors, which are shown in the corresponding pictures too.

1.9 Summary

This chapter firstly introduces the background of the research on WGMRs and then

gives the outline of the thesis. It also includes contents of theoretical and numerical

description of WGM, the losses and the coupling methods. The chapter presents

the information and knowledge to understand the basic physics of WGMR and to

carry out the entire project in this thesis.
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Chapter 2

Fabrication of WGMR and

Surface Scattering Loss

In this chapter we present the fabrication process of ultra-high Q WGMR. Then

a detailed analysis on the surface roughness scattering loss with both experimental

and theoretical research will be presented. The surface roughness induced scattering

loss and the related scattering quality factor Qsca with a certain spatial frequency

will be studied.

2.1 Fabrication

Depending on the nature of the resonator material, the size and shape of the WGMR,

and the purpose of the application, many different fabrication methods including

laser melting, chemical etching, direct laser writing, diamond polishing, etc. have

been implemented in the past decade. For millimetre scale crystalline WGMRs

used in this work, laser melting is not suitable because it would destroy the crystal

stoichiometry and structure in the melting process. Perhaps due to the possibility

of toxic hazards and the introduction of impurity, until now there is no chemical

method reported for crystalline WGMR fabrication. Methods such as focused ion

beam writing which can be used to make WGMR with diameter of a few microns

are not suitable for the millimetre size. In this work the diamond turning method

and hand polishing method that were pioneered by JPL group [88, 89] have been

adopted. Q-factors above 109 have been achieved in WGMRs made with both of

these methods.

25
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2.1.1 Manual Polishing

At first CaF2 and MgF2 cylindrical rods with diameter of 12 mm and length of 10

to 20 cm purchased from commercial crystal company were cut into small disks.

In the cutting process a glass cutting machine was used and the cutting surfaces

were perpendicular to the cylindrical axis, which is also the optical axis for the

birefringent MgF2. So the WGMRs made with such MgF2 disks are called ”z-cut”,

which means the geometrical axis is along with the crystal optical axis. These disks

were usually of thickness of 1 to 2 mm. Epoxy was used to glue the disks to the

stainless steel posts. After they were fixed, a ball bearing lathe was used to rotate

the disks with speed of ∼ 2000 RPM and hand polishing was implemented to shape

the resonator and smooth the surface.

Fine abrasive papers were pressed to the rim of the rotating disks to form curva-

tures. After the basic curvatures were shaped, diamond paste with particle size varies

from 20µm to 250 nm were used with polishing pads pressed on the rim surfaces by

hands. When the surface was relatively rough and large size diamond particles were

used, the force from the hands was relatively strong to increase wearing off rates so

to accelerate the process. After around 20 minutes of initial polishing, 9µm, 6µm,

3µm, 1µm and 250 nm were used in a order from large to small respectively. Each

step lasts for around 10 to 15 minutes and cleaning with water at the beginning and

then with acetone before changing particle size down to the next level. The polish-

ing force from hands should become increasingly soft for each step. After the final

finest diamond particle paste polishing, a thorough cleaning procedure with water

flowing for 3 minutes and then tissue soaked with propanol was used. If necessary

the final cleaning process can be repeated for a few times until the tested Q-factor

stops improving anymore.

2.1.2 Diamond Turning Machine Fabrication

A Moore Nanotechnology 350FG ultra precision oil bearing lathe with diamond cut-

ting edge located in Australian National University was used to fabricate WGMR

with ultra-smooth surface directly from cut disks attached to posts. Fig. 2.1(a)

shows the lathe system. In Fig. 2.1(b) is a CaF2 shaped by the lathe. The lathe

can provide machining with crystals with ultra-high precision due to its multi-level

vibration cancellation and precision positioning computer control system. With this

lathe, the diameter and radius of curvature of WGMRs can be designed and en-

gineered. With appropriate cutting speed (usually between 1000 and 3000 RPM)

and a suitable diamond cutting edge, WGMRs with Q-factors of a few of 109 can

be made. However, the diamond cutting edge is inevitably worn off after numerous
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cutting jobs and its performance is deteriorated, leaving the finished surface not as

smooth as it can be at its best condition, thus compromising the Q-factor. The

diamond cutting edge can be re-polished and restored by commercial company to

retain its optimum performance. In many occasions, to ensure the surface smooth-

ness of the resonator fabricated by the lathe, after the machining process a round

of manual polishing with fine diamond paste was applied. This manual polishing

process and the following cleaning procedure are the same as the final polishing step

and the cleaning process in the manual polishing approach.

�⁼⁵""

a b

Figure 2.1: (a) The Moore Nanotechnology 350FG ultra precision lathe system. (b)
A CaF2 WGMR directly shaped by the lathe from a cut disk.

2.2 Surface Scattering Loss

One of the advantages of crystalline WGMR over its amorphous counterpart such

as silica WGMR is that the crystalline structure will not incorporate water into the

structure. Compared to silica or CaF2 and MgF2, water has stronger absorption of

light at most visible and infrared wavelengths. As a result the highest Q-factor ever

achieved in silica is just over 109, which is limited by water absorption loss. Without

such limitations, CaF2 WGMR fabricated with diamond slurry polishing technique

showed a Q-factor of larger than 1010 [57]. With annealing to get rid of material

impurities, Q-factors of even larger than 1011 were reported [56].

The intrinsic Q-factor of CaF2 and MgF2 WGMRs in this work were between

108 and ∼ 2× 109. Since the data provided by the crystal company shows that the

absorption loss limited Q-factor is at least twice higher (> 4 × 109), and cleaning

procedures similar to [57, 89] were followed it is possible that surface damage or

contamination during the cleaning is not likely to be the limiting factor. The surface

scattering loss caused by the residual surface roughness is believed to be the major



2 Fabrication of WGMR and Surface Scattering Loss 28

loss that limited the Q-factor. In this section the surface scattering loss will be

studied with both microscopic analysis and theoretical calculation with induced

current method.

2.2.1 Atomic Force Microscopy Analysis

Atomic force microscopy (AFM)[90], also known as scanning force microscopy (SFM)[91],

is a scanning probe microscopy with ultra-high resolution. It is capable of imaging

and measuring sample surface at nanometer scale, even with sub-nanometer scale

resolution. In this project, a commercial AFM system was used to image the surfaces

of the WGMRs. The AFM system provides two modes: contact mode and tapping

mode. The contact mode means that the AFM tip is ”dragged” across the sample

surface and the contours of the surface are measured using either the deflection of

the cantilever directly or, more commonly, using the feedback signal that keeps the

cantilever at a constant position. In tapping mode, the cantilever is driven to oscil-

late vertically by piezoelectric element. The oscillation amplitude is typically 100 to

200 nm. The interaction of forces acting on the cantilever when the tip comes close

to the surface, including Van der Waals forces, dipole-dipole interactions and elec-

trostatic forces, make the oscillation amplitude decrease. Then the feedback signal

maintains the oscillation amplitude to measure the surface contours [92, 93]. In this

work, the surface roughness was measured with the AFM’s tapping mode, which is

more suitable for such surface analysis than the contact mode, because it causes less

damages to the sample and the AFM tips [94, 95]. In Fig. 2.2 is a picture of a silica

sphere resonator surface taken by the AFM machine. The Q-factor of this resonator

is less than 107, which is caused by the very rough surface. The AFM system also

presents analysis on the data including the spectrum, the root mean square (RMS),

etc. The analysed information is also reproduced in the figure.

2.2.2 Scattering Loss Derived from Volume Current Method

The volume current method [96, 97] has been used vastly for calculation of radia-

tion loss in waveguides and fibres [98, 99, 100, 101, 102]. The method at first treats

the EM field as unperturbed, then assumes that an additional polarisation current

is generated by the refractive index that differs from that of the unperturbed sit-

uation. The induced polarisation current is proportional to the unperturbed EM

field amplitude. After that the radiation field and intensity from the current are

calculated with a Green’s function approach, and consequently the power loss can

be derived. The volume current method also finds itself useful in calculating surface

roughness induced power loss in azimuthally symmetrical resonator such as micro-
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Figure 2.2: A picture of low Q-factor silica sphere resonator taken by the AFM. The
section analysis, roughness spectrum, RMS and other information are also presented
with the AFM system.

ring resonators and micro-disks [48, 103, 104, 105, 106]. In the following the surface

roughness induced scattering loss in spherical WGMR is calculated by adaption of

the process described in [48, 105, 106]. The surface scattering Q-factor Qsca is de-

rived and the relation between the scattering loss and the spectrum of the surface

roughness is studied.

A dielectric sphere can be viewed as being composed of many thin disks that are

parallel to the equatorial plane. In cylindrical coordinates, for a disk with radius of R

and thickness of h, the polarisation current J(r′, z′, ϕ′) is related to the unperturbed

field E as [103, 105]:

J(r′, z′, ϕ′) = −iωε0(n2
s − n2

0)h∆R δ(r′ −R)δ(z′)E (2.1)

where ε0 is the free space permittivity, ns and n0 are the refractive indices of the

sphere and outside medium respectively. ∆R is the radial surface roughness rel-

ative to the unperturbed resonator radius. Here the assumption that the surface

roughness ∆R is z′-independent was made. This assumption is reasonable since only

the roughness along the propagating direction of the optical field is considered in

most waveguide cases [96, 97, 98]. The far field vector potential A(r) in spherical
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coordinates which is given rise by J is expressed as

A(r) ≡ A(r, θ, φ) =
µ0

4π

(
e−ik1r

r

)∫
J(r′, z′, ϕ′)e−ik1r̂·r′

dr′ (2.2)

where k1 is the wavenumber in the outside medium. With the assumption that

the thickness of the disk is infinitesimal so the field does not depend on z′ and

E = E(r′)eimϕ
′

where m is the azimuthal number of the WGM, Eq. 2.2 becomes

A(r) = −iµ0ωε0(n2
s − n2

0)hRE(R)

4π

(
e−ik1r

r

)∫ 2π

0

∆R(ϕ′)eimϕ
′
eik1R sin(θ) cos(φ−ϕ′)dϕ′

(2.3)

Here the current J = J(r′, θ′, φ′) was put into spherical coordinates, and approx-

imations sin(θ′) ≈ 1 and cos(θ′) ≈ z′/r′ were used to derive r̂ · r′ = r′ cos(θ) +

r′ sin(θ) cos(φ−ϕ′). For surface roughness that is much smaller than the wavelength,

a statistical model can be used to characterise the roughness with parameters of cor-

relation length and standard deviation [104]. Similar to [105], ensemble averaging

over Eq. 2.3 gives

〈A(r) ·A(r)∗〉 =

∣∣∣∣µ0ωε0(n2
s − n2

0)hE(R)

4π

∣∣∣∣2(Rr
)2

Φ (2.4)

Φ =

∫ 2π

0

∫ 2π

0

〈∆R(ϕ′)∆R(ϕ′′)〉 exp(im |ϕ′ − ϕ′′|) exp[ik1R sin θ(cosϕ′−cosϕ′′)]dϕ′ϕ′′

(2.5)

In the equation above, the correlation function Cr(|(ϕ′ − ϕ′′)|) = 〈∆R(ϕ′)∆R(ϕ′′)〉.
Assuming the surface roughness fits the Gaussian statistical model, so Cr(x) =

σ2 exp(−x2/L2
c) where σ is the surface roughness standard deviation and Lc is the

correlation length. Substitute η = ϕ′−ϕ′′ and ζ = (ϕ′+ϕ′′)/2 in the Equation (2.5)

and use Bessel function identity, the integral becomes

Φ = 2π

∫ 2π

0

Cr(η) exp(imη)J0(2k1R sin θ sin(η/2))dη (2.6)

Use the Gaussian correlation function for the surface roughness, Equation (2.6)

becomes

Φ =
2π

R

∫ Rπ

−Rπ
σ2 exp(−σ

2

L2
c

+ i
m

R
x)J0(2k1R sin θ sin(Rx/2))dx (2.7)

The integration can be approximately evaluated as

Φ = 2π3/2σ2Lc/R (2.8)
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The Poynting vector of the radiation field Srad and the radiation power Prad are

given by the potential as

Srad = r̂
ωk0

2µ0

|r̂ ×Arad|2 (2.9)

Prad =

∫
(Srad · r̂)r2dΩ (2.10)

From Equation (2.4), (2.8) and (2.9), the averaged Poynting vector is expressed as

〈Srad〉 = r̂
ωk0

2µ0

〈|r̂ ×Arad|2〉 =
r̂ |r̂ × ê|2

r2

ωε0k
3
1n0(n2

s − n2
0)2RLch

2σ2 |E(R)|2

16
√
π

(2.11)

For z-polarised E(R), the radiation power is given by

Prad,z =
4π7/2ωε0n0(n2

s − n2
0)2RLch

2σ2 |E(R)|2

3λ3
0

(2.12)

As presented in [48], for disks whose thickness is much larger than the wavelength

the geometric factors of radiation power for electric field polarised at z, r, ϕ directions

are identical, i. e. Prad,z = 2Prad,ϕ = 2Prad,r as long as the field intensity |E(R)|2

stays the same for different polarisations.

In a spherical WGMR, especially when the radius of the resonator is much larger

than the wavelength such as a millimetre scale resonator in this work, the field of the

fundamental mode only becomes significant at a very narrow area at the equator,

i. e. the polar angle θ ≈ π/2. And for TE mode, the θ-polarised field can be

approximated at z-polarised. Therefore the fundamental mode was treated as in a

disk resonator with a thickness of d whereas at ±d/2 the magnitude of the electric

field becomes half of its maximum. Based on the approximated electromagnetic

field expression, integration over the polar direction yields the effective polar angle

as θeff = ( λ
8nR

)1/2, thus d ≈ (Rλ
8n

)1/2. Therefore the total radiation power is

Prad,z =
π7/2ωε0n0(n2

s − n2
0)2R2Lcσ

2 |E(R, θ = π/2)|2

6λ2
0ns

(2.13)

The Q-factor can be expressed as Q = ωU/Ploss, where U =
∫
ε |E|2 dr/2 is the

time-averaged stored energy. U can be obtained by integrating the field intensity

over the whole volume. Then the scattering Q-factor is derived as

Qsca,TE = Qsca,z =
3λ2

0ns

∫
ε |E|2 dr

π7/2n0(n2
s − n2

0)2R2Lcσ2ε0 |E(R, θ = π/2)|2
(2.14)

The fraction expression
∫
ε|E|2dr

ε0|E(R,θ=π/2)|2 can be numerically calculated with FEM method.
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Similarly, as for fundamental TM modes,

Qsca,TM = Qsca,r+ϕ =
6λ2

0ns

∫
ε |E|2 dr

π7/2n0(n2
s − n2

0)2R2Lcσ2ε0 |E(R, θ = π/2)|2
(2.15)

A factor of 2 was added to the expression for the Q-factor of TM modes due to

the fact that for d >> λ which is the case for most millimetre-scale resonator, the

scattered power induced by electrical fields of azimuthal and radial directions is half

of the scattered power caused by electrical field along polar or z direction [48].

2.2.3 Comparison between Theory and Experimental Re-

sults

Several CaF2 and silica sphere resonators were tested to obtained the Q-factors

of their fundamental TE modes at 980 nm wavelength range. Then their surface

roughness were examined with AFM. Fig. 2.3 showed these the observed roughness.

The details of the materials and the size of the sphere resonators were indicated in

the caption of Fig. 2.3.

Table 5.1 presents the calculated σ and Lc of the six samples in Fig. 2.3. The

calculated Qsca and the measured Q where also shown in table 5.1. There are several

reasons for the discrepancy between the calculated values and the experimental

results. First of all, the sampled area of the surface may be very different from

the average roughness of the resonator. In a future experiment more sample data

should be taken at different surface locations of the same resonator to give a more

statistically trustworthy analysis. Secondly, more sampling points in an area unit

should be used. In other words the spatial resolution of the AFM examining should

be improved in the future since it might improve the accuracy of the value of Lc. In

[51] the authors used AFM machine to probe a much smaller area (20 nm×20 nm)

with the same number of sampling points as in this work’s AFM sampling process

and obtained a Lc of 5 nm and σ of 2 nm. Therefore, the different choice of sampling

resolution might result in different value of Lc. This issue should be studied further

in the future to determine the appropriate choice of the sampling resolution. Thirdly,

there are a few steps in the derivation of Eq. 2.14 where approximations were applied.

These approximations might introduce errors in evaluating the Qsca.
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Figure 2.3: Sphere resonators’ surface data obtained by AFM. (a)-(c) CaF2 spheres
with radius of 2.5 mm; (d) and (e) silica spheres with radius of 3 mm; (f) silica sphere
with radius of 4 mm.
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Table 2.1: Theoretical values of Qsca calculated from surface roughness data in
Fig. 2.3 and the corresponding experimentally measured Q values. σ is the RMS
roughness and Lc is the correlation length. In the 4th column are the Qsca calculated
with Eq. 2.14 and the last column shows the Qsca calculated with Eq. 2.24 based on
PSD shown in Fig. 2.6.

Fig. 2.3 σ (nm) Lc (µm) Cal. Qsca Exp. Q Cal. Qsca (PSD)
a 1.50 2.87 1.7× 106 5.2× 106 2.2× 107

b 1.20 2.63 2.8× 106 3.4× 106 2.5× 107

c 1.64 2.04 2.0× 106 1.4× 107 2.0× 107

d 1.02 0.36 4.3× 107 2.3× 107 5.9× 107

e 0.68 1.65 2.1× 107 8.5× 106 8.7× 107

f 0.46 1.02 1.5× 108 6.4× 107 1.1× 108

2.2.4 Spectrum Analysis of Surface Roughness Scattering

Loss

In the previous section the surface roughness scattering Q-factor expression has been

derived for both TE and TM fundamental modes in terms of the surface roughness

standard deviation σ and correlation length Lc, under the assumption that the sur-

face roughness fits the Gaussian statistical model, which is adequate for describing

most actual surface roughness scenarios. However, in some special cases if the surface

roughness doesn’t fit the Gaussian statistical model, which can occur, for example,

when the resonator was shaped with periodically vibrated lathe, or the roughness

was caused by certain patterns of rough surfaces, then a more accurate model, could

ideally cope with roughness with any spectrum in frequency domain, is desired. Fig-

ure 2.4 shows the correlation function of the surface roughness data corresponds to

surface profile (a) in Fig. 2.3 with method similar to the one presented in [51, 105].

Obviously such a shape doesn’t fit the typical Gaussian function profile very well.

Therefore the assumption of a statistical Gaussian model may lead to errors. In

the following part, the scattering loss caused by a roughness of a certain spatial

frequency is studied.

Following Eq. 2.3, here the radial variation of the surface roughness ∆R(ϕ′)

needs to be decomposed into a Fourier series expansion of corrugation harmonics of

azimuthal quantisation number, M .

∆R(ϕ′) =
∞∑

M=−∞

∆RMe
−iMϕ′ (2.16)
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Figure 2.4: The averaged correlation function of the surface roughness data corre-
sponds to surface profiles a in Fig. 2.3.

Then the potential becomes

A(r) = −iµ0ωε0(n2
s − n2

0)hRE(R)

4π

(
e−ik1r

r

)∫ 2π

0

∞∑
M=−∞

∆RMe
−iMϕ′eimϕ

′
eik1R sin(θ) cos(φ−ϕ′)dϕ′

(2.17)

The potential of an arbitrary azimuthal quantisation number M is

AM(r) = −iµ0ωε0(n2
s − n2

0)∆RMhRE(R)

4π

(
e−ik1r

r

)∫ 2π

0

ei(m−M)ϕ′eik1R sin(θ) cos(φ−ϕ′)dϕ′

(2.18)

Implementing identity:∫ 2π

0
ei(m−M)ϕ′eik1R sin(θ) cos(φ−ϕ′)dϕ′ = 2πim−MJm−M(k1R sin(θ))ei(m−M)φ,

AM(r) = −iµ0ωε0(n2
s − n2

0)∆RMhRE(R)

2

(
e−ik1r

r

)
im−MJm−M(k1R sin(θ))ei(m−M)φ

(2.19)

The Poynting vector is

Srad,M = r̂
ωk0

2µ0

|r̂ ×AM(r)|2 (2.20)

=
r̂ |r̂ × ê|2 k3

0ωε0(n2
s − n2

0)2(∆RM)2h2R2 |E(R)|2

8r2
[Jm−M(k1R sin(θ))]2

(2.21)

Consequently the scattering power can be calculated with surface integration of the
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Poynting vector:

Prad,M =
πk3

0ωε0(n2
s − n2

0)2(∆RM)2h2R2

4

∫ π

0

|r̂ × ê|2 |E(R)|2 sin(θ)[Jm−M(k1R sin(θ))]2dθ

(2.22)

For fundamental TE modes, with the approximation that the electric field is

z-polarised, the scattering power becomes:

PTE,M =
πk3

0ωε0(n2
s − n2

0)2(∆RM)2h2R2

4

∫ π

0

|E(R)|2 sin(θ)3[Jm−M(k1R sin(θ))]2dθ

(2.23)

Similar to the process shown before, assuming the electric field at the edge is

uniformly E(R, θ = π/2) and the height h = (Rλ
8ns

)1/2, the scattering power becomes

PTE,M =
π2k2

0ωε0(n2
s − n2

0)2(∆RM)2R3 |E(R, θ = π/2)|2

8ns

∫ π

0

sin(θ)3[Jm−M(k1R sin(θ))]2dθ

(2.24)

Therefore the scattering Q-factor is

QTE,M =
ωU

PTE,M

(2.25)

The integral in Eq. 2.24 can be numerically calculated. Below it is shown that

only a limited number of M values contribute significantly to the scattered power.

With
∫
ε|E|2dr

ε0|E(R,θ=π/2)|2 being numerically obtained with the FEM method, QTE can be

calculated. Fig. 2.5 is the calculated scattering loss Q-factor (in logarithmic scale)

for fundamental TE mode of a silica microsphere with radius of 50µm and with

roughness PSD magnitude of 1nm/
√
µm for different |m−M | values. The value of

the wavelength λ used in this calculation is 1µm. Because the azimuthal numberm is

∼450 for 1µm wavelength, this figure suggests that the spatial spectral component of

surface roughness only causes significant scattering loss when the difference between

its azimuthal number and that of the optical mode is less than ∼220, which means

only roughness components with azimuthal number 230 < M < 670 matter most. In

other words, when the wavelength of the roughness is too long or too short compared

to the wavelength of the optical mode, the scattering loss is negligible. Such result

is also similar to early works with optical fibres and waveguides [96, 98]. In this

particular case of Fig. 2.5, the condition of 230 < M < 670 means that roughness

spectral components with wavelength between 0.67 µm and 1.95 µm are the major

roughness components that limit the Qsca.

The derivation of PTM,M is much more complicated. Here the result Prad,z =

2Prad,ϕ = 2Prad,r taken from [48] is used so the fundamental TM mode scattered
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Figure 2.5: Calculated Qsca,TE of fundamental modes in a R = 50µm silica mi-
crosphere resonator with different |m − M |. m is the azimuthal number of the
optical mode and M is the azimuthal number of the roughness components. At
|m −M | >∼ 220, the integral in Eq. 2.24 is extremely small, which leads to very
weak scattering power loss, thus very high Qsca.

power induced by surface roughness of a certain spatial frequency is

PTM,M =
π2k2

0ωε0(n2
s − n2

0)2(∆RM)2R3 |E(R, θ = π/2)|2

16ns

∫ π

0

sin(θ)3[Jm−M(k1R sin(θ))]2dθ

(2.26)

With FEM simulation the fundamental TM modes Q-factor Qsca,TM can be sub-

sequently calculated with Eq. 2.26. The estimation with FEM calculation shows that

the Qsca,TM is ∼ 20% lower than the Qsca,TE for fundamental modes of a R = 50µm

silica microsphere resonator at 1µm wavelength range.

Figure 2.6 shows the averaged power spectral density of surface roughness cal-

culated from data that correspond to the surface profiles presented in Fig. 2.3. In

figure 2.7 is the numerically computed values of the integral in Eq. 2.24 for CaF2

resonator of with radius of 5 µm. The calculated integral shows that roughness com-

ponents with spatial frequency of < 3/µm cause most scattering loss. With these

and the FEM-solved
∫
ε|E|2dr

ε0|E(R,θ=π/2)|2 , the Qsca,TE with measured PSD can be calcu-

lated. In the last column of Table 5.1 are the values of Qsca based on the approach

presented here.

One should note that there is argument that the method used here to derive

expressions given in Eqs. 2.25 and 2.26 is only suitable for calculating the scattering
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Figure 2.6: The averaged power spectral density of surface roughness data corre-
sponds to surface profiles a, b and c (upper panel) and d, e and f (lower panel) in
Fig. 2.3.

loss caused by roughness of mono frequency. It was suggested that the roughness

of different frequencies will also cause interference effect, which was not taken into

account in the derivation process presented here. And when the number of the fre-

quency components arises such interference effect becomes extremely complicated

[107]. Apart from this issue, the resonator’s spherical surface may also cause overes-

timation or distortion to the AFM-measured roughness PSD, especially to the low

frequency part. Moreover, there are a few approximations and simplifications used

in this derivation that could introduce error in the results. With these potential

issues noted, more research in this respect needs to be carried out in the future to

solve the continuous roughness spectrum calculation problem.
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Figure 2.7: Numerically computed values of the integral in Eq. 2.24 for a CaF2

resonator with radius of 5 mm.

2.3 Summary

In this chapter we described the detailed process of fabricating crystalline WGMRs.

The resonators show ultrahigh Q-factors of > 1× 109. We also theoretically calcu-

lated and experimentally measured the Q-factors of WGMRs with different surface

roughness profiles. The work achieved qualitative agreement.



Chapter 3

Laser Locking and Frequency

Stabilisation

3.1 Locking Laser to Mode Resonance

3.1.1 Pound-Drever-Hall Laser Locking Technique

In order to control a laser’s frequency to follow an optical cavity’s resonance fre-

quency, active laser locking techniques need to be implemented. In this project the

Pound-Drever-Hall (PDH) laser locking technique was used to actively tune lasers

to match the resonance condition of WGMRs. The PDH technique was introduced

in [108] and elaborated in [109, 110]. The PDH technique is powerful and simple

to implement. Moreover, the PDH locking system’s speed is not limited by the re-

sponse time of the optical cavity, which makes it suitable for high bandwidth locking

for resonators with high Q-factors.

In Fig. 3.1 the basic scheme of the PDH technique as implemented in this project

is demonstrated. A modulation frequency is applied to a laser’s frequency modula-

tion port, or to an external frequency modulation device such as an acousto-optic

modulator (AOM) or electro-optic modulator (EOM), so the laser’s frequency (and

hence the phase) is modulated. The laser’s output is coupled into a WGMR and the

transmitted light is registered by a photodetector. The electronic signal produced by

the photodetector is filtered by a bandpass filter around the modulation frequency

and the signal is mixed with the original modulation frequency to generated a PDH

error signal. A low pass filter is applied to the error signal to reject unwanted mix-

ing products and this filtered signal is applied to a proportional-integration control

servo to control the laser’s frequency so it is locked to the resonance frequency of

the WGMR.

In this project the PDH modulation signal is generated by function generator

40
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Figure 3.1: PDH laser locking scheme. The error signal that is produced by the
mixer and then filtered by a low pass filter, as well as the output signal of the
photodetector that passes through the other low pass filter, can be monitored with
an oscilloscope.

and applied to the fast (piezo) frequency modulation port of the laser. In order to

minimise the noise level of the demodulated error signal, high modulation frequency

is preferred because the laser has low relative intensity noise (RIN) at high frequency

range. The piezo frequency modulation port of the laser has a bandwidth of a few

tens of kHz. However, there are several mechanical resonances of the piezo that go

above 1 MHz. Input of weak modulation signal (below 50 mV peak to peak voltage)

to the laser can generate ample modulation depth. Fig. 3.2 shows the transmission

of a WGM with bandwidth of 300 kHz and its corresponding error signal. The two

modulation sidebands that are 1.638 MHz from the WGM resonance is in accordance

with one of the mechanical resonance modes of the laser piezo modulation port.

Fig. 3.3 is the transmission and the error signal of a WGM with relatively low Q-

factor (5 × 107). The 1.638 MHz modulation sidebands are within bandwidth of

the optical mode so they are not distinguished, and the error signal shows different

feature from that of the high Q ones.

3.1.2 Laser Locking Noise

The PDH technique demodulates the modulation frequency signal to DC to generate

the error signal, which means that the noise around the modulation frequency, either

in the electronics such as filters, amplifiers and photodetectors or from the laser

intensity fluctuations will also be demodulated and appear as a false error signal.

Besides technical noises, the quantum nature of light sets the fundamental limit

of the laser locking stability. In [111] T. Day, et. al. derived the shot noise limit in
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Figure 3.2: Modulated transmission spectrum and the corresponding PDH error
signal of an optical mode with bandwidth of 300 kHz. PDH modulation frequency
is 1.638 MHz, as shown by the two sidebands in the transmission picture.

the PDH error signal (unit: Hz/
√

Hz):

Sshot(f) =
δν

J0(β)

√
hf

8ηPC
(3.1)

where h is the Planck’s constant, f is the frequency of the laser, and η is the quantum

efficiency of the photodetector, which is ∼ 0.8 for those used in this project. P is the

optical power received by the photodetector and C is the contrast of the resonator

mode. δν is the bandwidth of the resonator mode and J0 is the Bessel function of

the zero order while the parameter β is the PDH phase modulation index, which is

∼ 1.08 when the slope of the error signal is maximised. For an optical mode with

bandwidth of 1 MHz and contrast of 0.6, with 50µW input power of laser of around

1µm wavelength, the shot noise is 0.03 Hz/
√

Hz independent of Fourier frequency.
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Figure 3.3: Modulated transmission spectrum and the corresponding PDH error
signal of an optical mode with bandwidth of ∼6 MHz. PDH modulation frequency
is 1.638 MHz so the modulation sidebands are merged with the mode.

In this work the laser locking noise is dominated by noise demodulated from the

laser’s RIN and electronics noise, which is more than one order of magnitude higher

than the quantum shot noise level.

Fig. 3.4 shows a typical laser locking performance with the various calibrating

noise floors. The quantum shot noise is below the actual noise floor of the system.

The noise floors with the laser on and off were measured by measuring the error

signal voltage PSD and then dividing it with the slope of the error signal frequency

discriminator (unit: V/Hz) when the laser was on and off. The residual error signal

shows the in-loop residual locking instability, which was measured when the laser

was locked to a resonance. The correction signal is obtained by converting the PSD

of the voltage that was input into the laser’s modulation port to frequency PSD

by using the modulation port’s tuning response (unit: Hz/V). The reason the noise
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Figure 3.4: A typical laser locking stability performance.

floor with the laser on is higher than the noise floor when the laser was off is that

the RIN of the laser was transferred into the error signal through demodulation.

3.2 Frequency fluctuations of WGMR

Like conventional Fabry-Perot cavities, in frequency stabilisation applications, dif-

ferent mechanisms contribute to the frequency instability of a WGMR’s resonance

mode. In general, for the angular resonance frequency of an optical mode of a

WGMR, ω, the relative resonance frequency uncertainty can be expressed in terms

of the resonator’s size (radius R) and the effective refractive index neff for the optical

mode by differentiate Equation 1.1 and converting wavelength into frequency:

∆ω

ω
=

∆R

R
+

∆neff

neff

(3.2)

Because the majority of the optical power is confined to the dielectric, neff can be

approximated with n, which is the resonator’s refractive index. Various factors in-

cluding temperature fluctuations, vibrations, optical nonlinear effects, etc. can cause

the changes of R and n, thus introducing frequency instabilities of the resonance

frequency. In the following the frequency fluctuations induced by different types of

mechanisms, of both fundamental and technical origins, are discussed. Methods to

avoid or suppress those frequency fluctuations are also presented and analysed.
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3.2.1 Thermorefractive noise

Generally the refractive index of the host material of the WGMR is temperature

dependent and this phenomenon is referred as thermo-optic effect. The temperature

change of the volume where the optical modes are located results in the change of

the relative refractive index through:

∆n

n
= β∆Tm (3.3)

where β is the thermo-optic coefficient and ∆Tm is the change of the temperature

of the optical mode volume. Ambient temperature fluctuations, as well as the tem-

perature change of the metal post to which the resonator is attached can cause the

change of the mode volume temperature. Part of the optical intra-cavity power in

the resonator is absorbed by the resonator host material and this absorbed power is

turned into heat. As a result, when the laser is locked to an optical mode, any intra-

cavity power change caused by the laser intensity fluctuation or by the coupling

condition change will lead to the optical mode volume temperature fluctuations,

and consequently induce the resonance frequency instability through thermo-optic

effect.

Theoretically the laser intensity fluctuation can be suppressed by active moni-

toring and then controlling the output level of the laser. Further, the temperature

fluctuations of the ambient air as well as the experimental platform can be min-

imised by using complex thermal control system and multilayered thermal shelter

or vacuum chamber. However, there is also a fundamental noise limit set by the

temperature uncertainty in the optical mode volume Vm at temperature T , which is

expressed by the well-known thermodynamic equation:

〈(∆Tm)2〉 =
kBT

2

CpVmρ
(3.4)

where kB is the Boltzmann’s constant, Cp is the specific heat capacity of the resonator

material, and ρ is the material’s density. In [112], the authors calculated a WGMR’s

thermal modes that contribute to the average temperature fluctuations of the WGMs

near thermal equilibrium. From the spectral properties of Equation 3.4 the authors

derived the spectrum of the temperature instability that induced by the thermal

modes. They presented the analytical expression of the spectral density of the mode

volume temperature fluctuation as:

S∆T (Ω) =
kBT

2

CpVmρ

R2

12D

[
1 +

(
R2

D

|Ω|
9
√

3

)3/2

+
1

6

(
R2

D

Ω

8m1/3

)2
]−1

(3.5)
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where m is the azimuthal mode number, D = κ/(ρCp), κ is the thermal conductivity

of the host material. Vm is the optical mode effective volume, and Ω is the angular

frequency. The resulting spectral density of the relative frequency noise is given by

Sδω/ω(Ω) = β2S∆T (Ω).

3.2.2 Thermoelastic Noise

Thermoelastic fluctuations in this work refers to the effect that temperature fluc-

tuations of a resonator are transformed into fluctuations of a resonator’s volume

through thermal expansion effect and then into frequency fluctuations. It can be

simply described by:
∆R

R
= αl∆Tr (3.6)

where Tr is the averaged temperature of the resonator and αl is the linear thermal

expansion coefficient of the WGMR host material. While any technical temperature

fluctuations stated before will also cause frequency instabilities through this effect,

there is also a fundamental limit set by the fundamental thermodynamic principles:

〈(∆Tr)2〉 =
kBT

2

CpVrρ
(3.7)

where Vr is the volume of the resonator. For WGMRs of millimetre scale, Vr is at

least a few orders larger than the optical mode volume Vm. In many crystalline

materials including MgF2 and CaF2 in this work the value of the linear expansion

coefficient αl is comparable to the value of the thermo-optic coefficient β. As a re-

sult, the fundamental thermoelastic noise level is much lower than the fundamental

thermorefractive noise level. With a derivation process similar to that of thermore-

fractive noise spectrum, the power spectrum of the relative volume fluctuation due

to fundamental thermoelastic effect is given in [112] too, expressed as:

S∆R/R(Ω) = kBT
βT
9Vr

Γ0

(Ω− Ω0)2 + Γ2
0

(3.8)

where βT is the isothermal compressibility of the resonator material, expressed as

βT = − 1
V
∂V
∂p

and p is pressure. Ω0 = πvs
R

and vs is the speed of sound. The value of

vs is taken as 5 km/s for CaF2 and MgF2 [112]. Γ0 is the decay rate of the acoustic

mode of the resonator and it is assumed that Ω0

2Γ0
= 5× 104.
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3.2.3 Photothermal Fluctuations

While the technical fluctuations of the laser power can be suppressed with control

systems, the quantum nature of light sets a fundamental limit of the laser power ab-

sorption by the resonator and introduces the resonance frequency instability through

thermal effect. In [112] the authors calculated the spectral density of this noise, us-

ing:

ST (Ω) =
~ω
ρ2C2

p

〈Pabs〉
V 2
r

π2R3/2/(64L3/2)

Ω2 + π6D2/(16L3R)
(3.9)

where 〈Pabs〉 is the expectation value of the laser power absorption and L is the

thickness of the resonator. Vr is the resonator volume. Fundamental photothermal

noise is very low for reasonable optical powers (i. e. not higher than a few mW),

therefore in most cases it is not the major source of the fundamental frequency noise.

In Fig. 3.5 the calculated fundamental thermorefractive noise, thermoelastic

noise and photothermal noise of a 1064 nm fundamental mode of a CaF2 resonator

with radius of 5 mm and thickness of 1 mm are presented. The absorbed laser power

is 1 mW in the calculation. The optical mode effective volume is calculated with

FEM method and all the other physical parameters are from [112, 113]. Calculation

shows that the thermorefractive noise is a few orders higher than the other two

noises at the whole frequency range.

3.2.4 Ponderomotive Fluctuations

Optical radiation pressure caused by light exerts force on the resonator, causing

the mechanical deformation of the resonator as well as the change of the radius

[114, 115, 116]. The mechanical resonance of the resonator can increase these effects

greatly and can lead to very interesting phenomena [117] such as radiation cooling

[30] or parametric amplification[118]. In this work, however, the attachment of the

resonator to the post and its operation in air, means the damping of the mechanical

resonance is large [119]. As a result, no mechanical resonance was observed. The

detailed ponderomotive noise calculation can be found in [112]. For the resonator

and the coupled power in this project, the relative frequency instability caused by

this noise is very low (< 10−17) for frequencies below 105 Hz, therefore it is reasonable

to neglect this noise type.

3.2.5 Kerr Effect Noise

The optical Kerr effect changes the host material’s refractive index through the intra-

cavity optical power fluctuations. The same effect can be used to generate optical
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Figure 3.5: Calculated fundamental thermorefractive noise, thermoelastic noise and
photothermal noise of a CaF2 resonator with radius of 5 mm and thickness of 1 mm.

frequency combs in high-power pumped WGMRs. However, because of the compar-

atively low input power and the unsatisfied phase matching condition imposed by

the wavelength range in this work, no such Kerr comb was observed. To test the

actual effect of the Kerr nonlinearity on the resonator’s resonance frequency, the

laser was locked to a fundamental mode of Q > 5 × 108 with 100µW input power.

After waiting for a few minutes to let the system reach thermal equilibrium, the

laser power was deliberately modulated with an AOM at various frequency from a

few Hz to 1 kHz. The correction signal for the laser locking was monitored to see the

fluctuation amplitude of the resonance frequency at the same modulation frequency.

The fluctuation, if observed, is a result of the combination of Kerr effect and various

thermal effects. The experimental result showed that at all modulation frequency

the modulated intensity fluctuation amplitude has to be at least 10 dB higher than

that of the unmodulated intensity fluctuations for the optical mode resonance fluc-

tuations at the same modulation frequency to be seen above the PDH noise floor.

Therefore the frequency instability caused by the RIN through Kerr nonlinearity

and other thermal effects is neglected when the laser power is below a few hundred

µW and is not deliberately modulated.
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3.2.6 Brownian Noise and Elasto-Optic Noise

In [120] Chijioke, et al. investigated the fundamental dimensional fluctuations’ ef-

fects on the resonance frequency instability by influencing the resonator size (∆R)

directly and the refractive index through elasto-optic effect, i. e. the dependence of

the host material refractive index on the material’s strain. These two effects are re-

ferred to as the Brownian noise (or Brownian boundary noise) and the elasto-optic

noise respectively. Using methods provided in [120], we plot these two noises in

figure 3.5. For room temperature applications they are not the major source of the

fundamental instability, and are thus considered negligible in this project.

3.2.7 Vibration

Crystalline WGMRs have mechanical eigenmodes of very high frequency because of

their compactness and rigidity. To predict the mechanical modes of the resonators

in this project, FEM modelling method was applied. In the simulation the post was

assumed to be fixed and the mechanical eigenfrequency of the crystalline disk and the

motion of the mechanical modes were solved with the eigenfrequency analysis study

in solid mechanical module in COMSOL. Fig. 3.6 shows the first six mechanical

eigenmodes and their corresponding frequency. As assumed, the mechanical modes

are of frequency higher than 200 kHz. Although these frequency are out of the control

bandwidth of the laser locking system, it can be detected by the PDH error signal

[121] if the amplitudes of these mechanical modes are higher than the detection

noise floor. However, no observable mechanical modes showed with the detection

noise floor of the system, which is a few Hz/
√

Hz. This result is reasonable since

the gas damping and the clamping losses prohibited such mechanical modes from

having Q-factors high enough to be detected. In fact, J. Hofer, et al. only observed

such mechanical modes in a similar CaF2 disk in vacuum environment with delicate

clamping setup to minimise the mechanical energy dissipation [57, 119]. Therefore

in this study the mechanical eigenmodes are not considered to be a concern in terms

of the frequency instability sources.

The whole experimental setup including the optical table, the translation stage,

etc. are subject to acceleration fluctuations and vibrations from outside. They also

have mechanical eigenmodes which are difficult to simulate with satisfying accu-

racy. All these potential mechanical movements can be transferred into mechanical

deformation of the resonator, thus converted into frequency instability. In order

to investigate the resonator’s susceptibility, another FEM modelling was performed

to see the acceleration sensitivity of the resonator frequency. In the simulation an

acceleration a = 9.8 m/s2 of vertical or horizontal direction was applied to the res-
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Figure 3.6: The first six FEM simulated mechanical eigenmodes of the resonator
and the corresponding eigenfrequency.

onator. The deformed resonator perimeter was calculated and turned into relative

frequency instability.

Fig. 3.7 shows the deformed resonator under (a) vertical and (b) horizontal ac-

celerations. The results showed that for vertical acceleration the sensitivity δf/f =

1.18 × 10−10/g and for horizontal the sensitivity is δf/f = 8.76 × 10−14/g. The

relative sensitivity is comparable to most vibration-insensitive Fabry-Perot cavities

[122, 123]. Besides the size and the rigidity of the host material, the underlying

physics for this low level of vibration sensitivity is probably attributed to the hollow

post to which the resonator is fixed. Similar to the vibration cancellation scheme

used with Fabry-Perot resonators [122, 123, 124], the clamping scheme makes the

acceleration deformed resonator expand at some part while compress at other por-

tions. Therefore the overall relative perimeter deformations are neutralised and

suppressed to some extent.

To have better vibration suppression for the whole setup, the major experimental

part including the WGMR and the optical coupling and mechanical positioning parts

were put on a BM-10 vibration isolation platform from Minus-K Technology. The

isolation platform has vibration suppression of 10 to 30 dB at frequency range of a

few Hz to ∼100 Hz. The vibration isolation platform was covered with a homemade

wooden box with acoustic insulation layer inside to reduce the impact of acoustic

noise. The whole experimental setup including the laser were seated on an air table,

which has high performance of reducing the vibration transferred to the experimental

setup from the ground.
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a b

Figure 3.7: The deformed resonator under (a) vertical and (b) horizontal accelera-
tions of 9.8 m/s2. The colour indicates the total displacement (unit: mm).

3.2.8 Temperature Control

As drift of the ambient temperature in the lab is usually the major reason for the

long term frequency drift of the resonator, passive thermal shielding and active

temperature control of the environment of the resonator need to be implemented.

As Fig. 3.8 shows, the vibration isolation platform and the experiment part on

the platform were covered with an acoustic and thermal shield that was made by

the physics school workshop in University of Western Australia. The inner walls

of the shield were covered with thermal shielding layer that was for reducing the

thermal diffusivity and thermal radiation. A 10 kΩ thermistor and heater pair were

attached to the aluminium piezo translation stage to stabilise the temperatures of

the resonator and the translation stage so to stabilise the coupling gap between the

prism and the resonator. A Lakeshore DRC-91CA PID temperature controller read

the thermistor’s temperature and actively controlled the temperature by controlling

the electric current went through the heater. The other two 10 kΩ thermistors were

attached to the top of the resonator and the optical table surface in the shield for

monitoring the real time temperatures.

In Fig. 3.9 are the time evolutions of the temperatures of the two thermistors (a)

before and (b) after the active temperature control was activated. The red trace is

the temperature of the thermistor on the optical table while the blue trace shows the

temperature of the thermistor on the top of the resonator. As the comparison shows,

while the temperature on the optical table has the nearly same level of drift as the

daily temperature drift in the lab, the amplitude of the temperature fluctuations of

the resonator is suppressed significantly to ±0.05 K daily drift by the active thermal

control. There was also a ∼ 2.5-hour delay in the blue trace’s temperature drift

before the red trace followed it. This time delay is the time constant that the

temperature change of the optical table took to transfer to the temperature change
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Figure 3.8: Scheme of the thermal isolation, active temperature control and tem-
perature monitoring of the resonator.

of the resonator, which is mainly through the heat conductance of the air in the

acoustic and thermal shield.

3.2.9 Preliminary Frequency Stability Test

To test the laser frequency stabilisation performance of the resonator, an optical

reference signal is required for comparison. A frequency stabilised optical comb from

Menlo System was used to stabilise a second 1064 nm laser (laser 2 in Fig. 3.10) for

generating the reference signal. Fig. 3.10 shows the schematic setup of this test.

The optical comb’s repetition rate and offset rate [125] were stabilised by a stable

10 MHz reference signal that was generated by a cryogenic microwave oscillator in

the laboratory. Although the stabilised comb has good long-term stability, short-

term stability was relatively poor when stabilising using a microwave source. In

order to have a narrow bandwidth optical signal, the output of a second 1064 nm

Nd:YAG laser was used to narrow the comb lines. A signal was fed back to the

high speed electro-optic (EO) modulation port with a phase-locked loop (PLL) of

the comb to narrow the teeth bandwidth. Meanwhile the 20 MHz beat signal was

also used to form another PLL to control the piezo modulation input voltage of the

laser with slow speed so the long-term frequency drift of the laser was suppressed.

In this way the second laser’s relative frequency stability at 1 second averaging time

was below 1× 10−14, which was adequate to test the performance of the laser that

was locked to the resonator (laser 1 in Fig. 3.10).
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Figure 3.9: Temperatures of the optical table surface and the resonator (a) before
and (b) after the active temperature control was activated. The red trace (left axis)
is the temperature of the thermistor on the optical table. The blue trace (right axis)
shows the temperature of the thermistor on the top of the resonator.

Part of the output of the laser that was locked to the resonator was combined

with part of the output of the stabilised laser and the combined light was registered

with a fast response photodetector. The voltage output of the photodetector was

filtered with bandpass filter before the frequency of the beat signal was recorded

by a frequency counter with time interval of 1 second. In Fig. 3.11 are the time

evolution and the Allan deviations [126] of the beat frequency.

The WGMR resonance frequency drift’s dependence on temperature can be ex-

pressed as
df

dT
= −f(αl +

β

ns
) (3.10)

where αl is the linear thermal expansion coefficient and β is the thermo-optic coef-

ficient. Using values of αl = 1.87× 10−5/K and β = −1.14× 10−5/K at 1064 nm for

CaF2 [127, 128], the calculated df/dT = −3.02 GHz/K. The time evolution trace

of the beat frequency shows a drift of ∼2 kHz/s, which corresponds to temperature
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Figure 3.10: Scheme of the optical comb stabilisation and frequency test setup.
Laser 1 is the laser that was locked to the resonator. Laser 2 is another 1064 nm
laser which was frequency stabilised with the optical comb. The beat frequency
between the comb tooth and laser 2 was around 20 MHz. The beat signal that
was generated by the beating of the outputs of laser 1 and laser 2 was the tested
signal that can be recorded by a frequency counter. PLL: phase-locked loop; PI:
proportional integration control unit.

drift of around 2.5 mK/hour. This value is in relatively good agreement with the

resonator temperature drift presented in Fig. 3.9 (b). Therefore we believe that

residual temperature drift was the dominant factor limiting the frequency stability

performance of the resonator.

3.2.10 Two-Mode Beat Frequency Stability Test

In this section, two 1064-nm lasers are locked to two different modes in a WGMR

respectively and the beat frequency stability is tested. Fig. 3.12 is the schematic

experimental setup. Parts of two Nd:YAG lasers’ outputs were combined with a fibre

combiner and coupled into a WGMR. The frequency of the two lasers were locked to

two different modes of the resonator and the frequency difference between the two

modes is 1.5 GHz, 3.1 GHz and 6.7 GHz at three different tests respectively. In the

first two tests the two modes are of different radial or polar numbers (not in the same

mode family). In the last test the pair of modes with frequency difference of 6.7 GHz
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Figure 3.11: Top: time evolution of the frequency fluctuations of the laser that was
locked to the resonator. Bottom: the Allan deviations of the laser frequency.

(which is the FSR) are of the same fundamental mode family (radial number q = 1

and polar number m − l = 0) except the difference in their azimuthal numbers m

is 1. The two lasers are modulated with frequency of 1.638 MHz and 200 kHz and

the modulated transmission output from the same photodetector is filtered with

different bandpass filters to produce two PDH error signals. Two lockboxes are

used to fed the error signals back to the frequency modulation ports of the two

lasers respectively. At the same time parts of the two lasers’ outputs are registered

by another photodetector to produce beat signal whose frequency is recorded by a

frequency counter.

The results of the tests are shown in Fig. 3.13. The upper picture shows the time

evolutions of the beat frequency of the three pairs of modes while in the lower picture

are the beat frequency stabilities (Allan deviations) of the three pairs of modes. The

results show that the pair of modes from the same fundamental mode family that

are 1 FSR (6.7 GHz) shows much better long-term stability than the other two pair
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Counter
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Figure 3.12: Schematic experimental setup of two-mode beat frequency stability
test. Two Nd:YAG lasers were modulated with 1.638 MHz and 200 kHz sine signals
respectively for locking lasers to two TE modes with PDH locking systems. Fibre
combiner was used to combine the outputs of the two lasers. The beams from the
two lasers were also registered by a photodetector for generating beat signal whose
frequency was recorded by a frequency counter.

of modes. From the Allan deviation comparison the 3 sets of beat frequency have

the same stability at averaging times of 1 to 5 seconds. This short term stability is

mostly limited by the laser locking noise due to the relative intensity fluctuations of

the two lasers at the PDH modulation frequency and the imperfect signal bandpass

filtering in each PDH locking system. For long term (averaging time> 5 seconds) the

frequency fluctuations are mainly caused by the temperature change or temperature

gradient change in the resonator that is resulted from the ambient temperature

fluctuations. For the pairs of modes that are 1.5 GHz and 3.1 GHz apart, because

the two modes involved are from different mode families, the spatial mode overlap is

not perfect. As a result, temperature gradients in the resonator makes the average

temperatures of the two modes change by different amounts; thus the frequency

difference between the two modes will change through the thermo-optic effect. A

FEM simulation is performed to study the temperature gradient effect and the result

shows that for 1µK/µm gradient change along the radial direction of the resonator,

there is∼ 3µK in the difference between the averaged temperatures of a fundamental
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mode and a mode with radial number of 2. This explains why the 6.7 GHz apart pair

of modes of same mode family demonstrates 1 to 2 orders of magnitude improvement

in beat frequency stability than the other two pairs of modes because the modes

from the same mode family with 1 FSR in frequency difference have almost perfect

spatial overlap. The long term instability of the pair that is 6.7 GHz apart is due

to the resonator size change through thermal expansion effect. From Eq. 1.2 the

temperature dependence of FSR can be derived as:

d∆ν

dT
=
d∆ν

dR

dR

dT
= − cα

2πRneff

(3.11)

where the α is the thermal expansion coefficient. For CaF2 resonator with α =

1.87 × 10−5 K−1, calculation shows that d∆ν
dT

= −124.9 kHz/K. This value together

with the instability showed in Fig. 3.13 indicates that the temperature variation of

the resonator during the test is stabilised to less than 2 mK.

3.3 Summary

This chapter described the laser locking technique and the setups for measuring the

frequency stability of the resonator. We also introduced several types of fundamental

noises in WGMR and different technical noises. Based on the experimental results

we identified the technical temperature fluctuations of the resonator as the main

noise source, which will be dealt with in the next chapter.
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Figure 3.13: Top: time evolutions of the beat frequency of two modes with fre-
quency differences of 1.5 GHz, 3.1 GHz and 6.7 GHz respectively. The ripples with
∼ 1000 s period in each traces are attributed to air conditioning working period in
the laboratory. Bottom: the Allan deviations of the two lasers’ beat frequency. At
averaging times of 1 to 5 seconds the instability is mainly caused by the laser locking
instability. At averaging times of above 5 seconds the instability is attributed to the
temperature fluctuations of the resonator.



Chapter 4

Dichroic Dual-Mode Thermometry

and Temperature Stabilisation

4.1 Introduction1

In the previous chapter it has been pointed out that it is the temperature fluctuations

that limit the performance of the frequency stabilisation of the WGMR. As a matter

of fact, the best WGMR resonance frequency stability reported so far is limited by

thermal noise [27]. When it comes to the cutting-edge laser frequency stabilisation

in laboratory environment Fabry-Perot cavities made of material with low thermal

expansion coefficient and mirrors with complex coating processing are commonly

adopted, with the help of multiple sophisticated thermal and vibration shielding as

well as high vacuum setting [129, 130, 131, 132, 133]. However, the size and expense

of such laser frequency stabilisation system is not acceptable for many occasions

when portability and low cost, high performance are desired.

To overcome WGMR’s frequency susceptibility to temperature fluctuations thus

bringing out the full potential of WGMR as a candidate for low-budget portable

frequency stabilisation, dual-mode temperature measurement technique has been

studied in the past few years [134, 135, 136]. Dual-mode technique was firstly used

for temperature sensing and compensation in microwave WGMR [137, 138]. Two

modes of orthogonal polarisations in microwave WGMR made of birefringent ma-

terial (sapphire) were compared in their resonance frequency. Because the orthogo-

nally polarised modes have different temperature coefficients of frequency (df/dT ),

the frequency difference is a highly precise measure of the temperature drift of the

resonator. This same concept can be used in optical WGMR. Birefringent mate-

rials such as MgF2 and Quartz possess different thermo-optic coefficients (dn/dT )

1Work in this chapter has been published in “Nano-Kelvin Thermometry and Temperature
Control: Beyond the Thermal Noise Limit” Physical Review Letters, 112, 160801 (2014).

59
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for orthogonally polarised light and can be exploited for temperature sensing in

optical WGMR. The usual method is to use a WGMR made of birefringent mate-

rial and whose cylindrical symmetrical axis is along with the optical axis (known

as ”z-cut”). One chooses a TE mode, which corresponds to the O-ray, and a TM

mode that corresponds to E-ray, very close resonance frequency and they can be

excited with laser source of the same frequency range. The two modes’ resonance

frequency are compared through laser locking technique [135] or acquiring spectra

[134] and the temperature change of the resonator can be measured by measur-

ing the frequency difference between the two modes. Such technique has exhibited

temperature sensing ability with sub-microKelvin precision. The use of active tem-

perature control can suppress the frequency difference, giving nearly two orders of

magnitude improvement in frequency stability, with long term relative instability

of 1.1 × 10−10 at averaging time of 1 × 103 seconds [136]. This is among the best

frequency stabilisation performances ever achieved with WGMR.

Although the dual-polarisation technique has exhibited its power in tempera-

ture and frequency stabilisation, the limited choices in the WGMR materials place

restrictions on its more extensive application. Because the materials have to be

birefringent, many widely studied WGMR materials such as fused silica and CaF2

cannot be used with this technique. Among many material candidates, CaF2 has

extraordinary transparent window and low absorption coefficient [113]. Its crys-

talline properties also make it suitable for diamond turning and surface polishing.

With these advantages, CaF2 WGMR has achieved the Q-factor above 1011, which

is the highest ever reported so far. On the other hand, fused silica can be made

into micro-toroid WGMR with laser reflow technique and it is a very promising can-

didate for stabilised Kerr comb generation [28] and opto-mechanical laser cooling

below fundamental noise floor [30]. Therefore it is highly beneficial for both funda-

mental physics research and industrial application that one finds a technique to use

the dual-mode temperature sensing technique in resonators made of conventional

isotropic materials.

In this chapter, a dual-colour thermometry technique will be introduced in the-

ory and then demonstrated in experiments. This technique allows the dual-mode

thermometry principle to be applied to all conventional materials without requiring

anisotropy. An unprecedented temperature sensitivity in room temperature ambi-

ent is achieved with a CaF2 WGMR using this technique. The noise source and

the fundamental limit of the sensitivity will be analysed. Moreover, by control-

ling the sensed temperature fluctuations of the resonator, a significant temperature

fluctuation suppression as well as frequency stability of the resonator are presented.
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4.2 Theoretical Analysis on WGMR Dichroic Dual-

Mode Thermometry

We developed a new method to use the dispersive thermo-optic coefficients of mate-

rials. Since generally the thermo-optic coefficient (dn/dT ) is wavelength dependent

for all materials, comparing the resonance frequency of modes of different wave-

length naturally is a measure of the temperature. Below the detailed design and the

noise floor of the proposition will be explained.

The frequency of a WGM depends on temperature through: (a) the temperature

dependence of the refractive index (thermo-optic effect) as well as (b) the thermal

expansion of the resonator. The first dependence leads to sensitivity to the temper-

ature solely within the the optical mode, while in the latter the the mode frequency

depends on the temperature distribution throughout the entire resonator volume.

For simplicity, a steady-state temperature distribution is assumed, TP (r), when the

resonator is excited by some input optical power, P , that is solely dependent on

the radial co-ordinate, r. This approximation reflects the typical triple cylindrical

symmetry exhibited by the (i) resonator geometry, (ii) optical power distribution

and (iii) thermal coupling to the external environment. When the power-induced

temperature changes from ambient are small (i.e. ∆TP (r) = TP (r)−T0(r)� T0(r)),

the frequency, fm, of the mth mode can be expressed as:

fm
fm,0

= 1−
2α
∫ R

0
∆TP (r) rdr

R2
− β(fm)

n(fm)
∆TP (R)− γm (4.1)

where fm,0 is the frequency of the mth mode in the absence of excitation power, α

is the linear thermal expansion coefficient, and β(fm) and n(fm) are the thermo-

optic coefficient and refractive index of the resonator material, respectively, R is the

radius at the mode intensity maximum, and γm = 2Q0

Q0+Qc

nKerr
n(fm)

F
π

P
Am

characterises the

refractive index dependence upon the optical intensity, which depends on the Kerr

coefficient nKerr, and finesse F . Q0 and Qc are the intrinsic Q-factor and coupling

Q-factor respectively. The effective mode area is defined as Am =
∫
|Em|2dA

∫
|Etot|2dA∫

|Em|2|Etot|2dA ,

where Em is the amplitude of the mth mode in the transverse plane and Etot is the

field amplitude of the resonant energy (which allows for more than 1 mode to be

excited simultaneously). This effective mode area considers the overlap of the total

optical field of all resonator modes and the field of a particular resonant mode.

The basis of the thermometer is to simultaneously lock two optical signals to

two WGMs that have frequencies f1 and f2 with f2 ≈ 2f1. These modes are chosen

to be within the same transverse mode family (i.e identical polar and radial field

maxima numbers [33]) to maximise their spatial overlap. For simplicity the two
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optical signals are derived from a single laser with frequency fL.

The direct output of the laser is locked using the Pound-Drever-Hall (PDH)

technique [108] to the lower frequency mode, i.e. fL = f1. The laser signal is

also frequency-doubled and shifted into resonance with the second mode using an

Acousto-Optic Modulator (AOM), so that 2fL+fAOM = f2. From Eq. 4.1, it follows

that

fAOM ≈ 2fL

(
β(f1)

n(f1)
− β(f2)

n(f2)

)
∆TP (R) + C + Γ +N (4.2)

where C = f2,0 − 2f1,0, Γ = 2fL(γ1 − γ2) is the relative non-linear Kerr shift, and

N = δf2 − 2δf1 which accounts for residual errors in the laser locking systems, i.e

δf1 = fL − f1 and δf2 = 2fL + fAOM − f2. Importantly, the high degree of spatial

overlap between the two modes gives rise to nearly identical frequency dependence

on thermal expansion, so that the distributed thermal expansion term appearing

in Eq. 4.1 is strongly suppressed in Eq. 4.2; because the AOM shifted frequency is

around 80 MHz and the frequency difference between the f1 and f2 is more than

2.8× 105 GHz, its fractional contribution is estimated to be less than 1 part in 106

and so it will be ignored.

The first term on right hand side in Eq. 4.2 indicates that the AOM frequency

provides a high-quality read-out of the resonator temperature if the thermo-optic

coefficient at f1 and f2 are sufficiently different to dominate over the noise terms,

Γ +N .

It is worth noting that by suppressing mode-averaged temperature fluctuations

using this technique does not ensure the same level of improvement of the absolute

frequency stability of the WGMR. Eq. 4.1 shows that the mode frequency depends

on the temperature distribution throughout the resonator, which is not fixed by

mode-averaged temperature control. Therefore even if the temperature sensed by

this dual-mode thermometry technique is completely stabilised, mode resonance

frequency can still drift because the size of the whole resonator changes through

ambient temperature drifts. Such mode frequency drift was observed in previous

works [135, 136] and external environment temperature stabilisations were used by

the authors to improve the mode frequency stabilities.

4.3 Thermometry Experimental Setup

The experimental setup is shown in Fig. 4.1. A 5 mm radius CaF2 WGM resonator

is mounted on a piezo-actuated translation stage within an acoustic and thermal

shield. The shield is made by the UWA Physics School Workshop team. The walls

of the shield are wood board with commercial sound proof and heat insulation layers
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inside. The laser light was coupled into the resonator using a high index prism. A

conventional thermometer/heater pair connected to a commercial Lakeshore tem-

perature controller was used to pre-stabilise the temperature of the system at ±0.1 K

level. Light from a Nd:YAG laser at 1064 nm, together with its second harmonic

at 532 nm (generated in a single-pass nonlinear crystal), were transferred into the

shielded volume using single-mode optical fibres. The 532 nm light was double-

passed through an AOM to enable independent frequency tuning of this beam. The

1064 nm light was also double-passed through a second AOM for reasons explained

below. The two AOMs were driven with independent oscillators with nominal fre-

quency around 80 MHz and were set to shift the frequency upwards. Both beams

were recombined inside the shielded volume using a dichroic filter before being cou-

pled into the resonator. The transmitted beams were separated using a second

dichroic filter and then registered by two photodetectors. The laser was frequency

modulated at 1.638 MHz and the two detected signals were synchronously demod-

ulated using the traditional PDH technique to generate independent error signals

appropriate to lock the laser signals onto their respective modes. The error signal

generated from the 1064 nm mode was integrated and sent directly back to the laser

controller to maintain the frequency lock. The second harmonic light was frequency

locked by controlling the frequency of the synthesiser that drove the AOM.

1064 nm

Frequency 

Doubling
AOM

AOM

HWP
resonator

DF DF

HWP

PBS

PBS

(AM)

(FM)

PI

PI

PI

1.638 MHz 80 MHz

80 MHz

Figure 4.1: Experimental setup. HWP: half-wave plate; PBS: polarising beam split-
ter; DF: dichroic filter; AM: amplitude modulation; FM: frequency modulation. The
dashed PI control part was only implemented when stabilising the temperature of
the resonator, i.e. it was not included in the temperature sensing experiments.

As the evanescent field has different scale lengths for the two modes [33], it was
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Figure 4.2: Calculated normalised evanescent field amplitudes of fundamental modes
at 1064 nm and 532 nm of a resonator with radius of 5 mm.

necessary to over-couple the 1064 nm mode in order to achieve adequate coupling

for the 532 nm mode. Thus, the loaded Q for the modes was 2.6× 108 and 3.6× 108

for the 1064 nm and 532 nm modes respectively. This situation may be overcome

by designing an appropriate coupling scheme [139]. Fig. 4.2 shows the normalised

evanescent field amplitudes of fundamental modes at 1064 nm and 532 nm outside

of a resonator with radius of 5 mm based on the theory in [61]. In Fig. 4.3 are the

spectra of the two modes and their corresponding PDH error signals.

The fast fluctuations of the WGMR thermometer were monitored by observing

the frequency fluctuations of fAOM with a spectrum analyser, while slower fluctua-

tions were monitored by a frequency counter. In addition, the frequency of the lower

frequency mode (f1) was measured with a stabilised frequency comb (∆f/f < 10−13

for time scales > 1 s). For these experiments, the excitation power was deliberately

kept at low levels (50 µW for 532 nm and 70µW for 1064 nm) so that photo-thermal

[112, 140] and Kerr noise were both at least 10 dB below the measured fAOM spec-

trum at all frequencies. The low levels of these noise sources during operation was

verified by increasing the input power until both effects were observed and then

turning the power back down by a factor of ten when in operation.

Fig. 4.4 displays the variation of the lower mode frequency (f1) as a function of

the frequency of the AOM (a proxy for the mode temperature) where the resonator

temperature drifts by 10 mK. As expected, there is a very high degree of correlation

between f1 and fAOM (see inset), with slope ∆f1/∆fAOM = 31.0. The expected

mode-frequency sensitivity from the known parameter values for CaF2 at 1064 nm

(n = 1.43, β = −11.4 × 10−6/K and α = 18.7 × 10−6/K at 1064 nm [127, 128])

is calculated as df1/dT = −3.02 GHz/K. This calculated value was verified at the
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Figure 4.3: The transmission spectra and the corresponding PDH error signals of
the 1064 nm mode (red trances) and the 532 nm mode (green traces). The resonance
bandwidths of the two modes are 1.1 MHz and 1.6 MHz respectively, showing their
Q-factors are 2.6× 108 and 3.6× 108 respectively.
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because the mode frequency depends on both the mode-averaged temperature as well
as the entire temperature distribution, whereas the thermometer is only sensitive to
the mode-averaged temperature.

level of 10% by changing the temperature of the resonator intentionally. The mode-

frequency to temperature relation is combined with the observed relation to the

AOM frequency to give a thermometer calibration of dfAOM/dT = −97.42 MHz/K.

4.4 Temperature Control with Intra-Cavity Power

Modulation

In this section, an intra-cavity power control method used to stabilise the tem-

perature of the optical mode volume. Compared with usual temperature control

methods such as using external heater or thermoelectric cooling components, this

method yields much higher control speed by directly using the optical mode volume

as the heat source, thus reducing the thermal transfer/relaxation time. Since the

heat conduction of fluoride crystalline materials are usually low, the time for the heat

to transfer between the environment and the optical mode volume is relatively long,

thus making it difficult to achieve temperature control bandwidth higher than a few

Hz with dual-mode thermometry technique [136]. However, with the optical mode

volume as the heat source, the control speed can be increased significantly. The de-
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tails of this intra-cavity power control method will be presented with experimental

results in the following.

The resonator temperature can be controlled with a high bandwidth by actively

controlling the input optical power. With this approach, the intra-cavity power is

modulated as well as the optical energy absorbed by the optical mode volume. The

energy then turns into heat in the mode volume, and the heating process is very

fast. On the other hand, the heat in the volume takes time to diffuse to the whole

resonator, which determines the thermal relaxation rate of the optical mode volume.

And due to the relatively large volume of the millimetre-size resonator, its optical

mode volume is also much larger than the optical mode volume of micro-WGMR.

As a result, the thermal relaxation rate is also high, which, in turn, leads to a high

thermal control bandwidth.

In order to control the temperature with intra-cavity power modulation, the

1064 nm power was increased to ∼ 2 mW to increase the range of the temperature

control system. To test the temperature control bandwidth, at first a second 1064 nm

laser was frequency-locked to a fundamental mode and the laser power was modu-

lated by an (amplitude modulated) AOM driven with sine function signal of varied

frequency (from 0.2 Hz to 1 kHz). Then the 532 nm output of the first laser was

locked to another fundamental mode through the (frequency modulated) AOM and

the frequency of the AOM for the 532 nm beam was recorded by a frequency counter.

The measured AOM frequency data were compared with the driving sine function

signal and the transfer function was plotted in Fig. 4.5 (red dots and traces). Other

three randomly-picked pairs of modes were then used as mode pairs of frequency

f1 and f2 respectively in the same experimental setup and the measurement was

repeated for each of these mode pairs. The 1064 nm mode and the 532 nm mode

in each of the three mode pairs were chosen that they are not from the same mode

family. This is done by choosing mode of frequency that is different from the fun-

damental mode frequency but less than 1 FSR away from the fundamental mode.

The transfer functions for these three mode pairs were also shown in Fig. 4.5. From

the results it is found that the control bandwidth for the mode pair of fundamental

modes in this work is > 1 kHz. Also it is noted that it is extremely important to

use the modes from the same mode family for the maximum mode volume overlap

and consequently the highest control bandwidth.

To have a better understanding of the nature for the very different frequency and

phase responses of different mode pairs, a simplified FEM model in the COMSOL

heat-transfer-in-solids module was built to simulate the heat transfer process be-

tween different modes in the resonator. The main geometry of the model is a CaF2

disk attached to an iron alloy post in the axial symmetrical setting that is presented
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Figure 4.5: The frequency response (upper panel) and the phase response (lower
panel) of the (frequency modulated) AOM to modulated 1064 nm input power. The
1064 nm power was modulated by an (amplitude modulated) AOM for 1064 nm mode
that is driven by sine function signal of varied frequency. The red round dots and
traces represent the mode pair of same fundamental mode family. The measured
responses of other three mode paris of modes from different mode families are also
presented, labelled as other mode pair 1,2 and 3.
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in figure 4.6. The material properties of the geometry were chosen to be the same

as the designated materials. A heat source with power of ∼10 mW and with spatial

power distribution similar to the 1064-nm fundamental mode intensity distribution

was modulated with Sine waves of varied frequencies. Then the intensity-weighted

effective temperature of a 532-nm fundamental mode was calculated numerically to

take the gradient into account. Also, the effective temperature of a second 532-nm

mode with the same mode shape that is 40µm away from the 1064-nm mode was

calculated too. The value of 40µm is about the distance between the fundamen-

tal mode and the intensity maxima of the mode with mode order m − l = 7 in

cross section. Figure 4.7 shows the two 532-nm modes’ frequency (upper panel)

and phase (lower panel) responses to the modulation of fundamental mode power

with changed frequency. In this proof-of-concept simulation the frequency change of

the mode was only caused by thermo-optic effect and was calculated by converting

simulated temperature change into frequency change through known thermo-optic

coefficients. The Kerr nonlinear effect was neglected because calculation showed

that if the absorption loss allows the Q-factor to be 4× 109 as discussed in Chapter

1, then for a resonator with Q-factor of 1 × 109 about one quarter of the input

power is absorbed by the material and turned into heat in the optical mode vol-

ume. Such high energy conversion makes the frequency change due to thermo-optic

effect more than one order of magnitude larger than the frequency change due to

Kerr nonlinearity. In Fig. 4.7 we can see relatively qualitative agreement and that

the fundamental mode has higher response bandwidth than that of the high-order

mode. The discrepancies are most likely to be induced by the very simplified setting

of the model and the lack of the detailed information of the high-order mode pairs in

the experiment. Although there is much room for further refinement of the model,

the simulation shows that the mode location and the degree of overlap of the mode

volume are critical in the intra-cavity power modulation scheme.

Then the mode pair was switched back to the original mode pair of the same

fundamental mode family and the experimental setup in Fig. 4.1 was used. The

control actuator is indicated on Fig. 4.1 as the dotted line in which the drive power

of the 1064 nm AOM is actively controlled to maintain the frequency of the AOM at

a fixed value, which locks the resonator temperature. With this thermal control, the

average mode temperature can be stabilised at the 100 nK level for more than an

hour as seen on Fig. 4.8(a). A residual drift of ∼ 2.5 MHz/hr in the mode frequency

arises because it depends upon the entire temperature distribution, which is uncon-

trolled. The ripples with a ∼ 300 s period are associated with room temperature

modulation from the air-conditioning. Fig.4.8(b) shows a time-domain representa-

tion of the temperature fluctuations of the controlled and uncontrolled resonator
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Figure 4.6: The geometry of the thermal FEM model. Close to the edge of the
resonator the mesh is highly refined to solve the temperature of the mode volume.
The temperature of the bottom surface of the iron alloy post is set to be fixed as
room temperature. All the other surfaces are set as ”surface-to-ambient radiation”
boundary condition.
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using the Allan deviation [126]. We see that the control system suppresses the long-

term temperature fluctuations by more than 4 orders of magnitude to the 30 nK

level. The long term temperature stability appears flat as a result of the interaction

of the free running fluctuations and the transfer function of our control loop: a more

sophisticated control system could result in further suppression. Fig. 4.8(c) shows

the Allan deviation of the locked 1064 nm mode frequency when the temperature

is stabilised. The performance is substantially worse than one would expect if the

mode frequency only depended upon the temperature in the mode (∼ 5×10−13 at 1

second averaging time). Nonetheless, the temperature control technique suppressed

the mode frequency fluctuations by nearly 1 order of magnitude.

Fig. 4.9 shows the power spectral density (PSD) of fAOM when it is free-running,

and when it is actively controlled. The fundamental temperature fluctuations cal-

culated using the method in [112] is also displayed. It is assumed that the two

optical modes have large spatial overlap, which is reasonable given that the ther-

mal wavelength of even the highest frequency thermal noise (∼ 1 kHz) considered

here is much larger than the transverse extent of the optical modes, or their sepa-

ration [112]. The unstabilised mode temperature fluctuation exceeds the calculated

fundamental thermal fluctuations by a factor of 10 at low frequencies because the

resonator is also subject to fluctuations in ambient temperature and input-power.

Fig. 4.9 also shows the noise floor of the temperature sensor (i.e. N + Γ in

Eq. 4.2), which arises from the residual frequency noise in the two optical frequency

stabilisation loops as well as the effect of Kerr fluctuations induced by the input

intensity control. Residual frequency noise in the stabilisation loops was indepen-

dently estimated by measuring the noise in the frequency locking systems when the

lasers were detuned from resonance: in these circumstances, we measure the sum

of any electronic, shot-noise, residual amplitude modulation (RAM) and residual

intensity noise (RIN) that limit the frequency stabilisation loops. The RIN in the

environs of the PDH modulation frequency was seen to be the dominant contributor

to this noise limit and sets a resulting 80 nK/
√

Hz temperature sensitivity that is

reasonably frequency-independent. It can be seen that this sensitivity is below the

fundamental thermal noise of the resonator for thermal frequencies below 3 Hz.

Finally, Fig. 4.9 shows the residual temperature fluctuations once the mode tem-

perature is stabilised: the fluctuations are strongly suppressed by the control system

within its 200 Hz thermal control bandwidth.

We note that an additional noise floor arises when the resonator temperature is

actively controlled: the required intensity modulation causes frequency shifts both

through the desired temperature changes but also through an unwanted Kerr ef-

fect. This arises because the self-mode Kerr shift and cross-Kerr mode shift differ
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Figure 4.8: (a) Mode frequency (f1) and the mode temperature derived from fAOM
with thermal feedback control activated. (b) Allan deviations of fAOM and the
imputed mode temperature when temperature is uncontrolled (green squares) and
actively controlled (red triangles). Dashed blue line is the estimated laser locking
instability which limits the achievable mode volume temperature stability. (c) Allan
deviation of the 1064 nm signal when the mode volume temperature is uncontrolled
(red triangles) and actively controlled (blue squares).
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Figure 4.9: PSD of fAOM and its projected mode temperature. fAOM is an in-loop
signal that contains the lock instability noise, so below the lock instability noise
floor (dark blue trace) the stabilised fAOM PSD (light blue trace) does not project
the real temperature PSD.

because of the differing cross-sectional areas for the two modes. This type of noise

floor could be minimised by modulating the power of both excited modes together

in a judiciously chosen ratio that results in the same effective Kerr shift in the two

modes. We have not undertaken this procedure here since it was not the limiting

factor in the performance of the temperature sensor. This induced noise floor is

also shown on Fig. 4.9 and was determined by measuring the spectrum of the inten-

sity modulation required to keep the temperature stabilised. The Kerr frequency

shift can be calculated through γm = 2Q0

Q0+Qc

nKerr
n(fm)

F
π

P
Am

, in which Am was computed

numerically with FEM method. The modulated P was measured with spectrum

analyser when the locking servo was working. It also can be calculated by turning

the frequency modulated AOM’s frequency fluctuation suppression gain into mod-

ulated power fluctuation through the measured AOM’s frequency response to the

deliberately modulated input 1064 nm power.

This experiment demonstrates the potential of the technique. There are several

routes to further improve the sensitivity and resolution: (a) Reduce the residual noise

in the frequency locking system by increasing the Q-factor of the modes. To this

end, a more sophisticated coupling would reduce the current difference in evanescent

coupling strengths, thereby improving the Q-factor [139]. It also should be noted

that the laser locking noise floor in this experiment was limited by the electronic

noise in the laser locking system and it is more than an order of amplitude laser

than the theoretically predicted fundamental shot noise. With an improved noise
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reduced system, there is much more space for improvement in this respect; (b)

Increase the difference between the thermo-optic coefficients for the fundamental

and second harmonic by moving to fundamental wavelength of 800-900 nm. This

difference can be ∼ 4 times larger than that of the two wavelengths used here [113];

(c) Combine the wavelength- and polarisation-dependent thermal-sensing techniques

in a material such as MgF2. For example, the difference between the thermo-optic

coefficient of 532 nm TE mode and the thermo-optic coefficient of 1064 nm TM

mode is much larger than the coefficient difference between modes of the same

polarisations. Combining these approaches, it is estimated that it is feasible to

obtain a sensitivity below 10 nK/
√

Hz with the same detection noise.

4.5 Thermometry of Improved Sensitivity with

MgF2 WGMR

In the last section it has been suggested that using the same dual-mode technique

but with a resonator made of different materials such as MgF2 which possess large

thermo-optic coefficient difference between modes involved can improve the ther-

mometry sensitivity. In this section, this proposition is tested and confirmed.

A z-cut (i.e. optical axis is aligned with the geometry axis) MgF2 of the same

geometry, size and similar Q-factors was used in the thermometry experiment. This

time the 1064 nm mode was chosen to be TM polarised (corresponds to E-ray) and

the 532 nm mode was TE polarised (O-ray). According to [113], at 1064 nm MgF2

has a refractive index of ne,1064 = 1.385 and the O-ray thermo-optic coefficient

of MgF2 at 532 nm is 1.28 × 10−6 K−1 while the E-ray thermo-optic coefficient of

MgF2 at 1064 nm is 0.34 × 10−6 K−1. dfAOM/dT = −383 MHz/K is calculated.

With the thermal expansion coefficient of α = 9.3 × 10−6, df1/dT = −2.69 GHz/K

is also known, showing that ∆f1/∆fAOM ≈ 7.0 is supposed to be demonstrated.

This relation should improve the temperature sensitivity by a factor of 4 over CaF2

resonator.

In the experiment we repeated the measurement of f1 and fAOM simultaneously

while deliberately changing the temperature of the resonator. Fig. 4.10 shows the

measured f1 and fAOM as well the linear fitting relation of ∆f1/∆fAOM = 6.52.

This discrepancy from the calculated value is due to the paucity of data based on

which the parameters in [113] were fitted for thermo-optic coefficient estimation.

Using the measured relation, dfAOM/dT = −412.6 MHz/K is obtained, showing an

improved sensitivity that exceeds expectations.

Next the thermometer was placed into a vacuum chamber with highly tempera-
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Figure 4.10: Relation between f1 and fAOM of the thermometry with MgF2 res-
onator. Presented linear fitting shows a relation of ∆f1/∆fAOM = 6.52.

ture stabilised shield inside that is controlled by computer controlled servo system.

Photodetectors were changed into Thorlabs PDA series with external power supply

for the easy-usage in vacuum chamber. The PSD of fAOM was measured and pre-

sented in Fig. 4.11, along with the estimated fundamental thermal noise floor and

measured thermometer noise floor. Due to the changed photodetectors and elec-

tronics for PDH locking system, the laser locking noise floor was increased for a few

times in frequency, thus yielding a temperature sensing noise floor of 30 nK/
√

Hz.

The PSD of the free running trace shows a much more improved temperature sta-

bility upon the measured free running trace with CaF2 because of the temperature

stabilised vacuum chamber. At frequency range of 1-10 Hz the temperature stability

agrees with the estimated thermal fundamental noise, suggests that the thermometer

is capable of measuring the fundamental noise floor of mode volume in the resonator.

4.6 Summary

In this chapter we proposed and experimentally demonstrated an ultra-sensitive

dual-mode thermometry technique based on WGMR. With the implementation of

such technique, the temperature fluctuations of the resonator was tremendously

suppressed by actively controlling the coupled-in power. As a result, the resonator’s

frequency stability was improved significantly.
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Figure 4.11: PSD of fAOM and the projected mode temperature when the MgF2

thermometer was placed in a temperature stabilised vacuum chamber. The ther-
mometer noise floor was measured by measuring the instabilities of the voltages of
the PDH error signals for laser locking and turning them into corresponding fre-
quency instability.



Chapter 5

Refractometry with Ultralow

Detection Limit

5.1 Introduction1

WGMRs are frequently used for refractometry and reactive biosensing due to their

superb intrinsic sensitivity [141, 142, 143]. Although many different sensing schemes

have been developed for different scenarios, the basic principle is always the same:

the sensing target, whether gas, fluid, bio-molecules or nanoparticles, interacts with

the evanescent electromagnetic field near the surface of the resonator. This interac-

tion modifies the effective optical path length for a resonant mode thereby shifting

the mode resonance frequency.

With optical resonator refractometry the sensitivity can be expressed as df/dn,

where f is the resonance frequency and n is the refractive index of the target.

Sometimes the sensitivity is expressed in term of the response wavelength λ as

dλ/dn. To achieve a large sensitivity, it is preferable for a larger proportion of

the electromagnetic field to interact with the sensing target. Several methods are

deployed to achieve this, including reducing the resonator size [25], decreasing the

refractive index difference between the resonator and the ambient medium [144] as

well as using plasmonic effects to enhance the electromagnetic field [145, 146].

In many sensing applications, besides sensitivity, the detection limit (DL) is

another critical figure of merit in evaluating the performance of refractometric sen-

sors and biosensors [147, 148]. DL is defined as the minimum detectable amount

of the sensing target, which is usually characterised by the ratio of the resolution

to the sensitivity (DL = Resolution
Sensitivity

). In other words, the detection limit is deter-

mined by two key factors: the coupling strength of the target into the resonant

1Work in this chapter has been published in “Refractometry with Ultralow Detection Limit Us-
ing Anisotropic Whispering-Gallery-Mode Resonators” Physical Review Applied, 3, 044015 (2015).
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optical mode and the minimum detectable change in resonance frequency. This

minimum detectable frequency change is usually set for passive detection schemes

by photon shot-noise in the frequency locking system [111, 121, 149], or by thermo-

mechanical or thermo-refractive noise in the resonator [112, 150]. Active detection

schemes have limits set through Schawlow-Townes processes [151, 152]. One can

calculate an impressive potential refractometry sensitivity for WGMRs because of

their small sizes and high Q-factor, although, in practice, these fundamental limits

are rarely achieved because of the confounding effect of temperature fluctuations in

the resonator [141, 145]. There are also difficulties in acquiring the data through

curve fitting to determine the centre of the mode frequency [147, 148]. More efforts

in both experimental [153] and theoretical [154] aspects have been put into the en-

hancement of detection limit in recent years. However, to date the actually achieved

detection limit is still far from the theoretically predicted level.

Up to present the best refractometry detection limit is at the level of 10−9 refrac-

tive index unit (RIU), achieved by dual-capillary backscatter interferometry [155].

The best detection limit of WGMR-based refractometry is at the level of 10−6 RIU

[147], although bio-particle sensing research has claimed detection of a single virus

with mass of 6 ag [146]. In most sensing experiments based on WGMR, the sensing

noise came from the resonance frequency fluctuations and drifts induced by temper-

ature instabilities. Therefore it is the chief purpose of the work in this chapter to

develop techniques to suppress temperature noise in the sensing system to pave the

way to real refractometry that is only limited by fundamental noise sources.

5.2 Preliminary Experiment of Triple-Mode Re-

fractometry

In recognition of the challenge of thermal noise limited DL, some beautiful work has

shown how to automatically reject the effect of temperature by measuring frequency

differences between two orthogonally polarised modes in an isotropic resonator [156].

The principle of this method is that while two orthogonally polarised modes can have

nearly the same temperature sensitivity, their sensitivities to the ambient refractive

index is different since the mode energy outside of the resonator in evanescent field

is different for modes of different polarisations. Unfortunately, this approach is not

applicable to anisotropic resonators that possess some unique and useful advantages:

first, resonators made from MgF2 (which is anisotropic) has substantially enhanced

sensitivity for aqueous sensing [144] due to the fact that MgF2’s refractive index (∼
1.37) is lower than that of CaF2 (∼ 1.43) or silica (∼ 1.45). This is a better match for
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that of water, leading to weaker optical energy confinement, and stronger evanescent

field consequently. Moreover, as elaborated in the last chapter, anisotropic resonator

can be tuned so that the frequency difference between orthogonal modes will have

a convenient value. For isotropic resonators this is fixed by the resonator geometry.

This problem is exacerbated for the desirable small and highly-sensitive resonators

with their large free spectral range. For a microresonator with a radius of 50 µm,

the FSR is typically at the level of several hundred GHz, therefore there is a high

chance that the frequency difference between two adjacent fundamental TE and TM

modes is too large to measure directly with commercial electronic devices such as

frequency counters and RF spectrum analysers.

In this work, a new idea for temperature-immune refractometry in anisotropic

resonators is developed. First, the frequency difference between two orthogonally-

polarized modes in the same mode family detects the resonator temperature [134,

135, 157]. In a second step, the resonator temperature is stabilised by adjusting

the optical input power to the resonator so that this frequency difference is kept

constant. In the third step, the frequency of one of these two original modes is

compared to a third mode that has a wavelength almost exactly half that of the two

former modes. The evanescent coupling of this third mode differs substantially from

either of the other two modes which means that this second frequency difference is

sensitive to the refractive index of the material surrounding the resonator. As shown

below, there is a very strong suppression of temperature-mitigated influences in this

second mode-difference, allowing achievement of a practical detection limit that is

comparable to the best refractive index measurement yet made with a WGMR.

This is in spite of the use of a relatively large resonator (mm-scale) which reduces

the intrinsic refractometric sensitivity by a factor of ∼100 over resonators more

typically used in these applications (10-100 micron). Nonetheless, the technique

that is proposed here is equally applicable to smaller resonators providing a path to

upgrade the performance of this entire class of resonators into this new regime.

Figure 5.1 shows the experimental setup based around a 5 mm radius MgF2

WGMR. The output beam of a 1064 nm Nd:YAG laser is split into two beams: one

passes through an acousto-optic modulator (AOM) to control the beam intensity,

while the second is frequency shifted by fa ≈ 160 MHz in a double pass through

an AOM and is used to control the frequency of this second beam. The second

harmonic output of the laser (at 532 nm) is made to double-pass a third AOM,

which gives a frequency shift, fb, of approximately 150 MHz. The three beams were

then transferred by polarisation-maintaining fibres into a thermal and acoustical

shelter where the WGMR was mounted. The three beams were then combined

by a polarisation beamsplitter and a dichroic filter and launched into a carefully-
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Figure 5.1: Experimental setup. HWP: half-wave plate; PBS: polarisation beam
splitter; DF: dichroic filter; FM: frequency modulation; AM: amplitude modulation.

positioned high refractive index prism so as to couple to modes in the resonator

through frustrated total internal reflection. The frequency of all three signals was

adjusted until they coupled into three first-order modes with a Q > 1×108. For ease

of description below the frequency of the 1064 nm transverse-magnetic (TM) mode

will be nominated as fTM , the 1064 nm transverse-electric (TE) mode as frequency

fTE, while the 532 nm TM mode with frequency fG. The transmitted beams were

separated by another polarisation beam splitter and dichroic filter and registered on

three photodetectors.

Fig. 5.2 shows the resonance spectra of the three modes. The translation stage

used to control the coupling distance is temperature stabilised with a thermis-

tor/heater pair so the distance instabilities on time scale of 10 to 20 minutes do

not cause observable fluctuations of the coupling.

The laser frequency was modulated at 1.638 MHz to implement the Pound-

Drever-Hall (PDH) frequency control approach that was then used to provide steer-

ing signals for all three laser signals [109]. The error signal of the 1064 nm TM mode

was fed back to the laser frequency modulation port while the error signals of the

other two modes were fed back to the frequency modulation ports of the synthesisers

that drove the corresponding AOMs. When all three laser signals are locked to their

respective modes we note that fa = fTM − fTE and fb = 2fTM − fG.

Similar to the derivation in the last chapter, fa is a proxy for the tempera-

ture of resonator because of the different thermo-optic coefficients for ordinary and

extraordinary refractive index i.e. 1/fTM dfa/dT = β1064,e − β1064,o ≡ βp, where

β1064,o and β1064,e are the thermo-optic coefficients at 1064 nm for ordinary and ex-

traordinary light respectively [127, 134, 135]. A new parameter βp is defined here

as the polarisation-dependent thermo-optic coefficient at 1064 nm. Furthermore,
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Figure 5.2: Resonance spectra of the three modes in the experiment (upper panel)
and their corresponding PDH error signals (lower panel). Red, orange and green
traces represent 1064 nm TM mode, 1064 TE mode and 532 nm TM mode respec-
tively. The PDH error signals of different modes are adjusted to the same amplitude
level with electronic amplifiers.

fb is also sensitive to the resonator temperature because the thermo-optic coeffi-

cient is wavelength dependent. This temperature dependence can be expressed as

1/fTM dfb/dT = 2(β1064,e − β532,e) ≡ βλ where β532,e is the thermo-optic coefficient

at 532 nm for extraordinary refractive index and we define βλ as the wavelength-

dependent thermo-optic coefficient [157].

The mode-frequency temperature sensitivity from the known linear expansion

and thermo-optic coefficient for MgF2 (α = 9.3 × 10−6 [135], β1064,e = 0.25 × 10−6

and β1064,o = 0.65× 10−6 [113]) were calculated and are shown in Table 5.1. These

estimates are expected to be accurate to a few percent level based on the known

errors in the tabulated values. The theory presented in [113] was used to calculate

expected values for βλ and βp (see Table 5.1).

For confirming the predicted values fb and fTM were measured as the tempera-

ture of the resonator was intentionally varied and this is shown on Fig. 5.3. The mea-

surement of fb was performed with a conventional frequency counter while fTM was

measured by comparison to a mode of a highly stabilised frequency comb. A strong

linear relation between the two parameters with dfTM/dfb = 20.00 ± 0.02 was ob-
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Figure 5.3: The measured relation between fTM and fb as the temperature of the
resonator is intentionally varied over a range of ∼ 40 mK. The slope of the curve
∆fTM/∆fb = 20.00± 0.02.

served. By combining this with the value of dfTM/dT in Table 5.1 βλ = −4.77×10−7

K−1 was calculated, which is in reasonable agreement with the predicted value.

Then the relation between fa and fb was measured experimentally as the temper-

ature was varied (see Fig. 5.4). This tested our expectation of a strong correlation

between those parameters along with extracting a value for βp. The linear relation

shows a slope of βλ/βp = 0.93 allowing an estimate for βp (see Table 1). The in-

set of Fig. 5.4 shows the residual fluctuations in fb after removing the linear slope

showing deviations at the few kHz level associated with slow drifts over 10 minute

timescale. A ∼ 20% discrepancy between the theoretical and experimental values

for βλ and βp was noted, which probably arises from the paucity of prior data and

also because these parameters are inherently more sensitive to inaccuracy in the

contributing data. Figure 5.5 shows the experimental thermo-optic coefficient data

at four wavelength locations for two polarisations across the wavelength range and

the theoretical fitted curves. The graph is presented in [113]. Table 5.2 shows the

experimental data [128] based on which the theory in [113] was formed. For the

e-ray thermo-optic coefficients, the differences between the experimental data and

the theoretically calculated values are typically at the level of ∼ 10% to nearly 25%.

fa was used to detect the resonator temperature as a dual-mode thermometry and

then arrange to hold its value fixed by actively controlling the incident power into

the 1064 nm TM mode. The nominal coupled power into this mode was increased to
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Figure 5.4: The relation of fb and fa as the temperature of the resonator is in-
tentionally varied over a range of ∼ 15 mK. The slope of the curve is ∆fb/∆fa =
βλ/βp = 0.93. The inset shows the residual fb after removal of the line of best fit.

Table 5.1: Theoretical and experimental values of temperature dependence param-
eters.

Parameter Theory Experimental
dfTM/dT -2.69 GHz/K -2.62 GHz/K
dfTE/dT -2.81 GHz/K -2.90 GHz/K

βλ = 1/fTM dfb/dT −5.32× 10−7 K−1 −4.77× 10−7 K−1

βp = 1/fTM dfa/dT −4.02× 10−7 K−1 −5.13× 10−7 K−1

∼ 1 milliwatt to provide sufficient range to hold the temperature fixed over a couple

of hours. This approach gives a ∼10 Hz control bandwidth with residual fluctuations

in fa corresponding to just 1µK over 15 minutes (see Fig. 5.6).

One expects that fb should also show much improved stability since its fluctu-

ations are also dominated by ambient temperature fluctuations. This expectation

was confirmed by using two frequency counters to record fa and fb when fa is under

thermal control (see Fig. 5.6). fb shows a strong reduction with a residual temper-

ature drift of ∼ 2.5 µK/min (or ∼ 300Hz/min). This results indeed proved that fb

is stabilised by stabilising fa. In the following part of this chapter, the refractome-

try established upon this stabilising mechanism will be expanded in detail and the

possible reasons for the residual frequency drift of fb will discussed.
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the thermo-optic coefficients of MgF2. Graph from [113].

5.3 Theoretical Analysis of Triple-Mode Refrac-

tometry Principles

Any changes in the refractive index of the surrounding fluid or gas, or binding of

bio-molecules and nano-particles to the resonator’s surface, will cause a different

frequency shift in all three modes because the coupling between the external en-

vironment and the mode depends both on polarisation and the wavelength of the

mode. In the case of a homogenous fluid of refractive index n around a resonator

with refractive index ns we can express the resonance frequency sensitivity as [158]:

df

dn
= − nc

(n2
s − n2)

3
2

m

2πR
(5.1)

where f is the resonance frequency, c is the speed of light in vacuum, R is the radius

of the resonator, and m is a polarisation dependent index, being 1 for TE mode and

2−n2/n2
s for TM mode. This first-order expression provides the frequency sensitivity

of the mode to a refractive index change and is widely used in refractometric sensing

to express the sensitivity.

However, in practice the experimenter measures a composite frequency change,

∆f = df
dn

∆n + df
dT

∆T , with a dependence on both resonator temperature and re-

fractive index of the surrounding fluid. In high-Q WGMR sensing applications, the
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Table 5.2: Theoretical [113] and experimental [128] values of thermo-optic coeffi-
cients for MgF2 at temperature of 300 K.

wavelength refractive index experiment theory difference
(µm) dn/dt (10−6/K) dn/dt (10−6/K) (10−6/K)

0.4579 (o-ray) 1.38117 1.47 1.470 0.001
0.6328 (o-ray) 1.37697 1.12 1.120 -0.003
1.15 (o-ray) 1.37269 0.88 0.880 0.002
3.39 (o-ray) 1.35604 1.10 1.100 0.000

0.4579 (e-ray) 1.39313 0.89 0.820 0.068
0.6328 (e-ray) 1.38875 0.58 0.490 0.087
1.15 (e-ray) 1.38425 0.32 0.260 0.064
3.39 (e-ray) 1.36645 0.60 0.530 0.073
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Figure 5.6: Time evolutions of fa and fb over nearly 15 minutes when thermal
control was activated. fa (red trace) was stabilised within a range of 150 Hz, while
the fluctuations of fb (green trace) was ∼ 4 kHz.

temperature term in this expression commonly dominates over the refractive index

changes and thus sets the minimum detectable ∆n [147].

For the triple-mode scheme the major dependencies of ∆fa and ∆fb can be

expressed as:

∆fa =
dfa
dT

∆T + (
dfTE
dn
− dfTM

dn
)∆n+ Γa +Na (5.2)

∆fb =
dfb
dT

∆T + (
dfG
dn
− 2

dfTM
dn

)∆n+ Γb +Nb (5.3)

where Γa = fTM(γTM − γTE) and Γb = 2fTM(γTM − γG) are the relative nonlinear

Kerr shifts of each mode. In calculating these Kerr shifts, care must be taken in

accounting for different effective mode areas of the modes and the overlap with the

total intensity distribution [157]. In the experimental situation of this work, the
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intra-cavity power of the 1064 nm TM mode, PTM , is much higher than the other

two modes and hence the overlap of this intensity distribution with the three modes

determines the result i.e. γx = PTMκ/n
∫
|MTM |2|Mx|2dA where x = TE, TM or

G, κ is the Kerr coefficient for the material, n is the refractive index, and Mx is

the transverse mode amplitude normalised so that
∫
|Mx|2dA = 1 and dA is an

elemental area transverse to the mode propagation direction.

Two noise terms, Na = δfTE − δfTM and Nb = δfG − 2δfTM , were included in

Eq. 5.3 which capture residual frequency fluctuations due to the finite gain of the

frequency control system where δf{TE,TM,G} is defined as the locking error for the

associated mode.

The resonator temperature is measured through fa and then it is held to be

constant by modulating the intra-cavity power of the 1064 nm TM mode, PTM , to

induce temperature changes to compensate any fluctuations. Eqs. 5.2 and 5.3 are

used to obtain a value for ∆fb in this circumstance as:

∆fb|locked =

[
βλ
βp

(
dfTM
dn
− dfTE

dn

)
+

(
dfG
dn
− 2

dfTM
dn

)]
∆n

+
βλ
βp

∆f ′a + Γb −
αb
αa

Γa +Nb −
αb
αa
Na

(5.4)

where ∆f ′a is the residual fluctuation of fa because of the finite gain of this tem-

perature control loop. Using the additional approximation that dfTM
dn
≈ dfG

dn
from

Eq. 5.1, we can simplify Eq. 5.4 to:

∆fb|locked ≈ −
(
dfTE
dn

∆n+ ∆f ′a

)
βλ
βp

+ Γ′ +N ′ (5.5)

where Γ′ = fTM(γTM +γTE−γG) is the effective Kerr noise while N ′ = δfG−δfTE−
δfTM is the sum of the laser locking noises.

By comparing Eq. 5.5 to Eqs. 5.2 and 5.3 it becomes clear that the proposed

refractometry scheme circumvents the temperature fluctuations that would other-

wise set the detection noise. This is confirmed on Fig. 5.7 that shows the same data

in Fig. 5.6 but presented as a power spectral density (PSD) demonstrating a sub-

stantial suppression of fluctuations in both fa and fb once the control is initiated.

A 10-fold improvement in detection limit for Fourier frequencies below 0.06 Hz is

presented. The residual noise in fa (i.e. f ′a) corresponds to that expected for the

temperature control system with a 5 Hz bandwidth.
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5.4 Experimental Result Analysis

Equation 5.5 shows that this noise immunity is achieved while the intrinsic refraction

index sensitivity is maintained at the conventional single mode sensing level. The

calculation shows that even with the large resonator used in this experiment, a

detection limit of ∼ 8× 10−9 RIU in a frequency range of 10−1− 100 Hz is obtained.

This is comparable to the best refractive index detection limit reported so far which

was achieved with a micro-interferometic backscattering detection system [155].

Now the origins of the additional fluctuations and drifts seen in fb when the

resonator is stabilised are based on controlling fa i.e. the difference between fb|locked

and f ′a on Figs. 5.4 and 5.6 shall be addressed. Equation 5.5 shows that the aggregate

noise floors, N ′, of the frequency locking systems will appear in fb|locked but not in

f ′a.
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Figure 5.7: The spectral density of frequency fluctuations of fa and fb when thermal
control was off (thick solid lines) and (thin lines) activated respectively. When
actively stabilised the residual fluctuations of fb (∆fb|locked) are nearly one order
of magnitude higher than the residual fa fluctuations (∆f ′a) limited by noise in
frequency stabilisation systems.The curve labelled N ′ is the independently measured
frequency stabilisation noise (see Eq. 5.5).

N ′ has been independently measured (see Fig. 5.7) and it can be seen that it is

consistent with the noise seen in fb|locked between 0.04 Hz and 0.5 Hz. This result

explains the noise floor in this frequency range. The effect of the small disparities
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Figure 5.8: Allan deviations of measured frequency instability data. The information
presented with PSD in Fig. 5.7 is confirmed.

in mode shape and position of each of the excited mode was also considered as a

potential contributor to this residual noise. However, these differences, which can be

shown to be on the scale of a few microns through finite element calculations, lead

to a thermal correlation time of less than 1 ms. Thus, throughout the frequency

range displayed on Fig. 5.7, any thermal gradients and differential temperature

fluctuations arising from ambient and fundamental sources are below 10 nK and are

thus negligible at the current level of performance.

Over long-time scales (more than 50 s or below 0.02 Hz) there is some low fre-

quency noise on fb|locked (see Fig. 5.7) and drifts as seen on Fig. 5.6. One potential

explanation for this is the differential Kerr effect, Γ′, which contributes to fb|locked

as seen in Eq. 5.5. It is expected that the spectral signature of Γ′ to be identical

to the free-running temperature fluctuations, fa, since the ambient fluctuations are

mapped into PTM though the temperature control technique. Earlier measurements

predict that this differential Kerr effect will only contribute for Fourier frequencies

below 0.01 Hz [157].

A second explanation for these low frequency drifts arises from changes in the

refractive index in the region around the resonator. Based on the three hourly data

collected by the Australian Bureau of Meteorology Perth Metro site, the mean sea

level air pressure change at the time of the experiment in Perth was nearly ∼ 1

hPa/h. Using the known relationship between the air pressure and the refractive

index [159], the calculated atmospheric refractive index drift rate is about 2.7 ×
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10−7/h, causing around 60 Hz/min drift in fb in close agreement with the levels

observed on Fig. 5.6.

In Fig. 5.8 the Allan deviations of the same measured frequency instability data

for PSD calculations is plotted, which confirms the information presented in Fig. 5.8.

5.5 Discussion on the Possibility of Further Im-

provement of Detection Limit

Smaller resonators are generally preferable for sensing as the intrinsic sensitivity

improves with the stronger evanescent field. However, the work presented in this

chapter has shown that the triple-mode approach can deliver a detection limit com-

parable to the best refractometric sensors but using a resonator of millimetre size.

The triple-mode approach also provides automatic suppression of the laser frequency

fluctuations [160] and eliminates the need for spectra acquisition and curve fitting

as required in alternative techniques [158, 161].

Due to the complexity of the laser sources and electronic control systems re-

quired for the triple-mode sensing scheme, the practicality may be limited in in-

dustrial sensing applications. However, this issue can be overcome with nonlinear

generation in the resonator. Second harmonic generation in birefringent WGMRs

has been broadly studied experimentally [162, 163] and the facilities including the

laser sources are rather simple and affordable for most labs focusing on optical bio-

sensing. Moreover, the sensing sensitivity and the dispersion of the optical mode

may be modified by angle-cutting of anisotropic materials [164] to satisfy particular

requirements. Therefore we expect that in the future the triple-mode sensing scheme

will be developed for practical purposes.

If this triple-mode idea was to combined with new developments in manufac-

turing high-Q crystalline WGMRs with a size of a few 10s of microns [165] then it

would be possible to obtain an extreme detection limit. For a WGMR with a 50µm

radius, with a noise level the same as here, a detection limit below 1 × 10−10 RIU

is calculated. One can also foresee applications for this technique in bio-particle

sensing using the high sensitivity of MgF2 WGMR in aqueous environments [144]:

The reactive effect of a single bio-particle at an optimum binding location on a 1 mm

diameter MgF2 WGMR [25, 142] will give a signal-to-noise ratio of 1 for a single

bio-particle of excess polarisability of ∼ ε0 × 1 × 10−23 m3. This corresponds to

a bio-particle with radius between 10 and 30 nm, indicating a detection limit that

could only be achieved with a microresonators previously.

As the sensing mechanism is based on the refractive index change of the sur-
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rounding medium, the sensing scheme can be directly adopted for other sensing ap-

plications including, but not limited to, liquid and gas concentration [156, 166] and

humidity sensing [167]. Here we use the concentration sensing of glucose in deion-

ized water [156] for example to estimate the potential performance of the triple-

mode sensing scheme. The refractive index of the liquid varies linearly with the

concentration of glucose in water as 1.4×10−3 RIU/wt.% (weight percent). Use this

relation we derive that for the resonator we used in this experiment the triple-mode

concentration sensing sensitivity is 1.14 × 108 Hz/wt.% and the detection limit is

5.7× 108 wt.%.

5.6 Summary

In conclusion, this chapter presents a triple-mode temperature noise suppression

technique for refractometry sensing with an anisotropic high-Q WGMR. The im-

proved noise floor results in detection limit improved by more than an order of mag-

nitude. This technique is also applicable in combination with other state-of-the-art

sensitivity enhancing techniques such as using metal nano-rod or nano-sphere to en-

hance the local field magnitude through plasmonic effect [145, 168, 169]. Recently

the it has been reported that focused ion beam is able to fabricate high-Q crys-

talline WGMR with micro-scale slot [170], which can also be used as a novel optical

field enhancement technique in sensing applications. By combining the refractom-

etry scheme with aforementioned techniques or with new fabrication techniques for

micron-scale crystalline microresonators one can see a path for single virus detection,

or even single molecule sensing.



Chapter 6

Stabilisation of a Dynamically

Unstable CaF2 Resonator

6.1 Introduction1

Calcium fluoride (CaF2) has a number of attributes that make it almost ideal as a

resonator material: its ultra-low intrinsic absorption [113] and ability to take a high

polish and machine turning [171, 172] leads to extremely low overall optical dissipa-

tion [55]. CaF2 resonators have thus found broad applications, in frequency stabil-

isation [173], frequency comb generation [174], stimulated Raman scattering [175],

surface acoustic wave generation [176] and cavity optomechanics [119]. Unfortu-

nately, CaF2 also has an unusual characteristic in that the temperature dependence

of its refractive index (thermo-optic effect) and its linear dimensions (thermal expan-

sion) have opposite signs [113]. This characteristic has generally limited high-power

applications for CaF2 as it leads to pronounced nonlinear dynamical instabilities.

Self-generated thermal oscillations have previously been observed in heteroge-

nous resonators [177] or resonators with complex material properties [178, 179, 180].

In this chapter those observation will be generalised by observing these mode-

frequency oscillations when a probing laser frequency is scanned across the resonance

at various tuning rates. These observations allow a model to show that this arises

from competition between thermal expansion, thermo-optic effect and Kerr effect

to be developed – furthermore, the magnitude and response times of these effects

can be obtained from these observations. With simple modification, the theoretical

model can also be used to predict the observed complex self-sustained-oscillations

and self-pulsation in silicon microresonators [181, 182]. Moreover, under some con-

ditions the thermal oscillations enter into a chaotic regime. Our model equations

1Work in this chapter has been published in “Stabilization of a dynamically unstable opto-
thermo-mechanical oscillator” Physical Review A, 91, 063801 (2015).
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can predict the threshold pumping conditions for the limit cycles together with their

natural frequencies.

In the next part of this chapter, a dual-mode self-thermal-locking technique will

be proposed and demonstrated experimentally. It will be shown that this technique

can be an effective approach to use CaF2 WGMR in situations where high input

laser power is necessary. Not only the self-modulated oscillations are suppressed with

this technique, but an important advantage of improved temperature and frequency

stabilities is also provided. This technique may find useful applications in compact

and portable optical frequency reference and nonlinear frequency generation such

as four-wave-mixing Kerr comb based on CaF2 resonators. The optimal operation

condition of this technique will also be analysed.

6.2 Self-Modulated Oscillations

6.2.1 Slow Oscillations

Figure 6.1 shows the experimental setup for studying the oscillatory behaviour of a

CaF2 WGMR. A high index prism was used to evanescently couple the output of a

Nd:YAG laser into a mode of resonator.

Nd:YAG

Function Generator Oscilloscope

WGMRShield

Figure 6.1: Experimental scheme for studying the thermal oscillations in CaF2

WGMR. The frequency modulation port is driven by a triangular wave signal gen-
erated by a function generator. The laser frequency is scanning across a resonance
mode of the resonator and the transmission light is detected by a photodetector
while the oscilloscope is recording the transmission spectra.
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Initially a very low incident power and weak coupling were used to obtain an

unperturbed (angular) mode frequency of ω0 along with an unperturbed mode band-

width of δ = ω0/Q = 2π × 400 kHz, i.e. Q ∼ 7× 108.

To characterise the thermal and optical nonlinearities in the system, the laser

power and coupling are increased. In some WGMRs (e.g. MgF2, silica), nonlin-

earities have been used to spontaneously lock the cavity to a blue detuned laser,

avoiding the need for active stabilisation electronics [183, 184]. Fig. 6.2(a) shows

quasi-periodic features that appear when the laser frequency is fixed at a frequency

above the heated resonance but 28 MHz below the unperturbed resonance. These

self-oscillations indicate that the CaF2 resonator is unstable in this regime, and will

not spontaneously lock to the laser. There are a variety of other nonlinear phenom-

ena that become evident as the laser is scanned across a cavity resonance, shown in

the left column of Fig. 6.2.

Figs. 6.2(c), (e), (g) and (i) show quasi-periodic features in the response of the

transmission spectra when the laser frequency is slowly scanned downwards across a

single mode of the resonator. The shape of these features arise because the dissipated

power results in an increase in the temperature within the mode volume causing a

rapid blue-shifting of the resonance frequency through the thermo-optic effect. This

is seen as the narrow feature in the leading edge of the resonance feature similar

to what has been described as “bandwidth narrowing” [185]. The sharply-peaked

temperature in the mode volume then diffuses throughout the resonator resulting in

a red-shifting of the resonant frequency because the thermal expansion dominates

over the thermo-optic effect. This effect leads to the resonant mode “catching up”

and passing through the down-scanning laser frequency causing the broader feature

that is seen on the trailing edge of the oscillation feature. This process repeats itself,

until heating from the laser can no longer shift the resonant frequency to bring it

into resonance with the tuning laser.

Conversely, if the laser frequency is scanned upwards then we see a single resonant

feature, shown in Fig. 6.2(k). The particular resonance shape arises because the

initial blue-shifting causes the mode to shift with the scanning laser and then is

rapidly shifted in the red direction by the thermal expansion.

6.2.2 Theoretical Model Based on Coupled-Mode Equations

To explain these observations, a theoretical model that expands upon earlier ap-

proaches [177] is presented here. The model includes thermal expansion, the thermo-

optic effect as well as the Kerr effect. The instantaneous resonant frequency ωr(t)



6 Stabilisation of a Dynamically Unstable CaF2 Resonator 95

-80

-60

-40

-20

0

2520151050

1.0

0.8

0.6

0.4

0.2

0.0

-60

-40

-20

0

302520151050

1.0

0.8

0.6

0.4

0.2

0.0

-80

-60

-40

-20

0

2520151050

1.0

0.8

0.6

0.4

0.2

0.0

(c)

(a) (b)

(d)

(e)

Experiment Simulation

Time (s)

Tr
a

n
sm

is
si

o
n

 (
a

rb
. u

n
it

s.
)

L
a

se
r S

ca
n

 D
e

tu
n

in
g

, Δ
ω

 (M
H

z)

-30

-29

-28

-27

-26

20151050

1.0

0.8

0.6

0.4

0.2

0.0 -30

-29

-28

-27

-26

20151050

1.0

0.8

0.6

0.4

0.2

0.0

-60

-40

-20

0

35302520151050

1.0

0.8

0.6

0.4

0.2

0.0

-60

-40

-20

0

35302520151050

1.0

0.8

0.6

0.4

0.2

0.0

-60

-40

-20

0

20151050

1.0

0.8

0.6

0.4

0.2

0.0
-60

-40

-20

0

20151050

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0
302520151050

-60

-40

-20

0

-6

-4

-2

0

2

43210

1.0

0.8

0.6

0.4

0.2

0.0

(f )

(h)

(j)

-6

-4

-2

0

2

43210

1.0

0.8

0.6

0.4

0.2

0.0

(i)

(g)

-2.3MHz/s -2.3MHz/s

-3.0MHz/s -3.0MHz/s

0.0MHz/s 0.0MHz/s

-3.9MHz/s -3.9MHz/s

-3.3MHz/s -3.3MHz/s

2.3MHz/s(k) (l) 2.3MHz/s

Figure 6.2: (a) Measured self-oscillation when the laser frequency is fixed at a blue-
detuned position from the mode resonance frequency. (c), (e), (g), (i), and (k)
are experimental measurements when the laser frequency is scanned at the rates
indicated in each panel (text and, straight red lines). (b), (d), (f), (h), (j) and (i)
are corresponding numerical simulations using Eqs. (6.1) to (6.4).
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is

ωr/ω0 = 1− α∆Tr − β∆Tm/n− nkPc/(nA), (6.1)

where ω0 is the cavity resonance frequency (in the absence of non-linear effects), n

is the refractive index, nk is the Kerr coefficient, β is the thermo-optic coefficient,

α is the thermal expansion coefficient, A is the effective cross-sectional area of the

optical mode, and ∆Tm and ∆Tr are the temperature changes induced by the laser

field averaged over the optical mode volume or the whole resonator respectively. The

circulating power is Pc = |Ec|2/τr, where Ec is the intracavity field and τr = 2πrn/c

is the round-trip time for a resonator of radius r.

The field amplitude, mode and resonator temperatures evolve according to

E ′c(t) = − (δ/2 + i∆ω(t))Ec + iκ
√
Pin, (6.2)

∆T ′m(t) = −γm(∆Tr −∆Tm) + γabsPc, (6.3)

∆T ′r(t) = −γr∆Tr + (Vm/Vr)γm(∆Tr −∆Tm) (6.4)

where ∆ω(t) = ωl(t) − ωr(t) is the detuning of the laser frequency with respect

to the instantaneous mode resonance frequency, δ is the mode bandwidth, and

Pin = |Ein|2/τr is the input power. The mode coupling coefficient, κ, determines

the rate of exchange between the mode and the external field is κ =
√
ωr/Qc where

Qc is the coupling Q. Heat dissipates from the optical mode volume to the rest of the

resonator bulk at rate γm, and from the resonator bulk to the environment at rate γr.

The conversion of optical energy into heat through absorption is expressed as γabs.

Mode volume Vm = 3.7× 10−11 m3 and a resonator volume Vr = 7.85× 10−8 m3 are

calculated from a finite element model of the modes and the physical dimensions of

the resonator.

The phenomenological values above in the coupled-mode equations are adjusted

to obtain best agreement between the model predictions and the corresponding

experimental data as shown on Fig. 6.2 (b), (d), (f), (h), (j) and (i), and find

excellent agreement when γm = 3720/s, γr = 0.102/s, γabs = 0.3 K/J.

For the conditions in Fig. 6.2(a) (50 mW input power) the model indicates an

0.028 K oscillation in the mode volume and a 0.011 K oscillation in the resonator

volume. This combination generates a mode frequency oscillation of around 42 MHz.

For these slow scan speeds the Kerr effect plays little role in the dynamics and the

frequency oscillation principally arises from the interplay of these thermal expansion

and thermo-optic effects.
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Figure 6.3: Normalised resonance wavelength shift when the power coupled into
the mode suddenly drops. A 1064 nm laser was locked to a fundamental mode and
the laser’s frequency was measured with a stabilised frequency comb. At time = 0 s
the power of the laser was dropped by 90% and the cooling down of the resonator
caused the resonance drift. The dashed red curve is simulated resonance shift with a
FEM thermal conductive model. A thermal relaxation rate of 0.08 s−1 of the whole
resonator is derived from the curve.

6.2.3 Independent Estimation of Thermal Relaxation Rates

and Absorption Coefficient

As a check on the physical realism of these values of these parameters independent

estimates were obtained through a combination of experiment and theory: by ob-

serving the response of the resonator frequency following a change in incident power

γr ≈ 0.08/s is derived. Fig. 6.3 shows the experimentally observed and simulated

resonance drifts after the incident power was dropped. Because the whole ther-

mal system includes the resonator, the metal post and the entire platform where

the post is positioned, the resonance drifts have several thermal relaxation rates.

Among these different rates the relatively fast one is the thermal relaxation rate of

the bulk resonator, γr. In the FEM simulation model the resonator was connected

to several thermal resistant layers with different resistance values. The first layer

that gives approximately 0.08/s relaxation rate signifies the heat dissipation from

the bulk resonator to the metal post while other layers have much slower relaxation

constants. Fig. 6.3 shows that the simulation agrees very well with the experimental

result especially on the relatively fast relaxation rate.

To evaluate the value of γm another finite-element heat-transfer model was built

to estimate the time for heat in the optical mode to dissipate into the bulk resonator.

The model geometry is a a ring shape at the edge of the resonator that contains the
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Figure 6.4: The meshed geometry of the cross section of the model. The size of the
geometry is 200µm×200µm. The optical mode (heat source) is located in the area
with most refined meshes.

optical mode. Fig. 6.4 shows the cross section of the geometry of the model. Because

the optical mode volume is only a very small volume at the edge of the model and

the fast thermal relaxation rate is determined by the optical mode volume and the

material intrinsic properties, the size variation of the whole model does not cause

any remarkable change to the value of the calculated fast thermal relaxation rate

as long as the size of the whole model is significantly larger than the optical mode

volume. Therefore only modelling part of the whole resonator can vastly reduce

the computation time while the accuracy of the result is maintained. Similarly the

boundary condition set for the surfaces of the model is not of critical importance

and it is verified by finding very similar results when setting the boundary condition

to be fixed temperature, conductive layer or surface-to-ambient radiation. The heat

source is set to be the optical mode power distribution and it is on during 0 – 20 ms

with power of 100 mW. The temperature is numerically calculated by weighing the

field amplitude of the optical mode and its evolution is plotted in Fig. 6.6. A fast

thermal relaxation rate of γm ≈ 2 × 103/s was obtained, showing good agreement

with the fitted value of γm in the coupled-mode model.

As to the heat absorption, γabs = α0cτr/(nCpρVm) in terms of the material ab-

sorption coefficient α0 = 2× 10−5/cm [186] is calculated to obtain γabs = 0.63 K/J.

The estimate is in reasonable agreement with the value obtained from the best fit
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Figure 6.5: The computed temperature distribution of the model after the heat
source is turned on for 1µs.
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Figure 6.6: Simulated temperature of the optical mode volume in response to mode
volume heating during 0 – 20 ms.
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Figure 6.7: (a), (c) and (d) are experimental measurements when the laser frequency
is scanned at the rates indicated in each panel (text and, straight red lines) with
high input power Pin (> 80 mW). (b) is the numerical simulation corresponding to
(a). The light-blue dashed curve in (b) is the mode spectrum with nonlinear effects
suppressed, for reference only. The inset of (d) is a magnified section of the fast
oscillations.

in the numerical simulations.

6.2.4 Fast Oscillations and Bifurcation Analysis

When the laser frequency is scanned rapidly upwards (9.7 GHz/s) across the res-

onance and with increased input power Pin (> 80 mW), qualitatively different be-

haviour shown in Fig. 6.7(a) was observed. At this scan rate, heat dissipation into

the environment is negligibly slow, and the interplay between the Kerr effect and

the thermo-optical effects produces spontaneous oscillations with frequency ξ ∼ 40

kHz as seen on Fig. 6.7(b). The model closely replicates this behaviour although we

find it necessary to adjust γabs = 0.045 K/J, reflecting modifications to the lumped

element approach at high frequencies [13, 178]. Self-sustained oscillations are also

seen at intermediate scan rates, as shown in Figs. 6.7(c,d), as long as the input

power is set above a threshold.

The dynamical equations for the opto-thermo-mechanical system, Eqs. (6.1) to
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(6.4), are mathematically very similar to those that describe the phase-space dy-

namics of a nonlinear optomechanical oscillator [187], and have been seen experi-

mentally in optomechanical systems [188, 189, 190]. The dynamics that result are

known to have a Hopf instability, exhibiting limit cycles. The fast oscillations seen

in Figs. 6.7(a,b,d) reflect this instability.

To analyse the stationary points and find the location of the Hopf bifurcation

for the dynamical equations, the critical points in the the dynamical system can be

found assuming that the resonator temperature deviation is zero, i.e. ∆Tr = 0. This

corresponds to fast dynamics, in which the bulk temperature is essentially constant.

T1 = ∆Tm is defined, and the dynamical equations can be rewritten as

E ′c(t) = −
(
q + 2πi(∆ + f(t))

)
Ec(t) + iκ

√
Pin, (6.5)

T ′1(t) = −γmT1(t) + γabs|Ec(t)|2/τr, (6.6)

f(t) = ν1T1(t) +Nk|Ec(t)|2/τr, (6.7)

where q = q0 + qc = πfr(1/Q0 + 1/Qc), κ
2 = 2qc, τr = πnd/c, ν1 = frβ/n, Nk = frnk

nA

and the detuning is ∆ = fl − fr. Note that β < 0, as is ν1. Numerical values for

these parameters are given in Table 6.1.

The stationary solutions (TS, ES) can be found by solving Eq. (6.5) and Eq. (6.6)

with T ′1 = E ′c = 0. |ES| = (γmτrTS/γabs)
1/2 is obtained, and

Pin =
4π2γmτr
κ2γabs

TS

((
ν1(1 + χ)TS + ∆

)2
+ Y 2

)
, (6.8)

where χ, Y and ξ2
0 are defined as

χ = γmNk/(ν1γabs) = γmnk/(Aβγabs), (6.9)

Y = ξ2
0χ/(πγm) = −q/(2π), (6.10)

ξ2
0 = −qν1γabs/(2Nk) = −qAβγabs/(2nk). (6.11)

Here, χ is dimensionless and ξ0 is a characteristic frequency. Note that χ < 0.

Eq. (6.8) implicitly defines the stationary temperatures for a given input power. The

RHS of Eq. (6.8), plotted in Fig. 6.8, is cubic in TS, so Eq. (6.8) can have one, two or

three real solutions, depending on the LHS. The existence of two stationary solutions

corresponds to a bistability, and occurs when the high-temperature minimum of the

RHS exactly equals the LHS. This condition is indicated by the dashed, orange lines
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Parameter Value
d 0.01 m
A 1.2× 10−9 m2

n 1.43
fr 281.9 THz
β −1.14× 10−5 /K
nk 1.9× 10−20 m2/W
Q0 7× 108

Qc 8× 108

q 2.37 MHz
κ2 2.21 MHz
γm 2750 /s
γabs 45.0 mK/J
τr 150 ps
ν1 −2.25 GHz/K
Nk 3.12 kHz/W
χ −0.085
Y −378 kHz
ξ0 196 kRad/s
T0 1.94 mK
P0 45.1 mW
∆0 3.67 MHz

Table 6.1: Parameter values used in this section. The first block of parameters are
physical and geometrical quantities; the next block are calculated quantities that
appear explicitly in the model; and the final block are reduced parameters that
determine the dynamics. (Note that both T0 and P0 depend on ∆, and the values
above assume a typical value ∆ = 4 MHz & ∆0, for didactic purposes.)
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Figure 6.8: Solid blue line is the cubic expression on the RHS of Eq. (6.8).
Dashed orange lines indicate the critical temperature and power above which a
high-temperature stationary solution exists. Dotted red lines indicate the tempera-
ture and power above which self-sustained oscillations emerge. Numerical parameter
values as in Table 6.1, and we assume ∆ = 4 MHz > ∆0.

in Fig. 6.8. The high-temperature minimum occurs at a critical temperature

TC = −2∆ +
√

∆2 − 3Y 2

3(1 + χ)ν1

, (6.12)

= T0

(
1− Y 2/(2∆2) +O

(
Y/∆)4

))
,

where T0 = − ∆
(1+χ)ν1

> 0. The corresponding critical power PC is the value implied

by Eq. (6.8) at TS = TC, and is given by

PC = P0

(
1− Y 2/(4∆2) +O

(
Y/∆)4

)
, (6.13)

where P0 = 4π2γmτr
κ2γabs

T0Y
2.

From Eq. (6.12) it is noted that there is no high-temperature stationary solution

if |∆| < |∆min
C | =

√
3|Y |. The onset of the high-temperature solution at |∆min

C |,
occurs at Tmin

C = − 2|Y |√
3(1+χ)ν1

= (2/3)Tmin
0 and Pmin

C = (8/9)Pmin
0 .

For powers just above PC, the high-temperature stationary solution is stable

along the right-hand branch in Fig. 6.8. At sufficiently high power, the high-

temperature solution exhibits a Hopf instability, where the stable, high-temperature

stationary state is replaced by a limit-cycle characterised by self-sustaining oscil-

lations. The criterion for the Hopf instability is that the real part of a pair of
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set of oscillation versus detuning; asymptotic power, P0 (dashed, green). Numerical
parameter values as in Table 6.1.



6 Stabilisation of a Dynamically Unstable CaF2 Resonator 105

eigenvalues of the Jacobian2 associated with the dynamical system changes sign

from negative (stable) to positive (unstable) [191]. The characteristic equation for

the Jacobian is

0 = −λ3 + bλ2 + cλ+ d, (6.14)

where

b = 4πY − γm,

c = 4π2
(
(ν1T1χ)2−

(
∆ + (1 + 2χ)ν1T1

)
2− Y (Y−γm/π)

)
,

d = 4π2γm
(
∆2 −

(
2∆ + 3(1 + χ)ν1T1

)
2 − 3Y 2

)
/3.

When the real part of a pair of mutually conjugate eigenvalues vanish, they become

pure-imaginary: λ± = ±iξ. At this point, the characteristic equation becomes

0 = ±iξ(ξ2 + c)− b(ξ2 − d/b). (6.15)

Solving the real and imaginary parts of Eq. (6.15) for ξ gives two separate conditions:

−c = ξ2 = d/b. It follows that c + d/b = 0, which we then solve for T1 to find the

temperature, TO, power, PO, and characteristic frequency, ξ, at the onset of the

oscillations arising from the Hopf instability. One can find that TO > TC and

PO > PC, as indicated by the red, dotted lines in Fig. 6.8. Fig. 6.9(top) shows the

characteristic frequency, ξ, as a function of detuning. Fig. 6.9(bottom) shows the

power, PO, at which oscillations become self-sustaining, as a function of detuning.

The analytic expressions for these quantities are somewhat cumbersome, but

asymptotic expansions for large ∆ are:

TO = T0

(
1− (1 + χ)Y 2

2χ∆2
+

(1 + χ)(1 + 4χ)γmY

8πχ2∆2
+ ...

)
,

PO = P0

(
1 +

(1− χ2)Y 2

4χ2∆2
− (1 + χ)(1 + 4χ)γmY

8πχ3∆2
+ ...

)
,

ξ2 = ξ2
0

(
1 +

(1 + χ)2Y 2

4χ2∆2
− (1 + χ)2(3 + 8χ)γmY

16πχ3∆2
+ ...

)
,

where ... includes terms O
(
Y 4

∆4 ,
γ2
m

∆2

)
. The analytic value calculated here for the char-

acteristic frequency agrees with the oscillation frequency obtained from numerical

solutions to the dynamical equations presented in Fig. 6.7.

2The Jacobian is defined by introducing an additional dynamical equation for E∗
c , and treating

T1, Ec and E∗
c as formally independent variables, leading to a cubic characteristic equation.
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The equation c+ d/b = 0 has no real solution if |∆| < ∆min
O , where

∆min
O =

(γm−2πY )
√

2(1+χ)
(
γm/π+2(1+3χ)Y

)
Y

γm + 4πχY

= ∆0

(
1− (1 + 4χ+ 6χ2)γm

4πχ(1 + 3χ)Y
+O(γm/Y )2

)
,

where ∆0 =
√

(1 + χ)(1 + 3χ)Y /χ. That is, for sufficiently small detuning, there

may be no Hopf instability. This minimum detuning is shown as a dotted vertical

line in Fig. 6.9.

Using the theoretical model, the limit-cycle oscillation frequency can be cal-

culated as ξ ∼ 34− 50 kHz (depending on detuning, see Fig. 6.9 (top), which is

consistent with the experiment results and numerical simulations in Fig. 6.7 (a, b,

d). The existence of the Hopf instability means that the presence or absence of

oscillatory behaviour in e.g. Figs 6.7 (a, d) is sensitive to the pump power, detuning

and material properties. The critical power for the onset of oscillations is calculated

as PO & 70 mW (see Fig. 6.9 (bottom)), which is marginally smaller than, and

consistent with, the experimental condition of in Figs. 6.7 (a, c, d).

6.3 Dual-Mode Self-Thermal-Locking Technique

In this section, by taking the advantage of the wavelength dependence of the thermo-

optic coefficients, a dual-mode self-thermal-locking technique is proposed and demon-

strated experimentally. This technique enables high-level laser power to be coupled

into the CaF2 resonator without the strong oscillations that would normally occur.

In addition, this approach stabilises both the temperature and resonance frequency

of the resonator without the need for any auxiliary temperature or frequency mea-

surements.

6.3.1 Principle of the Self-Thermal-Locking Technique

To suppress the frequency and temperature oscillations at strong driving power, a

dual-mode self-locking technique is developed by combining a thermal self-locking

technique [185] with a dual-mode temperature sensing technique [157]. This combi-

nation not only locks the resonator frequency to the laser frequency (as happens in

the traditional technique) but additionally has the effect of automatically stabilising

the temperature of the resonator.

The principles of the approach are illustrated in Fig. 6.10: a weak frequency-

doubled signal (532 nm in this work) is frequency shifted by an acousto-optic mod-
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Figure 6.10: (a) The frequency shifted second harmonic (green output of “SHG”)
is locked to a resonance so that the 1064 nm Nd:YAG laser output sits on the red-
detuned side of a low frequency mode. (b) When the mode temperature increases,
the resonance shifts further from the 1064 nm laser. This decreases the in-coupled
power (proportional to the height of the vertical arrows), thereby decreasing the
optical heating rate. (c) When the mode temperature decreases, the resonance shifts
closer to the 1064 nm laser. This increases the in-coupled power, thereby increasing
the optical heating rate. The dashed curves in (b) and (c) are for reference only.
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ulator (AOM) and frequency locked to a resonator mode at a frequency ω2 with an

active locking technique (e.g. the Pound-Drever-Hall (PDH) technique [108]) i.e. the

control system has achieved 2ωl +ωAOM = ω2 where ωl is the laser fundamental fre-

quency and ωAOM is the frequency of the up-shifting AOM. Then a much stronger

laser signal at the fundamental wavelength (at 1064 nm in this work) is detuned

∆ω1 = ωl − ω1 = (ω2/2 − ω1) − ωAOM/2 with respect to a second mode at a fre-

quency of ω1 in the same resonator by tuning the AOM frequency to an appropriate

value. Ideally the two resonator modes at different wavelengths should belong to the

same mode family to achieve maximum spatial overlap. The frequency difference

between these two modes: ω2/2 − ω1 is an excellent proxy for the temperature of

the resonator averaged over the mode volume while it is very nearly independent of

the temperature elsewhere in the resonator [157]. If the resonator temperature de-

creases then the 1064 nm signal will shift closer to resonance leading to an increased

power coupled into the resonator. The additional heat generated by the decreased

detuning leads to a compensatory increase in resonator temperature. On the other

hand, a rise in temperature will reduce the heating by the 1064 nm beam. There is

a natural equilibrium position in which the fundamental laser signal will be locked

to the red-side of the mode while any environmental temperature fluctuations can

be suppressed. Furthermore, the insensitivity to thermal expansion within the res-

onator means that the conditions required for unwanted thermal oscillations are also

overcome.

6.3.2 Experiment

The self-locking technique makes use of the arrangement illustrated in Fig. 6.11.

20µW of the 532 nm second-harmonic generation (SHG) output of the Nd:YAG laser

is combined with about 80 mW of the 1064 nm output light with dichroic mirror.

The combined beam is coupled into the resonator with prism. The 532 nm beam

has been passed through an AOM to provide frequency tuning so it can be brought

onto resonance. The temperature of the resonator was pre-stabilised to ±0.1 K level

with a thermistor/heater pair. The transmitted light was separated by another

dichroic mirror and registered by two photodetectors. The 532 nm signal was actively

frequency locked to a mode with PDH technique by feedback to the generated error

signal into the frequency modulation port of the laser. The fundamental signal of

1064 nm was set on the red-detuned side (at a frequency corresponding to half the

maximum throughput) of a second mode within the same mode family - this was

achieved by adjustment of the AOM on the 532 nm beam. This arrangement allowed

the resonance to be maintained for many hours with a highly stable temperature.
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A frequency counter was used to measure the difference frequency between the

1064 nm signal and that of a single mode in a highly stabilised frequency comb

(∆f/f ∼ 10−14).

Nd:YAG

Oscilloscope

WGMR

DF

Frequency

Doubling

DF

AOM

Figure 6.11: Experimental scheme for implementing dual-mode self-thermal-locking
technique. The oscilloscope was for monitoring the fundamental signal coupling
depth. DF: dichroic filter (dichroic mirror).

Fig. 6.12(a) shows the experimentally stabilised output frequency over five hours,

while Fig. 6.12(b) demonstrates the benefit of the self-locking scheme in terms of the

frequency instability. One can see that this technique allows coupling of high power

into the resonator at its red-detuned side without causing thermal oscillations, but

also suppresses mode frequency fluctuations.

It is important to note that the entire resonator temperature is not stabilised by

this technique but only the temperature within the optical mode volume. Any en-

vironmental changes will still induce temperature gradients and thus cause a mode

resonance frequency shift. Nonetheless, the resonator frequency was stabilised to

better than 2 MHz as seen over 5 hours on Fig. 6.12(a). Further substantial im-

provement could be achieved with some modest passive temperature shielding of

the resonator.

6.3.3 Analysis on Optimal Operational Conditions

Using the results from Eqs. 6.1-6.4 and the analysis developed in [157] the mode

temperature is
dTm
dt

= γabsξPin − γm(Tm − Tr), (6.16)



6 Stabilisation of a Dynamically Unstable CaF2 Resonator 110

-1.5

-1.0

-0.5

0.0

0.5

F
re

q
u
e
n
c
y
 (

M
H

z
, 
a
rb

. 
o
ff
s
e
t)

543210

Time (hour)

(a)

10
3

10
4

10
5

10
6

10
7

A
lla

n
 d

e
v
ia

ti
o

n
 (

H
z
)

1
2 3 4 5 6

10
2 3 4 5 6

100
2 3 4 5 6

1000

Averaging time (s)

10
-11

10
-10

10
-9

10
-8

R
e
la

tiv
e
 A

lla
n
 d

e
v
ia

tio
n

 Uncontrolled
 Self-thermal-locked

(b)

Figure 6.12: (a) The 1064 nm frequency measured with a frequency comb when the
dual-mode self-thermal-locking technique was implemented. (b) The fundamental
frequency Allan deviations when the self-thermal-locking technique was implemented
(blue circles) and not (red triangles).

where ξ = ω0

τrQc
1

(δ/2)2+∆ω2
1

is proportional to the power build-up factor, while ∆ω1

can be expressed in terms of Tm and Pin as

∆ω1 = C + 2ω1βeffTm + 2ω1nkξA
−1
eff Pin (6.17)

where C is a constant, βeff = β1

n1
− β2

n2
, and β1, β2, n1 and n2 are the thermo-

optic coefficients and refractive indices at the wavelengths of the fundamental signal

and the second harmonic respectively, while the effective mode overlap is given by

A−1
eff = (n1A1)−1 − (n2A2)−1 where A1 and A2 are the effective cross-sectional area

of the modes [157].

Following the stabilisation analysis in [185, 192] some important result for op-

timal operation of this auto-stabilisation can be derived. By considering operation
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when the mode temperature is stabilised (dTm
dt

= 0), from Eq. 6.17 the mode tem-

perature dependence on the resonator temperature is expressed as

dTm
dTr

=
1

1 + γabs
γm

ζβeff∆ω1

(( δ
2

)2+∆ω2
1)2+ζnkA

−1
eff ∆ω1

(6.18)

where ζ =
4ω2

1

τrQc
Pin. One notes that there is a minimum in this expression when

∆ω1 = − δ
2
√

3
which thus sets the optimal operational point. It means that at

this frequency detuning the mode volume temperature will be least affected by

temperature changes in the rest of the resonator and hence the mode frequency will

be most stable. Similarly, the dependence of the mode temperature on the input

power is derived as

dTm
dPin

=
γabs
γm

ξ(1− 4ξ2τrQc∆ω1nkA
−1
eff Pin). (6.19)

One can see in this case that when Pin = Aeff

4ξ2τrQc∆ω1nk
the dependence will be elimi-

nated (dTm/dPin = 0) and hence input power fluctuations will not result in temper-

ature fluctuations.

6.4 Summary

In conclusion, dynamical thermal and mode-frequency oscillations at different time

scales were explored both experimentally and theoretically. A new self-referencing

locking technique was proposed and demonstrated. It has been shown that this

technique can couple high intensity power into a CaF2 resonator and automatically

stabilise both the temperature and mode frequency. With a simple modification,

this technique could also be used in anisotropic resonators by using excitation in two

different polarisations [134, 135]. Alternatively, one can envisage self-generation of

the two required signals from a single input signal using parametric processes (such

as occurs in comb generation or parametric amplification).



Chapter 7

Mode-Interactions and

Polarisation Conversion

7.1 Introduction1

Mode-coupling and mode-interactions between optical modes involve complex energy

exchange between multiple energy levels in systems. They are thus are particularly

interesting for fundamental scientific research and practical engineering applications.

High-Q optical resonators provide an excellent platform for mode interactions be-

cause the long photon storage time yields enhanced interaction time and energy

exchange coefficient, and consequently significantly lowers the threshold for such

interactions. For example, an optical cavity composed of mirrors with ultra-high

reflectivity is a one of the most interesting tools for strong atom-optical coupling

and provides a promising prospect for future quantum computers [193, 194, 195]

and state-of-the-art time-keeping technology [196].

Due to the ultra-high finesse and strong optical field confinement provided by

WGMRs, there has been much interest in observing coupling between different

modes in these type of resonators. These mode couplings alter the mode spectra,

modify the field dynamics in highly nonlinear applications, and can be used to ben-

eficial effect in sensing and optomechanical experiments [24, 197, 198, 199]. While

most effort has been aimed at understanding scattering-induced coupling between

forward- and backward-propagating modes, there has been some effort to observe

coupling between orthogonally-polarised modes [200]. This type of coupling has also

been studied in fibre and waveguide ring resonators, where the effect influences the

dispersive properties and has prospective applications in polarisation conversion and

nonlinear frequency generation [201, 202, 203].

1Work in this chapter has been published in “Mode-interactions and polarization conversion in
a crystalline microresonator” Optics Letters, 40, 5431 (2015).
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This chapter will report the less-studied mode-interactions between orthogonally-

polarised modes in crystalline WGMRs. Technique for tuning such mode-interactions

will be described and experimentally demonstrated.

7.2 Polarisation Conversion in a Crystalline WGMR

The production of a desired level of mode coupling requires precise control of the

position and strength of an exterior scatter [197, 204], or intimate control of the

resonator geometry or material parameters [205, 206]. Ioannidis et al. [207] circum-

vented these challenging requirements by temperature tuning a fibre ring resonator

and were able to explain their observations using a matrix method.

In our work, the temperature tuning approach will be extended to show highly

controllable polarisation conversion in a birefringent crystalline WGMR by using

temperature to adjust the relative detuning of two modes through a differential

thermo-optic effect. Then the extremely low optical losses of the crystalline res-

onator will be exploited to show much stronger mode interactions: mode interac-

tions that possess a clear avoided mode-crossing will be demonstrated, emphasising

that the mode coupling strength is substantially higher than any dissipative pro-

cesses. A theoretical model based on coupled-mode theory that can reproduce the

experimental results in great detail will also be presented.

7.2.1 Experiment

The experimental setup is presented in Fig. 7.1. The output of a 1064-nm Nd:YAG

laser is coupled into a MgF2 WGMR using a high index (∼1.95) prism. The resonator

is a disk with a radius of 5 mm and a thickness of 1 mm with its output edge polished

to a radius of curvature of 1 mm. A thermistor-heater pair is attached to the centre

of the resonator and is used to control its temperature. The laser power is kept

below 100µW to eliminate any observable thermal nonlinearity [185, 208]. The

resonator’s optical axis has been carefully aligned with the geometric axis to within

5◦ (Z-cut resonator). The possible small misalignment may arise from the cutting

process that cut disks from crystalline rods.

The resonator is mounted in a vibration isolated and hermetic shielded environ-

ment. Laser light is sent to a prism coupler using polarisation-maintaining fibre,

which is carefully mode-matched into the resonator. The polarisation of the light

is carefully set using a polariser and a half-wave plate. The transmitted beam’s

polarisation is analysed using a polarisation beam splitter which then feeds two

photodetectors. When the input light is not coupled to the resonator, either be-
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Laser

Function Generator
Oscilloscope

WGMR

PBS

PBS
HWP

Figure 7.1: We drive the resonator using light with carefully tailored polarisation.
The polarisation state of the transmitted light is polarisation analysed and then falls
on two photodiodes. The laser frequency is swept over ∼ 10 MHz so that it can be
coupled into several modes. Symbols - HWP: half-wave plate; PBS: polarising beam
splitter; Nd:YAG: laser source.

cause of a large frequency detuning between the mode and the laser, or because of

a large spacing between the prism and the resonator, then we see less than 0.1%

cross-coupling between either of the input polarisation states and the opposite out-

put polarisation state. This residual cross-coupling is associated with the imperfect

extinction ratio of the output and input polarisation beam splitters. In all the ex-

periments described here the laser is scanned at a relatively slow rate ( ∼ 10 MHz

at 40 Hz) to minimise any dynamic elements to the resonator response [208].

Fig. 7.2 shows the measured and calculated transmission spectra as the resonator

temperature is varied. For this first experiment the input beam is adjusted to be

horizontally polarised, which strongly couples to a fundamental TE modes of the

resonator (see dip in centre of the frequency scans shown on Fig. 7.2). The coupling

into the vertical output polarisation is relatively weak and we have thus multiplied

the measured transmission by 50 to improve clarity on the figure. The laser is re-

tuned for each of the temperatures displayed on Fig. 7.2 so as to keep the TE mode

centred in the scan.

It is noted that a weak polarisation conversion effect is observed when the laser

is in resonance with the TE mode - this is evident as the increase in the transmitted

light of the vertically polarised state (see the top left hand panel of Fig. 7.2 as

an example). The fractional conversion is only 1% and arises from a mismatch of

the eigen-polarisations of the resonator modes and the linear polarisation of the

free space modes. It is not possible to eliminate this polarisation conversion by
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Figure 7.2: Comparison of the observed and calculated spectra in two orthogonal
polarisations (horizontal polarisation - red and vertical polarisation - blue). The five
vertical panels show different resonator temperatures while the left hand side shows
experimental observations and the right shows a numerical calculation based on Eqs.
1 and 2. The solid arrows in the left panel point to the locations of TE mode, while
the dashed arrows indicate the positions of the TM mode. The amplitude of the
transmission of the vertical polarisation is multiplied by a factor of 50.
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rotation of the input linear polarisation. This observation shows that the eigenmodes

contain some ellipticity or spatially non-uniform polarisation as is to be expected

from resonator curvature, residual stress and misalignment of the geometric and

optical axes [164, 209, 210]. To find out if the birefringence of the material (MgF2)

plays a pivotal role in this weak polarisation conversion phenomenon, the resonator

was changed to CaF2 WGMR and the same experimental layout was used with pure

horizontally or vertically polarised input beam excitation. The spectra recorded

by the two photodetectors are presented in Fig. 7.3. Obviously the same weak

polarisation effect was shown, which means this is not mainly caused by the material

birefringence.
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Figure 7.3: Observed spectra in two orthogonal polarisations (horizontal polarisation
- red and vertical polarisation - blue) with a CaF2 WGMR. (a) Recorded spectra with
horizontally polarised couple-in beam (H-excitation); (b) Spectra with vertically
polarised couple-in beam (V-excitation). In each panel the amplitude of the lower
trace is multiplied by a factor of 50.

Separately, this same weak polarisation conversion effect was also reported in

past research with similar experimental setup except with silica spherical WGMRs

[211]. Therefore it is most likely to be caused by the residual stress, scattering or

local anisotropy that induced by material impurities.

As we travel downwards on the panels of Fig. 7.2 the effects of a resonator

temperature change on the mode spectra is observed. We see a second mode that is of

mixed TE/TM character (shown by the fact it can be seen in both output channels)
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tune through the main mode and influence the signals on both photodetectors. The

relative tuning of the two modes is possible because of the difference in thermo-optic

coefficients for the TE and TM modes in birefringent MgF2. As the smaller mode

tunes across the stronger TE mode we see a strong variation in the strength of the

polarisation conversion.

CaF2 resonators were also tested in a similar arrangement. Apart from the

weak polarisation conversion effect aforementioned, there was no such relatively

strong polarisation conversion. This observation would seems to suggest that the

birefringence of the MgF2 resonator may be the reason for the difference. In the

next section, we use coupled-mode theory to explain this observation. In addition,

model derived from matrix theory will also be applied to explain the universal weak

polarisation conversion effect. It will be shown that the combination of these two

theoretical models can reproduce the observations with great accuracy.

7.2.2 Coupled-Mode Model with Matrix Conversion

We suggest that polarisation conversion is caused by mode interaction between the

orthogonally polarised modes. The cross-polarisation coupling can arise from side-

wall scattering or through small spatial variations in the birefringence in the res-

onator [200, 207, 212]. Coupled-mode theory [84] is used to calculate the amplitude

of two eigenmodes, ã, b̃ in the resonator:

dã

dt
= −(iωa + γa + Γa)ã− igb̃− κaãin (7.1)

db̃

dt
= −(iωb + γb + Γb)b̃− igã− κbb̃in (7.2)

where ωa and ωb are the angular mode frequency, and γa, γb, Γa and Γb are the

intrinsic loss rates and prism coupling loss rates of the two modes respectively. g

is used to denote the strength of the coupling between the two modes. The mode

frequency difference can be related to changes in the temperature through ωb−ωa =

α∆T , where ∆T is the resonator temperature difference from some fixed value, and

α is determined by the difference in the TE and TM mode-frequency temperature

coefficients. The value of α can be estimated as approximately −110 ± 20 MHz/K

from the known thermo-optic coefficients of dno/dT = 0.89×10−6/K and dne/dT =

0.34×10−6/K [113]. The error bound was estimated from the inconsistency between

the theory and experimental data at the nearest wavelength data provided in that

reference [113] and serves only as lower bound.

Under optimal conditions, the prism coupling coefficients κa, κb can be related to

the coupling loss rates as: κa,b =
√

2Γa,b respectively. However, if one includes the
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effects of mode-matching then one expects that the observed κ will be substantially

less than predicted by that expression. For these first experiments, it was not possi-

ble to obtain effective coupling to the TM mode shown on Fig. 2 for any adjustment

of input angle or beam size, suggesting that the TM mode had a high angular and/or

radial mode number. Thus κb ∼ 0 is set on the input side of the resonator. On

the output side, the entire transmitted mode is captured by the photodiodes and

we thus obtain values for κ close to that predicted.

We allow for any polarisation mismatch between the input fields ãin, b̃in and the

resonator eigenmodes, ã, b̃ by including a Jones matrix, M , that allows for arbitrary

polarisation rotation, θ, and phase retardation, η i.e.

[
ãin

b̃in

]
= M

[
Ẽh

Ẽv

]
, where Ẽh

and Ẽv denote the horizontally and vertically polarized input fields respectively, and

whereM =

[
1 0

0 exp(−iη)

][
cos(θ) sin(θ)

− sin(θ) cos(θ)

]
=

[
cos(θ) sin(θ)

− exp(−iη) sin(θ) exp(−iη) cos(θ)

]
.

The values of θ and η are determined as part of the fitting procedure.

At the resonator output, the transmitted fields of TE and TM modes are seen to

be a sum of the input and out-coupled fields Eo =

[
ãin + κaã

b̃in + κbb̃

]
. The fields registered

on the two photodetectors have been projected onto the free-space modes, EH and

EV , and these are related to the transmitted resonator fields as:

[
EH

EV

]
= M−1Eo.

The solutions of the normalized transmissions detected by the two photodetectors

are shown on the right-hand panels of Fig. 7.2, which agree very well with the

experimental observations using γa = 2.8 × 105 × 2π, γb = 1.8 × 105 × 2π, Γa =

4.3× 104 × 2π, Γb = 3.4× 104 × 2π, g = 9× 104 × 2π, θ = 0.23 and η = 1.95.

7.3 Temperature-Tuned Avoided Mode Crossing

The model was tested with greater stringency by using a frequency comb to mea-

sure the absolute optical frequency of the interacting modes and by increasing the

strength of the mode interaction. For this experiment, we predominately excited

TM modes by using a vertically polarised input beam; although the same effect

could also be induced by exciting TE modes. Due to the complexity of the mode

structure and the high mode density in millimetre-scale resonators, we did not iden-

tify the mode numbers of the modes, although, the imaging method [213] could be

utilised. We used a third mode that was a few tens of MHz away from the tar-

geted interacting modes as an in situ temperature probe. Its mode frequency was

measured throughout the experiment using a frequency stabilised frequency comb

with a fractional frequency accuracy better than 10−12. The two interacting modes
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Figure 7.4: Experimental and simulated transmission spectra as observed in two
orthogonal polarisations with vertical polarisation excitation. The upper (lower)
panels show the vertical (horizontal) polarisation respectively. Not only is polarisa-
tion conversion clearly seen but also an avoided mode crossing. The experimental
data shows a slight tilt when compared to theory because the anchor mode (not
shown in the figures) and the TM mode do not have exactly the same temperature
sensitivity.

had their frequency estimated with respect to this anchor mode by including all

three within the scan range of the laser. We calculated the mode-frequency temper-

ature sensitivity of the probe mode of df/dT ≈ 2.8 GHz/K [113] and then used this

coefficient to convert the frequency measurements to a temperature change, ∆T .

Fig. 7.4 shows both the observed and simulated spectral maps as recorded by

the two photodetectors. We clearly see an avoided mode crossing with a minimum

frequency spacing of∼ 4 bandwidths showing the strength of the interaction between

the two modes in this case. The same model described earlier shows excellent

agreement with the experimental results using a simulation with γa = 3× 105× 2π,

γb = 4.7 × 105 × 2π, Γa = Γb = 3.5 × 104 × 2π, g = 1.68 × 106 × 2π, θ = 0.093

and η = 2.39. These calculated results are shown on the right hand side of Fig. 7.4.

These more careful measurements allowed us to calculate an accurate value for α

of −140 MHz/K. This is on the outside bound of the value, −110 ± 20 MHz/K, as

estimated from the earlier literature [113]. The extracted value for g corresponds to

a mode splitting of ∼3.3 MHz when ∆T = 0 K. The ratio of the mode coupling to

dissipation, g/(Γa,b + γa,b), is around 5 in contrast to the earlier example on Fig. 7.2

where it was 0.2 - this explains why we only observe polarisation conversion on the

earlier data rather than a mode-splitting effect.
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Figure 7.5: (upper panel) Frequency splitting of the mode spectra excited with a
vertically-polarised beam. (lower panel) Bandwidth exchange of the lower frequency
mode (LF) and higher frequency mode (HF) of the horizontal spectra as a function
of resonator temperature.

The measurements were repeated with a large number of mode pairings, exciting

with both horizontal and vertical polarisation, and we noted that the observed

mode interaction was much stronger when at least one mode had high angular

mode number. One possible reason for this would be that modes with high angular

mode number have the larger sidewall angles and hence higher scattering [202, 214].

Further study is demanded to fully explain the detailed mechanism that produces

the dependence of the mode interaction strength on the mode type.

In Fig. 7.5 the observed and simulated frequency splitting between the two modes

are plotted for the same data as shown on the horizontal spectra in Fig. 7.4. Excellent

agreement of the frequency evolution during the mode interaction is shown. On the

lower panel of Fig. 7.5 the variation of the bandwidths of the modes as they interact

is examined. Overlaid on the plot is a theoretical prediction based on Eqs. 7.1

and 7.2 and only qualitative agreement between the model and the experiments is

demonstrated. In a two-mode interaction one expects the product of the Q-factors
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of the two modes to be approximately constant as a function of mode detuning - the

data shown on Fig. 7.5 clearly indicates that our experiment does not follow this

expectation, thus implying that the modes are undergoing additional interactions.

This is reasonably likely to occur given the high mode density in the resonator: an

expanded set of equations that includes weak couplings to unobserved low-Q modes

can easily produce the observed behaviour.

7.4 Summary

In this chapter temperature-tuned polarisation conversion as well as avoided mode

crossing in a birefringent WGMR have been experimentally demonstrated. We used

a phenomenological model based on coupled-mode theory to study the observa-

tions and showed that there can be strong coupling between orthogonally polarised

modes in low-loss resonators. We presented two detailed examples: one where the

normalised mode coupling strength was less than one, and a second where it greatly

exceeded one. In both cases our model was able to explain the observations with

a high degree of agreement. The polarisation-dependent thermo-optic coefficient of

the birefringent material gives excellent control of the mode coupling strength as

well as the ability to follow the process in great detail.

On the other hand, the theoretical model we used is phenomenological and the

derivation of the coupling rate is lacked. In the future a complete study on the

coupling rate is desired. With the surface scattering study provided in Chapter 2,

a quantitative characterisation is feasible.

For applications with WGMRs, this mechanism can provide an extra method for

dispersion engineering for microresonator comb generation. It also has the potential

to facilitate the versatility of WGMR in optical signal processing. On the other hand,

the polarisation coupling effect reported in this work can have a disruptive effect on

dual-mode temperature measurement with birefringent WGMR [134, 135] and also

interrupt the formation of temporal solitons in WGMR in otherwise appropriate

conditions [215, 216]. It is thus vital to have a good understanding of the effect.



Chapter 8

Conclusions and Outlook

The work presented in this thesis will be summarised in this chapter. We will also

give a brief outlook on possible future research following on from the work presented

here.

8.1 Laser Frequency Stabilisation with WGMRs

We have fabricated ultrahigh-Q CaF2 and MgF2 WGMRs and presented their pre-

liminary performance as economical and compact frequency references by locking

laser signal to the resonant modes. This work provides detailed information with

regard to the design and the building of the frequency reference based on WGMRs

including the optical setup, the temperature control and the laser locking proce-

dures. It also demonstrates crystalline WGMRs’ potential in precision frequency

metrology.

8.1.1 Q-factors

The highest Q-factor of the WGMRs in this work was around 2× 109. We analysed

various loss mechanisms that set this level of Q-factors and determined that the

surface scattering loss was the limiting factor. Measurement and characterisation of

the surface roughness profiles and theoretical calculations of the surface scattering

loss have been carried out to predict Q-factors that are limited by surface scattering

loss. The calculated results were compared with experimentally measured Q-factors,

showing qualitative agreement.

8.1.2 Preliminary Performance of the Frequency Reference

Many different types of noise source afflict the WGMR. We considered each of these

in turn along with their impact on the frequency stability of the WGMR. Moderate
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vibration cancellation and temperature stabilisation were implemented for improving

the frequency stability. We used PDH laser locking technique to lock laser to the

resonator modes and measured its frequency stability, which is close to 1× 10−11 in

terms of fractional frequency instability at integration time of 1 second. We showed

that the frequency instability of the resonator was mainly caused by the technical

temperature fluctuations of the resonator and the environmental temperature drift.

8.2 Ultrahigh-Precision Thermometry

In order to suppress the temperature fluctuations of the resonator since it limits the

resonator’s performance, we proposed and demonstrated a dichroic dual-mode ther-

mometry based on the crystalline resonator and carried out subsequent temperature

stabilisation to improve the frequency stability of the resonator.

8.2.1 Dual-Mode Thermometer

Taking advantage of the dispersive property of the thermo-optic coefficients of the

crystalline materials, we built a thermometer based on WGMR by comparing the

frequencies of modes of different wavelengths. Such thermometer does not require

any external reference and it yields temperature resolution of 80 nK/
√

Hz for CaF2

resonators and 30 nK/
√

Hz for MgF2 ones. The resolution is limited by technical

laser locking noise. There is ample room for improvement of the temperature reso-

lution as currently the laser locking noise is a few orders of magnitude higher than

the estimated fundamental shot noise.

8.2.2 Temperature Stabilisation with Intra-Cavity Power Mod-

ulation

After the temperature fluctuations of the resonator were successfully measured, we

actively stabilised the temperature of the resonator by modulating the intra-cavity

power to suppress the measured temperature instability. Due to the fast response

of the thermo-optic effect and the direct heating on the local mode volume, the

temperature control bandwidth is higher than 1k̇Hz, which is substantially higher

than the control bandwidth provided by conventional external temperature control

approach. At frequency range between 0.1 Hz and 3 Hz the temperature fluctuations

of the local optical mode volume was suppressed to a level below the fundamental

instability set by the Brownian motion of the material. Despite the fact that the

averaged temperature instability of the whole resonator was not suppressed to the
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same level because of the temperature gradient change, obvious improvement of the

frequency stability of the resonator was achieved.

8.2.3 Self-Thermal-Locking of a CaF2 Resonator

Due to the blue-shift effect of the thermo-optic effect in CaF2 resonator, the con-

ventional self-thermal-locking technique is not applicable. We made comprehensive

analysis on the self-modulated frequency oscillations induced by the interplay of

thermal expansion, thermo-optic effect and Kerr effect in CaF2 resonators both ex-

perimentally and theoretically. Then as a development of the dichroic dual-mode

thermometry technique, we proposed and experimentally demonstrated dual-mode

self-thermal-locking technique, which not only enables intensive power to be coupled

into resonator without causing oscillations but also stabilises the temperature and

mode frequency of the resonator in a convenient and cost-effective fashion.

8.3 Triple-Mode Refractometry

Using a WGMR made of anisotropic material (MgF2), we put forward a refractom-

etry scheme that aims at suppressing the technical noise to improve the detection

limit. The proposed technique locks three different laser signals to different modes

in a resonator. By stabilising the frequency difference between two of the three

modes through active temperature control, the frequency difference between one of

the two modes and the third mode is an excellent measure of the refractive index

of the surrounding medium with suppressed noise level. A proof-of-concept exper-

iment was performed to test the scheme. The results confirmed that the detection

limit of the sensor was substantially improved. The suppressed noise level indicates

a detection limit of 8× 10−9 RIU as a refractometer and a detection limit of nearly

10 nm as single particle sensor.

8.4 Polarisation Conversion in MgF2 WGMR

We observed interesting temperature-tuned polarisation conversion and mode split-

ting and avoided crossings in modes using a MgF2 resonator. Using a theoretical

model based on matrix theory and coupled-mode theory we analysed the underlying

physics of these observations and successfully reproduced the experimental results

with excellent agreement. Both the potential advantages and disadvantages of these

phenomena in several popular applications with anisotropic WGMRs were discussed.
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8.5 Outlook

For future improvement of the frequency reference performance, a more sophisti-

cated temperature stabilisation could be used. One possibility would be multiple

layers of temperature controls with vacuum isolation. This could be implemented

together with the dual-mode thermometry to suppress the frequency instabilities of

both short and long integration times. On the other hand, designing the device to

be more compact and truely portable would be worthwhile. The first goal would

be to realise WGMR-based portable frequency reference with stability only limited

by fundamental thermorefractive noise. Until today, fundamental-noise-limited fre-

quency stability in WGMR has been only demonstrated with extremely bulky and

costly setup. Therefore a portable WGMR-based frequency reference will facilitate

its applications in precision metrology significantly and potentially inspire many rel-

evant areas involving high precision measurement with WGMR. The next goal would

be to suppress the fundamental noises in WGMR. At room temperature the funda-

mental thermorefractive noise limits the fractional frequency stability of WGMRs

of millimetre sizes to 10−12 for CaF2 resonators and 10−13 level for MgF2 ones. One

way to suppress the thermorefractive noise is to stabilise the temperature of the res-

onator at some particular temperatures where the thermo-optic coefficient (dn/dT )

of the material is minimised. An alternative is to operate the frequency reference at

cryogenic temperatures so other fundamental noises such as the elasto-optic noise

becomes the dominant noise. The long-term pursuit will be to make WGMR’s per-

formance in frequency stability to be comparable to, if not better than, that of

today’s ultra-stable Fabry-Perot cavities.

Accompanied with future progresses in frequency stability, WGMR would natu-

rally find many more applications in various ultra-sensitive sensors. In terms of single

particle sensing, ultrahigh-Q crystalline WGMR of micrometer scale is desirable as it

can hopefully lead to single molecule detection when implemented with triple-mode

noise suppression technique and other sensitivity enhancement approaches such as

local plasmon enhancement. Moreover, the dual-mode thermometry will not only

keep improving its resolution as the technical noise is further reduced, but also pro-

vide great insight into the adoption of self-reference sensing based on other types of

resonators.

One can be very excited about the abundant possibilities for applications with

WGMRs when the techniques provided in this thesis are combined with microresonator-

based nonlinear optical conversion. For example, using nonlinear second harmonic

generation in WGMR for producing the second laser signal in dual-mode thermom-

etry could significantly simplifies the thermometry setup and make it more versa-
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tile. And the intensively studied four-wave-mixing Kerr comb generated by WGMR

would especially benefit from the improved resonant frequency stability.
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[143] A. Schweinsberg, S. Hocdé, N. N. Lepeshkin, R. W. Boyd, C. Chase, and J. E.

Fajardo, “An environmental sensor based on an integrated optical whispering

gallery mode disk resonator,” Sensors and Actuators B: Chemical 123, 727–

732 (2007).

[144] F. Sedlmeir, R. Zeltner, G. Leuchs, and H. G. Schwefel, “High-Q MgF2 whis-

pering gallery mode resonators for refractometric sensing in aqueous environ-

ment,” Optics Express 22, 30934–30942 (2014).

[145] J. Swaim, J. Knittel, and W. Bowen, “Detection limits in whispering gallery

biosensors with plasmonic enhancement,” Applied Physics Letters 99, 243109–

243109–3 (2011).

[146] V. Dantham, S. Holler, V. Kolchenko, Z. Wan, and S. Arnold, “Taking whis-

pering gallery-mode single virus detection and sizing to the limit,” Applied

Physics Letters 101, 043704 (2012).

[147] I. M. White and X. Fan, “On the performance quantification of resonant re-

fractive index sensors,” Opt. Express 16, 1020–1028 (2008).



REFERENCES 140

[148] J. Silverstone, S. McFarlane, C. Manchee, and A. Meldrum, “Ultimate reso-

lution for refractometric sensing with whispering gallery mode microcavities,”

Opt. Express 20, 8284–8295 (2012).

[149] J. Reichert, R. Holzwarth, T. Udem, and T. W. Haensch, “Measuring the

frequency of light with mode-locked lasers,” Optics Communications 172, 59–

68 (1999).

[150] M. L. Gorodetsky and I. S. Grudinin, “Fundamental thermal fluctuations in

microspheres,” J. Opt. Soc. Am. B 21, 697–705 (2004).

[151] A. L. Schawlow and C. H. Townes, “Infrared and optical masers,” Physical

Review 112, 1940 (1958).

[152] M. Lax, “Classical noise. v. noise in self-sustained oscillators,” Physical Review

160, 290 (1967).
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We demonstrate thermometry with a resolution of 80 nK=
ffiffiffiffiffiffi
Hz

p
using an isotropic crystalline

whispering-gallery mode resonator based on a dichroic dual-mode technique. We simultaneously excite
two modes that have a mode frequency ratio that is very close to two (�0.3 ppm). The wavelength and
temperature dependence of the refractive index means that the frequency difference between these modes is
an ultrasensitive proxy of the resonator temperature. This approach to temperature sensing automatically
suppresses sensitivity to thermal expansion and vibrationally induced changes of the resonator. We also
demonstrate active suppression of temperature fluctuations in the resonator by controlling the intensity of
the driving laser. The residual temperature fluctuations are shown to be below the limits set by fundamental
thermodynamic fluctuations of the resonator material.

DOI: 10.1103/PhysRevLett.112.160801 PACS numbers: 07.20.Dt, 42.60.Da, 42.62.Fi

The high-resolution measurement of energy has long
fascinated humans with its culmination seen in ultra-high-
sensitivity calorimeters [1,2] and bolometers [3]. These and
related ideas have found a broad range of applications,
including bolometric superconducting photon counters for
quantum communication [4] and ultrasensitive radio
astronomy [5,6]. The record for absolute thermometric
sensitivity has been realized at cryogenic temperatures,
achieving better than 100 pK=

ffiffiffiffiffiffi
Hz

p
[7].

In this Letter, we develop a new method to measure
temperature based on excitation of two well-separated
modes in a millimeter-scale whispering-gallery (WG)
optical resonator. WG mode resonators have exceptionally
high Q factors and can provide the potential of providing
high-stability microwave and optical signals [8–12].
Recently, they have been applied to high-sensitivity
label-free sensors for molecules and viruses [13,14] and
for optical comb generation [15]. Nonetheless, an issue that
afflicts all of these applications is the high temperature
sensitivity of WG resonators [12,16], particularly when
compared to conventional vacuum-spaced Fabry-Perot
resonators [17–21]. In this Letter, we turn this problem
to our advantage by using the WG resonator as an ultra-
sensitive thermometer.
To suppress unwanted temperature fluctuations in WG

resonators, several groups have demonstrated in situ ther-
mometry by measuring the frequency difference between
two orthogonally polarized modes. The best of these
techniques have demonstrated a resolution of
∼100 nK=

ffiffiffiffiffiffi
Hz

p
[22], and subsequent temperature stabili-

zation based on this sensing has resulted in improvement to
the long-term frequency stability [23,24]. In contrast, we

present a two-color approach to measure the resonator
temperature with high resolution. In comparison to the
birefringent dual-mode technique, our approach can be
used in both anisotropic and isotropic resonators, which
expands the range of material candidates. Isotropic materi-
als have shown the highest Q factors to date [25], which
offers a potentially higher temperature resolution. On the
other hand, a combination of the dual-color and dual-
polarization approaches in an anisotropic material (e.g.,
MgF2) can further enhance the temperature sensitivity.
Furthermore, our dual-color technique strongly rejects
noise from thermal expansion fluctuations and vibrations,
giving us the ability to measure the mode-averaged temper-
ature with a resolution below that of the fundamental
thermal temperature fluctuations [16,26,27].
The frequency of a WG mode depends on temperature

through (a) the temperature dependence of the refractive
index (thermooptic effect) as well as (b) the thermal
expansion of the resonator. The first dependence leads to
sensitivity to the temperature solely within the optical
mode, whereas in the latter, the mode frequency depends
on the temperature distribution throughout the entire
resonator volume. For simplicity, we assume a steady-state
temperature distribution, TPðrÞ, when the resonator is
excited by some input optical power, P, that is solely
dependent on the radial coordinate, r. This approximation
reflects the typical triple cylindrical symmetry exhibited by
the (a) resonator geometry, (b) optical power distribution,
and (c) thermal coupling to the external environment. When
the power-induced temperature changes from ambient are
small [i.e., ΔTPðrÞ ¼ TPðrÞ − T0ðrÞ ≪ T0ðrÞ], we can
express the frequency, fm, of the mth mode as
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fm
fm;0

¼ 1 −
2α

R
R
0 ΔTPðrÞrdr

R2
−
βðfmÞ
nðfmÞ

ΔTPðRÞ − γm; (1)

where fm;0 is the frequency of the mth mode in the
absence of excitation power, α is the linear thermal expan-
sion coefficient, and βðfmÞ and nðfmÞ are the thermooptic
coefficient and refractive index of the resonator material,
respectively, R is the radius at the mode intensity maximum,
and γm ¼ ð2Q0=ðQ0 þQcÞÞðnKerr=nðfmÞÞðF=πÞðP=AmÞ
characterizes the refractive index dependence on the optical
intensity, which depends on the Kerr coefficient nKerr, and
finesse F [28]. Q0 and Qc are the intrinsic Q factor
and coupling Q factor, respectively. We define an effective
mode area Am ¼ ðR jEmj2dA

R jEtotj2dA=
R jEmj2jEtotj2dAÞ,

where Em is the amplitude of themth mode in the transverse
plane and Etot is the field amplitude of the resonant energy
(which allows for more than one mode to be excited
simultaneously).
The basis of our thermometer is to simultaneously lock

two optical signals to two WG modes that have frequencies
f1 and f2 with f2 ≈ 2f1. These modes are chosen to be
within the same transverse mode family (i.e., identical polar
and radial field maxima numbers [29]) to maximize their
spatial overlap.

For simplicity, the two optical signals are derived from a
single laser with frequency fL. The direct output of the laser
is locked using the Pound-Drever-Hall (PDH) technique
[30] to the lower frequency WG mode, i.e., fL ¼ f1. We
frequency double this laser signal and shift it into resonance
with the second WG mode using an acousto-optic modu-
lator (AOM) so that 2fL þ fAOM ¼ f2. From Eq. (1), it
follows that

fAOM≈2fL

�
βðf1Þ
nðf1Þ

−
βðf2Þ
nðf2Þ

�
ΔTPðRÞþCþΓþN; (2)

where C ¼ f2;0 − 2f1;0 is a constant frequency offset,
Γ ¼ 2fLðγ1 − γ2Þ is the relative nonlinear Kerr shift,
and N ¼ δf2 − 2δf1, which accounts for residual errors
in the laser locking systems, i.e., δf1 ¼ fL − f1 and
δf2 ¼ 2fL þ fAOM − f2. Importantly, the high degree of
spatial overlap between the two modes gives rise to nearly
identical frequency dependence on thermal expansion so
that the distributed thermal expansion term appearing in
Eq. (1) is strongly suppressed in Eq. (2); we estimate its
fractional contribution to be less than one part in 106, and
so we ignore it in what follows.
The first term on right hand side in Eq. (2) indicates that

the AOM frequency provides a high-quality readout of the
resonator temperature if the thermooptic coefficient at f1
and f2 is sufficiently different to dominate over the noise
terms, Γþ N. We show that this is the case for this
resonator with sensing in the nK regime [31].
The experimental setup is shown in Fig. 1. A 5-mm-

radius CaF2 WG mode resonator is mounted on a

piezoactuated translation stage within an acoustic and
thermal shield. The laser light was coupled into the
resonator using a high index prism. A conventional
thermometer-heater pair was used to prestabilize the
temperature of the system at the �0.1 K level. Light from
a Nd:YAG laser at 1064 nm, together with its second
harmonic at 532 nm (generated in a single-pass nonlinear
crystal), was transferred into the shielded volume using
single-mode optical fibers. The 532-nm light was double
passed through an AOM to enable independent frequency
tuning of this beam. The 1064-nm light was also double
passed through a second AOM for reasons explained below.
The two AOMs were driven with independent oscillators
with nominal frequency around 80 MHz and were set to
shift the frequency upward. Both beams were recombined
inside the shielded volume using a dichroic filter before
being coupled into the resonator. The transmitted beams
were separated using a second dichroic filter and then
registered by two photodetectors. The laser was frequency
modulated at 1.638MHz, and the two detected signals were
synchronously demodulated using the traditional PDH
technique to generate independent error signals appropriate
to lock the laser signals onto their respective modes. The
error signal generated from the 1064-nm mode was
integrated and sent directly back to the laser controller
to maintain the frequency lock. The second harmonic light
was frequency locked by controlling the frequency of the
synthesizer that drove the AOM.
As the evanescent field has different scale lengths for

the two modes [29], it was necessary to overcouple the
1064-nm mode in order to achieve adequate coupling for
the 532-nm mode. Thus, the loaded Q for the modes was
2.6 × 108 and 3.6 × 108 for the 1064- and 532-nm modes,
respectively. This situation may be overcome by designing
an appropriate coupling scheme [32].

FIG. 1 (color online). Experimental setup. HWP: half-wave
plate; PBS: polarizing beam splitter; DF: dichroic filter; AM:
amplitude modulation; FM: frequency modulation; and PI: propor-
tional-integral feedback. The dashed PI control part was only
implemented when stabilizing the temperature of the resonator;
i.e., it was not included in the temperature-sensing experiments.
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The fast fluctuations of the WG-resonator thermometer
were monitored by observing the frequency fluctuations of
fAOM with a spectrum analyzer, whereas slower fluctua-
tions were monitored by a frequency counter. In addition,
we measured the frequency of the lower frequency mode
(f1) with a stabilized frequency comb (Δf=f < 10−13 for
time scales > 1 s). For these experiments, the excitation
power was deliberately kept at low levels (50 μW for
532 nm and 70 μW for 1064 nm) so that photothermal
[16,33] and Kerr noise were both at least 10 dB below the
measured fAOM spectrum at all frequencies. The low levels
of these noise sources during operation were verified by
increasing the input power until both effects were observed
and then turning the power back down by a factor of ten
when in operation.
Figure 2 displays the variation of the lower mode

frequency (f1) as a function of the frequency of the
AOM (a proxy for the mode temperature) where the
resonator temperature drifts by 10 mK. As expected, there
is a very high degree of correlation between f1 and fAOM
(see inset), with slope Δf1=ΔfAOM ¼ 31.0. The temper-
ature sensitivity of the mode frequency can be calculated
from the known parameter values for CaF2 at 1064 nm
(n ¼ 1.43, β ¼ −11.4 × 10−6=K and α ¼ 18.7 × 10−6=K
at 1064 nm [34,35]) as df1=dT ¼ −3.02 GHz=K. We were
able to verify this calculated value at the level of 10% by
changing the temperature of the resonator mount inten-
tionally. By combining the relationship seen in Fig. 2 with
the calculated mode-temperature sensitivity we can get a
thermometer calibration of dfAOM=dT ¼ −97.42 MHz=K.
In what follows, we examine the fluctuations of fAOM in
more detail, but first we explain a means for temperature
control of the resonator.
The resonator temperature can be controlled with a high

bandwidth by actively controlling the input optical power.

For these experiments, we increased the 1064-nm power to
∼2 mW to increase the range of the temperature control
system. By directly measuring the transfer function
between fAOM and the 1064-nm power, we find the control
bandwidth is > 1 kHz. The control actuator is indicated on
Fig. 1 as the dotted line in which the drive power of the
1064-nm AOM is actively controlled to maintain the
frequency of the AOM at a fixed value, which locks
the resonator temperature. With this thermal control, the
average mode temperature can be stabilized at the 100-nK
level for more than an hour, as seen on Fig. 3(a). A residual
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FIG. 3 (color online). (a) Mode frequency (f1) and the mode
temperature derived from fAOM with thermal feedback control
activated. (b) Allan deviations of fAOM and the imputed mode
temperature when temperature is uncontrolled (green squares)
and actively controlled (red triangles). Dashed blue line is the
estimated laser locking instability that limits the achievable mode
volume temperature stability. (c) Allan deviation of the 1064-nm
signal when the mode volume temperature is uncontrolled (red
triangles) and actively controlled (blue squares).
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drift of ∼2.5 MHz=h in the mode frequency arises because
this depends upon the entire temperature distribution,
which is uncontrolled. The ripples with an ∼300-s period
are associated with room temperature modulation from the
air-conditioning. Figure 3(b) shows a time-domain repre-
sentation of the temperature fluctuations of the controlled
and uncontrolled resonator using the Allan deviation [36].
We see that the control system suppresses the long-term
temperature fluctuations by more than 4 orders of magni-
tude to the 30-nK level. The long-term temperature stability
appears flat as a result of the interaction of the free running
fluctuations and the transfer function of our control loop: a
more sophisticated control system could result in further
suppression. In Fig. 3(c), we show the Allan deviation of
the locked 1064-nm mode frequency when the temperature
is stabilized. The performance is substantially worse than
one would expect if the mode frequency were only to
depend upon the temperature in the mode (∼5 × 10−13 at
1-s averaging time). Nonetheless, the temperature control
technique suppressed the mode frequency fluctuations by
nearly 1 order of magnitude.
Figure 4 shows the power spectral density (PSD) of

fAOM when it is free running and when it is actively
controlled. We also display the fundamental temperature
fluctuations calculated using the method in [16]. We
assume that the two optical modes have large spatial
overlap, which is reasonable given that the thermal wave-
length of even the highest frequency thermal noise
(∼1 kHz) considered here is much larger than the trans-
verse extent of the optical modes, or their separation [16].
The unstabilized mode temperature fluctuation exceeds the
calculated fundamental thermal fluctuations by a factor of
10 at low frequencies because the resonator is also subject
to fluctuations in ambient temperature and input power.
Figure 4 also shows the noise floor of the temperature

sensor [i.e., N þ Γ in Eq. (2)], which arises from the
residual frequency noise in the two optical frequency

stabilization loops as well as the effect of Kerr fluctuations
induced by the input intensity control. Residual frequency
noise in the stabilization loops was independently estimated
by measuring the noise in the frequency locking systems
when the lasers were detuned from resonance: in these
circumstances, we measure the sum of any electronic, shot
noise, residual amplitude modulation, and residual intensity
noise (RIN) that limit the frequency stabilization loops. The
RIN in the environs of the PDH modulation frequency was
seen to be the dominant contributor to this noise limit and
sets a resulting 80-nK=

ffiffiffiffiffiffi
Hz

p
temperature sensitivity that is

reasonably frequency independent. It can be seen that this
sensitivity is below the fundamental thermal noise of the
resonator for thermal frequencies below 3 Hz.
Finally, Fig. 4 shows the residual temperature fluctua-

tions once the mode temperature is stabilized: the fluctua-
tions are strongly suppressed by the control system within
its 200-Hz thermal control bandwidth.
We note that an additional noise floor arises when the

resonator temperature is actively controlled: the required
intensity modulation causes frequency shifts both through
the desired temperature changes but also through an
unwanted Kerr effect. This arises because the self-mode
Kerr shift and cross-Kerr mode shift differ because of the
differing cross-sectional areas for the two modes. This type
of noise floor could be minimized by modulating the power
of both excited modes together in a judiciously chosen ratio
that results in the same effective Kerr shift in the two
modes. We have not undertaken this procedure here since it
was not the limiting factor in the performance of the
temperature sensor. This induced noise floor is also shown
on Fig. 4 and was determined by measuring the spectrum of
the intensity modulation required to keep the temperature
stabilized. The transfer coefficient between intensity and
the resulting Kerr frequency shift was measured by apply-
ing an intentionally large intensity modulation. The result-
ing Kerr sensitivity was in broad agreement with the
theoretical shifts expected from the relatively large mode
volumes (∼100 μm× 2 μm× 2 cm).
This experiment demonstrates the potential of the tech-

nique. There are several routes to further improve the
sensitivity and resolution. (a) Reduce the residual noise in
the frequency locking system by increasing the Q factor of
the modes. To this end, a more sophisticated coupling
would reduce the current difference in evanescent coupling
strengths, thereby improving the Q factor [32]. (b) Increase
the difference between the thermooptic coefficients for the
fundamental and second harmonic by moving to funda-
mental wavelength of 800–900 nm. This difference can be
approximately four times larger than that of the two
wavelengths used here [37]. (c) Combine the wavelength-
and polarization-dependent thermal-sensing techniques in a
material such as MgF2. Combining these approaches, we
estimate that it is feasible to obtain a sensitivity below
10 nK=

ffiffiffiffiffiffi
Hz

p
with the same detection noise.
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To conclude, we report a dichroic mode temperature
sensing and thermal stabilization scheme in a WG mode
resonator. The experiment achieves tens of nano-Kelvin
temperature stability by suppressing thermal fluctuations
below the fundamental thermal noise level. This technique
opens the possibility for the WG mode resonator as an
ultrasensitive thermometer.
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Note added in proof.—
We have recently implemented exactly the same scheme

as described here on a MgF2 resonator and achieved the
predicted improvement in the sensitivity of the sensor
to 30 nK=

ffiffiffiffiffiffi
Hz

p
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Ultra-sensitive thermometer based on a compact optical resonator

Wenle Weng1,2,* and Andre N Luiten1,2

1Institute for Photonics and Advanced Sensing and School of Chemistry and Physics; University of Adelaide; South Australia, Australia; 2School of Physics;

University of Western Australia; Crawley, Western Australia, Australia

This article demonstrates a thermom-
eter based on millimeter-scale crys-

talline disk optical-resonator. By
measuring the relative speed difference
between 2 colors of light that travel
inside the disk, the temperature changes
of the disk was measured with a precision
of 30 billionths of a degree.

In our recent study1 we used a whisper-
ing-gallery-mode resonator (WGMR) to
demonstrate a thermometer based on
optical resonator with superb sensing reso-
lution. Optical resonators have long held
an important position in laser frequency
stabilization applications such as optical
clocks and spectroscopy metrology. In the
past 2 decades, a novel type of resonator,
the WGMR has attracted extensive

interests in various fundamental and
applied researches including laser fre-
quency stabilization.2 A whispering-gal-
lery was first named by Lord Rayleigh in
19123 to describe the acoustical phenome-
non that was noted when a whispered
sound could circulate around the gallery
of the dome of St. Paul’s cathedral in
London.

In an optical “whispering gallery” the
light wave travels inside but very close to
the surface of a dielectric disk or sphere
and is trapped through total internal
reflection. One finds that there is a strong
resonance in such a structure when the
light color is chosen so that the light wave
can constructively interfere with itself after
a full round trip. These resonant frequen-
cies provide a set of markers in the optical
spectrum and can be used as a frequency
reference to stabilize the frequency of a
laser. When compared to conventional
optical resonators (Fabry-Perot cavities),
WGMRs have the advantages of compact
size, rigidity and ease of fabrication.
Moreover, the surface polishing technique
and the low absorption of crystalline
materials such as CaF2 and MgF2 yield
extraordinarily long traveling distances
of light wave in the resonator, therefore
leading to very narrow well-defined reso-
nant features: this is ideal for frequency
stabilization applications. However, tem-
perature fluctuations, of both technical
and fundamental origins, limit the per-
formance of such devices because they
alter the size of the resonator through
thermal expansion together with chang-
ing the speed of light in the material
through the thermo-optic effect (i.e. the
speed of light propagating in crystalline
material depends on the temperature of
the material).4

In our work, this sensitivity of the reso-
nant frequency to temperature, which is a
disadvantage in frequency stabilization
applications, has been turned to our bene-
fit by applying the device to the problem

of high temperature sensitivity. 2 light
beams of different colors (or wavelengths),
one of which is infrared (»1064 nm)
from a laser, with a second beam gener-
ated by second-harmonic process in the
green part of the spectrum (»532 nm),
were injected into a WGMR through a
prism as shown in Figure 1. The 2 fre-
quencies were actively locked to 2 reso-
nant modes in the structure. As the
temperature changes, the resonant wave-
lengths of the WGMR will shift due to
both thermal expansion as well as the
thermo-optic effect. While thermal expan-
sion is identical for both colors (the
change in size of the resonator is the same
whether viewed in red or green light), it is
critical to understand that the thermo-
optic effect varies as a function of wave-
length. In other words, the velocity differ-
ence between the 2 colors of light depends
on the temperature of the resonator. As a
result, we can measure temperature by
measuring this relative speed difference
between the 2 colors.

Superficially, it would have been pos-
sible to do this experiment by just mea-
suring the frequency of light of a single
mode using modern optical techniques
such as the optical frequency comb.5

However, the cost and size of such
Nobel-prize winning technology is pro-
hibitive in most temperature measure-
ment applications. Instead, the approach
in our study is fully self-referential
requiring minimal auxiliary equipment.
As experiment results showed, the mini-
mum detectable temperature fluctuation,
or the resolution of the thermometer, is
30 Nano-Kelvin in just 1 second, which
sets the record for temperature sensing
at room temperature to the best of the
authors’ knowledge.

One should note that like most preci-
sion measurements, this thermometry does
not aim to measure absolute temperature
but only the temperature changes. One
direct application of such thermometry
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would be to keep the WGMR within a
limited range of temperature variation,
thus stabilizing the resonance frequency.
In the follow up experiment, by modu-
lating the input laser power, the mea-
sured temperature was kept within a
very narrow range, with the temperature
fluctuations being highly suppressed. In
fact, this suppression was so good that
it suppressed the residual fluctuations
below the fundamental noise arising out
of the Brownian fluctuations that

originate from the unceasing motion of
atoms in a definite volume.

With certain adaptions, such a ther-
mometer could be developed into a
bolometer6 or a calorimeter.7 As the world
is going more and more “micro” or even
“nano” in a wide range of researches and
industrial applications, to measure
extremely small amount of temperature
change or energy change is of crucial
importance in areas such as medical
research or material engineering. For

example, chemical or biological interac-
tions of very small scale can release or
absorb a tiny amount of energy, and con-
sequently increase or decrease the temper-
ature by a trace amount. The ability to
detect such temperature or energy change
will be potentially useful in determining
or sensing the interaction, which is vitally
attractive. Furthermore, the dual-mode
self-reference principle can also be used in
other sensing areas such as sensing changes
in pressure, humidity, and concentrations
of substances of interest, to name just a
few.
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Figure 1. Schematic representation of the principle of the thermometer. 2 colors of light were cou-
pled into the WGMR and they followed 2 modes of the resonator (as shown by the Lorentz shape
dips on the screen). Temperature rise in the resonator causes the infrared light (red in the figure) to
slow down with respect to the green light, while temperature fall causes it to speed up. This relative
speed comparison is shown as the relative position change of the 2 dips (resonant features) on the
screen.
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Refractometry with Ultralow Detection Limit Using Anisotropic
Whispering-Gallery-Mode Resonators
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The intrinsic sensitivity of whispering-gallery-mode resonators aimed at measuring refractive index
can be extremely high, although their practical performance is compromised by temperature fluctuations
that masquerade as refractive-index changes. We present a triple-mode approach that delivers
simultaneous and independent sensing of temperature and refractive-index changes in the same
resonator. The frequency difference between two orthogonally polarized modes is used to sense
temperature which is then actively stabilized to ∼1 μK over 15 minutes. We then detect a frequency
difference between two modes of different wavelengths to obtain a refractive-index measurement that is
free of temperature fluctuations. This triple-mode technique delivers a state-of-the-art detection limit of
8 × 10−9 refractive-index units, despite the resonator size being 100 times larger than that typically used
for sensitive refractometric sensing.

DOI: 10.1103/PhysRevApplied.3.044015

I. INTRODUCTION

Whispering-gallery-mode resonators (WGMR) are fre-
quently used for refractometry and reactive biosensing due
to their superb intrinsic sensitivity [1–6]. Although many
different sensing schemes have been developed for differ-
ent scenarios, the basic principle is always the same: the
sensing target, whether gas, fluid, biomolecules, or nano-
particles, interacts with the evanescent electromagnetic field
near the surface of the resonator. This interaction modifies
the effective optical path length for a resonant mode, thereby
shifting the mode resonance frequency. The detection limit
of this approach is determined by two key factors: the
coupling strength of the target into the resonant mode and the
minimum detectable change in mode frequency. This mini-
mum-detectable-frequency change is usually set for passive
detection schemes by photon shot noise in the frequency
locking system [7–9], or by thermomechanical or thermor-
efractive noise in the resonator [10,11]. Active detection
schemes have limits set through Schawlow-Townes proc-
esses [12,13]. One can calculate an outstanding potential
refractometry sensitivity for WGMRs, although, in practice,
these fundamental limits are rarely achieved because of
the confounding effect of temperature fluctuations in the
resonator [1,2,14,15].
In recognition of this challenge, some beautiful work has

shown how to automatically reject the effect of temperature
by measuring frequency differences between two orthogo-
nally polarized modes [16]. Unfortunately, this approach is
not applicable to anisotropic resonators that possess some

unique and useful advantages: first, resonators made from
MgF2 (which is anisotropic) have substantially enhanced
sensitivity for aqueous sensing [17] and thus are highly
desirable for many applications. Moreover, in an aniso-
tropic resonator, it is possible to tune the frequency
difference between orthogonal modes to a convenient value
using temperature tuning: for the isotropic resonator, this
difference is fixed by the geometry. This problem is
exacerbated for the desirable, small, and highly sensitive
resonators with their large free-spectral range.
In this work, we develop an idea for temperature-free

refractometry in anisotropic resonators. First, the frequency
difference between two orthogonally polarized modes in
the same mode family detects the resonator temperature
[18–20]. In a second step, we stabilize the resonator
temperature by adjusting the optical input power to the
resonator so that this frequency difference is kept constant.
In the third step, we compare the frequency of one of these
two original modes to a third mode that has a wavelength
almost exactly half that of the two former modes. The
evanescent coupling of this third mode differs substantially
from either of the other two modes which means that this
second frequency difference is sensitive to the refractive
index of the surrounding material. As we show below, there
is a strong suppression of temperature-mitigated influences
in this second mode difference, allowing achievement of
a practical detection limit that is comparable to the best
refractive-index measurement yet made with a WGMR. This
detection limit is in spite of the use of a relatively large
resonator (millimeter scale), which reduces the intrinsic
refractometric sensitivity by a factor of∼100 over resonators
more typically used in these applications (10–100 μm).*wlweng@physics.uwa.edu.au
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Nonetheless, the technique we propose here is equally
applicable to smaller resonators, providing a path to upgrade
the performance of this entire class of resonators into this
new regime.

II. EXPERIMENTS AND RESULTS

Figure 1 shows the experimental setup based around
a 5-mm-radius MgF2 WGMR. The output beam of a
1064-nm Nd:YAG laser is split into two beams: one passes
through an acousto-optic modulator (AOM) to control the
beam intensity, while the second is frequency shifted by
fa ≈ 160 MHz in a double pass through an AOM and is
used to control the frequency of this second beam. The
second-harmonic output of the laser (at 532 nm) is made to
double pass a third AOM, which gives a frequency shift fb
of approximately 150 MHz. The three beams are then
transferred by polarization-maintaining fibers into a ther-
mal and acoustical shelter where the WGMR is mounted.
The three beams are then combined by a polarization beam
splitter and a dichroic filter and launched into a carefully
positioned high-refractive-index prism so as to couple to
modes in the resonator through frustrated total internal
reflection. The frequency of all three signals is adjusted
until they couple into three first-order modes with a
Q > 1 × 108. Due to the difference in the evanescent scale
lengths of the three modes, the two 1064-nm modes are
overcoupled while the 532-nmmode is undercoupled under
operating conditions. For ease of description below, we
denote the frequency of the 1064-nm transverse-magnetic
(TM) mode as fTM, the 1064-nm transverse-electric (TE)
mode as frequency fTE, while the frequency of the 532-nm
TM mode is denoted fG. The transmitted beams are
separated by another polarization beam splitter and dichroic
filter and registered on three photodetectors.
Figure 2 shows the resonance spectra of the three modes.

The translation stage used to control the coupling distance
is temperature stabilized with a thermistor-heater pair so the
distance instabilities on time scale of 10–20 min do not
cause observable fluctuations of the coupling.
The laser frequency is modulated at 1.638 MHz to

implement the Pound-Drever-Hall (PDH) frequency-
control approach that is then used to provide steering

signals for all three laser signals [21]. The error signals of
the three modes are presented in the lower panel of Fig. 2
as well. The error signal of the 1064-nm TM mode is fed
back to the laser frequency-modulation port, while the
error signals of the other two modes are fed back to the
frequency-modulation ports of the synthesizers that drove
the corresponding AOMs. When all three laser signals
are locked to their respective modes, we note that
fa ¼ fTM − fTE and fb ¼ 2fTM − fG.
We see that fa is a proxy for the temperature of the

resonator because of the different thermo-optic coefficients
for ordinary and extraordinary refractive index, i.e.,
1=fTMdfa=dT ¼ β1064;e − β1064;o ≡ βp, where β1064;o and
β1064;e are the thermo-optic coefficients at 1064 nm for
ordinary and extraordinary light, respectively [18,19,22]. We
define a new parameter βp as the polarization-dependent
thermo-optic coefficient at 1064 nm. Furthermore, fb is also
sensitive to the resonator temperature because the thermo-
optic coefficient is wavelength dependent. This tempe-
rature dependence can be expressed as 1=fTMdfb=dT ¼
2ðβ1064;e − β532;eÞ≡ βλ, where β532;e is the thermo-optic
coefficient at 532 nm for the extraordinary refractive index
and we define βλ as the wavelength-dependent thermo-optic
coefficient [20].
We calculate the mode-frequency temperature sensitivity

from the known linear expansion and thermo-optic coeffi-
cient for MgF2 (α ¼ 9.3 × 10−6 [19], β1064;e ¼ 0.25 × 10−6,
and β1064;o ¼ 0.65 × 10−6 [23]) and these are shown in
Table I. We expect these estimates to be accurate to a few
percent, based on the known errors in the tabulated values.
We can also use the theory presented in Ref. [23] to calcu-
late expected values for βλ and βp (see Table I).
For confirming the predicted values, we measure fb and

fTM as the temperature of the resonator is intentionally
varied and this measurement is shown in Fig. 3.

FIG. 1. Experimental setup. HWP, half-wave plate; PBS,
polarization beam splitter; DF, dichroic filter; FM, frequency
modulation; and AM, amplitude modulation.

FIG. 2. Resonance spectra of the three modes in the experiment
(upper panel) and their corresponding PDH error signals (lower
panel). Red, orange, and green traces represent the 1064-nm TM
mode, 1064-nm TE mode, and 532-nm TM mode, respectively.
The PDH error signals of different modes are adjusted to the same
amplitude level with electronic amplifiers.
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The measurement of fb is performed with a conventional
frequency counter,whilefTM ismeasuredby comparison to a
mode of a highly stabilized frequency comb. We see
a strong linear relation between the two parameters, with
dfTM=dfb ¼ 20.00� 0.02. By combining this relation
with the value of dfTM=dT in Table I, we calculate
βλ ¼ −4.77 × 10−7 K−1 in reasonable agreement with the
predicted value.We then experimentallymeasure the relation
between fa and fb as the temperature is varied (see Fig. 4).
This measurement tests our expectation of a strong correla-
tion between those parameters along with extracting a value
for βp. The linear relation shows a slope of βλ=βp ¼ 0.93,
allowing an estimate for βp (see Table I). The inset of
Fig. 4 shows the residual fluctuations infb after removing the
linear slope showing deviations at the few-kilohertz level
associated with slow drifts over a 10-min time scale.We note
a ∼20% discrepancy between the theoretical and experi-
mental values for βλ and βp that probably arises from the
paucity of prior data and also because these parameters are
inherently more sensitive to inaccuracy in the contributing
data. We see a similar discrepancy in another experiment
aimed at measuring the temperature sensitivity of a TEmode
at 532 nm.
We use fa to detect the resonator temperature and then

arrange to hold its value fixed by actively controlling the
incident power into the 1064-nm TM mode. We increase
the nominal coupled power into this mode to ∼1 mW to
give us sufficient range to hold the temperature fixed over
many hours. This approach gives a ∼10 Hz control

bandwidth with residual fluctuations in fa corresponding
to just 1 μK over 15 min (see Fig. 5). One expects that fb
should also show much improved stability since its fluc-
tuations are also dominated by ambient temperature fluc-
tuations. We confirm this expectation using two frequency
counters to record fa and fb when fa is under thermal
control (see Fig. 5). We see that fb shows a strong reduc-
tion with a residual temperature drift of ∼2.5 μK=min
(or ∼300 Hz=min).

III. ANALYSIS OF RESULTS

Figure 6 shows the same data presented as a power
spectral density (PSD), demonstrating a substantial sup-
pression of fluctuations in both fa and fb once the control
is initiated. The residual noise in fa (i.e., f0a) corresponds
to that expected for our temperature control system with a
5 Hz bandwidth. We note that the residual noise of fb is
around a factor of 5 higher than that of fa. We discuss these
results in more detail following a discussion of the
refractive-index sensitivity of fa and fb.
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TABLE I. Theoretical and experimental values of temperature-
dependent parameters.

Parameter Theory Experiment

dfTM=dT −2.69 GHz=K −2.62 GHz=K
dfTE=dT −2.81 GHz=K −2.90 GHz=K
βλ ¼ ð1=fTMÞðdfb=dTÞ −5.32 × 10−7 K−1 −4.77 × 10−7 K−1
βp ¼ ð1=fTMÞðdfa=dTÞ −4.02 × 10−7 K−1 −5.13 × 10−7 K−1
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Any changes in the refractive index of the surrounding
fluid or gas, or binding of biomolecules and nanoparticles
to the resonator’s surface, will cause a different frequency
shift in all three modes because the coupling between the
external environment and the mode depends both on
polarization and the wavelength of the mode. In the case
of a homogenous fluid of refractive index n around a
resonator with refractive index ns, we can express the
resonance frequency sensitivity as [24]

df
dn

¼ −
nc

ðn2s − n2Þ3=2
m
2πR

; ð1Þ

where f is the resonance frequency, c is the speed of light
in vacuum, R is the radius of the resonator, and m is a
polarization-dependent index, being 1 for TE mode and
2 − n2=n2s for TM mode. This first-order expression pro-
vides the frequency sensitivity of the mode to a refractive-
index change and is widely used in refractometric sensing
to express the sensitivity.
However, in practice, the experimenter measures a com-

posite frequency change, Δf¼ðdf=dnÞΔnþðdf=dTÞΔT,
with a dependence on both resonator temperature and
refractive index of the surrounding fluid. In high-Q
WGMR sensing applications, the temperature term in this
expression commonly dominates over the refractive-index
changes and thus sets the minimum detectable Δn [14].
For our triple-mode scheme, we can express the major

dependencies of Δfa and Δfb as

Δfa ¼
dfa
dT

ΔT þ
�
dfTE
dn

−
dfTM
dn

�
Δnþ Γa þ Na; ð2Þ

Δfb ¼
dfb
dT

ΔT þ
�
dfG
dn

− 2
dfTM
dn

�
Δnþ Γb þ Nb; ð3Þ

where Γa ¼ fTMðγTM − γTEÞ and Γb ¼ 2fTMðγTM − γGÞ
are the relative nonlinear Kerr shifts of each mode.
In calculating these Kerr shifts, care must be taken in
accounting for different effective mode areas of the modes
and the overlap with the total intensity distribution [20].
In our experimental situation, the intracavity power of
the 1064-nm TM mode PTM is much higher than the other
two modes and hence the overlap of this intensity distri-
bution with the three modes determines the result, i.e.,
γx ¼ PTMκ=ns

R jMTMj2jMxj2dA, where x ¼ TE, TM,
or G; κ is the Kerr coefficient for the material; and
Mx is the transverse mode amplitude normalized so thatR jMxj2dA ¼ 1; and dA is an elemental area transverse to
the mode propagation direction.
We include two noise terms, Na ¼ δfTE − δfTM and

Nb ¼ δfG − 2δfTM, in Eq. (3), which capture residual
frequency fluctuations due to the finite gain of the fre-
quency control system, where we define δffTE;TM;Gg as the
locking error for the associated mode.
We measure the resonator temperature through fa and

then hold it to be constant by modulating the intracavity
power of the 1064-nm TM mode PTM, to induce temper-
ature changes to compensate any fluctuations. We can
use Eqs. (2) and (3) to obtain a value for Δfb in this
circumstance as

Δfbjlocked ¼
�
βλ
βp

�
dfTM
dn

−
dfTE
dn

�
þ
�
dfG
dn

− 2
dfTM
dn

��
Δn

þ βλ
βp

Δf0a þ Γb −
αb
αa

Γa þ Nb −
αb
αa

Na; ð4Þ

where Δf0a is the residual fluctuation of fa because of
the finite gain of this temperature control loop. Using
the additional approximation that ðdfTM=dnÞ ≈ ðdfG=dnÞ
from Eq. (1), we can simplify Eq. (4) to

Δfbjlocked ≈ −
�
dfTE
dn

Δnþ Δf0a
�
βλ
βp

þ Γ0 þ N0; ð5Þ

where Γ0 ¼ fTMðγTMþ γTE− γGÞ is the effective Kerr noise,
while N0 ¼ δfG − δfTE − δfTM is the sum of the laser
locking noises.
By comparing Eq. (5) to Eqs. (2) and (3), we see that

our scheme circumvents the temperature fluctuations that
would otherwise set the detection noise. This expectation
is confirmed in Fig. 6, which shows a 10-fold improvement
in detectivity for Fourier frequencies below 0.06 Hz.
Equation (5) shows that this noise immunity is achieved
while the intrinsic refraction-index sensitivity is maintained
at the conventional single-mode sensing level. The calcu-
lation shows that even with the large resonator used in
this experiment, we obtain a detection limit of ∼8 × 10−9

refractive index units (r.i.u.) in a frequency range of
10−1–100 Hz. This result is comparable to the best
refractive-index detection limit reported so far, which
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is the independently measured frequency stabilization noise
[see Eq. (5)].
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was achieved with a microinterferometic backscattering
detection system [25].
We now address the origins of the additional fluctuations

and drifts seen in fb when we thermally stabilize the
resonator, based on controlling fa, i.e., the difference
between fbjlocked and f0a in Figs. 4 and 5. Equation (5)
shows that the aggregate noise floors N0 of the frequency
locking systems will appear in fbjlocked but not in f0a. We
independently measure N0 (see Fig. 6) and see that it is
consistent with the noise seen in fbjlocked between 0.04 Hz
and 0.5 Hz. In our experiment, this noise is mainly
determined by the laser’s relative intensity noise and the
electronic noise of the PDH locking system. We verify that
the residual locking instability due to the finite suppression
gain of the feedback system is below N0 across the whole
frequency range in this experiment.
We also consider the effect of the small disparities in

mode shape and position of each of the excited modes as a
potential contributor to this residual noise. However,
these differences, which can be shown to be on the scale
of a few microns through finite-element calculations,
lead to a thermal correlation time of less than 1 ms. Thus,
throughout the frequency range displayed in Fig. 6, any
thermal gradients and differential temperature fluctua-
tions arising from ambient and fundamental sources are
below 10 nK and are thus negligible at the current level
of performance.
Over long-time scales (more than 50 s or below 0.02 Hz),

we see some low-frequency noise on fbjlocked (see Fig. 6)
and drifts as seen in Fig. 5. One potential explanation for
this is the differential Kerr effect Γ0, which contributes to
fbjlocked as seen in Eq. (5). We expect the spectral signature
of Γ0 to be identical to the free-running temperature
fluctuations fa, since the ambient fluctuations are mapped
into PTM, through our temperature-control technique. Earlier
measurements predict that this differential Kerr effect will
only contribute for Fourier frequencies below 0.01 Hz [20].
A second explanation for these low-frequency drifts arises

from changes in the refractive index in the region around the
resonator. The air-pressure change at the time of the experi-
ment was∼1 hPa=h. Using the known relationship between

the air pressure and the refractive index [26], we calculate an
atmospheric refractive-index drift of 2.7 × 10−7=h, causing
around 60 Hz=min drift in fb, in close agreement with the
levels observed in Fig. 5.
We also plot in Fig. 7 the Allan deviations of the same

measured frequency instability data for PSD calculations,
which confirms the information presented in Fig. 6.

IV. DISCUSSION AND CONCLUSION

Smaller resonators are generally preferable for sensing as
the intrinsic sensitivity improves with the stronger evan-
escent field. However, our analysis shows that the triple-
mode approach can deliver a detection limit comparable
to the best refractometric sensors but using a resonator of
millimeter size. The triple-mode approach also provides
automatic suppression of the laser frequency fluctuations
[27] and eliminates the need for spectra acquisition and
curve fitting as required in alternative techniques [4,24].
If we were to combine this triple-mode idea with new

developments in manufacturing high-Q crystallineWGMRs,
with a size of a few tens of microns [28], then it would be
possible to obtain an extreme detection limit. We calculate
that for a WGMR with a 50 μm radius, with a noise level
the same as here, we would have a detection limit below
1 × 10−10 r.i.u.. One can also foresee applications for this
technique in bioparticle sensing using the high-sensitivity of
MgF2 WGMR in aqueous environments [17]. The reactive
effect of a single bioparticle at an optimum binding location
on a 1-mm-diameter MgF2 WGMR [3,5] will give a signal-
to-noise ratio of 1 for a single bioparticle of excess polar-
izability of ∼ϵ0 × 1 × 10−23 m3. This value corresponds to a
bioparticle with a radius between 10 and 30 nm, indicating
a detection limit that could only be achieved previously with
a microresonator.
In conclusion, we present a temperature noise-

suppression technique for refractometry sensing with an
anisotropic high-Q WGMR. The improved noise floor
results in a detection limit improved by more than an
order of magnitude. By combining this technique with new
fabrication techniques for micron-scale crystalline micro-
resonators, one can see a path for single-virus detection, or
even single-molecule sensing.
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We theoretically and experimentally examine thermal oscillations in a calcium fluoride whispering-gallery-
mode resonator that lead to strong mode-frequency oscillations. We show that these oscillations arise from
interplay among thermal expansion, the thermo-optic effect, and Kerr effects. In certain regimes we observe
chaotic behavior and demonstrate that the threshold for this behavior can be predicted theoretically. We then
demonstrate a self-stabilization technique that suppresses the oscillations and delivers high temperature and
frequency stability without reference to external standards.
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I. INTRODUCTION

Over the last 2 decades there has been strong interest in
whispering-gallery-mode (WGM) resonators for both funda-
mental [1–4] and applied research [5–8]. This interest has been
principally motivated because of the small size of the resonator
together with their high quality factor (Q). This combination
gives rise to large circulating powers and strong nonlinear
effects at modest input powers.

Calcium fluoride (CaF2) has a number of attributes that
make it almost ideal as a resonator material: its ultralow
intrinsic absorption and ability to take a high polish lead to
extremely low overall optical dissipation [9]. CaF2 resonators
have thus found broad applications, in frequency stabiliza-
tion [10], frequency comb generation [11], stimulated Raman
scattering [12], surface acoustic wave generation [13], and
cavity optomechanics [14]. Unfortunately, CaF2 also has an
unusual characteristic in that the temperature dependence of its
refractive index (thermo-optic effect) and its linear dimensions
(thermal expansion) have opposite signs. This characteristic
has generally limited high-power applications for CaF2 as it
leads to pronounced nonlinear dynamical instabilities. In this
article we report on observations of these instabilities and
demonstrate a technique for stabilizing the dynamics.

Self-generated thermal oscillations have previously been
observed in heterogenous resonators [15] as well as in
resonators with complex material properties [16–18]. We gen-
eralize those observations by observing these mode-frequency
oscillations when the probing laser frequency is scanned across
the resonance at various tuning rates. Then we develop a
model that shows that the oscillations arise from competition
among the thermal expansion, the thermo-optic effect, and
Kerr effects—furthermore, we can obtain the magnitude and
response times of these effects from our observations. The
model can also predict the complex self-sustained oscillations
and self-pulsation in silicon microresonators that have been
observed by others [19,20]. We furthermore observe that
under some conditions the thermal oscillations enter into a
chaotic regime: we show that our model equations predict

*wenle.weng@adelaide.edu.au

the threshold pumping conditions for the limit cycles together
with their natural frequency. Finally, we take the advantage of
the wavelength dependence of the thermo-optic coefficients to
develop a dual-mode self-thermal-locking technique. We show
that this technique enables high-level laser power to be coupled
into the resonator without the strong oscillations that would
normally occur. In addition, this approach stabilizes both the
temperature and the resonance frequency of the resonator
without the need for any auxiliary temperature or frequency
measurements.

II. SELF-OSCILLATION DYNAMICS

Figure 1 shows the experimental setup for studying the
oscillatory behavior of a CaF2 WGM resonator. A high-index
prism was used to couple the output of a Nd:YAG laser
into a mode. The gap between the prism and the resonator
was adjusted by a piezoelectric positioning stage to set the
coupling condition [21]. The resonator was glued to an optical
post which was temperature controlled by a thermistor-heater
pair. The transmitted light, which arises from interference
between the input laser light and the out-coupled light from
the resonator, was registered on a photodetector. We initially
used a very low incident power and weak coupling to obtain
an unperturbed (angular) mode frequency of ω0 along with an
unperturbed mode bandwidth of δ = ω0/Q = 2π × 400 kHz,
i.e., Q ∼ 7 × 108. Figure 2(a) shows a closeup photograph
of the resonator. The resonator has a radius of 5 mm and
a thickness of 1 mm. Following the initial shaping with
a single-point diamond turning machine, the surface was
hand polished with diamond paste with a grit size of 1 μm.
Figure 2(b) shows the transmission spectrum of one mode in
the resonator measured at low power.

To characterize the thermal and optical nonlinearities, we
increase the laser power and resonator coupling. In some
WGM resonators (e.g., MgF2, silica), nonlinearities have been
used to spontaneously lock the cavity to a blue-detuned laser,
avoiding the need for active stabilization electronics [22,23].
Figure 3(a) shows periodic features that appear when the
laser frequency is fixed at a frequency above the heated
resonance but 28 MHz below the unperturbed resonance.
These self-oscillations indicate that the CaF2 resonator is
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FIG. 1. (Color online) Experimental scheme for studying the
thermal oscillations in a CaF2 WGM resonator.

unstable in this regime and will not spontaneously lock to the
laser. There are a variety of other nonlinear phenomena that
become evident as we scan the laser across a cavity resonance,
shown in the left column of Fig. 3. In what follows, we develop
a mathematical model which replicates these experimentally
observed phenomena.

Figures 3(c) and 3(e) show quasiperiodic features in
the response of the transmission spectra when the laser
frequency is slowly scanned downwards across a single mode
of the resonator. The shapes of these features arise because
the dissipated power results in an increase in the temperature
within the mode volume causing a rapid blue-shifting of the
resonance frequency through the thermo-optic effect. This is
seen as the narrow feature in the leading edge of the resonance
feature similar to what has been described as “bandwidth
narrowing” [24]. The sharply peaked temperature in the mode
volume then diffuses throughout the resonator resulting in a
red-shifting of the resonant frequency because the thermal
expansion dominates over the thermo-optic effect. This effect
leads to the resonant mode “catching up” and passing through
the down-scanning laser frequency, causing the broader feature
that is seen on the trailing edge of the oscillation feature. This
process repeats itself, until heating from the laser can no longer
shift the resonant frequency to bring it into resonance with the
tuning laser.

Conversely, if the laser frequency is scanned upwards then
we see a single resonant feature, shown in Fig. 3(g). The
particular shape arises because the initial blue-shifting causes

(a) (b)

FIG. 2. (Color online) (a) A picture of the resonator. (b) The
resonance spectrum of a mode probed by a frequency-sweeping laser
with weak intensity.
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FIG. 3. (Color online) (a) Measured self-oscillation when the
laser frequency is fixed at a blue-detuned position from the mode
resonance frequency. Panels (c), (e), (g), (i), (k), and (l) are
experimental measurements when the laser frequency is scanned at
the rates indicated in each panel (text and straight red lines). Panels
(b), (d), (f), (h), and (j) are corresponding numerical simulations
using Eqs. (1) to (4); the light-blue dashed curve in panel (j) is the
mode spectrum with nonlinear effects suppressed, for comparison.
The inset of panel (l) is an enlarged fraction of the oscillations. The
input power is 50 mW for panels (a)–(h), 65 mW for panel (k), and
82 mW for panels (i) and (l).

the mode to shift with the laser and then shift rapidly in the
red direction by thermal expansion.

To explain these observations, we present a model that
expands upon earlier approaches [15]. The model includes
thermal expansion, the thermo-optic effect, and the Kerr effect.
The instantaneous resonant frequency ωr (t) is

ωr/ω0 = 1 − α �Tr − β �Tm/n − nkPc/(nA), (1)

063801-2
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where ω0 is the cavity resonance frequency (in the absence
of nonlinear effects), n is the refractive index, nk is the Kerr
coefficient, β is the thermo-optic coefficient, α is the thermal
expansion coefficient, A is the effective cross-sectional area
of the optical mode, and �Tm and �Tr are the temperature
changes induced by the laser field averaged over the optical
mode volume or the whole resonator, respectively. The
circulating power is Pc = |Ec|2/τr , where Ec is the intracavity
field and τr = 2πrn/c is the round-trip time for a resonator of
radius r .

The field amplitude, the mode, and the resonator tempera-
tures evolve according to

E′
c(t) = −[δ/2 + i�ω(t)]Ec + iκ

√
Pin, (2)

�T ′
m(t) = −γm(�Tr − �Tm) + γabsPc, (3)

�T ′
r (t) = −γr�Tr + (Vm/Vr )γm(�Tr − �Tm), (4)

where �ω(t) = ωl(t) − ωr (t) is the detuning of the laser
frequency with respect to the instantaneous mode resonance
frequency, δ is the mode bandwidth, and Pin = |Ein|2/τr is the
input power. The coupling coefficient, κ , that determines the
rate of exchange between the mode and the external field is
κ = √

ωr/Qc, where Qc is the coupling Q. Heat dissipates
from the mode volume to the rest of the resonator bulk at rate
γm and from the resonator bulk to the environment at rate γr .
The conversion of optical energy into heat through absorption
is expressed as γabs. We calculate a mode volume Vm =
3.7 × 10−11 m3 and a resonator volume Vr = 7.85 × 10−8 m3

from a finite element model of the modes and the physical
dimensions of the resonator.

We adjust the phenomenological values above to obtain
best agreement between the calculations and the corresponding
experimental data as shown in Figs. 3(b), 3(d), 3(f), and 3(h),
and we find excellent agreement when γm = 3720/s, γr =
0.102/s, and γabs = 0.3 K/J. As a check on the physical
realism of these values we obtain independent estimates
through a combination of experiment and theory: by observing
the response of the resonator frequency following a change in
incident power we obtain γr ≈ 0.08/s. We find γm ≈ 103/s
from a finite-element heat-transfer model for the time for heat
in the optical mode to dissipate into the bulk resonator. We
calculate γabs = α0cτr/(nCpρVm) in terms of the absorption
coefficient α0 = 2 × 10−5/cm [25] to obtain γabs = 0.63 K/J.
These estimates are in reasonable agreement with the values
obtained from the best fit in the simulations.

For the conditions in Fig. 3(a) (50 mW input power) the
model indicates a 0.028 K temperature oscillation in the mode
volume and a 0.011 K temperature oscillation in the resonator
volume. This combination generates a frequency oscillation of
42 MHz. For these slow scan speeds the Kerr effect plays little
role in the dynamics and the frequency oscillation principally
arises from the interplay of thermal expansion and thermo-
optic effects.

When the laser frequency is scanned rapidly upwards (9.7
GHz/s) across the resonance and with increased input power
Pin(>80mW), we observe qualitatively different behavior,
as shown in Fig. 3(i). At this scan rate, heat dissipation

into the environment is negligibly slow, and the interplay
between the Kerr effect and the thermo-optical effects pro-
duces spontaneous oscillations with frequency ξ ∼ 40 kHz as
seen in Fig. 3(j). Our model closely replicates this behavior
although we find it necessary to adjust γabs = 0.045 K/J,
reflecting modifications to the lumped element approach at
high frequencies [16,26]. Self-sustained oscillations are also
seen at intermediate scan rates, as shown in Figs. 3(k) and 3(l).

The equations for our opto-thermo-mechanical system,
Eqs. (1) to (4), are mathematically similar to those that
describe the phase-space dynamics of a nonlinear optome-
chanical oscillator [27] and which have been observed ex-
perimentally [28–30]. The dynamics are known to have a
Hopf instability, exhibiting limit cycles. We find the critical
points in the dynamical system assuming that the resonator
temperature deviation is zero, i.e., �Tr = 0. This corresponds
to fast dynamics, in which the bulk temperature is essentially
constant. We define T1 = �Tm and rewrite the dynamical
equations as

E′
c(t) = −{q + 2πi[� + f (t)]}Ec(t) + iκ

√
Pin, (5)

T ′
1(t) = −γmT1(t) + γabs|Ec(t)|2/τr , (6)

f (t) = ν1T1(t) + Nk|Ec(t)|2/τr , (7)

where q = q0 + qc = πfr (1/Q0 + 1/Qc), ν1 = frβ/n, Nk =
frnk/(nA), and the detuning is � = fl − fr . Note that β < 0,
as is ν1. Numerical values for these parameters are given in
Table I.

We find the stationary solutions (TS,ES) by solving
Eq. (5) and Eq. (6) with T ′

1 = E′
c = 0. We find |ES| =

(γmτrTS/γabs)1/2 and

Pin = 4π2γmτr

κ2γabs
TS{[ν1(1 + χ )TS + �]2 + Y 2}, (8)

where we have defined

χ = γmNk/(ν1γabs) = γmnk/(Aβγabs), (9)

Y = ξ 2
0 χ/(πγm) = −q/(2π ), (10)

ξ 2
0 = −qν1γabs/(2Nk) = −qAβγabs/(2nk). (11)

Here, χ is dimensionless and ξ0 is a characteristic frequency.
Note that χ < 0. Equation (8) implicitly defines the stationary
temperatures for a given input power. The right-hand side of
Eq. (8), plotted in Fig. 4, is cubic in TS, so Eq. (8) can have
one, two, or three real solutions, depending on the left-hand
side. The existence of two stationary solutions corresponds to
a bistability and occurs when the high-temperature minimum
of the right-hand side exactly equals the left-hand side. This
condition is indicated by the dashed, orange lines in Fig. 4. The
high-temperature minimum occurs at a critical temperature:

TC = −2� + √
�2 − 3Y 2

3(1 + χ )ν1
,

= T0[1 − Y 2/(2�2) + O(Y/�)4], (12)
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TABLE I. Parameter values used in simulations. The first block of
parameters lists physical and geometrical quantities, the next block
lists calculated quantities that appear explicitly in the model, and
the final block lists reduced parameters that determine the dynamics.
(Note that both T0 and P0 depend on �, and the values above assume
a typical value of � = 4MHz � �0, for didactic purposes.)

Parameter Value

r 5 mm
A 1.2 × 10−9 m2

n 1.43
fr 281.9 THz
β −1.14 × 10−5/K

nk 1.9 × 10−20m2/W
Q0 7 × 108

Qc 8 × 108

q 2.37 MHz
κ2 2.21 MHz
γm 2750/s
γabs 45.0 mK/J
τr 150 ps
ν1 −2.25 GHz/K
Nk 3.12 kHz/W

χ −0.085
Y −378 kHz
ξ0 196 kRad/s
T0 1.94 mK
P0 45.1 mW
�0 3.67 MHz

where T0 = − �
(1+χ )ν1

> 0. The corresponding critical power
PC is the value implied by Eq. (8) at TS = TC and is given by

PC = P0[1 − Y 2/(4�2) + O(Y/�)4], (13)

where P0 = 4π2γmτr

κ2γabs
T0Y

2.
We note from Eq. (12) that there is no high-temperature

stationary solution if |�| < |�min
C | = √

3|Y |. The onset of

0.0 0.5 1.0 1.5 2.0
0.00

0.05

0.10

0.15

TS mK

P i
n
W

PC

TC

PO

TO

FIG. 4. (Color online) The solid blue lines are the cubic ex-
pression on the right-hand side of Eq. (8). The dashed orange
lines indicate the critical temperature and power above which a
high-temperature stationary solution exists. The dash-dotted red
lines indicate the temperature and power above which self-sustained
oscillations emerge. Numerical parameter values are as in Table I,
and we assume � = 4MHz > �0.

the high-temperature solution at |�min
C | occurs at T min

C =
− 2|Y |√

3(1+χ)ν1
= (2/3)T min

0 and P min
C = (8/9)P min

0 .
For powers just above PC, the high-temperature stationary

solution is stable along the right-hand branch in Fig. 4.
At sufficiently high power, the high-temperature solution
exhibits a Hopf instability, where the stable, high-temperature
stationary state is replaced by a limit cycle characterized
by self-sustaining oscillations. The criterion for the Hopf
instability is that the real part of a pair of eigenvalues of the
Jacobian [31] associated with the dynamical system changes
sign from negative (stable) to positive (unstable) [32]. The
characteristic equation for the Jacobian is

0 = −λ3 + bλ2 + cλ + d, (14)

where

b = 4πY − γm,

c = 4π2{(ν1T1χ )2 − [� + (1 + 2χ )ν1T1]2 − Y (Y − γm/π )},
d = 4π2γm{�2 − [2� + 3(1 + χ )ν1T1]2 − 3Y 2}/3.

When the real part of a pair of mutually conjugate eigenvalues
vanishes, they become pure imaginary: λ± = ±iξ . At this
point, the characteristic equation becomes

0 = ±iξ (ξ 2 + c) − b(ξ 2 − d/b). (15)

Solving the real and imaginary parts of Eq. (15) for ξ gives
two separate conditions: −c = ξ 2 = d/b. It follows that c +
d/b = 0, which we then solve for T1 to find the temperature,
TO, power, PO, and characteristic frequency, ξ , at the onset of
the oscillations arising from the Hopf instability. We find that
TO > TC and PO > PC, as indicated by the red, dotted lines
in Fig. 4. Figure 5(a) shows the characteristic frequency, ξ ,
as a function of detuning. Figure 5(b) shows the power, PO,
at which oscillations become self-sustaining, as a function of
detuning.

The analytic expressions for these quantities are somewhat
cumbersome, but asymptotic expansions for large � are as
follows:

TO = T0

(
1 − (1 + χ )Y 2

2χ�2
+ (1 + χ )(1 + 4χ )γmY

8πχ2�2
+ · · ·

)
,

PO = P0

(
1 + (1 − χ2)Y 2

4χ2�2
− (1 + χ )(1 + 4χ )γmY

8πχ3�2
+ · · ·

)
,

ξ 2 = ξ 2
0

(
1 + (1 + χ )2Y 2

4χ2�2
− (1 + χ )2(3 + 8χ )γmY

16πχ3�2
+ · · ·

)
,

where “· · · ” includes the terms O( Y 4

�4 ,
γ 2

m

�2 ).
We note that c + d/b = 0 has no real solution if |�| <

�min
O , where

�min
O = (γm − 2πY )

√
2(1 + χ )[γm/π + 2(1 + 3χ )Y ]Y

γm + 4πχY

= �0

(
1 − (1 + 4χ + 6χ2)γm

4πχ (1 + 3χ )Y
+ O(γm/Y )2

)
,

where �0 = √
(1 + χ )(1 + 3χ )Y/χ . That is, for sufficiently

small detuning, there may be no Hopf instability. This
minimum detuning is shown as a dotted vertical line in Fig. 5.
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FIG. 5. (Color online) (a) Oscillation frequency, ξ (solid, blue
line), versus detuning; asymptotic frequency, ξ0/2π (dashed, green
line). (b) Critical power, PO (solid, blue line), for onset of oscillation
versus detuning; asymptotic power, P0 (dashed, green line). Numeri-
cal parameter values are as in Table I.

Using our theoretical model, we calculate the limit-cycle
oscillation frequency, ξ ∼ 34 − 50 kHz [depending on detun-
ing, see Fig. 5(a)], which is consistent with the experimental
results and simulations in Figs. 3(i), 3(j), and 3(l). The
existence of the Hopf instability means that the presence or
absence of oscillatory behavior in, e.g,. Figures 3(i) and 3(l) is
sensitive to the pump power, detuning, and material properties.
We calculate the critical power for the onset of oscillations,
PO � 70 mW [see Fig. 5(b)], which is marginally smaller than,
and consistent with, the experimental condition in Figs. 3(i)
and 3(l).

III. DUAL-MODE SELF-THERMAL-
LOCKING TECHNIQUE

To suppress the oscillatory behavior at strong driving power,
we develop a dual-mode self-thermal-locking technique by
combining a thermal self-locking technique [24] with a dual-
mode temperature-sensing technique [33]. This combination
not only locks the resonator frequency to the laser frequency
(as happens in the traditional technique) but additionally has
the effect of automatically stabilizing the temperature of the
resonator.

The principles of the approach are illustrated in Fig. 6:
a weak frequency-doubled signal (532 nm in this work) is
frequency shifted by an acousto-optic modulator (AOM) and
locked to a resonator mode at a frequency of ω2 with an
active locking technique (e.g., the Pound-Drever-Hall (PDH)
technique [34]); i.e., the control system has achieved 2ωl +
ωAOM = ω2, where ωl is the laser fundamental frequency and
ωAOM is the frequency of the up-shifting AOM. Then a much
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FIG. 6. (Color online) (a) The frequency-shifted second har-
monic (green output of “SHG”) is locked to a WGM resonance so
that the 1064-nm Nd:YAG laser output sits on the red-detuned side
of a low-frequency mode. (b) When the mode temperature increases,
the 1064-nm laser shifts further from resonance. This decreases the
in-coupled power (proportional to the height of the vertical arrows),
thereby decreasing the optical heating rate. (c) When the mode
temperature decreases, the 1064-nm laser shifts closer to resonance.
This increases the in-coupled power, thereby increasing the optical
heating rate. SHG, second-harmonic generation. The dashed curves
in panels (b) and (c) are for reference only.

stronger laser signal at the fundamental wavelength (1064 nm
in this work) is detuned, �ω1 = ωl − ω1 = (ω2/2 − ω1) −
ωAOM/2, with respect to a second mode at a frequency of ω1

in the same resonator by tuning the AOM frequency to an
appropriate value. Ideally the two resonator modes at different
wavelengths should belong to the same mode family to achieve
maximum spatial overlap. The frequency difference between
these two modes, ω2/2 − ω1, is an excellent proxy for the
temperature of the resonator averaged over the mode volume
while it is nearly independent of the temperature elsewhere in
the resonator [33]. If the resonator temperature decreases then
the detuning between the 1064-nm laser frequency and the
resonant mode will decrease, leading to an increased coupled-
in power. The additional heat generated by the decreased
detuning will lead to a compensatory increase in the resonator
temperature. On the other hand, a rise in temperature will
reduce the heating by the 1064-nm beam. We see a natural
equilibrium position in which the fundamental laser signal will
be locked to the red side of the mode while any environmental
temperature fluctuations can be suppressed. Furthermore, the
insensitivity to thermal expansion within the resonator means
that the conditions required for unwanted thermal oscillations
will also be overcome.

The self-locking technique makes use of the experimental
arrangement illustrated in Fig. 7. We combine 20 μW of the
532-nm second-harmonic generation output of the Nd:YAG
laser with about 80 mW of the 1064-nm output light and
couple both beams into the resonator. The 532-nm beam
passes through an AOM for frequency tuning so it can be
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FIG. 7. (Color online) Experimental scheme for implementing
the dual-mode self-thermal-locking technique. The oscilloscope was
for monitoring the fundamental signal coupling depth. DF, dichroic
filter.

brought onto resonance. The transmitted light is separated by
another dichroic mirror and registered by two photodetectors.
The 532-nm signal is actively frequency locked to a mode
with the PDH technique by feedback to the generated error
signal into the frequency modulation port of the laser. The
fundamental signal of 1064 nm is set on the red-detuned
side (at a frequency corresponding to approximately half the
maximum throughput) of a second mode within the same
mode family—this is achieved by adjustment of the AOM
on the 532-nm beam. This arrangement allows us to maintain
resonance for many hours with a highly stable temperature. We
use a frequency counter to measure the difference frequency
between the 1064-nm signal and that of a single mode in a
highly stabilized frequency comb (�f/f ∼ 10−14).

Figure 8(a) shows the resulting stabilized output frequency
over 5 h, while Fig. 8(b) demonstrates the benefit of the
self-locking scheme in terms of the frequency instability.
One can see that this technique not only allows coupling
of high power into the resonator at its red-detuned side
without causing thermal oscillations but also suppresses mode-
frequency fluctuations.

It is important to note that the entire resonator temperature
is not stabilized by this technique but only the temperature
within the optical mode volume. Any environmental changes
will still induce temperature gradients and consequently cause
a mode resonance frequency shift. Nonetheless, the resonator
frequency was stabilized to better than 2 MHz as seen over
5 h in Fig. 8(a). Further substantial improvement could be
achieved with some modest passive temperature shielding of
the resonator.

Here we analyze the optimal operational condition of this
technique. Using the results from Eqs. (1)–(4) and the analysis
developed in Ref. [33] the thermal-locked mode temperature
evolves as

dTm

dt
= γabsηPin − γm(Tm − Tr ), (16)

where η = ω0
τrQc

1
(δ/2)2+�ω2

1
is proportional to the power build-up

factor, while �ω1 can be expressed in terms of Tm and Pin as

�ω1 = C + 2ω1βeffTm + 2ω1nkηA−1
eff Pin, (17)
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FIG. 8. (Color online) (a) The 1064-nm frequency measured
with a frequency comb when the dual-mode self-thermal-locking
technique was implemented. (b) The fundamental frequency Allan
deviations when the self-thermal-locking technique was implemented
(blue circles) and when it was not (red triangles).

where C is a constant, βeff = β1

n1
− β2

n2
, and β1, β2, n1, and

n2 are the thermooptic coefficients and refractive indices at
the wavelengths of the fundamental signal and the second
harmonic, respectively, while the effective mode overlap is
given by A−1

eff = (n1A1)−1 − (n2A2)−1, where A1 and A2 are
the effective cross-sectional areas of the modes [33].

Following the stabilization analysis in Refs. [24,35] we
can derive some important results for optimal operation of
this autostabilization. By considering operation when the
mode temperature is stabilized ( dTm

dt
= 0), we can derive

from Eq. (17) that the mode temperature dependence on the
resonator temperature is

dTm

dTr

= 1

1 + γabs

γm

ζβeff�ω1[(
δ
2

)2
+�ω2

1

]2
+ζnkA

−1
eff �ω1

, (18)

where ζ = 4ω2
1

τrQc
Pin. One notes that there is a minimum in

this expression when �ω1 = − δ

2
√

3
, which thus sets the

optimal operational point. This means that at this frequency
detuning the mode volume temperature will be least affected
by temperature changes in the rest of the resonator and hence
the mode frequency will be most stable. Similarly, we find that
the dependence of the mode temperature on the input power is

dTm

dPin
= γabs

γm

η
(
1 − 4η2τrQc�ω1nkA

−1
eff Pin

)
. (19)
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We see in this case that when Pin = Aeff
4η2τrQc�ω1nk

the depen-
dence will be eliminated (dTm/dPin = 0) and hence input
power fluctuations will not result in temperature fluctuations.

IV. CONCLUSION

In conclusion, dynamical thermal and mode-frequency
oscillations at different time scales were explored both
experimentally and theoretically. A self-referencing locking
technique was proposed and demonstrated. We show that
this technique can couple high-intensity power into a CaF2

resonator and automatically stabilize both the temperature and
the frequency. With a simple modification, this technique could
also be used in anisotropic resonators by using excitation in two
different polarizations [36,37]. Alternatively, one can envisage

self-generation of the two required signals from a single input
signal using parametric processes (such as occurs in comb
generation or parametric amplification).
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We observe couplings between orthogonally polarized
modes in a birefringent whispering-gallery-mode resonator.
The modes show strong interactions leading to polarization
conversion and avoid mode crossings. We show that a phe-
nomenological model, based on the coupled-mode theory,
is in good agreement with the experiments. The device pro-
vides an excellent laboratory to perform controllable and
tunable mode interactions. © 2015 Optical Society of America

OCIS codes: (140.4780) Optical resonators; (140.6810) Thermal

effects; (130.5440) Polarization-selective devices; (160.1190)

Anisotropic optical materials.

http://dx.doi.org/10.1364/OL.40.005431

There has been much interest in observing coupling between
different modes in whispering-gallery-mode resonators
(WGMR). These couplings alter the mode spectra, modify
the field dynamics, and can be used to beneficial effect in sensing
and optomechanical experiments [1–4]. While most effort has
been aimed at understanding scattering induced coupling be-
tween forward- and backward-propagating modes, there has
been some effort to observe coupling between orthogonally po-
larized modes [5]. This type of coupling has also been studied in
fiber and waveguide resonators, where the effect influences the
dispersive properties and has prospective applications in polari-
zation conversion and nonlinear frequency generation [6,7].

The production of a desired level of mode coupling requires
precise control of the position and strength of an exterior scatter
[1,8], or intimate control of the resonator geometry or material
parameters [9,10]. Ioannidis et al. [11] circumvented these
challenging requirements by temperature tuning a fiber ring
resonator and were able to explain their observations using a
matrix method.

In this Letter, we extend this approach to show highly con-
trollable polarization conversion in a birefringent WGMR by
adjusting the relative detuning of two modes through a differ-
ential thermo-optic effect. We then exploit the extremely low
losses of the resonator to show much stronger mode inter-
actions: we demonstrate mode interactions that possess a clear

avoided mode crossing, emphasizing that the mode coupling
strength is substantially higher than any dissipative processes.

The experimental setup is presented in Fig. 1. The output of
a 1064 nm Nd:YAG laser is coupled into a MgF2 WGMR us-
ing a coupling prism. The resonator is a disk with a radius of
5 mm and a thickness of 1 mm with its output edge polished to
a radius of curvature of 1 mm. A thermistor-heater pair is at-
tached to the center of the resonator to control the temperature.
The laser power is kept low to eliminate observable thermal
nonlinearity [12,13]. The resonator’s optical axis has been care-
fully aligned with the geometric axis to within 5° (Z-cut).

The resonator is mounted in a hermetic shielded environ-
ment, and the laser light is transferred to the prism coupler with
polarization-maintaining fiber. The polarization of the light is
carefully set using a polarizer and a half-wave plate. The trans-
mitted beam’s polarization is analyzed using a polarization beam
splitter which then feeds two photodetectors. When no light is
coupled to the resonator, either because of a large frequency de-
tuning between the mode and the laser, or because of a large
spacing between the prism and the resonator, then we see less
than 0.1% cross-coupling between either of the input polariza-
tion states and the opposite output polarization state. This
residual cross-coupling is associated with the imperfect extinc-
tion ratio of the output and input polarization beam splitters.

Fig. 1. Resonator was driven by light with carefully tailored polari-
zation. The polarization state of the transmitted light is polarization
analyzed and then falls on two photodiodes. HWP, half-wave plate;
PBS, polarizing beam splitter.
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Figure 2 shows the measured and calculated transmission
spectra as the resonator temperature is varied. For the first ex-
periment, the input beam is adjusted to be horizontally polar-
ized, which can couple to the fundamental TE modes of the
resonator (see the dip in the center of the frequency scans
shown in Fig. 2). The coupling into the vertical output polari-
zation is relatively weak, and we have thus multiplied the mea-
sured transmission by 50 to improve clarity on the figure. We
re-tune the laser for each of the temperatures displayed in Fig. 2
to keep the TE mode centered in the scan.

We note that a weak polarization conversion effect is ob-
served when the laser is in resonance with the TE mode
(see the top left-hand panel of Fig. 2 as an example). The frac-
tional conversion is only 1% and arises from a mismatch of the
eigenpolarizations of the resonator modes and the linear polari-
zation of the free space modes. It is not possible to eliminate
this effect by rotating the input linear polarization. This obser-
vation shows that the resonator eigenmodes contain some
ellipticity or spatially nonuniform polarization; this is to be

expected because of resonator curvature, residual stress, and
misalignment of the geometric and optical axes [14,15].

As we travel down the panels of Fig. 2, we observe the effects
of a resonator temperature change on the spectra. We see a sec-
ond mode that is predominantly of TM polarization (shown by
the fact that it can be principally observed in the TM output
channel when it is detuned from the TE mode) tune through
the main mode. A relative tuning of the two modes is possible
because of the difference in thermo-optic coefficients for the
TE and TM modes in birefringent MgF2. As the smaller mode
tunes across the stronger TE mode, we see a strong increase in
the strength of the polarization conversion. The highest con-
version efficiency of ∼4% was observed (see the middle left-
hand panel of Fig. 2) when the frequency of the two modes
is tuned into coincidence.

We deduce that this polarization conversion is caused by
mode interaction between the orthogonally polarized modes.
The cross-polarization coupling can arise from sidewall scatter-
ing or from small spatial variations in the birefringence in the
resonator [5,11,16]. We use coupled-mode theory [17] to cal-
culate the amplitude of two eigenmodes ã, b̃ in the resonator:

d ã
d t

� −�iωa � γa � Γa�ã − ig b̃ − κaãin; (1)

d b̃
d t

� −�iωb � γb � Γb�b̃ − igã − κbb̃in; (2)

where ωa and ωb are the angular mode frequency; and γa, γb,
Γa and Γb are the intrinsic loss rates and prism coupling loss
rates of the two modes, respectively. g denotes the coupling
strength between the two modes. The mode frequency differ-
ence can be related to changes in the temperature through
ωb − ωa � αΔT , where ΔT is the resonator temperature
difference from some fixed value, and α is determined by
the difference in the TE and TM thermo-optic coefficients.
The value of α can be estimated as −110� 20 MHz∕K from
the known thermo-optic coefficients of dno∕dT �
0.89 × 10−6∕K and dne∕dT � 0.34 × 10−6∕K [18]. The error
bound was estimated from the inconsistency between the
theory and experimental data at the nearest wavelength data
provided in [18] and serves only as lower bound.

The coefficients κa, κb can be related to the coupling loss
rates as κa;b �

ffiffiffiffiffiffiffiffiffiffi
2Γa;b

p
, respectively. However, the effects of

mode-matching at coupling-in process can substantially reduce
the observed κ. We observed that the in-coupling to the TM
mode shown in Fig. 2 was exceedingly low for any adjustment
of input angle or beam size. This provides strong evidence that
the TM mode that is excited through the modal cross-coupling
has a high angular and/or radial mode number. The low input
coupling was expressed in our model by setting κb ∼ 0.

We allow for polarization mismatch between the input fields
ãin, b̃in and the resonator eigenmodes ã, b̃ by including a

Jones matrix, M �
h

cos�θ� sin�θ�
− exp�−iη� sin�θ� exp�−iη� cos�θ�

i
,

that allows for arbitrary polarization rotation, θ, and phase re-

tardation, η i.e.,
h ãin
b̃in

i
� M

h Ẽ h
Ẽ v

i
, where Ẽ h and Ẽ v denote

the horizontally and vertically polarized input fields, respec-
tively. The values of θ and η are determined as part of the fitting
procedure. At the resonator output, the transmitted fields of
TE and TM modes are a sum of the input and out-coupled

Fig. 2. Observed (left-hand panels) and calculated (right-hand pan-
els) spectra for the horizontal (red) and vertical (blue) polarization out-
puts. The different vertical panels show the output at different relative
resonator temperatures. The solid arrows point to the TE mode, while
the dashed arrows indicate the positions of the TM mode. The am-
plitude of the transmission of the vertical polarization has been multi-
plied by a factor of 50 to increase clarity. The TM mode is only visible
in the vertical polarization when the detuning is large because of its low
amplitude and the limited signal-to-noise ratio of the spectra.
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fields Eo �
h ãin � κaã
b̃in � κbb̃

i
. The fields registered on the two pho-

todetectors have been projected onto the free-space modes, EH

and EV , as
hEH
EV

i
� M −1Eo.

The solutions of the normalized transmissions detected by
the two photodetectors are shown on the right-hand panels of
Fig. 2, which agree well with the experimental observations us-
ing γa � 2.8 × 105 × 2π, γb � 1.8 × 105 × 2π, Γa � 4.3×
104 × 2π, Γb � 3.4 × 104 × 2π, g � 9 × 104 × 2π, θ � 0.23,
and η � 1.95.

The model was tested with greater stringency by exciting
two modes that had a much stronger coupling than those de-
scribed earlier and by using a frequency comb to measure the
absolute mode frequency of both modes. For the second experi-
ment, we have chosen to predominately excite TM modes us-
ing a vertically polarized input beam. This was to show that the
same types of mode interaction were observable regardless of
the polarization of the exciting mode: similar behavior could
be observed with TE excitation. Due to the complexity of
the mode structure and the high mode density in milli-
meter-scale resonators, we did not identify the mode numbers
of the modes, although the imaging method in [19] could be
utilized. We used a third mode that was a few tens of MHz
away from the targeted interacting modes as an in situ temper-
ature probe. The mode frequency was measured using a stabi-
lized frequency comb with a fractional frequency accuracy
better than 10−12. We calculated the mode–frequency temper-
ature sensitivity of the probe mode of df ∕dT ≈ 2.8 GHz∕K
[18] and then used this coefficient to convert the measured
frequency to a temperature change ΔT .

Figure 3 shows both the observed and simulated spectral
maps as recorded by photodetectors recording the intensity
of transmitted light in the two orthogonal output polarizations.
Vertical (horizontal) output polarization is shown in the upper
(lower) panels. The color of the map is proportional to the
transmitted intensity at various frequencies, while the horizon-
tal axis records the relative temperature of the resonator. The
right-hand side shows the experimentally measured results,
while the left-hand side shows a simulation using the values
γa � 3 × 105 × 2π, γb � 4.7 × 105 × 2π, Γa � Γb � 3.5×
104 × 2π, g � 1.68 × 106 × 2π, θ � 0.093, and η � 2.39.
We can see that there is excellent agreement between the model
and the measured results. We clearly see an avoided crossing
with a minimum frequency spacing of ∼4 bandwidths showing
the strength of the interaction between the two modes. We see
a polarization conversion of nearly 5% at this point. Through
these absolute frequency measurements, we can calculate an
accurate value for α of −140 MHz∕K. This is on the outside
bound of the value, −110� 20 MHz∕K, provided by [18].
The extracted value for g corresponds to a mode splitting of
∼3.3 MHz when ΔT � 0 K . The ratio of the mode coupling
to dissipation, g∕�Γa;b � γa;b�, is around 5, in contrast to the
earlier example in Fig. 2 where it was 0.2. This explains why
one only observes polarization conversion in the earlier experi-
ment, rather than mode-splitting that is reported here.

We repeated these measurements with a large number of
mode pairings and noted that the mode interaction was much
stronger when at least one mode had high angular mode num-
ber. One possible reason would be that the modes with high
angular mode number have larger sidewall angles and, hence,
higher scattering [6,20]. Further study is needed to fully explain

Fig. 3. Experimental and simulated transmission spectra as observed in two orthogonal polarizations with vertical polarization excitation. The
upper (lower) panels show the vertical (horizontal) polarization, respectively. Not only is polarization conversion clearly seen, but it is also an avoided
mode crossing. The experimental data show a slight tilt when compared to theory because the anchor mode (not shown in the figures), and the TM
mode do not have the same temperature sensitivity.
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the detailed mechanism that produces the dependence of the
mode interaction strength on the mode type.

In Fig. 4, we plot the observed and simulated frequency
splitting between the two modes for the same data as shown
on the horizontal spectra in Fig. 3. We see excellent agreement
of the frequency evolution during the mode interaction. On the
lower panel of Fig. 4, we examine the mode bandwidth varia-
tion, and we see only qualitative agreement. In a two-mode
interaction, one expects the product of the Q-factors of the
two modes to be approximately constant as a function of mode
detuning; the data shown in Fig. 4 clearly indicate that our
experiment does not follow this expectation. In large resona-
tors, with their associated high mode densities, there are many
additional modes that provide a means for additional couplings
between the observed modes. The modes can be only poorly
coupled to the external environment and, hence, are not easily
observed (similar to the reservoir modes described in [1,8]). If
we extend Eqs. (1) and (2) to allow for additional coupling
paths between modes via these unobserved modes, then we
can reproduce the behavior observed in Fig. 4; however, this
comes necessarily at the expense of an additional set of param-
eters that cannot be independently determined. In the circum-
stances in which we do not allow for these additional couplings,
we would only expect qualitative agreement which is indeed
what is seen on the lower panel of Fig. 4.

In conclusion, we have demonstrated polarization conver-
sion and avoided crossing in a birefringent WGMR that can
be controlled through resonator temperature. The highest
polarization conversion efficiency of nearly 5% was observed.
Our phenomenological model showed that these effects can be
explained through the strong coupling between orthogonally

polarized modes. We presented two detailed examples: one
in which the normalized mode coupling strength was less than
one and another in which it greatly exceeded one. The thermo-
optic coefficients of the birefringent material give excellent con-
trol of the coupling strength, as well as the ability to follow the
process in great detail. This mechanism can provide an extra
method for dispersion engineering for Kerr comb generation
and has the potential to increase the versatility of WGMR for
signal processing applications. On the other hand, the polari-
zation coupling effect reported in this Letter can have a disrup-
tive effect on dual-mode temperature measurements using
WGMRs [21] and interrupt the formation of temporal solitons
under otherwise appropriate conditions [22,23]. It is thus vital
to have a good understanding of the effect to avoid these
deleterious effects.
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Fig. 4. Frequency splitting of the mode spectra excited with a ver-
tically polarized beam (upper panel). Bandwidth exchange of the lower
frequency mode (LF) and the higher frequency mode (HF) of the hori-
zontal spectra as a function of resonator temperature (lower panel).
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